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Revision made easy 

: Rules for using this book | 

What’s hard about Maths? 

Beat the Bodge City Blues 

Number 

1 Types of number 

Irrational numbers 

Formulae 

Approximation 

Indices 

Using your calculator 

Converting decimals to fractions 

Proportionality and 
percentages 

- Percentages 

Exponential growth and decay 

Variation 

Simplification of ratios 

Algebra 

3 Graphs 

Straight-line graphs 

Simultaneous equations 

Solution of quadratic equations — 
sketching quadratic equations 

Converting a non-linear graph to a 

linear graph by changing axes 

- Finding the values of the constants 
in anon-linear equation 

Functions 
Sin, cos and tan graphs 

Linear programming 

- Graphs from practical situations 

quations 

Factors, primes and rational numbers 

_ Recognising graphs of mathematical 

oonN OD BWP = 

14 

17 

19 

20 

21 

25 

26 

29 

30 

30 

33 

33 

36 

38 

42 

43 

Algebra 50 

Factorising using single brackets 52 

Formula rearrangement 53 

Simultaneous equations 56 

Multiplying out (expanding) brackets 59 

Linear inequalities 59 

Quadratic expressions 61 

Quadratic equations 63 

Iteration 64 

Sequences 65 

Shape and space 

5 Shapes and constructions 72 

Labelling of angles 73 

Triangles {3 

Loci and constructions 19 

Pythagoras’ theorem 

and trigonometry 83 

Trigonometry 84 

3D trigonometry 86 

Bearings — a summary 88 

Length, area and volume 94 

Area 95 

Volume 95 

Dimensions 96 

Length, area and volume scale factors 

for similar figures 97 

Circles 102 

The rules for circles 103 

Transformations 108 

Transformations in the plane 109 

Vectors 110 



Handling data 

10 Statistics 

Averages 

Measures of spread 

Grouped frequency 

Frequency diagrams 

Pie charts 

Frequency polygons 

Cumulative frequency 

Scatier diagrams 

Sampling 
Surveys 

Chief Ieazaminna. He says, 

‘Hew!’ (Well, he would, 

B77 wouldn't he?) “How to 

recognise ...., ‘How to solve ...’, ‘How to 

revise _.’— in fact, ‘How’ to push your 

marks up to achieve that longed-for 

grade, and also ‘How’ to avoid 

blundering into 

the cow pats —- Mathematical 

hazards lying in wait for the 

and ‘How’ to target the 

-_ 
oy 

mark a whole heap of 

Mathematical formulae. 
ef jf) 

His side-kicks, wanted in connection 

with Algebraic Activities, include 

Buffalo Lil, 

Tin Can Alley triplets, which 

116 

117 

117 

118 

119 

121 

121 

121 

122 

123 

123 

‘The reward for anyone quick enough to pick 

11 Probability — 

The rules of probability 

Calculating probability 

Mutually exclusive events 

Tree diagrams — 

Probability without replacement — 

Countdown to the 
examination 

Specimen examination paper 1 

Specimen examination paper 2 

Revision in three staging-posts 

Specimen examination paper 3 
Specimen examination paper 4 

Last orders = 

Chuckwagon Charlie, and 

Underhand Luke, three characters 

who, between them, have formula 

rearrangement all tied up, and 

Dino and Costas, the friendly 

bartenders at the Last Burp 

saloon, who will always offer a 

helping hand to anyone staggering 

through sequences. 

Also wanted, and known to bé quick on the 

draw, and involved in a host of previously 

unsolved Mathematical Mysteries: ‘ 

Sure Shot Stan your Dimensions 

Man and 

the X-Direct Duo, who will get all 

your problems into proportion. 

up this gang could be impressive. 

Reach for the Sky! 



The four pages that follow contain a gold mine of information on how you can achieve 
success both at school and in your exams. Read them and apply the information, and you 

will be able to spend less, but more efficient, time studying, with better results. If you 

already have another Hodder & Stoughton Revision Guide, skim-read these pages to remind 

yourself about the exciting new techniques the books use, then move ahead to page 1. 

This section gives you vital 

information on how to remember 

more while you are learning and 

how to remember more after you 

have finished studying. It explains 

how to use special techniques 
to improve your memory 

how to use a revolutionary 
note-taking technique called 
Mind Maps that will double 
your memory and help you to 
write essays and answer exam 
questions 

how to read everything faster 
while at the same time 
improving your comprehension 
and concentration 

All this information is packed into 

the next four pages, so make sure 

you read them! 

Your. 
INAZING 
memory 
There are five important things you 

must know about your brain and 

memory to revolutionise your 

school life. 

how your memory (‘recall’) 
works while you are learning 

how your memory works after 
you have finished learning 

how to use Mind Maps - a 
special technique for helping 
you with all aspects of your 
studies _ 

how to increase your 

reading speed 

how to zap your 
revision 

a Recall during 
learning - the 

need for breaks 
When you are studying, your 

memory can concentrate, 

understand and remember well for 

between 20 and 45 minutes at a 

time. Then it needs a break. If you 

carry on for longer than this without 

one, your memory starts to break 

down! If you study for hours non- 

stop, you will remember only a 

fraction of what you have been 

trying to learn, and you wiil have 

wasted valuable revision time. 

= 

So, ideally, study for less than an 

hour, then take a five- to ten-minute 

break. During the break listen to 

music, go for a walk, do some 

exercise, or just daydream. 

(Daydreaming is a necessary brain- 

power booster — geniuses do it 

regularly.) During the break your 

brain will be sorting out what it has 

been learning, and you will go back 

| to your books with the new 

information safely stored and 

organised in your memory banks: 

| We recommend bréaks at regular 
intervals as you work through the 

Revision Guides Make suré you‘ 
take them! | et 

yr 4 Recall after 
| Ga learning - 
the waves of 
your memory 
What do you think begins to 

happen to your memory straight 

after you have finished learning 

something? Does it immediately 

start forgetting? No! Your brain 

actually increases its power and 

carries on remembering. For a short 

time after your study session, your 

brain integrates the information, 

making a more complete picture of 

everything it has just learnt. Only 

then does the rapid decline in 

memory begin, and as much as 

80 per cent of what you have learnt 

can be forgotten in a day. 

However, if you catch the top of the 

wave of your memory, and briefly 

review (look back over) what you 

have been revising at the correct 

time, the memory is stamped in far 

more strongly, and stays at the 

crest of the wave for a much longer 

time. To maximise your brain’s 

power to remember, take a few 

minutes and use a Mind Map to 

review what you have learnt at the 

end of a day. Then review it at the 

end of a week, again at the end of 

a month, and finally a week before 

the exams. That way you'll ride 

your memory wave all the way to 

your exam — and beyond! 

Ny 
N 



100 % 

75 % 

50 % 

amount recalled 

25 % 

0% 

Amazing as your memory is (think of 

everything you actually do have stored 

in your brain at this moment) the 

principles on which it operates are 

very simple: your brain will remember 

if it (a) has an image (a picture or a 

symbol); (b) has that image fixed and 

(c) can link that image to something else. 

The Mind Map® 
- a picture of 

the way you think 
Do you like taking notes? More 

importantly, do you like having to go 

back over and learn them before 

exams? Most students | know certainly 

do not! And how do you take your 

notes? Most people take notes on 

lined paper, using blue or black ink. 

The result, visually, is boring! And what 

does your brain do when it is bored? It 

turns off, tunes out, and goes to sleep! 

Add a dash of colour, rhythm, 

imagination, and the whole note-taking 

process becomes much more fun, uses 

more of your brain’s abilities, and 

improves your recall and understanding. 

A Mind Map mirrors the way your brain 

works. It can be used for note-taking 

from books or in class, for reviewing 

what you have just studied, for revising, 

and for essay planning for coursework 

and in exams. It uses all your memory’s 

natural techniques to build up your 

rapidly growing ‘memory muscle’. 

review time 

You will find Mind Maps throughout 

this book. Study them, add some 

colour, personalise them, and then 

have a go at drawing your own — you'll 

remember them far better! Put them 

on your walls and in your files for a 

quick-and-easy review of the topic. 

How to draw a 

Mind Map 
@ Start in the middle of the page with 

the page turned sideways. This 

gives your brain the maximum 

room for its thoughts. 

Es] Always start by drawing a small 

picture or symbol. Why? Because 

a picture is worth a thousand 

words to your brain. And try to use 

at least three colours, as colour 

helps your memory even more. 

& Let your thoughts flow, and write 

or draw your ideas on coloured 

branching lines connected to your 

central image. These key symbols 

and words are the headings for 

your topic. The Mind Map at the 

top of the next page shows you 

how to start. 

@ Then add facts and ideas by 

drawing more, smaller, branches 

on to the appropriate main 

branches, just like a tree. 

® Always print your word clearly on 

its line. Use only one word per line. 

The Mind Map at the foot of the 

next page shows you how to do 

this. 

t. To link ideas and thoughts on 

different branches, use arrows, 

colours, underlining, and boxes. 

How to read a 

Mind Map 
S Begin in the centre, the focus of 

your topic. 

@ The words/images attached to the 

centre are like chapter headings, 

read them next. 

Always read out from the centre, in 

every direction (even on the left- 

hand side, where you will have to 

read from right to left, instead of 

the usual left to right). 

Using Mind Maps 
Mind Maps are a versatile tool — use 

them for taking notes in class or from 

books, for solving problems, for 

brainstorming with friends, and for 

reviewing and revising for exams — 

their uses are endless! You will find 

them invaluable for planning essays 

for coursework and exams. Number 

your main branches in the order in 

which you want to use them and off 

you go — the main headings for your 

essay are done.and all your ideas are 

logically organised! 
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Super speed 
reading 

it seems incredible, 

but it’s been proved - the 

faster you read, the more 

you understand and 

remember! So here are 

some tips to help you to 

practise reading faster - 
you'll cover the ground 

more quickly, remember 

more, and have more 

time for revision! 

* Read the whole text (whether 

it’s a lengthy book or an exam 

paper) very quickly first, to give 

your brain an overall idea of 

what’s ahead and get it working. 

(It’s like sending out a scout to 

look at the territory you have to 

cover - it’s much easier when 

you know what to expect!) Then 

read the text again for more 

detailed information. 

* Have the text a reasonable 

distance away from your eyes. In 

this way your eye/brain system 

will be able to see more at a 

glance, and will naturally begin 

to read faster. 

* Take in groups of words at a 

time. Rather than reading slowly 

and ‘carefully’ read faster, more 

enthusiastically. 

Your comprehension will rocket! 

* Take in phrases rather than 

single words while you read. 

* Use a guide. Your eyes are 

designed to follow movement, so 

a thin pencil underneath the 

lines you are reading, moved 

smoothly along, will ‘pull’ your 

eyes to faster speeds. 

se 
Helpful hints for 
exam revision 

Hints 

Tips 

Start to revise at the 

beginning of the course. 

Cram at the start, not the 

~ end and avoid ‘exam panic’! 

Use Mind Maps throughout 

your course, and build a 

Master Mind Map for each 

subject - a giant Mind Map 

that summarises everything 

you know about the subject. 

: Hints 

Tips 

Use memory techniques 

such as mnemonics (verses 

or systems for remembering 

things like dates and events, 

or lists). 

Get together with one or 

two friends to revise, 

compare Mind Maps, and 

discuss topics. 

And finally... 

© Have fun while you learn — 

studies show that those 

people who enjoy what 

they are doing understand 

and remember it more, and 

generally do it better. 

& Use your teachers as 

resource centres. Ask them 

for help with specific topics 

and with more general 

advice on how you can 

improve your all-round 

performance. 

Se Personalise your Revision 

Guide by underlining and 

highlighting, by adding 

notes and pictures. Allow 

your brain to have a 

conversation with it! 

Your brain is an 

amazing piece of 

equipment - learn to 

use it, and you, like 

thousands of students 

before you will be able 

to master ‘B’s and ‘A’s 

with ease. The more 

you understand and use 

your brain, the more it 

will repay you! 



What’s ‘hard’ about Maths 
1 X There’s 50 much to do. 

V Don't worry! The techniques used in this book will drastically reduce the amount of time you need to 
spend on your Maths revision. 

2 X | can’t revise Maths. 

V You can with our book. Although we've kept it short, we've included plenty of examples and loads of 
practice in the sorts of questions that you'll get in the exam. 

3 X | can never understand what Maths books are saying. 

V You don’t need a degree in Maths-speak to understand our book. We use everyday language as far as 
possible, and we explain any complicated terms so that you too can show off by using them yourself. 

4 X | can’t remember all those complicated methods. 

v Oh yes you can, because we have slaved away thinking up simple, easily remembered ways of 
recalling all that knowledge which you have so painfully acquired. 

S X Why didn’t | buy this book before? 

V Better late than never! 

R LES 
FOR USING 
THIS BOOK 

ere a e the rules for using this book. 

ay att ntion to them and learn them oe 

ve 1 There are no rules! 

Phils Hooper and Sheila Kant 
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Higher Mathematics Revision Guide 

By the end of this chapter 

you will be able to: 

e identify the different types of 

numbers 

e manipulate rational and irrational 

numbers 

e evaluate an unknown by 

substituting given values into 

’ a formula 

e approximate and round to the 

nearest unit 

e identify the interval in which the 

value of a rounded figure may fall 

e simplify expressions involving 

indices, including negative and 

fractional indices 

e express a large or a small 

number in standard form 

e convert decimals to fractions and 

vice versa 

e express recurring decimals as 

fractions 

Factors, primes 
and rational 
numbers 
Factors are numbers which ‘divide into’ other 

numbers. 

For example 6 is a factor of 12, 5 is a factor of 40. 

Prime numbers can only be divided by 

themselves and 1. In other words, they have 

exactly 2 factors, themselves and 1. 

NIpAd ed ied ch dich int eRe 7 mhar Note that 1 is not a prime number. 

Prime factors are prime numbers which are 

factors of another number. 

For example 6 is a factor of 12, but 5 is a prime 

factor of 40. 

Reciprocals are the numbers you get by turning 

another number ‘upside-down’. With whole 

numbers this becomes ‘1 over’ the number. 

On a calculator this is the key marked [Ay or 

9== The reciprocal is ; 

(or 0.5 on the calculator) 

25 = 2) = 3 The reciprocal is : or 0.4 

Rational numbers are numbers which can be 

represented as: 

e integers (whole numbers) 

e fractions 

¢ finite or terminating decimals (i.e. decimals 

that do not go on for ever) 

* recurring decimals. 



Irrational 
numbers 
Irrational numbers are all numbers which are not 

rational! 

When an irrational number is written as a 

decimal, it goes on and on indefinitely, without 

any pattern. 

The main types you will see are: 

° 1 

* square roots of non-square numbers. e.g. V2, V5 

The words ‘rational’ and ‘irrational’ have the 

same origins as the word ‘ratio’. Any rational 

number can be written as a ratio (or fraction). 

Even an integer or whole number can be written 

as a ratio, for example: 

pieced 
1 

How to change an irrational 
number to a rational number 

Addition or subtraction 

What must be added to 1 + V2 to make a rational 

number? 

The irrational part of 1 + V2 is the V2. To get rid 

of the irrational part, add — v2. 

Multiplication 

What number, other than V2, can be multiplied by 

V2 to give a rational number? 

2v2 is one possibility. Although it looks the same 

as V2, it is a different number. 

2V2 x V2 = 4 because V2 x V2 = 2 

Another solution is to find a square number that 

has 2 as a factor. 

Take 16, then take a factor of 2 out, leaving 8. 

As V2 x V8 = V16 = 4, the answer could be V8. 

Note that V2x8 =V2xv8butv248is MAX 
not the same as V2 + v8. 



Higher Mathematics Revision Guide 

Exercise 1.1 Distance, Speed, Time 

1 Are the following numbers rational or irrational? iD) 
a) 2n b) V2 x V50 c) V 289 ree 7 et * AB 

2 What number can be multiplied by V5 to give a rational 

product? Express your answer in the form Va. , where a. 

is a rational integer other than 5. 

als 

Remember Downing St. 

{ You may have used S for distance and V or v for 

3 If ats 0.2, find x. velocity in place of speed. If so, you need Satellite 

TV, in the form: 

cS¢€ 

OZ ‘6a zXGA WO} aU} JO s s 
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jeuoneu (8 aig) 

yeuoneui (p yeuones (9 jeuones (q jeuoneu (e 

Answers e 
Ce) Amount, Rate, Time 

ia) A=Rxl ha] ee 
Formulae Fyn) pel 
Meet the Tin Can Alley triplets 

Density formula 
This is Maths for the Very Dense! 

jan) M=vxpD v=M p=M 
D Vv 

mp 
mass = volume x density (M = V x D) ete. 

The Tin Can Alley triplets help you to remember 

formulae, which are used in lots of questions The Transaridzona Express travels at 45 km/h. 
throughout this book. How far does it travel in 3 hours and 25 minutes? 

To find a letter, firstly cover it up. If the You may see speeds such as 45 km/h expressed in 

uncovered letters are: other ways, such as 45km per hour, or 45 km bh. 

They all i 
e onthe same level, multiply them, or mae made he sane eae. 

¢ on different levels, divide the top by the bottom. 



Firstly, do not write 3 hours 25 minutes 

as 3:25. 

3 hours 25 minutes = 3+ 2 or 3 ERM 25 EGA co 

You are asked for the distance. Cover or cross 

out D. 

S and T are on the same level, so you multiply 

them. 

1D Seah 

= 4a) 20260 

= 47 Kin 

Remember that distances are usually given (2 

in decimals. 

Example 1.4 

Beer is poured from a barrel at a rate of 25 cm? 

per second. How long does it take to fill a 1 litre 

jug? (1 litre = 1000 cm’) 

= 40 seconds 

Don’t mix units. 

Convert litres into cm® before you start a 

question like this. 

Chief Sitting Duck’s horse travels 36 kilometres in 

1 hour and 30 minutes. Find its average speed in 

kilometres per hour. 

A 

S =— = 24km = /h 

Did you get the right answer? If you didn’t & 
it’s probably because you wrote the time as ‘Ss 

1.30 instead of 1 hour 30 minutes = 1.5 hours. 

Exercise 1.2 

1 The Old Mule Express can carry post 120 kilometres in 

5 hours and 15 minutes. How fast does it go? 

2 A group of men can unload grain at the rate of 6 cubic 

metres per hour. How long does it take them to unload 

44 cubic metres? Give your answer in hours and 

minutes. 

3 Duck feathers weighing 0.81 kg are packed into a box of 

volume 54000 cubic centimetres. Find the density of the 
feathers, in g/cm®. 

wo/BSLo'0 € 

sejnulw Og Sinoy Z = sINouUgZ SY 

U/W46'2e 

When you come we. it'll be about 
time for SOME AbLIOX/MALIONS, 



Higher Mathematics Revision Guide 

Approximation 
Rounding 

Remember, when you round: 

if the last digit is 0, 1, 2, 3 or 4 you ignore it, 

of the last digit is 5, 6, 7, 8 or 9 you round up. 

When you are using decimal places or 

significant figures, the above rules apply, 

but always read the question carefully. If, for 

instance, your answer suggests that 5.2 wagons 

are required to carry a certain number of people, 

you will probably need to round up to 6 to avoid 

stranded passengers! 

If your final answer requires, say, two decimal 

places, either use your calculator’s memory or 

else round to four decimal places until you need 

the final answer, to avoid inaccuracies. 

Approximation to the nearest unit 

Rounding errors 

Example 1.6 

If a number, rounded to one decimal place, 

becomes 3.4: 

Sa eee ae ae 
3.3 3.35 3.4 3.45 3.9 

what is the possible range of the original number? 

Strictly, the original number could be anywhere 

between 3.35, the lower bound, and 3.44999 ..., the 

upper bound. However, when dealing with this 

type of question, we take the upper bound as 3.45. 

Method 1 

To find the upper bound, you simply put a 5 at the 

end of the decimal. 

To find the lower bound, you subtract 1 from the 

last digit and put a 5 at the end. 

Taking 1 from 3.4 gives 3.3, which then becomes 

3.35 by putting a 5 at the end. 

Upper bound = 3.45 

Lower bound = 3.35 

Method 2° 

Write the number you are given. 

Put zero beneath each digit after the decimal 

point, then put a 5 at the end. This creates a new 

number which you must subtract to get the lower 

bound and add to get the upper bound. 

ie. 3.4 

0.05 

Taking away: 3.4 — 0.05 gives 3.35, the lower bound. 

Adding: 3.4 + 0.05 gives 3.45, the upper bound. 

Interval approximation 

An interval approximation is simply a way of 

writing the lower and upper bounds. Your answer 

will contain one more digit than the number in 

the question. Interval approximation is the 

opposite of rounding. 

Write, as an interval approximation, 

6.13 correct to 2 d.p. 

A question like this requires as answer 

containing three decimal places, although 

at first glance it seems to ask for.two. 

6.13 

0.005 

Lower bound: 6.13 — 0.005 = 6.125 

Upper bound: 6.13 + 0.005 = 6.135 



Calculating rounding errors 
Remember that the larger the number you divide 

by, the smaller the answer, and vice versa. 

Example 1.8 

The area of a rectangular field is 42 200 m2, and 

its length is 278 m, both correct to three 

significant figures. Find the greatest and smallest 

possible breadths of the field, correct to one 

decimal place. 

The interval approximation of the length is 277.5 

to 278.5. 

The interval approximation for the area is 42 150 

to 42 250. 

The largest breadth is 

largest area 42.250 
SNe! =,152:3.10 
smallest length 277.5 

The smallest possible breadth is 

smallest area 42150 
= = 151.3m 

largest length 278.5 

Exercise 1.3 

4 Ten cameras in a box each weigh 1.2 kg to the nearest 

0.1 kg. Find the lower and upper bounds for the weight of 

the ten cameras. 

2 A pencil is found to measure 18cm to the nearest cm. 

What is the longest possible length of the pencil? 

3 The area of a rectangle is given as 14.1 cm? to the 

nearest 0.1 cm? and its width is given as 6.2 cm to the 
nearest 0.1 cm. Calculate the upper and lower bounds of 

its length. 

4 Write, as an interval approximation, 3.24, correct to 2 d.p. 

wogze'z pue WO0E'Z & 

Bys'zi puectt f 
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~The tndications are that you're about 
ready for another break! 

Indices 
In the number 23, the 3 is called the power or the 

index. The plural of index is indices. 

2° means 3 lots of 2 multiplied together or 2 x 2 x 2 

not 2 x 3. 

2) means V2 and 2} means V2. 

Rules 

1 You can only simplify indices when the base 

number is the same. 

2 When dividing or multiplying powers of the 

same number remember TIP and DIM. 

TIP Times = Indices Plus 

DIM Divide = Indices Minus 

Example 1.9 

Simplify these by expressing them as a power of 3. 

a) 3%x 35 b) 37 + 32 c) 32 +3 

d) 3°x 23 e) 33 + 3? 

a) 32x35 = 37 

b) 37 + 3? =3° 

c) 32+35 Cannot be simplified as a power of 3. 

d) 3°x 23 Cannot be simplified because the 

base numbers are different. 

e) 33+ 32=3 



Mathematics Revision Guide 

Negative and fractional indices 
A negative power means ‘1 over’ (or a reciprocal). 

oe) 

A fractional index indicates a root. 

. 4 es 
x? = Vx x3 = “Va xs = Vx2 

Example 1.10 

Evaluate 9° + 9°. 

Express your answer: 

a) asa power of 9 

b) asa fraction. 

1 Simplify 32 x 35, giving your answer as a power of 3. 

2 Simplify 32 + 35, giving your answer: 
a) as a power of 3 b) as a fraction. 

3 Write 4-? as a fraction. 

4 Simplify (a x 2°) + vz. 

5 Write wa in the form x2yz°. 
YZ 

2 =9'}-=qQ'2=06g 

it P 

ee 
“q ,.e(eg 

eb 

Standard form or standard index 
form 
This is a short method of writing very large or 

very small numbers. 

10' = 10 107*=0.1 

10? = 100 107 = 0.01 

10? = 1000 10 = 0.001 

108 = 100000000 and so on. 

Write 34200 in standard form. 

34200 = 3420 x 10 

= 342 x 100 

= 34.2 x 1000 

= 3.42 x 10000 

Written in standard form, 34200 becomes 

3.42 x 104. 

Write 0.000 067 in standard form. 

0.000 067 = 6.7 x 10° 

Check on your calculator if you are in any doubt. 

32x10 ES BE eo 
67x10 7 i Ea Co i ms ee 
On some calculators, you will find | EE | instead of 

| EXP 

If your calculator does not change the standard 

form number into its equivalent, try doing it the 

other way round: i.e. enter 0.000 067 and press 



If you can Say, ‘times 10 to the,’ replace it 

with or [23 

Do not press | oP EXP| 

This (s another good place to take a break, before 
Starting the dash for the end of the chapter, 

Using your 
calculator 
Examiners often set questions like: 

V31.92 a 
Sole 7-73 

It is emportant to remember that your calculator 

will square or take the square root, then multiply or 

divide, then add or subtract. Using brackets and 

sometimes = | you can change this order. 

+2 
Evaluate Le 

You can see that the answer is 20 + 5 = 4, but if 

you keyed in 18 + 2 + 5 your calculator would 

show 18.4, as it would calculate 2 + 5 before 

adding the 18. 

You can avoid this by keying in: 

Ae Ee eS ee 
= i 5 | = | to give the 

or A ee answer, 4 

28) 8: bes 
Either way the 18 and the 2 are added before you 

divide. 

Example 1.14 

60 + V5 

Toa 
Evaluate 

60 + V5 

79331 
= (60 + V5) + (7.2-3.1) = 15.2 

Exercise 1.5 

v/ +12 1 Evaluate 342-6 1 

i 

2 Evaluate ———— V uale ae 

3 Evaluate f =~ where x = 3.7 and y = -0.2 Re mee ere x = 3.7 and y = -0.2. 

‘ 3.8 x 7.9 4 Find an approximate answer to 018418 

showing all your working. 

9L=e+7ce=(81+720)+(8xr) bv 

Ze0- € 

A 
89% F 

Make sure you know the difference 

between the (or ) and EG 

or | EE | buttons on your calculator. 

Converting 
decimals to 
fractions 
Finite or terminating decimals may be converted 

as follows. 

O3=5 014= 4 0.986 = 286 
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Recurring or non-terminating 
decimals 

Write 0.333 333 3... aS a fraction in its lowest terms. 

As there is only one repeating digit, 

multiply both sides by 10 initially. 

Let x = 0.333 3333... 1 

10x = 3.333 333... 2 

Ope 3 subtracting 2-1 

Example 1.16 

Write 0.141 414... as a fraction. 

As there is a pattern of two repeating digits, 

multiply through by 100 which is 102. 

x = 0.141414... 1 

100x = 14.1414... 2 

99x = 14 subtracting 2-1 

Summary of the method 

Multiply your original decimal by a power of 10, 

depending on the pattern of repeats in the 

decimal. 

Where one number is repeated in the decimal, 

multiply by 10 (or 10!). 

For example, 0.555 555 55... or 0.222 2222... 

Where two numbers are repeated, multiply by 100 

(or 107). 

For example 0.434 343 43... or 0.767 676 76... 

Where three numbers are repeated, multiply by 

1000 (or 10°). 

For example 0.231 231 231 231... or 

0.953 953 953 953... 

The 999 method (a quicker way) 

If you have a single digit which is repeated, such as 

0.333 33..., this can be expressed as a digit over 9. 

For example 0.33333... = 3 = 4 or 0.88888... = § 

If two numbers are repeated in the decimal, then 

the decimal can be expressed as the same two 

numbers over 99. 

For example 0.878 787 87.... = 85 = 33 or 
0.636 363 63... = & = 75 

Similarly for a repeating group of three digits. 

For example 0.145 145145... = 4g9 or 

0.123 123 123... = 123 = AL 

If you have a recurring decimal that starts with a 

few different digits that are followed by repeating 

numbers, such as 0.123 333..., you will need to 

modify this method. 

0.123 333 33... = 0.3833 3333... — 0.21 

tee 
= (9 100 

#y (Check, using your calculator) 

Exercise 1.6 

1 Write each of these numbers as a fraction. 

a) 0.242 424 242... b) 0.562 424 242... 

2 Write 0.345 345 345... as a fraction. 

3 If ~ = 0.516516516..., evaluate: 

a) 1000” b) 999x 

c) x as a rational number in the form - 

a ® 916 @ ““9ISgisgisgls (e © 
eee 
cit © 

Scs e 
rr A FL 



TAKE A BREAK 

lake another break to gather your 
Strength for some hard work! 

Playtime’s over! 

10 

Exam-type questions 1 __ 

Write 5300 as an interval approximation correct to 
3 sig. figs. 

Evaluate the following. 

12.76 — 4.71 
a) 790 41.77 

5.6 
(1.9 - 0.7)? 

A particle travels 1.75 m in 1.26 seconds. 

a) What is its speed in m/s? 

b) What is its speed in km per hour? 

c) Assuming that the given information has been 

rounded to 3 sig. figs., find the upper and lower 

bounds of its speed, in m/s. 

Use the formula V = }nayV x2 — 2y? to find V when 
x= 1.4 andy = 0.6. 

Give two different irrational numbers in the form Va and 

Vb that can be multiplied together to give a rational 

answer. 

c) 

The number 2.38 has been written correct to 2 d.p. 

State its lower and upper bounds. 

The speed of light is approximately 3 x 108m/s. Find the 

time it takes in minutes for it to travel 7.2 x 10'° metres. 

The mass of an object is 1750 grams, correct to 3 sig. 

figs. Its volume is 272 cm? correct to 3 sig. figs. Find the 

upper and lower bounds of its density, stating the units. 

Find a number, other than V5, which can be multiplied 

by V5 to give a rational answer. 

Use the formula C = 2* 8 to find C when a = ~41.7 
and b = 32.6. Give your answer correct to 3 sig. figs. 

11 Are the following numbers rational or irrational? 
a) + b)V3xVv12 ¢)V¥5+V5 d) (v7)? e) 2 

12 Express each of the following in the form 

where a and b are integers. 

a) 0.666... b) 0.720 720720... 
€)\0.215 333 333.3:.. 

13 If x = 0.162 162162... find: 
a) 1000x b) 999x 

c) Express x as a fraction in its lowest terms. 

14 Simplify the following where possible. 

a) 27-3 expressing your answer as a fraction 
b ae ae 
) V5 giving your answer as a power of 5 

c) 32 + 34 
d) 25 + 5 giving your answer i) as a power of 5, 

ii) as a fraction. 

15 a) Give an example of a rational number between V24 
and V 26. 

b) Give an example of an irrational number between 

9 and 10. 

06) ‘69 
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Tick off each topic in the list when you 

are confident you can cope with it. 

Identify the different types of numbers 
rational 

irrational. 

ee) Manipulate rational and irrational numbers. 

Evaluate an unknown by substituting given 
values into a formula. 

& Approximate and round to the nearest unit. 

ee) Identify the interval in which the value of a 
rounded figure may fall. 

Simplify expressions involving indices, 

including negative and fractional indices. 

Express a large or a small number in 

standard form. 

Convert decimals to fractions and vice 

versa. 

@ Express recurring decimals as fractions. 

er 
LESTE SE ASOT 





you will be able to: 

e answer questions on ratio and 

proportion 

e work out a percentage of a 

number 

e express one number as a 

percentage of another 

e solve problems involving VAT 

e work out problems involving 

exponential growth or decay 

e find constants of proportionality 

in questions on variation 

e simplify ratios 

Would you like one quick and easy method 

guaranteed to solve all these questions? 

1 If 74 members of the Havago tribe fire 333 arrows in 5 

minutes, how many arrows could 52 members fire in the 

same time and at the same rate? 

2 |n 1862 the population of Bodge City increased by 15%, 

or 252 people. What was the population in 1861? 

3 A pie chart represents 300 members of the Putemup 

tribe. How many degrees represent 80 members? 

4 If the Last Burp Saloon offered 126 poker chips for 4.5 

nuggets of gold, how many nuggets would be received 

from 350 chips? 

Did you spot Chief Icazaminna on page 7? 

Wherever he pops up you know he is telling 

you ‘How’! 

Proportionality and percentages 

Introducing X-Direct with Bodge City’s 

fastest draws, Tim Times and David Divide 

We’ll show you our method using a really easy 

example so that you can see how it works. 

Really Easy Example! 

Five buffalo cost $15. Find the cost of seven 

buffalo. 

tSotution 
This is probably the method you used in the past. 

5 cost $15 

1 costs $15 + 5 = £3 

7 cost $3 x 7 = £21 

X-Direct Method 

Step 1 Set out the information in a table. 

Buffalo Cost ($) 

What does the question 

tell me? 5 15 

What do I need to know? yt 

Make sure you put the numbers under the 

right heading! 

‘ eS 



Step 2 

Buffalo Cost ($) 

Draw in the diagonal X as shown. 

Now apply X-Direct. 

Tim (the better shot) hits two numbers, and David 

gets only one number. 

For Tim’s two numbers you ‘times’ (multiply) and 

with David’s you divide. 

Answer = ne = 21 

Once you get the hang of this, it’s really quick and 

easy. 

Proportionality questions are easy to spot 

because they usually include the words ‘is 

proportional to’, “is directly proportional to’ or 

‘varies directly with’. 

Just to recap 
With direct proportion: 

¢ if one variable gets bigger then the other 

variable gets bigger 

if one variable gets smaller the other gets 

smaller. 

X-Direct appears throughout this book, solving a 

whole range of different problems. 

Answers to Questions 14 
1 People Arrows 

74 333 

oe 
52 x 300 

wae 234 

2 Percentage _ People 

15 252 

100 > 

252 x 100 
ies 1680 

3 Degrees People 

360 300 
oe # 

360 x 80 
0 ac 

4 Chips Nuggets 

126 4.5 

350 x 4.5 
196 = 12.5 nuggets 

Exercise 2.1 

1 A recipe for 24 blueberry muffins takes 210 grams of 

butter. How many muffins could you make if you use 280 

grams of butter? 

2 In the Last Burp Saloon, the barman served 150 

customers from 27 litres of moonshine. How many 

people could he serve from 4.5 litres? 

3 Swindler Sam trades $153.60 for 351.50 Mexican pesos. 

How much would he offer for 623.20 Mexican pesos? 

ceeles € 

Ge g 

c& 4b 

Take a short break before you tackle 
percentages, 

e@eeeeeeoeoeoeeeeeeseeeeeeeeseeoeeeeeeveeoeed 



Percentages 
Percentages feature prominently throughout 

GCSE Maths papers, so this section may help ‘ 

you pick up some valuable marks! 

If you have a method which works for you, 

then continue to use it on the questions at 

the end. If not, try X-Direct. 

Percentages Using X-Direct 

One hundred per cent, or 100%, means the whole, 

original or total amount. 

This, unbelievably, is almost all you have to know 

to use this method. 

Type 1 - finding a percentage of a number 

What is 35% of 210? 

100% is the original amount of 210. 

We need to find the number that is 35%. 

Number Percentage (%) 

210 eae 100 

35 

210 x 35 
i -Direct, ———— = 73.5 Using X-Direct, 100 

So your answer, as it should be in the Number 

column, is 73.5. 

Type 2 - finding one number as a percentage 

of another 

In Bodge City, 35 out of 112 people questioned 

owned horses. Express this as a percentage. 

_ Solution 

100% refers to the total number of people, i.e. 112. 

People Percentage (%) 

112 2g 100 

35 

Using Kpirech 2 = 31 257, 

As this answer would go in the Percentage 

column, the answer is 31.25% (or 31% to the 

nearest whole number). 

Type 3 - when the figure that you are given 

does not refer to 100% 

Example 2.4 

Bodge City Bank was broken into and 5% of the 

amount of money stolen was offered as a reward 

for information. If the reward was $11 200, how 

much was stolen? 

The original amount was 100%. 

Percentage Dollars ($) 

100 a 

9) 11200 

100 x 11200 = $224000 
Using X-Direct, 

Can you see that it does not matter where the j 

gap in the table is, as long as you keep the a 

numbers in the correct column, and the numbers 

that relate to each other are next to each other? 

Exercise 2.2 

1 Bodge City’s only tycoon owned 74% of the buffalo. If 
there were 1600 buffalo in the city, how many did he own? 

2 The Grocery Store bought beans for $350 and sold them 
for $448. Express the profit as a percentage of the 

original cost. 
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3 The Old Mule Express lost 6% of its post. If it lost 114 Method 2 Use the VAT-inclusive percentage 

letters, how many letters was it carrying originally? of 117.5%. 

4 O'Flannery’s Tannery reduced all saddles priced at Price (£) Percentage (%) 
$15.50 by $5.50. Express this reduction as a percentage 

to the nearest 0.1%. 58.40 aA 100 

5 Shady Deals Finance Company charged 125% interest 117.5 
per annum on its loans. If it lent $4000, what would be 58.40 x 117.5 

the interest charged in a year? VAT-included price = ~ ALOOR oe 

6 Ina fight, 7.5% of the glasses in the Last Burp Saloon 

were smashed. If 240 were broken, how many glasses 

did they have originally? 

= £68.62 

Removing the VAT from the VAT-inclusive 

price 

00ce 9 o00s$ § eee As you saw in the example above, the VAT- 

Otel sae petals inclusive price is 100% + 17.5% = 117.5%. 

If you want to find the original price, you want 

100%, or if you want to find the VAT, you need 

Back to Olde England! the 17.5%. 

VAT questions 
At the time of writing this book, VAT is 

17.5%. This is a tax put on most items that 

you would buy in the shops. Questions on VAT are 

very common in exams. 

Example 2.6 

A can opener is priced at £31.49 including VAT. 

Find its price before VAT was added. 

Adding on VAT Solution] 

31.49 ce 117.5 

100 
The pre-VAT price of a toy is £58.40. Find the VAT- 

inclusive price. PrevAT price = 31.49 x 100 

Y Solution] an 
= £26.80 

Method 1 Work out 17.5% and add it to the 
original price. Notice that the price is written as £26.80, 

not £26.8! 
Price (£) Percentage (%) 

58.40 es 100 

eS 

58.40 x 17.5 = 10.22 

100 

VAT-inclusive price = £58.40 + £10.22 

= £68.62 



Find the VAT charged if the price including VAT 

is £16.92. 

( Solution 

Price (£) Percentage (%) 

16.92 175 

16.92 «17.5 

117.5 
VAT = = £2.52 

Exercise 2.3 

1 A toy is priced at £57.34 including VAT. Find its price 

excluding VAT. 

2 If the VAT on a computer is £218.75, what is its price 

including VAT? 

3 ACD is priced at £16.45 including VAT. In a sale, Chears 

Ltd. offers 17% off this price, while Rock & Soul Records 
offer it at the exclusive of VAT price. Which company 

offers the better deal? 

‘eap Jayeq OU} Jao sreayD 

O0'7LZ INOS pue YOY ‘SO'ELZ SIEBYUD 
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Exponential 
growth and decay 
APT amount x percentageti™ 

In this formula, ‘percentage’ means the new 

percentage with which you have to calculate (i.e. 

when adding 5%, write 1.05, when adding 17% 

write 1.17, subtracting 3% write 0.97, subtracting 

15% write 0.85). 

_Proportionality and percentages = : 

Example 2.8 

Prospecting Pat invests $650 at 5% for 7 years in 

the Bodge City Bank. Find the total at the end of 

this period. 

APT = 650 x 1.05’ = $914.62 

Example 2.9 

Wealth Valley’s population of 18000 decreases at 

the rate of 3 per cent per annum (i.e. per year) for 

6 years. Find the total population at the end of 

this period. 

APT = 18000 x 0.976 = 14993 to the nearest person 

Exercise 2.4 

1 The area of farmland in Aridzona grew by 4% per annum 

for 10 years. If it was 1400 acres initially, find the area of 

farmland at the end of the period. 

2 After the gold rush in 1860, the citizens of Kanvas City 
left at the annual rate of 3.5%. What was the population 

after 20 years if it was 11400 during the gold rush? Give 

your answer to the nearest 100 people. 

g\dosd 009g Z 

sauoe 2202 b 

calculator when you are doing exponential 

questions. 

you deserve one! 
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Variation 
y < x means y is proportional to x 

y « x2 means y is proportional to x? 

1 a F 
y <— means y is inversely proportional to x , 

ce + means y is inversely proportional to x? 

Replace ‘proportional to’ with ‘= k’. 

In ‘inversely’, change the i to a 1 and the n to an o, 

then the first five letters give ‘1 over’. 

Thus y < x becomes y = kx 

1 i! k 
y «—, becomes y = kx— ory =—, 

x x x 

In questions like these you have to find the 

constant k using values given for x and y. Then 

the question will give another value for x or y and 

you will have to find the missing variable using 

the value of k that you have calculated. 

Example 2.10 

y is proportional to x*. When x = 1.6, y = 17.2. 

Find: 

a) y when x = 0.6 

b) x when y = 196. 

yo x? 

First find the value of k using the given 

x and y values. 

y = kx? 

17.2 = k(1.6)° 

17.2 = 4.096k 

Q5Ge 
4.096 

= 4.2 correct to 1 d.p. 

a) Whenx=0.6 y= 42x? 

= 4.2 x 0.68 

= 0.91 correct to 2 d.p. 

b) When y = 196 y = 4.2x° 

196 = 4.2x3 

196 _ 
4.2 

_*, [196 
~ 4.2 

= 3.6 correct to 1 d.p. 

Remember that the inverse, or opposite, 

of cubing is cube rooting or working to the 

power of x 

y is inversely proportional to x? and 

x = 0.162 when y = 471. Find: 

a) y when x = 1.34 

b) x when y = 302 

giving all answers correct to three significant 

figures. 

Firstly, find k. 

fo 
(0.162)? 

k = 471 x (0.162) 

= 12.36 

To minimise later rounding errors, either 

use the calculator memory for k or round it “jw 

to four or five significant figures. 



a) When x = 1.34 

_k 
oe 

_ 12.36 
4138 

= 6.88 correct to 3 s.f. 

b) When y = 302 

302 = 12.36 
42 

2s = 12.36 

12.36 
2— — = 0. Ay 302 040 93 

x = 0.202 correct to 3 s.f. 

Exercise 2.5 

1 y is proportional to x2. If y = 21.3 when x = 7.2, find: 

a) the value of y when x = 1.7 
b) the value of x when y = 41.3. 

2 y is inversely proportional to x°. If y = 141.1 when 
x = 1.45, find: 
a) y when x = 2.74 

b) x when y = 444.3. 

3 y varies directly as the cube root of x. If y = 3.44 when 

“x = /1.2, tind: 
a) y when x = 106.8 
b) x when y = 4.75. 

4 y varies inversely with the square root of x. If y = 32.1 

when x = 43.2, find: 
a) y when x = 55.7 
b) x when y = 20.1. 

ZOLL=X%(q cozw=A(e LIZ=4 9H 
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Simplification 
of ratios 
Ratios can be simplified by using X-Direct. 

Write 5 : 4 in the ratio: 

ae lek yee al 

a) i: ice 

1 

1x4 
p= 5 = 03 

b) 5 4 

1 

boo a 125 
4 

Exercise 2.6 

1 Pot-bellied Pete shares his blueberry muffins with his 

mate Skinny-ribbed Sam in the ratio 7 : 2. If his bag 
contains 36 muffins, how many muffins does each 

receive? What fraction of the original does Skinny-ribbed 

Sam receive? 

2 Write the ratio 12 : 5 in the form 

a) n:1 b) 1:n. 

avo:t q t:ivrzeg 
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Before you tackle thé ¢xam guestions take a 
break and update your mind maps, tlave you 

Started an X-Direct mind map yet? If not, this 
would be a good time to try, 

Time to bite the bullet! 

Exam-type questions 2 

1 Doc Hogmanay buys a painting of his dear old grannie 

for £11 200 and sells it for £13 550. Find his percentage 

profit based on the original price. 

2 362 drachmas = 2820 lire. 
a) How many lire can you get for 1584 drachmas? 
b) How many drachmas can be exchanged for 50 605 

lire? 

3 Acar goes 18.6km on 4.4 litres of fuel. 

a) How far does it go on 20 litres? 
b) How many litres would it use to go 100 km? 

Write both answers correct to 3 sig. figs. 

4 The VAT added to the price of an article is £5.67. What 

was the pre-VAT price of the article? 

5 The diagram shows the composition of the membership 

of a Sports Club. 

call ES Py 

Calculate in its simplest form, the ratio of: 
a) male to female 
b) under 25s to over 25s. 

6 Express the ratio 5 : 2 in the form: 
a) n:1 
b)1:n. 

7 Acar is bought for £9250 and sold the following year for 

£7800. Express the depreciation in value as a percentage 
of the cost price. 

10 

11 

12 

A prize of £450 is divided among Arrow-biting Andy, 
Bootlegging Bob and Cowpoking Clint in the ratio 

6: 7: 2. How much does each receive? 

y varies directly as 2? and y = 72.4 when x = 5.1. 
a) Find y when x = 2.8. 
b) Find « when y = 104.2. 
Give both answers correct to 1 d.p. 

y is inversely proportional to Vx and y = 3.8 when 

x = 0.17. 
a) Find y when x = 0.5/7. 
b) Find « when y = 8.7. 

Wages of £72 are shared between Aridzona Alice, 
Beat’m Up Betty and Crazy-horse Carol, so that Alice | 

receives + of the money, Betty receives § of the 
remainder and Carol receives the amount left. Find: 

a) the amount Betty receives 
b) the fraction remaining for Carol. 

The manager of a function hall calculates the charge 

per person using the formula: 

kVT 
(@ a Fes 

n 

where T is the number of hours booked, 7 is the 

number of people attending and k is a constant. 
a) Find k if the cost per person was £2.40 when the 

hall was booked for 4 hours for a function attended 
by 80 people. 

b) Find the cost per person for a function for 24 people 

which lasted 9 hours. 
c) Rewrite the formula in the form C = kT*n¥ stating 

the values of x and y. 
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roportionality and percentages . 
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} How much have you learnt? 

Tick off each topic in the list when you 

are confident you can cope with it. 

@ Answer questions on ratio and proportion. 

CO) Work out a percentage of a number. 

Express one number as a percentage of 

another. 

oO Solve problems involving VAT. 

Work out problems involving exponential 

growth or decay. 

Find constants of proportionality in 

questions on variation. 

& Simplify ratios. 



Conversion 
to a linear 
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By the end of this chapter 

you will be able to: 

e identify the gradient and 

y-intercept from the equation of a 

straight line 

e draw a tangent to a curve at a 

given point 

e find the area under a graph 

e identify what the area under a 

graph represents 

e solve simultaneous equations 

graphically 

e sketch quadratic equations 

e convert a non-linear graph to a 

linear graph by changing variables 

e find values of the constants in a 

non-linear function 

e transform functions 

e draw trigonometric graphs 

e find the values of an unknown, 

in a given range, that satisfy a 

trigonometric equation 

e solve problems using linear 

programming 

e find a range of values that satisfy 

an algebraic inequality 

e maximise or minimise an 

expression 

e recognise graphs of 

mathematical equations 

ee —————————————EEEeEeEE 

Straight-line 
graphs 
Straight-line graphs have equations or formulae 

of the form: 

Y= Meo or- ay by =e 

Gradient and y-intercept 
There are two alternative ways of tackling 

questions involving straight-line graphs. 

You may need either approach. 

1 — the algebraic method 

If your equation is not in the form y = mx + ¢, 

then rearrange it so that it is. 

m gives the gradient 

c gives the y-intercept 

For example, if the equation is y = 2x -1, the 

gradient = 2, the y-intercept = -1. 

If the equation is 2y + x = 2, rearrange it to get 

y on its own. 

2 = 2G 

Halving all terms gives: 

y=1-h2 

gradient = -3 

y-intercept = 1 

2 — tabulation 

Draw up a table inserting sensible values for x. 

Sometimes you may be able to use a short cut, 

especially for equations of the form ax + by = ¢. 

For example, if the equation is 2% + 5y = 20, 

substitute x = 0 to give y = 4, and substitute y = 0 

to give x = 10. 

Plot the points (0, 4) and (10, 0) and join them up. 

It is always wise to check by finding a third 

point and making sure it is on the line you 

have drawn. 



Tangent to a curve 

Find the gradient of the given curve at the point 

(2, 6). 

Draw a tangent to the curve at the given point. 

Choose two points along the tangent, and work out 

the gradient by using 

Gradients are GROTty 

(Gradient = Rise Over Tread) or 

Gradients are GRADUAL (GRADient = trpiALong) 

or your own method. 

From the diagrams: gradient = — = 4 
No | 0 

The meaning of the gradient 

The gradient means the measure on the y-axis 

divided by that on the x-axis. Alternatively, it 

means y per x. For example, on a distance-time 

graph, the gradient gives the speed. On a speed- 

time graph it gives the acceleration. 

Distance (km) 

Time (hours) 

Time (Seconds) 

Area under a graph 
On a straight-line graph: 

* y-units divided by x-units gives the gradient 

* y-units multiplied by xv-units gives the area. 

For example, on a speed-time graph: 

¢ the speed (y-unit, m/s) divided by the time 

(x-unit, s) gives the acceleration (m/s?) 

* the area under the graph (speed in m/s times 

time in s) gives the distance travelled. 

The question will probably ask you to find the 

area under a graph either by counting squares or 

by using the trapezium rule. 
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1 Pot-bellied Pete falls asleep in the bath. Water spills over 

the side as indicated in the diagram below. 

go 
nn LE OE) 

Area of a trapezium = 3(a + b)h 
Rate (litres per minute) 

This is usually given on the Information and 

formulae sheet. 

: ‘ 7 07 : : sn 3 a) Find the gradient at 2 minutes. 

b) Find the area under the curve. 

c) What does this area represent? 
Use the trapezium rule to find the area under the 

graph below. 
2 This is a speed-time graph for a journey made by the 

Transaridzona Express between Bodge City and Kanvas 

City. 

ZZ 
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: a) What is the initial rate of acceleration of the train? 

y b) What is the final rate of deceleration of the train? 

c) What is the distance between the two towns? 

‘State the units used in all answers. 

Solution) WYHSLE (9 2y/wySz'9 (q zy/wHS Zl (e g 
Area = 10 Tato 1 + 4(12 + 28)x1 SeyNulW y Ul YIds (Seq! Ul) Jayem Jo SUUN|OA (9 

itt 

Oz inoge (q Z-puegg-usemjeq (e 4 + 328 + 36)x1+ 186 +0)x1 

=76 km Answers 

@ 



Simultaneous equations 
Graphical solution 
When you are asked to solve simultaneous 

equations, the graphs of the equations will be 

given to you and the coordinates of the point(s) 

where they cross (or intersect) will give the 

solution(s) for x and y. 

Using graph paper, draw accurately the graphs for 

the following equations. 

L+2y=7 

x-y=4 

Hence solve these two simultaneous equations 

graphically. 

The lines cross at (5, 1), so the solution 

is z% = 5,y = 1. 

Example 3.4 

By drawing suitable lines on the graph 

y = 2x -— x below, solve the following equations. 

a) 272*-x=27+2 db) 277-7-5=0 

a) Draw y = x + 2 on the graph. 

The lines cross when x = 1.6 and -0.6 so the 

solution of the equation 2x2- x =x + 2is 

x = 1.6, -0.6. 

b) Rearrange the equation so that 2x? - x is on 

one side. This gives 27? - x = 5. Now draw the 

line y = 5. 

The lines cross when x = -1.35 and 1.85 so the 

solution is x = —1.35, 1.85. 



aN 
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Solution of Converting a 
quadratic non-linear graph 
equations - to a linear graph 
sketching by changing axes 
q uad ratic | This is a method of making an equation that 

would normally be a curve into a straight line. 

<a uations For example, look at the equation q = ap? + b and 

compare it to 
Quadratic equations are symmetrical. 

Y = MX + C (the usual equation of a straight line). 
e They have either a minimum or a maximum 

point. The equation is shown in capitals to avoid 

confusion in case a question gives a relationship 
¢ They cross the x-axis a maximum of twice. of the form y = ax? + b. 

¢ Solving a quadratic equation gives the x-values 

of the points where the curve crosses the x-axis. 
On the X-axis plot values of p?. 

On the Y-axis plot values of q. 

When q is plotted against p? the points should be 

on, or nearly on, a straight line. 

Drawing the line of best fit gives: 

Solve the equation x? - 5x” + 5 = 0 graphically. 
M, the gradient which is a 

Solution) C, the y-intercept which is b. 

Tabulate the values as follows. 

Example 3.6 

The table of values below shows how s and t are 

related. 

Plot the values of t against s? on a suitable graph. 

It is believed that t is related to s by the equation 

t= as? +b. 

a) Explain how the graph confirms this 

relationship. 

b) Estimate values for a and b correct to 1 d.p., and 

The curve y = 7” - 5x + 5 crosses the y = 0 line hence state the relationship between s and t. 

(or x-axis) at x = 1.4 and x = 3.6. These are the 

roots of the equation 72-54 + 5 =0. 

6 
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a) The graph is a straight line of the form 

P= MeL +c. 

b) a = the gradient = 0.7 

b = y-intercept = 2.4 

Therefore, the final equation is t = 0.7s? + 2.4. 

1 On the axes below, draw the graphs of y = x° and 

y = 25-62. From your graphs, estimate a solution to 

the equation x° + 6x” - 25 = 0. 

2 Using the axes below, draw the graph of 

y =x? -4x + 2. 
a) From your graph, estimate the solutions of 

x? - 4x = -2. 
b) By drawing a suitable line, find approximate values of 

x for which x? - 47 +2=2+4+3. 
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3 Two variables are related by the 

equation q = avp + k, where 
a and k are constants. 

Te 5a [ra [ove [ons [67 
fal rs oa] 55] aa) aa) 

By plotting q against Vp, draw a line 

of best fit and hence estimate the 

values of a and k correct to 1 d.p. 

Now Is @ good time to take a 
break and think back over what 

you have done 80 far. 

L 0 

Z8=4(q so-=v(ee 



Finding the values Functions 
of the co nst ants A relation between two variables, x and y, can be 

written as y = f(x). = a 

in rs | non-linear f(x + c) moves f(x) c units to the left. 
oe 

equation 

Variables y and x are related by the equation 

y = ab’. The graph below shows the relationship. 

Using this graph, estimate the values of a and b. 

f(x — c) moves f(x) c units to the right. 

Substituting x = 0 gives y = ab® = a (because any 

number to the power of zero is 1). 

So (0, 4) gives the value of a as 4. 

When x = 1, y = ab. 

As y = 10 when x = 1, we find b = 2.5. 
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‘ 

With f(2x), the Last Burp Saloon’s accordionist, Subtracting from x moves the line of f(a) to the 

Con Seteenar squashes f(x) towards the y-axis to right. 

eS Multiplying by a number greater than 1 squashes 

With f( iy), he stretches it to twice its width. the line of f(a) towards the y-axis. 

Summary for movements in the x-direction! Dividing by a number greater than 1 (or 

Putting a number with the x inside the j multiplying by a fraction) stretches f(x) from the 

f(a) can make you cross! y-axis. 

It goes the opposite way to what you would 

expect. 

Adding to x moves the line of f(x) to the left. 

¥ Times 
Gane <—— {(2x) 

squashes 

| Divide 

alee —-> f(1x) 
stretches 



However, adding, subtracting, multiplying or 

dividing outside the f(x) moves the graph in the 

positive or negative vertical direction as you 

would expect. 

Adding to f(x) moves f(x) upwards. 

Subtracting from f(~) moves f(x) downwards. 

Multiplying f(x) by a whole number stretches f(x) 

from the x-axis. 

Dividing f(x) by a whole number (or multiplying 

by a fraction) squashes f(x) towards the z-axis. 

The graph above illustrates y = f(x). On the same 

axes sketch: 

1 y= f(x +5) 

2 y = f(2z) 

3 y = 2f(z) 



Sine and cosine graphs have 

the same basic shape. The sine 

graph starts from the origin 

(remember original sin), but 

the cosine graph starts from 1 

on the y-axis when x = 0 (the 

coslne graph). 

Tan is completely different, but 

perhaps Dr Tan’s Baked Beans 

(which repeat every 180°) will 

help. 



Example 3.8 

Find the solutions for x in the range 0° < x < 360°, 

which satisfy these equations. 

a) sinzx = 0.5 b) cos x =0.5 

c) cos x = 0.61 

a) Draw the graph of y = sin x, then draw a 

horizontal dotted line for y = 0.5. This crosses 

the y = sin x graph at two places. The 

solutions are where the line cuts the graph. 

Using your calculator for inverse sin (0.5) will 

give you one solution i.e. 30°. The other 

solution is found from the graph. It is 

180° — 30° (or 90° + 60°) at 150°. 

d) tan x =-0.2 

The solutions are x = 30°, 150°. 

90° 150° 180° 

b) Draw the graph of y = cos x, then draw a 

horizontal dotted line for y = 0.5. 

270° 300° 360° 

i 

This crosses the y = cos x graph at two places, 

giving the two solutions. 

Cc) 

Using your calculator for inverse cos (0.5) will 

give you one solution i.e. 60°. The other is 

the same distance from 360° so it is 360° — 60° 

= 300": 

The solutions are x = 60°, 300°. 

Again, draw the graph of y = cos x and add a 

line at y = 0.61. The solutions are where the 

line cuts the graph. Your calculator will give 

you.inverse cos (0.61) = 52.4°. The other 

solution is at 360° — 52.4° (or 270° + 37.6°). 

The solutions are x = 52.4°, 307.6°. 

180° 270° 307.6° 360° 

d) Draw the graph of y = tan x and then draw a 

horizontal dotted line for y = —0.2. Where this 

line crosses the y = tan x graph gives the 

solutions. 

— 

Using your calculator for inverse tan (-0.2) will 

give you -11.3°. This is a negative solution, and 

you want solutions between 0° and 360°. 

Don’t despair, just ask Dr Tan! Add 180° to 

-11.3° to get 168.7°, then add 180° again to find 

the second solution. 

The solutions are x = 168.7°, 348.7°. 
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You may have solved questions like these using 

the CAST diagram. If you are more at home with 

this method, stick with it. 

S) A 

T C 

Remember that you nearly always get more a 

than one solution for this type of question. 

Exercise 3.4 

Sketch the sin, cos and tan graphs, then find all 

the solutions for x, correct to one decimal place, 

in the range 0° < x < 360° for the following 

equations. 

1 sin x = 0.89 

2 tanx = -0.41 

3 cos x = 0.24 

4 sin x = -0.12 

5 cos x = 0.91 

6 tanx = v3 

00'0b2 ‘0°09 9 
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All things being equal, this Is a good time to 
take a break, Inequalities are next on the men, 

a 

Linear 
programming 
The three skills you need for these questions are: 

* converting the information given into 

algebraic inequalities 

* drawing lines for the inequalities 

¢ choosing the region. 

Some questions also ask for an expression to be 

maximised or minimised. 

Converting information into 
algebraic inequalities 

There are always two variables. Questions 

are often confusing. For example: 

¢ ‘no more thaw or ‘at most’ means ‘less than or 

equal to’ 

¢ ‘no less thay or ‘at least means ‘more than or 

equal to’ 

Make sure the multiple is on the correct side. 

For instance, in algebra ‘y is twice the size of x” 

becomes y = 22, so ‘y is at least twice the size of x 

would be y = 22. 

Example 3.9 

In the following inequalities, « represents the 

number of men and y represents the number of 

women. 

> 

Write inequalities for each of these. 

a) Astadium will seat at most 20000 people. 

b) There must be at least 500 men and no more 

than 15000 women. 

c) On average, the men weigh 110 kg and the 

women weigh 55kg. A lift can hold at most 

1100 kg. 

d) There should be not more than twice as many 

men as women. 



a) x+y < 20000 

b) x = 500 and y < 15000 

ce) 110” + 55y < 1100 

27 + y = 20 

(by cancelling through by 5 and 11 or 55) 

d) x < 2y 

(The question could be expressed as, ‘The 

number of men is no more than twice the 

number of women.’.) 

Choosing the region 
You can either substitute a point in the 

region on either side of the line, and see if 

it fits the required inequality, or for positive 

coefficients of y, use B<LOW and AZOVE. 

Example 3.10 

The diagram below shows the graphs of 

£=1,y=x,y =5-x and 27 + y = 10. 

Leave unshaded the region which satisfies the 

following inequalities. 

In the above inequalities, the coefficient of y is 

positive. Therefore: 

y < xis represented by the region vertically 

B<LOW the line y = x. 

y = 5-2 is represented by the region APTOVE 

y=9-2. 

2x + y < 10 is represented by the region vertically 

B<LOW 2x + y = 10. 

Usually the questions ask you to leave the 

required area unshaded, but occasionally 

they request the required region to be shaded. 
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Maximising or minimising an 
expression 
The required values are either at or as near as 

possible to.a vertex of the wanted region. The 

points to be included must usually take whole- 

number values within the region. It often helps to 

convert the information which is to be maximised 

or minimised into an algebraic expression. 

Example 3.11 

Suppose you are set a question concerning the 

numbers of adults (x) and children (y) attending a 

rodeo, and you are asked to find the maximum 

profit, subject to certain inequalities. 

If the profit on every adult ticket is $5 and on 

each child is $3, give an expression for the profit 

made. Hence find the maximum profit. 

Profit = 5a + 3y 

The maximum profit is found by substituting the 

coordinates at or nearest to the vertices of the 

wanted region into this expression, and finding 

which gives the maximum profit. 

Example 3.12 

The Havago War Tribe Council can have at most 

20 members. Let x represent the number of men 

and y the number of women. Meetings are 

cancelled unless at least five men are present. The 

Havago is an unusual tribe because there must be 

at least twice as many women as men present. 

a) Find three inequalities that state the above 

information. 

b) Show these inequalities on a graph, leaving 

the required region unshaded. 

a) x+y < 20 x25 y= 2rorar<y 

b) 

Example 3.13 

Dr Tan can carry a maximum of 40 kg of baked 

beans. Large cans weigh 1kKg and small cans 

weigh half as much. (This information is already 

represented on the graph as the line 2x + y = 40 

where x is the number of large cans and y is the 

number of small cans.) 



To conform with Bodge City legislation, he cannot 

carry more than 15 large tins. He must carry no 

more than twice the number of small tins as large 

tins. 

a) Represent this information on the graph, 

leaving the required area unshaded. 

b) If he makes $3 profit on every large tin and $2 

on every small tin, what is his maximum profit? 

b) The expression for the profit is P = 3x + 2y. 

The point (10, 20) gives $70 profit and at (15, 

10) the profit is $65. 

The answer is therefore (10, 20). 

1 Chief Sitting Duck trades horses. He can buy up to 13 

horses, but has no more than $2400 to spend. Let the 

number of mares be x and of stallions y. Each mare 

costs $240 and each stallion costs $120. He must have 
at least five mares and five stallions. If he makes a profit 

of $30 per mare and $20 per stallion, how many of each 
should he buy to obtain the most profit? 

Hardup Hank wants to go west with his enormous family. 

He can hire small or large wagons. Let the number of 

small wagons be x and of large wagons be y. Each small 

wagon can hold 8 people, and each large wagon can 

hold 16. He has to carry at least 48 people, and must 

have at least one of each type of wagon. Find his 

cheapest option if the cost is $70 for a small wagon and 

$100 for a large wagon. 

OE$ WOId ‘suOI}eIS g pue SLEW Z 
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Graphs from practical situations 
These are most easily solved by describing in 

words what happens in reality and comparing (si Example 3.15) 
your description to the graphs given. 

Draw a vase which would fill up at the rate 

described in graph (v) below. 

Example 3.14 Solution) 

The height rises at a decreasing speed. This is an 

upside-down version of vase (b). 
Water is poured into vases (a), (b) and (ec) ata 

constant rate. The graphs below show the depth of 

water in the vases against the time. Match each 

container with its graph. 

Look at the vases and describe in words the speed 

at which the height rises. 

z a) Slowing down then increasing, therefore 

* . graph (iv) 

= 
0 ; b) Increasing, therefore graph (iii) Note: If the area of the cross-section is increasing, 

fo ¢) Constant rate, therefore (ii) the ae which re depth of liquid rises is 

ae decreasing, and vice versa. 

YH: 
Oo | 
we” 
WwW 
al, 

>= =: 

Height of water Height of water : 

N 

Height of water 

(iv 

Height of water Height of water 



Recognising 
graphs of J 1b 
mathematical Time for another break tow are thé 
eg Tv] ati ons mind maps coming along? 

The mind map below summarises the graphs you 

need to know. 
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A person’s gotta do what a person’s gotta 

do! 

Exam-type questions 3 

1 Bacteria were placed in a culture and left to grow. A cell 

count was taken every hour for 9 hours. The results are 

as shown on the graph below. 

No of bacteria in culture 

a) Draw the tangent to the curve where t = 6. 

b) Find the gradient to the curve at this point and state 

its units. 

c) What does this gradient represent? 

2 On graph paper, draw two axes in the ranges 

-2 <x <6, and-4 < y < 4. By a graphical method, 

solve the following simultaneous equations. 

r+y=2 

y = 2x-10 

3 Study the graphs shown on the right. Which graphs could 

represent the following equations? 

a)x+y=10 

5 
en 

c) y= 10 + 9x - x? 

dyes" 



4 The diagram below shows the graph of y = f(z). 

On the same graph, sketch the following functions. 

a) y = f(a + 4) b)y=f(2x) c)y=f(x)-3 

Sa) by tag a Suitable construction line to bee et b) Show that the points of intersection of the two curves 

y= =. shown below, solve the equation — zo 1-2. are the roots of the equation x? -x-1=0. 

I 
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6 Estimate the distance covered in the journey shown in the On the axes below, draw the graph of y against x. 

speed-time graph illustrated below. State the units of Use your graph to estimate the values of p and q. 

measurement. 

2 4 6 8 1012141618 20222426 x 

10 A concert hall in Ruritania can seat at most 900 

people. Let x represent the number of men and y the 

number of women. No more than twice as many 

women as men may attend. Women are charged R$14 

and men R$6. Enter this information on the graph 

provided, leaving the required region unshaded. 

The concert needs to raise at least R$8400. Find the 

number of tickets sold to men and women respectively © 

which would maximise profit. 

a) Giving your answer to the nearest degree, find two 

solutions for the equation sin x = 0.67. 

b) On the same axes, sketch the curve y = 2sin x. 

8 Find a value of x, to the nearest degree, in the range 

180° < x < 360°, such that cos x = 0.642. 

9 It is believed that y is related to x in such a way that 

y = px? + q, where p and q are constants. 
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Tick off each topic in the list when you 

are confident you can cope with it. 

Identify the gradient and y-intercept from 

the equation of a straight line. 

& Draw a tangent to a curve at a given point. 

® Find the area under a graph. 

Identify what the area under a graph 

represents. 

& Solve simultaneous equations graphically. 

) Sketch quadratic equations. 

Convert a non-linear graph to a linear 

graph by changing variables. 

Find values of the constants in a non-linear 

function. 

a Transform functions. 

a) Draw trigonometric graphs. 

Find the values of an unknown, in a given 

range, that satisfy a trigonometric equation. ° 

S Solve problems using linear programming. 

Find a range of values that satisfy an 

algebraic inequality. 

& Maximise or minimise an expression. 

Recognise graphs of mathematical 

equations. 
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By the end of this chapter 

you will be able to: 

e factorise simple algebraic 

expressions 

e factorise quadratic equations 

when the coefficient of x? is 1 

e factorise quadratic equations 

when the coefficient of x? is not 1 

e rearrange formulae 

e manipulate equations and 

formulae with powers and roots 

e solve simultaneous equations 

algebraically 

e multiply out brackets 

e solve inequalities involving 

powers of x 

e factorise the difference of two 

squares 

e solve equations by iteration 

e find the nth terms of sequences 

e find the next terms in Fibonacci 

sequences 

e recognise triangular numbers 

Remember: 

Variables are letters such as x or y which are used 

to represent numbers. 

Expressions are statements involving variables, 

such as x? + 1. 

An equation is a relationship between 

expressions with an equals sign in it, such as 

Bee a) ef? 

We’re counting on you to be able to do these 

questions. 

1 Find x where: 

a) 52 + 3 = 23 b) 27-5 =17 
c) 4= 16-3 d) 3x +10 =4 
e) 6r-1=2 f)cot+1=11 
g) 4x +7 = 24+ 37 

i) 2(a-1) + 5(x + 2) = 57 

j) 31 -—x) -4(2x-1) = 73 

2 Simplify these. 

h) x-1 = 4~-10 

c) au d) 5x? + 909 + 272 
e) re + b) -b(a-b) f) bx (-b?) 
g) v*-2x(1 - 2x) h) (x3) 

3 Write the following as single fractions. 

a) t ae + b) 5 we a 

e+ ae aq neta 

ik (y 2Z- 285 ‘ cat ( 24 + 2D . 

“ee 

ah 
5 a a ee (4 2X + XB (Pp i os © . 
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Make sure that you can do these questions. If you 

have trouble with any of them, ask for extra help 

from your teacher. Ask for some similar questions, 

to try. 

The coefficient is the number that multiplies the 

variable. For example, in the expression 

2x2 -—x + 4, the coefficient of x? is 2 and the 

coefficient of x is -1. The 4 is called the constant. 

Factorising using 
single brackets 
Factorising means splitting a number into its 

factors. When you factorise you need to find the 

highest common factors, i.e. the biggest numbers 

or letters that ‘go into’ all the terms. 

Example 4.1 

Find the highest common factor of each pair of 

numbers. 

a) 4and 10 b) 20 and 5 

c) aand a? 

a) 2 4=2x2,10 =5x2,so the highest 

common factor, or HCF of 4 and 10 is 2. 

d) y? and y? 

b) 5 20 = 4x5,5 = 1x5, so the HCF of 20 

and 5 is 5. 

c) a? =axa,so the HCF of a and a? is a. 

d) y27=yxyand y? = yxy xy, so their HCF is 

yxy=y. 

Example 4.2 | 

Factorise 1027b - 6za. 

—————w 
Solution 

Start with the 10 and the 6. Their HCF is 2. 

Write the 2 outside the brackets. 

2( ) 

If you were simplifying, as you did in the section 

above, you would have to have 5 and 3 in the 

brackets in order to multiply out correctly. 

2(527b — 32a) 

Inside the brackets you still have z? and z. Their 

HCF is z, so you can write that outside the 

brackets as well. As you must be able to multiply 

out the factorised expression to find the original 

again, the solution is: 

10z2b — 62a = 22(5zb =3a) 

The letters a and b each appear in one term only, 

so they stay inside the brackets. 

Example 4.3 

Factorise 6x?y + 18xy? fully. 

The HCF of 6 and 18 is 6. 

6x2y + 18xy? = 6(x2y + 3xy?) 

If it helps, you can cross out the factors as you go 

along. 

6u2y + 18xy? = 6(x?y + 3xy?) 
or 

6x2y + 18x? = 6(v2y + 3xy?) 

The HCF of x? and x is x. 

6(u2y + 8xy?) = 6a(xy + By?) 

or 

6(x?y + 3xy?) = Ga(ey + 3y?) 

The HCF of y and y? is y. 

6xu(cy + 3y?) = Bxy(x + 3y) 

or 

6x(xy + 3y?) = Gry + 3y) 



So 

6x2y + 18xy? = 6ry(x + 3y) 

Check your answer by multiplying out the 

brackets. 

| Example 4.4 

Factorise 12ab? — 4ab fully. 

The HCF of 12 and 4 is 4. 

12a2b2 - 4ab = 4(3a2b2 - ab) 

or 

12a2b? — 4ab = 4(3a2b2 — ab) 

The HCF of a? and a is a. 

4(3a2b? — ab) = 4a(3ab? — b) 

or 

4(3a2b2 — ab) = 4a(3ab? — b) 

The HCF of b? and b is b. 

So 4a(3ab2 — b) = 4ab(3ab — 1) 

or 

4a(3ab2 — b) = 4ab(3ab — 1) 

If all the factors of a term are taken 

outside the bracket, you have to replace 

them inside the bracket with a 1, so that when you 

multiply out the bracket you will get back to your 

original expression. 

Exercise 4.2 

Factorise the following expressions. 

1 16ab + 10bc 

2 4c? - 2ac 

3 10a?b? - 5a 

Formula 
rearrangement 
Our characters are using short cuts to make life 

easier. 

Meet Chuckwagon Charlie, Underhand Luke 

and Buffalo Lil 

When Chuckwagon Charlie chucks a +2 on to the 

other side and changes sign, he is really 

subtracting 2 from both sides of the equation. 

It’s Underhand Luke who multiplies or divides 

every term on both sides when changing ‘x 3’ 

to ‘+ 3’. 
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Buffalo Lil lassos the 

term containing the 

required subject. If 

this term is negative, 

she takes it over to the 

other side to make the 

coefficient positive. 

Linear equations where the 
subject appears once 

Example 4.5 

Make ~ the subject of the formula y = mx + c. 

Buffalo Lil lassos the term in x. This is 

positive, so she leaves it where it is. 

y¥=@e+c 

Chuckwagon Charlie chucks the c over to 

the other side, making it —c. 

y-c=mer 

Underhand Luke divides everything on 

both sides of the equation by m. 

Example 4.6 

Make y the subject of the formula ab — ky = c. 

Buffalo Lil lassos the term in y, and as it’s /4 

negative, she moves it to the other side of 

the equation. It becomes positive on the 

other side. 

ab=c4+ky 

psy Ee 
Now the guys come in to help with the lasso | ¥4 

side. Chuckwagon Charlie chucks the ‘+c’ 

across to the other side. At the same time, for the 

terms he moves, he changes the operation on 

them. Plus becomes minus and vice versa. 

ab-c = ky 

At the moment, y is multiplied by k. 

Underhand Luke - as with Chuckwagon 

Charlie — reverses the operation and divides 

everything on both sides by k. 

CLS Oy ee poe 

k k 

Linear equations where the 
required subject appears twice 

Example 4.7 

Rearrange 2hx = kx + m to make x the subject of 

the formula. 

Buffalo Lil lassos the two terms with 2, 

and takes them both on one side. 

2hx hat = m 

She now takes the x out of the lasso by factorising. 

x(2h-—k) =m 

Underhand Luke divides everything on both ami ’ 

sides by the terms in the lasso. . 



Example 4.8 | 

Make r the subject of the formula rh — A = nr. 

Buffalo Lil lassos the terms containing 1. 

m-A =arl 

Then she takes them over to one side. 

rh-A=nxrl = 0 or -A =nrl-rh 

If there are any terms not containing r on 

the lasso side, then Chuckwagon Charlie will ' 

come along and chuck ’em over. 

rh—-nrl=A or A =H Thi 
<i 

Buffalo Lil factorises the r outside the lasso. Ug Lj 

-A = r(al—h) 

Then Underhand Luke divides everything <¢* o 

on both sides by the coefficient of r. ‘ 

rh-nl=A 

A =A 
pe or GS 

h-nl Loh 

Equations where the required 
subject appears in the denominator 

Example 4.9 

Make «x the subject of the formula b + ns 

Underhand Luke grabs the x and 

multiplies everything by wz. 

beer ax 

Buffalo Lil lassos the two terms 

containing x, and moves them to the same f 

side of the equation (the term without x goes to 

the other side). 

either bv + ax = -1 or 1 = ax-bx 

Buffalo Lil factorises x outside the equation, 

leaving either (b — a) or (a — b) in the lasso. 

crG@) = -1 or 1 = x@-b) 

Underhand Luke takes the term in the 

lasso over to the other side, dividing by it. 

1 1 
————— or x =— 

b-a a-—b 

Equations with powers and roots 

Example 4. 10 

Rearrange v? = u? — 2as to make u the subject of 

the formula. 

Buffalo Lil lassos the term containing u, 

v =@2-2as 

whilst Chuckwagon Charlie chucks the 

other term across. 

v= + 2as = uP 

Now Buffalo Lil tightens the noose around ik 

the u”, and realises she must get rid of the 

squared sign. 

square root of everything on both sides. 

v2 + 2as =u 

Example 4.11 

Rewrite the formula T = any/ to give / in terms 

of T and g. g 

Buffalo Lil lassos the term with / in it, and py 

gradually tightens the noose. 

2x is the first item outside the lasso, and _ - 

Underhand Luke lugs it across to the other 

side to divide by 2r. 

T 
20 Wi 4 

The noose is further tightened to take 

the V sign outside the formula. 



_ 
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< 
\ Yy 

Underhand Luke lugs it across and 

squares the whole of the other side. 

(= _2 
2n g 

Finally, the noose is tightened to reveal the g. 

This is lugged across to give the final answer. 

dE ‘ gT? 
—| =] =| 

o( ial 4n? 

Be careful when squaring or finding the 

square root: 

(2x)? = 4x2, not 2x? 

(x + y)* is not the same as 2? + y? 

Va? + y? is not the same as x + y. 

Exercise 4.3 

Rewrite the following equations in terms of the 

variable in brackets. 

1 d=b-ac (c) 

2 uv =20+w (v) 

Shi ed (c) 
c 

4 V=2-n7hl (h) 

5 s=ut + fat? (a) 

Be 
i kre (x) 

TA=nrw+v (u) 

You've worked hard and you deserve One, 

Simultaneous 
equations 
These are two equations involving two variables 

(usually x and y), for which you are asked to find 

the values of x and y which satisfy both equations. 

With simultaneous equations you need to find x and 

Y, SO: 

Simultaneous Equations are SEXY. 

In the GCSE there are two different ways of 

solving them — algebraically and graphically. The 

graphical method is shown in Chapter 3, Graphs. 

Remember: The coefficient is the number 

multiplying a variable. For example, in the 

expression x? — 2x - 1 the coefficient of x? is 1, the 

coefficient of x is -2 and the constant is -1. 

Algebraic solution 
We shall look at two ways of solving simultaneous 

equations using algebra — elimination and 

substitution. 

Method 1 - elimination 

This is the most common method, and is used 

when all the variables are on the same side of the 

equations. 

Example 4.12 ) 

Solve the following simultaneous equations. 

4x'+ 2y = 22 

3” + 2y = 19 



exe 
1 One of the variables must have the same 

coefficient in both equations (ignoring whether 

they are positive or negative). In our example 

there is a 2y in both equations. 

2 Ifthe signs are the same, you take away one 

equation from the other. 

If the signs are opposite you add (plus) them. 

Remember: STOP Same Take, Opposite Plus | 

3 In our example, both 2y terms are positive™ 

(same sign), so we must take away. 

Box the terms that will cancel out. 

4x + 2y = 22 

3x + 2y = 19 

Pea = (4% - 3x = x, 22-19 = 3) 

Remember: Simultaneous Equations are 

SEXY — you need to find both x and y. 

Now use the easier equation to find y. 

au + 2y = 19 

9+ 2y = 19 (because 3x = 3x3 = 9) 

2y = 10 

y=5 

Check using the other equation (4x + 2y = 22). 

AX ote Ol 2 

Example 4.13 

Solve these equations. 

3x + 2y = 16 1 

L+Yy=d- 2 lan 
1 Ignoring the signs, are the coefficients of either 

variable the same? No! 

So we must multiply the equation with the 

lower coefficient to make the coefficients of 

either x or y the same (ignoring signs). As we 

have chosen to eliminate y, we have multiplied 

the second equation by 2 (if eliminating x, you 

would have to multiply it by 3). 

3x + 2y = 16 1 

2x + 2y = 10 2 Se 

5 =6 

Using STOP, we’ve subtracted as the signs 

of the ys are the same. 

Remembering SEXY, we need to find y, so 

substitute x back into the easier of the two 

original equations. 

L+y=5 

6+y=5 

ae | 

Check in equationl 3x6+2x-1=16 

This is true so your answers for x and y are true. 

Sometimes you have to multiply both equations 

to get the same coefficient in x or y. If the 

equations were: 

2n+3y=5 1 

3x-Sy=2 2 

we could multiply 1 by 3 and 2 by 2 to get 6x in 

both. 

Example 4.14 

Solve these equations. 

5x —-4y = 32 

3x + 4y = 0 

Ignoring the signs, the coefficients of y are the 

same. 

STOP Same Take, Opposite Plus 

The signs are opposite for the 4ys so the 

equations must be added. 

5x —4y = 32 

3x + 4y = 0 

8x = 32 

r=4 

Remember SEXY — you must find y. 
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Use the simpler second equation, 3x + 4y = 0. Solution 

12 + 4y = 0 We can solve this by simply replacing the x in the 

4y = -12 first equation by y —3 from the second equation, 

3 remembering to bracket it. 
Ue 

: : dy -— 3) -3y =5 
Check in the first equation, 5x - 4y = 32. 

sy -15-3y=5 
9x4-4x-3 = 32 

. 5 2y-15=5 
using your calculator if necessary. 

2y = 20 

- AO 

Exercise 4.4 
Using 2: 

Solve the following simultaneous equations. r= 10-3 

1360 +2y = 31 ea | 

x + 2y = 21 Check inl: 5x7-3x10=5 

2 12x -5y = 79 

9x + 5y = 68 . : 
‘ Exercise 4.5 

3 5x + 4y = 38 

3x + Sy = 44 Solve these equations. 

4 6x7 + Sy = 31 4 5a +3y =27 

3x + 4y = 23 y=u-7 

2 5e=-y=15 

y = 2u-9 

3 4x -3y = -1 

y = 22-1 

e—lc=2 2 

Ca hig = ne 

l-=fh'g=x 4 
Method 2 - substitution 

Use this method when x and y are on different 

sides in at least one equation. 

Example 4.15 

Solve these equations. 

54 - 3y = 5 1 
Time for another break, This chapter is quite 

e=y-3 2 challenging. Don't try to rush tt, 



Multiplying out 
(expanding) 
double brackets 
We use FOIL - First Outer Inner Last 

to expand double brackets. Use your own 

method if you prefer. 

| Example 4.16 

Expand these brackets. 

(@ + 1)Q2x + 3) 

Using FOIL First Outer Inner Last 

+ 1 1 uy 

(7 + 1)(2x + 3) = 242 + 3x + 2x +3 

= 277+ 544+ 3 

A common mistake is to add instead of 

multiply the last terms. 

Expand the following. 

1 (« + 3)(7- 2) 

x -1)(x + 1) 

(G — xz) (G — %Z) Se INO}! OWN AWIH G2 + TOS - zp S 

G+ %ElL-z279 p 

82 + VE-2X- € 

L-2t S 

Q-X+ 20 | 

Linear 
inequalities 
© means not including 

@ means including 

-2 <x <5 means x is between -2 and 5, includes 

—2 but not 5. 

On a number line: 

—2 -l 0 i 2 3 4 9) 

Inequalities are very similar to equations, but 

with two important differences. 

1 Ifyou swap the entire left and right-hand sides 

then the inequality reverses. 

2 Ifyou multiply or divide by a negative number, 

then the inequality sign is reversed. 

Example 4.17 

Find the range of values of x for which 

oi eae 

Method 1 — taking the 2x over to make the 

coefficient positive 

3<2x%4+7 

2x+7>3 Swapping the sides and reversing 

the inequality (Rule 1). 

2x > -4 

x>-—2 

Method 2 - dividing by -2 

3-24 <7 

-214 <4 

x >-2 The inequality reverses when 

dividing by a negative number 

(Rule 2). 
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Example 4.18 

Find the largest integer for which 7x + 1 < 46. 

Were ee 

Solving the inequality gives x < 6.43. 

The largest integer that satisfies this inequality 

is 6. 

Example 4.19 

Find the range of values of x for which 

2x+1<34%4+7< 2x + 16. 

Solving 2x + 5 < 3% + 7 gives x > -2. 

Solving 3x + 7 < 2x + 16 gives x < 9. 

To satisfy both inequalities, x must be BSTW<<N 

—2 and 9. 

The range is 2 < x < 9. 

Find the range of values of x which 

satisfy the following inequalities. 

15-47 <11 

2 2-7" >10-9x 

327+4<9+ 32 

47-2<4%+1<2x4+7 

e>rtsi\i-p 

Go-svE 

v<2rgZ 

Gi-ex 4 

Inequalities involving x? 
Remember BSTWK&N for x? < or x? < 

questions, and <>UTSI|2E for x? = and 

x? > questions. 

Example 4.20 

Find the range of values of x for which: 

b) x? >4. a) x7<4 

_ Solution 

ee << AA 

a) From the graph, the y = x? curve is below (i.e. 

less than) the y = 4 line when x is BSTW<<N 

—2 and 2. 

2<2xr<2 



b) From the graph, y = x? is above y = 4 

<2UTSI|2E -2 and 2. Therefore x < -2 and 

ip 2 

These must be written as two separate 

inequalities as the regions are different. 

Exercise 4.8 

Find the range of values of x which satisfy these 

inequalities. 

Bg = 25 

a7 <9 

3 2x? = 32 

47°+3< 39 

95759 9 

yexv'y>-SUE 

€>x4>e-g 

Gexu'o-SX 4 

Quadratic 
expressions 
Factorising into two brackets 
Factorising when the coefficient of x? is 1 

| Example 4.21 

Factorise these expressions. 

a) 227+67+5 »b) x24+327-10 oc) x?-57+6 

a) 17+ 6x+5 

; We need two numbers that multiply together to 

give 5 and add together to give 6. 

i.e. land 5 

v2 + 64+5=(x + Sx + 1) 

b) «2+ 3x-10 

We need two numbers with product -10 and 

sum 3. 

The signs must be different, with the larger 

number positive, because the term in x (32) is 

positive. 

a? + 34-10 = (@ + 5) - 2) 

If you have difficulty, write down all numbers 

with product 10. 

ce) «7-544+6 

We need two numbers with product 6 and sum 

-—d, since the expression has a positive product, 

but a negative x-coefficient. 

Therefore the two numbers must be negative. 

-54+6= (x — 3)(@ - 2) 

Factorise the following expressions. 

1 ¢’-x%-12 

2 xv°-9x +8 

3 xu? + 2x-15 

Just to recap Wi) 
‘1 Start by looking at the ae 

2 Ifitis positive, both brackets uae he 

same sign. If it is negative the brackets 

will have different signs. Wi 
" 

OTuVT_IvUvVUUJVUTT]]E EMT CT yp 

Turn to page 70 for a summary on factorising 

quadratics of this form. 
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Factorising when the coefficient of x” is 

greater then 1 

Example 4.22 

Factorise 3x? + 13-10. 

The coefficient of x? can only be the product of 3x 

and x. So write these at the start of the brackets. 

(3x x ) 

Now write all the pairs of numbers with product 

IO ih s< ale PAS ia 

Experiment to see which makes the coefficient of 

x equal to 13. 

30° + 134-10 = Bx -2)(.+ 5) 

Exercise 4.10 

Factorise the following expressions. 

1 5x*-7x-6 

2 3xu° +x -10 

3 2x°-114% + 12 

4 32° + 11% + 6 

5 2x? + « -10 

6 4x? + 4u + 1 

Difference of two squares 

These are quadratic expressions, but they have no 

term in x, and the two terms are separated by a 

minus sign. 

Example 4.23 

Factorise these expressions. 

a) 2?-y? b) 100a? - 49b? 

ce) a*-1 

a) «?-y? = (x— ya + y), or of course (x + ya - y) 

d) 182? - 8y? 

b) 100a? - 49b2 = (10a — 7b)(10a + 7b) 

e) a®-1=(a-)Da+) 

d) 18x? - 8y? = 2(9x? - 4y?) 

=2(3x — 2y)(3a + 2y) 

Exercise 4.11 

Factorise the following expressions. 

1 b’-a? 

2 1-92? 

3 4a? - 25 

4 3x° - 12a? 

(og + x)(0Z- x)E = (2Dp- 22) p 

(¢ + 02)(G-Z) € 

(we + L)(tE-1) g 

(0 + q(o-Q) & 



Quadratic 
equations 
Quadratic equations are of the form 

ax’? + br +c=0. 

For example, 2x? + x-4 = 0 is a quadratic 

equation. 

Solution of quadratic equations 
The three most common ways of solving quadratic 

equations for GCSE are: 

1 factorising 

2 quadratic formula 

3 graphically (see Chapter 3, Graphs for this 

method). 

Solution of quadratics — method 1 

After taking all terms on to one side and 

factorising, equate each bracket to zero and solve. 

For example x? + 6% +5=0 

(x + 5x4 +1) =0 

When the product of two numbers is zero, one or the 

other must be zero. ‘i 

So either +7+5=0 or x++1=0 

x =-5 R=) 

You must have a zero on the right-hand side of the 

equation to use this method. 

Also, if you have a negative coefficient of x”, take 

all terms on to the other side of the equation to 

make the coefficient positive. 

Solution of quadratics — method 2 

You may have to use the formula for solving 

quadratics. 

pes? + Vb? -4ac 

= 2a 

Don’t worry, you do not need to learn this — it’ll be 

on the Information and formulae sheet of your 

exam paper. 

Use this method if: 

e the question asks you to give your answer to a 

certain number of decimal places 

¢ the equation looks difficult to factorise. 

Exercise 4.1 2 

1 Find the values of x which satisfy these equations. 

a) v7? + 84 = -15 b) 2-117 +5 =0 
CG) ae 24a" = 25 d) x7-9=0 
8).4- = 25 

2 Find the values of x in the following questions, correct to 

two decimal places. 

a) 3a7°- 11% +4=0 
6) 22° 4.8% =3 
e) 6-2?- 10% =0 

b) 422-172 +1=0 
d) 342 +1 = 92 

2450 =X‘1G¢0|-=2 (e 

esc =X 'Z10=2 (p 

Ger- = x'geo=2 (9 

900=X'‘6l y= (q 

yO = '9ve =x (e 

G=2‘c-=2 (a 

€=x2‘g-=2 (p 

L=2‘ee-=x (9 

G=x'‘go=2 (q 

€-=2‘¢-=2 (@ 4 

Definitely time for another break! 
There's a bit more hard work coming up. 
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Iteration 
Iteration is a way of finding the next term ina 

sequence. 

The nth term of a sequence uw is usually referred to 

as u,, (although different letters may be used to 

denote the sequence €.g. p,,, Un, etc.) 

The first term of a sequence w is U4. 

The second term of a sequence is Ups. 

Uy, is the nth term. 

Un+1 iS the (n + 1)th term i.e. the term after the 

nth. 

Un 1S the (n — 1)th term i.e. the term before the 

nth. 

The solution of an iterative formula may also be 

described as a limit. 

Example 4.24 

A sequence is given by: 

lies Ot 
n+1 Un +2 

Uy, = 3 

a) Find up, uz and U4. 

b) What do you think will happen to w, as n gets 

larger? 

c) Solve x = to show that your answer to (b) 

is correct. 

_ Solution 

U3 — — Pips 

1.6 +2 

2.2+2 

b) You could try n = 5, 6, etc. to show that w,, 

tends towards 2 as n gets larger. 

c) You can see that the formula is almost 

identical to the iteration formula. You will find 

that this is a quadratic equation. The positive 

solution leads to the answer to both (c) and (b). 

u(x +2) =8 

y2+ 27% =8 

v2 +24-8=0 To solve you must have a 0 

on the right-hand side. 

(a + 4\(~a-2) =0 

p= Oboe dp = 7 

“Exercise 4.13 

1 a) Show that the equation x? - 6x + 2 = 0 may be 
; 2 

rewritten as x = 6 - ie 

b) Using the iterative formula x,,,; = 6- = and 

starting with x; = 6, find a solution of the quadratic 

equation, correct to two decimal places. 

2 a) Show that 2a? + x-7 = 0 may be rewritten as 
ey linet’ a 

je= 

b) Use the iterative formula w,,., = \ _ with an 

initial value of w; = 3 to find an apparent limit, correct 

to two decimal places. 

vol (q 

"SEPIS YJOG UO JOOI aseNbs aye} pue ORE, 2 (eg 
Ly 

gos (q 

x Aq sapis yjOg epiAip Usy) ‘Z- 7g = 2x (eC 4 

If you cannot show that, for example, 222 + x-7 = 0 

} = 4/L=2; = can be rewritten as x = y aes 

start by writing x = V in 

at the bottom, above it write x? = ist, 

then multiply both sides by 2, and so on, until you 

get to the original equation. 



Seq uences | Sequences with equal spacing 

Meet DINO and COSTAS 

Let’s introduce our Greek bartenders, DINO and Example 4.25 
COSTAS. 

DINO likes things laid out with equal Study the sequence 9, 16, 23, 30, ... 
spacing, a) What is the difference between consecutive 

terms? 

b) What is the next term in the sequence? 

c) What is the nth term? 

d) What is the 25th term? 

a) The difference between consecutive terms 

= 30-23 = 23-16 = 16-9=7 

b) The next term is 30 + 7 = 37. 

c) Here we can use DINO, as the numbers 

are evenly spaced, with a difference of 7. 

Put a ring before the first term. 

C) 9, 16, 23, 30, ... 

What number would go in here if there were a 

number before the 9? 

whereas COSTAS likes the differences to 

get larger. 
9-7=2 

(2) 9, 16, 23, 30, ... 

DI stands for the difference (7), N stands for n 

and O stands for the number in the ring (2). 

DINO gives 7n + 2. 

Check: If you put n = 1, you should get the first 

term, 7 x 1 + 2 = 9; n = 2 gives the second 

term, 16, etc. 

The nth term is 7n + 2. 

d) What is the 25th term? 

. Put n = 25, which gives 7 x 25 + 2 = 177 

Questions often ask for the nth term after 

they ask for the 25th term, but it is easier to 

use DINO first then substitute n = 25 to find the 

25th term. 

If you are asked to find n for a given term, find the 

formula using DINO and then equate it to the given 

value. © 
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Unequally spaced sequences Example 4.27 

Example 4.26 Find an expression for the nth term in the 

following sequence. 

The following numbers form a sequence. 216, 54, 128, 

a) What is the next term in the sequence? Write the numbers 1, 2, 3, 4 above the 

b) What is the nth term in the sequence? corresponding terms, leaving a space in between. 

a) Look at the differences between the terms. 2 16 54 128 

3,5, 7, ... Using COSTAS, start by squaring n. 

It can be seen that the difference increases by n 1 2 3 4 

2 every term, so the next difference must be 9. me 4 9 16 

The next term must be 18 + 9 = 27. ) 16 54 128 

3, 6, 11, 18, 27 Comparing the n? line with the bottom line and 

b) COSTAS may be used as the differences are using the TAS of COSTAS (which stands for Times, 

Add, Subtract), there is no way of finding a link 

between the numbers in the two lines. You don’t 

need the n? line, so put a line through it. 

not equal. 

COSTAS stands for 

Cube Or Square Times, Add, Subtract We’ve used the first S from COSTAS, so now we 

Write the sequence down, with the number of try the C (cube). 

each term above it. n 1 2 3 4 

n 1 2 3 4 v—| —_—4_—___9—_46 

Un 3 6 11 18 | 8 27 64 

First try squaring the n (as squaring is easier . 16 S44 128 

than cubing), and comparing to see if you can Using the TAS of COSTAS (which stands for 

see a link between the squared numbers and Times, Add, Subtract), you can clearly see that to 

each term. (If you can’t, then you can try find the bottom line, you would.multiply the 

cubing them.) numbers in the n? row by 2. 

n 1 2 3 4 So the nth term is 2 x n°, or 2n?. 

n? i + 9 16 Th 4 
e 3-5-7 sequence (a quicker method for 

Un : fo eres some of COSTAS’ sequences) 

You can see that you have to add 2 to n? to get This works for sequences which have differences 

the term. So the nth term is n? + 2. between terms of 3 then 5 then 7 etc. 

If your sequence is given as a series of n is the sequence 1, 4, 9, 16, ... and the 

fractions, look for DINO or COSTAS in the differences are 3, 5, 7, 9, .... so all the following 

numerators and in the demoninators. Treat them as sequences are based upon adding a number 

two different sequences. to this. 

© 



Example 4.28 

Find the nth term of the sequence 10, 13, 18, 25,.... 

The differences in the sequence are 3, 5, 7, ... 

Subtracting 1 from the first term gives 9, so the 

nth term of the sequence is: | 

n2 +9 

Example 4.29 

Find an expression for the nth term of the 

sequence B08), 1S PAU shee 

The nth term is n? + 4. Cheek it for yourself. 

Fibonacci sequences 
These are sequences in which each term is the 

sum of the two previous terms. 

Example 4.30 

Find the next three terms in the sequence 

(PP ee a es 

Using the rule, the next three terms are 

8 + 5 = 13, 13 + 8 = 21, 21 + 13 = 34. 

Triangular numbers 
1, 3, 6, 10, ... is the sequence of triangular 

numbers. The formula for the nth term is 

5n(n + 1). 

Exponential sequences 
These are quite complicated. Each term is found 

by multiplying the previous term by a ‘multiplier’. 

For example, in the sequence 6, 12, 24, ... the 

multiplier is 2 and the first term is 6. The general 

formula is first term x (multiplier)"-! or a x m™". 

Or try OMEN where O represents the previous 

term, m the multiplier and n the exponent or 

power. 

OMEN’s formula is = xn 

The nth term in the example above will be 

6 x 2"-1 or 3 x 2” (be careful if & gives a fractional 
answer). a 

Exercise 4.14 

1 Inthe sequence 1, 4, 7, 10, 13, ... 

a) find the 16th term 

b) find which term gives the number 139 

c) give a formula for the nth term. 

2 For the sequence 8, 11, 16, 23, 32, ... , find: 

a) the 14th term b) the mth term. 

3 For the sequence 5, 12, 19, 26, ... find: 
a) the 25th term b) the nth term. 

4 Find the nth term of the sequence 3, 12, 27, 48, .... 

5 Find the next two terms in the sequence 2, 4, 6, 10, 
Gres 

6 Find the nth term in the sequence 4, 11, 30, 67, ... . 

cv ‘92 S 
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Catch up on the mind maps, You could draw 
one up to help you hold on to all the hard work 

you've done on equations in this chapter. 
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So you think you’ve got it sussed? 

1 Here are the first five terms of a number sequence. 
2, 8, 14, 20, 26 

a) Give a rule for the next term. 

b) Find the value of the 22nd term. 

c) Find an expression for the mth term. 

2 Expand the following expressions. 

a) (x - 1)(x + 6) b) (6x + 1) - (~-1) 
c) (c-d)(c + d) d) (2x - 3)? 

3 a) Rearrange the formula V = aT to give 7 in terms 
of V and x. 

b) Find the value of 7 when V = 2017. 

4 Five pens and three rubbers cost 192 pence. Seven 

pens and six rubbers cost 303 pence. 

a) Write this information as two equations using x to 

represent the cost in pence of a pen, and y to 

represent the cost in pence of a rubber. 

b) Solve the equations to find x and y. 

5 Factorise the following expressions. 

a) 8a2b — 12ab? b) 10b2c? + 5bc 
c) v?-x+6 d) 2x? - 13x” + 15 

6 a) Show that x’ = 3(x + 2) can be written as 
30? + 64-1 =0. 

b) Find the roots of this equation correct to 2 d.p. 

7 Solve the following inequalities for x. 

aja? <1 b) 34° > 12 c)x+6< 47-15 

8 The next term in the sequence 

TAR 521 es 

can be found by adding the previous two terms and 

multiplying the result by 3. Give the next two numbers 

in the sequence. 

9 a) Use the iteration formula x,,,, = 4 -1 to find a 

value for x correct to 2 d.p. Start by using x; = 4. 

b) Show how the formula can be rearranged to give 

v?—-4¢+1=0. 
c) Use a formula method to find the roots of this 

equation. 

10 a) Factorise the expression x? + x - 12. 
b) Hence or otherwise solve the equation 

Se peer, 

_ Exam-type questions 4 _ 

11 

Algebra 

Find the values of x and y in the following pairs of 

equations. 

a) 5a + 4y = 10 b) 2x - 3y = 10 
y=x+7 Oe = OY = el 

12 a) Factorise the expression a? — b?. 
b) Using the information from (a), and without a 

calculator, evaluate 522 — 49%. Show your working. 

13 Find the nth term of each of these sequences. 

Bey, MOP 15:225 b) 3 8 11 14 
’ 10° 15? 99) see 

14 Use trial and improvement to find a value for x correct 

to 1 d.p. which satisfies the equation x? — 2x = 95. 

Start with the value x = 8. 

15 Rearrange the following formulae to give x in terms of 

/ 

y and z. 

a) y=— b) y ae c) +4=y2 
_ avr 
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Tick off each topic in the list when you 

are confident you can cope with it. 

& Factorise simple algebraic expressions. 

® Rearrange formulae. 

Manipulate equations and formulae with 

powers and roots. 

Solve simultaneous equations 
algebraically. 

es) Multiply out brackets. 

) Solve inequalities involving powers of x. 

Factorise quadratic equations when the 

coefficient of x? is 1. 

Factorise quadratic equations when the 

coefficient of x? is not 1. 

} Factorise the difference of two squares. 

ee Solve equations by iteration. 

7) Find the nth terms of sequences. 

Find the next terms in Fibonacci 

sequences. 

ee) Recognise triangular numbers. 



x Fixed distance 
from a point/ 

line/shape 

< 
Perpendicular bisector 

constructing an 
angle of 90 

*) - : 
(Exterior and a } 

angles ) 
. é 



e identify and label angles 

e recognise the rules for 

congruency in triangles 

e identify similar triangles 

e identify and calculate interior 

angles, exterior angles 

e construct a perpendicular bisector 

of a line, draw a perpendicular 

from a point to a line 

e construct an angle of 90°, an 

angle of 60°, bisect an angle 

e construct simple loci 

Labelling of 
angles 
The angle marked at C may be called angle ACD 

or angle DCA. In some books this is written 

ZACD, ZDCA, ACD or DCA. 

Shapes and constructions 

The marked angle at C is made up of two lines AC 

and CD. To name the angle, you follow the line 

from A to C to D or vice versa. This is to avoid 

confusion with the other angle at C running from 

A to C to B, or vice versa — which is called ZACB 

or ZBCA. 

Triangles 
Congruent triangles 
Congruent triangles are identical in size and 

shape, although you may have to flip one over or 

turn it around for the two to appear to fit together. 

Rules for congruency 

1 SAS - side, angle, side — two sides and the 

angle in between are the same 

2 AAS- angle, angle, side — two angles and the 

corresponding side are the same 

3 SSS - all three sides are the same 

4 HRS -— hypotenuse, right angle and side are 

the same 



Similar triangles 3 AADE and ABCE are similar. Find: 
a a) AE 

b) BE. These triangles have identical angles, but ; 

one is an enlargement of the other. Try using \ 

X-Direct to find lengths of sides in similar 
triangles. 

Note: The words ‘congruent’ and ‘similar’ can 

describe any group of shapes, but are usually 

applied to triangles. 

Exercise 5.1 

1 Zis a point on the side AB of the square ABCD. BX is 

perpendicular to CZ, and DY is perpendicular to CZ. Prove 

that ACYD is congruent to ABCX. 

sé6s = 3a (9 

ZL =av (e 

ye ajGue awes 3u} UM 

S9|90SOs! aue YOg — NIP pue \Iy ave sejHueny seyIWIS 

(SVS) NIV pue Tyr ae sejGuen} jusnuBu0D 

(Svv) JuensBu09 aue sajGueu} au} ssojoueU 

ADg 9|6ue = OqQA a|6ue aiojqudu 

006 = GOA + AD@ saiBuy 

006 = GOA + OA seibuy 

gd=9¢d 4b 

2 Inthe diagram below, name: 

a) two triangles that are congruent 

b) two triangles that are similar. Exterior angles 
Give reasons for your answer. An exterior angle of an n-sided regular polygon 

360° 

n 

Interior angles 
1 Find the exterior angle by using 360° + n. 

2 As the interior and exterior angles lie on a 

straight line, they add up to 180°. 

Interior angle = 180° —- exterior angle 

The angle in the centre of a regular polygon is the 

same as the exterior angle. 



Loci and 
constructions 
Whenever drawing loci and constructions, 

always leave your compass marks on, so that 

the examiner can tell that you have used the right 

method. 

Loci are lines or curves which join up a group of 

points. The points are usually described by a rule. 

The line or curve is called a locus, and ‘loci’ is the 

plural form. 

Perpendicular bisector 
The perpendicuLar bisector is a line which cuts a 

line in half and is perpendicuLar to it. It is also 

equidistant (i.e. the same distance) from the end 

points, A and B. 

PerpendicuLar: at right angles L Bisect: cut in half 

Drawing the perpendicular bisector 

The railroad has to run between Bodge City and its 

rival, Arid Creek. It must be built so that wherever 

the train stops, it will be equidistant from both 

cities. Draw a plan of the route of the railroad. 

1 Put the point of your compasses on one end of 

the line between Arid Creek and Bodge city 

and open the compasses to a radius which is 

more than half the length of the line. 

2 Using only light pressure, draw an arc either 

side of the line. 

3 Without changing the radius, draw ares from 

the other end. Join the two crosses to make the 

perpendicular bisector. 

Constructing an angle of 90° 
This can be done using the perpendicular 

bisector method described above. 

Constructing an angle of 60° 
This is the same as the method used for 

constructing equilateral triangles. 

LLL | 

Using any line AB, set your compasses to the same 

length as AB. Put the point on A and draw an arc, 

and repeat for B. A line from either end point of 

AB to this arc makes an angle of 60° with AB. 

Do not use loose compasses, and always 

hold them from the top. The radius must 

be the same from both ends of the line. 



Drawing the shortest distance from Bisecting an angle 
a point to a line, or drawing a 
perpendicular from a line to a point (—__ SEXanpie 5 2a 

The Old Mule Express must travel between the 

Havago and Putemup Trails. The safest path 

bisects the angle between the trails. Show this on 

a diagram. 

1 Put the point of the compasses on the point of 

the angle and make an arc on each arm. 

Set your compasses to any length and draw 

an arc from A, cutting the line twice. The two 

points of intersection of the arc and line are 

labelled as B and C. Draw a perpendicular 

bisector between these points to A. This gives 

a line, at right angles to BC, that is the 

shortest distance from BC to A. 

Putemup 

2 Move the point of the compasses to A and B in 

turn and make a further arc from each. Do not 

change the radius between drawing from A 

and drawing from B. 

Putemup 

3 Join the cross to the point of the angle to make 
EE the bisector of the angle. ns peru 



Shapes and constructions , 
ae i Es 

Loc 
The path of a moving particle that is always a fixed 

distance from a point will give a circle, with the 

point at the centre and the distance as the radius. 

— Remember to round corners. 

— The locus of a point is a circle. 

Ss — Use your compasses as much 
as possible. 

Saat 

The path of a particle that stays a fixed distance 

away from a line is a line parallel to it. 

Example 5.4 

The Putemup Indian Reservation is pictured 

below. Their smoke signals can be seen up to 2 

kilometres away. Using a scale of lcm: 1km, 

indicate on the diagram below the region in 

which the smoke signals can be seen. 

— The locus of a point that stays a fixed 

distance from a line is a line (except at 

the ends where it may be circular). 

Three Indian snipers stand with bows and arrows 

on three hills, A, B and C. They can fire distances 

of 90m, 105m and 120m respectively. Shade on 

the diagram below the most dangerous area, using 

a scale of lcm: 30m. 

Mn TD 
Hint: Be careful to round the corners using f 

compasses. Tg 



Exercise 5.2 

On the diagram below, draw: 

1 the perpendicular bisector of AB 

2 the locus of the point equidistant from AB and AD 

3 the locus of the point 2cm from ABCD. 

Show all your construction lines. 

Take a break before you tackle thé Xam 
Questions, There has been more than you 

would think in this chapter, 

— 
os 



nd co 
SEED EO 

Back to reality! , 3 a) Explain why triangles PQT and RST are similar. 
b) Find PT. 
c) Find RS. 

Exam-type questions 5 

None of the diagrams in this section is drawn to scale. 

1 All of these triangles are similar. Calculate: 

a) x b) y. 

4 ABCDE is a regular pentagon. Find: 

a) ZEAB b) ZEBC c) ZCAB. 

2 A helicopter pad is pictured below. Rotors can extend up 

to 2.5m beyond the body of a helicopter. Draw the region 

around the pad where it would be unsafe to walk, using a 

scale of 1cm: 2m. 

5 Using ruler and compasses only and showing all 

constructions, draw the shortest line from X to AB. 

re CRTURTANUANTER 
i ANI 
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6 Using ruler and compasses only, draw accurately triangle 8 The diagram shows part of a regular 7-sided polygon. 

ABC where AB = 4cm, BC = 5cm and AC = 6cm. a) Find the value of 7. 
Mark a point D on BC, such that AD is equidistant from b) Hence find the number of sides of the complete 

AB and AC. Measure AD. Show all constructions. polygon. 

9 State, with reasons, whether the following pairs of 

triangles are congruent. 

7 Using ruler and compasses only, draw a point C above 

the horizontal line AB so that angle CAB = 90° and angle 
ABC = 60°. Show all constructions. 
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PERPENOIC a ARLINES 

Tick off each topic in the list when you 

are confident you can cope with it. 

@ Identify and label angles. 

Recognise the rules for congruency in 

triangles. 

&) Identify congruent triangles. 

@ Identify similar triangles. 

& Identify interior angles, exterior angles. 

Construct a perpendicular bisector of a 

line, a perpendicular from a point to a line. 

Construct an angle of 90° an angle of 60°, 

bisect an angle. 

® Construct simple loci. 
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e solve trigonometric problems 

involving sine, cosine and 

tangent of an angle 

e find missing lengths in a right- 

angled triangle 

e solve problems in 3D 

trigonometry 

e use the sine rule and cosine rule 

to solve scalene non-right angled 

triangles 

Pythagoras — a reminder 

a? + b? = Cc? 

Trigonometry 
Always make sure that your calculator is 

set to degrees before you start, or all your 

answers will be wrong! 

We’re suggesting a way of doing trigonometry 

which is quick on the draw. If you’re happy with 

your own method, skip to Exercise 6.1. 

© 

If not, try the following method using SOH CAH 

TOA. 

If you are having trouble remembering SOH CAH 

TOA, try: 

Some Old Hags Can’t Always Hide Their Old Age. 

Put your finger over or cross out the relevant 

letter. 

S: sin @ = OPP C: cos 9 = 241 
hyp hyp 

O: opp = A: adj = 
sin 6 x hyp cos 6 x hyp tan 6 x adj 

. 0 

A: ad) = tang 

We often use the Greek letter 6 (theta) for angles. 

Procedure for solving 
trigonometry problems 

1 Write out SOH CAH TOA in triplet form. 

ES aca ss h\ > 

( NY, 

2 Which sides are mentioned in the question? 

(If it helps, label the sides.) If you are asked to 

find a side, include this as being mentioned in 

the question. 

3 Put your finger over or cross out the letter you 

want to find, and this will give you the formula. 

This might sound confusing at first, but if you 

work through the following examples, everything 

will become clear. 



Find the angle labelled 6 in the triangle below. 

ia 
This question includes the opposite (opp) and 

hypotenuse (hyp), so use SOH. Drawing out the 

triplet gives: 

hyp 58.5 le 

sin 6 = 0.6342 Wp 

To find the angle, you need its inverse (in this 

case, inverse sin or sin“). 

6 = sin (0.6342) 

39.4° correct to 1 d.p. 

If you are getting an Error sign on your 

calculator or a ridiculous answer, you are 

probably not pressing before you 

press | SIN Fl or Gi. Also, some 

calculators require you to press [jj at the end, 
or use brackets, so it’s a good idea to find out in 

good time how yours works. If you still can’t find 

out where you went wrong, check that your 

calculator is set on degrees! 

Example 6.1 | 

Pythag 

Example 6.2 | 

Find the length labelled x in the triangle below. 

| 
Using | 

ix) hyp = adj 

a) cos 6 

c)a) 123 = L.= 
cos 27.1° 

x = 47.5 (correct to 1 d.p.) 

What about isosceles triangles? 
Meet Tom O’Hourke, with his big chopper 

Tom O’Hourke stands them on their odd side and 

chops vertically downwards, to give the 

perpendicular bisector. 
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Angles of elevation and depression 

Angles of elevation and depression must be 

measured from the horizontal. You look at the 

horizon and move your head up for an angle of 

elevation or down for an angle of depression. 

~ | =. 
Triangle for questions involving 

an edge and plane 

midpoint of side 

3D trigonometry Triangle for. questions 

involving 2 planes 

The secret of working in 3D is to find a right- 

angled triangle. If this is not obvious, draw a line 

from the starting point to the peak or top point of 

the ‘solid’ shape. From there, draw another line 

vertically down, and join the point where it hits 

the ground to your starting point. You should now 

have a right-angled triangle. You may need to use 

Pythagoras’ theorem as well as trigonometry. 

The most usual questions involve pyramids, 

wedges or cuboids. 

Remember, when working with 

3D coordinates, they are given in the order “Gu” 

(x, y, z). Be careful with the axes in the diagrams 

you are given. They may not be labelled in the 

order you expect. 

© 

‘Longest ladder in the 

garage' questions 



The diagram shows a square-based pyramid. The 

point P is directly above the centre of the square, 

X. E is the midpoint of AD. AD = 5.6m and 

fe hes7.2m, 

a) Find the angle PDX. 

b) Find the length of PD. 

c) Find the angle PEX. 

a) DX = 3.96 by Pythagoras’ theorem. 

ZPDX = inverse tan(7.2 + 3.96) = 61.2° 

b) PD = 8.2 m(Use APXD) 

c) ZPEX = inverse tan(7.2 + 2.8) = 68.7° 

Example 6.4 

Old Mary stores timber in a cuboid-shaped barn. 

Find the longest possible length of timber that 

would fit in the barn. 

The longest piece of timber would go from a 

vertex at the bottom to a diagonally opposite 

vertex at the top. 

Find the length of the diagonal on the base: 

V6? + 44 = 7.2m 

Length of the longest piece of timber: 

V7.2? + 3.5* =8.0m 

Trigonometry for non-right angled 
scalene triangles 
Scalene triangles have no sides equal. There are 

two rules for non-right angled scalene triangles: 

the sine and the cosine rules. These formulae are 

usually given on the Information and formulae 

sheet. 

How do I know which rule to use? 

If there is an angle and its opposite side 

given in the question, use the sine rule. 

Otherwise use the cosine rule. 

The sine rule 

This rule is used when the question involves two 

angles and two lengths. 

This version of the formula is easier to use for 

finding angles: 

sinA sinB_ sinC 

a b G 

and this one is easier for finding lengths: 

Ou SE DOR 

sinA sinB  sinC 
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2 

The cosine rule 

This rule applies when you are working with 

three lengths and one angle. 

To find length a: a? = b? + c?-2bce cos A 

2: 2_ 2 

To find angle A: cos A = pasar 
2bc 

and use to find the angle. 

Can you work out the formulae for sides b and c, 

and for angles B and C? 

Bearings - 
a summary 
1 Always use three-figure numbers. 

2 Always start from the North and go clockwise. 

Exercise 6.1 

1 Using the triangle below, find: 

a) BD b) CD. 

2 Chief Wairameye is lost. He walks 6.2 km on a bearing of 

111°. He then changes direction and walks 5.9km ona 

bearing of 348°. Using trigonometry, find his distance (to 
the nearest 0.1 kilometre) and the bearing from his 
original point (to the nearest degree). 

3 Pocafinga stands at a point C at the top of a vertical cliff. 

Lowawatha in a canoe at B sees Pocafinga at C, a 

distance of 210m away. Lowawatha is 156 m from the 

base of the cliff. What is the angle of depression of 

Lowawatha from Pocafinga? 

4 In the diagram below find: 

a) the length marked x ib) the angle y. 

GI6=f (q wzrp=27 (ep 

oov € 

obS0 = Buueog (q wrg's (2 g 

91L=a0 (4 6sz=ag (eb 



hagoras’ theorem and tr 

ee TIT Ie TSS SSS RE Be: 2 Is the angle at B a right angle, acute or obtuse? 

Still bearing up? Take a break before 
you check out the rest of this chapter, 
You could draw your own mind map to 
help you Keep track of all that trig, 

Noses to the grindstone! 

Exam-type questions 6 

1 Find x in the following. 

3 a) What is the name given to this type of triangle? 

b) Find EF. 
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4 Ais a point at the top of a vertical cliff 20m high. The angle 6 The diagram shows a cuboid. The coordinates of A are 

of depression from A to a point C is 57°. Calculate BC. (6, 0, 0) and of F are (6, 3, 4). Find: 
a) the coordinates of the points G and C 

b) the length OB 
c) the length OF. 

7 In the triangle PQS, find: 
5 A,B and C are three towers. B is on a bearing of 250° a) PS b) RQ c) ZRPQ. 

from C and 8km away from it. C is on a bearing of 051° 

and 30 km from A. 
a) Calculate AB. 

b) Calculate the bearing of B from A. 
c) Taking 1km to equal 3 mile give the distance AB in 

miles. 

8 Inthe triangle JKL, find: 

a) JL b) KL c) the area of triangle JKL. 
\ 



9 A tanker is at a bearing of 117° from a port, and a 

lighthouse is at a bearing of 261° from the tanker and 

197° from the port. The distance of the lighthouse 
from the port is 562 m. Find: 

a) angle PTL 

b) the distance of the lighthouse from the tanker. 

10 In the triangle ABC, calculate: 
a) the perpendicular height from C to AB produced 

b) the area of triangle ABC 

c) the length of BC. 

a many 

ABA ZT ZEEE 
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A 
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Se AZ 

BAZ 

NN 
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11 AO represents a tree 10.6 m tall. Two people standing 

at B and C respectively are looking at the top of the 
tree. The angle of elevation from B to the top of the tree 

is 35° and from C is 52°. Find: 
a) OB b) OC c) BC. 

12 The diagram shows a square-based pyramid with a 

vertical height AX of 22.6 cm and a base of side 

15cm. Find: 

a) the length of AD 
b) angle ADX 
c) the angle between the plane ABE and the base. 
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Marius Foe THE 
VERY Dense 

Tick off each topic in the list when you 

are confident you can cope with it. 

Solve trigonometric problems involving 

sine, cosine and tangent of an angle. 

Find missing lengths in a right-angled 

. triangle. 

@ Solve problems in 3D trigonometry. 

Use the 

sine rule and 

cosine rule 

to solve scalene non-right angled triangles 



sit wan sua 

Ba aed ‘ 5 sth ual sme ye a, 



Length, area and volume 

Area and circumference of a circle 

MY squarea gives you the area, nr ; 

2n7r (or nd) gives the circumference. 

@ calculate the area of a triangle Surface area of 3D shapes 

e calculate the area and a your 3D shape opened out into a net, then 

describe the shape of each of the pieces. By 

finding the areas of these pieces and adding them, 

e find the surface area of 3D shapes you will find the total surface area of the shape. 

For example, a solid cylinder 

= 2 circles + 1 rectangle = 2nr? + 2nrh 

circumference of a circle 

e find the volume of a prism 

e identify the dimensions in an Check if the hollow cylinder or cuboid has a lid. 

expression and check that the 

quantity is valid 

e calculate scale factors for area 

and volume, given a linear scale 

factor for similar shapes 

Area 
Area of a triangle 
In a triangle, if you know the base and 

perpendicular height (or the equivalent turned 

around), you can use: 

circumference of circle 

area of a triangle = 3 x base x height 

If not, you must use: 

area = jabsin C 

This will probably be on your Information and 

formulae sheet. Vol u ra e 

Volume of a prism (sometimes 
called a right prism) 

A prism is a 3D shape which you can cut into 

identical slices. 

For example, if you slice a cylinder, each piece is 

a circle. : 

The name given to the shape of each slice is the 

cross-section. 
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The volume of a prism is area of 

cross-section x length. 

V stands for volume. The word 

‘volume’ is usually used, but 

occasionally you may be asked for 

capacity. 

A stands for the area of the cross-section. 

L stands for length. ( 

But remember you may not be asked for the XN 

length. Instead you may be asked for a width, 

depth, height or thickness. 

In questions on dimensions you will be given 

expressions and asked whether they relate to 

length, area or volume or are impossibilities. 

These questions are easier to understand if you 

work in a basic unit. For convenience, we shall 

use cm, cm? or cm? in the following way. 

Length cm 1 dimension 

Area cm? 2 dimensions 

Volume em? 3 dimensions 

NB Any measurement of length, area or volume 

follows the same pattern. 

Rule 1 - adding like with like 

¢ length + length = length (or perimeter) 

cm + cm = cm 

* area + area = area 

em? + em? = cm? 

¢ volume + volume = volume 

cm? + em? = em? 

Rule 2 - multiplication of dimensions 

Use TIP (Times Indices Plus) 

¢ length x length = area 

em! x em! = cm? 

¢« length x length x length = volume 

em! x em! x em! = em? 

* area x length = volume 

26 em? x em! = cm? 

Rule 3 - division of dimensions 

Use DIM (Divide Indices Minus) 

* volume + area = length 

em? + cm? = cm! 

¢ volume + length = area 

cm? + cm! = cm? 

Rule 4 - adding or subtracting 
different dimensions gives a 
nonsense result 

Forexample length + area = nonsense! 

volume + area = nonsense! 

If possible work with the expressions alone. The 

diagrams are often confusing and unnecessary. 

Meet Sure Shot Stan — the dimensions man 

\ 
Follow this infallible method! 

1 Sure Shot Stan shoots out all the whole 

numbers, fractions and zs. 

2 Each remaining letter represents a dimension. 

Change each of them to cm!, em? or cm? as 

- appropriate. 

3 Simplify the expression, following the four 

rules. 

4 Look at your final answer and decide whether 

it represents length, area, volume or nonsense. 



The letters p, q and r represent lengths. Are the 

following formulae for length, area, volume or 

none of these? 

a) np?q - 2r? b) 3pqr ce) pvVe-r 
3 

d) mp(2q + 7) e) 4p" 
qr 

3 
Solution 2 ae terres 

Step 1: Sure Shot Stan (the dimensions man) 

shoots out all numbers (this includes x and 

fractions). 

a) pq -2r? 

b) 3mpqr 

Owe =r 

d) mp(2q + 7) 

3 
e) 4p" 

qr 

Steps 2 to 4: He converts all lengths to cm, areas 

to cm? and volumes to cm? and combines them. 

a) p’q—7? = cm2cm — cm? = cm? - cm? 

nonsense! 

b) par = cm x cm x cm = cm? = volume 

c) pvq?-r2 = cmvem? —- em? = cmvem? = em x cm 

= cm? = area 

em(cm + cm) = cm x em = cm? 

area 

d) pq +7) 

3 
e) = = cm? + cm? = cm = length 

Exercise 7.1 

The letters p, q and r represent lengths. Decide 

whether the following are lengths, areas, volumes 

or none of these. 

2 

1 4nr? + rvp? + q’ 2 or 3 6pr? - xq’r 

2 

4 2pq + 3r 5 vp? + @+aqr 6 ZPd 
6r 

eare 9 

yjGue| g 
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Take a break and take stock, before you 
go on to scale factors, 

Length, area and 
volume scale 
factors for similar 
figures 
If two figures are similar, one is an exact 

enlargement of the other. The word 

‘enlargement’ can also be applied to shapes 

becoming smaller. 

To calculate the volume scale factor when you 

have an area scale factor (and vice versa) you 

need to find the length scale factor first. 

Length 

scale factor 

square scale cube scale 

factor 42 Vk oT factor 

square root cube root 

scale factor scale factor 
Area ; Volume 

scale scale 

factor factor 
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If one object has length 2 times as big as another, 

then the area will be 2? times as big and the 

volume 2? times as big. 

If one object has length k times as big as another, 

then the area will be k? times as big and the 

volume k? times as big. 

Similar shapes 
If the areas are in the ratio k : 1, then the lengths 

are in the ratio Vk : 1 (or k? : 1). 

If the volumes are in the ratio k : 1, then the 

lengths are in the ratio 3Vk : 1 (or k? : 1). 

The Kanvas City Grocery Store sells Trail Ale in 

similar bottles. The height of the smaller bottle is 

15cm and the height of the larger bottle is 30cm. 

If the smaller bottie holds 0.75 litres, how much 

does the larger hold? 

Step 1: Firstly find the scale factor — 

Second Over FirsT = 30 + 15 = 2 

Step 2: Volume scale factor = k? = 23 = 8 

So the larger bottle holds 8 times as much as the 

smaller bottle. 

Volume = 8 x 0.75 = 6 litres 

© 

Chief Sitting Duck insists that the dimensions of 

his tepee are 2.5 times those of his son’s tepee. If 

his son’s tepee has a base area of 16m? and a 

volume of 45 m°, evaluate the area and volume of 

Sitting Duck’s tepee. 

Area = 2.57 x 16 = 100 m2 

Volume = 2.5? x 45 = 703 m2 

Example 7.4 

Lowawatha was given special dispensation by the 

Chief to have a tepee that was similar to the 

Chief’s, but with lengths 0.8 of the lengths of the 
Chief’s. Using the results above, work out the 

area and volume of Lowawatha’s tepee. 

Area = 0.8? x 100 

= 64m? 

Volume = 0.8? x 703 

= 360 m? 



The Havago and Putemup tribes have similar 

blankets. The area of the Havago’s blanket is 

296.45 m? and the area of the Putemup’s blanket is 

24.2 m2. 

a) Find the area scale factor of the enlargement 

from Havago to Putemup. 

b) Ifthe length of the Havago blanket is 26.25 m, 

find the length of the Putemup blanket. 

a) Area scale factor = 24.2 + 296.45 = 0.0816 

b) Length scale factor = Vv 0.0816 = 0.286 

Length = 26.25 x V0.0816 = 7.5m 

Example 7.6 

Shady Deals Finance Co. have similar windows in 

their clerk’s office and shop front. The areas of 

the windows are 1.4m? and 8.75 m? respectively. If 

the length of the office window is 80cm, what 

would be the corresponding length of the shop 

window? 

Area scale factor = 8.75 + 1.4 = 6.25 

Length = 0.80 x v6.25 = 2m 

Hugely High Hal and Vertically Challenged Chas 

have similar water flasks in their saddle bags. 

Hal’s holds 6 litres and Chas’s holds 2.2 litres. If 

Hal’s flask is 35cm high, find the height of Chas’s. 

Volume scale factor = 2.2 + 6 = 0.367 

Length scale factor = 30.367 = 0.716 

Height of Chas’s flask = 35 x 0.716 = 25cm 

| o Length, area and volume | 

1 Chief Wairameye is always getting lost. He insists that his 

totem pole is similar to the next tribe’s totem pole with a 

length scale factor of 1.75, so that he can always find his 

way home. 

a) If his neighbour’s totem pole is 8.5m high, find the 

height of Chief Wairameye’s totem pole. 

b) If the smaller pole uses 6.7 m® of wood, find the 

volume of Chief Wairameye’s totem pole. 

2 In Bodge City’s Jail, the Sheriff decreed that the length 

and width of his office should be 3.7 times that of the 

cell. If the area of the cell is 10.1 m2, find the area 

demanded by the Sheriff. 

3 Arid Creek’s Grocery Store sells Weevil’s Wundarusks in 

similar packets. Large packets are 24cm long and small 

packets are 15cm long. If large packets weigh 450 g, find 

how much the smaller packet weighs, to the nearest gram. 

4 Kanvas City’s Marshal ordered a Wanted poster (area 

600 cm?) of the notorious Kid Vicious. When it arrived, it 
was found to be similar but of area 864 cm?. 
a) What was the area scale factor? 

b) What was the linear scale factor? 

c) If the length ordered was 30 cm, what was the length 

of the poster delivered? 

5 The Last Burp Saloon stores Drooper’s Brew in a large 

barrel holding 600 litres. It is sold to customers in similar 

barrels which hold 5 litres. If the height of the large barrel 

is 1.6m, find the height of the smaller barrel. 

WOZE 41OWZE'O 
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Také a break, By now your own Mind maps 
Should be shaping up well, Add what you 

have learnt in this chapter. 

o 
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Se 

Out of the frying pan ... 5 State, with a reason, whether the following pairs of 

ee triangles are definitely congruent. 

Exam-type questions 7 _ 
1 a, band c are lengths. State whether each of the 

following formulae represents a length, area, volume or 

none of these. 
a) }xa’b + b3 b) nab - 3b? 

c) Vb? + c? d) bb +a 

2 

e) a(b? + nc?) f) ma} 

2 Ascoop, illustrated below, is in the form of a prism. The 

shaded end is a trapezium. Find the volume of the scoop. 

TE 

6 Two containers are similar. The areas of their bases are 

5.3m? and 33.125 m. If the height of the smaller is 
4.8m find the height of the larger. 

7 Two triangular-based prisms are similar. The smaller 

has a volume of 648 cm® and a cross-sectional area of 
54cm’. If the volume of the larger prism is 

17 496 cm’, find the length of the larger. 

8 A map is drawn to the scale of 1 : 25 000. A field has 
an area on the map of 6 cm?. What is its actual area, 

in km2? 

9 Two triangles are similar. The-area of triangle A is 

4cm? and the area of triangle B is 9cm?. Write the 
ratio of areas in the form A : B, and that of their sides 
in the same form. 

10 A cuboid with a volume 2.475 litres is filled with water. 

The contents are poured into a cylinder of radius 6cm. 
a) What would be the depth of the water in the 

cylinder? 

y Hee b) The contents are then poured into a second 
soe ; cylindrical vessel, filling it completely. If the height 

: ee ie of this vessel is 18.2 cm, find the base radius. 
c) If it is covered by compost to a depth of 15cm, give 11 The area of a plate is 16.5 cm?. Find its diameter. 

the volume of compost in cubic metres. 

Os 
aa ee 

rpm 

12 A model of a boat is built to a scale of 1 : 60. If the 
4 A cylindrical glass, full of water, has volume 186.5 cm®. If real boat is 17.2 m long, find the length of the model in 

its diameter is 5cm, how deep is the water? centimetres, correct to one decimal place. 



Length, area and volume 

* Times Inoices Pius 

* Divine Inoices Minus 
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Calculate the area and circumference of a 

circle. 

& Find the volume of a prism. 
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(Answers | 

Calculate scale factors for area and 

volume, given a linear scale factor for 

similar shapes. 



Cyclic quadrilaterals 

opposite 

angles add 

to 180° 

Cyclic quadrilaterals 

Angles 

Chords 

Tangents 

Usually 

Score 

and from same 

base are equal 

angles at the 

circumference 

subtended by the 

diameter = 90° 

the perpendicular 

bisector of a chord 

goes through the 

centre of the circle 

the radius which 

bisects a chord is 

perpendicular to it 

the angle between 

a tangent and the 

radius = 90° 

tangents from a 

common point 

have the same length 



e recognise cyclic quadrilaterals 

e use the rules applying to cyclic 

quadrilaterals 

e recognise angles, chords and 

‘tangents in circles 

e use the basic rules that apply to 

angles, chords and tangents in 

circles 

e find the area of a sector of a circle 

e find the length of an arc of a circle 

e find the area of a segment of a 

circle 

Do any of these arrows leave you in a 
quiver? 

Circles 

The rules for 
circles 
Cyclic quadrilaterals 
1 Opposite angles add up to 180°. 

Angles 

1 Angles in the same segment and from the same 

base are equal. 

2 The angle subtended at the circumference by 

the diameter is 90°. 

3 The angle subtended by an arc at the centre is 

twice the angle subtended by the same arc at 

the circumference. 

Chords 

1 The perpendicular bisector of a chord passes 

through the centre of a circle. 

2 Ifthe radius passes through the midpoint of a 

chord then the lines are perpendicular. 

Tangents 

1 The angle between a tangent and a radius is 

90°. 

2 Tangents from a common point have the same 

length. 

3 The alternate segment theorem - the angle 

between a tangent and a chord is equal to the 

angle subtended by that chord in the alternate 

segment. ; 

It’s much easier to look at the CACTus diagram 

for this. 

Note the number of rules under each of the 

above headings. When you meet a question 

of this type, use the rules to fill in as much 

information as you can. Then, looking back at the 

question you may find you have already 

answered it! 
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The area of a sector Area of a segment 

If the area of a circle is mr? then: area of a segment = area of the sector - area of 

eae triangle 

eee OL eeclol ts 360 It is easier to use the formula for the area of any 

A triangle as }absin C. 
Tr 

¢ thearea ofa 06° sector is 0 x — 
360 

Example 8.1 

Arc length 

If the circumference of a circle is 2x7 then: 

¢ anarc length which subtends an angle of 1° at 

the centre has length a 

In the circle above, find: 

* an arc length which subtends an angle of 6° at 

2nr 

the centre has length @ x 360 c) the area of sector OXY  d) the area of AOXY 

a) the minor arc XY b) the major are XY 

e) the area of the shaded segment. 

2nr 
a) Arc l h = 0x— = 18. ) c lengt x 360 8.3cem 

b) Major arc XY (this is the long way round from 

2nr 
X to Y) = 6x— = 44. ) err 5em 

using 6 = 360° - 105° = 255° 

2 

c) Area of sector = 0 ee 91. 2 ) x a 6cm 

d) Area of AOXY = jabsin C = 48.3cm? 

e) Area of shaded segment = 91.6 - 48.3 = 43.3 em2 



3 PR goes through O, the centre of the circle. Angle 

PRQ = 55° and angle PQS = 25°. Find: 

a) angle QSR b) angle POS c) angle OSR. 

Mind in a spin? Take a break and prepare 
for thé €xam questions, 
ee ee ee ee oe eo ee ee 

Crunch time 

Exam-type questions 8 

1 JL and KL are tangents to the circle centred at 0. Mis a 

point on the circumference of this circle. Find the angles 
a, b and c. 

4 ABC is a sector of a circle centred at A, and with radius 

18.4 mm. Find: 

a) the length of the minor arc BC 
b) the area of the sector. 

2 DE is achord of a circle centred at C, with a radius of 

7.5cm. Angle DCE = 124°. Find: 

a) the area of the sector CDE 

b) the area of triangle CDE 
c) the area of the shaded segment. 
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5 ABisa tangent to a circle with centre O, and C, D, E, F and 7 HJKL is a rectangle and HJ is a chord of a circle centred 

G are points on the circumference such that angle OCF = at M. 
28°. Find angles x and y, giving reasons for your answers. a) Using the cosine rule, find the angle HMJ. 

b) Find the area of the sector HM. 

c) Find the area of triangle HMJ. 

d) Hence or otherwise, find the area of 

the whole shape. 

6 ABCE is a rectangle. AB = 5cm and AE = 6cm. CED is 
a quadrant of a circle centred at E. Find: 

a) the perimeter of the shape b) the area. 

8 DEF is a sector of a circle centred at D. If the length of 

the minor arc EF is 4cm, find 6 to the nearest degree. 
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oL9 (e | ) Use the basic rules that apply to angles, 

chords and tangents in circles. 

@ Recognise cyclic Guadrilaterats. 

Recognise angles, chords and tangents in 

circles. 

& Find the area of a sector of a circle. 

© Find the length of an arc of a circle. 

@ Find the area of a segment of a circle. 

CTP = MINOR, 



REWARD 
FOR INFORMATION LEADING 

TO THE ARREST OF 

TRANSFORMATIONS... 

DEAD OR ALIVE 

Reflection 

Rotation 

Enlargement 

Translation 

1 

3 

2 

1 

equation of the line 

centre 

direction (except if it is 180°) 

size of angle 

centre 

scale factor 

vector 



\ 

Transformations 

Transformations 
id revi ew ) eee 7 | v 

PR, 4 j ¥ é 
. a ¥ € 4 

e recognise the transformations: 

reflection, rotation, enlargement 

and translation 

e find the scale factor of an 

enlargement 

e recognise vector quantities 

e combine two vectors by drawing 

triangles and using trigonometry 

e solve problems involving practical 

applications of vectors 

Could you ride these horses in the rodeo? 

in the plane 
The numbers next to each type of 

transformation show how many extra 

points you can pick up by including all the relevant 

pieces of information. 

To find the scale factor 
of an enlargement 

Second Over FirsT (SOFT) 

You need the ratio of the image length to the 

original length. 

image length 

original length 
seale factor = 

Compare this with scale factors in Chapter 7, 

Length, area and volume. 

If the scale factor is less than 1, the 

‘enlargement’ will in fact be smaller than 

the original. 



Higher M thematics Revision Guide 
\ 

Vectors 
Vectors represent movement. Vectors are written 

in columns, with the horizontal component (the 

movement in the x-direction) above the vertical 

component (the movement in the y-direction). 

Always follow the direction of the arrow. 

Remember that you can also go in the negative 

direction. 

Vector notation can be confusing! 

¢ OA may also be written asa or OA 

— 
¢ AO is the same as —a or AO 

* AB = AO + OB =-OA + OB =-a+b=b-a 

b-a or -a+b 

Example 9.1 

In the diagram below, OB = x, OD = y and 

OA = DC. 

a) If DC = 20B, find DC in terms of x and y. 

b) Find CA. 

c) Is OACD a parallelogram? Justify your answer. 

d) Give CB in terms of x and y. 

a) DC = 2x or 

b) CA = CD + DO + OA = -2x-y + 3x =-y 

c) OACD is a parallelogram because both pairs of 

opposite sides are parallel and equal in 

length. 

d) CB = CD + DO + OB =-3x-y+x=}x-y 

A vector has magnitude (i.e. size) and direction. 

The magnitude of a vector is represented by its 

length. You can find this by using Pythagoras’ 

theorem. 

For example, the magnitude of 3 is V 2? + 32 

= 30, 

The direction of a vector is the angle that the 

vector makes with a given direction. 

magnitude 



For example, the direction of i is 

6 = tan-\(3 + 2) = 56.3° to the negative x-direction. 

The difference between velocity 
and speed 

Velocity has magnitude and direction and can be 

represented by a vector, but speed is just the 

magnitude of that vector. 

Vectors applied to boats in the 
moving water and planes in the air 
In these questions, you have to construct a right- 

angled triangle. You need to consider: 

e the direction the person would be going if 

there were no current or wind 

e the air or water current 

e the resultant direction (the direction in which 

the person is actually going). 

Draw all the velocities on one right-angled 

triangle, and all the distances on another. 

When drawing the velocities, start by drawing a 

line for the direction that the person would be 

moving if the water were still. At the end of this 

line, draw the direction of the current. Join the 

free ends of these two lines to make a right- 

angled triangle. The third length is the resultant 

velocity. It usually helps to make the velocity 

triangle smaller than the distance triangle. These 

two triangles will be similar. 

distance object ends 

<<? down stream ——> 

width 
: motion 

of river 
of water 

actual or 

resultant vector representing ! 

velocity of object as motion 

if in still water 

Most questions can be solved using X-Direct, 

trigonometry, Pythagoras’ theorem or the 

STV triplet. 

| Example 9.2 

It’s getting late and Chief Wairameye has found 

himself on the wrong side of the Mississuppa 

River. He can paddle his canoe at 0.6 m/s in still 

water. The river runs at right angles to the bank at 

a speed of 0.35 m/s. He needs to cross from point A 

to B, the nearest point on the opposite bank. 

Lig Ve 
wt Sau 

a) Find, by calculation, the direction to AB in 

which he must head initially. 

b) Calculate his resultant speed in the direction 

AB. 

width 

of river 

actual or 

-resultant 

motion 

‘still water 

motion’ 
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c) Ifthe river is 200m wide, how long does it take 

him to cross? Give your answer to the nearest 

10 seconds. 

d) If he aims the boat continually in a direction 

perpendicular to the flow of the water, how far 

downstream from B will he land? 

a) sin1(0.35 + 0.6) = 35.7° 

b) V0.6?—- 0.352 = 0.49m/s 

c) Using the STV triplet: 

time = al) = 410 seconds 
0.49 

d) Speed Distance 

0.6 “Se 200 

0.35 

Distance = eee = aleve 

The diagram above illustrates a river flowing at 0.21 m/s 

and shows points P Q and R where P is directly opposite 

Q. Chief Wairameye has got lost again. He finds himself 

stranded at P The only two landing points on the other 

side of the river are at Q and R. The river is 60m wide 

and Q is 45m from R. 

a) If Chief Wairameye swims at 0.3 m/s in still water, at 

what angle to PR must he head in order to land at Q? 

b) If he now swims in a direction perpendicular to the 

bank, how fast must he swim to land at R? 

c) What is his resultant speed in the direction PR? 

If the vector OA = (,>), find: 
a) its magnitude 

b) the angle it makes with the x-axis. 



eee 

tions 

3 In the triangle OAB, P is the midpoint of OA, and Q is the lf OA = a and OB = b, express, in terms of a and b: 

midpoint of OB. a) AB b) PQ c) AQ. 
d) Are AB and PQ parallel? Give reasons for your answer. 

av? = Dd esneoaq ‘se, (pq? +e = dv (0 
(e-q)2 = Od ‘G2 = 00 pur e< = do sy (4 

q+e-=gqyl0e-q=av (ee 

v2z9qeeg 

sjwge'o (9 s/jwezo (q .Ie (eb 

OO GLABaDO OS LL : ce 
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@eeeeeeeneeaeeaoeoeaeeaoneaeeoeoeaenoaeneoeeoononeeseeeeed 2 In the regular hexagon below, OP = p and 0Q = q. 

a Express the following in terms of p and q. 

a) QR 

Take a break and translate all this 
/nformation onto your mind map. 

Sharpen your spurs! 

b) OR c) UQ 

Exam-type questions 9 

1 In the diagram below, what transformation maps: 

a) PontoQ 
b) Qonto R? 

c) What single transformation maps P on to R? 

® 

3 A woman can swim at 0.3m/s in 
still water. The current in a river 

40 m wide flows at a speed of 

0.55 m/s in a direction parallel with 
the banks. If she always faces in a 
direction perpendicular to the flow 
of the current, find: 

a) her resultant speed, 

b) the direction from the bank in 

which she travels 

c) how far downstream she lands. 

0.55m/s 



Transformations : 

4 From the diagram below, what single transformation 
maps triangle T on to: 

a) P b) Q c) R? 

How much have you learnt? 

Tick off each topic in the list when you 

are confident you can cope with it. 

Recognise the transformations: reflection, 

rotation, enlargement and translation. 

& Find the scale factor of an enlargement. 

i Recognise vector quantities. 

Combine two vectors by drawing triangles 

and using trigonometry. 

Solve problems involving practical 

applications of vectors. 

5 An aeroplane can fly at 190 km/h in still air. 

a) If the wind blows in an easterly direction, with speed 

80 km/h, on what bearing must the plane head in 

order to travel due north? 
b) What will its resultant speed be? 

g_ JoOe} a]eOs ‘(0 ‘0) Ye paued juswWeHejUS (9 

(L ‘0) 2 PANU ,06 JO UOHE}OI aSIMYOO|O (q 

a uonejsuey (e 

wee. (9 9°82 (4 swag (e 

d-bz (9 d-b (q d- (e 

x- = fi ul uonoayou (9 

y/wye'eZt (q : sixe- OU} Ul UONOSyOs (q 

ob Gee = Buueeq ‘.6'p2 = 0 (8 G (0'0) jnoge esimyOo}9-WUe 06 JO UOHE}O! (e 
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e calculate or evaluate the mean, 

median and mode of a set of data 

e find the range of a set of data 

e find the quartiles and percentiles 

-of a range of data 

e find the mean from a grouped 

frequency 

e draw bar charts and histograms 

e find and interpret frequency 

density 

e draw and interpret pie charts 

e draw a frequency polygon 

e complete a cumulative frequency 

chart 

e calculate the cumulative 

frequency for a set of data 

e find the median from a 

cumulative frequency 

e identify and use the interquartile 

range 

e draw and interpret scatter 

diagrams 

e evaluate sampling methods 

e define data as discrete, 

continuous, quantitative or 

qualitative 

e evaluate methods of collecting 

data 

Statistics 

Averages 
The mean, the median and the mode are three 

ways of expressing the average. 

This chart summarises how to find the mean, 

median and mode. 

Add together all the values and divide by the 

number of values you have. (The mean is not 
necessarily a whole number.) 

median | Arrange the values in order from smallest to 

largest. The hans! ; the middle value 

(referred to as the 5(n + 1) value). 

mode | This is the most commonly occurring value. 

(There can be more than one mode.) 

Measures 
of spread 
Range - the difference in value between the 

largest and smallest values. 

Interquartile range — see cumulative frequency. 

Standard deviation — the formula is given on the 

Information and formulae sheet, which you will be 

given for each exam, but using a calculator is 

much faster! 

Find out how to use your calculator. They are ( 

all different, and the methods vary a lot from ‘ 

calculator to calculator. 

Some exam questions require you to find 

standard deviation using a calculator 

method. This often involves changing your 

calculator to a statistics setting. Remember to 

change it back when you've finished. 
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The pros and cons of using the mean, median and mode 

most commonly used 

easy to calculate 

often gives a truer picture of the situation 

not so affected by extreme values as the mean 

unaffected by extreme values 

very appropriate when you need to find the 

Disadvantages — 

* can be misleading, as if one term is much 

bigger or much smaller than the others it 

distorts the mean 

not used very often in the real world 

takes longer to calculate because values must 

first be arranged 

there may be more than one mode 

it ignores much of the information 

most common result (e.g. if you were a buyer 

for shoes you would want to know the most 

commonly bought sizes.) 

Grouped 
frequency 
When you have a large number of values, the data 

are often given in grouped form. 

Here is an example of grouped data. It shows the 

number of farmsteads near Bodge City. 

Distance (d) in km from Bodge City 

1km or less 10 

aca ys 15 

PZ (0) ae 5 

1<d<2 means a distance between 1 and 2 

kilometres, but not including exactly 1 km. 

A distance of 1km or less could be written as 

G€<d= 1 orjust d = 1 

® 

Finding the mean from a grouped 
frequency 

In a grouped frequency, you cannot be sure of 

any exact value, so always use the midpoint of 

any group. 

Example 10.1 a 

500 citizens of Bodge City were asked how far 

they lived from their town centre. Their answers 

were put in this table. Find the mean distance 

that a citizen lives from the centre of Bodge City. 

— km) 

142 

1.5 108 | 
Distance (d) between 
home and town 
centre (km) 

1km or less 

I Sol Sz 

PAKS (hi) 



To find the mean: 

¢ multiply the frequency by the midpoint 

e add the results 

* divide this total by the total frequency in the 

usual way. 

The mean is 

(0.5 x 142 + 1.5 x 108 + 2.5 x 250) + 500 = 1.72km 

Check, using your calculator. 

Make sure that your answer is sensible. 

If it is obviously wrong, check that you have 

divided by the total frequency. 

Frequency 
diagrams 
Bar charts and histograms 
With bar charts, the sample is split up into groups 

and the height of each bar shows the number of 

values in the group represented by that bar. 

For histograms, the frequency is shown by the 

area of each bar, not by the height. 

The frequency density shows the number of units 

vertically for every unit horizontally. 

For example, Old Mary’s Dairy puts 12 cows in 

each of three different fields of the same area but 

different dimensions. 

Frequency 

yD wy PD} 

wy DY) wy Dy 

If the fields are 2, 6 and 3 furrows wide, the 

frequency density shows the average number of 

cows in each furrow. 

Old Mary employs Faithful Frank to feed her 

cows. Remembering Frank FeeDs CoWs gives the 

triplet relating frequency (F), frequency density 

(FD) and class width (CW). 

F = FD x CW 

The Tumbleweed Boarding House in Arid Creek 

has 105 rooms for guests. The numbers of rooms 

in the different price ranges are as follows. 

density 

10 

30 

45 

10 

a) Complete the table above. 

Cost (x) 
per room ($) 

0<x2<10 

10<x <2 

25 <x < 40 

40<x<45 

b) Draw a histogram to represent the data. 

c) What does the frequency density represent? 

SEITE INIT: 

[ > a >) ? > i > 
Ww a 0 wD yw DD i 
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[Solution] 2 Complete the histogram. 

Frequency Frequency | Class width 
density 

10 10 1 

30 15 

45 15 

10 9 

Cost (a) 
per room ($) 

Frequency density 

40 

Age (years) 

Frequency density 

5 10 15 20 25 30 35 40 45 

Price of rooms ($) 

aidosds ¢ 

(sueaA) ui eby 

c) The frequency density is the number of rooms 

per $1 interval. 

Exercise 10.1 
Ausuap Aouenbal4 

To celebrate Chief Hiapottenyooz’s birthday, the 

Kejeree tribe gets together for a party. The tribe 

is grouped according to age. 

Age in years (x) Frequency density 

0<7<=10 100 

10 <39-= "20 80 Ol 001 

Ayisuap Aduanbe.4 (%) sueak ul aby 20<x< 40 100 

55 18 AN) 4p 

1 Complete the table. 

120) 



Pie charts 
Pie charts are another way of showing frequency. 

The whole circle (360°) represents the entire 

sample. Each sector of the pie chart relates to a 

grouping from the sample. 

It may help to use X-Direct. 

Example 10.3 ) 

A pie chart is used to represent the mix of 

peoples in the State of Aridzona. A sector of angle 

70° represents the 448 members of the Komansee 

tribe. 

a) What is the size of the Chinnup tribe, whose 

sector has an angle of 80°? 

b) What is the total population of the State? 

~ Solution ; 

a) Degrees People 

Komansee 70 Dee 448 

Chinnup 80 

Size of Chinnup Tribe = “_ = 15) (4 

b) Degrees People 

70 al 448 

360 

Number of people in the State 

_ 360 x 448 
70 

= 2304 

Frequency 
polygons 
These are closely related to bar charts. A 

frequency polygon is a line on a graph connecting 

the midpoints of the tops of the bars, in order (but 

the bars themselves are not drawn on a frequency 

polygon). 

Always write the cumulative frequency 

Statistics 

Cumulative 
frequency 
To find the cumulative frequency you accumulate 

(i.e. build up) a running total of the frequencies, 

starting from the first, until you have included the 

values of the whole group. 

on the vertical axis. 

Cumulative frequency 

To find the median from a 
cumulative frequency 
As samples usually involve large numbers, we can 

simply divide the total frequency by 2 to find the 

position of the median without unduly distorting 

the result. 

Lower and upper quartiles 
As the word ‘quartile’ might suggest, these split 

the sample into quarters. The lower quartile is 

the item of data ‘a quarter of the way up’. The 

median is the item of data ‘halfway up’. The 

upper quartile is the item ‘three-quarters of the 

way up’. To find the value of: 

a) the lower quartile (LQ), divide the total 

frequency by 4 

b) the upper quartile (UQ), multiply the number 

you found for the LQ by 3 (i.e. it is three- 

quarters of the sample). 

SO EEA AAPL 
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Percentiles Scatter diag rams 
Percentiles divide the data into hundredths. The 

median is at the 50th percentile, the lower Two sets of data can be plotted on a set of axes. 

quartile is at the 25th percentile, and the upper The scatter diagram shows how the data relate to 

quartile is at the 75th percentile. To find any each other. The line of best fit is a line that passes 

percentile, take this percentage of the total through - or close to — most of the points. 

sample, and continue as for the median. Correlation shows a link between the variables on 

interquartile range both axes. 
Interquartile range Positive correlation — if one variable rises the 

= upper quartile — lower quartile other is expected to rise. 

What does the interquartile range tell you? Strong positive correlation 

The interquartile range shows you how widely the 

central half of the sample is spread. A low- 

interquartile range shows that the data are 

closely grouped together, whereas a higher figure 

would reflect wider differences between the data 

(also called a wider spread). This is closely 

related to the standard deviation. 

Example 10.4 

The Komansee and Chinnup tribes have an 

annual markspersonship contest! Their results for 

this year are as follows. 

Interquartile range Komansee 

What do these figures tell us? 

The interquartile range of the Komansees’ results Negative correlation — if one variable goes up, the 
is smaller than that of the Chinnups. This shows other will probably fall. 
that their markspersonship is more consistent 

than that of the Chinnups. 

Note that the interquartile range does not tell you 

which class had the better performance — one of 

the measures of the average would tell you this. 

Remember N for negative correlation. 

12) 



Strong negative correlation 

BZ 

No correlation — there is no link between the two 

variables. 

; 
\ 
y 

ZZ 
ZEEE 

; | 
a 

oa 

This ls another good place to take a break before 
you take a run at the rest of this chapter, 

Sampling 
In any statistical research, it is impossible to 

collect data from every possible unit which may 

be involved. It is necessary, therefore, to take a 

sample which is a good cross-section of the whole. 

You are often asked to comment on a sample. 

There are three main points to consider. 

e Size - is the sample big enough? 

¢ Representativeness — are all types represented? 

¢ Randomness - is the sample biased in any way? 

Remember these — if not, you'll be SoRRy. 

Sampling methods 
Random sampling — everybody has an equal 

chance of being chosen. 

Stratified or stratified random sampling — a 

sample is selected according to certain criteria, 

but within that group the sample is random. 

Data definitions 
Discrete — every value is separate from the next 

value e.g. number of cars 

Continuous -— every value is on a sliding scale e.g. 

temperature 

Qualitative — information on people’s opinions 

Quantitative — numerical data 

Surveys 
Examiners sometimes ask you to give your 

Opinion on surveys and questionnaires. You 

should comment upon each of the following. 

The way the question is worded 

a) leading (i.e. trying to push the interviewee 

into answering in a certain way) 

b) ambiguous (i.e. the question could be 

interpreted in more than one way) 

2 The range of responses 

This is less common, but you should look at 

ways which the interviewee can reply to see 

whether all possible outcomes are clearly and 

accurately represented. 23) 
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3 Drawing up questionnaires 

Use the above criteria and avoid the pitfalls. 

Is the question: 

Ambiguous? Leading? Inclusive? Blased? 

Remember, you always need an ALIBI! 

No pain, no gain! 

Exam-type questions 10 

1 The Chief's son, Eyecountum, drew a pie chart to show 
how many braves had paid their Arrow Tax. If @ is the 

angle representing 20 people, express, in terms of 6: 

a) the angle representing 30 people 
b) the angle representing the other people not already 

mentioned in the sample. 

2 The table below gives the exam marks out of 40 gained 
by 80 pupils. 

Marks (2) Frequency Cumulative 

frequency 

Oa 7 = 5 0 

a= 2 10 

fOr 7 = 15 

15 < = 20 

20 = = 25 

25<x< 30 

30 <4 <= 35 

35 <x < 40 

a) Complete the table and draw the cumulative frequency 

curve. 
b) Find approximate answers for the upper quartile, lower 

quartile and interquartile range. 

c) The top 35% pass the test. Find the 65th percentile 

and hence the pass mark. 
d) The top five people win a prize. What is the minimum 

mark for a prize? 

3 Draw a frequency polygon to illustrate the information in 

question 2. 

a) What is the modal class? 
b) How can you tell this from the diagram? 

4 Using the information in question 2, find the mean. 

5 The sketch below shows three normal distributions. 

a) Which has the highest mean? 

b) Which has the highest standard deviation? 

6 The table below shows the time taken by contestants to 
complete a puzzle. 

Bae 10 — 20] 20 - 35/35 — 40 

PEPE 



Complete the histogram using the above information. 9 A sample was taken of the telephone calls made from a 
certain call box. The lengths of the calls, in minutes, are 
as shown on the graph below. 

} 

peli, 

eed metro 

Frequency density 
Frequency density 

| 

ss a ee ee ee 

j 

10 20 30 40 50 60 70 80 

Time (minutes) 
15e 20525) 830) 35 
Time (minutes) 

Complete the table. 

Length of call (x) 

100 

OK<2= 10 

10<2 <= 30 

30 < x < 60 

60<as< 85 

90 8 <ax< 

10 Using the formula, or otherwise, find the standard 

deviation for the following sample. 

11 KASD oO, n0, b iat 

11 A survey was carried out on the life, in hours, of two 

brands of batteries A and B. The sample consisted of 40 

batteries of each type. The cumulative frequency graph 

drawn below illustrates the performance of one brand. 
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4 6 
Age of children 

b) How would you describe the correlation in the scatter 

diagram? 
c) Why is your line of best fit misleading when trying to 

predict results for babies under 2 or children over 10? 

Cumulative frequency 
8 Do you read magazines about pop music? 

Answer | Yes/No 
a) How would you improve this question? 

b) Would you use a random or stratified sample when Dinaton (eure) 

conducting a survey of this form? Justify your answer. 



The results for the other brand are as follows. a) On the graph given, draw the cumulative frequency 

graph using this data. 

Life in hours (x) b) If B has the smaller interquartile range, label the 
graphs as A and B. 

c) Which brand is better value? Give a reason for your 
choice. 
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Tick off each topic in the list when you are confident you can cope with it. 

Calculate or evaluate the mean, 

median and mode of a set of data. 

oe Find the range of a set of data. 

Find the quartiles and percentiles of a 

range of data. 

Complete a cumulative frequency 

chart. 

Find the mean from a grouped 

frequency. 

& Draw bar charts and histograms. 

) Find and interpret frequency density. 

& Draw and interpret pie charts. 

@ Draw a frequency polygon. 

Calculate the cumulative frequency for 

a set of data. 

Find the median from a cumulative 

frequency. 

Identify and use the interquartile 

range. 

ers) Draw and interpret scatter diagrams. 

io Evaluate sampling methods. 

Define data as discrete, continuous, 

quantitative or qualitative. 

ee) Evaluate methods of collecting data. 
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Rules of probability 
1 Each event’s outcome can be assessed on a sliding scale, from impossible to 

certain. 

Impossible events have a probability of 0. 

Certain events have a probability of 1. 

All other possibilities are expressed as a fraction, decimal or percentage. 

When all possible outcomes are added together, the total must be 1. 

The probability of an event not occurring is one minus the probability that it 

does occur. 



e use the rules of probability 

e identify mutually exclusive events 

e draw tree diagrams to evaluate 

probabilities 

e calculate probabilities for events 

carried out ‘without replacement’ 

Calculating 
probability 

number of required outcomes 
bability = 
ey number of possible outcomes 

Probability 

Double-Dealing Dennis gets people to pick out 

two cards from a full pack with replacement (i.e. 

once a card is picked, it is returned to the pack). 

What is the probability of picking two red cards? 

The combinations are 

You could use AND. 

The probability of drawing a red card first time 

=}. 

If you want two reds, you want a red AND another 

red. 
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Mutually 
exclusive events 
These are events that cannot occur at the same 

time. For example, night and day are mutually 

exclusive because they never occur at the same 

time. 

If the events are mutually exclusive you can use 

ADORE (OR = ADD), but when they are not 

mutually exclusive you cannot. 

Tree diagrams 

Bodge City’s posse is recruiting new members. 

Recruits must undergo two tests. The probability 

of passing the first, a sharp-shooting test, is 3, and 

the probability of passing the second, a bareback 

riding test, is 2. Draw a tree diagram to illustrate 

this. 

What is the probability that a candidate taken at 

random: 

a) passes both parts 

b) fails the first but passes the second 

c) passes one test, but not both? 

Solution 
ae te Ne 

a) Reword the question as ‘Find the probability 

of passing the first AND the second.’ 

Shier 5, ls 
3 = 15 5 

b) Reword the question as ‘fails the first AND 

passes the second’. 

c) Reword as ‘(fails the first AND passes the 

second) OR (passes the first AND fails the 

second)’. 

Bx$+3x3=i5 + i 

sayate 
gets 

Be careful when finding total probability. For 

example, when you roll two dice, you have 36 

different outcomes — i.e. the product of 6 and 6 not 

the sum of 6 and 6. 

Probability 
without 
replacement 

The Bodge City Posse owns three brown horses, 

two black horses and four grey horses. Two 

members rush out and grab the first two they can 

catch. 

a) Using the above example, draw a tree diagram 

to illustrate all possible outcomes. 

b) Find the probability they are both brown. 

c) What is the probability that both horses are of 

the same colour? 

d) What is the probability that both horses are of 

different colour? 



a) Method for drawing the tree diagram: 

i) The first person has 9 horses to choose 

from, so the second person has 8. Fill in 

all the denominators first. 

ii) The numerators for the first horse chosen 

are simple - they are the numbers given. 

iii) Look at each second stage in turn — 

e.g. if a brown horse was chosen first, 

there are two brown left but the others 

remain unchanged. 

Second member First member 

b) The question can be reworded as ‘a brown first 

AND a brown second’. 

The probability that the first horse is brown 

is 3. (Do not cancel at this stage.) 

You are now left with a total of eight horses, 

two of which are brown, so the probability that 

your second horse is brown is 3. 

So the probability that both are brown 
oretc 1 

% 3 ig 92 12 

(You should always cancel at the end where 

possible.) 

c) If they are both the same colour, they could be: 

brown and brown or black and black or grey 

and grey 

d) Ifthe horses are not of different colours, they 

must be the same colour. 

P(they are of different colours) 

= 1- P(they are the same colour) 
=, 8) 
= ie) 

Exercise 11.1 

1 Chief Wairameye is lost again. He is at point A and his 

tribe’s settlement is at Z. At each junction A, P and Q he 

has an equal probability of turning right or left. What is the 
probability that he reaches home? 

2 |n Arid Creek there are three associations: the 
Ranchwomen’s Guild, which only allows women as 

members, the Gentlemen-only Bareback Riders 

association, and the church which welcomes everybody. 
If the probabilities of a person picked at random joining 

one of these groups are 0.2, 0,15 and 0.45 respectively, 

would you expect the probability of a person belonging to: 

a) the Ranchwomen or the church to be 0.65 

b) the Ranchwomen or the Bareback Riders to be 0.35? 
Give reasons for your answers. 

3 Bodge City’s General Store has Drooper’s Brew and Trail - 
Ale on special offer, but as usual the bottles are mixed up 

and unlabelled. At the end of the week, they have six 

bottles of Drooper’s Brew and four of Trail Ale left. If two 

people buy one bottle each, find the probability that: 
a) both bottles are Drooper’s Brew 

b) one bottle of each is sold. 

a 
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Answers 

@eeeeeeeeeeeseeoeseeeoeoeeeeoeeeoeneeoev eee ee 8 

TAKE.A BREAK 

Are you still with us? Take a break 
and congratulate yourself, 

@eeeeeeeeoeeaeoeoeooeoeoeeeeseeoeaeeoeee eee ee eee ee@ 

© 

The game’s over! 

Exam-type questions 11 © 

4 Components in a machine have a 0.7 chance of being 

faulty. In a batch of 3000 machines, how many would 

you expect to find with a faulty component? 

2 Asample is divided into the following groups. 

a) men who wear glasses 

b) men without glasses 

c) women with glasses 

d) women with hats 

Which two groups are not mutually exclusive? 

3 A game at a fair requires players to spin two unbiased 

spinners as shown below. The two numbers. shown are 

then added. 

a) List all possible outcomes. 

b) What is the probability of scoring 5? 
c) What is the probability of not scoring 7? 

d) What is the probability of scoring more than 7? 

4 The probability of passing a test first time was found to 

be 0.6. Students who retook the test had a failure rate of 
0.3. Of those taking it a third time, 90% passed. 

a) Draw a tree diagram below, showing this information. 

b) What is the probability of passing the test on the first 

or second attempt? 

c) If 1000 people took the test, how many would you 
expect to fail at all three attempts? 



5 Ata school fair, three competitors throw wet sponges at 

a teacher. If each has a 40% chance of hitting the target, 
find: 

a) the probability that they all miss 

b) the probability that only one will hit the teacher 

c) the probability that the teacher will get wet. 

6 Two people play a game which can either be won or lost. 

One player has a 0.25 chance of winning a game. If they 
play two games, find the probability that this player will: 

a) win two games 

b) win exactly one game. 

Tick off each topic in the list when you 

are confident you can cope with it. 

® Use the rules of probability. 

& Identify mutually exclusive events. 

Draw tree diagrams to evaluate 

probabilities. 

Calculate probabilities for events carried 

out ‘without replacement’. 

GLE'0 = (S20 x Sz'0) xz (q 

Sz90'0 = S70 x Sz'0 (8 9 

7820 =91z0-1 (0 

cev'0 = €Xv0x90x90 (q 

9170 =90x90x90 (Pg 

2} pue rey pue [ey Z10'0 = LOXEOxv0 etl (0 

880 = Z0xv0+90 (q 

ydweye pulu|, ydwee puccdas jdwaye \sul4 

(ep 
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Do you recognise 
yourself? 
Read through the following categories to see 

which one best describes your current state of 

mind. Then look at Chief Icazaminna’s advice for 

your type. 

Type A 
I'mma panic. 

I don’t know where to start. 

I'm running out of time. 

I don't know how I’m going to remember 

everything. 

My revision is up the spout. 

Type B 

I've worked hard, but my confidence could do with 

a boost. 

I’m in with a chance, but I need more practice at 

examination type questions. 

Id like some help in organising my remaining 

revision time. 

Type C 
Ive revised everything I can possibly think of. 

I don't have (many problems with anything on the 

syllabus. 

I'd enjoy tackling some more questions just for fun. 

Chief Icazaminna 
says ... 
Type A . 
Don’t worry. You could still have time to put 

things right. Turn to page 140 and work . 

through as much of Stages 1-3 as you can. If you 

can complete Stage 1, you have a good chance of 

passing, even though time is running out. If you 

manage to get through Stage 2, you may even 

scrape a B, and success with Stage 3 gives you a 

fighting chance of an A or A*, especially if you 

then work through the specimen examination 

papers. 

Type B 
Congratulations. You deserve to do well. Look at 

the opposite page and revise the chapters in the 

suggested order. Then try Specimen Examination 

Papers 1 and 2. Now make sure that you have 

covered everything by checking with Stages 1-3 

on page 140. Then try the other two specimen 

examination papers. 

Type C 
You probably have your sights set on a high grade. 

Try the first two specimen examination papers 

and see how you get on. If you do well you should 

do the other two papers, just to make sure that 

there is nothing which could catch you out. After 

that, it's just a matter of turning up for the exams 

and then waiting to collect your A or A*. 

All candidates - a 
last round up! 
Chief Icazaminna invites you join him in Last 

Orders, page 145. 

Specimen examination papers cs 
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The party’s really over now! It’s time to 
get serious. 

Paper 1 
4 a) Evaluate eee when = 42, b= 01 c= 87 

b) Rearrange the formula R = 3(p — q’) to make q the 

subject. 

2 Express 2° + 2° 
a) as a power of 2 b) as a fraction. 

3 Two fair six-sided dice are thrown. Find the probability of: 
a) the sum of the two numbers on the dice being 10 or 

more 
b) both dice showing the same number 

c) both dice showing different numbers. 

4 The lengths of telephone calls made by a household over 

the last 12 months were as follows. 

Length of call (¢ minutes) 

‘Q<1=5 40 

5<t<10 30 

10 <t< 20 70 

20<t< 40 60 

40 <t< 80 80 

a) Complete the histogram on the diagram below. 

| 
oS as Oe Ls 

a arts 

Frequency density 

& 

0 10520) 530.540) 50) 6050700 80 

Length of time of calls (minutes) 

b) What does 1 square unit on the grid represent? 

© 

5 |n the diagram below find: 
a) BC b) angle CDA. 

c) Using the area of a triangle = sabsin C, find the 

area of the entire shape. 

6 a) Solve by factorisation 2x? + 9x -5 = 0. 
b) Solve 3x? + 8x = 5, giving your answers correct 

to 2 d.p. 
c) Give the range of values for which x? < 4. 
d) Give the range of values for which x? > 1. 

7 Two cylinders are similar. The larger holds 152 cm® and 

the smaller holds 42 cm*. If the height of the larger is 

25cm, find the height of the smaller. 

8 Write as an interval approximation 4.32 corrected to 

2 d.p. 

9 Write an expression for the mth term of each of the 
following sequences. 

Hence or otherwise find two values of x, in the range 
0° <= x < 360°, such that cos x = —0.5. 
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11 The diagram below shows the graph of y = x? — 32. 

v'G = uONeINep psepuels ‘p"} | = ueawW Zp 

C+ U= UE-2'0=7-X-XE- AU Y0-‘v’ (q 

Zl- ‘ey (e bb 

o0v2 0021 =X OL 

8+ 2U € + Up 

one Wo te 6 

Using the graph, estimate the solutions of: Sce'r ‘SIe'r 8 

a) 2?- 327 =5 b) «?-4x-2=0. woes Z 

412 Find the mean and standard deviation of: bert-sx (p 
5,0, 7, 12,13, 15, 15, 17, 16 esUSe (0 

0 =S- 2% + 2XE ANB O} BulBuewea: Aq Ue}S 

2G'0 pue 61 'e€- = x (q 

(G + 2)(1 — x2) 

O} SSSHOJOP} i! Se é =X puegc-=2Z (e 9 

2woEeee (9 .20S (q woes (e g 

seo OL (q 
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5 These are marks given in a test for a group of students. 
Paper 2 
1 a) pis an integer other than 3 such that vp x V3 is a 

rational number. Give a possible value for p. 

b) Express 0.181 818... in the form > where and a and 

b are integers. 

c) Which of the following numbers are rational? 

) 08tt 1111... iy + iii) V2 x 2V2 

2 The speed of light is approximately 3 x 10°m/s. Find the 

time light takes to travel 6.3 x 10°km. 

3 Ina bag of 17 marbles, 8 are blue and the rest are green. 
Two marbles are drawn from the bag without 

replacement. 

a) Draw a tree diagram to illustrate this information. 

Cumulative frequency 

0 20 40 60 80 100 
Marks 

b) From your diagram, find the median and the 

interquartile range. 
b) What is the probability of the marbles being of c) A student was told that she was at the 80th percentile. 

different colours? What mark did she obtain? 
c) What is res ny that the marbles are of the d) What percentage of students scored above 70 marks? 

same colour? 
6 A river is 50m wide. The current is flowing at 0.15 m/s in 

4 In the diagram below, find: a direction parallel to the bank. A woman at P can swim 
a) the length OQ correct to one decimal place at 0.4 m/s in still water. She is continually aiming in a 
b) angle QOR to the nearest degree. direction perpendicular to the bank. 

Q 

ae OOS 

P 

17.1m ‘ a) How far downstream will she land? 

b) Find her resultant speed. 

7 a) Solve the following equations. 
2x - 5y = 20 
3x2 -4y = 23 

b) Find x where 7 - 8x = x + 2, eae your 
answer as a fraction. 
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& If the height of a piece of paper was given as 11cm and 
the area as 88 cm? (both measurements given correct to 08} = esaye|upenb aioA0 e Jo sajHue ay!soddo ,6 (q 
the nearest whole number), find: : wel0eu) juawBes ayeusaye Buisn .7e (e & 
a) the maximum width b) the minimum width. wo19'2 (q wore (e g 
9 ABCD is a cyclic quadrilateral in the circle centre 0. eG ¢=fic-rez 

XY is a tangent to the circle at C. Angle BCY = 37°. A) 
Angle DBC = 42°. Find: sn 8h = ext 0 oe 
a) angle CDB b) angle DAB. os oe r0 

A Q0ue}sIq peeds 

s/wer'od (qa weze1 (e 9 

%91 (P 29 (9 ‘xoudde og = HOI ‘6y = ueIpew (q 

sey 

09 10) 4 02 

oO 
(= 

3 
= 
2 

10 On the diagram below, indicate the required region 001 5 
such that: oz: 8 
4n+3y<24 2x+3y<18 wxE2 yl orl & 

y Po a oor 

te 002 
6 eft i he eee Seseee | esenieres ee oe 

bt | | es 
5 5. — | _ ead Es oe, 2 082 (q w L'6z (2 7) 

4 ft a (Soya 2 2 tq 

G1 2 3 4.5 6 7 8.9 10 * 

11 Find two values of x in the range 0° < x < 360° such 

that tan.v = V3. 

12 a) Using the diagram, write an expression for AC. 

A 

x 3 ee 
"SO1J}OLU O} LUY POAUOD 3JUIH] SOUODES |Z |] 

(im pue (1 (o 

Cc 2x B a (q 2 ‘B'a sequunu aienbs Aue sow ¢ (e 4 

b) If AC? = 20, find the lengths of the other two sides 

without using a calculator. Show your working. ( Answers ) 
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Answers (continued) 

Revision in three 
staging posts 
If you have been working through past papers, you 

may have noticed that some topics occur more 

frequently than others. Also some techniques have 

much wider applications than others, so you 

should make these topics and techniques a priority. 

You can be fairly sure that you will need all the 

skills summarised in Stage 1, and so it clearly 

makes sense to master this material. 

Questions involving Stage 2 information are also 

common, so that should be next on your revision 

agenda. 

Stage 3 provides the icing on the cake, but could 

make all the difference between achieving one 

grade or the next. 

A Sneaky Hint 

As soon as possible after the first exam, write 

down everything that you can remember. It 

doesn’t have to be detailed — you only need a list 

of the topics which were covered. Then look at 

your three-stage checklist, and tick off the topics 

that came up. If a fairly basic skill was not tested 

on the first paper, you can bet your bottom dollar 

that it will turn up on the second. 

(140) 

Staging posts to 
revision - it’s as 
easy as 1-2-3! 
Stage 1 
Number 

it 1 Calculator use with brackets, memory, 

powers and roots 

[-] 2 Simplification involving negative and 
fractional powers, and surds (or roots) 

[] 3 Upper and lower bounds and interval 

approximation 

E] 4 Rounding and estimating to one significant 

figure, including problems involving square 

roots 

[ | 5 Rational and irrational numbers 

Algebra 

[_] 1 Algebraic fractions 

[| 2 Sequences and number patterns; 

convergent sequences, and the idea of a 

limit 

[] 3 Simple and simultaneous equations using 

algebra, graphs, or trial and improvement 

[_] 4 Quadratic equations using coefficients 

other than 1, factorising, iteration, the 

quadratic formula and combining graphs to 

solve equations 

Shape, space and measure 

[] 1 Constructions and loci 

[_] 2 Pythagoras’ theorem. 2D and 3D 
trigonometry using right-angled triangles 

3 Sine and cosine rules; the area of non-right 

angled triangles 

[‘] 4 Area and circumference of a circle; the 
length and area of circular arcs, sectors | 

and segments 

[ ] 5 Scale factors and their application to 

length, area and volume 



Handling data 

| 1 Mean, median and mode, including those of 

a grouped frequency 

[_] 2 Probability, including tree diagrams, 
mutually exclusive and independent events 

f4 3 Principles governing surveys and sampling 

[| 4 Cumulative frequency including 

percentiles, the median and the 

interquartile range 

Stage 2 
Number 

P|] 1 Ratio, proportion and percentages. You can 

usually use X-direct. 

|} 2 Use of fractions, decimals and percentages 

and converting from one to another 

Li 3 Cube and cube roots of integers 

[ ] 4 Expressing numbers as a product of prime 

factors 

[] 5 Inverse proportionality graph 

Algebra 

[ ] 1 Rearranging formulae, including powers, 

roots and factorising where necessary 

[_] 2 The area under a graph 

[ |] 3 Gradient and its interpretation in real-life 

situations, the equation of a line 

[ | 4 Tangent to a curve to determine the 

gradient 

L) 5 Inequalities and regions including linear 

programming 

[_] 6 Direct and inverse variation including the 

use of k and in graphical form 

Specimen examination papers 

Shape, space and measure 

by 1 Interior and exterior angles of polygons 

[_] 2 Length, area and volume; surface area and 
volume of a cone, cylinder or sphere 

Li 3 3D coordinates and possible combination 

with 3D trigonometry or Pythagoras’ 

theorem 

ti] 4 Similar shapes, possibly involving the use 

of algebraic fractions 

[_] 5 Transformations, i.e. rotations, reflections, 

enlargements and translations; vectors and 

forces; positive and negative scale factors 

Handling data 

[ ] 1 Other frequency diagrams, including 

histograms and frequency polygons 

[_] 2 Standard deviation 

Stage 3 
Number 

[_] 1 Common imperial units and their 
approximate metric equivalents 

[ ] 2 Exponential growth and decay 

Algebra 

[_] 1 Equation of a line where it is thought that 

qg=ap?+b 

[_] 2 Functions and composite functions 

Shape, space and measure 

[ ] 1 Tessellation 

[_] 2 Properties of a circle 

a 3 Sin, cos or tan of any angle between 0° and 

360° 

[] 4 Rules for congruent triangles 

Handling data 

[] 1 Correlation 
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sd 3 8 Draw a line AB of length 7 cm. Showing all 

: aper construction lines, draw: 

a) its perpendicular bisector 
b) the locus of the point C where angle ACB is always 

90°. 

4 Aman anda woman each invested money in a bank for 

ten years at a fixed rate of interest of 8.5%. 

a) The woman invested £1400.00. How much was this 

worth at the end of the ten years? 

b) Her twin brother received £6873.39. How much was 
his initial investment? 

2 Two similar objects have volumes 6062 cm® and 
2458 cm? respectively. If the surface area of the larger is 

1208 cm?, find the surface area of the smaller. 

3 Find the values of x which satisfy the following equation. 

2x-1= = 
2 

4 If you wanted to find out the attitude of a school 

population to the policy on school uniform, how would 

you choose a stratified random sample? 

5 a) Find the gradient of the line 5a - 4y = 3. 
b) Give the equation of the line parallel to 5a - 4y = 3 

which passes through the point (1, —2). 

6 Match the equations to the graphs below. 

aby=x b) y = x? 
1 

t)y=— d) y= 2 
9 The dimensions of a swimming pool are shown below. 

a) Calculate the volume of the pool in cubic metres. 
b) Given that 1000 cm’ = 1 litre, convert your answer 

to (a) to litres, giving your answer in standard form. 

10 What is the distance from the origin to the point with 
coordinates (3, 4, 7)? 

11. y is inversely proportional to the square root of x. 
If y = 65.7 when x = 2.8, find: 

a) y when x = 3.9 b) x when y = 52.6. 

12 a) Find the set of values for x which satisfy the 
7 A sequence is given as 3, 6, 12, 24, .... following inequalities. 

a) Find the 16th term of the sequence. % 
b) Find a formula for the nth term of the sequence. to 67 - 

b) Find the largest integral value of x that satisfies 
these requirements. 

© 
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Specimen examination papers _ 

Paper 4 
1 a) Factorise fully the following expression. 

4nr*h — 16n1r2h? 
b) i) Factorise fully the expression 252? — 1. 

5x + 1 

25a2 — 1 

2 | litre of orange juice is poured into cylindrical glasses of 

base radius 2.8cm and height 71 mm. How many 

glasses will be filled? 

ii) Hence express in its simplest form. 

3 The graph of y = f(x) is shown below. On the same 

axes, draw the graph of: 
a) y = f(x + 2) b) y = f(aa). 

4 yis related to x by the formula y = ab”, where a and b 
are constants. If the graph of the equation passes 

through the points (0, 2) and (-1, 3), find the value of a 

and b. 

5 In the triangle below, which is not drawn to scale, use an 

algebraic method to find the value of x. 

x+2 
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6 The numbers of occupants per car in a survey 

conducted over a Saturday and a Sunday were as 

noted in the table below. 

No. of people 1 ms 

a) Which day had the higher mean number of 

occupants? 

b) Which day had the greater modal number of 

occupants? 

c) For which day was the spread of passengers 

greater? 

i | What straight-line graph could be drawn on the graph 

of the equation y = x? — x to solve the equation 

xv?-3x+4=0? 

1 ok af Evaluate Fee where p = 04 and q = 6.84 

Give your answer: i) to3sig. figs. ii) to 2 d.p. 

The speed-time graph of an object is shown below. 

Speed (m/s) 

Time (seconds) 

a) Showing your method clearly, estimate the 

acceleration of the object after 4 seconds. 

b) Using the trapezium rule, and dividing the required 
area into three strips, estimate the distance covered 

by the object in 6 seconds. 

10 Write Vir in the form a-'x®y° stating the values of 

a, band c. 

141 The table shows sets of values of x and y which are 

related by the formula y = ax* + b. By drawing the 
graph of y against 22, estimate the values of a and b. 

3.6 
Eo 

12 -3<a<4and-2<y<i1 

a) What is the minimum value of xy? 
b) What is the minimum value of «2? 

c) What is the maximum value of 2? 

13 The mass of the Earth is given as 5.98 x 1024kg and 
the mass of Mars as 6.57 x 102%kg. 
a) Express the mass of the Earth as a percentage of 

the mass of Mars. 
b) If the mass of Venus is given as 4.87 x 102*kg, find 

the ratio of the mass of the Earth to that of Venus in 
the form k : 1. Give your answer correct to 3 sig. 
figs. 

14 Each item of data in a sample has its value increased 
by 10. 

. a) What happens to the mean? 

b) What happens to the standard deviation? 
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"eyep auj Jo peaids au} ul ebueUS Last © rd e rs 

OU 8q PjNoOM sey} Se ales By} UTES Pjnom y (q 
Here is our final checklist. It is put here to jog 

your memory. We hope that you are now feeling 

much more confident about your chances. If you 

have stayed with us up to now, you should be. 

‘OL Aq eseasoul pinomy (e PE 

L:€zk (@ %016 (© oF 

v(0 o@ g(a 
E~T=Q'GE=D LE 

L=9'2-=q@‘€=0 OL 1 Give the meanings of integer, bisect, 

Wri (qq swt esg perpendicular and vertex. 

S60! @ Gol es 2 Sketch the HoRSe and list the conditions 
Tae | necessary for congruent triangles. 

LL = ‘ps Aepunyes 
‘2'| = ‘p's Aepung ‘uonemap prepuels asp) (9 3 State the difference between a random and a 

| = epow Aepinyes ‘g = apow epung (q stratified random sample. 

LL'% = Aepames ‘g9'2 = Aepung (8 g 4 How do you find the gradient of a curve? 

Ol=XG 
. 5 How do you know whether to use the sine or 

V=Qc=V0PD 
the cosine rule? 

6 Why might you be SoRRy not to have an 

ALIBI? 

7 How can a CACTUS help with circles? 

8 What do the m and c represent in the equation 

y=mx+c? 

9 What do SEXY and STOP have to do with 

solving simultaneous equations? 

10 How can the sign in front of the constant help 

you to factorise quadratic equations? 

11 How do you carry out standard deviation 

processes on your calculator? 

12 How do you find the interior angle of a regular 
€ polygon? 

(‘payly Ajeyejduu0o 
aq ued sesse|6 g Aju ‘2g SI Jamsue 9} yBnouy) S go 13 What is the difference between a histogram 

| — 2g and a bar chart? 
; (uw (1 -xg)(L + vg) (1 (Q 

siete 14 What does Con Seteenar tell you about 
- wT] (Up — 1) Yztity patent 

( Answers ] 15 What different transformations might you need 

to identify? 

16 Can you recognise the graphs of y = x, y = 2°, 

oS 
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17 What do TIP and DIM have to do with indices, 
i 1 

and what do x1, x?, x? and x3 mean? 

18 What is SOFT about a scale factor? Ifkisa 

linear scale factor, how do you find the area 

and volume scale factors? Also, how do you 

find a linear scale factor if you have the area 

or volume scale factor? 

19 What do original sin, cosine and Doctor Tan 

have in common, and how do they differ? 

20 Can you find the limit of a convergent sequence? 

21 How do you know when to use SOH CAH TOA? 

22 When can you use DINO to find the nth term? 

23 On a scatter diagram, how can you recognise 

positive or negative correlation? 

24 When can you not add probabilities? 

25 How can you tell from the question that a . 

quadratic equation will not factorise? 

Answers 

You will find many references to these topics 

throughout this book. We have listed some of the 

chapters in which they occur. Feel free to add 

your own notes. 

1 Whole number, cut in half, at right angles, 

corner. (The plural of vertex is vertices.) 

2 See Chapter 5. 

3 Arandom sample is a group selected purely by 

chance. A stratified random sample is a group 

selected according to criteria and then 

randomly selected within that group. 

4 Draw a tangent at the required point, and then 

complete a right-angled triangle. 

5 If you are given the size of an angle, and the 

length of its opposite side, use the sine rule. 

Otherwise use the cosine rule. 

6 Size, Random and Representative refer to 

criteria for samples. Ambiguous, Leading, 

Inclusive, Blased are considerations relating 

to surveys. 

7 CACTus stands for Cyclic quadrilaterals, 

Angles, Chords and Tangents. See Chapter 8. 

8 m represents the gradient, c the y-intercept. 

See Chapter 3. 

9 Simultaneous Equations require you to find x 

and y. Same Take Opposite Plus —- a reminder 

for signs. See Chapter 4. 

10 The sign of the constant determines the signs 

in the brackets. See Chapter 4. 

11 Don't say you haven’t been warned! 

12 360° ‘ : —— = exterior angle; 
n 

interior angle = 180° - exterior angle. See 

Chapter 5. 

13 Ina histogram, frequency is represented by 

the area of a bar; in a bar chart, frequency is 

represented by the height. See Chapter 10. 

14 The graph goes the opposite way to what you 

might expect in the x-direction. See Chapter 3. 

15 Translations, reflections, enlargements and 

rotations. See Chapter 9. 

16 See Chapter 3. 

17 Times Indices Plus, Divide Indices Minus. 

gi ==, 4? “> a? = vx, x3 = Vf. See Chapter 1. 

18 Second Over the FirsT. k2, k3, Vk, °Vk. See 

Chapter 7. 

19 They all refer to graphs of trigonometric 

functions. See Chapter 3. 

20 Look back to Chapter 4 if you have forgotten. 

21 You must have a right-angled triangle. (For all 

other triangles, use the sine or cosine rules.) 

See Chapter 6. 

22 When the sequence has equal spacing between : 

terms. See Chapter 4. 

23 By the slope of the line of best fit. (If there is 

no line of best fit is possible, there can be no 

correlation.) See Chapter 11. 

24 When the events are not mutually exclusive. 

See Chapter 11. 

25 When you are asked to provide an answer 

correct to a number of decimal places. 



Angles 

3 letter notation 73 

bisecting and constructing 75, 76 
interior and exterior 74 

Approximation 6 
Area 

of a circle 95 
under a graph 27 

of a triangle 95 

surface of 3D shapes 95 
Averages 117, 118 

Bearings 88 

Brackets 

expansion of 59 

Calculator use 9 

Circles 

area and circumference of 95, 104 
and their theorems 102-103 

Congruent triangles 73 
Constants 

of non-linear equations 33 

of straight-line graphs 26 
Correlation 122 

Cosine rule 88 

Cumulative frequency 121 

Decimals and fractions 9, 10 
Dimensions and formulae 96 

Equations 29-64 
graphical solutions 29, 30 
algebraic solutions 

quadratic 61-64 
simple 51 

simultaneous 56-58 
Exponential growth and decay 19 

Factors 2 
Factorising 

using double brackets 61 
using single brackets 52 

Formula rearrangement 53-56 
Frequency 
mean of a grouped 118 
polygon 121 

Functions 33 

Gradient 
of acurve 27 
of a straight line 26 

Graphs 
of equations 43 
non-linear to linear 30-33 
of practical situations 42 
and simultaneous equations 29 

sin, cos and tan 36 

straight line 26 

Histograms 119 

Indices 7 

Inequalities 59 

Interquartile range 122 
Irrational numbers 3 
Iteration 64 

Linear programming 38 
Loci 75 

Mutually exclusive events 130 

Percentages 17-19 
Percentiles 122 
Perpendicular bisector 75 
Pie charts 121 
Prime factors 2 
Probability 128-131 
Proportionality 14-16 
Pythagoras 

theorem of 84 

and 3D shapes 86, 87 

Quartiles 121, 122 

Ratio 21 

Rational numbers 2 

Regions 39-41, 60 

Sampling 123 
Scale factor 

and length, area, volume 97, 98 

and transformations 109 

Seatter diagrams 122, 123 
Sequences 65 

Similar figures 74, 97 
Sine rule 87 

Spread, measures of 117 
Standard form 8 
Surveys 123, 124 

Tangent to a curve 27 

Transformations 108 
Trapezium rule 28 
Trigonometry 

and 3D 86, 87 

and non-right angled triangles 87 
and right-angled triangles 84-87 
and sin, cos and tan graphs 36 

Upper and lower bounds 6 

Variation 20, 21 

Vectors 110-113 

Volume of a prism 95, 96 
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