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Preface 
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It is often felt that the Green’s function method is too sophisticated to be 

widely available to engineers and scientists. I have tried to show, here, that 

this reputation is unjustified. 

Our discussion of the method is based largely upon the consideration of a 

wide variety of applications, some posed in a physical setting, and others in 

purely mathematical terms. The approach is somewhat formal, with little con- 

sideration of such questions as existence or uniqueness, for example. 

Most examples are followed by a series of Comments which expand upon 

various points in the solution, or relate to the mathematical and physical inter- 

pretation of the results. They are by no means afterthoughts, and constitute 

an important part of the text. In fact, a good deal of information is also con- 
tained in the Exercises. We strongly recommend at least a quick reading of 

the Exercises, even if the reader does not intend to work them. 

We have done our best to keep the material as self-contained as possible, 

so that it will be accessible to a wide range of readers. We believe that it 

should be suitable either for advanced undergraduates or graduate students in 

the physical sciences or engineering, with only a modest background required 

in ordinary and partial differential equations. Beyond this, we assume the 

vii 
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reader is acquainted with Green’s theorem, the divergence theorem, and 

Laplace and Fourier transforms—but not necessarily with Laplace inversion. 

Although complex variable methods are used briefly, those few pages can be 

omitted with no loss of continuity. 
Aside from the development of the Green’s function method, we have 

included a good deal of basic information, of a more general nature, on bound- 

ary value problems, generalized functions, eigenfunction expansions, partial 

differential equations, and acoustics. 

Finally, I would like to thank Professor Jerry L. Kazdan (University of 

Pennsylvania) for a wide variety of helpful comments on both the original and 

final drafts, mostly on the mathematics, but also on the style of presentation; 

to Professors A. Brooks Harris (University of Pennsylvania) and Morton M. 

Denn (University of Delaware) for detailed criticism of the original draft; to 

Professors H. D. Block, Y. H. Pao, and Bruno A. Boley (Cornell University) 

for various suggestions along the way; to Mr. James M. Mann for catching 

several errors in the manuscript; and, finally, to Mrs. Bertha R. Hollopeter, 

Mrs. Dorothy E. Carroll, and my wife Mimi for bearing up under the tedious 
typing. 

MICHAEL D. GREENBERG 

Newark, Delaware 
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I. Application to Ordinary 

Differential Equations 
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The first three sections of PART I introduce 

basic concepts such as linearity, superposition, 

and adjoints, with somewhat more attention 

devoted to the delta function and generalized 

functions in Section 3. The development of 

the Green’s function method is contained en- 

tirely in Section 4, and is followed by a brief 

discussion of eigenfunction methods in: Sec- 

tion J. 
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1. INTRODUCTION 

In PART I we will be concerned with the solution of the ordinary differ- 

ential equation 

Lu=¢ (1.1) 

over an interval a << x < b, subject to certain boundary conditions, where L is 

an nth order linear ordinary differential operator. By linear, we mean L is such 

that 

L(av + Bw) = aLv + BLw (1.2) 

for arbitrary constants a, 8 and any functions v, w which are at least sufficient- 

ly differentiable for Lv and Lw to exist.! We state, without proof, that L must 

therefore be of the form 

L = ax) + a(x) 2 + +++ + a2) (1.3) 

It is easily verified that this does in fact satisfy the linearity requirement (1.2). 

By contrast, let us consider a differential operator which is not of the form 

(1.3); for example, 

Nu = u” — (u’)* + S5xu (1.4) 

where we denote d( )/dx =( )’' for brevity. Applying N to an arbitrary 

linear combination av + Bw we have 

N(av + Bw) = (av + Bw") — (av’ + Bw’)? + 5x(av + Bw) 

= afv’” — (v')? + 5x0] + Bw" — (w'? + Sxw] 

— (ao' + Bw’? + a(o'? + Bow')? 

= aNv + BNw + [a(v’)? + B(w')? — (av’ + Bw')?] 

(1.5) 

Clearly, the quantity inside the last square brackets is not identically zero for 

all allowable «’s, f’s, v’s and w’s, so that N does not satisfy the fundamental 
fequirement (1.2), and is therefore nonlinear. This, of course, is no great sur- 

prise since N is clearly not of the form (1.3). 

Now let us consider the boundary conditions associated with (1.1). Since 
L is of nth order, there will be such conditions of the general form? 

1 We note that all quantities will be understood to be real-valued. Exceptions to this, 
as occur in the use of integral transforms and conformal mapping, will be apparent. 

2 Occasionally one must deal with boundary conditions of other types. For example, 
one such boundary condition might consist of the requirement that u be finite at one of 
the endpoints. 

2 
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B,(u) = ¢;; j= ly2h- an (1.6) 

where the c,’s are given constants, and the B,’s are prescribed functionals’ of 

the unknown u. More specifically, we will limit our attention throughout to B,’s 

which are linear combinations of u and its derivatives, through order n — 1, at 

the two endpoints a,b. For n = 2, for example, we have 

B,(u) = ayou(a) + ay,u'(a) + byou(b) + b,,u'(b) = ¢, 

B,(u) = azu(a) + a,,u'(a) + bou(b) + b,,u'(b) = c, 

We say that they are /inear functionals, because 

B,(av + Bw) = aj[av(a) + Bw(a)] + a,,[av'(a) + Bw'(a)] 

+ bjolav(b) + Bw(b)] + b;,[av'(b) + Bw'(b)] 

= G[ajov(a) + ajv'(a) + bjv(b) + bj, 0'(b)] (1.8) 

+ Blajow(a) + aj, w'(a) + bjw(b) + b;,w'(b)] 

= 0B,(v) + BB,(w) 

for arbitrary constants «, 8 and functions v, w. 

Now, thus far we have discussed both the differential operator L, and the 

boundary conditions B,; which determine the domain of L and hence complete 

the specification of the operator. (Note that we distinguish between the term 

differential operator, which refers to L alone, and the term operator, f say, 

Cis) 

3 To clarify what is meant by the term functional, let us contrast it with the classical 

notion of a function, say f(x). We say that to each x in the domain of f (i.e., the set of all 

x’s for which f is defined; e. g., an interval a, b of an x axis) the function f assigns a numeri- 

cal value f(x) or, equivalently, a point on an f(x) axis. The totality of f(x) points is called 

the range of f; see Fig. 1. 1. Whereas the symbols f and f(x) are generally used interchange- 

Ve 

at tex b fx) 

a Qe 

Domain Range 

FiGure 1.1 Domain and range of a function f. 

ably, with no resulting confusion, it is worth mentioning that there is a difference, and 

occasions do arise where it is important to respect this difference in the interest of clarity. 

Specifically, f(x) actually denotes the range point associated with the domain point x, 

whereas the single letter f denotes the entire mapping, as can be displayed graphically if, 

following Descartes, we arrange the x and f(x) axes at right angles (hence the term 
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which refers to L plus the B, boundary conditions.*) We have been careful to 

require that both L and the B,’s be linear. This is of crucial importance here, 

since it implies the validity of superposition, which will be basic to the Green’s 

function method. 

To illustrate the idea of superposition, consider, for example, the second 

order system 

xu'+u=9; u(0) = 3u(1) 
(1.9) 

u'(0) = 0 

over the interval 0< x <1. First, let us rewrite this in the form of (1.1), 

(1.7): 

Lu=xu'+u=¢ (1.10a) 

“Cartesian axes”), as shown in Fig. 1.2. 

f(x) 

f(x) 

a x b 

Ficure 1.2 Graph of the function f. 

A functional, on the other hand, has as its domain a set of functions (and as its range 

a set of numbers); i. e., it is a “function of a function.” To illustrate, consider the func- 

tional F defined by 

Fw) = [* urcxyax 

where the domain of F might be defined to be the set of all functions u defined over the 
interval 0, 1 subject only to the restriction that the integral of u2 from 0 to 1 does in fact 
exist. It is not hard to see that the range of F is the semi-infinite interval 0 < F(u) < 00. 

4It is tempting to emphasize this distinction by calling £ the “total operator” for 
example, but we choose to simply call it the operator, in agreement with generally accepted 
nomenclature. 
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B,(u) = u(0) — 3u(1) = 0 (1.10b) 

B,(u) = u'(0) = 0 (1.10c) 

If we choose to break up (x) into p(x) + a(x), for example, and are able to 
find functions v(x) and w(x) which satisfy the conditions 

Ly = p; B,(v) = 0, B,(v) = 0 (1.1 1a) 

Lw =a; B,(w) = 0, B,(w) = 0 (1.11b) 

then the solution of (1.10) is given by u(x) = o(x) + w(x). This is easily 

verified by adding (1.11a) and (1.11b), and using the linearity property of L, 

B,, and B,: 

Lv + Lw= pa; B,(v) + B,(w) = 0 for j = 1,2 (1.12) 

so that 

Lw+ w)= 9; Biv + w) = 0 for j = 1,2 (1.13) 

But the conditions (1.13) are exactly those to be satisfied by u, so that u = v 

+ w, as claimed. 

In the case of the system (1.10), the boundary conditions are homogeneous 

[i. e., all of the c,’s in (1.6) are zero], whereas the differential equation is not 

(since Lu is equal to ¢, and not zero). Of course, if both the differential equa- 

tion and the boundary conditions were homogeneous then the solution would 

simply be u = 0. The presence of a nontrivial solution is, in fact, directly 

dependent on the presence of some form of non-homogeneity in the problem, 

either in the differential equation and/or in the boundary conditions. 

It is customary, in developing the method of Green’s functions, to require 

that the boundary conditions be homogeneous, with all of the inhomogeneity 

contained in the differential equation. The case of inhomogeneous boundary 

conditions is then dealt with by a suitable modification of the basic method. 

Our development, however, is slightly different, and will not require the homo- 

geneity of the boundary conditions. 

Before actually discussing Green’s functions it is important to get two more 

preliminaries out of the way: introduction of (1) the adjoint operator and (2) 

the delta function. These will be discussed in the next two sections. 

EXERCISES 

1.1. Determine whether the following differential operators are linear or non- 

linear, by applying the basic definition (1.2): 
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(a) Lu =u" + xu' + 6u 

(b) Lu = uv” — sinu 

(c) Lu = uw’ + |u|, where the bars denote “absolute value of” wu. 

1.2. Determine whether or not the following functionals are linear, by apply- 

ing the basic definition of linearity: 

(a) A(u) = u(0) — 3u'(z) ~—s (©) F(u) = u'(0) 

(b) F(u) = u(0) + 2 (d) F(u) = ip u(x) sin x dx 

1.3. Prove that if F is a linear functional (over a domain which contains the 

function u = 0) then Y(0) must be zero. 

1.4. What is the range of each of the functionals defined in Exercise 1.2 if 

their domains consist of the set of all functions, defined over 0< x <2, 

which are differentiable and less than 10 in absolute magnitude? 

1.5. What is the range of the function f(x) = x? if its domain is the interval 

—1< x<4? What is the domain of the function f(x)=sin x correspond- 

ing to the range 0 < f(x) <1? 

2. THE ADJOINT OPERATOR 

One way to introduce the so-called formal adjoint differential operator 

L*, associated with L, is to form the product vLu, and integrate it over the 

interval of interest.° By means of repeated integration by parts, the result can 

be expressed in the form 
b b dy) 

elu dx =[---]| + [uly dx (2.1) 

In this calculation, the functions u and » are understood to be completely 

arbitrary (except for being sufficiently differentiable for Lu and L*v to exist); 

they are not necessarily solutions of any particular differential equation. 

To illustrate the procedure, consider the general linear second order dif- 

ferential operator 
q 

L = a(x) % + ox) 4 + of) (2.2) 

The product vLu then consists of three terms. If we integrate the first by parts 

twice, the second once, and the third not at all, we find easily that 

5 Whereas L* is fairly common notation for the formal adjoint of the differential 
operator L, we note that in some books asterisks are used to denote complex conjugates, 
with Lt used for the formal adjoint differential operator. 
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b b 

J vLu dx = J (vau'’ + vbu' + vcu)dx 

b b 

= (vau’ + vbu)| + I [—(va)’u! — (vb)'u + veujdx 

b b 

= [vau’ + vbu — (va)'u] | + i [(va)"’u — (vb)'u + veuldx 

= [avu' — (av)'u + boul | + if ul(av)’ — (bv)! + ev]dx 

(2.3) 

Comparing (2.1) and (2.3), then, we see that 

L*v = (av) — (bv)' + cv 
(2.4) 

= av" + (2a' — b)v' + (a” — b' + c)v 

so that 

Leg (a ya bc) (2.5) 
ax dx ; 

As an aside, we note that the formal adjoint differential operator also arises 

in another context, namely in connection with an integrating factor, say p(x), of 

our equation Lu = ¢. First, we say that our nth order differential operator L 

is exact if there exists an (n — 1)th order differential operator L, say, such that 

L = (d/dx)L. (The interest in exactness is obvious; if L is exact, then a first 

integral of the differential equation is readily available.) If L is not exact then 

we may consider instead the equation pLu = pd where p(x) is to be chosen so 

that the new differential operator pL is exact. Considering our second order 

differential operator (2.2), for example, we require that 

paul’ + pbu' + peu = (au' + Bu)’ 

= aul’ + (a + Byu' + pu 

or, 

pa = 6 (2.6a) 

ph=a'+ fp . (2.6b) 

pc = po (2.6c) 

Now, (2.6a) implies that a’ = (pa)’ so that, from (2.6b), 8 = pb — (pa)’. Dif- 

ferentiating this, and using (2.6c), we have f’ = (pb)’ — (pa)'’ = pc. That is, 

having eliminated « and f from equations (2.6), we see that integrating factors 

of L are found as solutions of the differential equation 

(ap)” — (bp) + cp =9 (2.7) 
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or, recalling (2.4), 

L*p=0 (2.8) 

In the event that L = L* we say that L is formally self-adjoint. For our 

second order differential operator to be formally self-adjoint we see, by com- 

paring (2.2) and (2.4), that the coefficients must be related such that 

b=2a'—b and c=a’—bd'+ec (2.9) 

These relations will be satisfied if and only if b = a’, so that a linear, formally 

self-adjoint, second order differential operator can be expressed in the form 

2 

L=aS, tad Zt+e=F (at) +e (2.10) 

Actually, for the case of second order differential operators, Lu = ¢ can always 

be thrown into formally self-adjoint form, even if it is not formally self-adjoint 

to begin with; see Exercise 2.3. However, comparing (2.2) and (2.5) for the 

case where a = 0, observe that first order differential operators cannot be for- 

mally self-adjoint. 

For the case where the boundary conditions associated with L are homo- 

geneous, we define not only a formal adjoint differential operator L*, but also 

an adjoint operator #*. Specifically, #* is defined by the relation 

(Lu, v) = (u, L*v) (2.11) 

where the symbol (f,g), generally called the inner product (sometimes the 

scalar product, or dot product) of f and g, is defined here by 

(f,8) = [ fle) a(x) dx (2.12) 

Comparing (2.11) with (2.1), we observe that #* consists of the differential 

operator L* plus boundary conditions which are such that the boundary terms, 

arising through the integration by parts, all vanish. 

: For example, consider ¥ to consist of L = d/dx over the interval 0 < x 

< 1, together with the boundary condition u(0) = 3u(1), that is B(u) = u(0) 

— 3u(1) = 0. Integrating by parts, 

1 1 1 

(Lu, v) = J UOaxi— (us)| — J uv' dx 
0 0 0 

= u(1) o(1) — u(0) o(0) + (u, L* v) (2.13) 

= u(1) [o(1) — 30(0)] + (@, L*2) 
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Now, since u(1) is not specified, it need not be zero. For the boundary term to 
vanish, we therefore require of v that v(1) — 30(0) = 0. Thus, #* consists of 
the differential operator L* = —d/dx over 0< x <1, together with the 
adjoint boundary condition B*(v) = 30(0) — v(1) = 0. 

As one more example, consider FY to consist of L = d”/dx? over the 
interval 0 < x < 1, plus the boundary conditions B,(u) = u(0) = 0 and B,(u) 
= u'(1) = 0. Then 

(Lu, v) = j uly dx = (u'v — uv’) ; + j uv" dx 

= 0 — u(1)v'(1) — w’(0)o(0) + 0 + (u, L* v) 
(2.14) 

so that #* consists of L* = d*/dx? over 0 << x < 1, plus the boundary con- 
ditions B*(v) = o(0) = 0 and B¥(v) = v'(1) = 0. In this case we have Z* = 

L£; that is, L* = L and BY = B, for j = 1,2. We then say that F is self- 
adjoint.° 

EXERCISES 

2.1. Determine the adjoint operator #* for each of the following operators: 

(a) L = d?/dx* over 0 < x < 1; B,(@) = u(0) = 0, B,(u) = v'(0) = 0. 

(b) L = d?/dx> — sin x d/dx + 3 over OX x<a; B,(u) = u(0) = 0, 

B,(u) = u'(0) = 0, B,(u) = u’’(0) — 4u(x) = 0. 

(c) L=d/dx + 1 over0<x < 0; Blu) = u(0) = 0. 

(d) L = d?/dx? + 1 over0<x< 1; B,@) = u(0) = 0, BLY) = u(1) = 

0. 

Which of these operators are self-adjoint? Which of the differential 

operators are formally self-adjoint ? 

2.2. If L* is the formal adjoint of an nth order differential operator L, show that 

the formal adjoint of L* is, in turn, L; that is, (L*)* = L. (It is under- 

6 The term Hermitian is also used in the literature, but perhaps is best reserved for 

situations where complex-valued functions are present. In that case, a complex-type scalar 

product 

G2) = J. Fee dx 

is often used, where f(x) and g(x) are complex-valued functions of the real variable x, and 

f(x) means the complex conjugate of f(x). 
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2.3. 

2.4. 

2.5. 

2.6. 
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stood, throughout this book, that the letter L denotes a /inear differential 

operator.) 

Show that even if the differential operator L = a(x)(d?/dx?) + b(x)(d/dx) 

+ ¢(x) is not formally self-adjoint, oL will be if we choose 

o = exp {f° ax} 
As an application of this result, show that the inhomogeneous Bessel 

equation of order k, x?u’’ + xu’ + (x* — k*)u = ¢, can be made formally 

self-adjoint by multiplying the whole equation through by I/x. 

To see why we required homogeneity of the boundary conditions in de- 

fining the adjoint operator #*, let us try to determine #* for a case 

where the boundary conditions are not homogeneous. For example, con- 

sider Y to consist of the differential operator L = d?/dx* + d/dx +x 

over 0 < x < 1, plus the boundary conditions u(0) = a, u(1) = 0. Show 

that three boundary conditions, v(0) = v(1) = v’(0) = 0, are needed for 

the adjoint operator, whereas L* is only of second order! This is generally 

known as a Sticky wicket. 

Verify that equations (2.9) are satisfied if and only if 5 = a’, as claimed. 

If L, and L, are linear differential operators, show that (L, + L,)* = L*¥ 

+ L}, where the combination “L, + L,” is understood operationally to 

mean (L, + L,)u = L,u + Lu. 

It is sometimes convenient to include a weighting function, w(x) say, in the 

definition of the inner product: 

(fg) = | fe) eC) we) dx 
Show that the differential operator L=d?/dx* + (1/x)d/dx + 1, over the 

interval a < x < b, is formally self-adjoint if the above inner product is 

used, with w = x. 

We proved, in the text, that integrating factors p(x) of the differential 

operator L = ad*/dx? + bd/dx + c, defined over an interval a < x< b, 

are found as solutions of the equation L* p = 0. A more compact proof, 

valid for L of any order, is as follows: For all functions u(x) which are 
sufficiently differentiable over a, b for Lu to exist there, and defined to be 

zero outside of a, b, we have 

0=Iu a = fi (4) Lu dx = ita plu dx = ts uL* p dx 

Explain why each step is valid, and why the final result implies that L* p 
= 0 over a, b. 
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3. THE DELTA FUNCTION 

In physics and engineering we inevitably deal with the notion of “point 

actions”; i. ¢., actions which are highly localized in space and/or time. These 

include point forces and couples in solid mechanics, impulsive forces in rigid 

body dynamics, point masses in gravitational field theory, point charges and 

multipoles in electrostatics, and point heat sources and pulses in the theory of 

heat conduction, to name just a few. 

For example, suppose we press a circular coin against the edge of a metal 

plate of the same thickness, which extends over y > 0 and —co < x < o0, as 

shown in Fig. 3.1(a). We press with a unit force, and are interested in the result- 

ing stress field induced in the plate. To set up the boundary value problem we 

would need to know the force distribution, say w(x) lbs per unit x-length, ap- 

plied to the edge of the plate. However, the function w, which is probably of 

the form shown in Fig. 3.1(b), is not known a priori. We do know that it will 

be quite concentrated, and that 

w(x) 

Vili. YT, 

|» 
(a) (b) 

Ficure 3.1 Force applied to edge of plate. 

IE w(x) dx = 1 (3.1) 

so that its net force is unity, but its exact shape must be computed, together 

with the stress field, as part of the overall problem. 

On the other hand, we expect the induced stress field to be quite insensi- 

tive to the detailed shape of w,’ so that we might just as well simplify the prob- 

lem by assuming, a priori, a definite form for w, such as 

7 More precisely, two highly concentrated force distributions will induce essentially 

identical stress fields, except in the immediate neighborhood of their point of application, 

provided that they are statically equivalent; i. e., provided that their resultant forces and 

couples are identical. (In the present example there will be no couple, by virtue of the 

symmetry about the point x = 0.) This is known as Saint-Venant’s Principle. 
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k I 
Ts || pie > 2 k 

w(x) = : ore 
0, |x| = 7% 

or 

k 

for example, where & is a positive number. These are both statically equivalent* 

to the true w, and are quite concentrated for large values of the index &, as 

shown in Figs. 3.2 and 3.3. 

FiGure 3.2 Distributed force; Eq. (3.2). 

Carrying this argument to its logical conclusion, we let k — oo and obtain 

an idealized “point” force of unit strength, say d(x), acting at x = 0; that is, 

O(x) = lim w,(x) (3.4) 
kos 4 

Mathematically, this definition of the delta function is nonsense because the 
limit is infinite for x = 0. Since infinity is not acceptable as a function value, 

the right-hand side of (3.4) does not define a mathematical function! Never- 

theless, the delta function was widely used for many years after being intro- 

8 See Footnote 7. Note that both of these w, (x)’s satisfy (3. 1). 
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k increasing 

FiGure 3.3 Distributed force; Eq. (3.3). 

duced by P. Dirac,° before being defined rigorously as a generalized function 

by L. Schwartz.!° 

We introduce generalized functions through consideration of the func- 

tional 

J e@) Me) dx = Fh) (3.5) 

That is, to each function fA within some prescribed class Z of functions, called 

the domain of F, the left-hand side assigns a numerical value, F(h), as dis- 

cussed in Footnote 3 (pp. 3-4). The choice of the domain @ rests with us. It 

turns out to be especially fruitful to define J to consist of functions which are 

“very smooth,” and which decay “very rapidly” at infinity. For definiteness, we 

will take J to be the set of all functions, defined over —oco < x < o, which 

are infinitely differentiable, and which vanish outside of some finite interval. 

Now, suppose we start specifiying various functionals #. For example, 

suppose we choose F (h) to be the integral of h from ¢ to oo. Thus, 

f : e(x) h(x) dx = f : h(x) dx (3.6) 

9P.A.M. Dirac, The Physical Interpretation of the Quantum Mechanics, Proc. Roy. 

Soc., London, Section A113, 1926-1927, pp. 621-641. 

101, Schwartz, Théorie des Distributions, Actualités Scientifiques et Industrielles, Nos. 

1091 and 1122, Hermann & Cie, Paris, 1950-1951. 
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and it follows that the kernel"! g(x) must be the so-called Heaviside step func- 

tion,!” 

ieee (3.7) 
0, Vimg 

shown in Fig. 3.4. In this case, the kernel g turned out to be an “ordinary” 

function, i. e., in the classical sense. 

Je(Cer ta), 

E 

FiGureE 3.4 Heaviside step function. 

On the other hand, suppose we choose F (h) to be h(0), so that 

| z g(x) h(x) dx = h(0) (3.8) 

In this case it can be shown that no “ordinary” function g(x) exists such that 

(3.8) holds for all h’s in Y, and g is therefore understood to be a generalized 

function, defined by (3.8).'? We emphasize that g is thus defined by its action 

on a given function /, as spelled out by (3.8) or, in general, by (3.5). That is, 

we never talk about the “values” of a generalized function! 

In fact, we shall call the generalized function defined by (3.8) the delta 

function. That is, 

11 Integrands can sometimes be factored into “fixed” and “variable” portions. The 

fixed part is generally called the kernel. In (3.5), we insert various functions hf into the 

integrand, and hence generate the values F(h). Since the same function g acts on all of 

these h’s, we call it the kernel of the functional F. 

12 The value of H(x — €) at x = € is of no interest in the present applications; any 

finite value will do. 

13 Thus, generalized functions arise as the kernels of functionals, more specifically 

“linear, continuous functionals,” called distributions by Schwartz. For a precise definition 

of the term “continuous functional,” and a generally deeper discussion, we refer the inter- 

ested reader to the sources listed in the Suggested Reading. Our object here is twofold: to 

get at certain concepts and formulas which will be used in our discussion of Green’s func- 

tions and, at the same time, to give the reader who does wish to pursue this subject a 

“running start.” 
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[-_ 62) AG) dx = (0) (3.9) 

Although rigorous, this definition of d(x) (it seems to me) is somewhat 

abstract, and lacks the homespun flavor of (3.4)—which we recall was unac- 

ceptable rigorously because the limit failed to exist for x = 0. However, 

refusing to give up our picturesque w, sequences, we say that (3.4) is to be 

~- understood symbolically—in the sense that 

lim f ~ w,(x) h(x) dx = h(0) (3.10) 

Let us verify this for the w, sequence (3.2). We have 

: © ee ik: 
lim J we(x) h(x) dx = lim i h(x) dx 
k-00 J —0o k-00 —1/k 

A ; (3.11) 
= lim —> -hG)- [eee h(0) 

where, since the allowable h’s are continuous, the next-to-last step follows from 

the mean value theorem of the integral calculus, with € some number between 

—1/k and +1/k; clearly, € is forced to zero as k —> co. We therefore say 

that w,(x) defined by (3.2) is a 6-sequence. 

Observe that we take the limit of the integral, in (3.10), not the integral 

of the limit. Nowhere in (3.11) are we confronted with lim w,(x), so that the 

mathematical shortcoming of (3.4) is completely sidestepped. 

Verification of (3.10) for the w, sequence (3.3) is not as simple as it was 

for the piecewise-constant w,’s of (3.2). Instead of pursuing this, let us prove 

a more general result, which will apply to a wide class of d-sequences. 

Assertion. If w(x) is a nonnegative function satisfying | w(x) dx = 

1, then kw(kx) = w,(x) is a 6-sequence. 

Before proving this assertion let us use it to verify the sequence (3.3). 

Noting that 

o 1 

is nonnegative and has unit area, it follows that 

k 
w,(x) — kw(kx) = m1 + kx?) (3.13) 

is, in fact, a d-sequence. Now let us prove the assertion. 

Proof. First, we show that lim w,(x) = 0 as k — oo, for each fixed 

x ~ 0. Since w is nonnegative, and its integral from —oo to +o exists, it 
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follows that w(x) must be O(1/x'**) as |x| > co, where « > 0.4 Thus w;,(x) 

= kw(kx) = O(k » k-'-*x7!-*) = O(k-*) > 0 as k > © for fixed x # 0. 

Now let us express 

lim i e we(x) h(x) dx = lim i ie w,(x) [h(x) — h(O)] dx 

+ lim f w(x) h(0) dx. (3.14) 
k-00 J —co 

= I+ J, say. 

First consider J. 

J = h(0) lim J ” kw(kx) dx 
<e (3.15) 

= h(0) lim i _w() dé = h(0) lim 1 = h(0) 

We now hope to show that J = 0 so that the right-hand side of (3.14) will be 

h(0), as desired. Choose any number f > 0. Since h is assumed to be con- 

tinuous at x = 0, there must exist (by the definition of continuity) a number 

y > O such that |hA(x) — h(0)| < B whenever |x — 0| = |x| < y. Breaking up 

the J integral, 

I= lim{ " + lim |” +lim[ =h+h+4, (3.16) 
k-00 J —0o k-v00 J —y kro dy 

we observe that J, = J, = 0 since w,(x) — 0 uniformly (see Exercise 3.5), over 

—oo << x< —yand y< x < oo, ask — oo, Estimating J,, we have 

| < B lim f ” w,(x) dx = B lim f kw(kx) dx 
a he aa BT (3.17) 

= Blim |" w(é)aé = B 
Finally, since 8 can be chosen as small as we like, it follows that I, = 0, 

yielding the desired result. This completes the proof. 

We point out that whereas 6(x) acts at x = 0, we can have it act at any 

desired point simply by shifting the argument. Thus, 0(x — &) acts at x = €, 
q 

[oe — Oh) dx = © (3.18) 

14The “big oh” is the Bachmann-Landau order of magnitude symbol. By f(x) = 

O[g(x)] as x — xo, say, we mean that f(x)/g(x) is bounded as x > xp. Asa simple example, 

we have sin 6x = O(x) as x > 0, and O(1) as x > oo. According to asymptotic notation, by 

contrast, f(x) ~ g(x) as x — x, means that [ f(x)/g(x)] > 1 as x > xo. Thus, sin 6x ~ 6x as 

x > 0; for the limit x — oo, the asymptotic notation is of no help since there is no “simpler” 

function to which sin 6x is asymptotic. 
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As a matter of fact, it is even permissible, within the framework of 

generalized function theory, to “differentiate” the delta function. Recalling the 

basic definition (3.5) of a generalized function g, we see that defining the 

“derivative g’” really amounts to deciding what functional F (h) is defined by 

dig g'(x) h(x) dx (3.19) 

Staying as close as possible to “ordinary” function theory, so that our result 

will still be valid in the event that g is an “ordinary” function, let us “integrate 

by parts’: 

f_s'@) We) dx = 2) AG)| —[ e@N@dx 3.20) 
Note that we cannot prove that the integration by parts formula of classical 

function theory is valid for generalized functions since the formula contains g’, 

which has not yet even been defined. Indeed, we are using (3.20) to define g’! 

Let us examine the two terms on the right-hand side. The integral term 

is very nice because we already know how g acts on functions.'* The boundary 

term, however, causes some pain because it involves knowing the values of g, 

which are not defined. We circumvent this difficulty by simply throwing the 

boundary term away, and defining g' by the formula 

f ie g'(x) h(x) dx = — i ee 2(x) h'(x) dx (3.21) 

This is, in fact, valid in the event that g is an “ordinary” function, since then 

the boundary term drops out by virtue of the fact that the allowable /’s all 

vanish outside some finite interval. | 

To illustrate (3.21), let us take g(x) = 0(x — ¢). Then 6’(x — ¢) is defined 

by 

f ‘ O(x — OA(x) dx = — i es 5(x — &) h'(x) dx 

=-K© 
Repeating the process, the “jth derivative 6 (x — €)” is defined by the for- 

mula 

(3.22) 

fo 6 — © Ae) dx = (— 1 HE) (3.23) 

15 More precisely, we know how g acts on functions in the set 2. Because of the way 

we have defined J, the fact that A is in 2 implies that h’ is also. Thus we do know how 

g acts on h’. 
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It is interesting to take g(x) = H(x — @) in (3.21). Whereas the “ordinary” 

derivative H’(x — &) does not exist, because of the discontinuity in H(x — €) 

at x — €, H'(x — &) does exist as a generalized function. Namely, 

i « H'(x — © h(x) dx = — | - H(x — &) h(x) dx 
(3.24) 

= —[_ HG) dx = A) 

since h(co) = 0. But, recalling that 

[6G — 8) A(x) dx = A) (3.25) 

we see that 

H'(x — €) = d(x — ¢) (3.26) 

Equations like (3.26), which involve generalized functions, are understood in 

the sense that if we multiply through by an arbitrary A in Y, integrate from 

—oco to +00, and use the functional behavior of the generalized functions to 

evaluate the integrals, then the result will be an equality. As another illustra- 

tion of this convention, observe that 

xd(x) = 0 (3.27) 

Since xh(x) is in J, (3.27) follows from the fact that 

ib x0(x) h(x) dx = [xh(x)]lz-0 = 0 (3.28) 

Now let us proceed with our development of the method of Green’s 

functions. 

EXERCISES 

3.1. Sketch the following sequences, and verify that they are d-sequences: 

k, Oak 

WARTS fs x<Oandx>I/k 
0, [x] Ss f2k 

(b) w,(x) = 44k* x + 2k, —1/2k<x<0 

—4k*x + 2k, Om ek 

(c) w,(x) = ke“®**/./ 1. Hint: ih €r° dxiaw/ tf 
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3.2. 

3.3. 

3.4. 

(d) w,(x) = 42k, 1/2k < |x| < 1/k 

0, |x| > 1/k 

Hint: Our assertion does not apply in this case. 

Instead, follow the lines of equations (3.11). 

Inverting the order of integration in the Fourier integral theorem 

— l is bane . —tax fG) = 55) eda [ flse"*dx 
and noting that the formula is valid for all f’s in our set F (called the set 

of testing functions in the literature), obtain the following integral form 

for the delta function. 

be -Q=pf eda 

Expressing 

; ae - i(€ — x)o __ 4:,, Sin k(x — ¢) lim 55) ode = lin 
suggests that 

w(x) = nee 2,8 

is a 0-sequence. Sketch w,(x). 

Sketch the function 

1 1—p 
2x1 + pw — 2 cos(x — €)’ i! K(x—-G wW= 

over 0 < x < 27, for some fixed value of € in the interval, and a few 

values of the parameter 2; for example, u = 0, 0.5, and 0.99. Noting that 

2n dx 2n 

pale acos es) .W/ Pea 

if a? < 1, verify the symbolic equation 

lim K(x — €; uw) = d(x — 4) 

That is, 

lim [K(x — €5 a) A(x) dx = WE) 

Following the lines of equations (3.11), verify that 
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—k?*, 0<x< I/k 

WAX) = 9k —I/k<x<0 

0, |x| > 1/k 

constitutes a 6’-sequence. Show that 6’(x) may be interpreted physically, 

in terms of force distributions for example, as a point couple of unit 

strength acting at x = 0 [whereas 0(x) is a point force of unit strength 

acting at x = 0]. In electrostatics we would call it a dipole. 

In reference to equation (3.10), it should be carefully understood that the 

position of the limit outside the integral sign is important. In other words, 

the limit of an integral is not necessarily equal to the integral of the limit. 

Sufficient conditions for the equality 

tim f° fi(x) dx = flim fi, de (A) 

are that lim f,(x) converge to F(x), say, uniformly over a < x < b. [That 

is, to each positive €, no matter how small, there exists an N such that 

F(x) —€ <fi,(x) < F(x) + € over a < x <b, for all k’s exceeding N.] 

To illustrate, consider the simple case where a = 0, b = | and f;, is as 

shown in the figure. 

Ck 

Ai 
2k k 

(a) Choosing c, = 2k, show that the f, sequence does converge but not 
uniformly, and that the left side of (A) is unity whereas the right side 
is zero. [Hint: The limit function F(x) is identically zero over 0 < x 
< 1, despite the fact that the triangular “spike” grows with k! To un- 
derstand this, observe that for each fixed x > 0, no matter how small, 
k eventually reaches a value such that the spike is completely to the 
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3.6. 

ETE 

3.8. 

oo. 

left of x, and remains there for all subsequent k’s. For x = 0, each f, 
is zero. Thus lim Tike 0 | for 0x <1} 

(b) Choosing c, = 1 for all k’s, show that the f,’s do not converge uni- 
formly, and that both sides of (A) are zero. [This shows that uniform 
convergence of the f,-sequence is not a necessary condition for the 
validity of (A).] 

(c) Choosing c, = 1/k, show that the f,’s do converge uniformly, and 

that both sides of (A) are zero, 

Prove that 

(a) e*d(x) = d(x) 

(b) xd'(x) = —d(x) 

(c) (d*/dx*)|x)? = 126(x) 
Hint: |x| = 2xH(x) — x. 

Using Leibnitz’s formula (see Exercise 4.2), show that 

u(x) = f bx — €1 60) ab 
satisfies the differential equation u'’(x) = 2¢(x). 

Derive the formula 

i H(x — €) dx = (x — €)H(x — €) + constant 

Show that 6(€ — x) = d(x — €). More generally, show that if f(€) is a 

monotonic increasing or decreasing function of € which vanishes for € = x, 

then d[ f(€)] = 6(€ — x)/|f’(x)|. [By monotone increasing, for example, 

we mean that f(€,) > f(€,;) whenever €, > €,.] Hint: For a start, set f(€) 

equal to a new variable, say u. 

3.10. Find the second derivative of f(x), in terms of generalized functions, where 

f(x) is defined to equal x over |x| < 1, +1 for x > 1 and —1 for x <<—1. 

4. THE GREEN’S FUNCTION METHOD 

We now turn to the development of the Green’s function method for the 

solution of nth order linear ordinary differential equations, with boundary con- 

ditions which consist of linear combinations of the unknown and its derivatives, 

through order n — 1. 
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We have tried to keep these examples as simple as possible, while at the 

same time exposing the main ideas associated with the method. Thus, whereas 

we sometimes appear to be “cracking peanuts with a sledgehammer,” we believe 

that an understanding of these examples will leave the reader in a position to 

deal with more complicated applications. 

Example 1. Loaded String. Consider, first, the simple boundary value 

problem 

u(x) = @(x); -u(0) = u(1) = 0 (4.1) 

where (x) is prescribed. When given a problem in a purely mathematical 

form, it is often helpful to first recast it in physical terms so that we can ben- 

efit from whatever physical insight may be at our disposal. Accordingly, we 

note (see Exercise 4.1) that u(x) in (4.1) may be regarded as the static deflec- 

tion of a string, stretched under unit tension between fixed endpoints, and 

subjected to a force distribution $(x) pounds per unit length, as sketched in 

Fig. 4.1. This viewpoint will permit a simple interpretation of the resulting 

Green’s function. 

u(x) 

o(x) 

1 Ib wi 1 Ib 
ae —_>———- x 

0 1 

a Ficure 4.1 Loaded string interpretation of Eq. (4.1). 

Our starting point, in the solution of (4.1) by the method of Green’s 
functions, is equation (2.1) with “” replaced by G, the so-called “Green’s 
function.” Replacing the integration variable x by a dummy variable €, we 
have 

[Gt dQ =[---] J =e [ ue dé (4.2) 
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The boundary terms and L* are found easily by actually carrying out the 
integration-by-parts of the left-hand side, with L = d?/dé. At the same time, 
Lu in the left-hand side is equal to ¢, so that we have 

j G$ dé = (Gu! — uG,) ; ze i) UGex dé (4.3) 

where we have used subscripts on G instead of primes to denote differentiation 

since, as we shall see, G will be a function not only of the dummy variable €, 

but also of the fixed quantity x. Writing out the boundary terms in (4.3), 

J, 66.2) 6 af = GUL, x) w'() — u1) 6.1, 2) — GO, x) wWO) 
' (4.4) 

+ u(0) Ge(0, x) + | ue) L*G dé 
Now, if we choose G cleverly, (4.4) can provide us with the solution to our 

original problem (4.1). Specifically, if we require that L*G = 6(€ — x) then 

the last term is simply u(x). Now look at the four boundary terms. The first 

and third are somewhat unwelcome since, while u(0) and u(1) are given, u’(0) 

and u’(1) are not known a priori. However, we can remove these two terms by 

requiring that G(€, x) satisfy the boundary conditions G(0, x) = G(1, x) = 0. 

Thus, if our Green’s function satisfies the boundary value problem 

L*G = G,,(¢, x) = O(€ — x) (4.5a) 

G(0, x) = G(1, x) = 0 (4.5b) 

then the solution of (4.1) is given by 

u(x) = f GE, ») 6) dé (4.6) 
Finally, it remains to calculate the Green’s function. Integrating (4.5a) 

[with the help of (3.26) and Exercise 3.8], with x regarded as fixed, 

G,= HE€—x)+A 
(4.7) 

C=G—s)H¢ — x) ACB 

Imposing the boundary conditions (4.5b), 

GO,x) =0=0+0+8 (4.8) 

Gi1,x)=0=(—x)+A+4+8B (4.9) 

so that B = 0, A = x — 1, and hence 

GE) = (Gea) ee ae (ee I)e (4.10) 

CoMMENT 1. Having recast the statement (4.1) in terms of a loaded 

string, the Green’s function governed by (4.5) admits an obvious physical inter- 



24 Application to Ordinary Differential Equations / PART I 

pretation. Specifically, G(é, x) is the deflection, as a function of ¢, due not to the 

load distribution ¢ but rather due to a point load of unit strength, 6(€ — x), 

acting at the point € = x. Plotting (4.10) in Fig. 4.2, the result is, in fact, in 

accord with what we would expect on physical grounds. 

G(E, x) 

x 

0 1 : 

Ficure 4.2 Green’s function for Example 1. 

Rewriting (4.10) in the form 

Ppa 1 , € = x 

G(¢, x) = F (4.11) 
(¢ a 1 P34 € = x 

we observe that G is symmetric; G(¢, x) = G(x, €). That is, the deflection at 

& due to a unit load at x is equal to the deflection at x due to a unit load at €. 

This striking result, often referred to as “Maxwell reciprocity,” is illustrated 

graphically in Fig. 4.3. (We will examine this point in more detail in Com- 

ment 3.) We are now in a position to interpret (4.6). Because of the above 

reciprocity, G(é, x) is the deflection, as a function of x, due to a unit load at 

€. Clearly, then, G(é, x) 6(€) dé is the defiection due to an incremental load 

$(€) dé at €, so that (4.6) represents the superposition of the resulting incre- 

mental deflections. 

G(E, x) = G(x, &) 

FIGuRE 4.3 Maxwell reciprocity. 
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As a result, G is often called the influence function. It should be carefully 
noted that the superposition nature of (4.6) is a consequence of the linearity of 
the operator ¥ of the system (4.1); namely, L = d?/dx*, B,(u) = u(0), and 
B,(u) = u(1). In fact, it might be a good idea to reread the discussion of super- 
position in Section 1, starting with the paragraph following equation (1.8). 

COMMENT 2. We point out that the boundary terms do not always vanish. 

For example, suppose we modify our problem (4.1) by changing the right end 

condition to u(1) = a, say. Applying the same reasoning as before, we again 

want G to satisfy (4.5), so that the Green’s function is the same as before. The 

only difference is that the second boundary term in (4.4) does not vanish. 

Specifically, 

u(1) G1, x) = aGAE, eur = afl +(x — Deer = ax (4.12) 
so that instead of (4.6), we have 

u(x) = ax + G(E, x) 6(€) dé (4.13) 

with G given, again, by (4.10). Observe that our basic procedure remained 

unchanged here, even though the boundary conditions were no longer homo- 

geneous. 

COMMENT 3. Let us examine the observed reciprocity of G in more 

generality. Recall that G satisfies a system of the form 

L*G(é, x) = 6(€ — x), plus suitable homogeneous boundary (4.14) 

conditions, say B. C. 

Denoting the operator of (4.14) (i.e., the differential operator L* plus the homo- 

geneous boundary conditions B. C.) as Y, we note that associated with G is its 

adjoint G*, consisting of the differential operator (L*)* = L (recall Exercise 

2.2 ) plus certain other homogeneous boundary conditions, say B.C.*, as re- 

quired by (2.11). Thus, corresponding to Y* there is a so-called adjoint Green’s 

function, say G*, which satisfies 

(L*)*G*(E, xo) = LG*(E, xo) = OE — Xo), (4.15) 

plus suitable homogeneous boundary conditions, B. C.* 

where we have introduced the zero subscript on x since the x,’s in (4.15) need 

not be the same as the x’s in (4.14). 
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Now, taking u and v in (2.11) to be G*(€, xo) and G(é, x) respectively, 

and using (2.12), (4.14), and (4.15) we have 

f° 5 — x0) GE, x) a = [ G*CE, x0) 5G — x) ab 
or 

G(Xo, xX) = G*(x, Xo) (4.16) 

In our Example 1, Y was self-adjoint, so that (4.16) reduced to the simple 

symmetry condition 

G(%p, x) = G(x, Xo) (4.17) 

EXERCISES 

4.1. Verify the equivalence between our differential equation u’’ = ¢ and the 

loaded string interpretation of Fig. 4.1. That is, consider the vertical 

equilibrium of elements of the string, subject to the linearizing assumption 

of small slopes, i.e., |u’(x)|<1 over O<x<1, where the double 

inequality means “‘very much smaller than.” 

4.2. Verify, by direct differentiation, that 

u(x) =f Gbdé =(x— Df EOE + xf E- GORE 
does in fact satisfy the boundary value problem (4.1). [Recall the Leibnitz 

formula for differentiation of the integral 

Ix) = J" AG x) a 
with respect to x, namely, 

aE 2 ofr db _ da Fe Soda % + SOO). IE — flaw), 1 

provided that f and 0f/dx are continuous functions of both arguments, 
and that a(x) and b(x) are differentiable. As a special case, a and/or b can 
of course be constants; finite constants, that is, since the case of infinite 
limits is somewhat singular and requires further restrictions on the in- 
tegrand. In the event that a(x) is a finite constant, b(x) = x, and if. 
depends only on €, the Leibnitz formula reduces to the well-known 
fundamental theorem of the integral calculus 
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SJ 1 a = fo) 
provided that f is continuous. ] 

4.3. Instead of using the method of Green’s functions, solve (4.1) by direct 

integration. That is, integrating twice and then invoking the required end 
conditions yields 

u(x) = f it $(t) dz dé — xf d@ae dé 

Inverting the order of integration in both these integrals and shaking the 

result slightly lead to the form quoted in Exercise 4.2. Alternatively, the 

two integrals above can be integrated by parts; in the first integral, for 

example, set 

f : o(t) dt =“u? and dé = “dv” 
0 

[It’s interesting to note that the direct integration of (4.1) is not as trivial 

as we might expect. The difficulty is due, in fact, to the “boundary value” 

nature of the problem, i. e., the presence of conditions at both endpoints. 

By contrast, if we replace the boundary conditions by “‘initial’’ conditions, 

say u(0) = a and w'(0) = 5, then direct integration is trivial.] 

Example 2. A More Complicated Operator. As our second example, 

we have chosen the problem 

u”’ + 3u’ + 2u= ¢g; u(1) = 2u(0) 

u{i)i—a2 

because it illustrates several important features not present in Example 1. 

Specifically, L is not formally self-adjoint, the first boundary condition is mixed 

(i. e., it involves values at both endpoints), and the differential equation for the 

Green’s function is not directly integrable, as it was in Example 1. Of these 

features, the first two will require no modification at all in the method outlined 

in Example 1. 

Proceeding as before, we integrate by parts: 

(4.18) 

i‘ GLu dé = fw" + 3u + 2u) dé 

= (Gul — G.u + 3Gu) , 4 i Gee — 3G, + 2G) dé 

= u(0) [6G(1, x) — 3G(0, x) — 2G,(1, x) + G0, x)] 

+ aG(1, x) — G(0, x) u'(0) + i uL*G dé 

(4.19) 
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We next require that G satisfy L*G = 6(€ — x), plus boundary conditions that 

are chosen so as to remove the unwelcome u(0) and w‘(0) terms on the right- 

hand side of (4.19). Thus, if our Green’s function satisfies 

L*G = G,, — 3G, + 2G = 0(€ — x) (4.20) 

together with the boundary conditions 

G(0O, x) = 0 (4.21) 

6G(1, x) — 2G1, x) + G0, x) = 0 (4.22) 

then the solution from (4.19), with Lu replaced by ¢ will be given by 

1 

u(x) = —aG(1,x) + | GE, x) $6) a (4.23) 
Let us now determine G. We see that equation (4.20) is not quite as simple 

as the differential equation (4.5), which we were able to solve by direct 

integration. Recalling that 6(€ — x) = 0 for all € # x, it will be convenient 

to split the interval into two parts, O<€< x and x <€<1 (in each of 

which L*G = 0).'® Clearly then, 

At + BX, O<é<x (4.24a) 
Ce* + De*, x. esa (4.24b) 

To determine the coefficients A, B, C, and D, we have the two boundary con- 

ditions which become 

GE, x) = { 

A+B=0 (4.25) 

A+ 2B + 4eC + 22D =—0 (4.26) 

plus two “matching” conditions, which blend the two parts of (4.24) suitably 

at € = x. Suitable matching conditions will become apparent if we integrate 

the differential equation (4.20) from “x — 0” to “x + 0”:!7 

fi, Gee — 36, + 26) a = "5 — x) a 
(4.27) 

x+0 eT 

— 3G 
x0 

G; 
0 x+0 

+2] Gdé =1 
x-0 +0 

4 

If we demand that 

16 This step, as we have stated it, is somewhat heuristic since it involves talking about 
the values of 6(€ — x). For rigorous treatment of this point we refer the reader to B. 
Friedman, Principles and Techniques of Applied Mathematics, Wiley & Sons, New York, 
1956, Chapter 3: 

17 By f(x — 0), for example, we mean the “left-handed” limit of f at x, i. e., the limit 
of f(x — €) as € > 0 through positive values. 
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G(é, x) be a continuous function of € at € = x (4.28) 

then the second and third terms of (4.27) drop out, exposing the jump condi- 
tion on the slope, 

G,| =1 (4.29) 

That is, G is continuous at € = x, but has a “kink” there. This could also have 

been seen heuristically from (4.20) as follows. The presence of the delta func- 

tion on the right-hand side implies that the solution G must be somewhat 

singular at € = x. Since differentiation ‘makes singularities even more singular, 

we expect the delta function behavior to be borne by the highest derivative in 

the left-hand side, namely G,,. Working backward then, G, should have a 

finite discontinuity at € = x, and G should be continuous there—but with a 

SKINK,< 

In terms of A, B, C, D, conditions (4.28) and (4.29)!° become 

A + Be* — C— De*=0 (4.30) 

— Ae* — 2Be** + Ce* + 2De** = 1 (4.31) 

(Remember that x is regarded as a constant here. The running variable is €.) 

Solving equations (4.25), (4.26), (4.30), and (4.31), we obtain the result 

z (2¢2-2* — del) (ek —&), O0<E<x 

GG, x) = + [(2e*-* — 2et — 1) et* (4.32) 

+ (4e — 4e!-* + e-*) e%~*], Nae Ce | 

where k = 1 — 4e + 2e*. It comes as no surprise that G(€, x) is not symmetric 

since the differential operator is not self-adjoint. 

EXERCISES 

4.4. Use the above method of piecewise integration to re-derive the Green’s 

function (4.11) of Example 1. 

4.5. Find the Green’s function, and hence the solution for each of the follow- 

ing systems, where the interval isO<x< 1 in each case. 

18 That the Green’s function is not always continuous at €= x will be seen in Exercise 

4.9. 

19 Note carefully that to calculate G at x — 0 we use (4.24a) with ¢ set equal to x, and 

to calculate it at x + 0 we use (4.24b) with € set equal to x. 
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(a) u’ —Ku=9; u(0) — u’(0) = a, u(1) = b 

(b) uv’ =¢;  u(0)=0,u'(0) =0 
(c) wv’ + 2u’ + u=0; u(0) = 0, u’(0) = 1 

4.6. For Exercise 4.5b, identify the operators Y and Y* (recall Comment 3 of 

Example 1), compute G and G*, and hence verify the symmetry condition 

(4.16) for this example. 

4.7. Solve the problem (xu’)' — (1/x)u = 1, u(0) = u(1) = 0, by the method 

of Green’s functions. Hint: The boundary terms in the integration by parts 

are found to be 

G(1, x)u'(1) — G1, x)u(1) — GO, x) - 0- w’(O) + 0 - G0, x)u(0) 

Since u’(1) and u’(0) are not prescribed, it appears that we should require 

G(1, x) = G(O, x) = 0. But due to the zero factor in the third term, we 

need only require that G(1, x) = 0 and G(0, x) = finite. 

Example 3. Infinite Beam on Elastic Foundation. Thus far, we have 

applied the method to second order differential operators defined over finite 

intervals. On the other hand, let us consider an infinitely long beam on an 

elastic foundation. According to the classical Euler beam theory,” the deflec- 

tion u(x) resulting from a load distribution p(x) pounds per unit length satisfies 

the differential equation 

(Elu’)" = p(x) (4.33) 

where the “flexural rigidity” of the beam EJ may be a function of x. We con- 

sider both EJ and the “foundation modulus” k (i.e., the spring constant per 

unit x-length) to be constant, and the prescribed loading to be w(x), as shown 

in Fig. 4.4. Now, p(x) is the net loading, consisting of w(x) downward, and the 

spring force ku(x) per unit x-length upward. Thus p(x) = w(x) — ku(x), and 

(4.33) becomes 

Elu!'"” + ku = w(x) (4.34) 

or 

wi Ca, ° 4— k = Me ul" + atu = W(x); where a* = EI and W= EI (4.35) 

As in the previous examples, we integrate by parts: 

20 See, for example, S. Timoshenko, Strength of Materials, part I, D. Van Nostrand, 
Princeton, N. J., 1955. 
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ll 

Yj 

k u(x) 

FiGureE 4.4 Infinite beam on elastic foundation. 

is GLu dé = lee G(u''” + atu) dé 

= (Gu — G.u' + Gav — Geet). +f ube dé 

(4.36) 
where L* = d*/dé* + a* = L. Thus far we have not mentioned any boundary 

conditions on u. Let us merely assume that the applied loading W(x) is suf- 

ficiently mild so that uw, u’, u’’ and u'” are all finite at |x| = co. Then, requiring 

that 

L*G = Greece + a*G — (q al x) (4.37) 

together with the boundary conditions G = G, = Gz. = Gz, = 0 at |x| = ©, 

we have the solution 

u(x) =f GE, x) Wak (4.38) 

provided, of course, that we can compute the Green’s function. 

Rather than pursue a piecewise solution of (4.37), it is more convenient to 

leave the infinite interval intact and to Fourier transform”! on the variable ¢. 

Specifically, we multiply each of the three terms in (4.37) by exp (—imé) dé 

and integrate from —oo to + oo. Integrating the G,,.. term by parts four times 

and applying the boundary conditions, it follows that 

21 We leave the piecewise solution for Exercise 4.10, and will use this opportunity to 

introduce the application of integral transform methods. The Fourier and Laplace trans- 

forms will again be used, occasionally, in PART II. A comprehensive treatment of this 

subject may be found in R. V. Churchill, Operational Mathematics, 2nd ed., McGraw-Hill 

Book Company, New York, 1958. 
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atG + atG =e! (4.39) 

where the Fourier transform of G is defined by 

Go,x) =| GE, x) ede (4.40) 

Whereas (4.37) was a differential equation on G, the transformed equation 

(4.39) is an algebraic equation in G. Solving it, we obtain 

~ = e~iox 

G= ae (4.41) 

The well-known Fourier inversion formula then yields 

ena Life Ccenteniy eet os I cop ongcar sd) 
SC) On er ely or eae ce 

le-x|/V2 |e | Ceo alex - (ale — x 1 
= Sp 8a ("ag +4) 

the last step following upon application of the residue theorem (for those who 

are acquainted with complex variable theory). 

COMMENT 1. Comparing (4.37) with (4.35), it is clear that G(€, x) repre- 

sents the deflection, as a function of the running variable €, due to a point load 

of unit strength acting at € = x, as sketched in Fig. 4.5. 

G(&, x) 

FiGureE 4.5 Green’s function for Example 3. 

COMMENT 2. If we had used piecewise integration we would have used 

the matching conditions G, G. and G,. continuous at € = x, and 
q 

x+0 

Geez is 1 (4.43) 

following the same reasoning as in Example 2. The reader can easily verify 

that these conditions are, in fact, satisfied by the Green’s function (4.42). 
Physically (from Euler beam theory), (4.43) is a statement of the fact the 
“shear” jumps by unity as we pass from € = x — 0 to x + 0 due to the con- 
centrated unit load at x. 
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CoMMENT 3. Note that the singular nature of G varies from case to case. 
In the present example, G, G, and G,, are all continuous functions of €, and it 
is not until we get to the third derivative G,.. that the singularity at x becomes 

exposed; recall (4.43). By contrast, the Green’s function of Example 1 was 

more singular, in the sense that its first derivative broke down at € = x. In 

fact, the Green’s function of Exercise 4.9 is not even continuous at € = x. 

EXERCISES 

4.8. Show that the solution of the initial value problem 

¥+@?x=/f(t) for t>0 [x(0) and x(0) prescribed] 

by the method of Green’s functions, where the dots denote differentiation 

with respect to time, is 

og x(t) = =) sin wt + x(0) cos wt + fo G(t, t) ft) dt 

where G(t, t) = [sin w(t — t)]/@ for t <1, and 0 for t >t. Why is 

G(t, t) not symmetric in its two arguments T and t? 

4.9. Solve the simple initial value problem 

u’=q for x >0 [u(0) prescribed] 

by the method of Green’s functions. In contrast with our previous 

examples and exercises, we emphasize that the Green’s function G(¢, x) 

= H(é — x) — 1 is not continuous at € = x. 

4.10. Obtain the Green’s function (4.42), for Example 3, using the “piecewise” 

approach developed in Example 2. 

4.11. Find the Green’s function, and hence the solution, of the system 

w= d; u(0) = 0, u’(0) = 2u'(1), u(1) = a, u’(0) = 0 

Example 4. A Bessel Equation. Solution of the system 

(xu’)’ + k?xu = (x); u(0) finite, u(b) = 0 (4.44) 

where ¢(x) is prescribed is no more difficult than the preceding examples, 

despite the nonconstant coefficients in the differential operator, and the finiteness 

boundary condition. 

Integrating by parts, we find that 
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f’ Ghu df = (66, x) u@ — GE, ») Eu’ + J “uL* Gdé 
= G(b, x) bu'(b) — G.(b, x) bu(b) — G0, x) -0-u'(0) 

+ G(0, x)-0-u(0) + f ; uL* Gdé 

(4.45) 

Of the four boundary terms on the right-hand side, the second and fourth drop 

out, since u(b) = 0 and u(0) is finite. The first and third, however, are unwel- 

come since u’(b) and u’(0) are not prescribed. We therefore eliminate them by 

requiring that G(0, x) be finite and that G(b, x) = 0. Setting L*G = d(€ — x), 

as usual, and noting that Lu = @, the solution of (4.44) is therefore given by 

“eb 

u(x) = | GCE, x) $(6) a8 (4.46) 

where the Green’s function satisfies the boundary value problem 

L*G = LG = (6G); + PEG = 6 — x) (4.47) 

G(0, x) finite, G(b, x) = 0 (4.48) 

To proceed with the determination of G, we split the interval into two 

parts, 0 < € < x and x < € <b, in each of which G satisfies the homogeneous 

equation 

(@G,), + PEG =0 (4.49) 

Now except for the presence of the k? factor, this would be a Bessel equation 

of order zero. But the k* can be “absorbed” by a simple stretching or con- 

tracting of the independent variable; setting k¢€ = p, (4.49) reduces to the 

Bessel equation 

(pG,), + pG =0 (4.50) 

the general solution of which is a linear combination of Jo(p), the Bessel func- 

tion of first kind and order zero, and Y,(p), the Bessel function of second kind 

and order zero. These admit expansions of the following form? 

¥ 

Ip) = Sehr (4.51a) 

~lasp—0 (4.51b) 

22 The definitive text on Bessel functions is G. N. Watson’s A Treatise on the Theory 
of Bessel Functions, 2nd ed., Cambridge University Press, London, 1952. 
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¥(p) = 2 E + In go Jp) + 2 ee 
a (1!) 

_ 2 (p/2)* a2 (p/2)° area 
z (iP (1+ glee Gly (+543) eat 

(4.52a) 

a (2) In pas p—0 (4.52b) 

where y is Euler’s constant 0.5772157.... Thus, 

Gé.x) = (ee) BY AKG) at HOR Cc x (4.53a) 

"LIKE + DYKE, = x <E<d (4.53b) 

Observing from (4.52b) that Y,(ké) is infinite at € = 0, the finiteness condi- 

tion on G(0, x) implies that B = 0. The second of conditions (4.48) implies 

that 

CJo(kb) + DY,(kb) = 0 (4.54) 

Thus far we have only one equation, (4.54), in the three remaining un- 

knowns A,C,D. In order to obtain two more equations we must suitably 

“match” the two parts of the solution, (4.53a) and (4.53b). Continuity of 

G(é, x) at € = x implies that 

AJ) kx) = Ch(kx) + DY (kx) (4.55) 

Finally, we integrate (4.47) from x — 0 tox + 0: 

x+0 x+0 

fo GGdeaé +] 8G ag = 1 (4.56) 

The second integral vanishes because the integrand is bounded and the interval 

is infinitesimal. Integrating the first term, we obtain the jump condition 

x+0 ] x+0 

6)" =lo G| =+ (4.57) 
x-0 

Evaluating G, at x + 0 from (4.53b) with ¢ set equal to x, and at x — 0 from 

(4.53a) with € set equal to x, we obtain 

kAI (kx) — kCI(kx) — KDYWkx) = —t (4.58) 

where the primes denote differentiation with respect to the argument. 

Solving (4.54), (4.55), and (4.58) for A, C, and D, we have 
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Bed Io(kx) Yo(kb) — Jy(kb) Yo(kx) 

A= — Fy TARb) Lik) Yk) — kx) Yoke OP) 

iy ee cS | 
C= ~Kex TR) Lolkx) Yatkx) — Jolkex) YoCkx)] (4590) 

D = — 2 ey Vik A YS) (4.59c) 
kx I(Kx) Yo(kx) — Jo(kx) Yo(kx) 

Actually, these expressions can be simplified. Since Jo(p) and Y,() satisfy the 

Bessel equation (4.54), we have 

pJo + Jo + pJo = 0 (4.60a) 

pYe + ¥5+ pY=0 (4.60b) 
Multiplying the first by Yj, the second by Jo, and subtracting, we obtain 

PIC Yo — Yodo) + (Yodo — Jo Yo) = 0 (4.61) 
or 

qpl¥oss — Jo¥e)] = 0 (4.62) 
Thus, 

p(Y.Jo — Jo Ys) = constant, for all p (4.63) 

The value of the constant is most easily computed by evaluating the left-hand 

side, using (4.51) and (4.52), as p— 0. We find (Exercise 4.12) that the con- 

stant is —2/z. Setting p = kx, we therefore have 

kx[Yo(kx) Tlkx) — Jo(kx) Yi(kx)] = —2 (4.64) 

Using this to simplify A, C, and D, we finally obtain 

[J(kb) Yolkx) — Ja(kx) Yk FUB,  O<e<x 
GE») = 

MJo(Kx) 

(4.65) 
provided that kb does not coincide with a zero of the Bessel function Jo. If 

J,(kb) = 0, then the Green’s function does not exist. This situation will be dealt 

With in the next example, and then further clarified toward the end of Section 5. 

EXERCISES 

4.12. Verify that the constant in (4.63) is —2/z. 

Example 5. The Generalized Green’s Function. As our final example, 
we consider the system 
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u’ +u= G(x); u(0) = u(x) = 0 (4.66) 

where (x) is prescribed. Although not yet obvious, this example is somewhat 
singular, and will require special treatment. Proceeding as before, we integrate 
by parts: 

[ ots dé = [ow + u) dé 

(GG a) , +f uGe + @) a 

= G(x, x) u'(n) — G(0, x) u'(0) + i uL*Gd& (4.67) 

and hence require of G that 

L*G = G, + G = 6(€ — x); GOsx) = Ge; x)= 0 (4.68) 

As in Example 2, we split the interval into two parts, 0<€<x andx<¢€<z, 

in each of which L*G = 0. Clearly then, 

Asin € + B cos é, OS Cra x 
GEx={_ (4.69) 

Csin € + Dcosé, eG 

Application of the boundary conditions implies that B = D = 0. To obtain 

the matching conditions we integrate the differential equation (4.68) from 

x—Otox+0: 

[Ge + db = [5G — ak (4.70) 
Requiring G to be continuous at x, it follows that 

A=C (4.71) 

and (4.70) reduces to the jump condition 

G; al (4.72) 

or 

Ccosx —Acosx=1 | (4.73) 

Unfortunately, equations (4.71) and (4.73) in the two unknowns A and C are 

incompatible, so that our “usual” Green’s function does not exist!” 

To get at the source of this difficulty, consider for a moment the homo- 

geneous version of (4.68), 

V2 +v=0; v(0) = v(x) = 0 (4.74) 

23 Actually, this situation does not arise very often in practice. Nevertheless, it is well 

worth discussing, not only for the sake of completeness, but also because some important 

general features of linear equations will be brought out in the discussion. 
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This admits nontrivial solutions which are arbitrary multiples of sin ¢. “Dot- 

ting” v into equation (4.68), i.e., multiplying each term by v(¢) = sin€ and 

integrating from 0 to 7, 

J 2Gee + @) dé = J. 2G — x) ag (4.75) 

(vG, — 2,6) + [Gee + v) dE = (2) (4.76) 

so that, recalling (4.74) and the boundary conditions on G, we have the con- 

tradiction 

0 +0 = x(x) (4.77) 

One might say, then, that the difficulty is due to the fact that v(€) is not 

“orthogonal” to d(€ — x), that is, the right-hand side of (4.75) is not zero. This 

provides us with a clue as to how we can patch things up. Instead of requiring 

that G satisfy the system (4.68), let us require that 

L*G=Get+tG=6E—x)+F; GO,x)=G(a,x)=0 (4.78) 

where F is chosen such that o(€) = sin € is orthogonal to the combination 

6(€ — x) + F. We will now demonstrate that a suitable general form for F is 

F = a(x) v(€). That is, the constant « can in fact be chosen so as to obtain 

the desired orthogonality, since 

J. [E — x) + av(x) v(6)] dé = v(x) ]1 + a fv) dB] = 0 
(4.79) 

if 

= (4.80) Jr @a | 
In the present example o(€) = sin € so that « = —2/z. 

Before proceeding with the solution of (4.78) for the modified or gen- 

eralized Green’s function G, we note that the original system (4.66) is of the 

Same form as (4.68). Since there is no solution of (4.68), because d(€ — x) is 

not orthogonal to the homogeneous solution v(¢) = sin €, identical reasoning 

tells us that there will be no solution to (4.66) unless ¢(x) is orthogonal to 

v(x) = sin x. For our original problem to be well-posed, then, we will restrict 
the allowable ¢(x)’s to be such that 

ir $(x) sin x dx = 0 (4.81) 
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Returning to our calculation of G(é, x) from (4.78) we find easily that 

Gc on Come e aaa he ee 0=<€<x 

U4 Csin € + Dcos é, eae 

(4.82) 

where the first term on the right-hand side is the particular solution due to our 

additional —(2/z) sin x sin € term in the differential equation. The boundary 

conditions are 

GO; x) =0=B (4.83) 

G(x, x) = 0 = —sinx — D (4.84) 

Integrating (4.78) from € = x — 0 to € = x + 0, we find that continuity of G 

at € =x, together with the jump condition (4.72), constitutes suitable matching 

conditions. In terms of our unknown coefficients 

Asin x + Bcosx = Csinx + Dcosx (4.85) 

and 

Ccosx — Dsinx — Acosx + Bsinx = 1 (4.86) 

respectively. Equations (4.83)-(4.86) are, in fact, compatible and admit the 

solution 

A=C—cosx 

BO 
, 5 (4.87) 

C = arbitrary function of x 

D= -—sin x 

so that 

G(é, x) = C(x) sin € 

Cease) OG = x 

m sin x cos €, x<é<n 

(4.88) 

With G determined, the solution is obtained from (4.67), with the help of 

(4.66) and (4.78), as follows: 

iF G(E, x) H(® dé = u(x) — Z sin x | u(é) sin € dé (4.89) 

Since the integral on the right is a constant, we can rewrite this as 
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u(x) = K sin x + f G(E, x) $(& dé (4.90) 

The constant K is arbitrary for the same reason that C(x) was arbitrary in 

(4.88), namely, sin x is a solution of the homogeneous version of (4.66), just as 

sin € was a solution of the homogeneous version of (4.78); the same is true for 

an arbitrary multiple of sin x. Notice that C(x) has no effect upon the solution 

(4.90) since the term 

J CC) sin E6( ag = C(x) [sin &(E) a (4.91) 
is zero anyway, by virtue of the restriction (4.81). 

It may be helpful to summarize briefly the special features of the above 

example. We found that the system (4.68) governing G did not admit a solu- 

tion—because the right-hand side 6(€ — x) was not orthogonal to the solution 

sin € of the homogeneous version of (4.68). This was remedied by adding a 

suitable function F to the right-hand side such that the combination 6(€ — x) 

+ F did in fact satisfy the desired orthogonality. 

CoMMENT 1. In the above example there was only one nontrivial solu- 

tion of the homogeneous system L*G = 0, G(0, x) = G(x, x) = 0; namely, 

v(€) = sin €. If there had been two such (linearly independent) solutions, say 

v,(€) and v,(€), then we would have required that 

L*G = 6(€ — x) + &0,(x) v,(6) + 020(x) v,(€) (4.92) 

with «, and «, chosen so that 

[x [6E — ¥) + a10() 1G) + wrx) Od =0 (4.93) 
fory = 71 and 2. 

COMMENT 2. In dealing with our system (4.66) or, to make it a little 

more general, 

ul + p(x)u= (x); uO) = uz) = 0 (4.94) 
a 
we took L to be d?/dx’ + p(x). Alternatively, we could have taken L = d?/dx?, 
that is, 

Lu = u" = g(x) — p(x) u (4.95) 

Now, the Green’s function for the operator L = d?/dx* and the boundary 
conditions u(0) = u(z) = 0 is (as the reader can verify) simply 
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GE») =€-NHE-H+ BE 

@— me Ore ¥ 

eal) Beane (4.96) 
(¢— a) x x= Creer - <t< 

and the solution of (4.94) is 

u(x) = |" GE, x) 6) a — CE») pula (4.97) 
Actually, this is not the “solution” since u appears inside the second integral. 

It is therefore an integral equation on u; to be precise, a Fredholm equation of 

the second kind, with the kernel G(é, x) p(€). Whereas G(é, x) is symmetric 

(in € and x), the kernel Gp won’t be unless p is a constant. Since symmetry of 

the kernel is necessary for the application of the powerful Hilbert-Schmidt 

theory,” it is helpful to convert (4.97) to an equation with a symmetric kernel. 

If p(x) > 0 over the interval, this can be accomplished by multiplying each 

term in (4.97) by p(x). This produces the integral equation 

v(x) = F(x) + | KG, x) o(6) a€ (4.98) 

in the new unknown v(x) = p(x) u(x), where 

F(x) = Sp) GEE, x) $O) a (4.99) 
K(E,x) = —Vp@) p®© GE, x) = K(x, 6) (4.100) 

In the case of especially complicated boundary value problems, where an 

exact solution is apparently out of the question, it is often best to recast the 

problem in the form of an integral equation, since integral equations are gener- 

ally better vehicles for methods of approximation. Roughly speaking, the idea 

is that integration is a “smoothing” operation, whereas the effect of a differen- 

tial operator is just the opposite. 

This idea applies also in the case of nonlinear systems. For example, the 

equation Lu = $(x, u), where ¢ is a nonlinear function of u, is generally quite 

intractable. The best line of approach might be to regard ¢ as known, and solve 

the equation by means of Green’s functions. Because of the u dependence in ¢, 

the “solution” will actually be a nonlinear integral equation, which may very 

24 See, for example, R. Courant and D. Hilbert, Methods of Mathematical Physics, 

Vol. 1, Interscience Publishers, Inc., New York, 1953. 
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well be susceptible to various methods of approximation, such as the method of 

successive approximations or Newton’s method. 

EXERCISES 

4.13. As another example of the generalized Green’s function, show that the 

solution of the system 

laa 6x): u'(0) = u'(1) = 0 

is given by 

ux) =K+ f E-NHE-NHOK=K+ [ E-NHOA 
where K is an arbitrary constant and ¢(x) is restricted so that 

[ #2) dx = 0 

4.14, In Exercise 4.13 we found that an ordinary Green’s function, satisfying 

Gz. = 0(€ — x) and G0, x) = G1, x) = 0, does not exist. We remedied 

this, as in Example 5, by replacing d6(€ — x) by 6(€ — x) + F. Alterna- 

tively, let us patch things up by leaving 6(€ — x) intact, and changing 

instead the boundary conditions on G. First, obtain 

1 

u(x) = u(1) G1, x) — u(0) G0, x) + i: G(é, x) O(€) dé (A) 

as usual, where G,. = 6(€ — x), but boundary conditions on G have not 

yet been specified. Show that if we impose the condition that 

G1,x), G,0,x), G¢,0), GE, 1) (B) 

all are constant, then (A) does satisfy all the conditions required of u(x). 

Then show that a “modified-generalized Green’s function” (for lack of 

a better name) satisfying G.. = 6(€ — x) plus conditions (B) does exist, 

and is given by 

G(G, x) = (¢ — x) HE — x) + Ab + B(x) 

where the constant A and the function B(x) are arbitrary. Finally, show 

that this yields the solution stated in Exercise 4.13. 

5. THE EIGENFUNCTION METHOD 

Basically, there are two different lines of approach to the problem 

Lu=¢ (5.1) 

One approach is to seek the inverse operator, say L~', such that 
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u=L'd (5.2) 

_ This is, in fact, the Green’s function method; L~* turns out to be an integral 

operator, the kernel of which is the Green’s function. 

The other line of approach is the eigenfunction method. Since this method 

_ is actually an alternative to the inverse operator, or Green’s function method, 

_ and requires 2 good deal of theoretical development, we will limit out discus- 

sion here to only a brief introduction, partly for the sake of comparison and 
partly because it will shed further light on the generalized Green’s function 

_ already discumed in Section 4. 

The Vigenvalue Problem. To introduce the basic ideas of the eigenfunc- 
tion method, let us consider the simple boundary value problem 

“+iu=0; 0)=uh=0 (5.3) 

_ whete / is a parameter. Clearly u(x) = 0 is a solution of this system for all 

values of 1. Nevertheless, let us try to find nontrivial solutions. The general 

wlution of the differential equation is 

uUxs)=Astin/ 1, x+ Bos/i/ x (5.4) 

and the boundary condition u(0) = 0 implies that B = 0. Applying the second 

boundary condition 

hby=0=Asin// t (5.5) 

If we satisfy this by setting A = 0, we obtain the trivial solution u(x) = 0. On 

the other hand, (5.5) will also be satisfied if the parameter / is such that / 1 4 
coincides with a zero of the sine function; namely, if 

Ji t=m, sothai=2F =3, (5.6) 

for n = 1,2,3,.... In that case we have the nontrivial solutions 

ux) = A sin (2) = Ab (x) say (5.7) 

where A is an arbitrary constant factor. Note that we exclude the case n = 0; 

1. = 0 is not an eigenvalue in this example (although in other cases it may be, 

as in Exercise 5.7) because ${x) = 0, thus yielding only the trivial solution 

Ux) = 0. 

We call the special values 1, = 1 n*/ the characteristic values or 

eigenvalues, and the corresponding functions $,(x) = sin (mmx/4) the charac- 

teristic functions or eigenfunctions of the eigenvalue problem (5.3). 

Comment 1. Notice that the nonuniqueness of the solution, when / 

coincides with an eigenvalue, does not violate any of the standard existence- 
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uniqueness theorems, since these theorems apply to initial value problems. 

Surely, u = 0 would be the unique solution if we replaced the right-hand 

boundary condition u(é) = 0 in (5.3) by the condition u'(0) = 0. 

ComMMENT 2. When eigenvalue problems such as (5.3) arise in connection 

with physical situations, the eigenvalues and eigenfunctions are generally of 

considerable physical interest. For example, suppose we apply axial forces P to 

the ends of a straight column (Fig. 5.1). It turns out that the resulting lateral 

deflection u(x) is governed by the boundary value problem (5.3), where 

4 = P/EI. The product EI is a physical constant of the column, called the 

“flexural rigidity,” which is a measure of the column’s resistance to flexure. 

u(x) 

Ficure 5.1 Buckling of a column. 

According to our above analysis, we will have u(x) = 0 unless the end 

force P is such that A = P/EI = n’x*/€?, in which case the deflection is given 
; by (5.7). Physically, P, = n’7’EI/€ are the “buckling loads” and ¢,(x) = 

sin (nzx/I) are the corresponding “buckling modes.” For design purposes, the 
lowest buckling load P, is of most interest and is called the “critical” 
buckling load, P,,. (The fact that P,, — co as €— 0, and P,, > 0as £— © is 

in agreement with our experience and intuition.) 

COMMENT 3. It isa striking fact that the eigenfunctions ¢, = sin (nmx/l) 
generated by the eigenvalue problem (5.3) are precisely the quantities needed 
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for Fourier series representation of functions defined over 0 —v—— fin a 

sense, this is where the terms of a Fourier sine series “come from.” 

The fact is that (5.3) is a special case of the more general Sturm-Liouville 

(not Louisville) eigenvalue problem consisting of the differential equation 

Lu+ Aru =(pw)'+ qu+dAru=0 (5.8) 

over a < x < b, plus homogeneous boundary conditions of the type 

B,(u) = a,u(a) + a,u'(a) = 0 (5.9a) 

B,(u) = b,u(b) + b,u'(b) = 0 (5.9b) 

If we assume further that p(x), q(x), and r(x) have continuous derivatives? 

and p(x) > 0, r(x) > 0 over the interval, and if we denote the eigenfunctions 

of the Sturm-Liouville system (5.8)-(5.9) by ¢,(x), then it can be shown that 

the functions /r $, (n = 1, 2,...) are mutually orthogonal, that is, 

(MT bm VF be) =f M7 bn V7 $,dx = 0, for'm=2n8 (5:10) 

Furthermore, the orthogonal set {/ r ¢,} is complete, in the sense of mean 

square convergence. That is, suppose we construct the Fourier series of a given 

function f(x), namely 

oF Carl T On (5.11) 

where the so-called Fourier coefficients are defined by 

c.= (f, Vr dn) (5.12) 

i W r $n» Vr bn) 

Then, if f is reasonably well-behaved (e. g., piecewise continuous”), the limit 

of the mean square error vanishes, 

25 It is shocking to learn that the derivative of a function may exist, and yet not be 

continuous. [For a function f(x) to be continuous at a given point x = a, we need both 

f(a) and lim f(x) to exist and to be equal.] For example, consider the function g(x) defined 
x—a 

by x? sin(1/x) for x + 0, and zero for x =0. (Note that a definite value must be defined for 

x = O since sin oo is meaningless.) From the definition of derivative, we compute g’(0) = 

lim [(A2 sin (1/h) — 0)/h] = 0 since sin (1/A) is bounded as h > 0. On the other hand, for 
h-0 

x x 0 we have g’(x) = 2x sin(1/x) — cos (1/x) and, because of the cos(1/x) term, lim g’(x) 

does not exist. Thus, even though g’(x) exists at x = 0, it is not continuous there. 

26 We say that a function is piecewise continuous over a certain interval if the interval 

can be subdivided into a finite number of subintervals, inside each of which the function 

is continuous with finite limits at both endpoints. 
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tim {L/G) — Se, Ar) $,(x)) dx = 0 (5.13) 
N00 J a n= 

It is to be noted that mean square convergence (5.13)does not imply that 

lim 3) ¢, V7) $408) = FC) (5.14) 

for each fixed x in the interval (recall Exercise 3.5), i.e., pointwise convergence. 

Nevertheless, positive statements concerning pointwise convergence can be 

made if the class of f’s is suitably restricted. 

Application of Eigenfunction Method. Consider the problem 

Lu=¢ (5.15) 

subject to boundary conditions of the type (5.9a, b), where L is a formally 

self-adjoint second order ordinary differential operator. To solve this by the 

eigenfunction method we consider the associated Sturm-Liouville eigenvalue 

problem 

Lu+ Au=0 (5.16) 

with the same boundary conditions as (5.15), where we have set r(x) = 1 for 

simplicity. Our procedure is to expand the various quantities in (5.15) in terms 

of the eigenfunctions ¢, of (5.16): 

u(x) = 3 a,0,(x) (5.17) 

$(x) = > CnPn(X) (5.18) 

where the a,’s are unknown, and the c,’s are computed, according to (5.12), 

by the formula 

a: a 
Inserting (5.17) and (5.18) into (5.15), 

L > an Py = Da Pn (5.20) 

Proceeding formally,”’ the left-hand side becomes 

L ¥ 4,6, = 2 L$, = — 2,40, (5.21) 

27 d/dx) > fn(x) = Dd f2(x) only if the f,s are suitably restricted. In (5.21), on the 

other hand, we have interchanged the order of application of L and > “formally”; i. e., 
without worrying about the precise conditions under which the interchange is rigorous. 
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where the last step follows from (5.16). Now, (5.20) and (5.21) imply that 

¥ (a,A, + &4) b, = 0 (5.22) 

and, since the ¢,’s are orthogonal, it follows (Exercise 5.3) that 

a,A4, + ¢, = 0 (5.23a) 

a, = ao (5.23b) 

for each n, so that we obtain 

u(x) = — 3) (3 ) $,(x) (5.24) 

Thus, the eigenfunction solution of (5.15) consists of first determining the 

eigenvalues 4, and eigenfunctions ¢,(x) of the associated Sturm-Liouville 

problem (5.16), then computing the Fourier coefficients c, of ¢(x) with respect 

to these eigenfunctions using (5.19), and finally inserting these various quan- 

tities into (5.24). 

The connection between the eigenfunction expansion (5.24) and Green’s 

functions can be put in evidence if we insert 

c= GG J, HO OO (5.25) 
into (5.24). Formally interchanging the order of integration and summation, 

we arrive at the form 

ux) = f° {— SPC S Oh ae) dt (5.26) 
and, based upon our experience with Green’s functions, we identify the kernel 

as the Green’s function 

Oy os oe) oa) — = G6, x) (5.27) 

To illustrate the correspondence (5.27), let us return to the loaded string 

example of Section 4. The boundary value problem is. 

u(x) = (x); u(0) = u(1) = 0 (5.28) 

and the associated Sturm-Liouville problem is 

u’ + Au =0; u(0) = u(1) = 0 (5.29) 

Since this is identical to the Sturm-Liouville system (5.3), with € = 1, we have 

A,r 0; ¢,(x) = sin ntx (5.30) 
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and 

' sin? nx dx = + (5.31) (bo $4) = {sin nmx ao oat : 

so that, according to (5.27), 

Géx=->d a (5.32) 
n=1 4 

On the other hand, we found in Section 4 that 

a 1é, ¢ = x aex = { (5.33) 
(¢ i 1)x, é = x 

These two forms of G are, of course, in agreement since (5.32) is simply the 

Fourier sine series expansion of (5.33) over 0<€< 1! 

Finally, we have two more comments: 

COMMENT 4. We see, from the expression (5.27), that the Green’s func- 

tion fails to exist in the event that one of the eigenvalues of the associated 

Sturm-Liouville system, say A,;, is zero! Furthermore, we see from (5.24) that 

the solution u(x) fails to exist if A; = 0 and c; #0. If c; = 0 also, however, 

then c,/A,; = 0/0 is indeterminate. To resolve this case we go back to (5.23a); 

if 4; = c,; = 0 then (5.23a) is satisfied for arbitrary a, and (5.24) may be 

rewritten as 

u(x) = K$(x)— S (42) 4.0) (5.34) 
(n¥ 7) 

where K is an arbitrary constant. Summarizing, we have seen that if zero is 

not an eigenvalue of (5.16), then both the Green’s function G and the solution 

u exist, and are given by (5.27) and (5.24) respectively. If, on the other hand, 

some A, = 0, then the (ordinary) Green’s function fails to exist. As for the 

solution u, the situation depends on the jth Fourier coefficient of $, namely 

c; = (9, $,). There are two possibilities: (i) If c; +0, then a solution for u 

fails to exist. (ii) If c; = 0, then an infinity of solutions exist, given by (5.34). 

‘ With these ideas in mind, it would probably be a good idea to read 

Example 5 of Section 4 through once more. 

COMMENT 5. Observe that homogeneity of the boundary conditions is 

basic to the eigenfunction method. However, this is not really any cause for 

excitement because we can generally “homogenize” the boundary conditions, 
The system 

u+utom=¢; u0)=2,x1)=0 (5.35) 
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(for example) is converted to 

oe’ +ue+xv=y; v(0) = o(1) = 0 (5.36) 

where wy = @ + 2 + 2x (x — 1), by the simple change of variables v = u + 

2(x — 1). 

EXERCISES 

5.1. Show that the operator Y of the Sturm-Liouville system is self-adjoint; 

B.2. 

PRE 

5.4. 

5:5. 

5.6. 

£ consists of L from (5.8), and B,, B, from (5.9). 

Verify the statement of orthogonality, (5.10). Hint: Multiply the equa- 

tions L¢,, + 1,,rd, = 0 and Ld, + A,rd, = 0 by ¢, and ¢,, respectively, 
subtract them, and then integrate them over the interval. Thus deduce 

that (Vr ¢,,/ r¢,) = 0 provided that A,,~ A,. [Under the assump- 
tions that we have made on p,q,r it can be shown, further, that the 

Sturm-Liouville problem cannot have two linearly independent eigenfunc- 

tions corresponding to the same eigenvalue; see, for example, Churchill’s 

Fourier Series and Boundary Value Problems, 2nd Edition, Section 34, 

Theorem 5. Thus it follows that if $,, and ¢, are indeed independent 

eigenfunctions then A,, and A, must be distinct, thus producing the 

statement (5.10).] 

Verify that (5.22) does imply (5.23a). 

Show that the eigenfunctions of the Sturm-Liouville system u”’ + Au = 0, 

u(0) = 0, u(1) — 2u'(1) = 0 are g, = sin V A, x, where the eigenvalues 

are solutions of the transcendental equation tan./ 2 = 2\/ 7. Show that 
the root A = 0 is not an eigenvalue. By graphical examination of the 

transcendental equation, deduce the asymptotic distribution of eigenvalues, 

A, ~ (2n— 1)'n?/4 as n— oo. Verify the orthogonality of the eigenfunc- 

tions, for this particular example, by direct integration of the integral in 

(5.10). Obtain the Fourier expansion of the function f(x) = x, over the 

interval 0 < x <1, in terms of the sin \/ /, x eigenfunctions. Observe 

that it differs from the “usual” Fourier sine series in the sense that it is 

not harmonic; that is, the “frequencies” are not simple multiples of some 

fundamental frequency. 

Use the results of Exercise 5.4, together with (5.24), to obtain the eigen- 

function solution of the simple boundary value problem u” = x, u(0) = 0, 

u(1) — 2u’(1) = 0. 

Find the eigenvalues and eigenfunctions of the system (xu')’ + Axu = 0, 

u(0) bounded, u(1) = 0. 
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5.7. Show that A = 0 is an eigenvalue of the Sturm-Liouville system (xu’)’ + 

A(x? + 3)u = 0, u’(0) = u'(1) = 0. What is the corresponding eigenfunc- 

tion? 

6. SUMMARY 

Before moving on to partial differential equations, let us briefly recap the 

basic features of the Green’s function method, as we have presented it. 

We have considered boundary value problems of the form 

Lu = (x); Bi) =—¢, fot 7= 1, 2.....2 (6.1) 

over some interval a < x <b, not necessarily bounded, where L is an mth order 

linear ordinary differential operator and the B,’s are linear combinations of u 

and its first » — 1 derivatives at the endpoints of the interval. The boundary 

conditions need not be homogeneous, i. e., the c,’s need not all be zero. 

We start by forming the inner product (G, Lu) and integrating by parts: 

(G, Lu) = boundary terms + (u, L*G) (6.2) 
Noting that Lu = ¢, and setting 

L*G = 6(€ — x) (6.3) 
(6.2) becomes 

u(x) = boundary terms + f G(E, x) (©) dé (6.4) 

Specification of the boundary value problem on G is completed by requiring 
that G satisfy homogeneous boundary conditions which remove any unwelcome 
boundary terms from (6.4), i.e., terms involving unspecified boundary values of 
u and its derivatives. 

Once G is found, by solving (6.3) together with these homogeneous 
boundary conditions, the solution of (6.1) is given by (6.4). 

In the event that the Green’s function does not exist, we may remedy the 
situation either by changing (6.3) to 

L*G = 6(€ — x) + a suitably chosen function (6.5) 

or by retaining (6.3) and adjusting the boundary conditions imposed on G 
(Exercise 4.14), 

Under certain conditions on the operator, it may, alternatively, be pos- 
sible to obtain G in the form of an eigenfunction expansion, as discussed in 
Section 5. 



II. Application to Partial 

Differential Equations 
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To permit areasonably systematic development, 

we restrict our discussion, in the first two sec- 

tions of PART II, to the case of second order 

equations in two independent variables. Several 

examples which are not of this type are then 

presented in Section I] for completeness, and 

it is shown that their solution by the method 

of Green’s functions follows easily from the 

methods already developed in the preceding 

sections. The overall development parallels that 

of PART I, except for the introduction of ‘“‘prin- 

cipal solutions” to facilitate the calculations. 
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1. INTRODUCTION 

We consider here the general linear partial differential equation of second 

order, with two independent variables x and y (sometimes x and 4), 

Lu = Au,, + 2Bu,, + Cu,, + Du, + Eu, + Fu=$¢ (1.1) 

where A, ---, F,@ are given functions of x and y, subscripted variables denote 

partial differentiation, and the 2 is introduced for convenience. Equation (1.1) 

is to hold over some prescribed region Y of the x, y plane, which is not neces- 

sarily bounded; see Fig. 1.1. 

Ficure 1.1 The boundary value problem. 

In addition, linear boundary conditions of the general form 

B(u) = au + Bu, =f (1.2) 

are prescribed over the boundary curve @ of the region, where u, denotes the 

derivative du/dn in the direction of the outward normal, and the quantities 

a, B, f may vary along @. As in PART I, the boundary conditions need not 

be homogeneous. 

It is customary to classify L as elliptic, parabolic, or hyperbolic depend- 

ing on whether the quantity B* — AC is negative, zero, or positive, respective- 

ly. This distinction is crucial in determining the fundamental features of the 

solution. 

To illustrate this point, consider briefly a basic problem of aerodynamics: 

the calculation of the air disturbance caused by an airfoil moving at a steady 

speed U through otherwise undisturbed air. It is best to view the flow from a 

coordinate system which is fixed to the airfoil, since this reduces the problem 

to a steady (i.e., time independent) one, as illustrated in Fig. 1.2. It can be 

52 
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shown that the velocity potential! u is governed approximately by the partial 
differential equation 

(1 — M2)u,, + wu, = 0 (1.3) 
where the “Mach number” &M is the ratio of U to the speed of sound. Now, 
for the “subsonic” case, where M < 1, we have B? — AC = M?—1 < 0, the 

equation (1.3) is elliptic,? and the flow is quite “smooth,’? as sketched in Fig. 
1.2(a). For the “supersonic” case however, where M > 1, the equation (1.3) 

becomes hyperbolic, and the flow exhibits a wave-like structure, as seen in 

Fig. 1.2(b), with discontinuities in the normal velocity component (and pressure) 

across the “shock waves” abc and def! 

(a)M<1 (b)M>1 

FiGure 1.2 Subsonic and supersonic flow past flat plate airfoil. 

The case where M ~ 1, the so-called “transonic” regime, is especially in- 

teresting—and difficult. The approximate equation (1.3) is then inaccurate, and 

a nonlinear term, neglected in deriving (1.3), must be retained. By means of a 

complicated change of both dependent and independent variables, Chaplygin‘* 

was able to suppress the nonlinearity, and arrived at what is now called the 

Tricomi equation 

1 That is, the x and y fluid velocity components are given by u, and u,, respectively. 

(Actually, the velocity potential is generally denoted by the letter ¢. However, we choose 

to always use u for the unknown, in order to minimize the nomenclature and, we hope, to 

make for easier reading.) 

21f, in fact, the fluid is considered to be incompressible, then the speed of sound is 

infinite, so that M = 0, and (1.3) reduces to the well-known Laplace equation. 

3 Specifically, u 1s an analytic function of x and y throughout the flow. 

4 See, for example, L.D. Landau and E.M. Lifshitz, Fluid Mechanics, Addison-Wesley 

Publishing Company, Reading, Mass., 1959, Chapter XII. 
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Uxx — XUy = 0 (1.4) 

where the “‘hodograph variables” x, y, u are different from, but related to, the 

“physical variables” in (1.3). Now, B? — AC = x, so that (1.4) is elliptic in 

the half-plane x < 0, and hyperbolic in the half-plane x > 0! This reflects the 

fact that the flow is mixed in the physical x, y plane; subsonic in some region(s) 

and supersonic elsewhere. 

As in PART I, our development will be based upon a detailed discussion 

of several representative examples. In the remainder of this section we will 

introduce the equations which will be considered in Sections 2 through 10. In 

doing so, we will assign a definite physical setting to each equation; first, so 

that we may be guided by whatever physical intuition is available to us and, 

second, so that our results may be interpreted and understood more fully. 

Whereas each equation is associated with a wide range of physical phenomena, 

we have selected only a few—which should be reasonably familiar to most 

readers. 

Elliptic. As representative of the elliptic type, we will consider the clas- 

sical Poisson and Helmholtz equations,* 

Lu = V’u=¢ (1.5) 

lu=VWu+tku=¢ (1.6) 

respectively. Of the various physical phenomena governed by the Poisson 

equation, we will consider it in connection with the gravitational potential. 

Specifically, equation (1.5) governs the gravitational potential u(x, y) induced 

by a mass distribution of density ¢(x, y) thoughout the region under considera- 

tion; the resulting force field is given by — Vu. 

As for an interpretation of the Helmholtz equation (1.6), let us consider 

first the forced vibration of a stretched membrane, such as a drumhead. The 

deflection w(x, y,¢), measured positive “upward,” is governed by the two- 

dimensional wave equation 

Vw — Wy = fei (1.7) 

where the constant c” is the tension per unit length divided by the mass per 

unit area, and f(x, y) is an applied force per unit area divided by the mass per 

unit area, measured positive “downward.” Since the driving force is harmonic, 

5 The two-dimensional Laplacian differential operator, V2 (read “del square,” and de- 

noted as A by some authors), denotes the vector dot product V - V, where V is the gradient 

operator, defined in Cartesian coordinates as V = id/dx + jd/dy. Thus, 

OMe 0, AO 6G 2 2 V=V-V= (is + i5)-(igg + ig) = gat He 

since i,j are unit vectors (vectors will be denoted by boldface type) in the x, y directions, 

respectively, withi- j= j-i=Oandi-i=j-j=1. 
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it is reasonable to seek w(x, y, 2) in the form u(x, y) exp (it). Inserting this 
into (1.7) and canceling the exponential, we obtain the Helmholtz equation 
(1.6) on u(x, y), with k* = w*/c? and ¢(x, y) = f(x, y)/c?. Basically, then, we 
may regard k and u in (1.6) as the frequency and amplitude of the displace- 
ment of a membrane which is driven by a periodic force distribution of 
amplitude @. 

The Helmholtz equation will also be discussed in connection with the prop- 

agation of weak two-dimensional disturbances in still air, i.e., two-dimensional 

acoustics. Here, the governing equation is 

2 2 

CVy-—y,; VW= = + a (1.8) 

where y is the velocity potential (i.e., the air velocity field is given by Vy) and 

c is the speed of sound. Again, seeking w(x, y, t) in the form u(x, y) exp (jaf) 

leads to a Helmholtz equation on u(x, y). 

Parabolic. For the parabolic type, we will consider the classical one- 

dimensional diffusion equation 

Lu = ku,—u,, = (1.9) 

within the context of heat conduction. Thus, u(x, t) is the temperature, ¢ is the 

time, x is a physical constant which is a measure of the thermal conductivity, 

and (x, ¢) is the applied heat source density per unit x-length. 

Hyperbolic. Finally, as representative of the hyperbolic type we will con- 

sider the one-dimensional wave equation 

Lu = c*u,, —U, => (1.10) 

in connection with the Jateral motion of a taut string. Thus, u(x, t) is the dis- 

placement, measured positive “upward,” ¢ is the time, c? is the tension divided 

by the mass per unit length, and (x, ¢) is an applied lateral force per unit 

length, measured positive “downward,” divided by the tension. 

EXERCISES 

1.1. Classify the following partial differential equations, as to whether they are 

elliptic, parabolic, or hyperbolic. If they are of mixed type, specify the 

various regions and corresponding classifications. 

(a) Uxx = P(X), + A(x)u, + fixe"; = p(x) > 0 
(b) u,, + (1 — xu, = 6 

(c) u,, + xyuy — u, =0 

(4) tg = p(x), + Wau + f(x, ) 
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2. THE ADJOINT OPERATOR 

We introduce the formal adjoint L*, associated with L, in the same way 

that we did for ordinary differential operators in PART I, using integration by 

parts: 

i, vLu do = boundary terms + ils uL* v da (2.1) 

where do is a differential element of area of the region Y under consideration; 

c.f. the analogous equation (2.1) of PART I. In the present case, however, the 

boundary terms will be in the form of a line integral over @, the boundary of 

Ve 

To illustrate the procedure, let us limit our attention to the first term of 

Lu, from (1.1), namely Auw,,. Referring to Fig. 2.1, we integrate by parts as 

follows, 

x 1 ( y) CLMLMIMLILILLLILALAALLAL LALLA ALLL LLL 

a) 

FiGurReE 2.1 Integration by parts. 

he vAu,, do = le i". vAu, x dx| dy 

ue 

Jy 

|vdu, 
xe(y) x2(y) 

—["" @A),u, dx| dy 
xi(y) xi(y) 

= li |[v4u, — (vA), u] 
x2(y) x2(y) : 

+f (v4)..udx| dy (2.2) 
x1(y) xily 

=| i [vAu, — (v4),u| dy + ie (vA),.udo 

=) _[vdu, — (vA) uli «nds + i J Asx da 
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since (Fig. 2.1) dy = ds cos 9 = n+ ids, where n is the outward unit normal, 

and ds is a differential element of arc-length along ¢.° 

Treating each term in vLu in this manner (Exercise 2.1), we obtain the 
desired form 

[J rku do =| (Mi+ N)-nds + ff ub*vdo (2.3) 

where 

L*v = (Av), + 2(Bv),, + (Cv),, — (Dv), — (Ev), + Fo 

M = Avu, — u(Av), + 2vBu, + Duv (2.4) 

N = —2u(Bv),, + Cou, — u(Cv), + Euv 

Equation (2.3) is important. It will serve as the starting point for our 

Green’s function approach, in the same way that the analogous formula did 

for ordinary differential equations in PART I. It is worth emphasizing that the 

arc-length increments ds in these formulas are, by their definition, always 

positive. The relevance of this remark will be made clear later on. 

Let us rewrite this result explicitly for the four differential operators 

defined above in (1.5), (1.6), (1.9), and (1.10). For the Laplace differential 

operator 

Lu = Vu (2.5) 

we have A=C=1and B= D=E=F= (0, so that M = vu, — uv, and 

N = vu, — uv,. Noting that 

(Mi + Nj) - n = (oVu — uVv) - n= vu, — wW, (2.6) 

where u, = 0u/dn and v, = 0v/dn, (2.3) becomes 

i i vue = f __ (Ott, — ur,) ds + f | uLt odo (2.7) 

where 

L*y = V*v (2.8) 

For the Helmholtz differential operator Lu = V?u + k?u we find that 

equation (2.7) again applies, L*v = V?v + k?v. For the diffusion and wave 

6 Note that we have tacitly assumed, in this calculation, that the region / is convex 

in the x direction; i.e., each cross-hatched “sliver” running from x,(y) to x,(y) lies 

entirely within Y. There is little point in spelling out the details for the nonconvex case, 

since the idea is basically the same, and the final result [the last line of (2.2)] remains 

unchanged. 

Actually, our derivation of (2.2), which appeals only to fundamentals, is equivalent to 

the application of the divergence theorem, with which the reader is very likely familiar. 



2 

58 Application to Partial Differential Equations / PART II 

differential operators, Lu = ku, — u,, and Lu = c*u,, — uj, respectively, (2.3) 

becomes 

ff, otudo = [ (eo, — wu,)i + eurj] + nds + |f uL*odo (2.9) 

and 

We vLude = fe [c?(vu, —uv,)i — (vu, — uv,)j] > nds + f i . uL*v do 

(2.10) 

where L* v = —xkv, — v,, and L*v = c*v,,, — Vy, respectively. 

Of the four differential operators under consideration, all are seen to be 

formally self-adjoint, except for the diffusion differential operator. It can, in 

fact, be shown (Exercise 2.3) that the relations 

A,+B,=D 
211 

B,+C,=E Ce 

constitute necessary and sufficient conditions for the formal self-adjointness of 

the second order differential operator defined in (1.1). 

As in PART I, it is convenient to distinguish between the differential 

operator L, and the operator Y consisting of L plus the imposed boundary 

conditions. For the case where the boundary conditions are homogeneous, we 

define not only a formal adjoint differential operator L*, but also an adjoint 

operator #*. As before, #* is defined by the relation 

(Lu, v) = (u, L*v) (2.12) 

where the two-dimensional inner product of two functions, say f and g, is 

defined here by 

(f.8) =| fede (2.13) 

Comparing (2.12) with (2.3), we observe that Y* consists of the differential 

operator L* plus homogeneous boundary conditions which are such that the 

boundary terms, arising through the integration by parts, all vanish. 

For example, consider ¥ to consist of L = V* over the disk x? + y*< 1, 

together with the boundary condition u = 0 on the circle x? + y? = 1. We've 

already seen, from (2.8), that L is formally self-adjoint. Now examine the 

boundary term in the integration by parts formula (2.7). Whereas u = 0 on G, 
the normal derivative u, is not specified, and hence need not be zero. For the 

boundary terms to vanish we therefore need v = 0 on Y. Since the adjoint 
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boundary condition, v = 0 on @, is identical to the original boundary condition, 
u = 0on @, and L* = Las well, it follows that Y* = F, i.e., F is self-adjoint. 

As one more example, consider Y to consist of the wave differential 

operator L = c?0*/dx? — 0/dt? over the rectangular region 0 << x < 1,0 < 
t < T in the x, t plane, plus the following homogeneous boundary conditions: 

end conditions (0, ¢) = u(1, t) = 0 and initial conditions u(x, 0) = u,(x, 0) = 

0, as indicated in Fig. 2.2. Having already seen that L* = L for the wave dif- 

ferential operator, let us determine the adjoint boundary conditions. Breaking 

up @ into its four straight sides, the boundary term in (2.10) becomes 

FiGure 2.2 Adjoint boundary conditions for wave operator. 

I [c*(vu,, — uv,)i — (vu, — uv,)j] « nds 

dx (2.14) 
t=T 

T 1 

= —o f (vu, — uv,) ot ~ i) (vu, — uv,) 
0 x= 

dt + f (vu, — uw») dx 
x=1 0 p t=0 

T 

+c? iL (vu, — uv,) 

[Recall our earlier remark that the ds increments are to be positive. With this 

in mind, be sure to understand the signs and limits of the four integrals on 

the right-hand side of (2.14).] Noting our boundary conditions on u, we 

see that the adjoint boundary conditions must be v(0, t) = v(1, ¢) = 0 and 

v(x, T) = v(x, T) = 0, if the boundary terms (2.14) are to vanish. These are 

not identical to the original boundary conditions (Fig. 2.2),” so that # is not 

self-adjoint, even though L is formally self-adjoint. 

7 They would be if we had v(x, 0) = »,(x, 0) = 0 instead of v(x, T) = v(x, T) = 0. 
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EXERCISES 

2.1. Derive the integration by parts formulas (2.3) and (2.4) using the pro- 

cedure outlined in equation (2.2). 

2.2. Show that M and N, as given by (2.4), are not uniquely determined. 

Hint: We can add ¥, to M and —'P, to N, where ‘P(x, y) is arbitrary. 

2.3. Verify that the relations (2.11) do, in fact, constitute necessary and 

sufficient conditions for the formal self-adjointness of L. Hint: To prove 

that they are necessary, set u = 1, x, and y, in turn. 

2.4. Determine the adjoint operator #* corresponding to each of the follow- 

ing operators: 

(a) L = V? over x7 ++ y <1; au + Bu, =0 on x? + y= 1. 

(b) L = xd/ot — 0*/0x? over the rectangleO<x<1,0<t<T; 

u(0, t) = u(1, t) = u(x, 0) = 0. Are these operators self-adjoint ? 

3. THE DELTA FUNCTION 

Having already discussed the one-dimensional delta function 6(x — &) in 

some detail, we will extend the definition to two dimensions with a minimum 

of discussion. Specifically, we define 6(x — €, y — 9) such that 

Sf d(x — ¢, y — n)h(x, y) do = h(E, n) (3.1) 

for every h which is continuous over the region , which contains the point 

GM. 
As in the case of the one-dimensional delta function d(x — &), we note 

that d(x — ¢, y — 9) may be visualized as the formal limit of a sequence of 

ordinary functions. Symbolically, 

(x—C,y—n)= lim w,(r) (3.2) . ie 

where 

r=V(«— f+ — np (3.3) 
For example, 

(3.4) 
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and 

—kr? 

w,(r) = #2 (3.5) 
are two-dimensional 6-sequences. 

Finally, we note that 

If, 6 — O80 — mate, y) dx dy = hE, 0) (3.6) 
Comparing (3.1) and (3.6), we see that 

d(x — ¢, y — m) = O(x — 6)d(y — 0) (3.7) 

so that the two-dimensional delta function can be expressed as the product of 

one-dimensional delta functions. 

EXERCISES 

3.1. Verify that the d-sequence (3.4) satisfies the fundamental property 

tim ff _wele)hCx, y) dx dy = WE, n) 
[This is the two-dimensional analog of equation (3.10) of PART I, gen- 

eralized so that the delta function acts at €, 7 instead of at the origin.] 

4. THE GREEN’S FUNCTION METHOD 

Our development of the Green’s function method for the partial differential 

equation (1.1) will follow essentially the same lines as for the case of ordinary 

differential equations in PART I. Our starting point is equation (2.3), or its 

more specific form, such as equation (2.7), (2.9), or (2.10). 

Briefly, we choose “v” to be our Green’s function G, and use x, y to de- 

note the fixed point, with €, 7 as the corresponding dummy integration variables. 

Requiring that G satisfy 

L*G = 6(€ — x, — y) (4.1) 

over .Y, the last term in (2.3) reduces to u(x, y). Replacing Lw in the left-hand 

side by the known function $(¢, 7), and subjecting G to boundary conditions 

on ¢ which result in the elimination of any “unwelcome” terms in the 

boundary integral, we are able to solve for the desired u(x, y) in terms of 
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quantities which are known—provided that we are, in fact, able to determine 

the Green’s function. 

The whole point of the method is that the boundary value problem 

governing G is generally somewhat simpler than the original one governing u. 

Sometimes, as we shall see, G can in fact be constructed simply by inspection. 

In general, it is convenient to seek G in two parts, 

G(é, 0; x, y) = UE, n; x, y) + a6. 1; x, y) (4.2) 

where U is a particular solution of (4.1), which need not satisfy the required 

boundary conditions, and g is a solution of the homogeneous equation L*G = 

0, such that the combination U + g does satisfy those boundary conditions. We 

will refer to U as a principal solution, although it is also called a fundamental 

solution, an elementary solution, and a free-space Green’s function in the 

literature. It contains the basic singularity of the Green’s function. The hard 

part, in constructing the Green’s function, is generally in the determination of 

the “regular” part g so as to satisfy the required boundary conditions. 

To illustrate this “splitting” technique, which was not employed in PART 

I (but could have been), let us use it to find the Green’s function for the sim- 

ple loaded string example in PART I (Example 1, Section 4). The conditions 

required of G were: 

L*G = G,. = 0(€ — x) (4.3a) 

G(0, x) = G(l, x) = 0 (4.3b) 

We seek G = U + g, where U satisfies 

L*U = U,, = 0(€ — x) (4.4) 

subject to no particular boundary conditions. Integrating (4.4) twice, 

U; = HG — x) 

PG iii) C2) 
This does contain the basic singularity, namely the “kink” at € = x, but does 
not satisfy the boundary conditions (4.3b) since U(0, x) = 0, U(1, x) = 1 — 

‘x. Now, g is to satisfy the homogeneous equation 

L*g = See => 0 (4.6) 

subject to boundary conditions which are such that the combination U +g 

satisfies (4.3b). Well, 

G(0, x) = 0 = U(0, x) + g(0, x) 

= 0+ g(0, x) (4.7a) 

G(I, x) = 0 = U(1, x) + g(l, x) 

=1—x+9(1,x) (4.7b) 
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so that 

g(0,x)=0, g(l,x)=x-1 (4.8) 

Solving (4.6), 

g(¢,x) = AC +B (4.9) 

and, invoking the boundary conditions (4.8) to determine A and B, we obtain 

a(S, x) = (x — 1)¢ (4.10) 

Finally, 

G6,x)=U+g=( —x)HE—x)+(x— 1 (4.11) 

Of course, this was an extremely simple example, but it does serve to 

illustrate the “splitting” technique that we will be using. 

Before getting into applications, let us first consider the determination of 

the principal solutions for the particular partial differential operators under 

consideration here. 

EXERCISES 

4.1. Plot U, g and G = U + g, as functions of €, for the preceding example. 

4.2. How are linearity and superposition involved in the splitting technique? 

5. PRINCIPAL SOLUTIONS 

Let us now determine principal solutions for the Laplace, Helmholtz, dif- 

fusion, and wave differential operators. 

Laplace Operator. Recalling (4.1), we require that the principal solution 

U satisfy 

L*U = VU = 6 — x, n—y) (5.1) 

It will prove helpful, in the following, to have a physical interpretation of 

the principal solution U. In line with our gravitational interpretation of the 

Poisson equation (1.5), we see that U may, in fact, be regarded as the potential 

induced at a field point €, 7 by a point mass of unit strength at x, y.* It should 

therefore be symmetric about the point x, y and will depend only on the radial 

variable 

8 More precisely, a line distribution of unit mass per unit length, located at x, y and 

extending from — oo to +o in the normal z direction (Exercise 5.1). For brevity, we shall 

refer to it as a “point mass of unit strength,” with this obvious meaning. 
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r=VE—xF + Gy G2) 
Replacing the delta function in (5.1) by the d-sequence (3.5), with the 

understanding that we will let k — oo in the final expression for U, and ex- 

pressing the Laplacian in terms of polar coordinates r,@ centered at the x, y 

point, (5.1) becomes 

1 1 ke-kr* 
VU = — (U,), + Use = = (5.3) 

where Us, = 0 since U depends only on r. Multiplying through by r, and 

integrating from 0 to r, we obtain 

(5.4) 

where we have imposed the condition that U,(0) be finite. Requiring further 

that U(1) = 0, for definiteness, we may integrate (5.4) from r to 1, and hence 

obtain 

ek? amet if I(r) = soln + 5 | Sat (5.5) 

For each fixed r > 0, the integral term tends to zero as k — 9, since 

exp (—kt?) — 0 uniformly over r<t< 1 as k > ~, so that we have as our 

principal solution (see Exercise 5.8) 

wit 
U=>5,Inr (5.6) 

Alternative Approach. An approach which is more direct, though some- 

what formal, is as follows. For r > 0, so that we are away from the delta 

function singularity, we have from (5.1) 

VU = + (rU,), =0 (5.7) 

Integrating twice we easily obtain 

U=Alnr+B (5.8) 

Thus far we have considered r > 0, so that the delta function behavior has not 
yet been taken into account. With this in mind, let us seek A and B by integ- 
rating the governing equation (5.1) over a disk of arbitrarily small radius €, 
centered at x, y. 

ff V? Udo = ff dda (5.9) 
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Applying the Gauss divergence theorem,’ and using (5.8), the left-hand side 

becomes 

Ju. 
Since the right-hand side of (5.9) is unity, it follows that 4 = 1/22; B remains 

arbitrary, and can therefore be set equal to zero for convenience. Our result is 

then in agreement with (5.6). Of course, application of the divergence theorem 

is rather formal since U is not suitably well behaved over the disk. 

Helmholtz Operator. We require that U satisfy 

L*U = VU + RU = 6(€ —x,n —y) (5.11) 

Introducing polar coordinates at the point x, y as before, and seeking U asa 

function of r alone, we have for r > 0 

map! | a ds == { ds = 2nA (5.10) 
r= 

= GU) eu 0 (5.12) 

or 

rU,, + U, + k?rU =0 (5.13) 

The change of variables p = kr reduces this to a Bessel equation’® of order 

zero, with linearly independent solutions J,(p) and Yo(p) or A(kr) and Y (kr). 

Of these two, the Bessel function of first kind and order zero, Jo, can be dis- 

carded since it is regular at r = 0 and hence cannot lead to the desired delta 

function singularity. We have high hopes for the Bessel function of second 

kind and order zero, however, due to its singular behavior 

Y,(kr) ~ (=) inr (5.14) 

as r — 0, and so we tentatively set 

U = AY,(kr) (5.15) 

As above, we attempt to determine the scale factor A by integrating the 

9 That is, we apply it to a cylinder of unit height, with ‘our ¢€-disk as its base. Since 

U is independent of the normal variable, say z, we have 

[fveude = fffvevar= ffvu-ndo = {fide 

where the second equality follows from Gauss’s theorem. On the top and bottom faces of 

the cylinder dU/dn = 0. On the side, dU/dn = 0U/dr, and do = 1 ds. 

10Recall that some information on Bessel functions was given in PART I (Example 4 

of Section 4). 
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governing equation (5.11) over an arbitrarily small disk of radius €, centered at 

x, y. The only difference is the kU term, present in (5.11) but not in (5.1). 

When (5.11) is integrated over the disk, however, the effect of this term is nil, 

since its integral is of order O(€? In €) (the €? from the area of the disk, and the 

In € from the small r behavior of U), which tends to zero'! as € 0. Apply- 

ing the divergence theorem to the {J V2U do term, as before, and noting from 

(5.14) and (5.15) that U ~ (2A/z) Inr, we find that A = , so that 

i 3 Y,(kr) (5.16) 

Diffusion Operator. We require that 

L*U = —xuU, — U., = 6(€ — x, tT — bt) (5.17) 

for 0 < t < o and —co < € < oo. In the case of the Laplace and Helm- 

holtz differential operators treated above, the two independent variables ¢ and 

n appeared symmetrically in the partial differential equations. This implied that 

U could be considered to be symmetric about the singular point x, y; it there- 

fore depended only on the radial variable r, so that the equations reduced to 

ordinary differential equations which were easily solved. Unfortunately, no 

such symmetry is available for the diffusion operator, and the determination of 

U will, accordingly, be somewhat more difficult. 

Before starting, let us try to anticipate the nature of U based upon a 

physical interpretation of the situation. To do so, it is convenient to consider 

first the situation that would exist if U were governed instead by the equation 

LU = kU, — Uz = 0(€ — x, t — 2) (5.18) 

since this has already been interpreted in Section 1 in terms of one-dimensional 

heat conduction. Specifically, U would then be identically zero for all times 

t <t. At tT =¢ a unit heat source would be applied instantaneously at € = x, 

and U would describe the subsequent diffusion of that heat pulse for times 

x > t. Now, returning to (5.17) we see that the situation is identical, except 

that time is reversed. Thus, our principal solution will be zero for all t>t. A 

11 More generally, consider e* In € as € > 0, where a > 0. This is indeterminate since 

€* +0 while In € > —oo. However, rewriting it as the fraction In €/e-* and applying 

L’Hospital’s rule, we find that the limit does exist as € — 0; specifically, ex In € > 0 for any 

a > 0. This is very interesting because it exposes In ¢ as being a very weak singularity; 

weaker than €~*, where @ is an arbitrarily small positive number! (Similarly, L’Hospital’s 

rule shows that In x has an equally weak singularity at infinity, i.e., In x/x* — 0 as x->00 

for any @ > 0. In a sense, the singularities of the logarithm, at zero and infinity, are 
“infinitely weak.”) 
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heat pulse is applied at t = t, and U describes the diffusion of this pulse as t 
decreases. Whether or not this situation is possible, physically, is beside the 
point since (5.17) is only a formal mathematical definition of U; the Physics 
is contained in the original equation (1.5). 

To solve (5.17) we choose to Fourier transform on €. This produces the 
ordinary differential equation 

—KU, + wD = O(t — tei (5.19) 

where q is the transform variable. Noting that the right-hand side is zero for 
t >t and Tt < ?¢, we obtain 

x Ae® le. taf 
= : (5.20) 

Be?*!*, tat 

We blend these two halves of the solution by integrating (5.19) on t, from 

t — 0 tot + O. This implies the following relationship between A and B, 

—KAe*!/* 4. KBe?t/* — e-tox (5.21) 

As a second relation we recall that U, and hence JU, is identically zero fort > 

t. Thus A = 0, and 

O= Ko A(t — Teter ott 2)/ (5.22) 

Inverting (see Exercise 5.2), we obtain the result 

=< H(t a T) a io(E—x)— w2(t—)/x Pe Torres [e da 

i“ H(t as T)e~RE-*2/AG-*) 

he ake ee) Cc 

Wave Operator. In this case we require 

L*U =cU,,. — U,, = 0(€ — x, t — 1) (5.24) 

for 0 < t < co and —co <& < oo. That is, U is identically zero for ail 

t <t; at T =f a unit impulsive force is applied to the string instantaneously 

at € = x, and U describes its subsequent displacement. We leave it as an ex- 

ercise (Exercise 5.3) to show that 

= = <c(t—t fe 1/2c, |¢€ —x| < e( ) (5.25) 

0, eer = ot — 7) 

as indicated in Fig. 5.1. The wedge-shaped region, with apex at x,t, is gener- 

ally known as the range of influence of the point x,t since it is only within 

this part of the €, t plane that the effect of the pulse at x, ¢ is felt. 
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Ficure 5.1 Principal solution of wave equation. 

Now, observe that if some function, say f(€ — x, T — ¢), is a solution of 

(5.24) then so is f(€ — x,t — tT). To see this, introduce the change of variables 

t—t=t-—t’. Then, since f(€ — x,t — #) satisfies (5.24), 

Chl — x,t— 7) — f.(G — x,t — 7) = 0 —x,t-—7/) 

But f,.(€ — x,t — 1’) = fy AE — x,t — 7’) since t = —t’ + 2t, and d(€ — 

x,t — t') = 0(€ — x,t’ — 0), so that 

CRAG — x,t — 7) fe AG — Xf — 7) = 06 =a — 

Surely this equation must remain true if we replace t’ by some other letter; 

replacing it by t, we see that f(€ — x, t — t) does in fact satisfy (5.24), as 
claimed. 

Thus, replacing t — ¢ in (5.25) by t — t we obtain another principal 

solution, 

—1/2c, €—x|<c(t—T 
C— / | | \ ) (5.26) 

0, I¢ — x| > c(t — 7) 

as indicated in Fig. 5.2. It is identical to (5.25), except that it propagates 

“backwards.” 

FiGure 5.2 “Backward running” principal solution. 
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In this case, the wedge-shaped region is called the domain of dependence 
since x, t is within the range of influence of all points within the wedge. In 
other words, any disturbance created within the wedge will be felt at x, t. 
These ideas come under the heading of what is generally known as causality. 

For obvious reasons, we shall subsequently refer to (5.25) and (5.26) as the 

forward running and backward running principal solutions (the terms advancing 

and retarded are also used by some authors). 

EXERCISES 

5.1. Based upon our physical interpretation of the Poisson equation (1.5), and 

the form of (5.1), we stated that U = (1/2z) Inr can therefore be inter- 

preted as the gravitational potential induced by a point mass of unit 

strength at x, y (more precisely, a straight line distribution of mass, of 

unit strength per unit length, located at x, y and extending from —oo to 

+ co in the normal z direction). Verify this claim, starting with the law 

of gravitational attraction; namely, the gravitational force per unit mass 

induced by a point mass m at another point is m/4z d* where d is the 

separation distance. Thus, show that the force per unit mass induced at 

a distance r from a straight infinite wire of unit mass per unit length is 

ei d. 

| Ge 
Integrating, and noting that F(r) = —¢@’(r), obtain @ = (1/2z) In r. 

5.2. Verify the evaluation of the integral presented in (5.23). Hint: Complete 

the square in the exponent by expressing 

_o—)_ _[@-—cf-— et —9) 
K K 

ia(g — x) 

where c = ix(€ — x)/2(t — t). Then, setting ¢ = (w — c)V/(t — T)/k, 

show that 

Sel — 9) neat edt 
ao ann/K(t — 7). J 

where a = (€ — x)/x/4(t — 7). Applying Cauchy’s theorem, show that 

the limits can be changed to —oo, oo and, finally, recall that the integral 

of exp (—¢?) from —co to +ooisV 7. 

Applying Fourier and/or Laplace transforms to (5.24), deduce the result 

(5.25). Express (5.25) in terms of Heaviside functions and verify, a 

posteriori, that it does in fact satisfy (5.24). 

—o-ia 

ne] e 
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5.4. It was pointed out that J,(kr) and ¥,(4r) are linearly independent solu- 

tions of (5.13). Another set consists of the Hankel functions of zeroth 

order, HY(kr) and H@(kr), which are related to J, and Y, according to 

HY(2) = A(z) + i¥o(z) and AP(z) = Jo(z) — 7¥o(=). Noting the asymp- 
totic behavior 

AY(z) ~ 2iInz and AS(z) ~ —Zlnz asz—0 

deduce additional principal solutions of the form AHP (kr) and BHP (kr), 

where A and B are suitably chosen constants. 

5.5. Sketch the principal solutions (5.23) and (5.25) as functions of ¢, at tT = 

0, 1, 2, 3, 4, for x = 1 and t = 2. 

5.6. Integral transform methods are of considerable utility in finding prin- 

5.7. 

cipal solutions. Let us consider, for example, the modified Helmholtz 

operator, V7 — k* (“modified” because of the minus sign). The form of 

V? in polar coordinates lends itself to a Hankel transform. [The Hankel 

transform of order m, and its inverse, are given by 

Fe)=[ rier fod — fl) = | pltee)fle) dp 
respectively, where m > —1/2.] Starting with 

4 (U,), — BU =6€ — x1 -»~) (a) 

compute U by means of a Hankel transform of order zero. Himt:> Multi- 

ply (A) by rJ,(rp) dr d@ and integrate on r from 0 to oo, and on @ from 0 

to 2x. Note carefully that 

[[o@ — 2,2 — yreep)dr 0 

2 i] dS — x, 9 — y)o(rp) a dy = J(0) = 1 

Thus obtain U = —1/2x(p? + &), and invert by means of the known 
formula 

- PILE) ay = Kiker) 
atk 

[J) and Ky are the modified Bessel functions of the first and second kind, 
and order zero. The general solution of xy" + »’ — Pxyp = 0 is p= 

Aly(kx) + BK(Kx).] 
Obtain the solution U = —K,(kr)/2x, to Exercise 5.6, by an entirely dif- 
ferent method. [Note that J,(z) ~ 1 and Kj(z) ~ — Inzasz—01] 
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5.8. Denote the right-hand sides of (5.3) and (5.5) as w, and U,, respectively; 
as k — oo, w, — 6 in the sense of generalized functions, and U, > U [given 
by (5.6)] in the ordinary sense. Now, L*U, = w,, and lim L*U . = limw, 
= 6, so that U satisfies (5.1), as claimed, only if lim L*U, = L*(lim U,) 
or, L*U,— L*U. Verify this equality. Hint: Show that (L*U,,h) > 
(L*U,h) or (U, — U, Lh) > 0, and use the Schwarz inequality |(f, g)| 

< ||F\lllgl| where ||f|| = /G PS). 

6. GREEN’S FUNCTION METHOD FOR THE 

LAPLACE OPERATOR 

As our first application of the Green’s function method, let us consider 

the solution of the Poisson equation (1.5), V?u = ¢, throughout a given region 

S, with values u = f, say, prescribed on the boundary @; see Fig. 6.1. This, 

of course, includes the Laplace equation, where ¢ = 0, as a special case. 

Ficure 6.1 Summary of the boundary value problem. 

As outlined in Section 4, our starting point is equation (2.7), with “v” 

chosen to be the Green’s function G. Requiring that 

L*G = Gy + Gy = OF — x, — y) (6.1) 

(2.7) reduces to 

J pe oe J _ (Gun — uG,) ds + u(x; y) (6.2) 

Now, whereas u is prescribed on Y, the normal derivative u, is not. To remove 

-the unwelcome Gu, term we therefore require that G = 0 on @. This, together 

with (6.1), completes the specification of the boundary value problem on G. 

Provided, of course, that we can in fact determine G, the solution then follows 

from (6.2) as 
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u(x, y) = ip fG, ds + | [,o¢ do (6.3) 

Notice that we use x,y to denote the fixed “field point,” and &, tem- 

porarily as the independent variables merely so that we end up with u(x, y) in 

the final equation (6.3), rather than u (&, 1). 

As discussed in Section 4, it is convenient to seek G in the form 

GEnix.9) =UE nx) +8Gmxy=glarte 64) 

where 

r=VE—x*)+@—yy (6.4a) 
and 

L*g = V*g = gee + Sm, = 9 (6.5) 

throughout Y. Finally, G = 0 on @ implies, from (6.4), that 

g=—jL mr (6.6) 

on @. Equation (6.5) and the boundary condition (6.6) constitute the final 

boundary value problem with which we must contend. To proceed further, we 

must specify the region S. 

Example 1. Circular Disk. Consider, first, the case where ¥ is a disk 

of radius R, with its center at the origin. A reasonable line of approach ap- 

parently is to change to polar coordinates, 

E=fpocost, x=pcost 
ce ne : (6.7) 

n = psin#, y= psint 

and use separation of variables on the resulting Laplace equation. This leads to 

the expression 

yg ee DS (4)’ [a, COS nd + b, sin nd] (6.8) 

where the a,’s and b,’s are computed by application of the boundary condi- 
tion (6.6). Changing r = [(€ — x)* + (4 — y)*]'” in (6.6) to the polar variables 
defined above, and setting 6 = R, the boundary condition becomes 

\| ~ co ~ ~ 
—q,ln [R’ + p* — 2Rp cos (# — 9)] = > [a, cos nF + b, sin nF] 

n=0 

(6.9) 
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That is, we expand the left-hand side of (6.9) in a Fourier series in ¥, and 
equate its cosine and sine coefficients to a, and b, respectively. 

Instead of completing these calculations, let us develop two simpler and 
more elegant lines of approach, using the method of images, and conformal 
mapping. 

The Method of Images. Our starting point is the basic geometrical state- 
ment that the circle © (see Fig. 6.2), of radius R, is the locus of all points P 
such that 

FIGURE 6.2 Image geometry. 

QP/Q'P = constant, say (6.10) 

Given the radius R, and a distance OQ < R, we can use (6.10) to determine 

both OQ’ and the constant. That is, letting P coincide with points A and B, in 

turn, we have 

OP  _R+0OQ _R— Se =F; (6.11) 
OP R+00' OO'_—R 

Solving these last two equations for OQ’ and x, we have 

(6.12) 

It follows that the quantity 

R es 00 

is equal to unity on the circle . Now let P be an arbitrary point inside the 

circle. If we take Q to be our x, y field point, and P to be the variable é, n 

point, then QP is the distance r referred to in (6.4), and OQ = p. Defining 

O'P =r’, as well, we see that 

— OP 
k Q'P Q'P 
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in R CEs ein tone cin 6.13 
s2™ (goo) — on 8? — tel + 25 Ol 

is equal to zero on @, since the argument of the logarithm on the left side was 

shown to be unity on @. Furthermore, it is harmonic (i.e., satisfies Laplace’s 

equation) throughout the disk, except at Q, where it behaves like (1/27) Inr; 

to see this, note that Inr’ is harmonic everywhere except at Q’, which is out- 

side the disk. But these are precisely the conditions required of G. Since 

r= RF + p — 2ppcos(S — 9) (6.14a) 

v= /(@)+P- 2p (E) cos (F — 9) (6.14b) 

G = EIn[P? + p* — 2p cos F — 9)) 

Lin (®) +0 — 29(®) co 6-9] + Lin (R aan |(E) +2 2p(E) cos 9) + zon (4) (6.15) 

With ds = Rd# and do = f dp df, the solution (6.3) becomes 

ne ["s6,R dF + {"{ eopap as (6.16) 
0 0 0 

where G is given by (6.15), G, by 

1 R? — p? 
G,Gyljer' = 5p oa a ale R 27R R2 + p* — 2Rp cos (F — #) 

and f and @¢ are both prescribed. For the Laplace equation, where ¢ = 0, 

(6.16) reduces to the well-known Poisson integral formula’ 

1 2n R* — p? iat rs, 

(ip, Bye el ee ea 
mee) 2a J, R + p— 2Rp os O — 9) ; 

=| 4 Pg — 9, py f@) a8 (6.17) 

: where P is the so-called “Poisson kernel.” 

Physical interpretation of our Green’s function, given by (6.15) or, 

equivalently, by the right-hand side of (6.13), is both interesting and informa- 

tive. In terms of gravitational potential, we observe that the first term on the 

right side of (6.13) is the potential induced by a point unit mass located at 

the x,y field point. The second term is the potential induced by a “nega- 

tive” point unit mass located at the image point outside the circle, as shown in 

Fig. 6.3. Together, these point masses set up a potential field such that our 

12We denote u(p, 7) for brevity; strictly speaking, we mean u[x(p, 9), y(p, 9)]. 
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circle @ is an equipotential curve, i.e., a curve on which the potential is con- 
stant, as sketched in Fig. 6.4. The constant potential induced on ¢ is not zero 
however, so that a third field, simply a uniform potential, must be superimposed 
in order to cancel this value exactly. That explains the third and final term, 
(1/27) In (R/p), in (6.13). 

FiGure 6.3 Point mass interpretation of G. 

Cis 
FiGure 6.4 Equipotentials of the two point masses. 

We note that the image point Q’ is sometimes called the “reciprocal” or 

“inverse” point, since Q and Q’ are at p,# and 1/p, # respectively, for the 

case where R = 1. 

In this example the image system was not particularly obvious. There are, 

as we shall see, many important cases where its construction is, however, both 

obvious and simple. 
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Conformal Mapping. Another elegant approach, which involves conformal 

mapping," is available for the special case of the two-dimensional Laplace dif- 

ferential operator with Dirichlet boundary conditions (i.e., the function values 

prescribed on the boundary @). We assert that G is then given by 

Ge alk w(z)| = aR [In w(z)] (6.18) 

where w(z) is an analytic function of the complex variable z = ¢ + in through- 

out the region Y plus its boundary , which maps conformally and one- 

one onto the unit disk, such that x + iy=« goes into the origin and # denotes 

“the real part of.” The proof is as follows: Since w(z) is analytic, and maps « 

into the origin, it must be of the form 

w = (z — «)"P(z) 

where n is a positive integer and P(z) is analytic and nonzero over Y + @. 

[If P were zero at some point z + @ then this point would also map into the 

origin, and the mapping would not be one-one. If it were zero at a, then it 

would contain a (z — a)” factor, which could be absorbed into the (z — a)” 

factor.] Conformality demands, further, that n = 1, since nm > 2 would imply 

that w’(a) = 0. Thus w = (z — «)P(z), and 

Ge + Alln [(z — a) P(2)} 

= Latin (c — a)) + + Alin P(2)) (6.19) 
Now, if a function F(z) is analytic, then In F(z) is analytic wherever F(z) 40. 

It follows that the second term on the right-hand side of (6.19) is the real part 

of an analytic function, and is hence harmonic over Y + @. Similarly, the 

first term is harmonic except at a. Thus, G is harmonic over Y + Y, except 

at «, where 

1 
Gw~ aq n |z — @| (6.20) 

‘as required, since |z — a| =r; c.f. equation (6.4). Finally, we note that 

|w(z)| = 1 on @, since @ maps into the unit circle, so that G = 0 on @, from 

(6.18), as required. 

An interesting consequence of this result is that we are assured of the ex- 
istence of a Green’s function for all domains Y which can be mapped con- 

13Our discussion will assume of the reader a basic knowledge of complex variable 
theory, approximately at the level of R. V. Churchill’s Complex Variables and Applica- 
tions, 2nd ed., McGraw-Hill Book Company, New York, 1960. It can, however, be skipped 
without loss of continuity if the reader is not sufficiently familiar with this material. 
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formally onto the unit disk. That these include all simply connected domains 
with piecewise smooth boundaries is Riemann’s famous mapping theorem.'* 

Unfortunately, assurance that a suitable mapping exists is not of much help in 

finding it." 

To apply this method to the present example, we note that the bilinear 

transformation 

R(z — «) 
WAGs R* — az 

(6.21) 

where the bar on a@ denotes complex conjugate, maps the disk Y of radius R 

into the unit disk, both conformally and one-one, with « going into the origin. 

Thus, with z = f exp (it) and « = pexp (it), we have 

R pe'® — sR pe’ cet 
G = on In 

which can be shown (Exercise 6.1) to agree with our previous result (6.15). 

ComMENT |. Strictly speaking, the validity of our basic equation (2.7) is 

subject to question when we set ‘“v” = G, because of G’s singular behavior 

within the domain of integration. Following more rigorous lines, however, we 

can in fact show that our result (6.2) is valid. Specifically, we apply (2.7) not 

to the region Y, but rather to Y’, which is identical to Y, but with a disk of 

arbitrarily small radius € deleted at the x, y location; see Fig. 6.5. With the 

singular point removed, (2.7) is rigorously correct, and becomes 

FiGure 6.5 Rigorous derivation of Eq. (6.2). 

14C, Carathéodory, Conformal Representation, Cambridge University Press, New 

York, 1932. 

15 Dictionaries of conformal mappings are available and are of considerable help; e.g., 

H. Kober, Dictionary of Conformal Representations, Dover Publications, New York, 1952, 

and Z. Nehari, Conformal Mapping, McGraw-Hill Book Company, New York, 1952. 
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eee; ie ei 260 
Ips GV*u do = Ils (Gu, — uG,) ds + f. (Gu, — uG,,) ds + shes uV? G do 

(6.23) 

since the boundary of Y’ is actually ¢ +c. Consider the integral over c: 

G = O(n), u, = O(1),'® and the length of the circuit is 27€, so that 

i Gu, ds = O(e Ine) (6.24) 

which tends to zero as € — 0. In addition, u ~ u(x, y) and 

1 1 ea = 5 
2ar (6.25) 

G,, = —G, Gh SS hep ~ One 

so that 

u(x, y) 
J uG, ds ~ Fay f. ds = —u(x, y) (6.26) 

Finally, the last term is zero in (6.23) since V?>G = 0 in ’, and the left-hand 

side becomes 

| ie GV?udo = {f Gb do (6.27) 

since V?u = ¢ and the integral of Gd over the disk SY — SF’ is of order 

O(ée? In €); O(e?) from the disk area, and O(In €) from G. With these results, 

(6.23) does indeed reduce to our equation (6.2), as claimed. 

Rather than worry about the rigor of each and every step in the solution, 

it is often best to proceed formally all the way. If it can then be verified that 

the “solution” does in fact satisfy all the required conditions, then the 

question of rigor of the various intermediate steps is of no concern. (In 

fact, the solution often turns out to be valid under somewhat milder conditions, 

on the various prescribed quantities, than would have accrued if we had de- 

manded rigor at each step of the way.) 

To illustrate the procedure, let us try to verify that the Poisson integral 

, formula does in fact satisfy the required conditions, V?u = 0 inthe unit disk 

and u =f on its edge. First, let us sharpen our problem statement a bit. 

Actually, we require that V7u = 0 in the interior of the disk, r < R, and not 

on its boundary, r = R. [This is important in boundary and initial value 

problems so that nonanalytic (for example, discontinuous) boundary and initial 

conditions can be accommodated.] By u = f on p = R, then, we shall mean 

lim u(p, #) = f(9) as p — R. That this boundary condition is satisfied follows 

16 That is, u, is bounded; recall the definition of the order-of-magnitude notation in 

Footnote 14 of PART I. 
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immediately from the delta function behavior of the Poisson kernel, which was 
noted in Exercise 3.3 of PART I and left for the reader to prove. That V?u 
does equal 0 in p< R follows from the fact that V-P=P,,+ p"'P,+p-*Ps5= 
0 in p < R, differentiation under the integral sign being permissible because 
the required partials of P are all continuous functions of the parameters 
p,% and the integration variable # over p< R,0<4¢<27,0<8 <2z. 

CoMMENT 2. Interchanging p with f and # with § in the Green’s func- 

tion (6.14), we find (Exercise 6.2) that G(p, #; p,#) = G(p, 4; f, F) so that 

G is symmetric. Let us examine the source of this reciprocity. Our argument 

will be analogous to the corresponding one for ordinary differential operators, 

in Section 4 of PART I (Example 1, Comment 3). 

Recall that G satisfies a system of the form 

L*G(é, 4; x, y) = 6(€ — x, n — y), plus suitable homogeneous (6.28) 

boundary conditions, say B. C. , 

Denoting the operator of (6.28) (i.e., L* plus B.C.) asY, we note that associated 

with @ is its adjoint Y*, consisting of (L*)* = L plus certain other homogene- 

ous boundary conditions, say B. C.*. Thus, corresponding to Y* there is a so- 

called adjoint Green’s function, say G*, which satisfies 

(L*)*G*(é, UE Xo Yo) a EGE UE Xos Yo) = d(¢ — Xo, 1 =) Yo) 
- (6.29) 

plus suitable homogeneous boundary conditions, B. C.* 

where we have introduced the zero subscripts on x, y simply because xp, yp in 

(6.29) need not be the same as x, y in (6.28). 

Now, taking u and » in (2.12) to be G*(€, 4; Xo, yo) and G(€, 4; x, y) re- 

spectively, and using (2.13), (6.28), and (6.29), we have 

SS, 5(F — xo, — yo)G(E, 0; x, y) do 

2 ff, G* (E, 3 Xo, YO(E — x, 9) aa 

or 

G(Xo, Yos X,Y) = G*(X, V3 Xo, Yo) (6.30) 

In the present example Y consists of L* = V’ plus the boundary condition 

G =0on @. Now, with u and » taken to be G* and G, respectively, in (2.7), 

we see that G* must be zero on @ in order for the boundary term to drop out, 

as implied by (2.12). Thus Y* consists of L = V’ plus the boundary condition 

G* =0 on G, so that Y* = G, and (6.30) reduces to the simple symmetry 

condition 
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G(Xo, Yos X,Y) = G(x, V3 Xo» Yo) (6.31) 

COMMENT 3. We have seen that for the case where L = V’, U may be 

regarded as the potential induced by a point unit mass located at x, y within S, 

and that g is an additional potential which (if we are lucky) is derivable from 

a simple image system. The image system consists of a distribution of mass, 

either discrete or continuous (or partly discrete and partly continuous), located 

outside the region Y. We will now demonstrate that g (in fact, any function 

harmonic in ) may be regarded, alternatively, as the potential induced by a 

suitable distribution of singularities over the boundary @.'’ First, we define 

the notion of a mass dipole, or doublet: Consider (Fig. 6.6) the potential 

u(x’, y’) induced at x’, y’ by a pair of point masses, one of strength +x at €,0 

and the other of strength —x at 0,0. With 

FiGureE 6.6 Definition of doublet. 

U(x, 93%») = soln x’ — xP + (' — yh? (6.32) 
the potential at x’, y’ due to a positive unit mass at x, y it follows that 

u(x’, y’) = KU(x', y'; €,0) — KU(x’, y’; 0, 0) 

U(x’, ys €, 0) tae UG. y 0, a. = Ke} 
€ 

(6.33) 

Letting € +0 and x — co such that the product xe = constant = v, say, 
(6.33) becomes 

/ U 0U 

u(x’, y') = va (6.34) 

17 Although this method will not be pursued further here, we feel it is worth mention- 
ing since it is of important practical interest in potential theory. It has, for example, been 
exploited extensively in the fields of aero- and hydrodynamics. 
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The result is said to be a “dipole,” or “doublet,” of strength v, oriented in the 
positive x direction and located at the origin. It is important to note that the 
derivative 0/dx always coincides with the orientation of the dipole. 

Now, setting u = U(€, 9; x, y) and v = g(€, y) in Green’s theorem, 

ae Sa a dv du [J wv» — oven) do = f : \us? be oS} ds (6.35) 

where V*g = 0 in ¥ and V?U = O(€ — x, 4 — y), we have 

0a =f lUGaixnE-sZuGaixy}ds (6.36) 
or, since U(E, ; x, y) = U(x, y; €,n), 

ah og : ] a =f {-Bu@ rtm +sfucyi em ds (637) 
To interpret the two terms in the integrand, note that U(x, y; €, 9) is the 

potential induced at x,y by a point unit mass at €,4 on @. Similarly, 

0U(x, y; €, 4)/dn is the potential induced at x,y by a point unit doublet at 

€, on @, oriented normal to ¢. 

Thus, g(x, y) can in fact be interpreted as the gravitational potential 

induced at the interior point x, y by a distribution of masses and dipoles, of 

strength —dg/dn and g respectively, over @. The nonuniqueness of this 

singularity representation is established in Exercise 6.3. 

Example 2. Half-Plane. Now consider the case where / consists of 
the upper half-plane, 7 > 0. Tis time, construction of the image system is 

trivial; it consists simply of a negative point unit mass at x, —y as shown in 

Fig. 6.7. Surely G will then be zero on 4 = 0 by antisymmetry. Thus, 

G=2Lin[é — x + —WI- gle — x +1 +1 (638) 

Clearly this does satisfy all the required conditions. With G, = —G,],-o, the 

solution is provided by (6.3), 

ns Way kG) oD = al eee 
il Y | coary (eee tel ee 

ae =) 6 te I —xP+ q+
 Y.|6¢ ) dé dy (6.39) 

The Green’s function (6.38) could also have been found easily using con- 

formal mapping, with w(z) = (z — a)/(z — @). 
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u=f 

G=0 © ie 

FIGURE 6.7 Image system for half-plane. 

ComMMENT |. Actually, our region Y should be closed, as sketched in 

Fig. 6.1. If we close it by means of a large semicircle centered at x, 0 for con- 

venience (Fig. 6.7), and consider the limit as R — oo, then we see from (6.2) 

that our result (6.39) tacitly assumes that wu satisfies additional boundary con- 

ditions “at infinity” such that the integral 

f (Gu, — uG,) ds (6.40) 

over the semicircle tends to zero as R — oo. On the semicircle, 

al | 
G— an In ry ie In r, 

l : l : 
~ 57 In (R — ysin B) — 5_ In (R + ysin B) 

5 eer = o(z) (6.41) 

since In (z + a) ~ Inz + a/zasz— oo. It follows that G, = Gg = O(1/R?) 

+ on the semicircle, so that (6.40) must be of order 

1 l 
O(j- ur 7) + O(u- a - 2R) 

This will in fact tend to zero if both up > 0 and u/R—0O as R— oo; these 

are equivalent to the single requirement u = O(R*), where « < 1. 

Stipulation of appropriate boundary conditions at infinity is an important 
part of problems in infinite domains. Quoting Friedrichs,'* “conditions are ap- 

18K. O. Friedrichs, Methods of Mathematical Physics (Lectures given during 1947- 
1948), New York University Institute of Mathematical Sciences, New York, 1955. 
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propriate if they are strong enough so that at most one solution can satisfy them, 
and weak enough so that there exists at least one solution satisfying them.” As 
a simple illustration of this point he notes that the solution of the two-dimen- 
sional Laplace equation in the region r > 1 subject to the condition u = 100 
onr = 1 isu = 100+ Clnr, where r is the radial distance from the origin. 

~ Suppose we require one of the following as our condition at infinity: (a) u— 0, 

(b) u = O(1), (c) u = O(r). Condition (a) cannot be satisfied for any choice of 

C, so that no solution exists; (b) is satisfied if and only if C = 0, so that there 

does exist a unique solution; (c) is satisfied for any value of C, since (In r)/r is 

bounded as r — o0, so that the solution exists but is nonunique. For a detailed 

discussion of this and other points related to infinite domains, we refer the in- 

terested reader to Friedrichs. 

COMMENT 2. Observe from (6.39) that the lim u(x, y) as y > 0 is in fact 

f(x), as required, since the kernel of the first integral behaves as a delta 

function at € = x as y > 0 [recall equation (3.3) of PART I, with k = 1/y], 

and the kernel of the second integral tends to zero. 

The foregoing examples have all been formulated with Dirichlet boundary 

conditions, that is u =f prescribed on @ (recall Fig. 6.1). Examples with 

Neumann boundary conditions, that is where the normal derivative u, is pre- 

scribed on Y, are given in Exercises 6.9 and 6.10. Let us consider now the 

more general mixed boundary condition 

au + Bu, = fon G (6.42) 

with a, B, and f prescribed; for the special cases a = 1, 8B = 0 and « = 0, 

B = 1 reduction to Dirichlet and Neumann type conditions results. 

Let us return to (6.2), more specifically the boundary integral, in order to 

determine what boundary conditions need to be imposed on G for this case. If 

B+ 0 over G, then with the help of (6.42) we can express 

CG o(5™) Ge c(4) = (2 Pe) (6.43) 

Now, whereas the combination au + Bu, = f is prescribed, wu (all by itself) is 

not. To remove the unknown, and hence unwelcome, u term, we require that 

G satisfy the “homogenized” mixed boundary condition 

aG + BG, =0on¢ (6.44) 

With G determined, the solution then follows from (6.2), (6.43), and (6.44) as 

we py —|, fas + ff 66do (6.45) 
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If B is not nonzero over @ but « is, then we can express 

Gi uC = Gus (ff) C= (2 + Be) pice (£) G, (6.46) 

and again (6.44) applies since u, is not prescribed on @. More generally, (6.44) 

applies if, at all points on Y, « and f are not both zero. The solution is then 

given by (6.45), with —Gf/B replaced by G,f/a for that portion of @ 

over which f is zero but « is not. Let us illustrate this with an example. 

Example 3. Mixed Boundary Conditions. To emphasize the effect of 

the mixed boundary condition let us reconsider the same problem as in Exam- 

ple 2, but this time with the boundary condition 

u, + au = f(€) ony =0 (6.47) 

with « a constant, for simplicity. The fact that G must now satisfy the 

condition 

G, + aG =0ony=0 (6.48) 

causes a surprising amount of complication. The boundary value problem on 

G does not admit a simple image type solution, and conformal mapping is ap- 

parently of no help because we do not have G = 0 on @. Instead, we will 

adapt an elegant method which was developed by J. P. Moran’? in connec- 

tion with the flow field induced by a hydrodynamic source moving toward a 

free surface. 

Noting that G, = —G, on 4 = 0, our boundary value problem on G is as 

follows: 

L*G = V’G = 6(€ — x,y — y) iny >0 (6.49) 

—G, + 4G =0 on’ 7 = 0 (6.50) 

Proceeding formally, we seek G in the form of an expansion in powers of «, 

G=G,+ 46,+07?G,+--- (6.51) 

Inserting this into the differential equation (6.49), and equating the coefficients 

of like powers of a on both sides of the equation, we have 

V*G, = 0(€ — x, — y) (6.52) 

VG, = 0, ja (6.53) 

Doing the same for the boundary condition (6.50), 

19 J. P. Moran, “Image Solution for Vertical Motion of a Point Source Towards a Free 

Surface,” J. Fluid Mechanics, Vol. 18, Part 2, 1964, pp. 315-320. 
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—(Go, + “Gi, + os -) + «(Go + aG, a os -) = 0 (6.54) 

so that, equating powers of «, 

Go, = 0 (6.55) 

—Gi,, = Go =0 

—G,, + G,=0 (6.56) 

on 7 = 0. From (6.52) and (6.55) it is clear (Exercise 6.10) that G, can be 
constructed by a simple image system: 

Go = U(E, 9; x, y) + UE, 4; x, —y) (6.57) 

where 

UE, n; x,y) = x2inVE— xF + 

Observing that on 7 = 0 we have G, = 2V, where we define V(€, ; x, i 

U(é, 4; x, —y), we can rewrite (6.56) as 

—G,, + 2V =0 
—G,,+G6,=0 (6.58) 

on 7 = 0. 

Now, V?(—G,,, + 2V) =0 in 9 > 0 since both G, and V are harmonic 

there and, in addition, —G,, + 2V = 0 on 4 = 0 according to (6.58). Both 

conditions are satisfied if —G,,, + 2V is identically zero throughout the half- 

plane. The same is true for the combinations —G,, + G,, —G;, + G,, and so 

on. Thus, the equations (6.58) are valid not only on 4 = 0, but for 4 > 0 as 

well; we have “continued” the boundary conditions into the region! Integrat- 

ing them in turn yields 

Gi =2[V dn 

G, = [G.dy = 2[[Vdndy si 

= {G.dn = 2{[{V dn dn dn 

so that 
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G = Gy + 20) Vdy + 20°/ Vdndn+--: (6.60) 

where G, and V are already known. This can be put into closed form by dif- 

ferentiating with respect to 4 and noting that 

G, = Go + 20V + 207 (V dq + --- 

= Go, + 2a0V + a(G — Go) (6.61) 

Thus we have the simple first order differential equation 

G, — 4G = Gp, + 2aV — aG (6.62) 

Since the terms on the right-hand side are already known, the solution is 

simply 

G =e {  (Goy + 20V — aGy)e-2" dr! (6.63) 

where the arguments of G,,, V, and G, are (¢, 4’; x, y). Choosing the integra- 

tion constant a = oo, for G to be well behaved as 4 ©0, further simplification 

by means of integration by parts is possible, 

G == (GoU {(Goe*") oe i (4Gy + 20V — aG,)e-2"” dry'} 

aes (4) ef ; In1(6 2) (ayy e =" ay (6.64) 

Finally, in order to facilitate the physical interpretation of this result, let 

us change the dummy variable from y’ to 4” according to yn’ = 4 — y — n". 

Carrying out this simple change, we arrive at 

G = UG, ; x,y) + UE, 9; x, —y) + ies m(q")U(S, 0; x, 9") dn" 

(6.65) 

where 

my”) = —2aer*?*n"? (6.66) 

- The first two terms in (6.65) clearly represent positive point unit masses at x, y 

and x, —y respectively; the integral term represents an additional distribution 

of mass, of strength m(y’’) per unit length, from x, —y down to x, —oo, as 

sketched in Fig. 6.8. Thus G is, in fact, expressible in terms of an image 

system, but the system is neither simple nor obvious! (See Exercise 6.11.) 

Example 4. Quarter-Plane. As the final example of this section, we 
consider another mixed boundary value problem, namely, the Poisson equation 
V’u = @ in the quarter-plane, with u = f(€) on 4 = 0, and u, = h(n) on € = 
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n 

@x,y 

FIGURE 6.8 Image system for Example 3. 

0, as shown in Fig. 6.9. The appropriate boundary value problem on G is also 

indicated there. By inspection, G may be constructed by means of three 

suitably placed unit masses, as shown: a positive mass at —x, y and negative 

masses at —x, —y and x, —y. 

The solution is given by 

u(x, y) = ik uG,, ds — iN Gu, ds + il Gd do 

= [96,48 — |" Ghdn + "|" Gb 6 dn 

V-u=¢ 
V?G= &(E —x,n-y) 

FIGURE 6.9 Image system for Example 4. 
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= —["FOGA(E, 05 x, y) a — |, GO, 05 x, Ya) dn 

+f" [66,15 x, YE, m) a6 dn (6.67) 
where 

wy 1 plE =? + — WIE + PF + — WF] 6.68 
9 = see aA OO 
It appears that not all mixed boundary value problems are difficult; just 

most of them. 

CoMMENT 1. The reader may be upset at the signs involved in the expres- 

sion of the boundary integrals in (6.67), and puzzled at the “orientation” of 

the contour @, since € runs “clockwise” from 0 to oo, whereas y runs “‘counter- 

clockwise” from 0 to co. As we noted earlier, the reason is that the ds incre- 

ments must always be positive; the directions of integration must therefore be 

chosen accordingly. 

EXERCISES 

6.1. Verify that the form (6.22) does agree with (6.15). 

6.2. Verify that the Green’s function given by (6.15) is symmetric; that is, 

GB, F; p, 9) = G(p, 4; p, 9). 
6.3. Establish the nonuniqueness of the singularity representation discussed in 

Comment 3 of Example 1. Hint : In deriving (6.37) we set u= U(€, n; x, y) 

and v = g(¢, 7) in (6.35), where g was harmonic in Y, and the point x, y 

was contained in . Alternatively, apply (6.35) to the complementary 

region SY’ bounded by @; if S is the interior of @ then /’ is the exterior, 

and conversely. Again choose u = U(é,; x, y), where x, y is the same 

point (in S) as before, but let » = A(€, 7) where h is harmonic in SF’. 

Noting that 0/dn' = —0/dn and that x, y is outside .Y’ we obtain, from 
(6.35), 

0=f [HUG 0 —hZ u(y én ds 
Adding this to (6.37), 

(x.y) =f {Eu + @ — Lh as 
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6.4. 

6.5. 

6.6. 

That the mass and dipole strengths over ¢, —0(g — h)/dn and (g — h) 

respectively, are not unique follows from the fact that h is not uniquely 

specified. 

Determine the Green’s function for the case where V?u = 0 in the region 

outside the circle of radius R, with u(f, #) = f(8) on the boundary pf = 

R, and hence obtain the solution 

(9,9) = — fad u(p, Sees St eri eee 
< o R? — p* — 2Rpcos (9 — #) 

(Compare with the Poisson integral formula (6.17) for the interior 

problem.) Hint: First, map the z = € + iy plane into a w,(z) plane by 

means of the inversion w, = 1/z. This sends our region into the interior 

of a disk of radius 1/R, and « = x + iy into 1/a, as shown below. 

Finally, we must map w, conformally into w, such that the disk of 

radius 1/R maps into the unit disk, with 1/a going into the origin. 

Recalling the form of (6.21), we see that the desired transformation is 

z plane w, plane 

_ U/R), — 1/e) 
— C/RY — 1/4); 

so that 

Gt in| Oe 1/a) 
(1/R) — 1/«)(1/z) 

Repeat Exercise 6.4 using the method of images. 

Show that the Green’s function for the infinite wedge problem, shown 

below, may be constructed by placing suitable point masses at the loca- 

tions a,b,...,g. 
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6.7. Determine the Green’s function for the Poisson equation with Dirichlet 

6.8. 

6.9. 

boundary conditions, for a semicircular domain of radius R, using three 

suitably placed point masses. 

What boundary conditions at infinity must be satisfied by u if (6.67) and 

(6.68) are to constitute a valid solution of the quarter-plane problem? 

(Recall Comment | of Example 2.) 

Generalized Green’s Function. Consider the Poisson equation V*u = ¢ 

over a bounded region , subject to Neumann boundary conditions u, = 

0 on the boundary @. (a) Integrating the Poisson equation over the disk, 

and using the divergence theorem, 

fie Veudo = f, u, aS 

show that ¢ must satisfy the condition 

[Joao =0 (A) 

[Physically, this restriction makes sense since u, = 0 on @ means there is 

no “flux” across @; surely, then, the net “generation” {J @do must be 
hig 

zero. In eigenfunction language (Comment 4, Section 5, of PART I), we 

note that zero is an eigenvalue of the operator L = V? over ¥ plus the 

boundary condition u, = 0 on @, since u = constant = 1, for example, 

is a nontrivial solution of V?u = 0, u, = 0. Thus, (A) really states that 
@ must be orthogonal to the eigenfunction corresponding to the zero 
eigenvalue.] (b) Repeating the steps of part (a) for the boundary value 

problem governing G, we arrive at the analogous result 
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6.10. 

6.11. 

iL G, ds = sf, 6 da (B) 

This is a contradiction, because G, is required to be zero on ¢ whereas 

the right-hand side is unity. Thus the ordinary Green’s function does 

not exist! (c) Starting with the integration by parts formula 

ff edo = —| 4G, ds + [f ued (C) 

seek a “modified-generalized Green’s function,” along the lines of Ex- 

ercise 4.14 of PART I. Show that if we require that V’?G = 6 over S, 

as usual, but that G, be a (suitably chosen) constant over @, then the 

contradiction in (B) is repaired, and the solution is 

u=K+|{ Godo (D) 

where K is an arbitrary constant. Verify directly that (D) does satisfy 

the required conditions V’u = ¢ over Y and u, = Non F. 

The half-plane Poisson problem of Example 2 was posed with Dirichlet 

boundary conditions; u = f(€) on 4 = 0, and hence G = 0 there. If, 

instead, we consider Neumann boundary conditions, u, = h(€) on y = 0, 

show that under certain additional restrictions the solution is 

ux, y) = zo fn [(E — x) + PMO aE 

rs a ff) inte — 2 + @ — le — xF 

+(n + yP VOCE, 0) ae dy 

Integrating V*u = @ over the region, as in Exercise 6.9, show that 

suitable “additional restrictions” are 

{f¢ do =0, [-_hd& =0 

and the boundary condition u = O(7~*) at infinity, where a > 0. 

For the limiting cases « — 0 and « — oo, the mixed boundary condition 

of Example 3 reduces to Neumann and Dirichlet boundary conditions 

respectively. As a partial check on the correctness of the derived Green’s 

function (6.65), verify that it does reduce to the appropriate simple forms 

for these two limiting cases. Hint: Note that 

ese) dx ~ Las a— oo 
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6.12. 

6.13. 

6.14. 
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Determine the Green’s function for the problem Vu = ¢ in the region 

bounded by the circle €* + (4 — h)* = R’ and the € axis, where wu is 

prescribed on the circle and u, on the € axis, as shown in the figure. 

Hint: First, place a suitable point mass at the image point a, to satisfy 

the boundary condition on the circle. But the boundary condition on the 

& axis is not satisfied, so add two suitable point masses at b and c. This, 

in turn, upsets the boundary condition on the circle, so add two more 

images at d, e. Continuing this process indefinitely, obtain G in the form 

of an infinite series. 

u given 

Il \ ci 

\ 
c 

| 
\ 
{ 

Determine the Green’s function for the problem V2u = @ in the annulus 
1<¢?+ 7° <4, where uw is given on both & + 4? = 1 and & + n? = 4. 
Hint: Introduce an infinite sequence of images along the radial line 
through the point x, y. 

Our image solution for the circular disk (Example 1) assumed Dirichlet 
boundary conditions. Can it be modified to accommodate Neumann 
boundary conditions? 
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7. GREEN’S FUNCTION METHOD FOR THE 

HELMHOLTZ OPERATOR 

As our next application, we will consider the Helmholtz equation (1.6), 

Wu + k?u = @. This will be discussed by means of two examples. 

Example 1. Vibrating Circular Membrane. Suppose u is required to 

satisfy the Helmholtz equation throughout the interior of a disk of radius R, 

together with boundary values f, as shown in Fig. 7.1. Recall from Section 1 

that k and u may be regarded as the frequency and amplitude of the displace- 

ment of a membrane which is driven by a periodic force distribution of ampli- 

tude ¢. 

Veutku=¢ 

Ficure 7.1 Summary of boundary value problem. 

Proceeding exactly as with the Poisson equation in Section 6, the solution 

is again given by (6.3), where the Green’s function now satisfies 

L*G = Ge + Gm + PG = OE —.x, 9 — y) (7.1) 

in S, together with the condition G = 0 on @. Recalling the principal solution 

(5.16), we seek G in the form 

G(é, 9; x, y) = U(E, 4; x, y) + 86.93 x,y)=4 Yolkr) +e (7.2) 

where 

r=VE—xP + (9 — yy (7.2a) 
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and 

L*g = Vg + Kg = Bee + 8m + Kg = 0 — 
throughout Y. Finally, G = 0 on ¢ implies, from (7.2), that g must satisfy the 

boundary condition 

g=—1Y,(kr) (7.4) 

on @. Changing to polar coordinates, 

éE = poost x = pcost 

n = psiné y = psin# 

and using separation of variables on the resulting version of (7.3), we obtain 

(Exercise 7.2) 

g= 2 J,(kp)la, cos nF + b, sin n5] (7.5) 

where the a,’s and b,’s are computed by application of the boundary condition 

(7.4), 

—1 Yok R* + p* — 2Rp cos (F — H] = Oi J(kR)[a, cos nF + 6, sin 15} 
n=0 

(7.6) 

[The terms under the radical, in the argument of Y>, result from changing to 

polar coordinates in (7.2a), with f# set equal to R.] Thus, the Green’s function 

is given by (7.2) and (7.5) where 

1 oS pe a es ae —gRIER)|_. Yolk R? + p* — 2Rpcos(¥ — 9] ad 

and 

1 a aie 
a, = —FETCRR) Wp Y,.[kV R* + p? — 2Rp cos (t — #)] cos nt dt 

1 ee ee ee 
i b, = — FRIAR) i Y [kV R* + p? — 2Rpcos (t — #)] sin nt dt 

(7.7) 

forn> 1. 

Example 2. Acoustic Radiation. Now let us consider the two-dimen- 

sional acoustic radiation into the upper half-plane y > 0 due to a pulsating 

membrane stretched over |x| < a, as sketched in Fig. 7.2, where (x, y, f) is 

the velocity potential of the air. If the vertical displacement of the membrane 
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is of the form f(x) sin wf, then the vertical velocity of the membrane, and hence 
the vertical velocity $, of the adjacent air, is wf(x) cost. Of course, the 
normal velocity , is zero on the rigid wall, |x| >a and y = 0. Thus, our 
boundary condition on ¢ is 

Air 

Membrane 

Wall Wall 

FiGurRE 7.2 Acoustic radiation into y > 0. 

af(x) cos at, |Ix| <a (7.8a) 

0, |x| >a (7.8b) 

Actually, (7.8a) should be satisfied not on y = 0, but rather on the surface of 

the membrane, y = f(x) sin wt. Our simplified version (7.8a) will, however, be 

an acceptable approximation if f(x) is uniformly small over the interval. 

It will be convenient to seek the solution in the form 

$(x, y, t) = By (x, vei} (7.9) 

Inserting this into both the acoustic equation and (7.8) we arrive (see Exercise 

7.3) at the following boundary value problem on y(x, y), namely, the Helmholtz 

equation 

P(x, 0, t) = 

Ly = Vy + ky =0 (x = 2) (7.10a) 

in y > 0, together with the boundary condition 

af(x), |x|<a (7.10b) 
0, |x| >a 

w(x, 0) = 

It is the boundary value problem (7.10) with which we shall be concerned. 

To solve this problem by the method of Green’s functions we choose 

“y? = yw and “v” = G in (2.7). Since Ly = 0 in #, we have 

0=[ (—Gy, + v0.48 + [f vL*G do (7.11) 

Now, whereas y, is prescribed on 7 = 0, y is not. We therefore set G, = 0 on 

n = 0, so that the requirements on G are 

L'G=V'G+G 2G, +6, 4 P6=5€ —x,n—y) (7.12) 
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in y > 0, together with the boundary condition 

G,(¢, 0; x, y) = 0 (7.13) 

With the help of (7.10b), (7.12), and (7.13), it follows from (7.11) that 

y(x, y) =@ ‘ie GE, 0; x, y)f(E) ae (7.14) 

Finally, we must compute the Green’s function. Recalling the principal 

solution (5.16) of the Helmholtz equation, we tentatively seek G in the form 

G(é, n; x, y) = U(E, n; x, y) + 9(6,93 x,y) =4Yokr) +e (7.15) 

where 

r= VE=aF FG? 
and 

L*g = V’g + k*g =0 (7.16) 

throughout /. 

Before worrying about the boundary condition (7.13), let us examine the 

behavior of G at infinity. From the known asymptotic behavior of Yj, we note 

that?° 

u Ral oy ee ( — 4) =  Yolkr) 4 NV xk SID kr 4 as r — oo (7.17) 

Combining this with our exp (iw) factor [recall (7.9)] and recalling that k = 

a/c, we observe that the combination 

sin (kr at Fem = Sesh a Fi eased | (7.18) 

contains both outgoing waves and incoming waves!”! But, the presence of waves 

coming in from infinity is unacceptable on physical grounds; this is the so-called 

radiation condition. To patch things up, let us discard our tentative choice of 

Y,(kr)/4 as our principal solution, and replace it with one which does satisfy 

the radiation condition. Well, recall from Exercise (5.4) that two other princi- 

‘pal solutions of the Helmholtz equation are —iH{(kr)/4 and iH?(kr)/4. 

Noting the asymptotic behavior,?” 

Hi(kr) ~ 4/4 er) as ro co (7.19) 

20 N. W. McLachlan, Bessel Functions for Engineers, 2nd ed., Oxford University Press, 
London, 1955, p. 197. 

21 The general form F(r — ct) describes a wave moving radially outward at a constant 
speed c. Similarly, F(r + ct) describes an inward-moving wave. 

22 McLachlan, Bessel Functions for Engineers, p. 198. 
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HP (kr) ~ 4 Fen!) as p> 00 (7.20) 

we see that the principal solution iH(kr)/4 does in fact satisfy the radiation 
condition; i.e., introducing our exp (iw@t) = exp (ikct) factor we have, from 

(7.20), 

5 H2 (kre ~ 4 [2 g-ik(r-ct-n/4x) (7.21) 
akr 

which is purely an outgoing wave. (Note that its amplitude diminishes as it 

moves outward because of the r-’” factor.) Thus, choosing iH?(kr)/4 as our 

principal solution U, in place of Y,(kr)/4, it now remains to determine a g 

which permits satisfaction of the boundary condition (7.13) and, at the same 

time, satisfies the radiation condition itself. This is easily accomplished, by the 

method of images, by choosing g = U(é, 9; x, —y). Thus, 

GE m x.y) =] HUN E— xP F 

+ HVE FGF (7.22) 
and the solution, according to (7.14), is therefore 

yxy) = "PP AQMP Ea Fa (7.23) 

CoMMENT |. Notice that we didn’t have to discard the Y,(kr)/4 principal 

solution. We could have kept it, and required g to contain an incoming wave 

part that would exactly cancel the incoming wave contained in Y,(kr)/4. 

Noting that the solution J,(kr) of (7.16) behaves like? 

Z T Jokr) ~ 4/4008 (kr — 2) as r+ 00 (7.24) 

we are led to the combination 

g = LIke) + FHP E— 2) + (7.25) 
That is, the Jy term in (7.25) serves to cancel the incoming wave portion of the 

principal solution, since 

> Y,(kr) + 4 J(kr) ~ Ae {sin (kr 3 z) pees (kr a a) 

iy eee 7.26) 
4 mkr ° 

23 McLachlan, Bessel Functions for Engineers, p. 191. 
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and when our exp (iw) = exp (ikct) factor is introduced this becomes 

(i//8nkr) exp [—ik(r — ct — /4k)], which is purely outgoing. As for the 

boundary condition G,(é, 0; x, y) = 0, we note that this is taken care of since 

the H® term in (7.25) is the image of both the J, and Y, terms. Of course, the 

resulting Green’s function is exactly the same as before [i.e., (7.22)], because 

of the identity Y,(kr) + i}(kr) = iH?(kr). 

CoMMENT 2. For our region ¥ to be closed, we consider its boundary to 

consist of the € axis together with a large semicircle. The integral over the 

semicircle was tacitly omitted in (7.11), and we leave it for the reader to verify 

a posteriori that it does in fact tend to zero as the radius of the semicircle is 

allowed to become infinite (Exercise 7.4). 

CoMMENT 3. Finally, it is interesting to revisit Example 1 in connection 

with the radiation condition. Since the region was finite, there was no need to 

worry about waves coming in from infinity. Actually, if we ignore for the 

moment the fact that the domain is bounded, and examine the solution at in- 

finity we will, in fact, discover both incoming and outgoing waves. The same 

will be true within our domain . The superposition of these incoming and 

outgoing waves is such that a given wave in our domain appears to be con- 

tinually reflected from the center of the disk and its outer edge, in turn. 

EXERCISES 

7.1. Instead of splitting the Green’s function, of Example 1, according to (7.2), 

solve for G directly from the governing equation (7.1) and boundany con- 

dition G = 0on f = R. Hint: To avoid the delta function in (7.1), divide 

the disk into two parts, 0 < f < pand p< f < R, in each of which G 

satisfies the homogeneous version of (7.1). The unknown coefficients that 

arise are determined by requiring boundedness of the “inner” solution, 

+ applying the condition G = 0 on f = R to the “outer” solution, and blend- 

ing the two solutions along f = p by integrating (7.1) over the neigh- 

borhood of the point of action of the delta function. (This line of approach 
is basically the same as the one used so often in PART I in connection 

with ordinary differential equations. Its unwieldiness here explains why 

we tend to favor the principal solution approach for partial differential 
equations.) 

7.2. Express (7.3) in terms of the polar coordinates # and #. Then, using 

separation of variables, derive the expression (7.5) for g. 
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7.3. Verify that (7.10a) is indeed implied by the form (7.9) and the acoustic 
equation on ¢. Hint: The key point is that LA{ }—= AL{ } whenever 
L is a linear operator; recall equation (1.2) of PART I. 5 

7.4. Verify, a posteriori, that the integral over the large semicircle does vanish 

as the radius tends to infinity, as stated in Comment 2. 

8. GREEN’S FUNCTION METHOD FOR THE 

DIFFUSION OPERATOR 

We turn our attention now to the one-dimensional diffusion equation 

(1.9), Lu = xu, — u,, = $. For definiteness, we will consider it within the 

physical context of heat conduction, as outlined in Section 1. 

Our starting point is equation (2.9). Choosing “vw” to be the Green’s 

function G, and requiring that 

L*G = —kG, — G,, = 0(€ — x,t — 2) (8.1) 

(2.9) reduces to 

i f. G$ do = | _ [uG_ — Gu,)i + KuGjon ds + u(x, 1) (8.2) 

Example 1. Semi-infinite Rod. Consider our heat conducting rod to be 

semi-infinite in length, with its initial temperature distribution u(x, 0) and end 

temperature u(0, ¢) prescribed to be f(x) and h(t), respectively. Now, in seek- 

ing u(x, t) from (8.2) let us consider a time duration T; the value of T will be 

seen to be immaterial, as long as it exceeds any particular value of t at which 

the solution is sought. The problem is summarized in Fig. 8.1. Clearly, (8.2) 

reduces to 

(f n=Jj 

Y 
u(0, 7) = A(r) x,t // 

n=—i 

E 
u(E, 0) = f(&) 

NaS, 

FiGure 8.1 Problem summary, Example 1. 
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Ds 00 

[f_ eba0 = [. (—uG, + Gup)le-0 de — ih (xuG)|,-o dé 
S 0 

re f . (xuG)|,-7 dé + u(x, t) (8.3) 

Now, u, is not prescribed on ¢ = 0, and uw is not prescribed on t = T. 

To remove these unwelcome terms in (8.3), let us require that G = 0 along 

both € = 0 and t = T. Now, since G(é, T; x, t) = 0 where T is an arbitrary 

time, greater than ?, it follows that G(é, t; x, t) = 0 for allt >t. Provided that 

we can in fact find G, the solution follows from (8.3) as 

Pa j h(t)G(0, t; x,t) dt + f 5 KAlOG(E, 0; x, t) dé 

+ [of GG x, 066, 0) db de (8.4) 
where the upper limit in the first integral has been changed from T to ¢ since 

G, and hence G,, is identically zero for all t > t. 

We seek G in the form 

GE, t; x, t) = UE, Tt; x, t) + gE, T x, 2) (8.5) 

where, from (5.23), 

_ H(t — denne? ae 
/4nK(t — T) : 

Recall from our discussion in Section 5 that this principal solution describes 

the diffusion of a unit heat pulse placed at x,t in a doubly infinite rod—but 

“backward” in time. Clearly, we can construct g by a simple image system, 

specifically, a negative unit heat pulse at —x, t. That is, g = —U(é,t; —x, t) 

and hence 

U 

G(E, t x, 2) = UE, t; x, 1) — UE, tT; —x, 2) (8.7) 

CoMMENT |. For the sake of illustration, consider the case where A(t) = 

$(x, t) = 0 and f(x) = d(x — a); that is, a heat source is applied at x = a and 
‘t = 0, with the left end “quenched” for all t > 0. From (8.4), (8.6), and (8.7), 
the solution is simply 

u(x, 1) ro [e- x(x ayrvae sce e x(a ta)t/4r) (8.8) 

as sketched in Fig. 8.2. This illustrates a striking and well-known feature of 
the diffusion equation; for t >0, but arbitrarily small, u(x,t) 0 for all 
x > 0. That is, the heat has diffused with an infinite velocity! Since propaga- 
tion of energy at an infinite velocity is impossible, it appears that the diffusion 
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equation can only be correct after a very small amount of time has elapsed. 
Insofar as practical calculations are concerned, this deficiency is rather minor 
and is generally ignored completely. It is interesting, however, that to patch 
things up the diffusion equation should be modified™ to read 

t increasing 

FiGureE 8.2 Temperature variation given by Eq. (8.8). 

u,, = Ku, + = Ur, (8.9) 

where c is the acoustic velocity in the material. Strictly speaking, (8.9) is hy- 

perbolic for all x and ¢, due to the addition of the u,,/c* term. However, ob- 

serve that the 1/c* factor is extremely small. Thus, except for the initial 

instants when u,, is large, the last term becomes negligible, and the character 

of (8.9) becomes dominated by the diffusion terms. (See Exercise 8.5.) 

COMMENT 2. Let us use our Example | to illustrate a general scheme 

proposed by B. A. Boley?> for the iterative calculation of Green’s functions. 

We return to our starting point, equation (2.9), and set 

“y” = G(¢’, 7; x, 0) 
6? — e*(E; 1: € T) 

[By g* we mean the regular part of G*; that is, G* = U* + g*. At this point 

it may be helpful to re-read Comment 2 on Example 1 of Section 6. Recalling 

the general relation (6.30), it is clear that the same relationship must hold 

between the singular parts U* and U, and between the regular parts g* and g. 

In graphic terms, our U* and U correspond to the “forward” and “backward” 

(8.10) 

24 P. M. Morse and H. Feshbach, Methods of Theoretical Physics, Part 1, McGraw- 

Hill Book Company, New York, 1953, pp. 865-869. 

25 B. A. Boley, “A Method for the Construction of Green’s Functions,” Quarterly of 

Applied Mathematics, Vol. X1V, No. 3, October, 1956, pp. 249-257. 
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diffusion, respectively, of a unit heat pulse in a doubly infinite rod.] With “v” 

and ‘“‘u’’ chosen according to (8.10), (2.9) becomes 

0=[ (—s*Ge + Ggble-ode + | (Kg*G)lean db! 

—[" (eg*@lrnod’ + ff aX. 7 8, DHE! — x, 0 — 1) db de! 
(8.11) 

But G = 0 on both €’ = 0 and t’ = T, and g* = 0 on 7’ = 0 (since both G* 

and U* = 0 there; see Exercise 8.1), so that 

Me al " g*(0, 0’ €, t)Ge(0, 1'5 x, t) de’ + g*(x, 13 €, 7) 
0 

or 

eE,3 x1) =f aE, 0, 7)G.(0, 7's x, 1) dt’ (8.12) 
0 

Finally, with g = —U on €’=0 since G = 0 there, and G, replaced by 

Uz + ge, we obtain the integral equation 

a6, t x,t) = —f. U(Es 770} 7)UO; 7; x50) dt 

—{ U(E, t; 0, 7’)g-(0, 1"; x, t) dt’ (8.13) 

on the unknown g. To solve, Boley suggests the iterative scheme 

gor) = —{. UU; de — K Ug’? dr! (8.14) 

Starting with g = 0, the recursion formula (8.14) produces (Exercise 8.6) 

gXG, t; x, 1) = —+ U(G, t; —x, t) 

86, 8; ¥, 2) = —t U(E, t; —x, 0) 

gC, t3 x,t) = —(1 — 2° *)U€g, t; —x, 2) 

— —U(é,t; —x, t) as i — co (8.15) 

which agrees which the exact result as stated in (8.7). Although the con- 
vergence is very rapid, it is only fair to mention that in more complicated 
applications the successive integrations required in the iteration may be pro- 
hibitively difficult. 
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EXERCISES 

8.1. 

8.2. 

8.3. 

8.4. 

Verify our claim, in Comment 2, that G* = 0 on 7’ = 0. Hint: Recall 
that the adjoint boundary conditions are implied by the expression 
(LG*, G) = (G*, L*G). Thus the boundary conditions on G* must be such 
that the boundary integral in (2.9), 

[_ UG*G, — GGpi + KG*Gj]-nds 

is zero. Recalling that G = 0 on the edges € = 0 and t = T, show that 

we must have G* = 0 on € = O and t = 0. 

Verify that our solution (8.4) does in fact satisfy the required initial con- 

dition, u(x, t) > f(x) as t->0. Hint: Recall the d-sequence of Exercise 

3.1(c) in PART I. 

Deduce, by the method of images, the Green’s function for a finite rod 

with end conditions u(0, t) = A(t), u,(é, t) = 0, and an initial condition 

u(x, 0) = f(x). 

Find the Green’s function, and hence the solution, for the case of a semi- 

infinite rod with initial temperature u(x, 0) = 0, subjected to a mixed 

boundary condition du/dn + Bu = —du/dx + Bu = A(t) at the left end 
(x = 0), where f is a constant. Hint: Instead of using Moran’s technique, 

discussed in Section 6, it is more direct to use the results of that example 

(see Fig. 6.8) to help us anticipate a Green’s function of the form 

GE,t5x,1) = UE Gx, + AUG —x,) + f° Que nba 
where A and a(¢) are to be suitably chosen. Show that the conditions re- 

quired of G are all satisfied if we have A = 1, a(—x) + 28 = 0, and 

a'(€) — Ba(l) = 0 over —00 < € < — x, so that 

_ At—7 lene 4 eometmYAe=2) 
Oo /4nK(t — T) 

— 2Ber* I * pBt-R(C-O/Mt-2) at} 

and 

u(x,t) = f h(t)G(O, 7; x, t) dt 

(The uniqueness of both G and u are established on pages 82-83 of A. 

Sommerfeld’s Partial Differential Equations in Physics, Academic Press, 

Inc., New York, 1949.) 
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8.5. The principal solution corresponding to the differential operator L = 

0*/d&2 — x0/dt — (1/c?)0?/dt* of equation (8.9) satisfies the equation 

L*U = Ug + KU, — GU, = 6€ — x7 — 2). 

(The result 

UC, T,X, t) => —+ HI
 c(t — T) — l€ = xe 2 

xl VE FO | (A) 
is derived in Morse and Feshbach, Methods of Theoretical Physics, Part I, 

pp. 865-869). Show that for the two limiting cases, x — 0 and c > ©, 

(A) does reduce to the principal solutions that we derived in Section 5 for 

the wave and diffusion differential operators, namely, 

UGE, t x, 1) = —> Melt — 2) — 6 — xl] 

corresponding to 

L*U = Uy — GU, = 5E — x,t — 9, 

and 

H(t = teas 

V/ 4nk(t — T) 

corresponding to L*U = kU, + U,, = 0(€ — x,t — t). Hint: J,(0) = 1, 

Jo(ix) = I(x) where Ip is the modified Bessel function of the first kind 

and order zero, and I,(x) ~ e*//2mx as x — oo. (McLachlan’s Bessel 

Functions for Engineers, pp. 190, 200, and 201.) 

U(E, t; x, t) = 

9. GREEN’S FUNCTION METHOD FOR THE 
+WAVE OPERATOR 

Finally, we consider the one-dimensional wave equation (1.10), Lu = 
Cuz, — U, =o. This time our starting point is equation (2.10), with “v” 

chosen to be our Green’s function G. Requiring that 

L*G = °Gy — G,, = (€ — x,t — 1) (9.1) 
we have 

i J Gb do = Ip [c'(Gu, — uG,i — (Gu, — uG,)jJ-nds + u(x,t) (9.2) 
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Example 1. Doubly-infinite String. Consider a doubly-infinite string, 
set in motion by means of an initial displacement u(x, 0) = f(x) and an initial 
velocity u,(x, 0) = A(x). As with the heat equation, we consider a time dura- 
tion T which exceeds ¢ but is otherwise arbitrary; see Fig. 9.1. With the forc- 
ing function ¢ = 0, for simplicity, (9.2) reduces to 

FiGureE 9.1 Problem summary, Example 1. 

O=[ Gu, —uG)la0dé — J) Gu, = uG Jer dE + ux.) (9.3) 

Now, whereas u and u, are known on t = 0 they are not known on t = T. 

To remove these unwelcome terms from (9.3) we therefore subject G to the con- 

ditions G = G, = 0 on t = 7; or, since T is arbitrarily greater than ¢, we re- 

quire simply that G = 0 for all t > t. We therefore have 

ux, ={ [MOG 0; x.) — AOGE,0;x,9]1dé (9.4) 
Finally, we observe that our Green’s function is simply the “backward running” 

principal solution, given by (5.26) and Fig. 5.2. Using Heaviside function 

notation, we may express 

GE,15x,9 = AE tax + ot — 2) — €) = Hix — et — 1) — EI} 
(9.5) 

Differentiating, with the help of equation (3.26) of PART I, 

GE, 13, 1) = @E 9 fox + oft — 1) — €] + dx — ol — 2) — 8} 
(9.6) 

and inserting these in (9.4), with t = 0, we finally obtain the well-known 

D’Alembert formula 
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u(x, ) = fete 4 fle = 6) _ J 1" 1 a (9.7) 
x—ct 

EXERCISES 

9.1. Show that the adjoint boundary conditions for our wave operator are 

G* = G* = 0 ont = 0, whereas G = G, = 0 ont = T. Thus the oper- 

ator G is not self-adjoint even though L = L*. 

9.2. Obtain the Green’s function for a semi-infinite string subjected to the con- 

ditions u(x, 0) = u,(x, 0) = 0 over 0 < x < oo, and u(0, t) = € sin wt for 

all t > 0. 

9.3. Obtain the additional term, reduced to its simplest form, which is present 

in the D’Alembert formula in the event that the forcing function ¢(x, t) 

is not identically zero. 

10. THE EIGENFUNCTION METHOD 

In Section 5 of PART I we pointed out that there are basically two alternative 

lines of approach to the problem Lu = ¢: the inverse operator or Green’s 

function method, and the eigenfunction method. Whereas eigenfunction ex- 

pansions are certainly of great importance, our present concern is with Green’s 

functions; our discussion of the eigenfunction method, both in PART I and 

here, is therefore quite brief, and concerned largely with the interrelationship 

between the two methods. 

To illustrate the extension of the eigenfunction method (outlined in PART 

I) to partial differential equations let us consider the following application. 

Example 1. Poisson Equation for a Rectangle. We consider the bound- 

ary value problem 
4 

Lu=Wu=¢ (10.1) 

over the rectangular region shown in Fig. 10.1, with the boundary values 
u =f prescribed on @. Recalling from PART I that homogeneous boundary 
conditions are required for the application of the eigenfunction method, we see 
that we cannot proceed unless f = 0, so that the only inhomogeneity is in the 
differential equation. 

Of course, it may be possible to “homogenize” the boundary conditions 
by a suitable change of variables, as discussed in Part I. That is, suppose we 
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~ 
J 
4 

4 

F Fusuze 10.1 Boundary value problem, Example 1. 

can construct (hopefully, by inspection) a function ® which is “suitably well 

behaved over the region Y, and takes on the prescribed values f on @. 

Then, changing the dependent variable from u to v according tov = u — ®, 

we have Lu = Lhy + ©) = Lo + L® = ¢, w that our boundary value prob- 

lem becomes 

Lo = {9 — L®} (10.2) 

together with the homogeneous boundary condition v = 0 on Y. Construction 

of D may, however, be difficult—depending upon the boundary values f and 

the shape of the region. The simplest case occurs when f is a constant; then 

we simply choos D = f, independent of the shape of F. 

In any event, the corresponding boundary value problem on the Green’s 

function will contain homogeneous boundary conditions, 

L*G = VG = HE — x,y — y) 

G=0o%¢ (10.3) 

and the eigenfunction method can be used to determine G. 

Now, the eigenvalue problem corresponding to (10.3) is 

Vu+ ju =0, u=O0onG (10.4) 

Solving this by “separation of variables,” we seek 

wWe.ny=XOQYH | (10.5) 

Inserting this into (10.4), and dividing through by XY we have 

"5 ee (10.6) 
XG) Yn) 

Since the left-hand side is a function of & alone, and the right-hand side is a 

function of 4 alone, we observe that (10.6) can hold for all &’s and y’s in S 

% Looking ahead to (10.2), we se that it must at least be sufficiently differentiable 

over F for LD to exist. 
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only if both sides are in fact constant, say —k?. As for the boundary conditions 

on X and Y, the conditions u(0, 7) = u(a, 4) = u(€, 0) = u(é, b) = 0 imply 

that X(0) = X(a) = Y(0) = Y(b) = 0. Thus, 

XT KX = 05 X(0) = X(a) = 0 (10.7a) 

Y"+QA—k)Y =0; Y(0) = Y(b) = 0 (10.7b) 

From (10.7a), 

X(€) = Asin ké + Booské (10.8a) 

40): =0=8 (10.8b) 

X(a) = 0 = Asinka (10.8c) 

To satisfy (10.8c), either A and/or sin ka must be zero; A = 0 is unacceptable 

since it leads to the trivial solution X(€) = 0 and hence u(€, 7) = 0, whereas 

eigenfunctions are, by definition, nontrivial solutions of (10.4). To have a non- 

trivial solution, the “separation constant” k must be chosen such that ka coin- 

cides with a zero of the sine function, i.e., ka = mz, where m = 1,2,.... The 

constant A remains arbitrary, and 

X(©) = Asin ™ (10.9) 

Inserting k = mz/a into (10.7b), and proceeding as above, we have 

Y(n) = Csin ./4 — (™)'n pices a Ae (“2)"n (10.10a) 

¥(0)=0=D (10.10b) 

Y(b) = 0 =Csin,/A— (“)"» (10.10c) 

so that, for nontrivial solutions, we need 

a— ()'b =m, OF: 8 c= ll ao, 

or 

2X aed mn n? ——' 66 ” —7 (=+4) =] (10.11) 

and 

Y(n) = Csin (10.12) 

Thus, the eigenvalues of (10.4) are given by (10.11), and the corresponding 
eigenfunctions are 
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sin 8 sin MAM = «gE, 9)” (10.13) 
Next, we expand the quantities in (10.3) in terms of these eigenfunctions: 

GE, 9) = LD aya, Oma Es 1) (10.14) 
6¢ —x,4—y)= 2s 2 Sml% Y)mnn(Ss 1) (10.15) 

Whereas the a,,, Fourier coefficients are the unknowns, the c,,,’s are given by 
[cf. (5.12) of PART I] 

— (6, Pmn) 10.16 

Cnn = Bons Brn) ee 
where we define the “two-dimensional” inner product by 

(f8) = || fede (10.17) 
S 

=  [feag dn (10.18) 
Accordingly, 

(O(¢ — x, — y), bma(€, 2) = Pma(X; Y) (10.19) 
so that 

Can = Prals feel 0 (10.20) 

Now, inserting (10.14) and (10.15) into (10.3), and noting from (10.4) 

that V?bnn = —AmnPmn We have 

~ ZL dnt Wm D = LT Gee bE m) (10.21) 
so that, equating coefficients of ¢,,,(€, 7), 

SC =a (10.22) 
and [cf. (5.27) of PART I], 

GE, ns x,y) = —Y Sag pbaglG D (10.23) 
Anas mn> mn 

With ¢,,, given by (10.13), A, by (10.11), and 

— (° (2 MME gin NTN 
(Pmn> Pan) = ik i sin’ —= sin’ | dé dy 

= if. sin” = dn} if. sin? yas ae} 

a | ea = (10.24) 
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we have, finally, 

in (2) sn (22 in (28 in (2) 
GG, 13%») = —4ab Ss —— ane ay 

(10.25) 

CoMMENT 1. Our eigenfunction procedure has been basically identical to 

that developed in PART I. Whereas we justified our expansions in PART I on 

the basis of the Sturm-Liouville theory, we note that our two-dimensional 

system (10.4) is not a Sturm-Liouville system. Nevertheless, like the Sturm- 

Liouville system it is self-adjoint and, under very general conditions, the eigen- 

functions of self-adjoint operators are complete.”’ 

Actually, expansion of a given function, say f(€, 7), in terms of the eigen- 

functions (10.13) can be justified without alluding to these more general 

theorems. Specifically, the “separated” systems (10.7) are Sturm-Liouville 

systems. Recall (5.8) and (5.9) of PART I: in (10.7a), “p” = “r” = 1, “qg” =0 

and\“2” = k?; in. (10.7b); “p=. “rr” =1, “g” = —k* and “A> "Ae alsorthe 

boundary conditions of (10.7) are of suitable form. Thus, regarding y as fixed, 

we may expand a given function f(€, 4) in terms of the sin (mz¢/a) eigenfunc- 

tions of (10.7a). The coefficients of this expansion will be functions of 4, which 

may then be expanded in terms of the sin (nz7/b) eigenfunctions of (10.7b). 

The end result will be identical to that obtained by direct expansion of f in 

terms of the eigenfunctions (10.13) of the two-dimensional system (10.4). 

EXERCISES 

10.1. At first glance, (10.15) may seem unjustifiable since only “reasonably 

well behaved” functions may be expanded in terms of the ¢,,,, eigenfunc- 

tions. As discussed in Section 3 of PART I, however, it is to be under- 

: stood symbolically, in the sense that 

lim_f J, wacnlé — x9 — YMG, m) dé dy = K(x, y) (A) M,N 

where 

27 See, for example, R. Courant and D. Hilbert, Methods of Mathematical Ph ysics, Vol. 
I, Interscience Publishers, Inc., New York, 1953. 
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10.2. 

Warn — 51 — Y) = YA baal bmn) 
m=1 n=1 

Verify that (A) is, in fact, satisfied. 

Consider the boundary value problem V*u = ¢ in the semicircular 
region r < R,0 < @ < 2, with the boundary conditions u(R, 6) = f(@), 
u(r, 0) = u(r, z) = 0. The Green’s function satisfies V?G = 6 in FY, with 

G =0on @. The associated eigenvalue problem is 

Vu+ du =Oin F; “= 0.0on Ss (A) 

(a) Show that the eigenfunctions and eigenvalues of (A) are 

Pnn(r, 0) = sin mO J, (2: ) 
R 

in = 
for m,n = 1,2,3,..., where J,, is the Bessel function of first kind and 

order m, and Z,,:, 2,2... are the positive zeros of J,,, i.e., J,(Zmn) = 0 

for n = 1,2,.... Hint: The general solution of xy” + xy’ + (k?x? — 

n’)y = 0-is y = AJ,(kx) + BY,(kx), where J, and Y, are the Bessel 

functions of first and second kind, and order n. The J,’s and Y,’s are 

bounded for all x, except at x = 0, where the Y,,’s — —oo. 

(b) Show that the above eigenfunctions are mutually orthogonal; i.e., 

(Diks Pmn) = O1f j A mand/or k An. Hint: 

Ks Vos fF Zao : m mk — fi rJn (2345) Jn (798%) a Oumistor ¥ 0 

(c) Deduce that 

atx. sin md sin MO J,(Zinn P/R)Im(Zmnt/R) 
CODE aT 

and thus write down the solution of the original boundary value problem. 

Hint: é 

: Zmal\ |* gp — R'LSm(Zmn) |? Jr em (Fae) [ae = SPS 0 

[A very clear discussion on the application of Fourier-Bessel series to 

boundary value problems can be found in Chapter 8 of R. V. Churchill’s 

Fourier Series and Boundary Value Problems, 2nd ed., McGraw-Hill 

Book Company, New York, 1963.] 
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10.3. Extend the ideas of Example 1 to the case where the region is three- 

dimensional, namely 0 < x <a,0< y<b,0<z<c. Compute the 

Green’s function. 

11. ADDITIONAL EXAMPLES 

In the preceding ten sections we restricted our discussion to the case of 

second order equations in two independent variables. The purpose of this sec- 

tion is to show, by means of a few examples, that extension of the method to 

higher dimensions, and higher order equations, is entirely straightforward. 

Example 1. Laplace Operator in Three Dimensions. We consider the 

boundary value problem 

Vu=@Oiny ; == [ON (11.1) 

where ¥Y is the interior of a sphere of radius R, and is its surface. 

As usual, we start by integrating the product GLu by parts, over the region 

of interest: 

ff | GLu de = boundary terms + f J ip uL*G dt (11.2) 

where dt is a differential element of volume, and do will be used to denote a 

differential element of surface area. In this case it is unnecessary to work out 

the details of the integration by parts, since we recognize that the required 

formula (11.2) is none other than Green’s theorem, 

[JJ e@veuar = ff Gu, —uG,)do + [ff wwe de (11.3) 

Setting 

L*G = V’G = 6(€ —x,y—y,6 —z)inV (11.4a) 

G=0on¥ (11.4b) 

: and noting that V?u = ®, (11.3) becomes 

u(x, y, Z) =|{ fG.do+ [ff G@ar (11.5) 

where it now remains to compute G, as prescribed by (11.4). 

As before, it is convenient to seek G in the form 

GC, 9,0; x,y,z) = UE, 0.6; x,y,z) + 9(E,n,6;x,y,z) (11.6) 

where the principal solution U satisfies 
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L*U = V?U = 6 — x,y — y,€ — 2) (11.7) 

subject to no particular boundary conditions, and the regular part g is to satisfy 
the homogeneous equation 

L*¢— V7e—= 0 (11.8) 

subject to boundary conditions which are such that G = U+ g = 0on FY, as 
required by (11.4b). 

First consider U. Expressing the Laplacian in terms of spherical polar co- 
ordinates r, @, 9 with their origin at the singular point x, y, z we have 

Stl Of 00 it 
VU=45-(F ar) rory np (sin #5 33) + r sin? 6 00? Od, 

where 

=VE—xF FG — FCF (11.10) 
Now, interpreting U, from (11.7), as the gravitational potential induced at 

€,7,¢ by a point unit mass located at x, y, z it is reasonable to seek U asa 

function of the radial distance r alone. Thus, for all r > 0 we have 

2 = 44 (nd) = VU == 2 (PrP) =0 (11.11) 

Integrating, 

u=4+B (11.12) 

Thus far we have stayed away from the singular point; i.e., (11.11) is valid for 

r>0. To determine the integration constants A and B, we now integrate (11.7) 

over an infinitesimal sphere of radius €, centered at the singular point, 

ff VU de = {| Ob dt (11.13) 

Applying Gauss’s divergence theorem to the left-hand integral, and noting that 

the right-hand side is unity, we have 

| U,do =1 (11.14) 

But U, = dU/dr = —A/r’ is —A/é* on the surface of the €-sphere. Thus, 

-4 4ne* = 1 

so that A = —1/4z, and B remains arbitrary. Setting B = 0 for convenience, 

we have 
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1 (ip (11.15) 

in contrast with the result U = (1/2) Inr obtained in the two-dimensional 

case. [A more direct derivation of (11.15) is outlined in Exercise 11.1.] 

We now proceed with the calculation of G by the method of images. 

First, it will be convenient to change over from Cartesian coordinates to 

spherical polars (Fig. 11.1), 

Ficure 11.1 Spherical polars. 

tE = poos#sing x = pcoostsing 

4 = psin# sing y= psintsing (11.16) 

C = poos@ Z= pcos@ 

Now, recall that our starting point in the two-dimensional case was the basic 

geometrical statement that the circle Y (Fig. 11.2), of radius R, is the locus of 

all points P such that 

Ficure 11.2 Image geometry. 
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WP 
oF = constant, say K (11.17) 

If we remove the restriction that P lie in the plane of the paper, then the result 

is a sphere. Recalling from (6.12) that x = OQ/R, let us rewrite (11.17) as 

follows: 

R/OQ _ —aaop + age = Oon S (11.18) 

Now let P be an arbitrary point inside the sphere. If we take Q to be our 

x,y, z field point, and P to be the variable €, 4, € point, then QP is the distance 

r,and OQ = p. Defining Q’P = r’, as well, we see that 

oe! R/OQ _ R/p 
4nQP fs 4nQ’ P a 4nr’ Co) 

is equal to zero on .Y. Furthermore, the first term is none other than U, and 

the second term is harmonic throughout the sphere; it is singular only at Q’, 

which lies outside the sphere. But these are precisely the conditions required of 

G, so that we have 

ae eet Bred 7/2 
in ig Ls 4zr’ n®) 

Interpreting this in terms of gravitational potential, we observe that the first 

term is the potential due toa point unit mass located at the p, 9, # (x, y, z) field 

point, and the second term is the potential due to a “negative” point mass of 

strength R/p located at the image point R*/p, 9, 3. 

Finally, let us express r and r’ in (11.20), in terms of our spherical polar 

coordinates (Exercise 11.2): 

r=V/p* + p’?— 2ppcosy (11.21a) 

2\ 2 2 

Pa ps (=) — 2p% cos y (11.21b) 
p p 

where we have set 

cos § cos y + sin G sin g cos ( — #) = cosy (Lie2iIc) 

for brevity. With G given by (11.20) and (11.21), the solution is provided by 

(11.5), where we note that 

Grlon # — ye 

do = (Rd@)(Rsin G dF) 

= (R do)(R sin G d9)(dp) 
28 For a more general discussion of William Thomson’s method of “reciprocal radii” 

in potential theory, we refer the reader to A. Sommerfeld’s Partial Differential Equations 

in Physics, Academic Press, Inc., New York, 1949, pp. 139-142. 
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For the Laplace equation, where ® = 0, this yields the well-known Poisson 

integral formula 

_ R(R*— p*) (* (*__ fG, F) sin G dg ab 
up, 9,9) = Se) 9 [R? + p? — 2Rp cos y]*” (11.22) 

Example 2. Two- and Three-Dimensional Acoustics. We will consider 

the acoustic equation 

Lu= Vu —u,,=¢ (11.23) 

in both two and three space dimensions. 

First, we compute principal solutions. For the two-dimensional case, 

ItU = HU. 0) — Uy — 4 — y.t 8) (11.24) 

To solve this, let us Laplace transform on the variable t. That is, we multiply 

through by exp (—st) dt and integrate from tT = 0 to tT = o0, where s is the 

(complex) transform variable: 

c ie (Use + Upon dt — ie U,,e" dt = ie OE — x,n — y,t — De" dt 

(11.25) 

This reduces to 

CO. + Un) — °U = e *5(E — x, — y) (11.26) 

where 

o= bis U(E, n,t 5.x, y, Dew dt (11.27) 

is the Laplace transform of U, and where we have taken both U and U, to 

be zero at tT = 0 in the evaluation of the boundary terms arising from repeated 

integration by parts of the middle integral in (11.25). We defend these initial 

values as being reasonable on the grounds that the delta function input does not 

act until tT = ¢, so that U=0 for all t < ¢. (Recall that the boundary and 

initial conditions imposed in the calculation of principal solutions are quite 

arbitrary anyway, and are generally selected based upon physical motivation or 

mathematical convenience.) If we require, further, that U (and hence U) be 

symmetric about the x, y singular point, then (11.26) reduces to the ordinary 

differential equation 

2(0,, xe -3,) —#U =e-"d(— — x,n — y) (11.28) 

where r is the radial distance from x, y: 

r=V/(€—x+(— yy (11.29) 
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For r > 0, we have from (11.28) 

ss es ee 
TO (=) rU =0 (11.30) 

which is identical, in form, to equation (5.13)—except for the minus sign. 
Linearly independent solutions of (11.30) are given by J,[(s/c)r] and K,[(s/c)r], 
the modified zeroth order Bessel functions, of the first and second kind respec- 
tively. They admit expansions of the form? 

Ifa) =1+ (F) + SOP 4 OP... 
(2!)? (3! 

=] Looe ~ lasx—0 (11.31a) 

Kx) = —(y +n) be) + DOO fig 544. +S} 
~ —Inxasx—0 (11.31b) 

where y is Euler’s constant 0.5772157.... 

Of these two, we discard J, since it is regular at r = 0, and tentatively 

set 

0 = Ak; (=) (11.32) 

To compute A, we integrate (11.26) over a disk of arbitrarily small radius e, 

centered at x, y. Applying the Gauss divergence theorem to the integral of 

c?V*U (recall Footnote 9), and noting that the integral of 6 is unity, we obtain 

cX{0,|,_.J2m€ — s ff Udo = e-* (11.33) 

According to (11.31) and (11.32), however, 

U ~ —Alnr 

Ghee, Lee 7 

so (11.33) becomes 

c(—4) ane + O(e Ine) = e-* (11.34) 

and, letting € — 0, 

en A= —> (11.35) 

29 McLachlan’s Bessel Functions for Engineers, pp. 200 and 203. 
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Thus, 

ie er eS (11.36) 
2nc* 

From Laplace transform tables,® the inverse is given by 

0, r>c(t —2#) (11.37a) 

Ue 1 Set ee. <ct—t 11.37b 
2aceV/ c(t — tr — Pr eal ) ( ) 

as sketched in Fig. 11.3. 

Figure 11.3 Principal solution of two-dimensional wave equation; 

Eq. (11.37). 

For the three-dimensional case, a similar calculation (Exercise 11.7) leads 

to 

= r= te) Ue a ae (11.38) 

where 

r=VE—xV + -W +C— 7 whe 
Comparative interpretation of the principal solutions (11.37) and (11.38) 

is extremely interesting. The solution (11.38), for example, represents the dis- 

turbance induced by a “firecracker of unit strength” which is set off at r = 0 

(i.e., at the field point x, y, z) and t = ¢ in unbounded space. We see that it is 

confined to an infinitely thin spherical shell, the radius of which increases 

steadily with the speed of sound c, and its strength decreases like 1/r as r in- 

creases. Thus, an observer at a distance r from the source hears nothing until 

30 For example, Churchill’s Operational Mathematics, 2nd ed., p. 330, together with 

the Translation Theorem on p. 23. 
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t—t=r/c; at that instant he hears a “bang,” which is followed by silence. 

In the two-dimensional case, by contrast, the “bang” at t — t = r/c does not 

die out instantly; instead, it decays according to (11.37b).3! As Mackie points 

out,” “... we might reflect with some gratitude that our existence is in a three- 

dimensional world! If it were in two dimensions, any form of aural communica- 

tion would be extremely tedious as individual sounds cound hardly be distinguished, 

each one dying away only gradually and so becoming mixed up with every 

other.” 

The reason for this profound difference between the two- and three- 

dimensional cases is easily explained. Consider the two-dimensional disturbance 

to be caused by a straight infinite wire which is “exploded” at time t = t. The 

disturbance at a point P which is at a perpendicular distance r from the wire is 

described, as a function of time, by (11.37). Actually, the wire consists of a 

linear distribution of point sources. At t = t, each source sends out a disturb- 

ance which expands spherically, according to (11.38). The first disturbances 

to reach P are those emitted from the neighborhood of point Q (Fig. 11.4). 

Subsequent disturbances continue to arrive for all t > t. They become weaker 

and weaker since they were emitted at points on the wire which are farther 

and farther away from P. This is in accordance with (11.37), as sketched in 

Fig. 11.3. 

P(x, y, 2) 

Ficure 11.4 Exploding wire. 

31 The two-dimensional wave equation also governs the propagation of surface waves 

in shallow water of uniform depth. If we drop a stone into a shallow pond, we observe 

that the leading ripple spreads out in a circle; its radius increases at a steady rate, and its 

height decreases as 1/r. Furthermore, the water enclosed by this ripple remains in motion 

even after its passage, although this motion decays with time. 

32 A. G. Mackie, Boundary Value Problems, Hafner Publishing Company, New York, 

1965, p. 176. See also the earlier comments of R. Courant, Modern Mathematics for the 

Engineer, Vol. 1, edited by E. F. Beckenbach, McGraw-Hill Book Company, New York, 

1956, p. 100. 



120 Application to Partial Differential Equations / PART II 

Mathematically, what we ate saying is that the two-dimensional result 

(11.37) can be obtained from the three-dimensional one by superposition: 

t— Uo E— xP + — y+ CV gt CO pe 
U(é, 4, 7 x,y, t) = ie Anc?* ( —x¥Y+(q—yr +? 

(11.40) 

Noting that the integral is twice that from 0 to oo, and setting 

(¢—xP +(n—yP + CSc 

we obtain 

UE.n.t5 x91) = —xh 7 ee Dap = (ata 

where 

r=V@6—x)P+ a — yy 

Now, if t — t < r/c then the action of the delta function is outside the interval 

of integration, and the integral is zero. This agrees with (11.37a). If, on the 

other hand, t — t > r/c then we obtain 

1 
One Ht — tf — PF 

again in agreement with (11.37b). 

Similarly, we can obtain the one-dimensional result (5.25) by the super- 

position of two-dimensional results (Exercise 11.8). 

Now, as in the case of the one-dimensional wave equation (end of Section 

5), we observe that additional principal solutions may be obtained from (11.37) 

and (11.38) if we replace t — t by t — t. This produces the two- and three- 

dimensional backward running principal solutions 

0, r> c(t —T) (11.42a) 

ae 11.42b 
2acV/ c(t — Tt)? — r?’ oa Fens 4 (11-420) 

and 

= 2OG= t= (C/o) U= ar gee ae (11.43) 

respectively. 

Application. Let us apply these results to the two-dimensional acoustics 
problem, 

Lu = c*V*u — u,, = 0 (11.44a) 
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over —oo < € < 00, —co < 4 < 00,0 <t < T (where T exceeds any time 
t at which the solution may be sought), subject to the initial conditions 

u(S, 4,0) = f(é, m) (11.44b) 

u(€, 4,0) = h(é, n) (11.44c) 

Integrating GLu by parts, 

f, Jf tu dé dn de = [°F wG, — Gu | a8 dn 
t 

t= 

+f ff uh*G a dn dt (11.45) 

Since u and u, are not specified at t = T, we require that G=G, = 0 at 

t = T. But, since T is an arbitrary time, greater than ¢, it follows that G is 

identically zero for allt >t. Thus, the boundary value problem on the Green’s 

function is 

L*G = 2V°G —G,, = (E — x,n —y,t —2) (11.46a) 

over —oco < € < 00, —co < 9 < 00,0< Tt < T, subject to the condition that 

G(é, 4, t; x, y,t) = 0 for allt >t (11.46b) 

Using (11.44) and (11.46), the solution is given by (11.45), in the form 

u(x, y, t) = fe (a [F(G, mG.(6, 2, 0; x, y, t) 

— AG, 1G, 0, 0; x, y, t)] do dy (11.47) 

Inspecting (11.46), we observe that the Green’s function is simply the backward 

running principal solution (11.42). For the case where f(¢, 7) = 0, (11.47) re- 

duces to 

eo h(E, 9) dé dn ule, Ys 2) = = I ie et (11.48) 

where the region of integration (ft) is the disk r < ct, centered at x, y. That 

is, the disturbance at x, y, t is due only to 4 values from within the domain of 

dependence r < ct. 

Rewriting the integral in (11.48) in terms of polar coordinates r, 0 

ale i le hr dr dO 
21c Jo Jo (ct — r\(ct +r) 

we note that the integrand has a square-root singularity at the limit r = ct, 

ie., the integrand is O(ct — r)~'? there. This is weaker than first order, i.e., 

O(ct — r)~', so that the integral does exist. On the other hand, the G, term in 

(11.47) is O(ct — r)-/, which is stronger than first order, and hence not inte- 
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grable. Thus, (11.47) is not valid in the event that f is nonzero. The source of 

the difficulty is not very mysterious; the fact is that the integration by parts 

which produced the G, term is not permissible,** and special care is required ; 

see, for example, Mackie’s Boundary Value Problems, p. 192. 

Application. Next, consider the problem 

Vu — u,, = (6, 9, , T) (11.49) 

in unbounded three-dimensional space, where u = u, = 0 at tT = 0. We find 

easily (Exercise 11.10) that 

u(x, y, z,1) = —[ [ff we alee) ON gE, n,€,2)dédydCdt (11.50) 

iL — | ff Meet LO oe cy a (11.51) 

where the limits of integration are —co to co on the space variables, and 

0 to co on tT. Observe that the time argument of @ is retarded by an amount 

r/c since a @ disturbance at ¢, 7, ¢ takes that much time to reach x, y,z. The 

result (11.50) is therefore referred to as a retarded potential. 

For definiteness, suppose 

o = o[€ — a(t), n, C] (11.52) 

Physically, this corresponds to a unit source which moves along the € axis ac- 

cording to € = a(t). From (11.50), 

u(x, y, 2,1) = —[fffE = 2 C/I sre — (ey, n, C1.a8 dn ae ae 4nc*r 

(11.53) 

Now, we should be able to evaluate this quadruple integral explicitly, since the 

integrand contains, in effect, a four-dimensional delta function (i.e., the product 

of one- and three-dimensional delta functions). However, the evaluation is not 

trivial because of the complicated arguments, t — t — (r/c) and & — a(t), in 

the delta functions. Following the discussion in Mathews and Walker,+ we 

simplify the arguments by the change of variables 

33 To illustrate this point with a simple example, we point out that although the inte- 
1 

gral lhe ex x—1/2 dx does exist, the integration by parts 

1 1 1 
J exx-W/2dx = (exx-1/2)| + J ex x—3/2 dx 

0 0 0 

is not valid since the terms on the right do not exist. 

34 J. Mathews and R. L. Walker, Mathematical Methods of Physics, W. A. Benjamin, 

Inc., New York, 1965, pp. 267-268. 
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Paty, 
c 

€ — a(t) =», 
neon: (11.54) 

C=% 

Now, we recall from the integral calculus that under a change of variables the 
hypervolume element dé dy d6 dt becomes 

— |_ 9(Gnbt) dé dn dt dt = RON dv, dv, dv, dv, (11.55) 

where 

OS OG OG OG 

Ov, Ov, Ov, Ov, 

On On On On 

O(Enot) __|0r, dv, dv, dv, 
O(v, 005%) 0 oF 8 av 

dv, Ov, Jv; dv, 
Or ot Ot OF 

Ov, Ov, Jv, I% 

is the Jacobian determinant of €,4,¢,t with respect to v,, 2, v3, %, and the 

vertical bars in (11.55) denote absolute value. Thus, (11.53) becomes 

u(x, y, Z,t) = — f f | (sao, AUN ACALIMEN oy) Heats) 

ee —| 1_|_dEnft) 
4nc*r|0(v, 0,030.4) 

Actually, it is convenient to use the known property of Jacobians, 

O(enlt) _ Ke pepe) (11.58) 

dy, UV3U4) o(Enlr) 

since, for example, 0v,/dt is more easily computed than 0t/dv,, because of the 

form of (11.54). Straightforward calculation yields 

I(r V2V3V4) _ _@ NaS) =] ai 

(Ener) 

(11.56) 

dv, dv, dv; dv, 

(11.57) 
V1=V2=vs=m%=0 

so that 

1 | 
u(x, y, Z,t) = tne We @lae) = x1 er] (11.59a) 

where 
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r=J/at)—xP +yY4+2 (11.59b) 

and 7 is defined implicitly, in terms of x, y, Z, t, by 

c 

CoMMENT |. In electrodynamics, (11.59a) is known as the Lienard- 

Wiechert potential. In that case c is the speed of light, and the absolute value 

signs can be omitted since |a(t) — x| <r and |a’(t)| must be <c. 

CoMMENT 2. At first glance, some of our results may appear to disagree 

with corresponding results in other books. For example, the (forward running) 

principal solution of the three-dimensional wave equation is given by Mathews 

and Walker in the form 

— 45, Or — c(t — 0) = “Unan” 

which is apparently not the same as our result (11.38). However, first we note 

that we have used L*U = (c?V? — 0*/dt?)U = 6, whereas Mathews and 

Walker use [V? — (1/c?)0?/0t?]Uyy = 6,°> so that the quantity 

ths pp tee SOLE 
oe Ae 4ncr 

should agree with (11.38). Well, we see that it does, if we note (Exercise 3.9 

of PART I) that 

dir— d=) Stites = 
1 

= 6(r—+- +) 
This illustrates the fact that care must be used in regard to the arguments of 

delta functions. 

COMMENT 3. Finally, observe that in changing over to the wv variables, 

according to (11.54), we did not bother spelling out the new limits of integra- 

tion. They are, in fact, immaterial—except insofar as whether or not the 

domain of integration contains the point v, = v, = v; = v, = 0, at which the 
delta functions act. [If it does not, then the right side of (11.59a) should be 
replaced by zero.] The question is as follows: Given the quantities x, y, z, t, is 
there a (real) solution ¢, 9, ¢, t of the equations 

35 Furthermore, whereas we use 6 on the right-hand side, some authors prefer — 4z6. 
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y=t—-t—-—=0 (11.60a) 

v, = €—a(t)=0 (11.60b) 

c.f — 0 (11.60c) | 

%=C=0 (11.60d) 

where —co < € < 0, —c <4 < w,—c1 <6 < 00,0<T< 0? Well, 

(11.60b-d) yield 7 = € = 0 and € = a(t). Inserting these into (11.60a), the 

question reduces to the existence of a positive solution t of the equation 

c(t — tT) = V[a(t) — xP + y+ 2? (11.61) 

If, for example, a(t) = constant = 0 then, clearly, (11.61) will not have a 

positive solution t if x, y, z, t are such that 

ct << V/x* + y* + 2 (11.62) 

and it would follow that u(x, y, z,t) = 0. If, on the other hand, (11.61) does 

admit a positive solution 7, then u(x, y, z, t) is given by (11.59a). 

Example 3. Biharmonic Equation. As our final example, we will con- 

sider the inhomogeneous biharmonic equation 

Lu = Viu=¢ (11.63) 

over a two-dimensional region , together with suitable boundary conditions 

on @. By V‘ we mean V*V?, where V? is the two-dimensional Laplacian. 

In physical terms, (11.63) governs the Jateral deflection of an elastic plate, 

subjected to the load distribution $* over ., and the prescribed boundary 

conditions on @. 

First, we integrate GLu by parts. Whereas we could “start from scratch,” 

proceeding as in equations (2.2), it is easier to apply Green’s theorem twice: 

[J Glu do = ff even) do 

= [ [G(V*u), — (Wu)G,] ds + [{ Veuv?G do 

= i [G(Wu), — (V2u)G, + (V2G)u, — u(V?G),] ds 

+ [fue do (11.64) 

36 More precisely, ¢ is the applied normal force per unit area, divided by a physical 

constant which involves the thickness and elastic constants of the plate. 
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If, for example, the plate is clamped along its edge, such that u = u, = 0 on 

@, then (11.64) yields 

u(x, ») = ff GE, m x, bE, m) do (11.65) 

where the Green’s function satisfies 

L*G = VG = 0(€ —x,n—y)in# (11.66a) 

G=G,=0on¢ (11.66b) 

Comparing (11.66) with (11.63), it is clear that G is the deflection at €,4 due 

to a unit load at x, y. Observing that the operator is self-adjoint, it follows 

that G is symmetric: 

G(¢, ; x, y) = G(x, y; €, 0) (11.67) 

Thus G in (11.65) can also be interpreted as the deflection at x, y due to a unit 

load at €, 7, so that the integral represents the superposition of the deflections 

caused by all the incremental loads $(¢, ) do. 

As for the calculation of G, we express 

GG, 9; x, y) = UG, n; x, y) + BCG, m; x, y) (11.68) 

where the principal solution U satisfies 

L*U = V‘U = 0(€ — x, — y) (11.69) 

over /, subject to no particular boundary conditions, and the regular part g 

satisfies 

Lie = Ve =0 (11.70a) 

over YS, subject to the boundary conditions 

g=-U (11.70b) 

g, = —U, (11.70c) 

on @, so that (11.66b) is satisfied. 

To compute U, we express V‘ in terms of polar coordinates r,@ at the 
singular point x, y. Noting that there are no particular boundary conditions on 
U, it is convenient to require it to be symmetric about x, y, i.e., independent 
of 8. For r > 0, then, 

VIC = VA V20) 

Sed (axed eae =if (rf) 25 (-S)u=0 (11.71) 
Integrating, 

U= 4" inr+ B’?+Cilnr+D (11.72) 
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To evaluate the constants, we integrate (11.69) over an arbitrarily small disk 
of radius €, centered at x, y: 

[[viude = ff bdo =1 (11.73) 

The left-hand side is reduced by expressing V‘ = V-VV? and applying the 
divergence theorem, 

LHS = f | V°(VV2U)do = J n-(VV2U) ds 

= | (a-V)V'U ds = | (V?U), ds 

But 

CPS Wai 
so that 

24 One) 24 
€ 

and 

eed Se (11.74) 

Since B,C, and D remain arbitrary, we take them to be zero, for convenience, 

and have 

eee axe) We ree Inr (11.75) 

Once the region Y is specified, it remains to calculate the regular part g, 

according to (11.70). Depending upon the nature of 1, this may be accom- 

plished by means of separation of variables, eigenfunction expansions, or inte- 

gral transforms, for example. We merely note, in closing, that if Y is the unit 

disk, the Green’s function can be found in closed form, 

a ale qtr —1)(\z?}— 1) (11.76) 
ae 2 

G(é,4; x,y) = a In 

where € = € + in,¢ =€ —inandz=x + iy.” 

37 Further discussion of the biharmonic equation may be found in S. Bergman and 

M. Schiffer, Kernel Functions and Elliptic Differential Equations in Mathematical 

Physics, Academic Press, Inc., New York, 1953. See also A. Kalnins, “On Fundamental 

Solutions and Green’s Functions in the Theory of Elastic Plates,” J. Applied Mechanics, 

March 1966, pp. 31-38, and the references therein. 
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EXERCISES 

11.1. 

11.2. 

11.3. 

11.4. 

11.5. 

11.6. 

11.7. 

11.8. 

Derive the principal solution (11.15) more directly by starting with the 

law of gravitational attraction. (See Exercise 5.1.) 

Derive equations (11.21) and (11.22). 

What is the Green’s function for the problem u,, + u,, + u,, = in 

the half-space x > 0, with Dirichlet boundary conditions? 

Verify, by means of a suitable limiting procedure, that the Green’s func- 

tion (11.20) for the Laplace operator in a sphere, with Dirichlet bound- 

ary conditions, does in fact reduce to the Green’s function of Exercise 

11.3 as the radius R — oo, 

Obtain the principal solution (1/27) In r for the two-dimensional Laplace 

operator, by suitable integration of the three-dimensional result, —1/4zr. 

Find the Green’s function for the Laplace operator in a hemisphere, with 

Dirichlet boundary conditions, by means of a suitable image system. 

Derive the (forward running) principal solution (11.38) of the three- 

dimensional wave equation. Hint: Starting with c?V?U — U,, = d(€ — x, 

n—y,€—z,t—1t), Laplace transform on t, and obtain (rU),, — 

(s/c)}(rU) = (r/c*)e-"5(E — x,y — y,€ —z). Thus show that U = 
—e +s /4gc*r, and that the inverse transform yields (11.38). 

Rework Exercise 11.7 using a four-dimensional Fourier transform instead. 

[Note the transform and inversion formulas 

FE 07) = [UP AE, 0, 6, Deter terse) de dy dl dt 

1 F(EI aal PI ml) Se tan tC ee’) TEI Jel oY) ot 
Te: 1), G T) = cm | IJJFG »¢', Tete weet dg dn al at 

respectively, where all integrals are from —oo to co.] First, show that 

I —x)&'+(n— '+(C—2)t’ / Ul , U(E, n, Ct) = Cay {ff elle H-In! +6201 gE dn! at 

eller’ 

x / i] / ; ler aera aren 
Changing the space variables from €', 9’, ’ to spherical polars r', 6,9 

[using the vector (€ — x, 7 — y,¢€ — z)as the polar axis, as shown in the 
figure] obtain 
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11.9. 

11.10. 

11.11. 

11.12. 

/ Additional Examples 129 

nes ad yeh 
fn rr’ COS $/»/ 3 t UG, 1,67) = Gm J, ii J. el" 05 4(r!)2 sin & dr! db dO 

eo eit—nr’ P 

x] cy ryt 

Sx Sy) S— 2) 

Evaluate the t’ integral by contour integration, completing the contour 

with a large semicircle in the upper half-plane for t > ¢, and in the 

lower half-plane for t < t. Noting the presence of two poles on the path 

of integration, show that the contour is to be deformed to pass below 

the two poles since we are after the forward running U. Completing the 

t’, @, and @ integrations, obtain 

— 1 . rr’ _ g—irr’ (t-t)er’ __-_ 4-i(t—-8)cr’ / U =e ib (er — ev #ry(el e )dr 

= — gs, [4(e- r— £)—6(r—e4+ a 
for t > t and zero for t < t. (We have used formulas from the Exercises 

of Section 3, PART I.) Finally, show that the second delta function can 

be discarded, so that the result does agree with (11.38). 

Obtain the principal solution (5.25) for the one-dimensional wave equa- 

tion, by suitable integration of the two-dimensional result (11.37). 

Provide the steps missing between (11.49) and (11.50). 

Compute the solution of the system (11.44) for the case where f= 0, 

where € is only semi-infinite, i.e., 0 << € < co, where u(0, 9, tT) = 0. 

Deduce (11.59a) from (11.53) as follows. Carrying out the integrations 

over the space variables, show that 

26[t —t + (1/c)V[a(t) — xP + Y¥ + 2 
4AM ies 2) = =| tay i — a + = la 

and evaluate this with the help of Exercise 3.9 of PART I. (Note that 

this line of approach is more direct than the Jacobian method developed 
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11.13. 

11.14. 

11.15. 

11.16. 
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in the text, but the latter is more powerful; e.g., if the last two argu- 

ments of the three-dimensional delta function were considerably more 

complicated, we might very well have to resort to the Jacobian method.) 

In the limit as c — co, the wave equation becomes the Laplace (or 

Poisson) equation. Verify that the two- and three-dimensional principal 

solutions of the wave equation do reduce to the corresponding principal 

solutions of the Laplace equation in this limit. 

Verify that (11.76) is, in fact, the desired Green’s function, as claimed. 

Compute the principal solution for the diffusion operator in two dimen- 

sions. Use this result to solve the following problem: 

Lu = ku, — (u,, + 4,) =Oimny >0,—-01 <x< 0c 

u(x, y, 0) = 0 and u(x, 0, t) = f(x, t) fort > 0 

The stream function ‘Y of an axisymmetric, incompressible, irrotational 

flow is governed by the equation 

YP, ——¥F, + Pix = 0 

ee | 
where x,r, 6 are cylindrical coordinates, with x the axis of symmetry. 

Show that the principal solution U, satisfying LU = 6(x — €,r — p), 

is 

: 1 x — €)? r— p)* Un B= pf ZO 1 + 2-9 Ee 
where Q,,. is a Legendre function of second kind. Physically, rU cor- 

responds to the stream function at x,r due to a circular vortex of unit 

circulation and radius p, with its axis coinciding with the x axis, and 

located at x = €. Hint: Use a Fourier transform on x and a Hankel 

transform of order one (see Exercise 5.6) on r. The Fourier inversion 

can be carried out by the residue theorem and the Hankel inversion 

with the help of the formula 

[- e-**J,(bt)J,(ct) de = ath Uo Pie “| 
0 

1 Q ! 
nr/ be n—(1/2) be 

12. SUMMARY 

We have seen that the application of the Green’s function method to 

partial differential equations is quite systematic, the procedure being essentially 

the same as for ordinary differential equations, 
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Given that 

Lu=¢ (12.1) 

throughout an n-dimensional region #, together with prescribed boundary 
conditions, we form the inner product?* 

(Gin) = J seh [Glu dé, sey? (12.2) 

and integrate by parts: 

(G, Lu) = boundary terms + (u, L*G) (12.3) 

Next, we require that G satisfy the partial differential equation 

BG — OG, —"Xine oC, Xe) (12.4) 

throughout &%, together with homogeneous boundary conditions which eliminate 

those boundary terms in (12.3) which are unwelcome, i.e., those which contain 

combinations of u and its derivatives which are not prescribed.*® 

Using (12.1) and (12.4), the solution then follows from (12.3) in the form 

u(x,,...,X,) = —(remaining boundary terms, if any) 

fee | Gy. nba teers Hees Cale > aE, 

(12.5) 

provided, of course, that we are able to find G.*° Note that special care is re- 

quired if Z@ is unbounded. 

To calculate the Green’s function, it is generally convenient to split off the 

singular part. We express 

G=U+¢g (12.6) 

where the singular part U satisfies 

UU = OC sen ce Xe ei kD (12.7) 

subject to no particular boundary conditions, and the regular part g satisfies 

the homogeneous equation 

L*g=0 (12.8) 

throughout @, together with boundary conditions which are such that the 

combination U + g does satisfy the boundary conditions imposed on G. We 

38 Of course, the &,’s need not all be space variables. 

39 Note that we avoid saying “... together with adjoint boundary conditions” since 

the boundary conditions on u may be inhomogeneous, in which case the ad joint operator 

L* is not defined. 

40 In exceptional cases the “ordinary” Green’s function may not exist, and suitable 

modification of the method is then required (e.g., Exercise 6.9). 
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have seen that the principal solution U is not unique since any function / satis- 

fying L* f = 0 can be added. In the case of the wave equation, we uncovered 

both forward and backward running principal solutions. We saw that the ini- 

tial-value nature of the problem dictated the selection of the backward running 

principal solution. 

Calculation of U is simplest in the event that L* is such that U can be 

taken to be a function of the single variable 

r= (¢, —x)? + +--+, —x,)* (12.9) 

since (12.7) then reduces to an ordinary differential equation. Otherwise, an 

integral transform line of approach may be best. Sometimes, physical reason- 

ing may provide the most direct approach (Exercises 11.1 and 5.1). 

If we are lucky, the regular part g can be obtained by inspection, using 

the method of images. If L is the two-dimensional Laplacian, the method of 

conformal mapping is available. Otherwise, separation of variables, eigenfiunc- 

tion expansions, or integral transforms may be suitable. 



Suggested Reading 

We highly recommend the following list of related reading. It is by no means 

intended to be complete. 

Bergman, Stefan, and M. Schiffer, Kernel Functions and Elliptic Differential Equa- 

tions in Mathematical Physics, Academic Press, Inc., New York, 1953. 

A research monograph, not a textbook. Much information on principal solu- 

tions and Green’s functions in connection with the partial differential equations 

of heat conduction, hydrodynamics, electrostatics, magnetostatics and elasticity. 

Carrier, George F., Max Krook, and Carl E. Pearson, Functions of a Complex 

Variable, McGraw-Hill Book Company, New York, 1966. 

Excellent! Beyond complex variable theory, it includes chapters on special 

functions, asymptotic methods, integral transforms, and special techniques. 

Dennery, Philippe, and André Krzywicki, Mathematics for Physicists, Harper & 

Row, New York, 1967. 

Very nice general reference. Includes complex variable theory, linear operators, 

differential equations, and Green’s functions. 

Friedman, Bernard, Principles and Techniques of Applied Mathematics, John Wiley 

& Sons, Inc., New York, 1957. 

Detailed treatment of spectral theory of differential equations, including 

Green’s functions. Difficult reading unless read from the beginning. 

Hildebrand, F. B., Advanced Calculus for Engineers, Prentice-Hall, Inc., Englewood 

Cliffs, N. J., 1948. 

Good general reference. Written clearly, at a lower level of difficulty than the 

above books. Pertinent coverage includes Sturm-Liouville theory, vector inte- 

gral theorems, Jacobians, partial differential equations, and complex variables. 

Jackson, J. D., Classical Electrodynamics, John Wiley & Sons, Inc., New, York, 

1962. 

Classical reference for electrostatics, electrodynamics, including applications of 

Green’s functions. 
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Lighthill, M. J., Introduction to Fourier Analysis and Generalized Functions, Cam- 

bridge University Press, New York, 1958. 

Concise mathematical discussion of generalized functions. 

Mackie, A. G., Boundary Value Problems, Hafner Publishing Company, New York, 

1965. 

Clear, concise account of boundary value problems and Green’s functions. 

McLachlan, N. W., Bessel Functions for Engineers, 2nd ed., Oxford at the Clarendon 

Press, 1955. 

Theory is supplemented by many engineering applications; a helpful list of 

formulas appears in the Appendix. 

Morse, Philip M., and Herman Feshbach, Methods of Theoretical Physics, Parts I 

and II, McGraw-Hill Book Company, New York, 1953. 

Encyclopedic work on mathematical methods of physics. Not always easy 

reading, however. 

Sommerfeld, Arnold, Partial Differential Equations in Physics, Academic Press, Inc., 

New York, 1949. 

Beautifully written. See, especially, the material on the differences among 

hyperbolic, parabolic, and elliptic differential equations, and on Green’s func- 

tions. 
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Superposition, 4, 24 
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