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To The Student

With the hope that this work will stimulate
an interest in Structural Analysis
and provide an acceptable guide to its understanding.
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| PREFACE

This book is intended to provide the student with a clear and thorough
presentation of the theory and application of structural analysis as it
applies to trusses, beams, and frames. Emphasis is placed on developing
the student’s ability to both model and analyze a structure and to
provide realistic applications encountered in professional practice.

For many years now, engineers have been using matrix methods to
analyze structures. Although these methods are most efficient for a
structural analysis, it is the author’s opinion that students taking a first
course in this subject should also be well versed in some of the more
important classicial methods. Practice in applying these methods will
develop a deeper understanding of the basic engineering sciences of
statics and mechanics of materials. Also, problem-solving skills are
further developed when the various techniques are thought out and
applied in a clear and orderly way. By solving problems in this way one
can better grasp the way loads are transmitted through a structure and
obtain a more complete understanding of the way the structure deforms
under load. Finally, the classicial methods provide a means of checking
computer results rather than simply relying on the generated output.

New to This Edition

* Fundamental Problems. These problem sets are selectively
located just after the example problems. They offer students simple
applications of the concepts and, therefore, provide them with the
chance to develop their problem-solving skills before attempting to
solve any of the standard problems that follow. You may consider
these problems as extended examples since they all have solutions and
answers that are given in the back of the book. Additionally, the
fundamental problems offer students an excellent means of studying
for exams, and they can be used at a later time to prepare for the exam
necessary to obtain a professional engineering license.

* Content Revision. Each section of the text was carefully reviewed
to enhance clarity. This has included incorporating the new ASCE/
SEI 07-10 standards on loading in Chapter 1, an improved explanation
of how to draw shear and moment diagrams and the deflection curve
of a structure, consolidating the material on structures having a
variable moment of inertia, providing further discussion for analyzing
structures having internal hinges using matrix analysis, and adding a
new Appendix B that discusses some of the common features used for
running current structural analysis computer software.
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* Example Changes. In order to further illustrate practical
applications of the theory, throughout the text some of the examples
have been changed, and with the aid of photos, feature modeling and
analysis of loadings applied to actual structures.

* Additional Photos. The relevance of knowing the subject matter is
reflected by the realistic applications depicted in many new and updated
photos along with captions that are placed throughout the book.

* New Problems. There are approximately 70% new problems in
this edition. They retain a balance between easy, medium, and difficult
applications. In addition to the author, the problems have been
reviewed and checked by four other parties: Scott Hendricks, Karim
Nohra, Kurt Norlin, and Kai Beng Yap.

* Problem Arrangement. For convenience in assigning homework,
the problems are now placed throughout the text. This way each
chapter is organized into well-defined sections that contain an
explanation of specific topics, illustrative example problems, and a set
of homework problems that are arranged in approximate order of
increasing difficulty.

Organization and Approach

The contents of each chapter are arranged into sections with specific
topics categorized by title headings. Discussions relevant to a particular
theory are succinct, yet thorough. In most cases, this is followed by a
“procedure for analysis” guide, which provides the student with a summary
of the important concepts and a systematic approach for applying the
theory. The example problems are solved using this outlined method in
order to clarify its numerical application. Problems are given at the end
of each group of sections, and are arranged to cover the material in
sequential order. Moreover, for any topic they are arranged in
approximate order of increasing difficulty.

Hallmark Elements

* Photographs. Many photographs are used throughout the book to
explain how the principles of structural analysis apply to real-world
situations.

* Problems. Most of the problems in the book depict realistic
situations encountered in practice. It is hoped that this realism will
both stimulate the student’s interest in structural analysis and develop
the skill to reduce any such problem from its physical description to a
model or symbolic representation to which the appropriate theory can
be applied. Throughout the book there is an approximate balance of
problems using either SI or FPS units. The intent has been to develop



problems that test the student’s ability to apply the theory, keeping in
mind that those problems requiring tedious calculations can be
relegated to computer analysis.

* Answers to Selected Problems. The answers to selected
problems are listed in the back of the book. Extra care has been taken
in the presentation and solution of the problems, and all the problem
sets have been reviewed and the solutions checked and rechecked to
ensure both their clarity and numerical accuracy.

* Example Problems. All the example problems are presented in a
concise manner and in a style that is easy to understand.

e lllustrations. Throughout the book, an increase in two-color art has
been added, including many photorealistic illustrations that provide a
strong connection to the 3-D nature of structural engineering.

e Triple Accuracy Checking. The edition has undergone rigorous
accuracy checking and proofing of pages. Besides the author’s review
of all art pieces and pages, Scott Hendricks of Virginia Polytechnic
Institute, Karim Nohra of the University of South Florida, and Kurt
Norlin of Laurel Technical Services rechecked the page proofs and
together reviewed the entire Solutions Manual.

Contents

This book is divided into three parts. The first part consists of seven
chapters that cover the classical methods of analysis for statically
determinate structures. Chapter 1 provides a discussion of the various
types of structural forms and loads. Chapter 2 discusses the determination
of forces at the supports and connections of statically determinate beams
and frames. The analysis of various types of statically determinate trusses
is given in Chapter 3, and shear and bending-moment functions and
diagrams for beams and frames are presented in Chapter 4. In Chapter 5,
the analysis of simple cable and arch systems is presented, and in
Chapter 6 influence lines for beams, girders, and trusses are discussed.
Finally, in Chapter 7 several common techniques for the approximate
analysis of statically indeterminate structures are considered.

In the second part of the book, the analysis of statically indeterminate
structures is covered in six chapters. Geometrical methods for calculating
deflections are discussed in Chapter 8. Energy methods for finding
deflections are covered in Chapter 9. Chapter 10 covers the analysis of
statically indeterminate structures using the force method of analysis, in
addition to a discussion of influence lines for beams. Then the
displacement methods consisting of the slope-deflection method in
Chapter 11 and moment distribution in Chapter 12 are discussed. Finally,
beams and frames having nonprismatic members are considered in
Chapter 13.

PREFACE
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The third part of the book treats the matrix analysis of structures using
the stiffness method. Trusses are discussed in Chapter 14, beams in Chap-
ter 15, and frames in Chapter 16. A review of matrix algebra is given in
Appendix A, and Appendix B provides a general guide for using
available software for solving problem in structural analysis.

Resources for Instructors

* Instructor’s Solutions Manual. An instructor’s solutions manual
was prepared by the author. The manual was also checked as part of
the Triple Accuracy Checking program.

* Presentation Resources. Allart from the text is available in PowerPoint
slide and JPEG format. These files are available for download from
the Instructor Resource Center at www.pearsonhighered.com. If you
are in need of a login and password for this site, please contact your
local Pearson Prentice Hall representative.

* Video Solutions. Located on the Companion Website, Video
Solutions offer step-by-step solution walkthroughs of representative
homework problems from each chapter of the text. Make efficient use of
class time and office hours by showing students the complete and
concise problem solving approaches that they can access anytime and
view at their own pace. The videos are designed to be a flexible resource
to be used however each instructor and student prefers. A valuable
tutorial resource, the videos are also helpful for student self-evaluation
as students can pause the videos to check their understanding and work
alongside the video. Access the videos at www.pearsonhighered.com/
hibbeler and follow the links for the Structural Analysis text.

e STRAN. Developed by the author and Barry Nolan, a practicing
engineer, STRAN is a downloadable program for use with Structural
Analysis problems. Access STRAN on the Companion Website, www.
pearsonhighered.com/hibbeler and follow the links for the Structural
Analysis text. Complete instructions for how to use the software are
included on the Companion Website.

Resources for Students

e Companion Website. The Companion Website provides practice
and review materials including:

o Video Solutions— Complete, step-by-step solution walkthroughs
of representative homework problems from each chapter. Videos
offer:

= Fully worked Solutions—Showing every step of representative
homework problems, to help students make vital connections
between concepts.


www.pearsonhighered.com
www.pearsonhighered.com/hibbeler
www.pearsonhighered.com/hibbeler
www.pearsonhighered.com/hibbeler
www.pearsonhighered.com/hibbeler

= Self-paced Instruction—Students can navigate each problem
and select, play, rewind, fast-forward, stop, and jump-to-
sections within each problem’s solution.

= 24/7 Access—Help whenever students need it with over 20 hours
of helpful review.

o STRAN—A program you can use to solve two and three
dimensional trusses and beams, and two dimensional frames.
Instructions for downloading and how to use the program are
available on the Companion Website.

An access code for the Structural Analysis, Eighth Edition Companion
Website is included with this text. To redeem the code and gain access
to the site, go to www.prenhall.com/hibbeler and follow the directions
on the access code card. Access can also be purchased directly from
the site.
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Types of Structures
and Loads

This chapter provides a discussion of some of the preliminary aspects
of structural analysis. The phases of activity necessary to produce a
structure are presented first, followed by an introduction to the basic
types of structures, their components, and supports. Finally, a brief
explanation is given of the various types of loads that must be
considered for an appropriate analysis and design.

1.1 Introduction

A structure refers to a system of connected parts used to support a load.
Important examples related to civil engineering include buildings, bridges,
and towers; and in other branches of engineering, ship and aircraft frames,
tanks, pressure vessels, mechanical systems, and electrical supporting
structures are important.

When designing a structure to serve a specified function for public use,
the engineer must account for its safety, esthetics, and serviceability,
while taking into consideration economic and environmental constraints.
Often this requires several independent studies of different solutions
before final judgment can be made as to which structural form is most
appropriate. This design process is both creative and technical and requires
a fundamental knowledge of material properties and the laws of
mechanics which govern material response. Once a preliminary design of a
structure is proposed, the structure must then be analyzed to ensure that
it has its required stiffness and strength. To analyze a structure properly,
certain idealizations must be made as to how the members are supported
and connected together. The loadings are determined from codes and
local specifications, and the forces in the members and their displacements
are found using the theory of structural analysis, which is the subject
matter of this text. The results of this analysis then can be used to




o |
rod bar
] l
angle channel

typical cross sections

tie rod

Fig. 1-1

simply supported beam

cantilevered beam

fixed—-supported beam

Lot e

continuous beam

Fig.1-2

4 CHAPTER 1 TYPES OF STRUCTURES AND LOADS

redesign the structure, accounting for a more accurate determination of
the weight of the members and their size. Structural design, therefore,
follows a series of successive approximations in which every cycle
requires a structural analysis. In this book, the structural analysis is
applied to civil engineering structures; however, the method of analysis
described can also be used for structures related to other fields of
engineering.

1.2 Classification of Structures

It is important for a structural engineer to recognize the various types
of elements composing a structure and to be able to classify structures
as to their form and function. We will introduce some of these aspects
now and expand on them at appropriate points throughout the text.

Structural Elements. Some of the more common elements from
which structures are composed are as follows.

Tie Rods. Structural members subjected to a tensile force are often
referred to as tie rods or bracing struts. Due to the nature of this load,
these members are rather slender, and are often chosen from rods, bars,
angles, or channels, Fig. 1-1.

Beams. Beams are usually straight horizontal members used
primarily to carry vertical loads. Quite often they are classified according
to the way they are supported, as indicated in Fig. 1-2. In particular,
when the cross section varies the beam is referred to as tapered or
haunched. Beam cross sections may also be “built up” by adding plates to
their top and bottom.

Beams are primarily designed to resist bending moment; however, if
they are short and carry large loads, the internal shear force may become
quite large and this force may govern their design. When the material
used for a beam is a metal such as steel or aluminum, the cross section is
most efficient when it is shaped as shown in Fig. 1-3. Here the forces
developed in the top and bottom flanges of the beam form the necessary
couple used to resist the applied moment M, whereas the web is effective
in resisting the applied shear V. This cross section is commonly referred
to as a “wide flange,” and it is normally formed as a single unit in a rolling
mill in lengths up to 75 ft (23 m). If shorter lengths are needed, a cross
section having tapered flanges is sometimes selected. When the beam is
required to have a very large span and the loads applied are rather large,
the cross section may take the form of a plate girder. This member is
fabricated by using a large plate for the web and welding or bolting
plates to its ends for flanges. The girder is often transported to the field in
segments, and the segments are designed to be spliced or joined together
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at points where the girder carries a small internal moment. (See the
photo below.)

Concrete beams generally have rectangular cross sections, since it is
easy to construct this form directly in the field. Because concrete is
rather weak in resisting tension, steel “reinforcing rods” are cast into the
beam within regions of the cross section subjected to tension. Precast
concrete beams or girders are fabricated at a shop or yard in the same
manner and then transported to the job site.

Beams made from timber may be sawn from a solid piece of wood or
laminated. Laminated beams are constructed from solid sections of
wood, which are fastened together using high-strength glues.

Shown are typical splice plate joints used
to connect the steel girders of a highway
bridge.

The prestressed concrete girders are simply
supported and are used for this highway
bridge.

The steel reinforcement cage shown on the
right and left is used to resist any tension
that may develop in the concrete beams
which will be formed around it.
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Wide-flange members are often used for
columns. Here is an example of a beam
column.

Columns. Members that are generally vertical and resist axial compressive
loads are referred to as columns, Fig. 1-4. Tubes and wide-flange cross
sections are often used for metal columns, and circular and square cross
sections with reinforcing rods are used for those made of concrete.
Occasionally, columns are subjected to both an axial load and a bending
moment as shown in the figure. These members are referred to as beam
columns.

Types of Structures. The combination of structural elements and
the materials from which they are composed is referred to as a structural
system. Each system is constructed of one or more of four basic types of
structures. Ranked in order of complexity of their force analysis, they are
as follows.

Trusses. When the span of a structure is required to be large and its
depth is not an important criterion for design, a truss may be selected.
Trusses consist of slender elements, usually arranged in triangular fashion.
Planar trusses are composed of members that lie in the same plane and
are frequently used for bridge and roof support, whereas space trusses have
members extending in three dimensions and are suitable for derricks
and towers.

Due to the geometric arrangement of its members, loads that cause the
entire truss to bend are converted into tensile or compressive forces in
the members. Because of this, one of the primary advantages of a truss,
compared to a beam, is that it uses less material to support a given load,
Fig. 1-5. Also, a truss is constructed from long and slender elements,
which can be arranged in various ways to support a load. Most often it is
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Loading causes bending of truss,
which develops compression in top
members, tension in bottom
members.

Fig. 1-5
economically feasible to use a truss to cover spans ranging from 30 ft
(9 m) to 400 ft (122 m), although trusses have been used on occasion for
spans of greater lengths.

Cables and Arches. Two other forms of structures used to span long
distances are the cable and the arch. Cables are usually flexible and carry
their loads in tension. They are commonly used to support bridges,
Fig. 1-6a, and building roofs. When used for these purposes, the cable has
an advantage over the beam and the truss, especially for spans that are
greater than 150 ft (46 m). Because they are always in tension, cables will
not become unstable and suddenly collapse, as may happen with beams or
trusses. Furthermore, the truss will require added costs for construction
and increased depth as the span increases. Use of cables, on the other
hand, is limited only by their sag, weight, and methods of anchorage.

The arch achieves its strength in compression, since it has a reverse
curvature to that of the cable. The arch must be rigid, however, in order
to maintain its shape, and this results in secondary loadings involving
shear and moment, which must be considered in its design. Arches are
frequently used in bridge structures, Fig. 1-6b, dome roofs, and for
openings in masonry walls.

Cables support their loads in tension. Arches support their loads in compression.
(a) (b)

Fig. 1-6
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Here is an example of a steel frame that is
used to support a crane rail. The frame can
be assumed fixed connected at its top joints
and pinned at the supports.

rigid & | pinned

Frame members are subjected to
internal axial, shear, and moment loadings.

gdfgl, _lglpined
R AR AR AR AR AL AL AR Fig. 1-7

Frames. Frames are often used in buildings and are composed of beams
and columns that are either pin or fixed connected, Fig. 1-7. Like trusses,
frames extend in two or three dimensions. The loading on a frame causes
bending of its members, and if it has rigid joint connections, this structure
is generally “indeterminate” from a standpoint of analysis. The strength of
such a frame is derived from the moment interactions between the beams
and the columns at the rigid joints.

Surface Structures. A surface structure is made from a material having
a very small thickness compared to its other dimensions. Sometimes this
material is very flexible and can take the form of a tent or air-inflated
structure. In both cases the material acts as a membrane that is subjected
to pure tension.

Surface structures may also be made of rigid material such as reinforced
concrete. As such they may be shaped as folded plates, cylinders, or
hyperbolic paraboloids, and are referred to as thin plates or shells.
These structures act like cables or arches since they support loads
primarily in tension or compression, with very little bending. In spite of
this, plate or shell structures are generally very difficult to analyze, due
to the three-dimensional geometry of their surface. Such an analysis is
beyond the scope of this text and is instead covered in texts devoted
entirely to this subject.

The roof of the “Georgia Dome” in Atlanta,
Georgia can be considered as a thin membrane.



1.3 Loads

Once the dimensional requirements for a structure have been defined,
it becomes necessary to determine the loads the structure must
support. Often, it is the anticipation of the various loads that will be
imposed on the structure that provides the basic type of structure that
will be chosen for design. For example, high-rise structures must
endure large lateral loadings caused by wind, and so shear walls and
tubular frame systems are selected, whereas buildings located in areas
prone to earthquakes must be designed having ductile frames and
connections.

Once the structural form has been determined, the actual design
begins with those elements that are subjected to the primary loads the
structure is intended to carry, and proceeds in sequence to the various
supporting members until the foundation is reached. Thus, a building
floor slab would be designed first, followed by the supporting beams,
columns, and last, the foundation footings. In order to design a structure,
it is therefore necessary to first specify the loads that act on it.

The design loading for a structure is often specified in codes. In general,
the structural engineer works with two types of codes: general building
codes and design codes. General building codes specify the requirements of
governmental bodies for minimum design loads on structures and
minimum standards for construction. Design codes provide detailed
technical standards and are used to establish the requirements for the
actual structural design. Table 1-1 lists some of the important codes used in
practice. It should be realized, however, that codes provide only a general
guide for design. The ultimate responsibility for the design lies with the
structural engineer.

TABLE 1-1 Codes

General Building Codes

Minimum Design Loads for Buildings and Other Structures,
ASCE/SEI 7-10, American Society of Civil Engineers
International Building Code

Design Codes

Building Code Requirements for Reinforced Concrete, Am. Conc. Inst. (ACT)

Manual of Steel Construction, American Institute of Steel Construction (AISC)

Standard Specifications for Highway Bridges, American Association of State
Highway and Transportation Officials (AASHTO)

National Design Specification for Wood Construction, American Forest and
Paper Association (AFPA)

Manual for Railway Engineering, American Railway Engineering
Association (AREA)

1.3 LoaADps
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Since a structure is generally subjected to several types of loads, a brief
discussion of these loadings will now be presented to illustrate how one
must consider their effects in practice.

Dead Loads. Dead loads consist of the weights of the various
structural members and the weights of any objects that are permanently
attached to the structure. Hence, for a building, the dead loads include
the weights of the columns, beams, and girders, the floor slab, roofing,
walls, windows, plumbing, electrical fixtures, and other miscellaneous
attachments.

In some cases, a structural dead load can be estimated satisfactorily
from simple formulas based on the weights and sizes of similar
structures. Through experience one can also derive a “feeling” for the
magnitude of these loadings. For example, the average weight for timber
buildings is 40—50 1b/ft> (1.9-2.4 kN/m?), for steel framed buildings it is
60-75 Ib/ft> (2.9-3.6 kN/m?), and for reinforced concrete buildings it is
110-130 Ib/ft? (5.3-6.2 kN/m?). Ordinarily, though, once the materials
and sizes of the various components of the structure are determined,
their weights can be found from tables that list their densities.

The densities of typical materials used in construction are listed in
Table 1-2, and a portion of a table listing the weights of typical building

TABLE 1-2 Minimum Densities for Design Loads

from Materials*

lb/ft® kN/m3

Aluminum 170 26.7
Concrete, plain cinder 108 17.0
Concrete, plain stone 144 22.6
Concrete, reinforced cinder 111 17.4
Concrete, reinforced stone 150 23.6
Clay, dry 63 9.9
Clay, damp 110 17.3
Sand and gravel, dry, loose 100 15.7
Sand and gravel, wet 120 18.9
Masonry, lightweight solid concrete 105 16.5
Masonry, normal weight 135 21.2
Plywood 36 5.7
Steel, cold-drawn 492 77.3
Wood, Douglas Fir 34 53
Wood, Southern Pine 37 5.8
Wood, spruce 29 4.5

*Reproduced with permission from American Society of Civil Engineers
Minimum Design Loads for Buildings and Other Structures, ASCE/SEI 7-10.
Copies of this standard may be purchased from ASCE at www.pubs.asce.org.
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TABLE 1-3 Minimum Design Dead Loads* .
Walls psf  kN/m?

4-in. (102 mm) clay brick 39 1.87

8-in. (203 mm) clay brick 79 3.78

12-in. (305 mm) clay brick 115 5.51

Frame Partitions and Walls

Exterior stud walls with brick veneer 48 2.30
Windows, glass, frame and sash 8 0.38
Wood studs 2 X 4 in., (51 X 102 mm) unplastered 4 0.19

Wood studs 2 X 4 in., (51 X 102 mm) plastered one side 12 0.57
Wood studs 2 X 4 in., (51 X 102 mm) plastered two sides 20 0.96

Floor Fill

Cinder concrete, per inch (mm) 9 0.017
Lightweight concrete, plain, per inch (mm) 8 0.015
Stone concrete, per inch (mm) 12 0.023
Ceilings

Acoustical fiberboard 1 0.05
Plaster on tile or concrete 5 0.24
Suspended metal lath and gypsum plaster 10 0.48
Asphalt shingles 2 0.10
Fiberboard, 3-in. (13 mm) 0.75 0.04

*Reproduced with permission from American Society of Civil Engineers Minimum Design Loads
for Buildings and Other Structures, ASCE/SEI 7-10.

components is given in Table 1-3. Although calculation of dead loads
based on the use of tabulated data is rather straightforward, it should be
realized that in many respects these loads will have to be estimated in
the initial phase of design. These estimates include nonstructural
materials such as prefabricated facade panels, electrical and plumbing
systems, etc. Furthermore, even if the material is specified, the unit
weights of elements reported in codes may vary from those given by
manufacturers, and later use of the building may include some changes
in dead loading. As a result, estimates of dead loadings can be in error by
15% to 20% or more.

Normally, the dead load is not large compared to the design load for
simple structures such as a beam or a single-story frame; however, for
multistory buildings it is important to have an accurate accounting of all
the dead loads in order to properly design the columns, especially for the
lower floors.
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. EXAMPLE [1.1

12 in.

I

/4% ;Lﬁn.

Fig. 1-8

The floor beam in Fig. 1-8 is used to support the 6-ft width of a
lightweight plain concrete slab having a thickness of 4 in. The slab
serves as a portion of the ceiling for the floor below, and therefore its
bottom is coated with plaster. Furthermore, an 8-ft-high, 12-in.-thick
lightweight solid concrete block wall is directly over the top flange of
the beam. Determine the loading on the beam measured per foot of
length of the beam.

SOLUTION
Using the data in Tables 1-2 and 1-3, we have

Concrete slab:  [81b/(ft>+in.)](4in.)(6 ft) = 192 Ib/ft

Plaster ceiling: (51b/ft2)(6 ft) = 30 Ib/ft
Block wall: (105 Ib/ft*) (8 ft)(1 ft) = 840 Ib/ft
Total load 1062 Ib/ft = 1.06 k/ft

Ans.

Here the unit k stands for “kip,” which symbolizes kilopounds. Hence,
1k = 1000 Ib.

The live floor loading in this classroom
consists of desks, chairs and laboratory
equipment. For design the ASCE 7-10
Standard specifies a loading of 40 psf or
1.92 kN/m?.

Live Loads. Live Loads can vary both in their magnitude and
location. They may be caused by the weights of objects temporarily
placed on a structure, moving vehicles, or natural forces. The minimum
live loads specified in codes are determined from studying the history
of their effects on existing structures. Usually, these loads include
additional protection against excessive deflection or sudden overload. In
Chapter 6 we will develop techniques for specifying the proper location
of live loads on the structure so that they cause the greatest stress or
deflection of the members. Various types of live loads will now be
discussed.

Building Loads. The floors of buildings are assumed to be subjected
to uniform live loads, which depend on the purpose for which the
building is designed. These loadings are generally tabulated in local,
state, or national codes. A representative sample of such minimum live
loadings, taken from the ASCE 7-10 Standard, is shown in Table 1-4. The
values are determined from a history of loading various buildings. They
include some protection against the possibility of overload due to
emergency situations, construction loads, and serviceability requirements
due to vibration. In addition to uniform loads, some codes specify
minimum concentrated live loads, caused by hand carts, automobiles, etc.,
which must also be applied anywhere to the floor system. For example,
both uniform and concentrated live loads must be considered in the
design of an automobile parking deck.
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Live Load Live Load

Occupancy or Use psf kN/m? Occupancy or Use psf kN/m?
Assembly areas and theaters Residential

Fixed seats 60 2.87 Dwellings (one- and two-family) 40 1.92

Movable seats 100 4.79 Hotels and multifamily houses

Garages (passenger cars only) 50 2.40 Private rooms and corridors 40 1.92
Office buildings Public rooms and corridors 100 4.79

Lobbies 100 4.79 Schools

Offices 50 2.40 Classrooms 40 1.92
Storage warehouse Corridors above first floor 80 3.83

Light 125 6.00

Heavy 250 11.97

*Reproduced with permission from Minimum Design Loads for Buildings and Other Structures, ASCE/SEI 7-10.

For some types of buildings having very large floor areas, many codes
will allow a reduction in the uniform live load for a floor, since it is
unlikely that the prescribed live load will occur simultaneously throughout
the entire structure at any one time. For example, ASCE 7-10 allows a
reduction of live load on a member having an influence area (K Ar) of
400 ft> (37.2 m?) or more. This reduced live load is calculated using the
following equation:

15

v KLL AT

4.57
L= L0<0.25 4 ) (ST units)
VKL Ar

L= LO(O.ZS + ) (FPS units)

(1-1)

L = reduced design live load per square foot or square meter of area
supported by the member.

L, = unreduced design live load per square foot or square meter of
area supported by the member (see Table 1-4).

K;; = live load element factor. For interior columns K;; = 4.

b
s
I

tributary area in square feet or square meters.*

The reduced live load defined by Eq. 1-1 is limited to not less than 50%
of L, for members supporting one floor, or not less than 40% of L, for
members supporting more than one floor. No reduction is allowed for
loads exceeding 100 Ib/ft* (4.79 kN/m?), or for structures used for public
assembly, garages, or roofs. Example 1-2 illustrates Eq. 1-1’s application.

*Specific examples of the determination of tributary areas for beams and columns are
given in Sec. 2-1.
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. EXAMPLE |1.2

A two-story office building shown in the photo has interior columns
that are spaced 22 ft apart in two perpendicular directions. If the (flat)
roof loading is 20 Ib/ft?, determine the reduced live load supported by
a typical interior column located at ground level.

o |

VY

-

22 ft

1
‘% 22ft%22ft%

Fig. 1-9

SOLUTION

As shown in Fig. 1-9, each interior column has a tributary area or
effective loaded area of Ay = (22 ft)(22 ft) = 484 ft>. A ground-floor
column therefore supports a roof live load of

Fr = (20 Ib/ft?)(484 ft?) = 9680 1b = 9.68 k

This load cannot be reduced, since it is not a floor load. For the second
floor, the live load is taken from Table 1-4: L, = 50 Ib/ft>. Since
K;; =4, then 4A; = 4(484 ft?) = 1936 ft> and 1936 ft> > 400 ft?,
the live load can be reduced using Eq. 1-1. Thus,

15
L= 50<0.25 + > = 29.55 Ib/ft?
V1936
The load reduction here is (29.55/50)100% = 59.1% > 50%. O.K.

Therefore,
Fr = (29.551b/ft?)(484 ft?) = 143001b = 143k
The total live load supported by the ground-floor column is thus

F=Fp+ Fr=968k + 143k =240k Ans.




Highway Bridge Loads. The primary live loads on bridge spans are
those due to traffic, and the heaviest vehicle loading encountered is that
caused by a series of trucks. Specifications for truck loadings on highway
bridges are reported in the LRFD Bridge Design Specifications of the
American Association of State and Highway Transportation Officials
(AASHTO). For two-axle trucks, these loads are designated with an H,
followed by the weight of the truck in tons and another number which
gives the year of the specifications in which the load was reported.
H-series truck weights vary from 10 to 20 tons. However, bridges located
on major highways, which carry a great deal of traffic, are often designed
for two-axle trucks plus a one-axle semitrailer as in Fig. 1-10. These are
designated as HS loadings. In general, a truck loading selected for design
depends upon the type of bridge, its location, and the type of traffic
anticipated.

The size of the “standard truck” and the distribution of its weight is
also reported in the specifications. Although trucks are assumed to be on
the road, all lanes on the bridge need not be fully loaded with a row of
trucks to obtain the critical load, since such a loading would be highly
improbable. The details are discussed in Chapter 6.

Railroad Bridge Loads. The loadings on railroad bridges, as in
Fig. 1-11, are specified in the Specifications for Steel Railway Bridges
published by the American Railroad Engineers Association (AREA).
Normally, E loads, as originally devised by Theodore Cooper in 1894,
were used for design. B. Steinmann has since updated Cooper’s load
distribution and has devised a series of M loadings, which are currently
acceptable for design. Since train loadings involve a complicated series
of concentrated forces, to simplify hand calculations, tables and graphs
are sometimes used in conjunction with influence lines to obtain the
critical load. Also, computer programs are used for this purpose.

Fig. 1-11

1.3 LoaADps
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Impact Loads. Moving vehicles may bounce or sidesway as they
move over a bridge, and therefore they impart an impact to the deck. The
percentage increase of the live loads due to impact is called the impact
factor, 1. This factor is generally obtained from formulas developed from
experimental evidence. For example, for highway bridges the AASHTO
specifications require that

50
1 L+ 125 but not larger than 0.3
where L is the length of the span in feet that is subjected to the live
load.

In some cases provisions for impact loading on the structure of a
building must also be taken into account. For example, the ASCE 7-10
Standard requires the weight of elevator machinery to be increased by
100%, and the loads on any hangers used to support floors and balconies
to be increased by 33%.

Wind Loads. When structures block the flow of wind, the wind’s
kinetic energy is converted into potential energy of pressure, which
causes a wind loading. The effect of wind on a structure depends upon
the density and velocity of the air, the angle of incidence of the wind, the
shape and stiffness of the structure, and the roughness of its surface. For
design purposes, wind loadings can be treated using either a static or a
dynamic approach.

For the static approach, the fluctuating pressure caused by a constantly
blowing wind is approximated by a mean velocity pressure that acts on
the structure. This pressure ¢ is defined by its kinetic energy, g = %sz,
where p is the density of the air and V is its velocity. According to the
ASCE 7-10 Standard, this equation is modified to account for the
importance of the structure, its height, and the terrain in which it is
located. It is represented as

q. = 0.00256K ,K ., K ,V* (Ib/ft?)
1-2
q. = 0.613K K, K,V? (N/m?) -2

where

V = the velocity in mi/h (m/s) of a 3-second gust of wind measured
33 ft (10 m) above the ground. Specific values depend upon
the “category” of the structure obtained from a wind map. For
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Hurricane winds caused this damage to a condominium in
Miami, Florida.

example, the interior portion of the continental United States
reports a wind speed of 105 mi/h (47 m/s) if the structure

is an agricultural or storage building, since it is of low risk to
human life in the event of a failure. The wind speed is 120 mi/h
(54 m/s) for cases where the structure is a hospital, since its
failure would cause substantial loss of human life.

the velocity pressure exposure coefficient, which is a function
of height and depends upon the ground terrain. Table 1-5 lists
values for a structure which is located in open terrain with
scattered low-lying obstructions.

a factor that accounts for wind speed increases due to hills and
escarpments. For flat ground K, = 1.0.

a factor that accounts for the direction of the wind. It is used only
when the structure is subjected to combinations of loads (see
Sec. 1-4). For wind acting alone, K; = 1.0.

TABLE 1-5 Velocity Pressure

Exposure Coefficient for Terrain with
Low-Lying Obstructions

z
ft m Kz
0-15 0-4.6 0.85
20 6.1 0.90
25 7.6 0.94
30 9.1 0.98
40 12.2 1.04

50 15.2 1.09
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Design Wind Pressure for Enclosed Buildings. Once the value for g,
is obtained, the design pressure can be determined from a list of
relevant equations listed in the ASCE 7-10 Standard. The choice
depends upon the flexibility and height of the structure, and whether
the design is for the main wind-force resisting system, or for the
building’s components and cladding. For example, using a “directional
procedure” the wind-pressure on an enclosed building of any height is
determined using a two-termed equation resulting from both external
and internal pressures, namely,

p = qGC, — q;,(GC ) (1-3)

g = q.for the windward wall at height z above the ground
(Eq. 1-2),and g = gy, for the leeward walls, side walls,
and roof, where z = h, the mean height of the roof.

G = awind-gust effect factor, which depends upon the exposure.
For example, for a rigid structure, G = 0.85.

C, = awall or roof pressure coefficient determined from a
table. These tabular values for the walls and a roof pitch of
6 = 10° are given in Fig. 1-12. Note in the elevation view

Wind blowing on a wall will tend to tip a
building or cause it to sidesway. To prevent
this engineers often use cross bracing to
provide stability. Also, see p. 46.

(chi) =

that the pressure will vary with height on the windward
side of the building, whereas on the remaining sides and
on the roof the pressure is assumed to be constant.
Negative values indicate pressures acting away from the
surface.

the internal pressure coefficient, which depends upon the
type of openings in the building. For fully enclosed
buildings (GC;) = £0.18. Here the signs indicate that
either positive or negative (suction) pressure can occur
within the building.

Application of Eq. 1-3 will involve calculations of wind pressures from
each side of the building, with due considerations for the possibility of
either positive or negative pressures acting on the building’s interior.
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— Maximum negative roof pressure
Wall pressure coefficients, C, coefficients, C,, for use with g,

(a) (b)
Fig. 1-12

For high-rise buildings or those having a shape or location that makes
them wind sensitive, it is recommended that a dynamic approach be used
to determine the wind loadings. The methodology for doing this is also
outlined in the ASCE 7-10 Standard. It requires wind-tunnel tests to be
performed on a scale model of the building and those surrounding it, in
order to simulate the natural environment. The pressure effects of the
wind on the building can be determined from pressure transducers
attached to the model. Also, if the model has stiffness characteristics that
are in proper scale to the building, then the dynamic deflections of the
building can be determined.

19



20 CHAPTER 1 TYPES OF STRUCTURES AND LOADS

. EXAMPLE |1.3

The enclosed building shown in the photo and in Fig. 1-13a is used for
storage purposes and is located outside of Chicago, Illinois on open
flat terrain. When the wind is directed as shown, determine the design
wind pressure acting on the roof and sides of the building using the
ASCE 7-10 Specifications.

SOLUTION

First the wind pressure will be determined using Eq. 1-2. The basic
wind speed is V' = 105 mi/h, since the building is used for storage.
Also, for flat terrain, K, = 1.0. Since only wind loading is being
considered, K; = 1.0. Therefore,

~ q, = 0.00256 K K ., K ;V*
= 0.00256 K,(1.0)(1.0)(105)?

10% | A )/
/} S = 2822 K,

751t From Fig. 1-13a, k' = 75 tan 10° = 13.22 ft so that the mean height
T of the roof is & = 25 + 13.22/2 = 31.6 ft. Using the values of K. in
wind Table 1-5, calculated values of the pressure profile are listed in the table
(a) in Fig. 1-13b. Note the value of K, was determined by linear interpola-
tion for z = h,ie., (1.04 — 0.98)/(40 — 30) = (1.04 — K,)/(40 — 31.6),
Fig. 1-13 K, = 0.990, and so ¢, = 28.22(0.990) = 27.9 psf.
In order to apply Eq. 1-3 the gust factor is G = 0.85, and (GC ;) =
+0.18. Thus,

p = 4qGC, — qn(GCp)
= q(0.85)C, — 27.9(£0.18)
= 0.85¢C, ¥ 5.03 1)
The pressure loadings are obtained from this equation using the

calculated values for g, listed in Fig. 1-13b in accordance with the
wind-pressure profile in Fig. 1-12.

z (ft) K, q; (psf)
0-15 0.85 24.0
20 0.90 25.4
25 0.94 26.5
h =316 0.990 27.9

(®)
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Windward Wall. Here the pressure varies with height z since ¢,GC,,
must be used. For all values of L/B, C,, = 0.8, so that from Eq. (1),

Po-15 = 113 psf or 21.3 psf

P = 122 pst or 22.3 psf
pas = 13.0psf or 23.1 psf

Leeward Wall. Here L/B = 2(75)/150 = 1, so that C, = —0.5.
Also, g = gq;, and so from Eq. (1),

p=—169psft or —6.84psf
Side Walls. For all values of L/B, C,, = —0.7, and therefore since
we must use ¢ = g, in Eq. (1), we have

p=-—-21.6psft or —11.6psf
Windward Roof. Here h/L = 31.6/2(75) = 0.211 < 0.25, so that
C, = —0.7and q = g, Thus,

p = —21.6psf or —11.6psf
Leeward Roof. In this case C,, = —0.3; therefore with ¢ = g, we get

p=—122psf or —2.09 psf
These two sets of loadings are shown on the elevation of the building,
representing either positive or negative (suction) internal building
pressure, Fig. 1-13c. The main framing structure of the building must
resist these loadings as well as for separate loadings calculated from
wind blowing on the front or rear of the building.

21.6 pst 12.2 psf 11.6 psf 209 psf
13.0 psf L’i: 23.1 psf‘
12.2 pst 22.3 psf |
16.9 psf 6.84 psf
11.3 psf 21.3 psf

(©)
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Design Wind Pressure for Signs. 1f the structure represents a sign, the
wind will produce a resultant force acting on the face of the sign which is
determined from

F = thCfAs (1—4)

Here
gy, = the wind pressure evaluated at the height /#, measured from the
ground to the top of the sign.

G = the wind-gust coefficient factor defined previously.

C; = aforce coefficient which depends upon the aspect ratio (width B of
the sign to height s of the sign), and the clear area ratio (sign height
s to the elevation &, measured from the ground to the top of the
sign). For cases of wind directed normal to the sign and through its
center, for B/s = 4, values are listed in Table 1-6.

A, = the area of the face of the sign in ft* (m?).

TABLE 1-6 Force Coefficients for
Above-Ground Solid Signs, C;

S/h Cf
1 1.35
0.9 1.45
0.5 1.70
0.2 1.80
=0.16 1.85

To allow for normal and oblique wind directions, the calculated
resultant force is assumed to act either through the geometric center of
the face of the sign or at other specified locations on the face of the sign
which depend upon the ratios s/h and B/s.

Hurricane winds acting on the face of this
sign were strong enough to noticeably
bend the two supporting arms causing the
material to yield. Proper design would
have prevented this.



Snow Loads. In some parts of the country, roof loading due to snow
can be quite severe, and therefore protection against possible failure is of
primary concern. Design loadings typically depend on the building’s
general shape and roof geometry, wind exposure, location, its
importance, and whether or not it is heated. Like wind, snow loads in
the ASCE 7-10 Standard are generally determined from a zone map
reporting 50-year recurrence intervals of an extreme snow depth. For
example, on the relatively flat elevation throughout the mid-section of
Illinois and Indiana, the ground snow loading is 20 Ib/ft> (0.96 kN/m?).
However, for areas of Montana, specific case studies of ground snow
loadings are needed due to the variable elevations throughout the state.
Specifications for snow loads are covered in the ASCE 7-10 Standard,
although no single code can cover all the implications of this type of
loading.

If a roof is flat, defined as having a slope of less than 5%, then the
pressure loading on the roof can be obtained by modifying the ground
snow loading, p,, by the following empirical formula

pr = 0.7C.C/p, (1-5)

Here

C, = an exposure factor which depends upon the terrain. For example,
for a fully exposed roof in an unobstructed area, C, = 0.8,
whereas if the roof is sheltered and located in the center of a large
city, then C, = 1.2.

C, = a thermal factor which refers to the average temperature within
the building. For unheated structures kept below freezing
C, = 1.2, whereas if the roof is supporting a normally heated
structure, then C, = 1.0.

I, = the importance factor as it relates to occupancy. For example,
I, = 0.80 for agriculture and storage facilities, and I, = 1.20 for
schools and hospitals.

If p, = 20 1b/ft* (0.96 kN/m?), then use the largest value for py, either
computed from the above equation or from p; = I;p,. If p, > 20 Ib/ft?
(0.96 kN/m?), then use p; = 1,(20 Ib/ft?).
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Excessive snow and ice loadings act on this
roof.
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. EXAMPLE |[1.4

Fig. 1-14

The unheated storage facility shown in Fig. 1-14 is located on flat
open terrain in southern Illinois, where the specified ground snow
load is 15 Ib/ft>. Determine the design snow load on the roof which
has a slope of 4%.

SOLUTION

Since the roof slope is < 5%, we will use Eq. 1-5. Here,
C, = 0.8 due to the open area, C, = 1.2 and I; = 0.8.
Thus,

p; = 0.7C,C/Ip,
= 0.7(0.8)(1.2)(0.8)(15 Ib/ft?) = 8.06 Ib/ft>

Since p, = 15 Ib/ft> < 20 Ib/ft2, then also
py = Ip, = 1.2(151b/ft*) = 181b/ft?

By comparison, choose

py = 181b/ft? Ans.

-
lumped mass
of roof

I:_:I lumped mass
| of columns

Fig. 1-15

Earthquake Loads. Earthquakes produce loadings on a structure
through its interaction with the ground and its response characteristics.
These loadings result from the structure’s distortion caused by the
ground’s motion and the lateral resistance of the structure. Their
magnitude depends on the amount and type of ground accelerations and
the mass and stiffness of the structure. In order to provide some insight
as to the nature of earthquake loads, consider the simple structural
model shown in Fig. 1-15. This model may represent a single-story
building, where the top block is the “lumped” mass of the roof, and the
middle block is the lumped stiffness of all the building’s columns. During
an earthquake the ground vibrates both horizontally and vertically. The
horizontal accelerations create shear forces in the column that put the
block in sequential motion with the ground. If the column is stiff and
the block has a small mass, the period of vibration of the block will be
short and the block will accelerate with the same motion as the ground
and undergo only slight relative displacements. For an actual structure
which is designed to have large amounts of bracing and stiff connections
this can be beneficial, since less stress is developed in the members. On the
other hand, if the column in Fig 1-15 is very flexible and the block has a
large mass, then earthquake-induced motion will cause small accelerations
of the block and large relative displacements.

In practice the effects of a structure’s acceleration, velocity, and
displacement can be determined and represented as an earthquake



response spectrum. Once this graph is established, the earthquake
loadings can be calculated using a dynamic analysis based on the theory
of structural dynamics. This type of analysis is gaining popularity,
although it is often quite elaborate and requires the use of a computer.
Even so, such an analysis becomes mandatory if the structure is large.

Some codes require that specific attention be given to earthquake
design, especially in areas of the country where strong earthquakes
predominate. Also, these loads should be seriously considered when
designing high-rise buildings or nuclear power plants. In order to assess
the importance of earthquake design consideration, one can check the
seismic ground-acceleration maps published in the ASCE 7-10 Standard.
These maps provide the peak ground accelerations caused by an
earthquake along with risk coefficients. Regions vary from low risk, such
as parts of Texas, to very high risk, such as along the west coast of
California.

For small structures, a static analysis for earthquake design may be
satisfactory. This case approximates the dynamic loads by a set of
externally applied static forces that are applied laterally to the structure.
One such method for doing this is reported in the ASCE 7-10 Standard.
It is based upon finding a seismic response coefficient, C, determined
from the soil properties, the ground accelerations, and the vibrational
response of the structure. For most structures, this coefficient is then
multiplied by the structure’s total dead load W to obtain the “base shear”
in the structure. The value of Cj is actually determined from

S
C, = DS
R/1,

where

Sps = the spectral response acceleration for short periods of vibration.

=
I

a response modification factor that depends upon the ductility of
the structure. Steel frame members which are highly ductile can
have a value as high as 8, whereas reinforced concrete frames
can have a value as low as 3.

1, = the importance factor that depends upon the use of the building.
For example, I, = 1 for agriculture and storage facilities, and
1, = 1.5 for hospitals and other essential facilities.

With each new publication of the Standard, values of these coefficients
are updated as more accurate data about earthquake response become
available.

Hydrostatic and Soil Pressure. When structures are used to retain
water, soil, or granular materials, the pressure developed by these
loadings becomes an important criterion for their design. Examples of
such types of structures include tanks, dams, ships, bulkheads, and
retaining walls. Here the laws of hydrostatics and soil mechanics are
applied to define the intensity of the loadings on the structure.

1.3 LoaADps
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The design of this retaining wall requires
estimating the soil pressure acting on it.
Also, the gate of the lock will be subjected

to hydrostatic pressure that must
considered for its design.

be
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Other Natural Loads. Several other types of live loads may also
have to be considered in the design of a structure, depending on its
location or use. These include the effect of blast, temperature changes,
and differential settlement of the foundation.

1.4  Structural Design

Whenever a structure is designed, it is important to give consideration
to both material and load uncertainties. These uncertainties include a
possible variability in material properties, residual stress in materials,
intended measurements being different from fabricated sizes, loadings
due to vibration or impact, and material corrosion or decay.

ASD. Allowable-stress design (ASD) methods include both the
material and load uncertainties into a single factor of safety. The many
types of loads discussed previously can occur simultaneously on a
structure, but it is very unlikely that the maximum of all these loads will
occur at the same time. For example, both maximum wind and
earthquake loads normally do not act simultaneously on a structure. For
allowable-stress design the computed elastic stress in the material must
not exceed the allowable stress for each of various load combinations.
Typical load combinations as specified by the ASCE 7-10 Standard
include

e dead load
e 0.6 (dead load) + 0.6 (wind load)
e 0.6 (dead load) + 0.7 (earthquake load)

LRFD. Since uncertainty can be considered using probability theory,
there has been an increasing trend to separate material uncertainty from
load uncertainty. This method is called strength design or LRFD (load
and resistance factor design). For example, to account for the uncertainty
of loads, this method uses load factors applied to the loads or
combinations of loads. According to the ASCE 7-10 Standard, some of
the load factors and combinations are

e 1.4 (deadload)

e 1.2 (deadload) + 1.6 (live load) + 0.5 (snow load)
* 0.9 (deadload) + 1.0 (wind load)

* 0.9 (dead load) + 1.0 (earthquake load)

In all these cases, the combination of loads is thought to provide a
maximum, yet realistic loading on the structure.
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B

1-1. The floor of a heavy storage warehouse building is *1-4. The “New Jersey” barrier is commonly used during
made of 6-in.-thick stone concrete. If the floor is a slab highway construction. Determine its weight per foot of
having a length of 15 ft and width of 10 ft, determine the length if it is made from plain stone concrete.

resultant force caused by the dead load and the live load.

1-2. The floor of the office building is made of 4-in.-thick
lightweight concrete. If the office floor is a slab having a
length of 20 ft and width of 15 ft, determine the resultant 4in
force caused by the dead load and the live load. T

“\24 in__ |
Prob. 1-4

1-5. The floor of a light storage warehouse is made of
150-mm-thick lightweight plain concrete. If the floor is a
slab having a length of 7 m and width of 3 m, determine the
Prob. 1-2 resultant force caused by the dead load and the live load.

1-6. The prestressed concrete girder is made from plain
stone concrete and four %—in. cold-form steel reinforcing
rods. Determine the dead weight of the girder per foot of its
length.

1-3. The T-beam is made from concrete having a specific
weight of 150 Ib/ft>. Determine the dead load per foot length
of beam. Neglect the weight of the steel reinforcement.

‘ 401n. |
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1-7. The wall is 2.5m high and consists of 51 mm X
102 mm studs plastered on one side. On the other side is
13 mm fiberboard, and 102 mm clay brick. Determine the
average load in kN/m of length of wall that the wall exerts
on the floor.

Prob. 1-7

*1-8. A building wall consists of exterior stud walls with
brick veneer and 13 mm fiberboard on one side. If the wall
is 4 m high, determine the load in kN/m that it exerts on the
floor.

1-9. The interior wall of a building is made from 2 x 4
wood studs, plastered on two sides. If the wall is 12 ft high,
determine the load in 1b/ft of length of wall that it exerts on
the floor.

1-10. The second floor of a light manufacturing building is
constructed from a 5-in.-thick stone concrete slab with an
added 4-in. cinder concrete fill as shown. If the suspended
ceiling of the first floor consists of metal lath and gypsum
plaster, determine the dead load for design in pounds per
square foot of floor area.

{— 4 in. cinder fill

B
g
0

— ceiling

Prob. 1-10

%( — 5 in. concrete slab

TYPES OF STRUCTURES AND LOADS

1-11. A four-story office building has interior columns
spaced 30 ft apart in two perpendicular directions. If the
flat-roof live loading is estimated to be 30 Ib/ft>, determine
the reduced live load supported by a typical interior column
located at ground level.

*1-12. A two-story light storage warehouse has interior
columns that are spaced 12 ft apart in two perpendicular
directions. If the live loading on the roof is estimated to be
25 Ib/ft?, determine the reduced live load supported by a
typical interior column at (a) the ground-floor level, and (b)
the second-floor level.

1-13. The office building has interior columns spaced 5 m
apart in perpendicular directions. Determine the reduced
live load supported by a typical interior column located on
the first floor under the offices.

Prob. 1-13

1-14. A two-story hotel has interior columns for the
rooms that are spaced 6 m apart in two perpendicular
directions. Determine the reduced live load supported by a
typical interior column on the first floor under the public
rooms.
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located on open flat terrain in Arizona. Determine the terrain in central Ohio. If the side wall of the building is

external pressure acting over the windward wall, which has 20 ft high, determine the external wind pressure acting on

a height of 30 ft. The roof is flat. the windward and leeward walls. Each wall is 60 ft long.
Assume the roof is essentially flat.

Prob. 1-15 Prob. 1-17

1-15. Wind blows on the side of a fully enclosed hospital 1-17. A closed storage building is located on open flat .
1

*]-16. Wind blows on the side of the fully enclosed 1-18. The light metal storage building is on open flat

hospital located on open flat terrain in Arizona. Determine terrain in central Oklahoma. If the side wall of the building
the external pressure acting on the leeward wall, which has is 14 ft high, what are the two values of the external wind
a length of 200 ft and a height of 30 ft. pressure acting on this wall when the wind blows on the

back of the building? The roof is essentially flat and the
building is fully enclosed.

Prob. 1-16 Prob. 1-18
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1-19. Determine the resultant force acting perpendicular 1-21. The school building has a flat roof. It is located in an
to the face of the billboard and through its center if it is open area where the ground snow load is 0.68 kN/m?.

located in Michigan on open flat terrain. The sign is rigid Determine the snow load that is required to design the roof.

and has a width of 12 m and a height of 3 m. Its top side is

15 m from the ground.

Prob. 1-21

1-22. The hospital is located in an open area and has a
flat roof and the ground snow load is 30 1b/ft>. Determine
the design snow load for the roof.

Prob. 1-19

*1-20. A hospital located in central Illinois has a flat roof.
Determine the snow load in kN/m? that is required to
design the roof.

Prob. 1-22
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CHAPTER REVIEW

The basic structural elements are:

Tie Rods—Slender members subjected to tension. Often used for bracing.

Beams—Members designed to resist bending moment. They are often fixed or pin supported and can be in the form of a
steel plate girder, reinforced concrete, or laminated wood.

Columns —Members that resist axial compressive force. If the column also resists bending, it is called a beam column.

P
"/ ,cyf

< Y
| /4“, -
tie rod j{?

ﬁ_ column beam column

simply supported beam

-

| cantilevered beam

The types of structures considered in this book consist of trusses made from slender pin-connected members forming a
series of triangles, cables and arches, which carry tensile and compressive loads, respectively, and frames composed of
pin- or fixed-connected beams and columns.

Loads are specified in codes such as the ASCE 7-10
code. Dead loads are fixed and refer to the weights of
members and materials. Live loads are movable
and consist of uniform building floor loads, traffic and
train loads on bridges, impact loads due to vehicles
and machines, wind loads, snow loads, earthquake
loads, and hydrostatic and soil pressure.







Analysis of Statically
Determinate Structures

In this chapter we will direct our attention to the most common form
of structure that the engineer will have to analyze, and that is one
that lies in a plane and is subjected to a force system that lies in the
same plane. We begin by discussing the importance of choosing an
appropriate analytical model for a structure so that the forces in the
structure may be determined with reasonable accuracy. Then the criteria
necessary for structural stability are discussed. Finally, the analysis of
statically determinate, planar, pin-connected structures is presented.

2.1 Idealized Structure

An exact analysis of a structure can never be carried out, since estimates
always have to be made of the loadings and the strength of the
materials composing the structure. Furthermore, points of application
for the loadings must also be estimated. It is important, therefore,
that the structural engineer develop the ability to model or idealize a
structure so that he or she can perform a practical force analysis of the
members. In this section we will develop the basic techniques necessary
to do this.

33
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Notice that the deck of this concrete bridge is
made so that one section can be considered
roller supported on the other section.

STATICALLY DETERMINATE STRUCTURES

Support Connections. Structural members are joined together in
various ways depending on the intent of the designer. The three types of
joints most often specified are the pin connection, the roller support, and
the fixed joint. A pin-connected joint and a roller support allow some
freedom for slight rotation, whereas a fixed joint allows no relative rotation
between the connected members and is consequently more expensive to
fabricate. Examples of these joints, fashioned in metal and concrete, are
shown in Figs. 2-1 and 2-2, respectively. For most timber structures, the
members are assumed to be pin connected, since bolting or nailing them
will not sufficiently restrain them from rotating with respect to each other.

Idealized models used in structural analysis that represent pinned and
fixed supports and pin-connected and fixed-connected joints are shown
in Figs. 2-3a and 2-3b. In reality, however, all connections exhibit some
stiffness toward joint rotations, owing to friction and material behavior.
In this case a more appropriate model for a support or joint might be
that shown in Fig. 2-3c. If the torsional spring constant k = 0, the joint is
a pin, and if kK — o0, the joint is fixed.

stiffeners

typical “pin-supported” connection (metal) typical “fixed-supported” connection (metal)
(a) (b)
Fig. 2-1

—

typical “roller-supported” connection (concrete) typical “fixed-supported” connection (concrete)

(a) (b)
Fig. 2-2



a— [

pin support pin-connected joint

(a) k % k
torsional spring support torsional spring

()
Fig. 2-3

When selecting a particular model for each support or joint, the engineer
must be aware of how the assumptions will affect the actual performance
of the member and whether the assumptions are reasonable for the
structural design. For example, consider the beam shown in Fig. 2—4a,
which is used to support a concentrated load P. The angle connection at
support A is like that in Fig. 2-1a and can therefore be idealized as a
typical pin support. Furthermore, the support at B provides an approximate
point of smooth contact and so it can be idealized as a roller. The beam’s
thickness can be neglected since it is small in comparison to the beam’s
length, and therefore the idealized model of the beam is as shown in
Fig. 2-4b.The analysis of the loadings in this beam should give results that
closely approximate the loadings in the actual beam. To show that the model
is appropriate, consider a specific case of a beam made of steel with P = 8 k
(8000 1b) and L = 20 ft. One of the major simplifications made here was
assuming the support at A to be a pin. Design of the beam using standard
code procedures* indicates that a W10 X 19 would be adequate for
supporting the load. Using one of the deflection methods of Chapter 8, the
rotation at the “pin” support can be calculated as § = 0.0103 rad = 0.59°.
From Fig. 24c, such a rotation only moves the top or bottom flange a
distance of A = 6r = (0.0103 rad)(5.12in.) = 0.0528 in.! This small
amount would certainly be accommodated by the connection fabricated as
shown in Fig. 2-1a, and therefore the pin serves as an appropriate model.
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}7

fixed support

joint

I 1’
|

‘ L | \ L
I o | | 2

|~

L
2

actual beam idealized beam

(a) (®)

Fig. 24

*Codes such as the Manual of Steel Construction, American Institute of Steel Construction.

(b)

—

fixed-connected joint




36 CHAPTER 2 ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

A typical rocker support used for a bridge
girder.

Rollers and associated bearing pads are
used to support the prestressed concrete
girders of a highway bridge.

Other types of connections most commonly encountered on coplanar
structures are given in Table 2—-1. It is important to be able to recognize
the symbols for these connections and the kinds of reactions they exert
on their attached members. This can easily be done by noting how the
connection prevents any degree of freedom or displacement of the
member. In particular, the support will develop a force on the member if
it prevents translation of the member, and it will develop a moment if it
prevents rotation of the member. For example, a member in contact
with a smooth surface (3) is prevented from translating only in one
direction, which is perpendicular or normal to the surface. Hence, the
surface exerts only a normal force F on the member in this direction.
The magnitude of this force represents one unknown. Also note that the
member is free to rotate on the surface, so that a moment cannot be
developed by the surface on the member. As another example, the fixed
support (7) prevents both translation and rotation of a member at the
point of connection. Therefore, this type of support exerts two force
components and a moment on the member. The “curl” of the moment
lies in the plane of the page, since rotation is prevented in that plane.
Hence, there are three unknowns at a fixed support.

In reality, all supports actually exert distributed surface loads on their
contacting members. The concentrated forces and moments shown in
Table 2-1 represent the resultants of these load distributions. This
representation is, of course, an idealization; however, it is used here since
the surface area over which the distributed load acts is considerably
smaller than the fotal surface area of the connecting members.

The short link is used to connect the two Typical pin used to support the steel
girders of the highway bridge and allow girder of a railroad bridge.
for thermal expansion of the deck.
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TABLE 2-1 Supports for Coplanar Structures

Type of Connection

Idealized Symbol

Reaction

Number of Unknowns

1 6% light cable
o

weightless link

One unknown. The reaction is a
force that acts in the direction
of the cable or link.

@

rollers

rocker

One unknown. The reaction is a
force that acts perpendicular to

the surface at the point of contact.

®)

smooth contacting surface

One unknown. The reaction is a
force that acts perpendicular to

the surface at the point of contact.

)

smooth pin-connected collar

One unknown. The reaction is a
force that acts perpendicular to

the surface at the point of contact.

) /jf

smooth pin or hinge

N ™ T] Py

Two unknowns. The reactions are
two force components.

(6)

slider

fixed-connected collar

F

Two unknowns. The reactions
are a force and a moment.

™

fixed support

FX

e

Three unknowns. The reactions are
the moment and the two force
components.
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%\3m\.‘
B

actual structure

(a)

‘ 3m

idealized structure

(b)
Fig. 2-5

o —

Idealized Structure. Having stated the various ways in which the
connections on a structure can be idealized, we are now ready to discuss
some of the techniques used to represent various structural systems by
idealized models.

As a first example, consider the jib crane and trolley in Fig. 2-5a. For
the structural analysis we can neglect the thickness of the two main
members and will assume that the joint at B is fabricated to be rigid.
Furthermore, the support connection at A can be modeled as a fixed
support and the details of the trolley excluded. Thus, the members of the
idealized structure are represented by two connected lines, and the load
on the hook is represented by a single concentrated force F, Fig. 2-5b.
This idealized structure shown here as a line drawing can now be used
for applying the principles of structural analysis, which will eventually
lead to the design of its two main members.

Beams and girders are often used to support building floors. In
particular, a girder is the main load-carrying element of the floor, whereas
the smaller elements having a shorter span and connected to the girders
are called beams. Often the loads that are applied to a beam or girder are
transmitted to it by the floor that is supported by the beam or girder.
Again, it is important to be able to appropriately idealize the system as a
series of models, which can be used to determine, to a close approxi-
mation, the forces acting in the members. Consider, for example, the
framing used to support a typical floor slab in a building, Fig. 2—-6a. Here
the slab is supported by floor joists located at even intervals, and these
in turn are supported by the two side girders AB and CD. For analysis it
is reasonable to assume that the joints are pin and/or roller connected
to the girders and that the girders are pin and/or roller connected to the
columns. The top view of the structural framing plan for this system is
shown in Fig. 2-6b. In this “graphic” scheme, notice that the “lines”
representing the joists do not touch the girders and the lines for the girders
do not touch the columns. This symbolizes pin- and/ or roller-supported
connections. On the other hand, if the framing plan is intended to
represent fixed-connected members, such as those that are welded

C
H -
B
girder
joist (
slab A
column H H

idealized framing plan
(a) (b)
Fig. 2-6
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instead of simple bolted connections, then the lines for the beams or
girders would touch the columns as in Fig. 2-7. Similarly, a fixed-
connected overhanging beam would be represented in top view as shown
in Fig. 2-8. If reinforced concrete construction is used, the beams and
girders are represented by double lines. These systems are generally all
fixed connected and therefore the members are drawn to the supports.
For example, the structural graphic for the cast-in-place reinforced = ..
concrete system in Fig. 2-9a is shown in top view in Fig. 2-9b. The lines
for the beams are dashed because they are below the slab.
Structural graphics and idealizations for timber structures are similar Fig. 2-7

to those made of metal. For example, the structural system shown in

Fig. 2-10a represents beam-wall construction, whereby the roof deck is

supported by wood joists, which deliver the load to a masonry wall. The

joists can be assumed to be simply supported on the wall, so that the

idealized framing plan would be like that shown in Fig. 2-10b. w j

idealized beam

| . .
L _J fixed-connected overhanging beam

idealized beam

Fig. 2-8

idealized framing plan
@) ()
Fig.2-9

F——— e — — ————
S |

idealized framing plan

(b)

Fig.2-10
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The structural framework of this building
consists of concrete floor joists, which were
formed on site using metal pans. These joists
are simply supported on the girders, which in
turn are simply supported on the columns.

Tributary Loadings. When flat surfaces such as walls, floors, or roofs
are supported by a structural frame, it is necessary to determine how the
load on these surfaces is transmitted to the various structural elements
used for their support. There are generally two ways in which this can be
done. The choice depends on the geometry of the structural system, the
material from which it is made, and the method of its construction.

One-Way System. A slab or deck that is supported such that it delivers
its load to the supporting members by one-way action, is often referred to
as a one-way slab. To illustrate the method of load transmission, consider
the framing system shown in Fig. 2-11a where the beams AB, CD, and EF
rest on the girders AE and BF. If a uniform load of 100 1b/ft? is placed on
the slab, then the center beam CD is assumed to support the load acting
on the tributary area shown dark shaded on the structural framing plan in
Fig. 2-11b. Member CD is therefore subjected to a linear distribution of
load of (100 Ib/ft?)(5 ft) = 500 Ib/ft, shown on the idealized beam in
Fig. 2-11c. The reactions on this beam (2500 1b) would then be applied to
the center of the girders AE (and BF),shown idealized in Fig. 2-11d. Using
this same concept, do you see how the remaining portion of the slab loading
is transmitted to the ends of the girder as 1250 Ib?

A B
1
2.5 ft
|
+
2.5 ft
c !
D st
|
1
254t
l
E F

idealized framing plan

(a) (b)
A 5001b/ft g
C D 1250 1b 25(10 b 1250 Ib
T T 4 -
10 ft

2500 Ib

idealized beam

(©

| A ‘

2500 1b |

idealized girder

(d)
Fig. 2-11



An example of one-way slab construction of a steel frame
building having a poured concrete floor on a corrugated
metal deck. The load on the floor is considered to be
transmitted to the beams, not the girders.

For some floor systems the beams and girders are connected to the
columns at the same elevation, as in Fig. 2—12a. If this is the case, the slab
can in some cases also be considered a “one-way slab.” For example, if
the slab is reinforced concrete with reinforcement in only one direction,
or the concrete is poured on a corrugated metal deck, as in the above
photo, then one-way action of load transmission can be assumed. On the
other hand, if the slab is flat on top and bottom and is reinforced in two
directions, then consideration must be given to the possibility of the load
being transmitted to the supporting members from either one or two
directions. For example, consider the slab and framing plan in Fig. 2-12b.
According to the American Concrete Institute, ACI 318 code, if L, > L,
and if the span ratio (L,/Ly) > 2, the slab will behave as a one-way slab,
since as L; becomes smaller, the beams AB, CD, and EF provide the
greater stiffness to carry the load.

2.1

IDEALIZED STRUCTURE

concrete slab is I L |
beam joist girder reinforced in | ’ |_‘l|? —
two directions, ‘
poured on plane L
forms J !
Dl
L,
Ml
F
idealized framing plan
for one-way slab action
requires L, /L > 2
column
(a) (b)

Fig. 2-12
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(a)
| 15 ft |
A B
L -
s &5
St | i
|
| | 1| 10ft
| |
| |
| |
C'-I_I___ _____ T
eSS 5 P

idealized framing plan

(a)

‘ 10 ft |
Al 'B
JE— 0 — 7’ 777777 7[ J [E—
’ N 45° 31
[
St || }
| [
[
} } A |/w/l/l/]/\j\l\l\'\| B
} ‘
)ttt N+ ‘-—Sft—"—Sft—»‘
idealized framing plan D idealized beam
(b) ©
Fig. 2-13

Two-Way System. If, according to the ACI 318 concrete code the
support ratio in Fig. 2-12b is (L,/L;) = 2, the load is assumed to be
delivered to the supporting beams and girders in two directions. When
this is the case the slab is referred to as a two-way slab. To show one
method of treating this case, consider the square reinforced concrete slab
in Fig. 2-13a, which is supported by four 10-ft-long edge beams, AB, BD,
DC,and CA.Here L,/L; = 1. Due to two-way slab action, the assumed
tributary area for beam AB is shown dark shaded in Fig. 2-13b. This area
is determined by constructing diagonal 45° lines as shown. Hence if a
uniform load of 100 Ib/ft? is applied to the slab, a peak intensity of
(100 Ib/ft?)(5 ft) = 500 Ib/ft will be applied to the center of beam AB,
resulting in a triangular load distribution shown in Fig. 2-13c¢. For other
geometries that cause two-way action, a similar procedure can be used.
For example, if L,/L,; = 1.5 it is then necessary to construct 45° lines
that intersect as shown in Fig. 2-14a. A 100-1b/ft? loading placed on the
slab will then produce trapezoidal and triangular distributed loads on
members AB and AC, Fig. 2-14b and 2-14c, respectively.

500 Ib/ft 500 Ib /ft
) !/( W\! B ) .
‘%SftAPSftQPSftJ ‘R5ft“‘%5ftﬂ‘
idealized beam idealized beam
(b) (c)

Fig. 2-14



The ability to reduce an actual structure to an idealized form, as shown
by these examples, can only be gained by experience. To provide practice
at doing this, the example problems and the problems for solution
throughout this book are presented in somewhat realistic form, and the
associated problem statements aid in explaining how the connections
and supports can be modeled by those listed in Table 2-1. In engineering
practice, if it becomes doubtful as to how to model a structure or transfer
the loads to the members, it is best to consider several idealized structures
and loadings and then design the actual structure so that it can resist the
loadings in all the idealized models.

2.1

IDEALIZED STRUCTURE

43

EXAMPLE |2.1

The floor of a classroom is to be supported by the bar joists shown in
Fig.2-15a. Each joist is 15 ft long and they are spaced 2.5 ft on centers.
The floor itself is to be made from lightweight concrete that is 4 in.
thick. Neglect the weight of the joists and the corrugated metal deck,
and determine the load that acts along each joist.

SOLUTION

The dead load on the floor is due to the weight of the concrete slab. From
Table 1-3 for 4 in. of lightweight concrete it is (4)(8 Ib/ft?) = 32 Ib/ft?.
From Table 14, the live load for a classroom is 40 1b/ft%. Thus the total
floor load is 32 1b/ft> + 40 Ib/ft> = 72 Ib/ft>. For the floor system,
L, =25ftand L, = 15 ft. Since L,/L; > 2 the concrete slab is treated
as a one-way slab. The tributary area for each joist is shown in Fig. 2-15b.
Therefore the uniform load along its length is

w = 72 1b/ft?(2.5 ft) = 180 Ib/ft

This loading and the end reactions on each joist are shown in Fig. 2-15c.

256

\& I
15 ft

N

(b)

1350 Ib

Fig. 2-15

(©)

180 Ib/ft

(@)

|

1350 1b
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EXAMPLE |2.2

The flat roof of the steel-frame building shown in the photo is

intended to support a total load of 2kN/m’ over its surface.
Determine the roof load within region ABCD that is transmitted to
beam BC.The dimensions are shown in Fig. 2-16a.

SOLUTION

In this case L, = 5Sm and L; = 4m. Since L,/L; = 125 < 2, we
have two-way slab action. The tributary loading along each edge beam
is shown in Fig. 2-16a, where the lighter shaded trapezoidal area of
loading is transmitted to member BC.The peak intensity of this loading
is (2kN/m?)(2m) = 4kN/m. As a result, the distribution of load
along BC is shown in Fig. 2-16b.

4 kN/m

o=t

¢
I

(b)
Fig. 2-16
This process of tributary load transmission should also be calculated

for the region to the right of BC shown in the photo, and this load
should also be placed on BC. See the next example.




2.1 IDEALIZED STRUCTURE 45

EXAMPLE (2.3

The concrete girders shown in the photo of the passenger car park-
ing garage span 30 ft and are 15 ft on center. If the floor slab is 5 in.
thick and made of reinforced stone concrete, and the specified live
load is 50 Ib/ft* (see Table 1-4), determine the distributed load the
floor system transmits to each interior girder.

SOLUTION

Here, L, = 30 ft and L; = 15 ft, so that L,/L; = 2. We have a two-
way slab. From Table 1-2, for reinforced stone concrete, the specific
weight of the concrete is 150 1b/ft>. Thus the design floor loading is

p =150 lb/ft3<152ft> + 50 Ib/ft> = 112.5 Ib/ft?

A trapezoidal distributed loading is transmitted to each interior
girder AB from each of its sides. The maximum intensity of each of
these distributed loadings is (112.5 Ib/ft?)(7.5 ft) = 843.75 Ib/ft, so that
on the girder this intensity becomes 2(843.751b/ft) = 1687.5 Ib/ft,
Fig. 2-17b. Note: For design, consideration should also be given to the
weight of the girder.

7.5 ft s TSt

|
|
7%? L 1687.5 1b /ft
; SR ITHTHHI

751 ISt 751

(b)

| 30 ft |
(a)
Fig. 2-17
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2.2 Principle of Superposition

The principle of superposition forms the basis for much of the theory of
structural analysis. It may be stated as follows: The total displacement or
internal loadings (stress) at a point in a structure subjected to several
external loadings can be determined by adding together the displacements
or internal loadings (stress) caused by each of the external loads acting
separately. For this statement to be valid it is necessary that a linear
relationship exist among the loads, stresses, and displacements.

Two requirements must be imposed for the principle of superposition

to apply:

1. The material must behave in a linear-elastic manner, so that
Hooke’s law is valid, and therefore the load will be proportional to
displacement.

2. The geometry of the structure must not undergo significant change
when the loads are applied, i.e., small displacement theory applies.
Large displacements will significantly change the position and
orientation of the loads. An example would be a cantilevered thin
rod subjected to a force at its end.

Throughout this text, these two requirements will be satisfied. Here only
linear-elastic material behavior occurs; and the displacements produced
by the loads will not significantly change the directions of applied
loadings nor the dimensions used to compute the moments of forces.

wind

BRSO

The walls on the sides of this building are used to strengthen
its structure when the building is subjected to large hurricane
wind loadings applied to its front or back. These walls are
called “shear walls.”
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2.3 Equations of Equilibrium

It may be recalled from statics that a structure or one of its members is in
equilibrium when it maintains a balance of force and moment. In general
this requires that the force and moment equations of equilibrium be
satisfied along three independent axes, namely,

SF,=0 3F,=0 3F =0

SM,=0 S=M,=0 3=M,=0 1)

The principal load-carrying portions of most structures, however, lie in a
single plane, and since the loads are also coplanar, the above requirements
for equilibrium reduce to

SF, =0
SF, =0 2-2)
EMO =0

Here XF, and XF represent, respectively, the algebraic sums of the
x and y components of all the forces acting on the structure or one of its
members, and XM represents the algebraic sum of the moments of
these force components about an axis perpendicular to the x—y plane
(the z axis) and passing through point O.

Whenever these equations are applied, it is first necessary to draw a
free-body diagram of the structure or its members. If a member is selected,
it must be isolated from its supports and surroundings and its outlined
shape drawn. All the forces and couple moments must be shown that act
on the member. In this regard, the types of reactions at the supports can
be determined using Table 2-1. Also, recall that forces common to two
members act with equal magnitudes but opposite directions on the
respective free-body diagrams of the members.

If the internal loadings at a specified point in a member are to be
determined, the method of sections must be used. This requires that a
“cut” or section be made perpendicular to the axis of the member at the
point where the internal loading is to be determined. A free-body
diagram of either segment of the “cut” member is isolated and the internal
loads are then determined from the equations of equilibrium applied to
the segment. In general, the internal loadings acting at the section will
consist of a normal force N, shear force V, and bending moment M, as
shown in Fig. 2-18.

We will cover the principles of statics that are used to determine the
external reactions on structures in Sec. 2-5. Internal loadings in structural
members will be discussed in Chapter 4.

M MV
B
Vv

internal loadings

Fig. 2-18
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2.4 Determinacy and Stability

Before starting the force analysis of a structure, it is necessary to establish
the determinacy and stability of the structure.

Determinacy. The equilibrium equations provide both the necessary
and sufficient conditions for equilibrium. When all the forces in a structure
can be determined strictly from these equations, the structure is referred
to as statically determinate. Structures having more unknown forces than
available equilibrium equations are called statically indeterminate. As a
general rule, a structure can be identified as being either statically
determinate or statically indeterminate by drawing free-body diagrams of
all its members, or selective parts of its members, and then comparing the
total number of unknown reactive force and moment components with
the total number of available equilibrium equations.* For a coplanar
structure there are at most three equilibrium equations for each part, so
that if there is a total of n parts and r force and moment reaction
components, we have

r = 3n, statically determinate
o : (2-3)
r > 3n, statically indeterminate

In particular, if a structure is statically indeterminate, the additional
equations needed to solve for the unknown reactions are obtained by
relating the applied loads and reactions to the displacement or slope at
different points on the structure. These equations, which are referred to
as compatibility equations, must be equal in number to the degree of
indeterminacy of the structure. Compatibility equations involve the
geometric and physical properties of the structure and will be discussed
further in Chapter 10.

We will now consider some examples to show how to classify the
determinacy of a structure. The first example considers beams; the second
example, pin-connected structures; and in the third we will discuss frame
structures. Classification of trusses will be considered in Chapter 3.

*Drawing the free-body diagrams is not strictly necessary, since a “mental count” of the
number of unknowns can also be made and compared with the number of equilibrium
equations.
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EXAMPLE |2.4

Classify each of the beams shown in Fig. 2-19a through 2-19d
as statically determinate or statically indeterminate. If statically
indeterminate, report the number of degrees of indeterminacy. The
beams are subjected to external loadings that are assumed to be known
and can act anywhere on the beams.

SOLUTION

Compound beams, i.e., those in Fig. 2-19¢ and 2-19d, which are
composed of pin-connected members must be disassembled. Note
that in these cases, the unknown reactive forces acting between each
member must be shown in equal but opposite pairs. The free-body
diagrams of each member are shown. Applying r = 3n or r > 3n, the
resulting classifications are indicated.

r=3n=13=3(1) Statically determinate Ans.

l
1
} = T 1 f f
(b)
r=5n=15>3(1) Statically indeterminate to the second degree Ans.

"%I_L"_i\‘»

(© '
r=6n=26=3(2) Statically determinate Ans.
(d)
r=10,n = 3,10 > 3(3) Statically indeterminate to the first degree Ans.

Fig. 2-19
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EXAMPLE |2.5

Classify each of the pin-connected structures shown in Fig. 2-20a
through 2-20d as statically determinate or statically indeterminate. If
statically indeterminate, report the number of degrees of indeterminacy.
The structures are subjected to arbitrary external loadings that are
assumed to be known and can act anywhere on the structures.

SOLUTION

Classification of pin-connected structures is similar to that of beams.
The free-body diagrams of the members are shown. Applying r = 3n
or r > 3n, the resulting classifications are indicated.

r=7,n=27>6
Statically indeterminate to the first
degree Ans.
(@) ¢
A
— e
\ i
r=10,n = 2,10 > 6,
Statically indeterminate to the fourth
degree Ans.

I~

1

i

r=9,n=39=9,
(b) Statically determinate Ans.

3

(©)

r=9,n=39=9,
Statically determinate Ans. <

i

(d)

-
Y
41

Fig. 2-20
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EXAMPLE |2.6

Classify each of the frames shown in Fig. 2-21a and 2-21b as statically
determinate or statically indeterminate. If statically indeterminate,
report the number of degrees of indeterminacy. The frames are
subjected to external loadings that are assumed to be known and can
act anywhere on the frames.

SOLUTION

Unlike the beams and pin-connected structures of the previous
examples, frame structures consist of members that are connected
together by rigid joints. Sometimes the members form internal loops
as in Fig. 2-21a. Here ABCD forms a closed loop. In order to classify
these structures, it is necessary to use the method of sections and “cut”
the loop apart. The free-body diagrams of the sectioned parts are
drawn and the frame can then be classified. Notice that only one
section through the loop is required, since once the unknowns at
the section are determined, the internal forces at any point in the
members can then be found using the method of sections and the
equations of equilibrium. A second example of this is shown in
Fig. 2-21b. Although the frame in Fig. 2-21c¢ has no closed loops
we can use this same method, using vertical sections, to classify it. For
this case we can also just draw its complete free-body diagram. The
resulting classifications are indicated in each figure.

B Th

(This frame has no closed loops.)

Fq™ T

r=18,n=3,18 > 9,
Statically indeterminate to the ©
ninth degree Ans. ¢

) Fig. 2-21

(a)

r=9,n=29>6,
Statically indeterminate to the
third degree Ans.

(a)

r=9n=1,9>3,
Statically indeterminate to the
sixth degree Ans.

r=18,n=4,18 > 12,
Statically indeterminate to the
sixth degree Ans.

51
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R

ALl
\PMA
Fy
partial constraints

Fig. 2-22

Stability. To ensure the equilibrium of a structure or its members, it is
not only necessary to satisfy the equations of equilibrium, but the
members must also be properly held or constrained by their supports.
Two situations may occur where the conditions for proper constraint
have not been met.

Partial Constraints. In some cases a structure or one of its members
may have fewer reactive forces than equations of equilibrium that must
be satisfied. The structure then becomes only partially constrained. For
example, consider the member shown in Fig. 2-22 with its corresponding
free-body diagram. Here the equation 2 F, = 0 will not be satisfied for
the loading conditions and therefore the member will be unstable.

Improper Constraints. In some cases there may be as many
unknown forces as there are equations of equilibrium; however, instability
or movement of a structure or its members can develop because of
improper constraining by the supports. This can occur if all the support
reactions are concurrent at a point. An example of this is shown in
Fig. 2-23. From the free-body diagram of the beam it is seen that the
summation of moments about point O will not be equal to zero (Pd # 0);
thus rotation about point O will take place.

Another way in which improper constraining leads to instability occurs
when the reactive forces are all parallel. An example of this case is shown
in Fig. 2-24. Here when an inclined force P is applied, the summation of
forces in the horizontal direction will not equal zero.

O O
N ~
N RN
7 N 7 N
s | N s | N
4 | N 4 | N
| N 7 | N
S 4 S
| N 7 | N
[ N 4 [ N
S 4 S
| N / | N
| S // | S
N N
'B \C 4 I N
% Jo q
FA FC
d— d—
P Fy

concurrent reactions

/" /"
—— ] F 1

F, Fp Fc

parallel reactions

Fig. 2-24



2.4

In general, then, a structure will be geometrically unstable—that is, it will
move slightly or collapse—if there are fewer reactive forces than equations
of equilibrium; or if there are enough reactions, instability will occur if the
lines of action of the reactive forces intersect at a common point or are
parallel to one another. If the structure consists of several members or
components, local instability of one or several of these members can
generally be determined by inspection. If the members form a collapsible
mechanism, the structure will be unstable. We will now formalize these
statements for a coplanar structure having n members or components
with r unknown reactions. Since three equilibrium equations are available
for each member or component, we have

r < 3n unstable

r = 3n unstable if member reactions are
concurrent or parallel or some of the
components form a collapsible mechanism

(2-4)

If the structure is unstable, it does not matter if it is statically
determinate or indeterminate. In all cases such types of structures must
be avoided in practice.

The following examples illustrate how structures or their members can
be classified as stable or unstable. Structures in the form of a truss will
be discussed in Chapter 3.

The K-bracing on this frame
provides lateral support from
wind and vertical support of the
floor girders. Notice the use of
concrete grout, which is applied
to insulate the steel to keep it
from losing its stiffness in the
event of a fire.

DETERMINACY AND STABILITY
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EXAMPLE |2.7

ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

Classify each of the structures in Fig. 2-25a through 2-25d as stable or
unstable. The structures are subjected to arbitrary external loads that
are assumed to be known.

SOLUTION
The structures are classified as indicated.

B -—

(a)
Fig. 2-25

The member is stable since the reactions are nonconcurrent and
nonparallel. It is also statically determinate. Ans.

o

(b)
The member is unstable since the three reactions are concurrent at B.

Ans.

B
AB— & —@c¢ ‘ ‘ |
(©)
The beam is unstable since the three reactions are all parallel. ~ Ans.

i jl
’ i

C —
(d) y
The structure is unstable since r = 7, n = 3, so that, by Eq. 2-4,

r < 3n, 7 <9. Also, this can be seen by inspection, since AB can
move horizontally without restraint. Ans.
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“lrroplews

2-1. The steel framework is used to support the rein-
forced stone concrete slab that is used for an office. The
slab is 200 mm thick. Sketch the loading that acts along
members BE and FED. Take a = 2m, b = 5m. Hint:
See Tables 1-2 and 1-4.

2-2. Solve Prob.2-1 witha = 3m,b = 4 m.

Probs. 2-1/2-2

2-3. The floor system used in a school classroom
consists of a 4-in. reinforced stone concrete slab. Sketch
the loading that acts along the joist BF and side girder
ABCDE. Set a = 10 ft, b = 30 ft. Hint: See Tables 1-2
and 1-4.

*2-4. Solve Prob.2-3 witha = 10 ft,b = 15 ft.

2-5. Solve Prob.2-3 witha = 7.5 ft, b = 20 ft.

IZA
o~ D
o«
B -

Probs. 2-3/2-4/2-5

2-6. The frame is used to support a 2-in.-thick plywood
floor of a residential dwelling. Sketch the loading that
acts along members BG and ABCD. Set a = 5ft,
b = 15 ft. Hint: See Tables 1-2 and 1-4.

2-7. Solve Prob.2-6,with a = 8 ft,b = 8 ft.

*2-8. Solve Prob.2-6,witha = 9ft,b = 15 ft.

Probs. 2-6/2-7/2-8

2-9. The steel framework is used to support the 4-in.
reinforced stone concrete slab that carries a uniform live
loading of 500 Ib/ft>. Sketch the loading that acts along
members BE and FED. Set b = 10 ft, a = 7.5 ft. Hint:
See Table 1-2.

2-10. Solve Prob.2-9,with b = 12 ft,a = 4 ft.

Probs. 2-9/2-10
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2-11. Classify each of the structures as statically #2-12. Classify each of the frames as statically determinate
determinate, Stath?HY indeterminate, or uqstable. If or indeterminate. If indeterminate, specify the degree of
indeterminate, specify the degree of indeterminacy. The indeterminacy. All internal joints are fixed connected.

supports or connections are to be assumed as stated.

o A |
\ /L \ =0

(a)

©)

(a)

(b)

o)
©)

(b)

(©)

=¥ :

(e) o
Prob. 2-11 (d)

Prob. 2-12
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2-13. Classify each of the structures as statically
determinate, statically indeterminate, stable, or unstable.
If indeterminate, specify the degree of indeterminacy.
The supports or connections are to be assumed as stated.

| .
roller JL 2
|

y
N

fixed 5 pin

Ei‘ fixed || Ll fixed
fixed P
(a) (c)
Prob. 2-14
5,
g i) @] oS
fixed pin pin fixed

2-15. Classify each of the structures as statically
(b) determinate, statically indeterminate, or unstable. If
indeterminate, specify the degree of indeterminacy.

QE pin

(©)

Prob. 2-13
2-14. Classify each of the structures as statically F
determinate, statically indeterminate, stable, or unstable.
If indeterminate, specify the degree of indeterminacy. ()
The supports or connections are to be assumed as stated.
pin fixed

g

=7

pin

(a)

5) D)

[ |
ﬁroller pin roller pin fixed‘i{ (c)

Prob. 2-15

(®)
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*2-16. Classify each of the structures as statically determi- 2-17. Classify each of the structures as statically
nate, statically indeterminate, or unstable. If indeterminate, determinate, statically indeterminate, stable, or unstable.
specify the degree of indeterminacy. If indeterminate, specify the degree of indeterminacy.
(a)
m (a)
(b) (b)
(©)
(©)
(d) (d)

Prob. 2-16 Prob. 2-17
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2.5 Application of the Equations
of Equilibrium

Occasionally, the members of a structure are connected together in such a
way that the joints can be assumed as pins. Building frames and trusses
are typical examples that are often constructed in this manner. Provided a
pin-connected coplanar structure is properly constrained and contains no
more supports or members than are necessary to prevent collapse, the
forces acting at the joints and supports can be determined by applying the
three equations of equilibrium (2F, = 0, 2F, = 0, XM, = 0) to each
member. Understandably, once the forces at the joints are obtained, the
size of the members, connections, and supports can then be determined
on the basis of design code specifications.

To illustrate the method of force analysis, consider the three-member
frame shown in Fig. 2-26a, which is subjected to loads P; and P,. The
free-body diagrams of each member are shown in Fig. 2-26b. In total
there are nine unknowns; however, nine equations of equilibrium can be
written, three for each member, so the problem is statically determinate.
For the actual solution it is also possible, and sometimes convenient, to
consider a portion of the frame or its entirety when applying some of
these nine equations. For example, a free-body diagram of the entire
frame is shown in Fig. 2-26¢. One could determine the three reactions
A,, A, and C, on this “rigid” pin-connected system, then analyze
any two of its members, Fig. 2-26b, to obtain the other six unknowns.
Furthermore, the answers can be checked in part by applying the three
equations of equilibrium to the remaining “third” member. To summarize,
this problem can be solved by writing at most nine equilibrium equations
using free-body diagrams of any members and/or combinations of
connected members. Any more than nine equations written would not
be unique from the original nine and would only serve to check the
results.

(b)

Fig. 2-26

»

|e—Pp,

P,

(©

59



60

CHAPTER 2

ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

Consider now the two-member frame shown in Fig. 2-27a. Here the
free-body diagrams of the members reveal six unknowns, Fig. 2-27b;
however, six equilibrium equations, three for each member, can be
written, so again the problem is statically determinate. As in the previous
case, a free-body diagram of the entire frame can also be used for part
of the analysis, Fig. 2-27¢. Although, as shown, the frame has a tendency
to collapse without its supports, by rotating about the pin at B, this will
not happen since the force system acting on it must still hold it in
equilibrium. Hence, if so desired, all six unknowns can be determined by
applying the three equilibrium equations to the entire frame, Fig. 2-27c,
and also to either one of its members.

The above two examples illustrate that if a structure is properly
supported and contains no more supports or members than are necessary
to prevent collapse, the frame becomes statically determinate, and so the
unknown forces at the supports and connections can be determined
from the equations of equilibrium applied to each member. Also, if the
structure remains rigid (noncollapsible) when the supports are removed
(Fig. 2-26¢), all three support reactions can be determined by applying
the three equilibrium equations to the entire structure. However, if the
structure appears to be nonrigid (collapsible) after removing the supports
(Fig. 2-27¢), it must be dismembered and equilibrium of the individual
members must be considered in order to obtain enough equations to
determine a/l/ the support reactions.

Fig. 2-27
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Procedure for Analysis

The following procedure provides a method for determining the joint
reactions for structures composed of pin-connected members.

Free-Body Diagrams

® Disassemble the structure and draw a free-body diagram of each
member. Also, it may be convenient to supplement a member
free-body diagram with a free-body diagram of the entire structure.
Some or all of the support reactions can then be determined using
this diagram.

® Recall that reactive forces common to two members act with
equal magnitudes but opposite directions on the respective free-
body diagrams of the members.

® All two-force members should be identified. These members,
regardless of their shape, have no external loads on them, and
therefore their free-body diagrams are represented with equal
but opposite collinear forces acting on their ends.

® In many cases it is possible to tell by inspection the proper
arrowhead sense of direction of an unknown force or couple
moment; however, if this seems difficult, the directional sense can
be assumed.

Equations of Equilibrium

® Count the total number of unknowns to make sure that an
equivalent number of equilibrium equations can be written for
solution. Except for two-force members, recall that in general
three equilibrium equations can be written for each member.

® Many times, the solution for the unknowns will be straightforward
if the moment equation XM, = 0 is applied about a point (O)
that lies at the intersection of the lines of action of as many
unknown forces as possible.

® When applying the force equations 2F, =0 and 2F, = 0,
orient the x and y axes along lines that will provide the simplest
reduction of the forces into their x and y components.

® [f the solution of the equilibrium equations yields a negative
magnitude for an unknown force or couple moment, it indicates
that its arrowhead sense of direction is opposite to that which was
assumed on the free-body diagram.

61
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EXAMPLE |2.8

Determine the reactions on the beam shown in Fig. 2-28a.

60k 60 sin 60° k
. . 1ft
1 lft /<6‘0 N 50 k-ft A Al J 60 cos 60° k 50 k- ft
A‘ | )
10 ft 4 ft4

10 ft ‘ 4 ft 7 ft
f T | 1 Ay By

(a) (b)
Fig. 2-28

SOLUTION

Free-Body Diagram. As shown in Fig. 2-28b, the 60-k force is
resolved into x and y components. Furthermore, the 7-ft dimension line
is not needed since a couple moment is a free vector and can therefore
act anywhere on the beam for the purpose of computing the external
reactions.

Equations of Equilibrium. Applying Egs. 2-2 in a sequence, using
previously calculated results, we have

+ 2F, =0 A, — 60cos60° =0 A, =300k Ans
(tZM, = 0; —60 sin 60°(10) + 60 cos 60°(1) + B,(14) — 50 = 0 B, =385k Ans.
+12F, =0 —60sin 60° + 38.5 + A, =0 Ay, =134k Ans.
EXAMPLE |2.9
15kN/m Determine the reactions on the beam in Fig. 2-29a.
2N/ soLuTION
A 2m | Free-Body Diagram. As shown in Fig. 2-29b, the trapezoidal
distributed loading is segmented into a triangular and a uniform load.
@ The areas under the triangle and rectangle represent the resultant
L0 KN/m)(12 m) = 60 kN forces. These forces act through the centroid of their corresponding
(5 kN/m)(12m) = areas.
- 60 kN
ﬂ»lOkN/m i
A_?: R 2 Equations of Equilibrium
4 ]
MyA 4 LSF =0 A, =0 Ans
~—6m—
s +1SF,=0; A, —60-60=0 A, =120kN Ans.
Fig. 2-29 +SM,=0; —60(4) — 60(6) + My =0 My =600kN-m Ans
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EXAMPLE [2.10

Determine the reactions on the beam in Fig. 2-30a. Assume A is a pin
and the support at B is a roller (smooth surface).

B

500 Ib /ft T

4 ft

‘A 7ft\>L3ft

(a)
Fig. 2-30

SOLUTION

Free-Body Diagram. As shown in Fig. 2-30b, the support (“roller”)
at B exerts a normal force on the beam at its point of contact. The line
of action of this force is defined by the 3—4-5 triangle.

Ay — —iC
A s L 6.5 ft
A
Y
(b)

Equations of Equilibrium. Resolving N into x and y components
and summing moments about A yields a direct solution for N z. Why?
Using this result, we can then obtain A, and A,.

FSM, =0, —3500(3.5) + (§)Ng(4) + (2)Np(10) =0  Ans
Ny =133151b = 133k
BISF, =0, A, - 313315) =0 A, =107k Ans

+13F, =0, A, —3500 +3(13315) =0 A, =270k Ans
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EXAMPLE |2.11

The compound beam in Fig. 2-31a is fixed at A. Determine the
reactions at A, B, and C. Assume that the connection at B is a pin

. and Cis a roller.
WWWTH 6000 Ib-t
A
20 ft 15 ft 4

(a)
Fig. 2-31

400 Ib /ft

SOLUTION

Free-Body Diagrams. The free-body diagram of each segment is
shown in Fig. 2-31b. Why is this problem statically determinate?

8000 1b
M, i AB, B, 6000 Ib - ft
A, «— —> IC
A
A, Fm ftaF 10 ft — v 15 ft ?
B, B, ¢,

(b)

Equations of Equilibrium. There are six unknowns. Applying the six
equations of equilibrium, using previously calculated results, we have

Segment BC:
(tEMc =0 —6000 + B(15) =0 B, = 400 1b Ans.
+T2Fy =0 —400+C, =0 C, = 400 1b Ans.
X3F,.=0; B, =0 Ans.
Segment AB:
(+t=ZM, = 0; M 4 — 8000(10) + 400(20) =0

My =T720k-ft Ans.
+T2Fy =0 A, — 8000 + 400 = 0 Ay =760k Ans.

BE3F, =0, A, —-0=0 A, =0 Ans.
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EXAMPLE (2.12

8

SOLUTION

unknowns.

Member BC:
(t=ZMc = 0;
Member AB:
(t=ZM, = 0;
ESF, =0;
+T2Fy =0
Member BC:
X 3F, =0,

+13F, = 0;

Free-Body Diagrams.
shown in Fig. 2-32b.

~B,(2) +6(1) =0

‘ 2m
(@)
6 kKN

T Vo B
—B, B,/ €

‘E—l m4kl m A

B, C,

(b)
Fig. 2-32

= 3kN

—8(2) — 3(2) + B,(1.5) =0 B, = 147kN

A, +3(8) — 147 =
A, -%8)-3=0

147 -C, =0
3-6+C,=0

0 A, = 9.87kN
A, = 9.40 kN
C, = 147kN
C, = 3kN

Determine the horizontal and vertical components of reaction at the
pins A, B, and C of the two-member frame shown in Fig. 2-32a.

The free-body diagram of each member is

Equations of Equilibrium. Applying the six equations of equilibrium
in the following sequence allows a direct solution for each of the six

Ans.

Ans.
Ans.
Ans.

Ans.
Ans.
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EXAMPLE |2.13

ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

The side of the building in Fig. 2-33a is subjected to a wind loading that
creates a uniform normal pressure of 15 kPa on the windward side
and a suction pressure of 5 kPa on the leeward side. Determine the
horizontal and vertical components of reaction at the pin connections

A, B,and C of the supporting gable arch.

2m
B
//{ N
d— jm
! m><4 A Sm
wind
(a)
Fig. 2-33

SOLUTION

Since the loading is evenly distributed, the central gable arch supports
a loading acting on the walls and roof of the dark-shaded tributary
area. This represents a uniform distributed load of (15kN/m?)
(4m) = 60kN/m on the windward side and (5kN/m?)(4m) =

20 kN/m on the leeward side, Fig. 2-33b.

B,
60 kN/m 20 kN/m
3m
60 kN/m 20kN/m 3m
A C
F-3m-——3m—

(b)
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Free-Body Diagrams. Simplifying the distributed loadings, the free-
body diagrams of the entire frame and each of its parts are shown in

Fig. 2-33c.
»sa6kN B 84.9 kN 254.6 kN 5 1o 1 re——
45 45,
BY
45m
180K 60KN 180 kN—s J
/ 1.5m
A, = 2 C, Axt.,
. 1. .
Aj C, Sm 1.5m

y

©

Equations of Equilibrium. Simultaneous solution of equations is
avoided by applying the equilibrium equations in the following
sequence using previously computed results.*

Entire Frame:
(tEM, =0; —(180 + 60)(1.5) — (254.6 + 84.9) cos 45°(4.5)
— (254.6 sin 45°)(1.5) + (84.9sin 45°)(4.5) + Cy(6) =0

C, = 240.0 kN Ans.
+T2Fy =0; —A, —254.6sin45° + 84.9sin 45° + 240.0 = 0

Ay, = 120.0 kN Ans.
Member AB:
(tZMp=0; —A6) + 120.0(3) + 180(4.5) + 254.6(2.12) =0

A, = 285.0kN Ans.
K SF, =0; —285.0 + 180 + 254.6 cos 45° — B, = 0

B, = 75.0kN Ans.
+T2Fy =0; —120.0 = 254.6sin45° + B, = 0

B, = 300.0 kN Ans.
Member CB:
5 SF, =0, —C,+ 60+ 84.9cos45° +75.0=0

C, = 195.0kN Ans.

*The problem can also be solved by applying the six equations of equilibrium only to
the two members. If this is done, it is best to first sum moments about point A on
member AB, then point C on member CB. By doing this, one obtains two equations to
be solved simultaneously for B, and B,.
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CHAPTER REVIEW

Supports— Structural members are often assumed to be pin connected if slight relative rotation can occur between them,
and fixed connected if no rotation is possible.

typical “pin-supported” connection (metal) typical “fixed-supported” connection (metal)

Idealized Structures— By making assumptions about the supports and connections as being either roller supported, pinned,
or fixed, the members can then be represented as lines, so that we can establish an idealized model that can be used for

P
I
'&' '&‘
L L | \ L ‘ L
| 3 ! 5 \ | \ 5 \

|
2

analysis.

actual beam idealized beam

The tributary loadings on slabs can be determined by first classifying the slab as a one-way or two-way slab. As a general
rule, if L, is the largest dimension, and L,/L; > 2, the slab will behave as a one-way slab. If L,/L; = 2, the slab will behave

as a two-way slab.

two-way slab action
requires L, /L > 2 requires L, /L =2

one-way slab action
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Principle of Superposition—Either the loads or displacements can be added together provided the material is linear
elastic and only small displacements of the structure occur.

Equilibrium — Statically determinate structures can be analyzed by disassembling them and applying the equations of
equilibrium to each member. The analysis of a statically determinate structure requires first drawing the free-body diagrams
of all the members, and then applying the equations of equilibrium to each member.

SF, =0
SF, =0
EMOZO

The number of equations of equilibrium for all » members of a structure is 3x. If the structure has r reactions, then the
structure is statically determinate if

r=3n
and statically indeterminate if
r > 3n

The additional number of equations required for the solution refers to the degree of indeterminacy.

Stability —If there are fewer reactions than equations of equilibrium, then the structure will be unstable because it is
partially constrained. Instability due to improper constraints can also occur if the lines of action of the reactions are
concurrent at a point or parallel to one another.

partial constraint concurrent reactions parallel reactions
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. FUNDAMENTAL PROBLEMS

F2-1. Determine the horizontal and vertical components F2-4. Determine the horizontal and vertical components
- of reaction at the pins A, B, and C. of reaction at the roller support A, and fixed support B.
8 kN/m

F2-4

F2-5. Determine the horizontal and vertical components

F2-1 of reaction at pins A, B, and C of the two-member frame.
300 Ib

B
F2-2. Determine the horizontal and vertical components
of reaction at the pins A, B, and C. v

3 ft
10 kN /m
A C
-2t } 21t l 41t l
F2-5

F2-6. Determine the components of reaction at the roller

F2-2 support A and pin support C. Joint B is fixed connected.

6 kN

F2-3. Determine the horizontal and vertical components
of reaction at the pins A, B, and C.

F2-6



F2-7. Determine the horizontal and vertical components F2-9. Determine the components of reaction at the fixed
of reaction at the pins A, B, and D of the three-member support D and the pins A, B, and C of the three-member
frame. The joint at C is fixed connected. frame. Neglect the thickness of the members.

0.5 k/ft

F2-7 F2-9

F2-8. Determine the components of reaction at the fixed F2-10. Determine the components of reaction at the fixed
support D and the pins A, B, and C of the three-member support D and the pins A, B, and C of the three-member
frame. Neglect the thickness of the members. frame. Neglect the thickness of the members.

F2-8

FUNDAMENTAL PROBLEMS

2 k/ft

1.5 kN/m

F2-10
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ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

“lrroplews

2-18. Determine the reactions on the beam. Neglect the
thickness of the beam.

20 kN 20 kN 26 KN

= | | fjl

I 6m ] 6m T

Prob. 2-18

2-19. Determine the reactions on the beam.

3 k/ft

‘ 121t : 121t

Prob. 2-19

*2-20. Determine the reactions on the beam.

2k /ft

Sk/ft 10 £t

‘ 24 ft

Prob. 2-20

2-21. Determine the reactions at the supports A and B of
the compound beam. Assume there is a pin at C.

18 kN

} 6m i 2m——2m

Prob. 2-21

2-22. Determine the reactions at the supports A, B, D,
and F.

Prob. 2-22

2-23. The compound beam is pin supported at C and
supported by a roller at A and B.There is a hinge (pin) at D.
Determine the reactions at the supports. Neglect the thickness
of the beam.

Prob. 2-23



*2-24. Determine the reactions on the beam. The support
at B can be assumed to be a roller.

Nl

12 ft

12 ft ‘

Prob. 2-24

2-25. Determine the reactions at the smooth support C
and pinned support A. Assume the connection at B is fixed
connected.

80 Ib /ft

Prob. 2-25

2-26. Determine the reactions at the truss supports A
and B.The distributed loading is caused by wind.

48 ft ‘

‘ 48 ft

Prob. 2-26

PROBLEMS 73

2-27. The compound beam is fixed at A and supported by
a rocker at B and C. There are hinges (pins) at D and E.
Determine the reactions at the supports.

15 kN
A D) l B E)
o o\ o
a SL!C

i 6“1%‘

Dmom2m

6m

Prob. 2-27

*2-28. Determine the reactions at the supports A and B.
The floor decks CD, DE, EF,and FG transmit their loads to
the girder on smooth supports. Assume A is a roller and B
is a pin.

10k

‘«3 ft«&ﬂl ft
D E F G

T i T T T

A‘“ =18

4 ft—|

3k/ft

4 ft

41t 4 ft—|

Prob. 2-28

2-29. Determine the reactions at the supports A and B of
the compound beam. There is a pin at C.

4 kN/m

45m

l 6m i

Prob. 2-29
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2-30. Determine the reactions at the supports A and B of
the compound beam. There is a pin at C.

2kN/m

} 6 m 4m

Prob. 2-30

2-31. The beam is subjected to the two concentrated loads
as shown. Assuming that the foundation exerts a linearly
varying load distribution on its bottom, determine the load
intensities w; and w, for equilibrium (a) in terms of the
parameters shown; (b) set P = 500 1b, L = 12 ft.

Wt~

W~

Prob. 2-31

*2-32. The cantilever footing is used to support a wall
near its edge A so that it causes a uniform soil pressure
under the footing. Determine the uniform distribution
loads, w, and wg, measured in Ib/ft at pads A and B,
necessary to support the wall forces of 8000 b and 20 000 1b.

20 000 1b

- 0.25 ft 800010

‘

-2t 8 ft 3t

Prob. 2-32

2-33. Determine the horizontal and vertical components
of reaction acting at the supports A and C.

3 S 15m

Prob. 2-33

2-34. Determine the reactions at the smooth support A
and the pin support B. The joint at C is fixed connected.

135

150 Ib/ft

ST AJue e~

S

10 ft

Prob. 2-34



2-35. Determine the reactions at the supports A and B.

700 Ib /ft

2-37. Determine the horizontal and vertical components

PROBLEMS

force at pins A and C of the two-member frame.

500 Ib/ft

30ft >

=

48 ft

} 48 ft

Prob. 2-35

*2-36. Determine the horizontal and vertical components
of reaction at the supports A and B. Assume the joints at C

and D are fixed connections.

20 kN 40 kN

20 kN l

Il l 12 kN/m
T C D
4 m
7m
£y A l
B o\~

Prob. 2-36

4 ft

3m

Prob. 2-37

200 N/m

2-38. The wall crane supports a load of 700 1b. Determine
the horizontal and vertical components of reaction at the
pins A and D. Also, what is the force in the cable at the
winch W?

Prob. 2-38

700 1b
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2-39. Determine the resultant forces at pins B and C on
member ABC of the four-member frame.

5 ft 2 ft —
150 1b /ft
Y Y VY Y VY VY VYV VY VY VY Y ¥V V¥V VY
) ) 0 ——
A B C
4 ft
F E D
°) e/ o) ——
21t i 5 ft |
Prob. 2-39

*2-40. Determine the reactions at the supports A and D.
Assume A is fixed and B and C and D are pins.

Prob. 2-40

ANALYSIS OF STATICALLY DETERMINATE STRUCTURES

2-41. Determine the horizontal and vertical reactions at
the connections A and C of the gable frame. Assume that A,
B, and C are pin connections. The purlin loads such as D
and E are applied perpendicular to the center line of each
girder.

4001b 400 Ib

10 ft

120 b /ft

61t 6 ft 6 ft 6 ft—

Prob. 2-41

2-42. Determine the horizontal and vertical components
of reaction at A, C,and D. Assume the frame is pin connected
at A, C,and D, and there is a fixed-connected joint at B.

50 kN 40 kN

1.5 m——2 m‘—‘%lj m»‘

Y

15kN/m
Pl

B C

Prob. 2-42



2-43. Determine the horizontal and vertical components
at A, B, and C. Assume the frame is pin connected at these
points. The joints at D and E are fixed connected.

1.5k/ft 10 ft
—]

18 ft 18 ft

Prob. 2-43

PROJECT PROBLEM 77

*2-44. Determine the reactions at the supports A and B.
The joints C and D are fixed connected.

10 kN/m

EEERRERN )

Prob. 2-44

. PROJECT PROBLEM

2-1P. The railroad trestle bridge shown in the photo is
supported by reinforced concrete bents. Assume the two
simply supported side girders, track bed, and two rails have
a weight of 0.5 k/ft and the load imposed by a train is 7.2 k/ft
(see Fig. 1-11). Each girder is 20 ft long. Apply the load over
the entire bridge and determine the compressive force in
the columns of each bent. For the analysis assume all joints
are pin connected and neglect the weight of the bent. Are
these realistic assumptions?

8 ft

Project Prob. 2-1P







Analysis of Statically
Determinate Trusses

In this chapter we will develop the procedures for analyzing statically
determinate trusses using the method of joints and the method of
sections. First, however, the determinacy and stability of a truss will be
discussed. Then the analysis of three forms of planar trusses will
be considered: simple, compound, and complex. Finally, at the end of
the chapter we will consider the analysis of a space truss.

3.1 Common Types of Trusses

A truss is a structure composed of slender members joined together at
their end points. The members commonly used in construction consist
of wooden struts, metal bars, angles, or channels. The joint connections
are usually formed by bolting or welding the ends of the members to a
common plate, called a gusset plate, as shown in Fig. 3-1, or by simply
passing a large bolt or pin through each of the members. Planar trusses
lie in a single plane and are often used to support roofs and bridges.

gusset plate

Fig. 3-1

The gusset plate is used to connect eight
members of the truss supporting structure

for a water tank.

79
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Although more decorative than structural,
these simple Pratt trusses are used for the
entrance of a building.

span\/

Fig. 3-2

Roof Trusses. Roof trusses are often used as part of an industrial
building frame, such as the one shown in Fig. 3-2. Here, the roof load is
transmitted to the truss at the joints by means of a series of purlins. The
roof truss along with its supporting columns is termed a bent. Ordinarily,
roof trusses are supported either by columns of wood, steel, or reinforced
concrete, or by masonry walls. To keep the bent rigid, and thereby capable
of resisting horizontal wind forces, knee braces are sometimes used at the
supporting columns. The space between adjacent bents is called a bay.
Bays are economically spaced at about 15 ft (4.6 m) for spans around 60 ft
(18 m) and about 20 ft (6.1 m) for spans of 100 ft (30 m). Bays are often
tied together using diagonal bracing in order to maintain rigidity of the
building’s structure.

Trusses used to support roofs are selected on the basis of the span, the
slope, and the roof material. Some of the more common types of trusses
used are shown in Fig. 3-3. In particular, the scissors truss, Fig. 3-3a, can be
used for short spans that require overhead clearance. The Howe and Pratt
trusses, Figs. 3-3b and 3-3c, are used for roofs of moderate span, about
60 ft (18 m) to 100 ft (30 m). If larger spans are required to support the roof,
the fan truss or Fink truss may be used, Figs. 3-3d and 3-3e. These trusses
may be built with a cambered bottom cord such as that shown in Fig. 3-3f.
If a flat roof or nearly flat roof is to be selected, the Warren truss, Fig. 3-3g,
is often used. Also, the Howe and Pratt trusses may be modified for flat
roofs. Sawtooth trusses, Fig. 3-3#, are often used where column spacing is
not objectionable and uniform lighting is important. A textile mill would
be an example. The bowstring truss, Fig. 3-3i, is sometimes selected for
garages and small airplane hangars; and the arched truss, Fig. 3-3j, although
relatively expensive, can be used for high rises and long spans such as field
houses, gymnasiums, and so on.
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(8)

Fig. 3-3
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Parker trusses are used to support this
bridge.

top cord

top sway
lateral
bracing

portal
bracing

Fig. 34

Bridge Trusses. The main structural elements of a typical bridge
truss are shown in Fig. 3—4. Here it is seen that a load on the deck is first
transmitted to stringers, then to floor beams, and finally to the joints of the
two supporting side trusses. The top and bottom cords of these side trusses
are connected by top and bottom lateral bracing, which serves to resist the
lateral forces caused by wind and the sidesway caused by moving vehicles
on the bridge. Additional stability is provided by the portal and sway
bracing. As in the case of many long-span trusses, a roller is provided at
one end of a bridge truss to allow for thermal expansion.

A few of the typical forms of bridge trusses currently used for single
spans are shown in Fig. 3-5. In particular, the Pratt, Howe, and Warren
trusses are normally used for spans up to 200 ft (61 m) in length. The
most common form is the Warren truss with verticals, Fig. 3-5¢. For
larger spans, a truss with a polygonal upper cord, such as the Parker truss,
Fig. 3-5d, is used for some savings in material. The Warren truss with
verticals can also be fabricated in this manner for spans up to 300 ft (91 m).
The greatest economy of material is obtained if the diagonals have a
slope between 45° and 60° with the horizontal. If this rule is maintained,
then for spans greater than 300 ft (91 m), the depth of the truss must
increase and consequently the panels will get longer. This results in a
heavy deck system and, to keep the weight of the deck within tolerable
limits, subdivided trusses have been developed. Typical examples include
the Baltimore and subdivided Warren trusses, Figs. 3-5e and 3-5f. Finally,
the K-truss shown in Fig. 3-5g can also be used in place of a subdivided
truss, since it accomplishes the same purpose.
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CHAPTER 3

ANALYSIS OF STATICALLY DETERMINATE TRUSSES

Assumptions for Design. To design both the members and the
connections of a truss, it is first necessary to determine the force
developed in each member when the truss is subjected to a given
loading. In this regard, two important assumptions will be made in order
to idealize the truss.

1. The members are joined together by smooth pins. In cases where
bolted or welded joint connections are used, this assumption is
generally satisfactory provided the center lines of the joining members
are concurrent at a point, as in Fig. 3-1. It should be realized,
however, that the actual connections do give some rigidity to the
joint and this in turn introduces bending of the connected members
when the truss is subjected to a load. The bending stress developed
in the members is called secondary stress, whereas the stress in the
members of the idealized truss, having pin-connected joints, is called
primary stress. A secondary stress analysis of a truss can be performed
using a computer, as discussed in Chapter 16. For some types of
truss geometries these stresses may be large.

2. All loadings are applied at the joints. In most situations, such as for
bridge and roof trusses, this assumption is true. Frequently in the
force analysis, the weight of the members is neglected, since the
force supported by the members is large in comparison with their
weight. If the weight is to be included in the analysis, it is generally
satisfactory to apply it as a vertical force, half of its magnitude
applied at each end of the member.

Because of these two assumptions, each truss member acts as an axial
force member, and therefore the forces acting at the ends of the member
must be directed along the axis of the member. If the force tends to
elongate the member, it is a fensile force (T), Fig. 3-6a; whereas if the
force tends to shorten the member, it is a compressive force (C), Fig. 3-6b.
In the actual design of a truss it is important to state whether the force is
tensile or compressive. Most often, compression members must be made
thicker than tension members, because of the buckling or sudden
instability that may occur in compression members.

(a)

(b)
Fig. 3-6
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3.2 Classification of Coplanar Trusses

Before beginning the force analysis of a truss, it is important to classify
the truss as simple, compound, or complex, and then to be able to specify
its determinacy and stability.

Simple Truss. To prevent collapse, the framework of a truss must be
rigid. Obviously, the four-bar frame ABCD in Fig. 3-7 will collapse unless a
diagonal, such as AC, is added for support. The simplest framework that is
rigid or stable is a triangle. Consequently, a simple truss is constructed by
starting with a basic triangular element, such as ABC in Fig. 3-8, and
connecting two members (AD and BD) to form an additional element.
Thus it is seen that as each additional element of two members is placed
on the truss, the number of joints is increased by one.

Fig. 3-7

Fig. 3-8

An example of a simple truss is shown in Fig. 3-9, where the basic “stable”
triangular element is ABC, from which the remainder of the joints, D, E,
and F, are established in alphabetical sequence. For this method of
construction, however, it is important to realize that simple trusses do not
have to consist entirely of triangles. An example is shown in Fig. 3-10,
where starting with triangle ABC, bars CD and AD are added to form
joint D. Finally, bars BE and DFE are added to form joint E.

B Q)E

D

simple truss simple truss

Fig. 3-9 Fig. 3-10
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simple
trusses

Compound Truss. A compound truss is formed by connecting two
or more simple trusses together. Quite often this type of truss is used to
support loads acting over a large span, since it is cheaper to construct a
somewhat lighter compound truss than to use a heavier single simple truss.

There are three ways in which simple trusses are joined together to
form a compound truss. The trusses may be connected by a common
joint and bar. An example is given in Fig. 3-11a, where the shaded truss
ABC is connected to the shaded truss CDE in this manner. The trusses
may be joined by three bars, as in the case of the shaded truss ABC
connected to the larger truss D EF, Fig. 3-11b. And finally, the trusses may
be joined where bars of a large simple truss, called the main truss, have
been substituted by simple trusses, called secondary trusses. An example
is shown in Fig. 3-11¢, where dashed members of the main truss ABCDE
have been replaced by the secondary shaded trusses. If this truss carried
roof loads, the use of the secondary trusses might be more economical,
since the dashed members may be subjected to excessive bending,
whereas the secondary trusses can better transfer the load.

Complex Truss. A complex truss is one that cannot be classified as
being either simple or compound. The truss in Fig. 3-12 is an example.

simple
trusses

AR of @ >D
) F
A B E == 0
(a) (b)
Complex truss
Fig. 3-12
secondary d secondary
simple secondary simple

simple
truss

Various types of compound trusses

Fig. 3-11



3.2 CLASSIFICATION OF COPLANAR TRUSSES 87

Determinacy. For any problem in truss analysis, it should be realized
that the total number of unknowns includes the forces in b number of
bars of the truss and the total number of external support reactions r.
Since the truss members are all straight axial force members lying in the
same plane, the force system acting at each joint is coplanar and concurrent.
Consequently, rotational or moment equilibrium is automatically satisfied
at the joint (or pin), and it is only necessary to satisfy XF, = 0 and
2F, = 0 to ensure translational or force equilibrium. Therefore, only two
equations of equilibrium can be written for each joint, and if there are j
number of joints, the total number of equations available for solution is 2j.
By simply comparing the total number of unknowns (b + r) with the total
number of available equilibrium equations, it is therefore possible to
specify the determinacy for either a simple, compound, or complex truss.
We have

b+r=2j statically determinate
(-1

b+r=>2j statically indeterminate

In particular, the degree of indeterminacy is specified by the difference in
the numbers (b + r) — 2j.

Stability. If b+ r <2j, a truss will be unstable, that is, it will
collapse, since there will be an insufficient number of bars or reactions to
constrain all the joints. Also, a truss can be unstable if it is statically
determinate or statically indeterminate. In this case the stability will
have to be determined either by inspection or by a force analysis.

External Stability. As stated in Sec. 24, a structure (or truss) is
externally unstable if all of its reactions are concurrent or parallel. For
example, the two trusses in Fig. 3-13 are externally unstable since the
support reactions have lines of action that are either concurrent or

parallel.
—3p- (0 [)) @ : - 0 Yo\ @
unstable concurrent reactions unstable parallel reactions

Fig. 3-13
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Internal Stability. The internal stability of a truss can often be
checked by careful inspection of the arrangement of its members. If it
can be determined that each joint is held fixed so that it cannot move in
a “rigid body” sense with respect to the other joints, then the truss will be
stable. Notice that a simple truss will always be internally stable, since by
the nature of its construction it requires starting from a basic triangular
element and adding successive “rigid elements,” each containing two
additional members and a joint. The truss in Fig. 3-14 exemplifies this
construction, where, starting with the shaded triangle element ABC, the
successive joints D, E, F, G, H have been added.

If a truss is constructed so that it does not hold its joints in a fixed
position, it will be unstable or have a “critical form.” An obvious example
B F of this is shown in Fig. 3-15, where it can be seen that no restraint or

fixity is provided between joints C and F or B and E, and so the truss

Fig. 3-14 will collapse under load.

N

ol dn B F

Fig. 3-15

To determine the internal stability of a compound truss, it is necessary to
identify the way in which the simple trusses are connected together. For
example, the compound truss in Fig. 3-16 is unstable since the inner simple
truss ABC is connected to the outer simple truss D EF using three bars, AD,
BE, and CF, which are concurrent at point O. Thus an external load can be
applied to joint A, B, or C and cause the truss ABC to rotate slightly.
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If a truss is identified as complex, it may not be possible to tell by
inspection if it is stable. For example, it can be shown by the analysis
discussed in Sec. 3—7 that the complex truss in Fig. 3-17 is unstable or has
a “critical form” only if the dimension d = d'. If d # d’ it is stable.

The instability of any form of truss, be it simple, compound, or complex,
may also be noticed by using a computer to solve the 2j simultaneous
equations written for all the joints of the truss. If inconsistent results are
obtained, the truss will be unstable or have a critical form.

If a computer analysis is not performed, the methods discussed
previously can be used to check the stability of the truss. To summarize, if
the truss has b bars, r external reactions, and j joints, then if

b+r<2j
b+r=2j

unstable

unstable if truss support reactions
are concurrent or parallel or if
some of the components of the
truss form a collapsible mechanism

(3-2)

Bear in mind, however, that if a truss is unstable, it does not matter
whether it is statically determinate or indeterminate. Obviously, the use of
an unstable truss is to be avoided in practice.

89
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EXAMPLE |3.1

Classify each of the trusses in Fig. 3-18 as stable, unstable, statically
determinate, or statically indeterminate. The trusses are subjected to
arbitrary external loadings that are assumed to be known and can act
anywhere on the trusses.

SOLUTION
Fig. 3-18a. Externally stable, since the reactions are not concurrent
or parallel. Since b = 19, r = 3,j = 11, then b + r = 2j or 22 = 22.

Therefore, the truss is statically determinate. By inspection the truss is
internally stable.

(a)
Fig. 3-18

Fig. 3-18b. Externally stable. Since b =15, r = 4, j =9, then
b + r > 2jor 19 > 18. The truss is statically indeterminate to the first
degree. By inspection the truss is internally stable.

(®)
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Fig. 3-18c. Externally stable. Since b =9, r =3, j = 6, then
b + r = 2jor 12 = 12.The truss is statically determinate. By inspection
the truss is internally stable.

Fig. 3-18d. Externally stable. Since b = 12, r = 3, j = 8, then
b + r < 2jor15 < 16. The truss is internally unstable.

(d)
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“lrroplews

3-1. Classify each of the following trusses as statically 3-2. Classify each of the following trusses as stable,
determinate, statically indeterminate, or unstable. If unstable, statically determinate, or statically indeterminate.
indeterminate, state its degree. If indeterminate state its degree.
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3-3. Classify each of the following trusses as statically *3-4. Classify each of the following trusses as statically
determinate, indeterminate, or unstable. If indeterminate, determinate, statically indeterminate, or unstable. If
state its degree. indeterminate, state its degree.

@G (e (G (e o

S SN

(b)

(b)

(©

(© (d)
Prob. 3-3 Prob. 3-4
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3.3 The Method of Joints

If a truss is in equilibrium, then each of its joints must also be in
equilibrium. Hence, the method of joints consists of satisfying the
equilibrium conditions X F, = 0 and X F) = 0 for the forces exerted on
the pin at each joint of the truss.

When using the method of joints, it is necessary to draw each joint’s
free-body diagram before applying the equilibrium equations. Recall
that the line of action of each member force acting on the joint is
specified from the geometry of the truss, since the force in a member
passes along the axis of the member. As an example, consider joint B of
the truss in Fig. 3-19a. From the free-body diagram, Fig. 3-19b, the only
unknowns are the magnitudes of the forces in members BA and BC. As
shown, Fp 4 is “pulling” on the pin, which indicates that member BA is in
tension, whereas Fpc is “pushing” on the pin, and consequently member
BC is in compression. These effects are clearly demonstrated by using
the method of sections and isolating the joint with small segments of the
member connected to the pin, Fig. 3-19¢. Notice that pushing or pulling
on these small segments indicates the effect of the member being either
in compression or tension.

In all cases, the joint analysis should start at a joint having at least one
known force and at most two unknown forces, as in Fig. 3-19b. In this
way, application of X F, = 0 and 2 F, = 0 yields two algebraic equations
that can be solved for the two unknowns. When applying these equations,
the correct sense of an unknown member force can be determined using
one of two possible methods.

B B
-— » 500 N > 500 N

l%k Fpc (compression)

Fp, (tension)

2m (b)

\ Fp, (tension)

(a) (©
Fig. 3-19
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1. Always assume the unknown member forces acting on the joint’s
free-body diagram to be in tension, i.e., “pulling” on the pin. If this is
done, then numerical solution of the equilibrium equations will
yield positive scalars for members in tension and negative scalars for
members in compression. Once an unknown member force is found,
use its correct magnitude and sense (T or C) on subsequent joint
free-body diagrams.

2. The correct sense of direction of an unknown member force can, in
many cases, be determined “by inspection.” For example, Fpc- in
Fig. 3-19b must push on the pin (compression) since its horizontal
component, Fge sin 45°, must balance the 500-N force (2 F, = 0).
Likewise, Fp4 is a tensile force since it balances the vertical
component, Fgc cos 45° (2 F, = 0). In more complicated cases, the
sense of an unknown member force can be assumed; then, after
applying the equilibrium equations, the assumed sense can be veri-
fied from the numerical results. A positive answer indicates that
the sense is correct, whereas a negative answer indicates that the
sense shown on the free-body diagram must be reversed. This is the
method we will use in the example problems which follow.

Procedure for Analysis

The following procedure provides a means for analyzing a truss
using the method of joints.

® Draw the free-body diagram of a joint having at least one known
force and at most two unknown forces. (If this joint is at one of
the supports, it may be necessary to calculate the external
reactions at the supports by drawing a free-body diagram of the
entire truss.)

® Use one of the two methods previously described for establishing
the sense of an unknown force.

® The x and y axes should be oriented such that the forces on the
free-body diagram can be easily resolved into their x and y
components. Apply the two force equilibrium equations X F, = 0
and 2F, = 0, solve for the two unknown member forces, and
verify their correct directional sense.

® Continue to analyze each of the other joints, where again it is
necessary to choose a joint having at most two unknowns and at
least one known force.

® Once the force in a member is found from the analysis of a joint at
one of its ends, the result can be used to analyze the forces acting
on the joint at its other end. Remember, a member in compression
“pushes” on the joint and a member in tension “pulls” on the joint.
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EXAMPLE |3.2

FBF

3.00 kN

e

< —
6.928kN B  Fye

(d)
Fig. 3-20

Determine the force in each member of the roof truss shown in the
photo. The dimensions and loadings are shown in Fig. 3-20a. State
whether the members are in tension or compression.

2kN

3kN 3kN

0o

jéO" 60°
B c

F4m 1 4m 1 4m4

D, =4kN
Y (a)

SOLUTION
Only the forces in half the members have to be determined, since the
truss is symmetric with respect to both loading and geometry.

Joint A, Fig. 3-20b. We can start the analysis at joint A. Why? The
free-body diagram is shown in Fig. 3-205b.

+12F, =0; 4— Fysin30° =0
K SF. =0; Fu —8cos30° =0

FAG = 8 kN (C) Ans.
Fap = 6928kN (T) Ans
Joint G, Fig. 3-20c. In this case note how the orientation of the x,
y axes avoids simultaneous solution of equations.

+N\ZF, = 0; Fgpsin60° — 3 cos30° =0

Fgp = 3.00kN (C) Ans.
+/SF, =0; 8— 3sin30° — 3.00cos60° — Fgp = 0
Fgr = 5.00kN (C) Ans.

Joint B, Fig. 3-20d.
+13F, =0, Fpgpsin60° — 3.00sin30° = 0

Fpr = L73KN (T) Ans.
B SF =0, Fpe+ 1.73 cos 60° + 3.00 cos 30° — 6.928 = 0
Fpe = 346 kN (T) Ans.
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EXAMPLE (3.3

Determine the force in each member of the scissors truss shown in
Fig. 3-21a. State whether the members are in tension or compression.
The reactions at the supports are given.

SOLUTION
The truss will be analyzed in the following sequence:

Joint E, Fig. 3-21b. Note that simultaneous solution of equations is
avoided by the x, y axes orientation.

+/72F, = 0; 191.0 cos 30° — Fgpsin15° = 0

Frp =639.11b (C) Ans.
+N\IF, =0 639.1 cos 15° — Fpp — 191.0 sin 30° =
Joint D, Fig. 3-21c.
+/2Fx:0 _FDFSiIl7SO:0 FDF:O Ans.
+NIF, = 0; —Fpc +639.1 =0 Fpc=639.11b (C) Ans
Joint C, Fig. 3-21d.
ESF, =0; Fepsin45° — 639.1sin45° =0

Fcp =639.11b (C) Ans.
+T2Fy =0 —Fcp — 175 + 2(639.1) cos 45° = 0

Fcp = 72881b (T) Ans.
Joint B, Fig. 3-21e.
+NIF, = 0; Fppsin75° — 200 =0 Fgp =20711b(C) Ans
+/2F, = 0; 639.1 + 207.1 cos 75° — Fpy =0

FBA = 6927 lb (C) Ans.
Joint A, Fig. 3-21f.
B SF, =0;  Fupcos30° — 692.7 cos 45° — 141.4 = 0

Fap=72891b (T) Ans.
+12F, =0; 1254 — 692.7 sin 45° + 728.9sin30° = 0 check

Notice that since the reactions have been calculated, a further check
of the calculations can be made by analyzing the last joint F. Try it and
find out.

1751b

fe
200 Ib B

D

F
- 144
Xﬁo 60 s
A E

I 30°
10 ft 10 £t ~—1

A, =12541b —
v (a) E,=19101b

FED

5/
\ X Fpp
309

191.01b X
(b)

/‘<

Fpc
5° 2D

~]

639.11b
©

y

1751b O 639.11b
Cl___ x

200 IR
Fep A% 639.11b 5{4 >
NFor

454 45°
Fpa
7

(e)

Fer

(d)

Far
45°

30°

y
‘ 692.71b
141.41b

125.41b
®
Fig. 3-21
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FSF=0F=0
HIF,=0; Fep=0
(b)

Fap

N

FAE

+1SF, = 0; Fapsin0 =0
F,3=0 (since sin 6 # 0)

E3F=0,~Fuz+0=0
Fup=0

(©)

Fig. 3-22

3.4 Zero-Force Members

Truss analysis using the method of joints is greatly simplified if one is
able to first determine those members that support no loading. These
zero-force members may be necessary for the stability of the truss during
construction and to provide support if the applied loading is changed.
The zero-force members of a truss can generally be determined by
inspection of the joints, and they occur in two cases.

Case 1. Consider the truss in Fig. 3-22a. The two members at joint C
are connected together at a right angle and there is no external load on
the joint. The free-body diagram of joint C, Fig. 3-22b, indicates that the
force in each member must be zero in order to maintain equilibrium.
Furthermore, as in the case of joint A, Fig. 3-22¢, this must be true
regardless of the angle, say 6, between the members.

Case 2. Zero-force members also occur at joints having a geometry as
joint D in Fig. 3-23a. Here no external load acts on the joint, so that a
force summation in the y direction, Fig. 3-23b, which is perpendicular to
the two collinear members, requires that Fpr = 0. Using this result, FC
is also a zero-force member, as indicated by the force analysis of joint F,
Fig. 3-23c.

In summary, then, if only two non-collinear members form a truss
joint and no external load or support reaction is applied to the joint, the
members must be zero-force members, Case 1. Also, if three members
form a truss joint for which two of the members are collinear, the third
member is a zero-force member, provided no external force or support
reaction is applied to the joint, Case 2. Particular attention should be
directed to these conditions of joint geometry and loading, since the
analysis of a truss can be considerably simplified by first spotting
the zero-force members.

Fpc y

F
D cr Fpr=0
Fpr Fpe 0

/ AN e~

X

7 (b) (©
T EF,=0; Fepsin +0=0
+Y3IF,=0; Fpp=0 Fcp =0 (since sin 6 # 0)

Fig. 3-23
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3.4 ZERO-FORCE MEMBERS

99

Using the method of joints, indicate all the members of the truss shown
in Fig. 3-24a that have zero force.

A B
c
H
D
G F lE
P
(a)
Fig. 3-24
SOLUTION

Looking for joints similar to those discussed in Figs. 3-22 and 3-23, we
have

Joint D, Fig. 3-24b.

+12F, = 0; Fpcsind =0 Fpc=0 Ans.
ESF, =0; Fpp+0=0 Fpp=0 Ans.
Joint E, Fig. 3-24c.

ESF. =0:  Fpr=0 Ans.

(Note that Fpc = P and an analysis of joint C would yield a force in
member CF.)

Joint H, Fig. 3-24d.

+]2Fy = O; FHB =0 Ans.
Joint G, Fig. 3-24e. The rocker support at G can only exert an x
component of force on the joint, i.e., G,. Hence,

+12F, =0; Fga=0 Ans.

FHA /

FH B
H
Fyr \

(@)

Foa

e

G, —> -—

(e)




100 CHAPTER 3 ANALYSIS OF STATICALLY DETERMINATE TRUSSES

. FUNDAMENTAL PROBLEMS

F3-1. Determine the force in each member of the truss and F3-4. Determine the force in each member of the truss and
state whether it is in tension or compression. state whether it is in tension or compression.

C 40 kN

F3-1

F3-2. Determine the force in each member of the truss and
state whether it is in tension or compression.

6 ft \ F3-4

F3-5. Determine the force in each member of the truss and
state whether it is in tension or compression.

D C

6kN  F3-2

F3-3. Determine the force in each member of the truss and
state whether it is in tension or compression.

F3-5

F3-6. Determine the force in each member of the truss and
state whether it is in tension or compression.

F3-3 800 N F3-6
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. PROBLEMS

3-5. A sign is subjected to a wind loading that exerts 3-7. Determine the force in each member of the truss.
horizontal forces of 300 1b on joints B and C of one of State whether the members are in tension or compression.
the side supporting trusses. Determine the force in each Set P = 8kN.

member of the truss and state if the members are in tension
or compression.

c
300 1Ib ——> /\

*3-8. If the maximum force that any member can support
is 8 kN in tension and 6 kN in compression, determine the
maximum force P that can be supported at joint D.

Prob. 3-5 Probs. 3-7/3-8
3-6. Determine the force in each member of the truss. 3-9. Determine the force in each member of the truss.
Indicate if the members are in tension or compression. State if the members are in tension or compression.

Assume all members are pin connected.

4k 4k
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3-10. Determine the force in each member of the truss.
State if the members are in tension or compression.

B

D ooy
10ftJ

‘ﬁlOft — 10 ft —~— 10 ft —=

Prob. 3-10

3-11. Determine the force in each member of the truss.
State if the members are in tension or compression. Assume
all members are pin connected.

N > F
E

3m S
—— (| Dlee| |aaa ooo °

A B C D

2m 2m 2m
I \ +
SkN SkN SkN

Prob. 3-11

ANALYSIS OF STATICALLY DETERMINATE TRUSSES

*3-12. Determine the force in each member of the truss.
State if the members are in tension or compression. Assume
all members are pin connected. AG = GF = FE = ED.

Prob. 3-12

3-13. Determine the force in each member of the truss and
state if the members are in tension or compression.
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3-14. Determine the force in each member of the roof russ. *3-16. Determine the force in each member of the truss.
State if the members are in tension or compression. State if the members are in tension or compression.

<—6@4m:24m%

Prob. 3-14

Prob. 3-16

3-15. Determine the force in each member of the roof truss. 3-17. Determine the force in each member of the roof truss.
State if the members are in tension or compression. Assume State if the members are in tension or compression. Assume
all members are pin connected. B is a pin and C'is a roller support.

\/
10 kN J
Y Y
4m 4m 2kN 2kN

Prob. 3-17

Prob. 3-15
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3.5 The Method of Sections

If the forces in only a few members of a truss are to be found, the method
of sections generally provides the most direct means of obtaining these
forces. The method of sections consists of passing an imaginary section
through the truss, thus cutting it into two parts. Provided the entire truss is
in equilibrium, each of the two parts must also be in equilibrium; and as a
result, the three equations of equilibrium may be applied to either one of
these two parts to determine the member forces at the “cut section.”

When the method of sections is used to determine the force in a
particular member, a decision must be made as to how to “cut” or section
the truss. Since only three independent equilibrium equations (2F, = 0,
2F, =0,XM, = 0) can be applied to the isolated portion of the truss,
try to select a section that, in general, passes through not more than three
members in which the forces are unknown. For example, consider the
truss in Fig. 3-25a. If the force in member GC is to be determined,
section aa will be appropriate. The free-body diagrams of the two parts
are shown in Figs. 3-25b and 3-25c¢. In particular, note that the line of
action of each force in a sectioned member is specified from the
geometry of the truss, since the force in a member passes along the axis of
the member. Also, the member forces acting on one part of the truss are
equal but opposite to those acting on the other part—Newton’s third
law. As shown, members assumed to be in tension (BC and GC) are
subjected to a “pull,” whereas the member in compression (GF) is
subjected to a “push.”

Foc /1 2m
a \
\
A 6 < E
G Fgr) *

(c)
Fig. 3-25



The three unknown member forces Fpc, Fgc, and Fgr can be obtained
by applying the three equilibrium equations to the free-body diagram in
Fig. 3-25b. If, however, the free-body diagram in Fig. 3-25c¢ is considered,
the three support reactions D,, D, and E, will have to be determined
first. Why? (This, of course, is done in the usual manner by considering a
free-body diagram of the entire truss.) When applying the equilibrium
equations, consider ways of writing the equations so as to yield a direct
solution for each of the unknowns, rather than having to solve simultaneous
equations. For example, summing moments about C in Fig. 3-25b would
yield a direct solution for Fgf since Fpc and Fge create zero moment
about C. Likewise, Fgc can be obtained directly by summing moments
about G. Finally, F;¢ can be found directly from a force summation in the
vertical direction, since F5r and F - have no vertical components.

As in the method of joints, there are two ways in which one can
determine the correct sense of an unknown member force.

1. Always assume that the unknown member forces at the cut section
are in tension, ie., “pulling” on the member. By doing this, the
numerical solution of the equilibrium equations will yield positive
scalars for members in tension and negative scalars for members in
compyression.

2. The correct sense of an unknown member force can in many cases be
determined “by inspection.” For example, Fpc is a tensile force as
represented in Fig. 3-25b, since moment equilibrium about G
requires that Fpe- create a moment opposite to that of the 1000-N
force. Also, Fgc is tensile since its vertical component must balance
the 1000-N force. In more complicated cases, the sense of an
unknown member force may be assumed. If the solution yields a
negative scalar, it indicates that the force’s sense is opposite to that
shown on the free-body diagram. This is the method we will use in
the example problems which follow.

A truss bridge being constructed
over Lake Shasta in northern
California.

3.5 THE METHOD OF SECTIONS
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Procedure for Analysis

The following procedure provides a means for applying the method
of sections to determine the forces in the members of a truss.

Free-Body Diagram

® Make a decision as to how to “cut” or section the truss through
the members where forces are to be determined.

® Before isolating the appropriate section, it may first be necessary
to determine the truss’s external reactions, so that the three
equilibrium equations are used only to solve for member forces
at the cut section.

® Draw the free-body diagram of that part of the sectioned truss
which has the least number of forces on it.

® Use one of the two methods described above for establishing the
sense of an unknown force.

Equations of Equilibrium

® Moments should be summed about a point that lies at the intersection
of the lines of action of two unknown forces; in this way, the third
unknown force is determined directly from the equation.

® [f two of the unknown forces are parallel, forces may be summed
perpendicular to the direction of these unknowns to determine
directly the third unknown force.

An example of a Warren truss (with verticals)
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EXAMPLE [3.5

Determine the force in members GJ and CO of the roof truss shown
in the photo. The dimensions and loadings are shown in Fig. 3-26a.
State whether the members are in tension or compression. The
reactions at the supports have been calculated.

500 Ib

1159316 | 3¢~ 3ft ' 3ft ' 3ft  3ft = 3ft = 3ft  3ft |115931b
(a)
Fig. 3-26
SOLUTION
Member CF.

Free-Body Diagram. The force in member GJ can be obtained by
considering the section aa in Fig. 3-26a. The free-body diagram of the
right part of this section is shown in Fig. 3-26b.

Equations of Equilibrium. A direct solution for Fg;; can be
obtained by applying XM; = 0. Why? For simplicity, slide Fg; to

point G (principle of transmissibility), Fig. 3-26b. Thus, PR 6 ft 1159.3 1b
(*+EM; =0 —Fgysin 30°(6) + 300(3.464) = 0 ®)
Fgy = 3461b (C) Ans.
Member GC.
Free-Body Diagram. The force in CO can be obtained by using 3001b F
. . . . . orP

section bb in Fig. 3-26a. The free-body diagram of the left portion of ~ 3:464 ft

the section is shown in Fig. 3-26¢. 150 b ?Fco

Equations of Equilibrium. Moments will be summed about point A 30° )

in order to eliminate the unknowns Fpp and Fp. AR C  Fep
6 ft

(+ZM,4 = 0; —300(3.464) + Fco(6) =0 1159.3 1b

Fco = 1731b (T) Ans. ©
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EXAMPLE |3.6

Determine the force in members GF and GD of the truss shown in
Fig. 3-27a. State whether the members are in tension or compression.
The reactions at the supports have been calculated.

G
- FGF i
- a .
H . F ‘ Fep F

! 45m 1 N
3m i : \\\\
3 56.3° o
A ! E e 200 >~
A =0 €-— | F AE -{ ~
| cD D S
|B |C a |D 3m~—-—3m4 A
F3m 3m 3m 3m4
* * * 2 kN 7kN
Ay, =9kN 6 kKN 8 kN 2 kN E, =TkN
@) (®)
Fig. 3-27
SOLUTION

Free-Body Diagram. Section aa in Fig. 3-27a will be considered. Why?
The free-body diagram to the right of this section is shown in Fig. 3-27b.
The distance EO can be determined by proportional triangles or
realizing that member GF drops vertically 4.5 — 3 = 1.5min 3 m,
Fig. 3-27a. Hence to drop 4.5 m from G the distance from C to O must
be 9 m. Also, the angles that F and Fgr make with the horizontal are
tan~!(4.5/3) = 56.3° and tan"!(4.5/9) = 26.6°, respectively.

Equations of Equilibrium. The force in GF can be determined
directly by applying 2M, = 0. Why? For the calculation use the
principle of transmissibility and slide Fg to point O. Thus,

+SMp=0; —Fgrsin26.6°(6) + 7(3) = 0
For = 7.83kN (C) Ans.

The force in GD is determined directly by applying M, = 0. For
simplicity use the principle of transmissibility and slide Fgp to D.
Hence,

W+SMo=0;  —7(3) + 2(6) + Fgpsin56.3°(6) = 0
Fgp = 1.80KN (C) Ans.
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EXAMPLE |3.7

Determine the force in members BC and MC of the K-truss shown in
Fig. 3-28a. State whether the members are in tension or compression.
The reactions at the supports have been calculated.

L? K J 1 H
M N o P
A, =

0

4
A Bla C D E F G
T»let 15 ft =15 ft =15 ft—~—15 ft 15ft~T

A,=29001b  12001b 15001b 1800 Ib G, = 16001b

(a)
SOLUTION

Free-Body Diagram. Although section aa shown in Fig. 3-28a cuts
through four members, it is possible to solve for the force in member
BC using this section. The free-body diagram of the left portion of the
truss is shown in Fig. 3-28b.

Equations of Equilibrium. Summing moments about point L
eliminates three of the unknowns, so that
+EM; =0;  —2900(15) + Fpc(20) = 0

Fpge = 21751b (T) Ans.

Free-Body Diagrams. The force in MC can be obtained indirectly
by first obtaining the force in MB from vertical force equilibrium of
joint B, Fig. 3-28c, i.e., Fy;p = 12001b (T). Then from the free-body
diagram in Fig. 3-28b.

+12F, =0; 2900 — 1200 + 1200 — Fyp =0

Using these results, the free-body diagram of joint M is shown in
Fig. 3-28d.

Equations of Equilibrium.

3 3
K SF, =0, <>F - ()F =0
vz, e \vas/ Mt
2 2
+13F,=0; 2900 — 1200 — <>F - ()F =0
' Viz/ M \Was/ Mt

Fux = 153216 (C)  Fye = 15321b(T)  Ans

Sometimes, as in this example, application of both the method of sections
and the method of joints leads to the most direct solution to the problem.

It is also possible to solve for the force in M C by using the result for
Fpc. In this case, pass a vertical section through LK, MK, MC,and BC,
Fig. 3-28a. Isolate the left section and apply =M = 0.

2900 Ib

y

1200 1b
(b)

2900 1b

1200 Ib
(d)
Fig. 3-28
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3.6 Compound Trusses

In Sec. 3-2 it was stated that compound trusses are formed by connecting
two or more simple trusses together either by bars or by joints.
Occasionally this type of truss is best analyzed by applying both the
method of joints and the method of sections. It is often convenient to
first recognize the type of construction as listed in Sec. 3-2 and then
perform the analysis using the following procedure.

- EXAMPLE |3.8

Indicate how to analyze the compound truss shown in Fig. 3-294. The
reactions at the supports have been calculated.

| o |
H 14 G
/' 2 m
/
I J,) K E
, 2m
/
A I
D — I E
A,=0 |B a |c |D
FZm 2m * 2 m * 2m4
Ay=5kN 4 kN 2 kN 4 kN EyZSkN

SOLUTION
The truss is a compound truss since the simple trusses ACH and CEG
are connected by the pin at C and the bar HG.

Section aa in Fig. 3-29a cuts through bar HG and two other members
having unknown forces. A free-body diagram for the left part is shown
in Fig. 3-29b. The force in HG is determined as follows:

L"‘EMC = 0, _5(4) + 4(2) + FHG(4 sin 600) =0
Fpo = 346 kN (C)

We can now proceed to determine the force in each member of the
simple trusses using the method of joints. For example, the free-body
diagram of ACH is shown in Fig. 3-29¢. The joints of this truss can be
analyzed in the following sequence:

Joint A: Determine the force in AB and Al
Joint H: Determine the force in HI and HJ.
Joint I: Determine the force in IJ and /B.
Joint B: Determine the force in BC and BJ.
Joint J: Determine the force in JC.




EXAMPLE |3.9

Compound roof trusses are used in a garden center, as shown in the
photo. They have the dimensions and loading shown in Fig. 3-30a.
Indicate how to analyze this truss.

1kN
1kN | 1kN
1kN \

1 kN vZ
1kN Q V
1kN vB .

Im Im Im Im Im Im
(b)
Fig. 3-30

SOLUTION
We can obtain the force in EF by using section aa in Fig. 3-30a. The
free-body diagram of the right segment is shown in Fig. 3-30b

Frp = 520kN (T) Ans.

By inspection notice that BT, EO, and HJ are zero-force members
since + 1= F y = Oatjoints B, E,and H, respectively. Also, by applying
+N\ZF, = 0 (perpendicular to AO) at joints P, Q, S, and T, we can
directly determine the force in members PU, QU, SC, and TC,
respectively.

3.6 COMPOUND TRUSSES

HSMo=0; —1(1) — 1(2) — 1(3) — 1(4) — 1(5) — 0.5(6) + 6(6) — Fpx(6tan 30°) = 0

111
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EXAMPLE |3.10

Indicate how to analyze the compound truss shown in Fig. 3-31a. The
reactions at the supports have been calculated.

C /a H
/
/
- /
7/
/ 12 it
/\D // G
6 ft |
£ L. =
AN W a5 Fl
B E
AFéft 6 fit 6 fit 6 ft 6ft4
Y \
Ay, =3k 3k 3k F,=3k
(a)
Fig. 3-31
SOLUTION

The truss may be classified as a type 2 compound truss since the
simple trusses ABCD and FEHG are connected by three nonparallel
or nonconcurrent bars, namely, CE, BH, and DG.

Using section aa in Fig. 3-31a we can determine the force in each
connecting bar. The free-body diagram of the left part of this section is
shown in Fig. 3-31b. Hence,

(t2ZMp=0; —3(6) — Fps(6sin45°) + Fcpcos45°(12)

+ FCE Sin 450(6) =0 (1)
+12F,=0; 3 —3— Fpysind5° + Fcpsind5° =0 2)
BSF, =0, —Fppycosd5° + Fpg — Fepcos45° = 0 3)

From Eq. (2), Fgy = Fcp; then solving Egs. (1) and (3) simultaneously
yields

FBH = FCE = 2.68k (C) FDG =378k (T)

Analysis of each connected simple truss can now be performed
using the method of joints. For example, from Fig. 3-31c, this can be
done in the following sequence.

Joint A: Determine the force in AB and AD.
Joint D: Determine the force in DC and DB.
Joint C: Determine the force in CB.
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. FUNDAMENTAL PROBLEMS

F3-7. Determine the force in members HG, BG, and BC F3-10. Determine the force in members GF, CF, and CD
and state whether they are in tension or compression. and state whether they are in tension or compression.

400 1b

F3-8. Determine the force in members HG, HC, and BC F3-11. Determine the force in members FE, FC, and BC
and state whether they are in tension or compression. and state whether they are in tension or compression.

6001b  6001b  6001b 6001  6001Tb 2kN

#1.5 m 3m 1.5m —
F3-9. Determine the force in members ED, BD, and BC ‘ ‘ 4 -1

and state whether they are in tension or compression. F3-12. Determine the force in members GF. CF. and CD
and state whether they are in tension or compression.

500 1b 500 1b

F3-12

500 Ib
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“lrroplews

3-18. Determine the force in members GF, FC,and CD of 3-21. The Howe truss is subjected to the loading shown.

the bridge truss. State if the members are in tension or Determine the forces in members GF, CD, and GC. State if

compression. Assume all members are pin connected. the members are in tension or compression. Assume all
members are pin connected.

Prob. 3-18

3-19. Determine the force in members JK, JN, and CD.
State if the members are in tension or compression. Identify
all the zero-force members.

~——2m ‘ 2m ‘ 2m ‘ 2m—4

Prob. 3-21

3-22. Determine the force in members BG, HG, and BC
of the truss and state if the members are in tension or
compression.

Prob. 3-19

*3-20. Determine the force in members GF, FC, and CD
of the cantilever truss. State if the members are in tension or
compression. Assume all members are pin connected.

6 kN 7kN 4kN
12m,4@3m

Prob. 3-20 Prob. 3-22
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3-23. Determine the force in members GF, CF,and CD of 3-25. Determine the force in members /H, ID, and CD of
the roof truss and indicate if the members are in tension or the truss. State if the members are in tension or compression.
compression. Assume all members are pin connected.

3-26. Determine the force in members JI, IC, and CD of
the truss. State if the members are in tension or compression.
Assume all members are pin connected.

G F

Prob. 3-23

Probs. 3-25/3-26

*3-24. Determine the force in members GF, FB, and BC 3-27. Determine the forces in members KJ, CD, and CJ
of the Fink truss and state if the members are in tension or of the truss. State if the members are in tension or
compression. compression.

L

6@3m=18m

Prob. 3-24 Prob. 3-27
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CHAPTER 3

ANALYSIS OF STATICALLY DETERMINATE TRUSSES

3.7 Complex Trusses

The member forces in a complex truss can be determined using the
method of joints; however, the solution will require writing the two
equilibrium equations for each of the j joints of the truss and then
solving the complete set of 2j equations simultaneously.* This approach
may be impractical for hand calculations, especially in the case of large
trusses. Therefore, a more direct method for analyzing a complex truss,
referred to as the method of substitute members, will be presented here.

Procedure for Analysis

With reference to the truss in Fig. 3-32a, the following steps are
necessary to solve for the member forces using the substitute-
member method.

S/ forces s; forces

(b) (c)
Fig. 3-32

*This can be readily accomplished using a computer as will be shown in Chapter 14.



Reduction to Stable Simple Truss

Determine the reactions at the supports and begin by imagining how
to analyze the truss by the method of joints, i.e., progressing from
joint to joint and solving for each member force. If a joint is reached
where there are three unknowns, remove one of the members at the
joint and replace it by an imaginary member elsewhere in the truss.
By doing this, reconstruct the truss to be a stable simple truss.

For example, in Fig. 3-32a it is observed that each joint will have
three unknown member forces acting on it. Hence we will remove
member AD and replace it with the imaginary member EC,
Fig. 3-32b. This truss can now be analyzed by the method of joints
for the two types of loading that follow.

External Loading on Simple Truss

Load the simple truss with the actual loading P, then determine the
force S in each member i. In Fig. 3-32b, provided the reactions
have been determined, one could start at joint A to determine the
forces in AB and AF, then joint F to determine the forces in FE
and FC, then joint D to determine the forces in DE and DC (both
of which are zero), then joint E to determine EB and EC, and
finally joint B to determine the force in BC.

Remove External Loading from Simple Truss

Consider the simple truss without the external load P. Place equal
but opposite collinear unit loads on the truss at the two joints from
which the member was removed. If these forces develop a force s; in
the ith truss member, then by proportion an unknown force x in the
removed member would exert a force xs; in the ith member.

From Fig. 3-32¢ the equal but opposite unit loads will create no
reactions at A and C when the equations of equilibrium are applied
to the entire truss. The s; forces can be determined by analyzing the
joints in the same sequence as before, namely, joint A, then joints F,
D, E, and finally B.

Superposition
If the effects of the above two loadings are combined, the force in
the ith member of the truss will be

Si = St, + XS; (1)

In particular, for the substituted member EC in Fig. 3-32b the
force Spc = Skc t+ xsgc. Since member EC does not actually exist
on the original truss, we will choose x to have a magnitude such that
it yields zero force in EC. Hence,

Sec + xspc = 0 ()
or x = —S%kc/sgc. Once the value of x has been determined, the

force in the other members i of the complex truss can be determined
from Eq. (1).

3.7 COMPLEX TRUSSES
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EXAMPLE |3.11

Determine the force in each member of the complex truss shown in
Fig. 3-33a. Assume joints B, F, and D are on the same horizontal line.
State whether the members are in tension or compression.

C
—> 5k

B /X45° F 45°f\

D

| 8 it |

(a)
Fig. 3-33

SOLUTION

Reduction to Stable Simple Truss. By inspection, each joint has
three unknown member forces. A joint analysis can be performed
by hand if, for example, member CF is removed and member DB
substituted, Fig. 3-33b. The resulting truss is stable and will not collapse.

External Loading on Simple Truss. As shown in Fig. 3-33b, the
> 5k support reactions on the truss have been determined. Using the

method of joints, we can first analyze joint C to find the forces in

members CB and CD; then joint F, where it is seen that FA and FE

are zero-force members; then joint £ to determine the forces in
B 45° F_ 45 members EB and ED; then joint D to determine the forces in DA and
DB; then finally joint B to determine the force in BA. Considering
tension as positive and compression as negative, these S; forces are
recorded in column 2 of Table 1.

©

Ske—=/° A\ E

4375k 4375k
(b)
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(©)

Remove External Loading from Simple Truss. The unit load
acting on the truss is shown in Fig. 3-33c. These equal but opposite
forces create no external reactions on the truss. The joint analysis
follows the same sequence as discussed previously, namely, joints C, F,
E, D,and B.The results of the s; force analysis are recorded in column 3
of Table 1.

Superposition. We require
SDB = SbB + XSpp = 0

Substituting the data for Sz and spp, where Spp is negative since the
force is compressive, we have

250 + x(1.167) =0 x = 2.143

The values of xs; are recorded in column 4 of Table 1, and the actual
member forces S; = S; + xs; are listed in column 5.

Member S S XS; S;
CB 3.54 —0.707 -1.52 2.02 (T)
CD —3.54 —0.707 -1.52 5.05 (C)
FA 0 0.833 1.79 1.79 (T)
FE 0 0.833 1.79 1.79 (T)
EB 0 —0.712 —1.53 1.53 (C)
ED —4.38 —0.250 —0.536 491 (C)
DA 5.34 —0.712 —1.53 3.81 (T)
DB —2.50 1.167 2.50 0

BA 2.50 —0.250 —0.536 1.96 (T)

CB 2.14 (T)
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Fig. 3-34

The roof of this pavilion is supported using
a system of space trusses.

3.8 Space Trusses

A space truss consists of members joined together at their ends to form
a stable three-dimensional structure. In Sec. 3-2 it was shown that the
simplest form of a stable two-dimensional truss consists of the members
arranged in the form of a triangle. We then built up the simple plane
truss from this basic triangular element by adding two members at a
time to form further elements. In a similar manner, the simplest element
of a stable space truss is a tetrahedron, formed by connecting six members
together with four joints as shown in Fig. 3-34. Any additional members
added to this basic element would be redundant in supporting the force
P. A simple space truss can be built from this basic tetrahedral element
by adding three additional members and another joint forming
multiconnected tetrahedrons.

Determinacy and Stability. Realizing that in three dimensions
there are three equations of equilibrium available for each joint (X F, = 0,
2F,=0,2F,=0), then for a space truss with j number of joints, 3;
equations are available. If the truss has b number of bars and r number of
reactions, then like the case of a planar truss (Egs. 3—1 and 3-2) we can write

b+r<3j unstable truss
b+r=3j statically determinate— check stability (3-3)
b+r>3j statically indeterminate —check stability

The external stability of the space truss requires that the support
reactions keep the truss in force and moment equilibrium about any and
all axes. This can sometimes be checked by inspection, although if the truss
is unstable a solution of the equilibrium equations will give inconsistent
results. Internal stability can sometimes be checked by careful inspection
of the member arrangement. Provided each joint is held fixed by its
supports or connecting members, so that it cannot move with respect to
the other joints, the truss can be classified as internally stable. Also, if we
do a force analysis of the truss and obtain inconsistent results, then the
truss configuration will be unstable or have a “critical form.”

Assumptions for Design. The members of a space truss may be
treated as axial-force members provided the external loading is applied
at the joints and the joints consist of ball-and-socket connections. This
assumption is justified provided the joined members at a connection
intersect at a common point and the weight of the members can be
neglected. In cases where the weight of a member is to be included in the
analysis, it is generally satisfactory to apply it as a vertical force, half of its
magnitude applied to each end of the member.

For the force analysis the supports of a space truss are generally
modeled as a short link, plane roller joint, slotted roller joint, or a
ball-and-socket joint. Each of these supports and their reactive force
components are shown in Table 3-1.



3.8 SPACE TRUSSES

TABLE 3-1 Supports and Their Reactive Force Components

Z

1)
y F, > y
X X
short link
@)
z z
//y / y
X X
FZ
roller
3
3) : .
y y
F,
X /
X F,
slotted roller constrained
in a cylinder
C))
z z
/—y —
/ F, F,
X /
x F

ball-and-socket
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Fig. 3-35

Because of their cost effectiveness, towers
such as these are often used to support
multiple electric transmission lines.

X, Y 2 Force Components. Since the analysis of a space truss is
three-dimensional, it will often be necessary to resolve the force F in a
member into components acting along the x, y, z axes. For example, in
Fig. 3-35 member AB has a length / and known projections x, y, z along
the coordinate axes. These projections can be related to the member’s
length by the equation

I =Vx*+ y2 + 22 (3-4)

Since the force F acts along the axis of the member, then the
components of F can be determined by proportion as follows:

Fx=<F<7> Ey=<F(§> F. = F(j) (3-5)

Notice that this requires
F% + F} + F? (3-6)
Use of these equations will be illustrated in Example 3-12.

Zero-Force Members. In some cases the joint analysis of a truss
can be simplified if one is able to spot the zero-force members by
recognizing two common cases of joint geometry.

Case 1. If all but one of the members connected to a joint lie in the same
plane, and provided no external load acts on the joint, then the member
not lying in the plane of the other members must be subjected to zero
force. The proof of this statement is shown in Fig. 3-36, where members
A, B, C lie in the x—y plane. Since the z component of Fp must be zero to
satisfy 2 F, = 0, member D must be a zero-force member. By the same
reasoning, member D will carry a load that can be determined from
2 F, = 0if an external force acts on the joint and has a component acting
along the z axis.

Fig. 3-36



Case 2. If it has been determined that all but two of several members
connected at a joint support zero force, then the two remaining members
must also support zero force, provided they do not lie along the same line.
This situation is illustrated in Fig. 3-37, where it is known that A and C are
zero-force members. Since Fp, is collinear with the y axis, then application
of ZF, = 0 or ZF, = 0 requires the x or z component of Fjp to be zero.
Consequently, Fg = 0. This being the case, Fp = 0since 2 F, = 0.

Z

Fig. 3-37

Particular attention should be directed to the foregoing two cases of
joint geometry and loading, since the analysis of a space truss can be
considerably simplified by first spotting the zero-force members.

Procedure for Analysis

Either the method of sections or the method of joints can be used to
determine the forces developed in the members of a space truss.

Method of Sections

If only a few member forces are to be determined, the method of
sections may be used. When an imaginary section is passed through a
truss and the truss is separated into two parts, the force system acting on
either one of the parts must satisfy the six scalar equilibrium equations:
2F,=0,2F,=0,2F,=0,2M,=0,>2M,=0, ZM, = 0. By
proper choice of the section and axes for summing forces and moments,
many of the unknown member forces in a space truss can be computed
directly, using a single equilibrium equation. In this regard, recall that
the moment of a force about an axis is zero provided the force is parallel
to the axis or its line of action passes through a point on the axis.

Method of Joints

Generally, if the forces in all the members of the truss must be
determined, the method of joints is most suitable for the analysis.
When using the method of joints, it is necessary to solve the three
scalar equilibrium equations 2F, = 0, 2F, = 0, 2F, = 0 at each
joint. Since it is relatively easy to draw the free-body diagrams and
apply the equations of equilibrium, the method of joints is very
consistent in its application.

3.8 SPACE TRUSSES
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CHAPTER 3

EXAMPLE |3.12

ANALYSIS OF STATICALLY DETERMINATE TRUSSES

Determine the force in each member of the space truss shown in
Fig. 3-38a. The truss is supported by a ball-and-socket joint at A, a
slotted roller joint at B, and a cable at C.

Cy
c Z
By
\E
B,

D
\ 8 ft

E,=6001b

i P A | 600 1b

>(4 ft A S
e e
x  fit
\ y
(b)
Fig. 3-38
SOLUTION

The truss is statically determinate since b + r = 3j or 9 + 6 = 3(5),
Fig. 3-38b.

Support Reactions. We can obtain the support reactions from the
free-body diagram of the entire truss, Fig. 3-38b, as follows:

SM,=0;  —600(4) + B:(8) =0 B, =3001b
=M, =0; c,=0

=M, = 0; B, (8) — 600(8) = 0 B, = 6001b
2F,=0; 300 - A, =0 A, =3001b
2F, =0; A, — 600 =0 A, = 6001b
2F, =0 A, — 600 =0 A, = 6001b
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Joint B.  'We can begin the method of joints at B since there are three
unknown member forces at this joint, Fig. 3-38c. The components of
Fpf can be determined by proportion to the length of member BE, as
indicated by Egs. 3-5. We have

SF, =0, =600 + Fpe() =0  Fpg=9001b(T) Ans.
SF,=0; 300 — Fgc—900(f5) =0  Fpe=0 Ans.
SF,=0; Fga—900(5) =0  Fgy=600Ib(C) Ans. .

Joint A. Using the result for Fz, = 6001b (C), the free-body
diagram of joint A is shown in Fig. 3-38d. We have

SF, =0 600 — 600 + F ,csin45° =0
Fuc=0 Ans.
— 0 2 _
SF, =0 —F ap(&) + 600 = 0
F,r = 670.81b (C) Ans. .
— 0 _ 1) =
SF, =0 300 + Fap + 670.8(%) = 0 FDC‘
FAD =0 Ans. D
O = -
Joint D. By inspection the members at joint D, Fig. 3-38a, support B e \\FD/E Y
zero force, since the arrangement of the members is similar to either (e)

of the two cases discussed in reference to Figs. 3-36 and 3-37. Also,
from Fig. 3-38e,

>F,=0; Fpr=0 Ans.
2F, =0 Fpc=0 Ans.

Joint C. By observation of the free-body diagram, Fig. 3-38f,

FCE =0 Ans.
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EXAMPLE |3.13

Determine the zero-force members of the truss shown in Fig. 3-39a.
The supports exert components of reaction on the truss as shown.

4 kN

F
E

-« B
4 15 .
. / T Bz C/ X
\ C
A, v
CZ
D T\Dy
D, y

(a)
4 Fig. 3-39

SOLUTION

The free-body diagram, Fig. 3-394, indicates there are eight unknown

reactions for which only six equations of equilibrium are available for

solution. Although this is the case, the reactions can be determined,
®) g since b + r = 3jor 16 + 8 = 3(8).

To spot the zero-force members, we must compare the conditions of
joint geometry and loading to those of Figs. 3-36 and 3-37. Consider
joint F, Fig. 3-39b. Since members FC, FD, FE lie in the x'—y’ plane
and FG is not in this plane, FG is a zero-force member. (2F, = 0

\ must be satisfied.) In the same manner, from joint E, Fig. 3-39¢, EF is
a zero-force member, since it does not lie in the y"-z" plane. (2 F . = 0
must be satisfied.) Returning to joint F, Fig. 3-39b, it can be seen that
Frp = Fpc =0, since Frgp = Fpg = 0, and there are no external
forces acting on the joint. Use this procedure to show that AB is a
zero force member.

The numerical force analysis of the joints can now proceed by
analyzing joint G (Fgr = 0) to determine the forces in GH, GB, GC.
Then analyze joint H to determine the forces in HE, HB, HA;joint E
to determine the forces in EA, ED;joint A to determine the forces in
(c) AB, AD, and A_; joint B to determine the force in BC and B,, B;
joint D to determine the force in DC and D, D_; and finally, joint C to
determine C,, C,, C..

Fra
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. PROBLEMS

*3-28. Determine the forces in all the members of the 3-30. Determine the force in each member and state if the
complex truss. State if the members are in tension or members are in tension or compression.

compression. Hint: Substitute member AD with one placed

between E and C.

4 kN 4 kN

B
6ft——L—6ft—— Prob. 3-30
Prob. 3-28
3-29. Determine the forces in all the members of the 3-31. Determine the force in all the members of the
lattice (complex) truss. State if the members are in tension complex truss. State if the members are in tension or
or compression. Hint: Substitute member JE by one placed compression.

between K and F.

Prob. 3-31

Prob. 3-29
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*3-32. Determine the force developed in each member of
the space truss and state if the members are in tension or
compression. The crate has a weight of 150 Ib.

Prob. 3-32

3-33. Determine the force in each member of the space
truss and state if the members are in tension or compression.
Hint: The support reaction at E acts along member EB.
Why?

4m

Prob. 3-33

ANALYSIS OF STATICALLY DETERMINATE TRUSSES

3-34. Determine the force in each member of the space
truss and state if the members are in tension or compression.
The truss is supported by ball-and socket joints at C, D, E,
and G. Note: Although this truss is indeterminate to the first
degree, a solution is possible due to symmetry of geometry

and loading. 2

s
m
/

<

Prob. 3-34

3-35. Determine the force in members FE and ED of the
space truss and state if the members are in tension or
compression. The truss is supported by a ball-and-socket
joint at C and short links at A and B.

#3-36. Determine the force in members GD, GE, and FD
of the space truss and state if the members are in tension or
compression. z

Probs. 3-35/3-36



3-37. Determine the force in each member of the space
truss. Indicate if the members are in tension or compression.

Prob. 3-37

. PROJECT PROBLEM

PROJECT PROBLEM 129

3-38. Determine the force in members BE, DF, and BC of
the space truss and state if the members are in tension or
compression.

3-39. Determine the force in members CD, ED, and CF
of the space truss and state if the members are in tension or
compression.

2 kN
Probs. 3-38/3-39

3-1P.  The Pratt roof trusses are uniformly spaced every
15 ft. The deck, roofing material, and the purlins have an
average weight of 5.61b/ft?>. The building is located in
New York where the anticipated snow load is 20 Ib/ft?> and
the anticipated ice load is 8 Ib/ft>. These loadings occur over
the horizontal projected area of the roof. Determine the
force in each member due to dead load, snow, and ice loads.
Neglect the weight of the truss members and assume A is
pinned and E is a roller.

Project Prob. 3-1P
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CHAPTER REVIEW

Trusses are composed of slender members joined together at their end points to form a series of triangles.

For analysis we assume the members are pin connected, Te— e T
and the loads are applied at the joints. Thus, the members
will either be in tension or compression. C—re————————

Trusses can be classified in three ways:

Simple trusses are formed by starting with an initial triangular element and connecting to it two other members and a joint
to form a second triangle, etc.

Compound trusses are formed by connecting together two or more simple trusses using a common joint and/or additional
member.

Complex trusses are those that cannot be classified as either simple or compound.

simple
trusses

simple truss compound truss

simple
trusses

compound truss complex truss

If the number of bars or members of a truss is b, and
there are r reactions and j joints, then if

b + r = 2j the truss will be statically determinate

b + r > 2j the truss will be statically indeterminate
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The truss will be externally unstable if the reactions are concurrent or parallel.
Internal stability can be checked by counting the number of bars b, reactions r, and joints j.
If b + r < 2j the truss is unstable.

If b + r = 2j it may still be unstable, so it becomes necessary to inspect the truss and look for bar arrangements that form
a parallel mechanism, without forming a triangular element.

@ Yo' O
f unstable—concurrent reactions unstable—parallel reactions

unstable internally

Planar trusses can be analyzed by the method of joints.
This is done by selecting each joint in sequence, having at
most one known force and at least two unknowns. The
free-body diagram of each joint is constructed and two
force equations of equilibrium, 2F, = 0, 2F, = 0, are
written and solved for the unknown member forces.

The method of sections requires passing a section
through the truss and then drawing a free-body diagram
of one of its sectioned parts. The member forces cut by
the section are then found from the three equations of
equilibrium. Normally a single unknown can be found if
one sums moments about a point that eliminates the two
other forces.

Compound and complex trusses can also be analyzed
by the method of joints and the method of sections. The
“method of substitute members” can be used to obtain a
direct solution for the force in a particular member of a
complex truss.







Internal Loadings
Developed in
Structural Members

Before a structural member can be proportioned, it is necessary to
determine the force and moment that act within it. In this chapter we
will develop the methods for finding these loadings at specified points
along a member’s axis and for showing the variation graphically using
the shear and moment diagrams. Applications are given for both
beams and frames.

4.1 Internal Loadings at a Specified Point

As discussed in Sec. 2-3, the internal load at a specified point in a member
can be determined by using the method of sections. In general, this
loading for a coplanar structure will consist of a normal force N, shear
force V, and bending moment M.* It should be realized, however, that
these loadings actually represent the resultants of the stress distribution
acting over the member’s cross-sectional area at the cut section. Once
the resultant internal loadings are known, the magnitude of the stress
can be determined provided an assumed distribution of stress over the
cross-sectional area is specified.

*Three-dimensional frameworks can also be subjected to a torsional moment, which
tends to twist the member about its axis.

133
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CHAPTER 4

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

Sign Convention. Before presenting a method for finding the internal
normal force, shear force, and bending moment, we will need to establish
a sign convention to define their “positive” and “negative” values.*
Although the choice is arbitrary, the sign convention to be adopted here
has been widely accepted in structural engineering practice, and is
illustrated in Fig. 4-1a. On the left-hand face of the cut member the
normal force N acts to the right, the internal shear force V acts
downward, and the moment M acts counterclockwise. In accordance
with Newton’s third law, an equal but opposite normal force, shear force,
and bending moment must act on the right-hand face of the member at
the section. Perhaps an easy way to remember this sign convention is to
isolate a small segment of the member and note that positive normal
force tends to elongate the segment, Fig. 4-1b; positive shear tends to rotate
the segment clockwise, Fig. 4-1c; and positive bending moment tends to
bend the segment concave upward, so as to “hold water,” Fig. 4-1d.

Ay =2

2V
ZA

< <«——
/\3
< —1

(a)

(®)

—_— <
<
7 Az
N

(c) (d)
Fig. 4-1

*This will be convenient later in Secs. 4-2 and 4-3 where we will express V and M as
functions of x and then plot these functions. Having a sign convention is similar to assigning
coordinate directions x positive to the right and y positive upward when plotting a function

y = f(x).
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Procedure for Analysis

The following procedure provides a means for applying the method
of sections to determine the internal normal force, shear force, and
bending moment at a specific location in a structural member.

Support Reactions

® Before the member is “cut” or sectioned, it may be necessary to
determine the member’s support reactions so that the equilibrium
equations are used only to solve for the internal loadings when
the member is sectioned.

® [f the member is part of a pin-connected structure, the pin
reactions can be determined using the methods of Sec. 2-5.

Free-Body Diagram

® Keep all distributed loadings, couple moments, and forces acting
on the member in their exact location, then pass an imaginary
section through the member, perpendicular to its axis at the point
where the internal loading is to be determined.

® After the section is made, draw a free-body diagram of the
segment that has the least number of loads on it. At the section
indicate the unknown resultants N, V, and M acting in their
positive directions (Fig. 4-1a).

Equations of Equilibrium

® Moments should be summed at the section about axes that pass
through the centroid of the member’s cross-sectional area, in
order to eliminate the unknowns N and V and thereby obtain a
direct solution for M.

® [f the solution of the equilibrium equations yields a quantity

having a negative magnitude, the assumed directional sense of
the quantity is opposite to that shown on the free-body diagram.
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EXAMPLE (4.1

The building roof shown in the photo has a weight of 1.8 kN/m? and is
supported on 8-m long simply supported beams that are spaced 1 m
apart. Each beam, shown in Fig. 4-2b transmits its loading to two
girders, located at the front and back of the building. Determine the
internal shear and moment in the front girder at point C, Fig. 4-2a.
Neglect the weight of the members.

36kN 72kN —72kN<—"— — ~— — ~—712kN—  3.6kN
Im|im|im|im]im|im]im|Iim|im]Iim|Im]lm

TS ELLLELLLL LR
girder — [ °C /

ﬂ \girder ﬂ
1.2mT1‘2m Tﬁ

432 kN (@) 432 kN
SOLUTION

Support Reactions. The roof loading is transmitted to each beam

as a one-way slab (L,/L; = 8 m/1 m = 8§ > 2). The tributary loading

on each interior beam is therefore (1.8 kN/m?)(1m) = 1.8 kN/m.

(The two edge beams support 0.9 kN/m.) From Fig. 4-2b, the reaction

of each interior beam on the girder is (1.8 kN/m)(8 m)/2 = 7.2 kN.
1.8 kN/m

beam—

0.5m _m T @m

3.6kN 72kN ~72kN

girder
lmilml 04m
Y
] M.
- 72kN 72kN
¢ (b)

ﬂ Ve Free-Body Diagram. The free-body diagram of the girder is shown
in Fig. 4-2a. Notice that each column reaction is
12m|12m [(2(3.6kN) + 11(7.2kN)]/2 = 43.2kN
43.2kN The free-body diagram of the left girder segment is shown in Fig. 4-2c.
(c) Here the internal loadings are assumed to act in their positive directions.
Fig. 4-2 Equations of Equilibrium
+13F,=0; 432-36-2(72) - V=0  Vc=252kN Ans.

FSMe=0; M+ 72(04) + 72(1.4) + 3.6(24) — 432(12) =0 M =302kN-m  Ans
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EXAMPLE [4.2

Determine the internal shear and moment acting at a section passing
through point C in the beam shown in Fig. 4-3a.

3k/ft 27k A

T

_--" 1

- 1

- |

A .
¢ ' LT |
Yy — | 12 ft i 6 ft
- 18ft— | 9k 18 k
(a) (b)
Fig. 4-3

SOLUTION

Support Reactions. Replacing the distributed load by its resultant
force and computing the reactions yields the results shown in Fig. 4-3b.

Free-Body Diagram. Segment AC will be considered since it yields
the simplest solution, Fig. 4-3c. The distributed load intensity at C is
computed by proportion, that is,

we = (61t/18 ft)(3 k/ft) = 1 k/ft

Equations of Equilibrium.
+13F, =0, 9-3-Vc=0 Ve=06k Ans.
(tZMc=0; —9(6) +3(2) + Mc=0 Mc = 48k-ft  Ans.

This problem illustrates the importance of keeping the distributed
loading on the beam until after the beam is sectioned. If the beam in
Fig. 4-3b were sectioned at C, the effect of the distributed load on
segment AC would not be recognized, and the result V- = 9k and
M = 54 k- ft would be wrong.
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INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

EXAMPLE (4.3

The 9-k force in Fig. 4-4a is supported by the floor panel D E, which in
turn is simply supported at its ends by floor beams. These beams
transmit their loads to the simply supported girder AB. Determine the
internal shear and moment acting at point C in the girder.

9k
&6&#611 2 ft At ot
D E

151t C

I — 8 {

(a)
9k Fig. 4-4

12 ft

12 ft l 3ft~ Ve

375k

525k 375k
(b) (©
SOLUTION
Support Reactions. Equilibrium of the floor panel, floor beams, and

girder is shown in Fig. 4-4b. It is advisable to check these results.

Free-Body Diagram. The free-body diagram of segment AC of the
girder will be used since it leads to the simplest solution, Fig. 4—4c.
Note that there are no loads on the floor beams supported by AC.
Equations of Equilibrium.
+12F, = 0; 375-6—-Vec=0
(tEMc=0; —3.75(15) + 6(3) + M- =0

Ve=—-225k Ans.
Mc = 3825k -ft Ans
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4.2 Shear and Moment Functions

The design of a beam requires a detailed knowledge of the variations of
the internal shear force V and moment M acting at each point along the
axis of the beam. The internal normal force is generally not considered
for two reasons: (1) in most cases the loads applied to a beam act
perpendicular to the beam’s axis and hence produce only an internal
shear force and bending moment, and (2) for design purposes the beam’s
resistance to shear, and particularly to bending, is more important than
its ability to resist normal force. An important exception to this occurs,
however, when beams are subjected to compressive axial forces, since
the buckling or instability that may occur has to be investigated.

The variations of V and M as a function of the position x of an arbitrary
point along the beam’s axis can be obtained by using the method of
sections discussed in Sec. 4-1. Here, however, it is necessay to locate the
imaginary section or cut at an arbitrary distance x from one end of the
beam rather than at a specific point.

In general, the internal shear and moment functions will be discontinuous,
or their slope will be discontinuous, at points where the type or magnitude
of the distributed load changes or where concentrated forces or couple
moments are applied. Because of this, shear and moment functions
must be determined for each region of the beam located between any
two discontinuities of loading. For example, coordinates x;, x,, and x3
will have to be used to describe the variation of V and M throughout
the length of the beam in Fig. 4-5a. These coordinates will be valid only
within regions from A to B for x4, from B to C for x,, and from C to D
for x3. Although each of these coordinates has the same origin, as noted
here, this does not have to be the case. Indeed, it may be easier to
develop the shear and moment functions using coordinates xi, x,, X3
having origins at A, B, and D as shown in Fig. 4-5b. Here x; and x, are
positive to the right and xj3 is positive to the left.

Additional reinforcement, provided by ver-
tical plates called stiffeners, is used over the
pin and rocker supports of these bridge
girders. Here the reactions will cause large
internal shear in the girders and the stiff-
eners will prevent localized buckling of the
girder flanges or web. Also, note the tipping
of the rocker support caused by the thermal
expansion of the bridge deck.

-

o

Fig. 4-5

. ]

P
w l I
A !n\ 5 o A D A B C

(®)
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INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

Procedure for Analysis

The following procedure provides a method for determining the
variation of shear and moment in a beam as a function of position x.

Support Reactions

® Determine the support reactions on the beam and resolve all the
external forces into components acting perpendicular and parallel
to the beam’s axis.

Shear and Moment Functions

® Specify separate coordinates x and associated origins, extending into
regions of the beam between concentrated forces and/or couple
moments, or where there is a discontinuity of distributed loading.

® Section the beam perpendicular to its axis at each distance x, and
from the free-body diagram of one of the segments determine the
unknowns V and M at the cut section as functions of x. On the free-
body diagram, V and M should be shown acting in their positive
directions, in accordance with the sign convention given in Fig. 4-1.

¢ V is obtained from XF, = 0 and M is obtained by summing
moments about the point S located at the cut section, ZM g = 0.

® The results can be checked by noting that dM/dx =V and
dV /dx = w, where w is positive when it acts upward, away from
the beam. These relationships are developed in Sec. 4-3.

The joists, beams, and girders used to support this floor can be
designed once the internal shear and moment are known
throughout their lengths.
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EXAMPLE | 4.4

Determine the shear and moment in the beam shown in Fig. 4—6a as a
function of x.
2k/ft

E
0f-— |

(a)
Fig. 4-6

SOLUTION

Support Reactions. For the purpose of computing the support
reactions, the distributed load is replaced by its resultant force of 30 k,
Fig. 4-6b. It is important to remember, however, that this resultant is
not the actual load on the beam.

\
\
R

(fe=

600 k - ft l 20 ft |

(b)

Shear and Moment Functions. A free-body diagram of the beam
segment of length x is shown in Fig. 4-6¢. Note that the intensity of
the triangular load at the section is found by proportion; that is,
w/x = 2/30 or w = x/15. With the load intensity known, the resultant
of the distributed loading is found in the usual manner as shown in the

figure. Thus,
1
+13F, = 0; 30—2<1x,5)x—V=0 @) x
-w =kt
2 30k B
V =30 - 0.0333x Ans. NK —
1/ x X ( Tl ) | )
R e L N l
s 2\15)7]3 600k-ft‘ F%ﬁ v
M = —600 + 30x — 0.0111x> Ans. | * |
Note that dM/dx = V and dV/dx = —x/15 = w, which serves as a (©

check of the results.
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EXAMPLE | 4.5

Determine the shear and moment in the beam shown in Fig. 4-7a as a
function of x.

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

60 k 4_x1
4K/t ¢ "'i""
RRRRERRRER ) 108kT. IiM
=X —] X3 = | x4 X
! T ; 1 ook e 1588 k-ft | ol
20 ft | .
(a) ©
48k 60 k 48k
108k 77T t “““““ ' ¢ 10(s:k A T | ¢M
&T ) T<—6f ! -6 | ‘)
1588 k-ft |~ 6 ft l 141t l 100 k- ft 1588 k-ft | R v
(d)
(®)
Fig. 4-7
SOLUTION

Support Reactions. The reactions at the fixed supportare V.= 108 k
and M = 1588 k - ft, Fig. 4-7b.

Shear and Moment Functions. Since there is a discontinuity of
distributed load at x = 12 ft, two regions of x must be considered in
order to describe the shear and moment functions for the entire
beam. Here x; is appropriate for the left 12 ft and x, can be used for
the remaining segment.

0 = x; = 12 ft. Notice that V and M are shown in the positive
directions, Fig. 4-7c.

+13F,=0; 108 —4x; —V =0, V =108 — 4x, Ans.
\FSMg = 0. 1588 — 108x; + 4x, (;1) +M=0

M = —1588 + 108x; — 2x7 Ans.
12 ft = x, = 20 ft, Fig. 4-7d.
+13F,=0; 108 -48-V =0, V=60 Ans.
(+SMg=0; 1588 — 108x, + 48(x, — 6) + M =0

M = 60x, — 1300

Ans.

These results can be partially checked by noting that when
x, =20ft, then V =60k and M = —100k-ft. Also, note that
dM/dx =V and dV/dx = w.
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EXAMPLE (4.6

Determine the shear and moment in the beam shown in Fig. 4-8a as a
function of x.
30kN/m

10 kN/m

i
9m 90 kN 90 kN

1120 kN/m
I

|
! \ ! 10 kN/m

75 kN 105 kN

(b)

SOLUTION

Support Reactions. To determine the support reactions, the
distributed load is divided into a triangular and rectangular loading,
and these loadings are then replaced by their resultant forces. These
reactions have been computed and are shown on the beam’s free-
body diagram, Fig. 4-8b.

Shear and Moment Functions. A free-body diagram of the cut
section is shown in Fig. 4-8c. As above, the trapezoidal loading is
replaced by rectangular and triangular distributions. Note that the
intensity of the triangular load at the cut is found by proportion. The
resultant force of each distributed loading and its location are
indicated. Applying the equilibrium equations, we have

10x 5 COE) x
: /20(%) kN/m
,10kN/m

D"

v

1
+1SF, =0; 75— 10x — [2(20)<)9C>x] ~V=0
75 kN
V =75—-10x — 1.11¥? Ans. (c

3
M = 75x — 5x* — 0.370x° Ans.

(FSMg=0; —75x + (10x)<;> + B(ZO)(;)X}X +M=0
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INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

. FUNDAMENTAL PROBLEMS

F4-1. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

10 kN
20 kN-m
O
A AAAC =2 B
2 m—%l m%l m»}—72 m*l
F4-1

F4-2. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

LN 8 kN/m
Favensaaininaniny
T 1.5m ‘\C 1.5m _‘%II}_

F4-2

F4-3. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

6 kN/m

3m |

F4-4. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

300 Ib/ft

Al —

C _én_B
< 15t 1.5 ft — 31t ‘

F4-4

F4-5. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

5kN/m

F4-5

F4-6. Determine the internal normal force, shear force,
and bending moment acting at point C in the beam.

800 Ib
600 Ib
150 Ib/ft
3 ft—=—3 ft 31t 1 6 ft l
F4-6



F4-7. Determine the internal shear and moment in the
beam as a function of x.

18 kN/m
6 kN
A B
' i
EE
| 3m
F4-7

F4-8. Determine the internal shear and moment in the
beam as a function of x.

12 kN/m

F4-8

F4-9. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

F4-9
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F4-10. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

5kN/m
20 kN-m
15kN-
i m/v YYVYVY
al | L B
Y =
I
‘ 2m 2m
F4-10

F4-11. Determine the internal shear and moment in the
beam as a function of x throughout the beam.

15 kN
5kN/m

LY YVYVYYVYY

A : |
)
‘ 2m 2m ‘

F4-11
F4-12. Determine the internal shear and moment in the

beam as a function of x throughout the beam.

2k /ft

— X

i.\i_n. o
121t 12t |

F4-12
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. PROBLEMS

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

4-1. Determine the internal normal force, shear force, and
bending moment in the beam at points C and D. Assume
the support at A is a pin and B is a roller.

6 kKN
l 20 kN-m
Om— :}
Prob. 4-1

4-2. Determine the internal normal force, shear force, and
bending moment in the beam at points C and D. Assume
the support at B is a roller. Point D is located just to the
right of the 10-k load.

10k
25 k-ft 25 k-ft

(i . . sk

‘ C

10 ft————10 ft——~-——10 ft

Prob. 4-2

4-3. The boom DF of the jib crane and the column DE
have a uniform weight of 50 1b/ft. If the hoist and load weigh
300 Ib, determine the internal normal force, shear force, and
bending moment in the crane at points A, B, and C.

300 1b

Prob. 4-3

*4-4, Determine the internal normal force, shear force,
and bending moment at point D. Take w = 150 N/m.

4-5. The beam AB will fail if the maximum internal
moment at D reaches 800 N - m or the normal force in
member BC becomes 1500 N. Determine the largest load w
it can support.

i

Probs. 4-4/4-5



4-6. Determine the internal normal force, shear force, and
bending moment in the beam at points C and D. Assume
the support at A is a roller and B is a pin.

4 kN
Jmyy

7 T
C A D Bl
~—1.5m ~—15m 1.5m ~—1.5 m—»‘

Prob. 4-6

4-7. Determine the internal normal force, shear force, and
bending moment at point C. Assume the reactions at the
supports A and B are vertical.

1.5kN/m

*4-8. Determine the internal normal force, shear force,
and bending moment at point D. Assume the reactions at
the supports A and B are vertical.

1.5kN/m

Prob. 4-8
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4-9. Determine the internal normal force, shear force, and
bending moment in the beam at point C. The support at A is
aroller and B is pinned.

5kN
3kN/m
v v
/* =
A c lﬁ}s
~—1m— 2 m 2m ‘
Prob. 4-9

4-10. Determine the internal normal force, shear force,
and bending moment at point C. Assume the reactions at
the supports A and B are vertical.

400 Ib /it

1y
r =

9 ft

300 Ib /ft

Prob. 4-10

4-11. Determine the internal normal force, shear force, and
bending moment at points D and E. Assume the reactions at
the supports A and B are vertical.

400 Ib /ft
~ |

300 Ib /ft

D TN
14 ft

E

45ft 4.5 ft

Prob. 4-11
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*4-12. Determine the shear and moment throughout the
beam as a function of x.

L

Prob. 4-12

4-13. Determine the shear and moment in the floor girder
as a function of x. Assume the support at A is a pin and B is
aroller.

2 m

Prob. 4-13

4-14. Determine the shear and moment throughout the
beam as a function of x.

o € 2

_—

T-
>

Prob. 4-14

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

4-15. Determine the shear and moment throughout the
beam as a function of x.

7kN

12 kN-m

\
: el
|

~——2m 2m

Prob. 4-15

*4-16. Determine the shear and moment throughout the
beam as a function of x.

T
= N

4-17. Determine the shear and moment throughout the
beam as a function of x.

Prob. 4-17



4-18. Determine the shear and moment throughout the
beam as functions of x.

_ 10k 8k
B 2k /it

-

6 ft 4 ft

Prob. 4-18

4-19. Determine the shear and moment throughout the
beam as functions of x.

250 1b 250 1b
l 150 Ib /ft l
Y Y
| A\ |
A9 e
Fx“‘
| 41t 6 ft 4ft |

Prob. 4-19

*4-20. Determine the shear and moment in the beam as
functions of x.

Prob. 4-20
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4-21. Determine the shear and moment in the beam as a
function of x.

200 Ib/ft

1200 1b- ft

Prob. 4-21

4-22. Determine the shear and moment throughout the
tapered beam as a function of x.

9m

Prob. 4-22
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The many concentrated loadings acting
on this reinforced concrete beam create a
variation of the internal loading in the
beam. For this reason, the shear and moment
diagrams must be drawn in order to properly
design the beam.

4.3 Shear and Moment Diagrams
for a Beam

If the variations of V and M as functions of x obtained in Sec. 4-2 are
plotted, the graphs are termed the shear diagram and moment diagram,
respectively. In cases where a beam is subjected to several concentrated
forces, couples, and distributed loads, plotting V' and M versus x can
become quite tedious since several functions must be plotted. In this
section a simpler method for constructing these diagrams is discussed —a
method based on differential relations that exist between the load, shear,
and moment.

To derive these relations, consider the beam AD in Fig. 4-9a, which is
subjected to an arbitrary distributed loading w = w(x) and a series of
concentrated forces and couples. In the following discussion, the
distributed load will be considered positive when the loading acts upward
as shown. We will consider the free-body diagram for a small segment of
the beam having a length Ax, Fig. 4-9b. Since this segment has been chosen
at a point x along the beam that is not subjected to a concentrated force
or couple, any results obtained will not apply at points of concentrated
loading. The internal shear force and bending moment shown on the free-
body diagram are assumed to act in the positive direction according to the
established sign convention, Fig. 4-1. Note that both the shear force and
moment acting on the right face must be increased by a small, finite
amount in order to keep the segment in equilibrium. The distributed
loading has been replaced by a concentrated force w(x)Ax that acts at a
fractional distance e(Ax) from the right end, where 0 < e < 1. (For
example, if w(x) is uniform or constant, then w(x)Ax will act at %Ax, SO
€= %) Applying the equations of equilibrium, we have

+1SF, =0, V+wx)Ax —(V+AV) =0

AV = w(x) Ax
(+t=ZMp = 0; ~VAx — M — w(x) Axe(Ax) + (M + AM) =0
AM = VAx + w(x) e(Ax)?

w(x)Ax
F F —“‘ 7
w oo Cowewe o A
| / N
| |
| |
| |
/m \' ‘ /1Y . X | |

B < T =2 — Fe@n
- M, M, o !

M A%
B A ( T % l )M+ AM

(a) V + AV

Fig. 4-9 Ax—

(®)
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Dividing by Ax and taking the limit as Ax — 0, these equations become

Shear Diagram

av

i w(x)

Slope of } B {Intensity of
Distributed Load

(4-1)

dM
— =V
dx
Slope of
= {Sh
Moment Diagram} {Shear

(4-2)

As noted, Eq. 4-1 states that the slope of the shear diagram at a point
(dV/dx) is equal to the intensity of the distributed load w(x) at the point.
Likewise, Eq. 4-2 states that the slope of the moment diagram (dM/dx) is
equal to the intensity of the shear at the point.

Equations 4-1 and 4-2 can be “integrated” from one point to another
between concentrated forces or couples (such as from B to C in Fig. 4-9a),

in which case

e Area under (4-3)
8 } = { Distributed Loading
Shear .
Diagram
and
AM = / V(x) dx
(4-4)

Change in} B {Area under
Moment

Shear Diagram

As noted, Eq. 4-3 states that the change in the shear between any two
points on a beam equals the area under the distributed loading diagram
between the points. Likewise, Eq. 4—4 states that the change in the moment
between the two points equals the area under the shear diagram between
the points. If the areas under the load and shear diagrams are easy to
compute, Egs. 4-3 and 4-4 provide a method for determining the numerical
values of the shear and moment at various points along a beam.
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(VI <
(e
A V + AV Via V + AV
(a) (b)

Fig. 4-10

From the derivation it should be noted that Egs. 4-1 and 4-3 cannot be
used at points where a concentrated force acts, since these equations do
not account for the sudden change in shear at these points. Similarly,
because of a discontinuity of moment, Eqgs. 4-2 and 4-4 cannot be used at
points where a couple moment is applied. In order to account for these
two cases, we must consider the free-body diagrams of differential
elements of the beam in Fig. 4-9a which are located at concentrated
force and couple moments. Examples of these elements are shown in
Figs. 4-10a and 4-10b, respectively. From Fig. 4-10a it is seen that force
equilibrium requires the change in shear to be

+1SF, = 0; AV = —F (4-5)

Thus, when F acts downward on the beam, AV is negative so that the shear
diagram shows a “jump” downward. Likewise, if F acts upward, the jump
(AV) is upward. From Fig. 4-10b, letting Ax — 0, moment equilibrium
requires the change in moment to be

+=M, = 0; AM =M’ (4-6)

In this case, if an external couple moment M’ is applied clockwise, AM
is positive, so that the moment diagram jumps upward, and when M acts
counterclockwise, the jump (AM) must be downward.
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Procedure for Analysis

The following procedure provides a method for constructing the shear
and moment diagrams for a beam using Eqs. 4-1 through 4-6.

Support Reactions

® Determine the support reactions and resolve the forces acting on
the beam into components which are perpendicular and parallel
to the beam’s axis.

Shear Diagram

® Establish the V and x axes and plot the values of the shear at the
two ends of the beam.

® Since dV/dx = w, the slope of the shear diagram at any point is
equal to the intensity of the distributed loading at the point. (Note
that w is positive when it acts upward.)

® [f a numerical value of the shear is to be determined at the point,
one can find this value either by using the method of sections as
discussed in Sec. 4-1 or by using Eq. 4-3, which states that the
change in the shear force is equal to the area under the distributed
loading diagram.

® Since w(x) is integrated to obtain V, if w(x) is a curve of degree n,
then V/(x) will be a curve of degree n + 1. For example, if w(x) is
uniform, V(x) will be linear.

Moment Diagram

® FEstablish the M and x axes and plot the values of the moment at
the ends of the beam.

® Since dM/dx = V, the slope of the moment diagram at any point
is equal to the intensity of the shear at the point.

® At the point where the shear is zero, dM/dx = 0, and therefore
this may be a point of maximum or minimum moment.

® [f the numerical value of the moment is to be determined at a
point, one can find this value either by using the method of
sections as discussed in Sec. 4-1 or by using Eq. 44, which states
that the change in the moment is equal to the area under the shear
diagram.

® Since V(x) is integrated to obtain M, if V(x) is a curve of degree n,

then M(x) will be a curve of degree n + 1. For example, if V(x) is
linear, M(x) will be parabolic.
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EXAMPLE

A B c D E
\ (] *
15m 1.5ml 15m A 15m
\ \ /
4kN 4kN 4kN
6 kN 6 kN
(a)
w=0
w=0 V slope = 0
V (kN) V slope = 0
4
2
5 3 25 7/ 6 (™

h -2

-4
\\ (b)

V negative constant
M slope negative constant

V positive constant

M (kN-m) M slope positive constant
L5 3 4.5 \ 0 x (m)
~
-6 )

The two horizontal members of the power line support frame are
subjected to the cable loadings shown in Fig. 4-11a. Draw the shear
and moment diagrams for each member.

SOLUTION

Support Reactions. Each pole exerts a force of 6 kN on each
member as shown on the free-body diagram.

Shear Diagram. The end points x = 0,V = —4kN and x = 6 m,
V = 4 kN are plotted first, Fig. 4-11b. As indicated, the shear between
each concentrated force is constant since w = dV /dx = 0. The shear
just to the right of point B (or C and D) can be determined by the
method of sections, Fig. 4-11d. The shear diagram can also be established
by “following the load” on the free-body diagram. Beginning at A the
4 kN load acts downward so V 4 = —4 kN. No load acts between A
and B so the shear is constant. At B the 6 kN force acts upward, so the
shear jumps up 6 kN, from —4 kN to +2 kN, etc.

Moment Diagram. The moment at the end points x = 0, M = 0 and
x =6m, M = 0 is plotted first, Fig. 4-11c. The slope of the moment
diagram within each 1.5-m-long region is constant because V is
constant. Specific values of the moment, such as at C, can be deter-
mined by the method of sections, Fig. 4-11d, or by finding the change
in moment by the area under the shear diagram. For example, since
M,=0 at A, then at C, Mc = M, + AM 40 = 0 + (—4)(1.5)
+ 2(1.5) = =3kN-m.

1.5m 1.5m

 J Ve
4 kN

6 kN

(d)
Fig. 4-11
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EXAMPLE (4.8

Draw the shear and moment diagrams for the beam in Fig. 4-12a.

o et

\ | 1
"\9 m\‘ T A
b
@) 30 kN ®) 60 kN
Fig. 4-12

w negative increasing
V slope negative increasing

V (kN)
30
SOLUTION @)
X (Im
Support Reactions. The reactions have been calculated and are L \=5.20 m;,‘ /
shown on the free-body diagram of the beam, Fig. 4-12b. ©
=60

V positive decreasing
M slope positive decreasing

Shear Diagram. The end points x = 0,V = +30kN and x = 9 m,
V = —60 kN are first plotted. Note that the shear diagram starts
with zero slope since w = 0 at x = 0, and ends with a slope of
w = —20 kN/m.

The point of zero shear can be found by using the method of
sections from a beam segment of length x, Fig. 4-12e. We require V' = 0,
so that

V negative increasing
M slope negative increasing

M (kN-m)

[ x (m)

+1SF,=0; 30 - ;[20<’9C>]x =0 x=520m @

%[20 (inx

Moment Diagram. For 0 < x < 520m the value of shear is
positive but decreasing and so the slope of the moment diagram is also
positive and decreasing (dM/dx = V). At x = 520 m, dM/dx = 0.
Likewise for 520 m < x < 9m, the shear and so the slope of the
moment diagram are negative increasing as indicated. 30 kN F?
The maximum value of moment is at x = 5.20 m since dM/dx = ©

V =0 at this point, Fig. 4-12d. From the free-body diagram in

Fig. 4-12e we have

+SMg=0;  —30(520) + - {20(592())](5 20)(520> +M=0

M = 104kN-+m
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EXAMPLE 4.9

600 1b Draw the shear and moment diagrams for the beam shown in Fig. 4-13a.
4000 1b- ft
A ) SOLUTION
‘.% 10 ft _,LS ft—t—s ﬁ Support Reactions. The reactions are calculated and indicated on

the free-body diagram.

@ Shear Diagram. The values of the shear at the end points A

(V4 = +1001b) and B (Vz = —5001b) are plotted. At C the shear is
discontinuous since there is a concentrated force of 600 1b there. The

600 Tb value of the shear just to the right of C can be found by sectioning
l 4000 1b - ft the beam at this point. This yields the free-body diagram shown in
i A equilibrium in Fig. 4-13e. This point (V = =500 1b) is plotted on the
t N # j shear diagram. Notice that no jump or discontinuity in shear occurs
| OE 101t )} =S ft -5 f;oo b at D, the point where the 4000-1b-ft couple moment is applied,
(b) Fig. 4-13b.
V (Ib) Vsl(l:;aeozo Moment Diagram. The moment at each end of the beam is zero,
Fig. 4-13d. The value of the moment at C can be determined by the
100 500" (ft)  method of sections, Fig. 4-13e¢, or by finding the area under the shear
© g) diagram between A and C. Since M 4 = 0,
C
V negative constant
M (Ib-ft) M slopegnegatlve constant Mc=My+ AMac =0+ (100 lb)(lO ft)

2500 MC = 1000 1b - ft
1000
Also, since M~ = 1000 Ib - ft, the moment at D is
x (ft)

_1500 Mp = Mc+ AMcp = 1000 1b-ft + (=500 1b)(5 ft)
(d) Mp = —15001b- ft

A jump occurs at point D due to the couple moment of 4000 Ib - ft.
The method of sections, Fig. 4-13f, gives a value of +2500 1b - ft just to
the right of D.

600 Ib
600 1b

1000 1b- ft

,, iy
1) 7
C 10 ft —5 ft =500 Ib
10 ft —{—500 Ib

100 1b
100 1b
() ®

Fig. 4-13

l4000 Ib-fr, 2300 1b-1t
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EXAMPLE |4.10

Draw the shear and moment diagrams for each of the beams shown in
Fig. 4-14.

8 kN/m

s kN.m( T )42 kN-m
1.5 m\ 3m -

30 kN

V (kN) o .
w negative increasing
V slope negative increasing

%1‘.5 4;5 x (m)

—6

-30

M (kN-
(kN-m) V negative increasing
15 12 M slope negative increasing

2.64 /A

1.5 * (m)

Y
(b)

Fig. 4-14

SOLUTION

In each case the support reactions have been calculated and are
shown in the top figures. Following the techniques outlined in the pre-
vious examples, the shear and moment diagrams are shown under
each beam. Carefully notice how they were established, based on the
slope and moment, where dV/dx = w and dM/dx = V. Calculated
values are found using the method of sections or finding the areas
under the load or shear diagrams.

20 k-ft(l
L4 ft 4 ft 8k
47k

w negative increasing
V (kN) V slope negative increasing

9

x (m)

Y,

-9

V negative increasing

M slope negative increasing
M (kN-m)

x (m)

(a)

15k
6 k /it

w negative constant
V (k) 31; slope negative constant

4 8
-15

V positive decreasing
M (k-ft) M slope positive decreasing

4 /j 8
‘ L (ft)

8
x (ft)

-20

—80
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EXAMPLE |4.11

The beam shown in the photo is used to support a portion of the
overhang for the entranceway of the building. The idealized model for
the beam with the load acting on it is shown in Fig. 4-15a. Assume B is
aroller and C is pinned. Draw the shear and moment diagrams for the
beam.

SOLUTION

Support Reactions. The reactions are calculated in the usual
manner. The results are shown in Fig. 4-15b.

10 kN/m Shear Diagram. The shear at the ends of the beam is plotted first,

l ie,V, = 0and V= —2.19 kN, Fig. 4-15¢.To find the shear to the left

[ of B use the method of sections for segment AB, or calculate the area

A 18 C% under the distributed loading diagram, i.e., AV =V — 0 = —10(0.75),
e 075m | 1m | Vp- = —=7.50 kN. The support reaction causes the shear to jump up

—7.50 + 15.31 = 7.81 kN. The point of zero shear can be determined
from the slope —10kN/m, or by proportional triangles, 7.81/x =
2.19/(1 — x), x = 0.781 m. Notice how the V diagram follows the
negative slope, defined by the constant negative distributed loading.

" Moment Diagram. The moment at the end points is plotted first,
(a) M, = Mc = 0, Fig. 4-15d. The values of —2.81 and 0.239 on the
moment diagram can be calculated by the method of sections, or by

10kN/m finding the areas under the shear diagram. For example, AM =
Mp— 0= %(—7.50)(0.75) = —2.81, Mz = —281kN-m. Likewise,
| show that the maximum positive moment is 0.239 kN -m. Notice
A AB c how the M diagram is formed, by following the slope, defined by the
- 075m Im V diagram.
15.31 kN 2.19 kN
(®)
V (kN) M (kN-m)
7.81
/\ 0239
\l x (m) 1 1 x (m)
. 078lm - 1219
~7.50 —2.81
(©) (d)

Fig. 4-15
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EXAMPLE [4.12

159

Draw the shear and moment diagrams for the compound beam shown
in Fig. 4-16a. Assume the supports at A and C are rollers and B and E
are pin connections.

Y - 3L /ft
60k - fit (| :
I B Ic
| };—IOftﬁL6ft »4ft4;6ftJ»6fta
20k 5k 3k/ft
@) A 116k !
60 k-t
Vo (;{—T—ﬁ ;
2
4k 45k
(b)
\ 6
2 10 16 20
N | | ) x (ft)
M (k-0
16 © o0 10 16 20
} I £7)
~96
SOLUTION ~180
(d)

Support Reactions. Once the beam segments are disconnected
from the pin at B, the support reactions can be calculated as shown in
Fig. 4-16b.

Shear Diagram. As usual, we start by plotting the end shear at A
and E, Fig. 4-16c. The shape of the V diagram is formed by following
its slope, defined by the loading. Try to establish the values of shear
using the appropriate areas under the load diagram (w curve) to find
the change in shear. The zero value for shear at x = 2 ft can either be
found by proportional triangles, or by using statics, as was done in
Fig. 4-12¢ of Example 4-8.

Moment Diagram. The end moments M 4, = 60 k-ft and Mg = 0
are plotted first, Fig. 4-16d. Study the diagram and note how the
various curves are established using dM/dx = V. Verify the numerical
values for the peaks using statics or by calculating the appropriate
areas under the shear diagram to find the change in moment.

x (ft)
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. FUNDAMENTAL PROBLEMS

F4-13. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

8 KN
3KN
| l |

\ 2m \ 2m | F4-13

F4-14. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

l_ l a5

| ! |
—2m 4 F4-14

‘ 4m } 2m
F4-15. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

2 k/ft

30 k-ft

Y Y Y Y Y Y Y Y Y VY VY VYV V.
|

A

10 ft F4-15

F4-16. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

18k
6 k/ft

F4-17. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

2kN/m 2kN/m
Alp
g1
| 45m | 45m |
F4-17

F4-18. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

4 kN/m

Aada =2 B
Ll.Sm ] 2m | LSmg"

F4-18

F4-19. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

6 kN/m 6 kN/m

F4-19

F4-20. Draw the shear and moment diagrams for the
beam. Indicate values at the supports and at the points
where a change in load occurs.

2k /ft

Alg B
} 6 ft 1 6 ft |

F4-20
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“lrroplews

4-23. Draw the shear and moment diagrams for the beam.

SOilb 200 1b 300 Ib

% 13

Aw}g

¢ [
[ 1
6 ft 4t 4 ft— 6t

Prob. 4-23

*4-24, Draw the shear and moment diagrams for the beam.

Prob. 4-24

4-25. Draw the shear and moment diagrams for the beam.

c ~
leilm ‘ 2m i 2m !

Prob. 4-25

4-26. Draw the shear and moment diagrams for the beam.

10k 0.8 k/ft 8k

6t 1 121t : 121t 1 6 ft—|

Prob. 4-26

4-27. Draw the shear and moment diagrams for the beam.

400 Ib/ft
600 1b - ft
y
A
x 4‘
15 ft
Prob. 4-27

*4-28. Draw the shear and moment diagrams for the
beam (a) in terms of the parameters shown; (b) set
My=500N-m, L = 8m.

M, M,
P A~

I N 7 ﬂ
LL/z» —L/3 —L/3 !

Prob. 4-28

4-29. Draw the shear and moment diagrams for the beam.

1.5kN/m

lllll
A /°\ = HC

2 m |
3m \

Prob. 4-29
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4-30. Draw the shear and bending-moment diagrams for
the beam.

50 Ib /tt
200 Ib-ft
AR |)
_&_B C
20 ft 10 ft —
Prob. 4-30

4-31. Draw the shear and moment diagrams for the beam.

Af: = |C

Nl

L

Prob. 4-31

*4-32. Draw the shear and moment diagrams for the beam.

( LT
1501b - ftl 0 ft _%;o Ib - ft

4-33. Draw the shear and moment diagrams for the beam.

20 kN
40 kN/m l
AlR |)
_ J 150 kN-m
8 m 3m

Prob. 4-33

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

4-34. Draw the shear and moment diagrams for the beam.

NERRNNNNREEE
o .

4-35. Draw the shear and moment diagrams for the beam.

200 1b /ft

1200 1b- ft

30 £t
v

800 Ib
Prob. 4-35

*4-36. Draw the shear and moment diagrams of the beam.
Assume the support at B is a pin and A is a roller.

100 b /ft

800 1Ib - ft

4 ft— 16 ft 47

Prob. 4-36

4-37. Draw the shear and moment diagrams for the beam.
Assume the support at B is a pin.

8 kN/m

B
~—1.5m 1

6 m

Prob. 4-37
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4.4 Shear and Moment Diagrams
for a Frame

Recall that a frame is composed of several connected members that are
either fixed or pin connected at their ends. The design of these
structures often requires drawing the shear and moment diagrams for
each of the members. To analyze any problem, we can use the
procedure for analysis outlined in Sec. 4-3. This requires first
determining the reactions at the frame supports. Then, using the
method of sections, we find the axial force, shear force, and moment
acting at the ends of each member. Provided all loadings are resolved
into components acting parallel and perpendicular to the member’s
axis, the shear and moment diagrams for each member can then be
drawn as described previously.

When drawing the moment diagram, one of two sign conventions is
used in practice. In particular, if the frame is made of reinforced concrete,
designers often draw the moment diagram positive on the tension side of
the frame. In other words, if the moment produces tension on the outer
surface of the frame, the moment diagram is drawn positive on this side.
Since concrete has a low tensile strength, it will then be possible to tell at
a glance on which side of the frame the reinforcement steel must be
placed. In this text, however, we will use the opposite sign convention
and always draw the moment diagram positive on the compression side of
the member. This convention follows that used for beams discussed in
Sec. 4-1.

The following examples illustrate this procedure numerically.

The simply supported girder of this concrete building frame was
designed by first drawing its shear and moment diagrams.

163
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EXAMPLE | 4.13

Draw the moment diagram for the tapered frame shown in Fig. 4-17a.
Assume the support at A is a roller and B is a pin.

5k 5k
&”15 ftﬂ 15 ft |
C Y .
T B S
5t 51t
3k ——k—> 3k A
6 ft 6 ft
1 i
A
(a) 6k (b)
6k S5k 1k
15k-ft 15 k-ft ‘F 15 ft W‘
<« 3k ¢ 3k 3k—£>ﬂ Je—3k
g B
St 3k 15k-ft
3k —i> >
15k-ft 1k 1k
A 6k
M (k-ft) L " (c)
Fig. 4-17
15
L x (ft)
member CB SOLUTION
X (8) Support Reactions. The support reactions are shown on the
free-body diagram of the entire frame, Fig. 4-17b. Using these results,
11 the frame is then sectioned into two members, and the internal reac-
; tions at the joint ends of the members are determined, Fig. 4-17c.
6 Note that the external 5-k load is shown only on the free-body diagram
of the joint at C.
— M (k-ft)

Moment Diagram. In accordance with our positive sign convention,
member AC and using the techniques discussed in Sec. 4-3, the moment diagrams
(d) for the frame members are shown in Fig. 4-17d.
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EXAMPLE | 4.14

Draw the shear and moment diagrams for the frame shown in
Fig. 4-18a. Assume A is a pin, C is a roller, and B is a fixed joint.
Neglect the thickness of the members.
0.1414 k/ft

SOLUTION 10 £t
Notice that the distributed load acts over a length of

10 ft /2 = 14.14 ft. The reactions on the entire frame are calculated
and shown on its free-body diagram, Fig. 4-18b. From this diagram the ' A
free-body diagrams of each member are drawn, Fig. 4-18c. The
distributed loading on BC has components along BC and perpendicular
to its axis of (0.1414 k/ft) cos 45° = (0.1414 k/ft) sin 45° = 0.1 k/ft
as shown. Using these results, the shear and moment diagrams are
also shown in Fig. 4-18c. |

0.1 k/ft b——10 ft—1
(a)

Fig. 4-18

10 ft

(0.1414 k /ft)(14.14 ft) = 2 k

20 ft

2k
(© (b)

2k e c
) &)
kit % =
v
05k
10 ft
=z
2 &
— > =
0.5k e
|
2k
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EXAMPLE | 4.15

Draw the shear and moment diagrams for the frame shown in Fig. 4-19a.
Assume A is a pin, Cis a roller, and B is a fixed joint.

80 kN
__________ B l c
40 kN/m T
~—2m

m

SOLUTION

Support Reactions. The free-body diagram of the entire frame is
shown in Fig. 4-19b. Here the distributed load, which represents wind
loading, has been replaced by its resultant, and the reactions have been
computed. The frame is then sectioned at joint B and the internal
loadings at B are determined, Fig. 4-19¢. As a check, equilibrium is
satisfied at joint B, which is also shown in the figure.

Shear and Moment Diagrams. The components of the distributed
load, (72kN)/(5m) = 14.4kN/m and (96 kN)/(5m) = 19.2 kN/m,
are shown on member AB, Fig. 4-19d. The associated shear and

moment diagrams are drawn for each member as shown in Figs. 4-19d
and 4-19e.
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CHAPTER 4

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

4.5 Moment Diagrams Constructed by
the Method of Superposition

Since beams are used primarily to resist bending stress, it is important
that the moment diagram accompany the solution for their design. In
Sec. 4-3 the moment diagram was constructed by first drawing the shear
diagram. If we use the principle of superposition, however, each of the
loads on the beam can be treated separately and the moment diagram
can then be constructed in a series of parts rather than a single and
sometimes complicated shape. It will be shown later in the text that this
can be particularly advantageous when applying geometric deflection
methods to determine both the deflection of a beam and the reactions
on statically indeterminate beams.

Most loadings on beams in structural analysis will be a combination of
the loadings shown in Fig. 4-20. Construction of the associated moment
diagrams has been discussed in Example 4-8. To understand how to use

—_

! L L |
M
M M,
: .
—PL
(a) (b)
| "o
ARRRRRRARN
L |
b !
M M
| ) )
cubic curve
parabolic curve
Wy L’ _W—OLZ
2 6
(©) (d)

Fig. 4-20
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4K /ft
300 k- ft
AlpP ] o\ B
S o “ s
~——10 ft } 10 ft
15k 25k
4 k/ft M (k-ft)
i3 I I 1 1 II 1\300k-ft 250
AL J 1B I ———
LJ‘_A / ~J x(ft)
) ST T -0
-——10 ft t—| .
15k \ 25k resultant moment diagram
Il Il
4 k/ft .
0K / M (k- ft) o
) I l I 1 l I 1 x(ft
( 1 i ' ol
+—10 ft—
200 k - ft
+ M (k-ft) +
b 300 k- ft
} ! x(ft)
10— * =300
300k-ft
500 k - ft + M (k- ft) +
500
( o 'y x(ft)
- 20 ft
25k
25k
superposition of cantilevered beams superposition of associated moment diagrams
(a) (b)
Fig. 4-21

the method of superposition to construct the moment diagram consider
the simply supported beam at the top of Fig. 4-21a. Here the reactions
have been calculated and so the force system on the beam produces a zero
force and moment resultant. The moment diagram for this case is shown at
the top of Fig. 4-21b. Note that this same moment diagram is produced for
the cantilevered beam when it is subjected to the same statically equivalent
system of loads as the simply supported beam. Rather than considering all
the loads on this beam simultaneously when drawing the moment diagram,
we can instead superimpose the results of the loads acting separately on
the three cantilevered beams shown in Fig. 4-21a. Thus, if the moment
diagram for each cantilevered beam is drawn, Fig. 4-21b, the superposition
of these diagrams yields the resultant moment diagram for the simply
supported beam. For example, from each of the separate moment diagrams,
the moment atend A is M 4, = —200 — 300 + 500 = 0, as verified by the
top moment diagram in Fig. 4-21b. In some cases it is often easier to
construct and use a separate series of statically equivalent moment
diagrams for a beam, rather than construct the beam’s more complicated
“resultant” moment diagram.
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In a similar manner, we can also simplify construction of the
“resultant” moment diagram for a beam by using a superposition of
“simply supported” beams. For example, the loading on the beam shown
at the top of Fig. 4-22a is equivalent to the beam loadings shown below
it. Consequently, the separate moment diagrams for each of these three
beams can be used rather than drawing the resultant moment diagram
shown in Fig. 4-22b.

M (kN -m)

60.3

SkN/m
20 kN~(m 4OSN~m /\

/ x (m)
-20 resultant moment diagraN

\ |
| 12m ‘ Il —40
M (kN -m)
Il 9

SkN/m

8 x (m)

| 12m |
+
+ M (kN -m)
20kN-m
(= : *(m)
. = 20
} 12m }
+
+ 40kN-m MTN"“)
} 12m } M
—40
superposition of simply supported beams superposition of associated moment diagrams
(a) (b)

Fig. 4-22
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EXAMPLE | 4.16

Draw the moment diagrams for the beam shown at the top of Fig. 4-23a
using the method of superposition. Consider the beam to be can-
tilevered from the support at B.

SOLUTION

If the beam were supported as a cantilever from B, it would be

subjected to the statically equivalent loadings shown in Fig. 4-23a.The

superimposed three cantilevered beams are shown below it together

with their associated moment diagrams in Fig. 4-23b. (As an aid to

their construction, refer to Fig. 4-20.) Although not needed here, the

sum of these diagrams will yield the resultant moment diagram for the

beam. For practice, try drawing this diagram and check the results. 5k/ft

15(&1{ -ft "
LS ft [ 15 ft |
225k 15k
Sk/ft
A
(. 5
Ls ft 15 ft
225k 15k
M (k-ft) I
‘ x (ft) 150 k- ft
~150 ( '
+
M (k-ft) 3375 +
/‘ x (ft) I
15 ft
22.5k
+ + Sk /it
) | m
—187.5
superposition of associated moment diagrams superposition of cantilevered beams

(b) (a)
Fig. 4-23
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EXAMPLE | 4.17

Draw the moment diagrams for the beam shown at the top of Fig. 4-24a
using the method of superposition. Consider the beam to be cantilevered
from the pin at A.
SOLUTION
The superimposed cantilevered beams are shown in Fig. 4-24a
together with their associated moment diagrams, Fig. 4-24b. Notice
that the reaction at the pin (22.5 k) is not considered since it produces
no moment diagram. As an exercise verify that the resultant moment
diagram is given at the top of Fig. 4-24b.
M (k-ft)
Sk/ft
150 k- ft 24.3
A — = x (ft)
B /
—150
I |
5ft | 15 ft
2.5k 15k Il
I M (k-ft)
150 k- ft (t)
X
(= i —
- ft*-( /150k~ft
+
+
M (k-ft)
5 k/ft
375k x (ft)
—f 5
375k-ft } 151t l -375 +
+
M (k-ft)
225 k-1t 225
—f I.
x (ft)
w 15 ft
15k!
15k » ) )
superposition of cantilevered from A beams superposition of associated moment diagrams
(a) (b)
Fig. 4-24
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“lrroplews

4-38. Draw the shear and moment diagrams for each of
the three members of the frame. Assume the frame is pin
connected at A, C,and D and there is a fixed joint at B.

50 kN

rl.s mt—2m—F15 mj
B c

D

Ylepaew. e R lesaie e LT

Prob. 4-38
4-39. Draw the shear and moment diagrams for each
member of the frame. Assume the support at A is a pin and

D is a roller.

0.8 k/ft

0.6 k /ft

16 ft

| 20 ft
Prob. 4-39

*4-40, Draw the shear and moment diagrams for each
member of the frame. Assume A is a rocker, and D is
pinned.

2k /ft

8 ft

Prob. 4-40

4-41. Draw the shear and moment diagrams for each
member of the frame. Assume the frame is pin connected at
B, C,and D and A is fixed.

6k 6k
3k 3k
8 ft 8 ft 8 ft
Y
0.8 k/ft ]
—
B C
15 ft
D
Prob. 4-41
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*4-44. Draw the shear and moment diagrams for each
member of the frame. Assume the frame is roller supported
at A and pin supported at C.

4-42. Draw the shear and moment diagrams for each
member of the frame. Assume A is fixed, the joint at B is a
pin, and support C is a roller.

20k 1.5 k/ft
NS
p)
0.5k/ft B !
1€
8 ft
A
‘ 6 ft 6 ft
Prob. 4-42 Prob. 4-44
rob.

4-45. Draw the shear and moment diagrams for each
member of the frame. The members are pin connected at A,
B,and C.

4-43. Draw the shear and moment diagrams for each
member of the frame. Assume the frame is pin connected at
A, and Cis aroller.

4K/t

=
~
\A

10 ft

Prob. 4-45

Prob. 4-43
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4-46. Draw the shear and moment diagrams for each *4-48. Draw the shear and moment diagrams for each
member of the frame. member of the frame. The joints at A, B, and C are pin
connected.
10 kN

250 Ib /it

fee———————

L—6ft*>Lf6ft

..... ol
F—3 m-—2m—-~2m-—-~—3 m#
Prob. 4-46 Prob. 4-48
4-47. Draw the shear and moment diagrams for each 4-49. Draw the shear and moment diagrams for each of
member of the frame. Assume the joint at A is a pin and the three members of the frame. Assume the frame is pin
support C is a roller. The joint at B is fixed. The wind load is connected at B, C,and D and A is fixed.

transferred to the members at the girts and purlins from the
simply supported wall and roof segments.

300 Ib /1t

6k 3k

C 351t 8 ft 8 ft 8 ft |

1
0 351t 0.8 k/ft

500 Ib/ft —>

L 15 ft

A

oge o pe -

Prob. 4-47 Prob. 4-49
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4-50. Draw the moment diagrams for the beam using the
method of superposition. The beam is cantilevered from A.

600 Ib 600 Ib 600 Ib

A
1 31t 3 ft ! 3 fit

Prob. 4-50

4-51. Draw the moment diagrams for the beam using the
method of superposition.

80 Ib /ft

600 1b

Prob. 4-51

*4-52. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from end A.

4-53. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be simply
supported at A and B as shown.

250 1b /it

150 1b- ft 150 1b- ft

| |
Pow] Bg

l 20 ft l

Probs. 4-52/4-53

‘1200 Ib-ft
|

INTERNAL LOADINGS DEVELOPED IN STRUCTURAL MEMBERS

4-54. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from the pin support at A.

4-55. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from the rocker at B.

4kN/m 30 KN
80 kKN -m
y y y N\
AL ol c
ALy BVA N ‘
l 8m } 4m |

Probs. 4-54/4-55

*4-56. Draw the moment diagrams for the beam using
the method of superposition. Consider the beam to be
cantilevered from end C.

4kN/m 30 kN
80 kN -m
y \
AL Al c
2L BTV, ‘# ‘
l 8m } 4m |
Prob. 4-56

4-57. Draw the moment diagrams for the beam using the
method of superposition. Consider the beam to be simply
supported at A and B as shown.

200 Ib /ft
100 Ib-ft 100 Ib-ft
U =
1 20 ft |
Prob. 4-57
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. PROJECT PROBLEMS

4-1P. The balcony located on the third floor of a motel is
shown in the photo. It is constructed using a 4-in.-thick
concrete (plain stone) slab which rests on the four simply
supported floor beams, two cantilevered side girders AB
and HG, and the front and rear girders. The idealized
framing plan with average dimensions is shown in the
adjacent figure. According to local code, the balcony live load
is 45 psf. Draw the shear and moment diagrams for the front
girder BG and a side girder AB. Assume the front girder is a
channel that has a weight of 25 Ib/ft and the side girders are
wide flange sections that have a weight of 45 Ib/ft. Neglect
the weight of the floor beams and front railing. For this
solution treat each of the five slabs as two-way slabs.

4-2P. The canopy shown in the photo provides shelter
for the entrance of a building. Consider all members to be
simply supported. The bar joists at C, D, E, F each have a
weight of 135 Ib and are 20 ft long. The roof is 4 in. thick
and is to be plain lightweight concrete having a density of
102 Ib/ft>. Live load caused by drifting snow is assumed to
be trapezoidal, with 60 psf at the right (against the wall)
and 20 psf at the left (overhang). Assume the concrete slab
is simply supported between the joists. Draw the shear and
moment diagrams for the side girder AB. Neglect its
weight.

IE

6 ft

o

C

|

T
D E F
A PR PR

Prob. 4-1P

B

1.5 ft

156t 1.5ft 1.5ft 1.5ft

Prob. 4-2P

H.

G
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4-3P. The idealized framing plan for a floor system H H
located in the lobby of an office building is shown in the c J
figure. The floor is made using 4-in.-thick reinforced stone 81t
concrete. If the walls of the elevator shaft are made from
4-in.-thick lightweight solid concrete masonry, having a @ A
height of 10 ft, determine the maximum moment in beam
AB. Neglect the weight of the members. S fi Elevator
shaft
A E G B
8 ft
D 1
H H
8 ft 6 ft 6 ft—
Prob. 4-3P

CHAPTER REVIEW

Structural members subjected to planar loads support

an internal normal force N, shear force V, and bend- M M
ing moment M. To find these values at a specific point

in a member, the method of sections must be used. —15* fH
This requires drawing a free-body diagram of a seg- N N

ment of the member, and then applying the three
equations of equilibrium. Always show the three inter- positive sign convention
nal loadings on the section in their positive directions.

The internal shear and moment can be expressed as a
function of x along the member by establishing the
origin at a fixed point (normally at the left end of the
member, and then using the method of sections, where
the section is made a distance x from the origin). For
members subjected to several loads, different x coor-
dinates must extend between the loads
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Shear and moment diagrams for structural members can be drawn by plotting the shear and moment functions. They also

can be plotted using the two graphical relationships.

av
i w(x)
Slope of } B {Intensity of

Shear Diagram Distributed Load

Note that a point of zero shear locates the point of maximum moment since V = dM/dx = 0.

AV = / w(x)dx
Chanee in Area under
: } = § Distributed Loading
Shear .
Diagram

dM
dx v
Slope of |
Moment Diagram} = {Shear
AM = / V(x)dx

Change in} B {Area under
Moment Shear Diagram

A force acting downward on the beam will cause the shear diagram to jump downwards, and a counterclockwise couple

moment will cause the moment diagram to jump downwards.

([

0
Vr

o

M,

M

)

J—

Using the method of superposition, the moment diagrams for a member can be represented by a series of simpler shapes.
The shapes represent the moment diagram for each of the separate loadings. The resultant moment diagram is then the

algebraic addition of the separate diagrams.







Cables and Arches

Cables and arches often form the main load-carrying element in many
types of structures, and in this chapter we will discuss some of the
important aspects related to their structural analysis. The chapter begins
with a general discussion of cables, followed by an analysis of cables
subjected to a concentrated load and to a uniform distributed load.
Since most arches are statically indeterminate, only the special case of a
three-hinged arch will be considered. The analysis of this structure will
provide some insight regarding the fundamental behavior of all arched
structures.

5.1 Cables

Cables are often used in engineering structures for support and to
transmit loads from one member to another. When used to support
suspension roofs, bridges, and trolley wheels, cables form the main
load-carrying element in the structure. In the force analysis of such
systems, the weight of the cable itself may be neglected; however, when
cables are used as guys for radio antennas, electrical transmission lines,
and derricks, the cable weight may become important and must be
included in the structural analysis. Two cases will be considered in the
sections that follow: a cable subjected to concentrated loads and a
cable subjected to a distributed load. Provided these loadings are
coplanar with the cable, the requirements for equilibrium are
formulated in an identical manner.

181
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The deck of a cable-stayed bridge is
supported by a series of cables attached at
various points along the deck and pylons.

When deriving the necessary relations between the force in the cable
and its slope, we will make the assumption that the cable is perfectly
flexible and inextensible. Due to its flexibility, the cable offers no
resistance to shear or bending and, therefore, the force acting in the
cable is always tangent to the cable at points along its length. Being
inextensible, the cable has a constant length both before and after the
load is applied. As a result, once the load is applied, the geometry of the
cable remains fixed, and the cable or a segment of it can be treated as a
rigid body.

5.2 Cable Subjected to Concentrated
Loads

When a cable of negligible weight supports several concentrated loads,
the cable takes the form of several straight-line segments, each of which
is subjected to a constant tensile force. Consider, for example, the cable
shown in Fig. 5-1. Here 6 specifies the angle of the cable’s cord AB,
and L is the cable’s span. If the distances L, L,, and L3 and the loads
P, and P, are known, then the problem is to determine the nine
unknowns consisting of the tension in each of the three segments, the
four components of reaction at A and B, and the sags y- and yp at
the two points C and D. For the solution we can write two equations of
force equilibrium at each of points A, B, C, and D. This results in a total
of eight equations. To complete the solution, it will be necessary to know
something about the geometry of the cable in order to obtain the
necessary ninth equation. For example, if the cable’s total length &
is specified, then the Pythagorean theorem can be used to relate & to
each of the three segmental lengths, written in terms of 0, yc, yp, L1, Lo,
and L. Unfortunately, this type of problem cannot be solved easily by
hand. Another possibility, however, is to specify one of the sags, either
Yc or yp, instead of the cable length. By doing this, the equilibrium
equations are then sufficient for obtaining the unknown forces and the
remaining sag. Once the sag at each point of loading is obtained, & can
then be determined by trigonometry.

When performing an equilibrium analysis for a problem of this type,
the forces in the cable can also be obtained by writing the equations of
equilibrium for the entire cable or any portion thereof. The following
example numerically illustrates these concepts.
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EXAMPLE |5.1
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Determine the tension in each segment of the cable shown in Fig. 5-2a.
Also, what is the dimension A?

SOLUTION

By inspection, there are four unknown external reactions (A,, Ay, Dy,
and D,) and three unknown cable tensions, one in each cable segment.
These seven unknowns along with the sag /& can be determined from
the eight available equilibrium equations (2F, =0,2F, =0)
applied to points A through D.

A more direct approach to the solution is to recognize that the slope
of cable CD is specified, and so a free-body diagram of the entire cable
is shown in Fig. 5-2b. We can obtain the tension in segment CD as
follows:

Ten(3/5)(2m) + Tep(4/5)(5.5m) — 3kN(2m) — 8kN(4m) = 0
TCD = 679 kN Ans.

Now we can analyze the equilibrium of points C and B in sequence.
Point C (Fig. 5-2¢);

K IF, =0,  679KkN(3/5) — Tpccos bz =0
+12F, = 0; 6.79 kN(4/5) — 8kN + Tgcsinfgc = 0

OBC = 32.3° TBC = 4.82 kN Ans.
Point B (Fig. 5-2d);
K SF, =0; —Tpyacosbps + 482KkNcos32.3° = 0
+12F, =0; Tpasinfp, — 4.82kNsin32.3° — 3kN =0

OBA = 53.8° TBA = 6.90 kN Ans.
Hence, from Fig. 5-2a,

h = (2m)tan 53.8° = 2.74 m Ans.

!
L

A

Bl \\t

3kN
8 kN

2m——2 m~L1.5 m

(a)

B 32.3°
3kN

(d)
Fig.5-2
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CHAPTER 5

CABLES AND ARCHES

5.3 Cable Subjected to a Uniform
Distributed Load

Cables provide a very effective means of supporting the dead weight of
girders or bridge decks having very long spans. A suspension bridge is a
typical example, in which the deck is suspended from the cable using a
series of close and equally spaced hangers.

In order to analyze this problem, we will first determine the shape of a
cable subjected to a uniform horizontally distributed vertical load w,
Fig. 5-3a. Here the x,y axes have their origin located at the lowest point
on the cable, such that the slope is zero at this point. The free-body
diagram of a small segment of the cable having a length As is shown in
Fig. 5-3b. Since the tensile force in the cable changes continuously in
both magnitude and direction along the cable’s length, this change is
denoted on the free-body diagram by AT. The distributed load is
represented by its resultant force wyAx, which acts at Ax/2 from point O.
Applying the equations of equilibrium yields

K 3F, =0, ~Tcosh + (T + AT) cos(6 + Ag) =0
+12F,=0; —Tsinf — wy(Ax) + (T + AT)sin(0 + A9) =0
(tZMp =0, wo(Ax)(Ax/2) — Tcosf Ay + Tsinf Ax =0

Dividing each of these equations by Ax and taking the limit as Ax — 0,
and hence Ay — 0, A — 0, and AT — 0, we obtain

d(T cos ) 0 s

P (5-1)
d(T sin 0)

W (5-2)
d

?i = tan6 (5-3)

Integrating Eq. 5-1, where T = Fy at x = 0, we have:
Tcost =Fy (5-4)

which indicates the horizontal component of force at any point along the
cable remains constant.
Integrating Eq. 5-2, realizing that 7 sin § = 0 at x = 0, gives

T sin 0 = wyx (5-95)
Dividing Eq. 5-5 by Eq. 54 eliminates 7. Then using Eq. 5-3, we can
obtain the slope at any point,

dy _ wox

dx B FH (5_6)

tan 0 =
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Performing a second integration with y = 0 at x = 0 yields

L0 2

=3 ) X (5-7)

y

This is the equation of a parabola. The constant F; may be obtained by
using the boundary condition y = A at x = L. Thus,

wol.?
Fu=" (5-8)

Finally, substituting into Eq. 5-7 yields

The Verrazano-Narrows Bridge at the
entrance to New York Harbor has a main
span of 4260 ft (1.30 km).

h
y = pxz (5_9)

From Eq. 54, the maximum tension in the cable occurs when 6 is
maximum;i.e., at x = L. Hence, from Eqgs. 5-4 and 5-5,

Tmax =V F%—I + (WOL)2 (5_10)
Or, using Eq. 5-8, we can express T, in terms of wy, i.e.,
Tmax = WoL'V1 + (L/2h)? (5-11)

Realize that we have neglected the weight of the cable, which is
uniform along the length of the cable, and not along its horizontal
projection. Actually, a cable subjected to its own weight and free of any
other loads will take the form of a catenary curve. However, if the sag-to-
span ratio is small, which is the case for most structural applications, this
curve closely approximates a parabolic shape, as determined here.

From the results of this analysis, it follows that a cable will maintain a
parabolic shape, provided the dead load of the deck for a suspension
bridge or a suspended girder will be uniformly distributed over the
horizontal projected length of the cable. Hence, if the girder in Fig. 54a
is supported by a series of hangers, which are close and uniformly
spaced, the load in each hanger must be the same so as to ensure that the
cable has a parabolic shape.

Using this assumption, we can perform the structural analysis of the
girder or any other framework which is freely suspended from the cable.
In particular, if the girder is simply supported as well as supported by
the cable, the analysis will be statically indeterminate to the first degree,
Fig. 5-4b. However, if the girder has an internal pin at some intermediate
point along its length, Fig. 5-4c, then this would provide a condition of
zero moment, and so a determinate structural analysis of the girder can
be performed. Fig. 54




186 CHAPTER 5 CABLES AND ARCHES

EXAMPLE |5.2

The cable in Fig. 5-5a supports a girder which weighs 850 Ib/ft.
Determine the tension in the cable at points A, B, and C.

ﬂ: A y
“\100 fit T 3
A H
40 ft cal: ;
40 ft c \ 20 ft
J\ I Bl o
T T 2
——100ft — x’ } Y
(a) (b)
Fig. 5-5
SOLUTION

The origin of the coordinate axes is established at point B, the lowest
point on the cable, where the slope is zero, Fig. 5-5b. From Eq. 5-7, the
parabolic equation for the cable is:

850 Ib/ft 425
o 2 _ /o, 35 2

= - 1
YT 2R, 26, T Fy )
Assuming point C is located x’ from B, we have
425
20 = —x"?
Fy™
Fy = 21.25x" (2)
Also, for point A4,
425
40 = —[—(100 — x")J?
Fy
425
40 = —(100 — x")J?
21.25x" - ]

x2 4+ 200x" — 10000 = 0
x' =41421t
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Thus, from Egs. 2 and 1 (or Eq. 5-6) we have

Fp = 21.25(41.42)% = 36 459.21b

dy 850
—-— = = 0.02331 3
dx 3645927 * )
At point A,
x = —(100 — 41.42) = —58.58 ft
dy
tanf, = —— = 0.02331(—58.58) = —1.366
X | x=-58.58
04 = —53.79°
Using Eq. 54,
Fy 36 459.2
= = =0601.7k Ans.
cosf,  cos(—53.79°) "
At point B,x = 0,
d
tan 03 = l = O, 03 =
dx x=0
F .
- fn 364592 45y Ans.
cos 0y cos 0°
At point C,
x = 4142 ft
dy
tan O = —— = 0.02331(41.42) = 0.9657
dx | —m a0
0c = 44.0°
F .
_ fn 364592 o0 Ans.

cos O¢  cos 44.0°
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EXAMPLE |5.3

The suspension bridge in Fig. 5-6a is constructed using the two
stiffening trusses that are pin connected at their ends C and supported
by a pin at A and a rocker at B. Determine the maximum tension in
the cable [H. The cable has a parabolic shape and the bridge is
subjected to the single load of 50 kN.

1 H
§m
o, ——— |
b
A B |
Foo JSOkN

4@3m=12m -~ 4@3m=12m

(a)

Fig. 5-6

SOLUTION

The free-body diagram of the cable-truss system is shown in Fig. 5-6b.
According to Eq. 5-4 (T cos & = Fy), the horizontal component of
cable tension at / and H must be constant, F';;. Taking moments about
B, we have

(tSMg=0; —1,(24m) — A,(24m) + 50kN(9m) = 0
I, + A, = 1875
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AT

14m i

6m
—a |,
! AyT "C C.
C

If only half the suspended structure is considered, Fig. 5-6¢, then
summing moments about the pin at C, we have

(+ZMc=0; Fy(l4m) — Fy(6m) — 1,(12m) — A,(12m) = 0
I, + A, = 0.667Fy

From these two equations,

18.75 = 0.667F,
Fy = 28.125kN

To obtain the maximum tension in the cable, we will use Eq. 5-11, but
first it is necessary to determine the value of an assumed uniform
distributed loading w, from Eq. 5-8:

2Fyh 2(28125kN)(8m
Wy = —a— = ( )2( ) _ 3105 kN/m
L (12 m)

Thus, using Eq. 5-11, we have

Tmax = WoLV1 + (L/2h)?
3.125(12m)V1 + (12m/2(8 m))>
= 46.9 kN Ans.
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“lrroplews

5-1. Determine the tension in each segment of the cable 5-3. Determine the tension in each cable segment and the
and the cable’s total length. distance yp.

7m
7 ft
2m
Prob. 5-3
5-2. Cable ABCD supports the loading shown. Determine *5-4. The cable supports the loading shown. Determine the
the maximum tension in the cable and the sag of point B. distance x the force at point B acts from A. Set P = 40 Ib.
5-5. The cable supports the loading shown. Determine the
magnitude of the horizontal force P so that xz = 6 ft.
A

301b

4kN 6 kN ~3ft
Prob. 5-2 Probs. 5-4/5-5



5.3

5-6. Determine the forces P and P, needed to hold the
cable in the position shown, i.e., so segment CD remains
horizontal. Also find the maximum loading in the cable.

5-7. The cable is subjected to the uniform loading. If the
slope of the cable at point O is zero, determine the equation
of the curve and the force in the cable at O and B.

y
P ij] ]
8 ft
o =
500 Ib /£t
15 ft 15 ft
Prob. 5-7
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*5-8. The cable supports the uniform load of
wo = 600 1b/ft. Determine the tension in the cable at each
support A and B.

10 ft

5-9. Determine the maximum and minimum tension in the
cable.

i 10 m 10 m i

16 kKN/m

Prob. 5-9
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5-10. Determine the maximum uniform loading w,
measured in Ib/ft, that the cable can support if it is capable
of sustaining a maximum tension of 3000 1b before it will

break.
|
|
1 4
6 ft

i 50 ft

T

Prob. 5-10

RN

5-11. The cable is subjected to a uniform loading of
w = 250 Ib /ft. Determine the maximum and minimum
tension in the cable.

50 ft

t o

T

Prob. 5-11

PV Yy

*5-12. 'The cable shown is subjected to the uniform load w,.
Determine the ratio between the rise 4 and the span L that
will result in using the minimum amount of material for the
cable.

Prob. 5-12

5-13. The trusses are pin connected and suspended from
the parabolic cable. Determine the maximum force in the
cable when the structure is subjected to the loading shown.

K A

14 ft
6oft | e &
+—
16 ft / /
1A W VA C
Y F |6 H B 3
Jj 5k v4k ﬁ
F—4 @ 12 ft = 48 ft—+—4 @ 12 ft = 48 ft—|
Prob. 5-13

5-14. Determine the maximum and minimum tension in
the parabolic cable and the force in each of the hangers. The
girder is subjected to the uniform load and is pin connected
at B.

5-15. Draw the shear and moment diagrams for the pin-
connected girders AB and BC. The cable has a parabolic
shape.

30 ft

Probs. 5-14/5-15
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*5-16. The cable will break when the maximum tension
reaches T ., = 5000 kN. Determine the maximum uni-
form distributed load w required to develop this maximum
tension.

5-17. The cable is subjected to a uniform loading of
w = 60 kN/m. Determine the maximum and minimum
tension in cable.

100 m

12m

Probs. 5-16/5-17

5-18. The cable AB is subjected to a uniform loading of
200 N/m. If the weight of the cable is neglected and the
slope angles at points A and B are 30° and 60°, respectively,
determine the curve that defines the cable shape and the
maximum tension developed in the cable.

Y B
]
60"/

‘ ‘200 N/m
15m

Prob. 5-18

5-19. The beams AB and BC are supported by the cable
that has a parabolic shape. Determine the tension in the cable
at points D, F, and E, and the force in each of the equally
spaced hangers.

E
D
f 31
3m m
’ I |
9m
A
¥ )
= B \
R 3kN SKN | [F 94
L | L |
Pml2ml2mi2m2mi2mi2m 2 ml

Prob. 5-19

*5-20. Draw the shear and moment diagrams for beams
AB and BC.The cable has a parabolic shape.

3 E
Py D
f & f
_ |
9m
A
1 )
B ‘
\
Pml2ml2mi2m2m2m2m2m!

Prob. 5-20
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extrados crown

(or back)

springline

intrados

(or soffit)
haunch

\—abutment

Fig. 5-7

fixed arch

(@)

two-hinged arch

(b)

CABLES AND ARCHES

o
centerline rise

5.4 Arches

Like cables, arches can be used to reduce the bending moments in
long-span structures. Essentially, an arch acts as an inverted cable, so it
receives its load mainly in compression although, because of its rigidity, it
must also resist some bending and shear depending upon how it is loaded
and shaped. In particular, if the arch has a parabolic shape and it is
subjected to a uniform horizontally distributed vertical load, then from the
analysis of cables it follows that only compressive forces will be resisted by
the arch. Under these conditions the arch shape is called a funicular arch
because no bending or shear forces occur within the arch.

A typical arch is shown in Fig. 5-7, which specifies some of the nomen-
clature used to define its geometry. Depending upon the application,
several types of arches can be selected to support a loading. A fixed arch,
Fig. 5-8a, is often made from reinforced concrete. Although it may
require less material to construct than other types of arches, it must have
solid foundation abutments since it is indeterminate to the third degree
and, consequently, additional stresses can be introduced into the arch
due to relative settlement of its supports. A two-hinged arch, Fig. 5-8b, is
commonly made from metal or timber. It is indeterminate to the first
degree, and although it is not as rigid as a fixed arch, it is somewhat
insensitive to settlement. We could make this structure statically
determinate by replacing one of the hinges with a roller. Doing so,
however, would remove the capacity of the structure to resist bending
along its span, and as a result it would serve as a curved beam, and not as
an arch. A three-hinged arch, Fig. 5-8c, which is also made from metal or
timber, is statically determinate. Unlike statically indeterminate arches,
it is not affected by settlement or temperature changes. Finally, if two-
and three-hinged arches are to be constructed without the need for
larger foundation abutments and if clearance is not a problem, then the
supports can be connected with a tie rod, Fig. 5-8d. A tied arch allows
the structure to behave as a rigid unit, since the tie rod carries the
horizontal component of thrust at the supports. It is also unaffected by
relative settlement of the supports.

N\ £

three-hinged arch tied arch

(c) (d)
Fig. 5-8



5.5 Three-Hinged Arch

To provide some insight as to how arches transmit loads, we will now
consider the analysis of a three-hinged arch such as the one shown in
Fig. 5-9a. In this case, the third hinge is located at the crown and the
supports are located at different elevations. In order to determine the
reactions at the supports, the arch is disassembled and the free-body
diagram of each member is shown in Fig. 5-9b. Here there are six
unknowns for which six equations of equilibrium are available. One
method of solving this problem is to apply the moment equilibrium
equations about points A and B. Simultaneous solution will yield the
reactions C, and C,. The support reactions are then determined from
the force equations of equilibrium. Once obtained, the internal normal
force, shear, and moment loadings at any point along the arch can be
found using the method of sections. Here, of course, the section should
be taken perpendicular to the axis of the arch at the point considered. For
example, the free-body diagram for segment AD is shown in Fig. 5-9c.

Three-hinged arches can also take the form of two pin-connected
trusses, each of which would replace the arch ribs AC and CB in Fig. 5-9a.
The analysis of this form follows the same procedure outlined above. The
following examples numerically illustrate these concepts.

Fig. 5-9
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(a)

(b)

The three-hinge truss arch is used to support
a portion of the roof loading of this building
(a). The close-up photo shows the arch is
pinned at its top (b).

(©)
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EXAMPLE |5.4

The three-hinged open-spandrel arch bridge like the one shown in the
photo has a parabolic shape. If this arch were to support a uniform
load and have the dimensions shown in Fig. 5-10a, show that the arch
is subjected only to axial compression at any intermediate point such
as point D. Assume the load is uniformly transmitted to the arch ribs.

500 Ib /fit

INRRRRRN )
B D T
_hs
22302 25 fit
c |

A y= (502 X
SOft————251 251t

(a)
Fig. 5-10

SOLUTION

Here the supports are at the same elevation. The free-body diagrams
of the entire arch and part BC are shown in Fig. 5-10b and Fig. 5-10c.
Applying the equations of equilibrium, we have:

50k

50 ft 50 ft

(b)

Entire arch:
(tZM, =0 Cy(100 ft) — 50k(50ft) =0
C, =25k
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Arch segment BC:
(+tZMp = 0; —25k(25ft) + 25k(50 ft) — C,(25ft) =0
C, =125k
K SF, =0; B, =25k
+12F, =0; B, —25k +25k =0
B, =0
A section of the arch taken through point D, x = 25ft,

y = —25(25)?/(50)* = —6.25 ft, is shown in Fig. 5-10d. The slope of
the segment at D is

d —50
tanezfy:izx =-05
dx  (50)" ly=251t
0 = —26.6°

Applying the equations of equilibrium, Fig. 5-10d we have

K SF, =0, 25k — Npcos26.6° — Vpsin 26.6° = 0

+T2Fy =0 —12.5k + Npsin26.6° — Vcos 26.6° = 0

(tZMp = 0; Mp + 12.5k(12.5ft) — 25k(6.25ft) =0
Np =280k Ans.
Vp=20 Ans.
Mp =20 Ans.

Note: If the arch had a different shape or if the load were nonuniform, then the internal
shear and moment would be nonzero. Also, if a simply supported beam were used to
support the distributed loading, it would have to resist a maximum bending moment of
M = 625 k - ft. By comparison, it is more efficient to structurally resist the load in direct
compression (although one must consider the possibility of buckling) than to resist the
load by a bending moment.

~— 25 ft — 25 ft

(©)

125k

25k
6251t | B

12,5 ft12.5 ft
(d)
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EXAMPLE |5.5
The three-hinged tied arch is subjected to the loading shown in

15kN - 20KN oy
_ H‘ —__vyG B ‘F
1m ---
im| T
I c
B
4 m
A
a4 P A,
F_3 m—t—3m— g | —3 m 3m 3m 3 mJ
" 3 m% A, E,
(a) (b)
Fig. 5-11

20 kN

15 kN

(©)

Fig. 5-11a. Determine the force in members CH and CB. The dashed
member GF of the truss is intended to carry no force.

SOLUTION
The support reactions can be obtained from a free-body diagram of

the entire arch, Fig. 5-11b:

(tE2M 4 =0; E,(12m) — 15kN(3m) — 20kN(6 m) — 1ISkN(9m) = 0
E, = 25kN
K SF . =0; A, =0
+T2Fy=0; A, —15kN — 20kN — 15kN + 25kN = 0
A, = 25kN

The force components acting at joint C can be determined by consid-
ering the free-body diagram of the left part of the arch, Fig. 5-11c.

First, we determine the force:

Fup(5m) — 25kN(6m) + 15kN(3m) = 0

FAE = 21.0 kN




5.5 THREE-HINGED ARCH 199

Then,
XESF, =0; —C,+210kN=0, C,=210kN
+12F, =0; 25kN — 15kN — 20kN + C, =0, C, = 10kN 20 kN
To obtain the forces in CH and CB, we can use the method of joints Fio 0
as follows: G
Joint G; Fig. 5-11d, Foc
(@)

+12F, = 0; Foe —20kN =0

Fge = 20kN (C) 20kN

Fey

Joint C; Fig. 5-11e, Fep™5

BIF, =0, Fep(ds) — 2LOKN — Fey(s) = 0

+13F, = 0;  Fep(ohs) + Feu(hs) — 20kN + 10kN = 0

FCB = 269 kN (C) Ans.
Fey = 474kN (T) Ans.

Note: Tied arches are sometimes used for
bridges. Here the deck is supported by
suspender bars that transmit their load to
the arch. The deck is in tension so that it
supports the actual thrust or horizontal
force at the ends of the arch.
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EXAMPLE [5.6

CABLES AND ARCHES

y

%mﬁﬂ

10 ft

~

~

f
Yp
i
D\

S

N

15 ft

The three-hinged trussed arch shown in Fig. 5-12a supports the
symmetric loading. Determine the required height /; of the joints B
and D, so that the arch takes a funicular shape. Member HG is
intended to carry no force.

lf ‘I ‘H JG ‘F

%\10 ft 10 ft—

SOLUTION

For a symmetric loading, the funicular shape for the arch must be
parabolic as indicated by the dashed line (Fig. 5-12b). Here we must
find the equation which fits this shape. With the x, y axes having an
origin at C, the equation is of the form y = —cx?. To obtain the
constant ¢, we require

—(15 ft)

Cc

—c(20 ft)?
0.0375/ft

Therefore,

yp = —(0.0375/ft)(10 ft)> = —3.75 ft
So that from Fig. 5-12a,
hy =151t — 3.75ft = 11.25 ft Ans.
Using this value, if the method of joints is now applied to the truss, the
results will show that the top cord and diagonal members will all be

zero-force members, and the symmetric loading will be supported
only by the bottom cord members AB, BC, CD, and DE of the truss.




5.5 THREE-HINGED ARCH 201

“lrroplews

5-21. The tied three-hinged arch is subjected to the 5-23. The three-hinged spandrel arch is subjected to the

loading shown. Determine the components of reaction at loading shown. Determine the internal moment in the arch
A and C and the tension in the cable. at point D.

I | 2m 2m | 1 m—|

Prob. 5-21 Prob. 5-23

5-22. Determine the resultant forces at the pins A, B, and

*5-24. The tied three-hinged arch is subjected to the
C of the three-hinged arched roof truss.

loading shown. Determine the components of reaction
A and C, and the tension in the rod.

o\
\-WLeS ft——10 ft—~—10 ftJ

Prob. 5-22 Prob. 5-24
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5-25. The bridge is constructed as a three-hinged trussed
arch. Determine the horizontal and vertical components of
reaction at the hinges (pins) at A, B, and C. The dashed
member DFE is intended to carry no force.

5-26. Determine the design heights Ay, h,, and h; of the
bottom cord of the truss so the three-hinged trussed arch
responds as a funicular arch.

60Kk 20k 20k
VoV

40k 40 k

730 £t 30 ft 30 ft 30 £t 30 ft 30 ft 30 ft 30 ft
Probs. 5-25/5-26

5-27. Determine the horizontal and vertical components
of reaction at A, B, and C of the three-hinged arch. Assume
A, B,and C are pin connected.

4k

Lﬁ 7 ft—=——10 ft ——5 ft—

Prob. 5-27

*5-28. The three-hinged spandrel arch is subjected to the
uniform load of 20 kN/m. Determine the internal moment
in the arch at point D.

20 kN/m

FEENENENRNN

Prob. 5-28

5-29. The arch structure is subjected to the loading
shown. Determine the horizontal and vertical components
of reaction at A and D, and the tension in the rod AD.

B 2 k/ft

T //"\1\1111111
" 3k = E
3Ift y : N
Z el
PS&—» 41t 4ft#6ft*»

Prob. 5-29
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CHAPTER REVIEW

Cables support their loads in tension if we consider them
perfectly flexible.

If the cable is subjected to concentrated loads then the
force acting in each cable segment is determined by
applying the equations of equilibrium to the free-body
diagram of groups of segments of the cable or to the joints
where the forces are applied.

If the cable supports a uniform load over a projected
horizontal distance, then the shape of the cable takes the
form of a parabola.

Arches are designed primarily to carry a compressive force.
A parabolic shape is required to support a uniform loading
distributed over its horizontal projection.

Three-hinged arches are statically determinate and can be
analyzed by separating the two members and applying the
equations of equilibrium to each member.

three-hinged arch







Influence Lines for
Statically Determinate
Structures

Influence lines have important application for the design of structures
that resist large live loads. In this chapter we will discuss how to draw
the influence line for a statically determinate structure. The theory is
applied to structures subjected to a distributed load or a series of
concentrated forces, and specific applications to floor girders and
bridge trusses are given. The determination of the absolute maximum
live shear and moment in a member is discussed at the end of
the chapter.

6.1 Influence Lines

In the previous chapters we developed techniques for analyzing the
forces in structural members due to dead or fixed loads. It was shown
that the shear and moment diagrams represent the most descriptive
methods for displaying the variation of these loads in a member. If a
structure is subjected to a live or moving load, however, the variation of
the shear and bending moment in the member is best described using
the influence line. An influence line represents the variation of either the
reaction, shear, moment, or deflection at a specific point in a member
as a concentrated force moves over the member. Once this line is
constructed, one can tell at a glance where the moving load should be
placed on the structure so that it creates the greatest influence at the
specified point. Furthermore, the magnitude of the associated reaction,
shear, moment, or deflection at the point can then be calculated from the
ordinates of the influence-line diagram. For these reasons, influence lines
play an important part in the design of bridges, industrial crane rails,
conveyors, and other structures where loads move across their span.

205
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CHAPTER 6

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

Although the procedure for constructing an influence line is rather
basic, one should clearly be aware of the difference between constructing
an influence line and constructing a shear or moment diagram. Influence
lines represent the effect of a moving load only at a specified point on a
member, whereas shear and moment diagrams represent the effect of
fixed loads at all points along the axis of the member.

Procedure for Analysis

Either of the following two procedures can be used to construct the
influence line at a specific point P in a member for any function
(reaction, shear, or moment). For both of these procedures we will
choose the moving force to have a dimensionless magnitude of unity.*

Tabulate Values

® Place a unit load at various locations, x, along the member, and
at each location use statics to determine the value of the function
(reaction, shear, or moment) at the specified point.

® [f the influence line for a vertical force reaction at a point on a
beam is to be constructed, consider the reaction to be positive at
the point when it acts upward on the beam.

® [f a shear or moment influence line is to be drawn for a point, take
the shear or moment at the point as positive according to the same
sign convention used for drawing shear and moment diagrams.
(See Fig. 4-1.)

® All statically determinate beams will have influence lines that
consist of straight line segments. After some practice one should
be able to minimize computations and locate the unit load only at
points representing the end points of each line segment.

® To avoid errors, it is recommended that one first construct a table,
listing “unit load at x” versus the corresponding value of the
function calculated at the specific point; that is, “reaction R,”
“shear V.,” or “moment M.” Once the load has been placed at
various points along the span of the member, the tabulated values
can be plotted and the influence-line segments constructed.

Influence-Line Equations

® The influence line can also be constructed by placing the unit load
at a variable position x on the member and then computing the
value of R, V, or M at the point as a function of x. In this manner,
the equations of the various line segments composing the
influence line can be determined and plotted.

*The reason for this choice will be explained in Sec. 6-2.




6.1 INFLUENCE LINES 207

EXAMPLE | 6.1

Construct the influence line for the vertical reaction at A of the beam A
in Fig. 6-1a. B

L\lOft\_‘

SOLUTION

Tabulate Values. A unit load is placed on the beam at each selected
point x and the value of A, is calculated by summing moments about B.
For example, when x = 2.5 ft and x = 5 ft, see Figs. 6-1b and 6-1c,
respectively. The results for A, are entered in the table, Fig. 6-1d. A plot
of these values yields the influence line for the reaction at A, Fig. 61e.

(a)

Fig. 6-1

Hx=5ft—i1

A

4 10 ft 7 10 ft

C+3Mp=0;-A,(10) + 1(7.5) =0 C+3Mp=0;-A,(10) + 1(5) =0
A, =075 A, =05

(b) (©)

influence line for A,

(e)

Influence-Line Equation. When the unit load is placed a variable
distance x from A, Fig. 6-1f, the reaction A, as a function of x can be
determined from

N |
F3Mp=0; —A,(10) + (10 — x)(1) =0 l

1
Ay=1—ﬁx

4 10 ft

This line is plotted in Fig. 6-1e. ®)
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EXAMPLE | 6.2

Construct the influence line for the vertical reaction at B of the beam

in Fig. 6-2a.
1
3
A B
F\ 5 m\_‘ 5 mq
(a)
Fig. 6-2
SOLUTION

Tabulate Values. Using statics, verify that the values for the reaction
B, listed in the table, Fig. 6-2b, are correctly computed for each
position x of the unit load. A plot of the values yields the influence
line in Fig. 6-2c.

B

y

influence line for B,

(©

Influence-Line Equation. Applying the moment equation about A,
in Fig. 6-2d,

FSM4=0;  B,(5) —1(x) =0

This is plotted in Fig. 6-2c.
1
|
A 2 —
A
| S5m Sm

A, B,
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EXAMPLE | 6.3

Construct the influence line for the shear at point C of the beam in
Fig. 6-3a.

SOLUTION

Tabulate Values. At each selected position x of the unit load,
the method of sections is used to calculate the value of V. Note in
particular that the unit load must be placed just to the left (x = 2.57)
and just to the right (x = 2.5%) of point C since the shear is discontinu-
ous at C, Figs. 6-3b and 6-3c. A plot of the values in Fig. 6-3d yields
the influence line for the shear at C, Fig. 6-3e.

S 7~ A
g

M, +TSF,=0;Vc= —0.25T M.+ TEE, =0V =075 T

0.25 0.25

(b) (©

Influence-Line Equations. Here two equations have to be determined
since there are two segments for the influence line due to the
discontinuity of shear at C, Fig. 6-3f. These equations are plotted in
Fig. 6-3e.

A C

10ft—m |

(@)

Fig. 6-3

(d)
Ve
0.75 1
Vc =1- EX
2.5
h\l_o.zsl 10
VC = - E X

influence line for V¢

(e)

| 25ft<x=10ft

1
4w e
Ez.s ft# {IC)O =vsa Ez‘s ] %zc T |
i
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INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

EXAMPLE 6.4

A

1

] :

.

Fig. 6-4

r»x
o]

1
Ay=1-——x

8

Construct the influence line for the shear at point C of the beam in
Fig. 6-4a.

SOLUTION

Tabulate Values. Using statics and the method of sections, verify
that the values of the shear V¢ at point C in Fig. 6-4b correspond to
each position x of the unit load on the beam. A plot of the values in
Fig. 6-4b yields the influence line in Fig. 6-4c.

0.5 X

1
8

VC= 1 -
!\K 12
N
—-0.5 -05

_ 1,
8

influence line for V¢

4

Ve

(©

Influence-Line Equations. From Fig. 6-4d, verify that

VC 0=x<4m

Ve

dm<x=12m

M, hx% ML G  4m<x=12m
L L
Ve Ve

(d)
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EXAMPLE | 6.5

Construct the influence line for the moment at point C of the beam in
Fig. 6-5a.

A C
B
SOLUTION w
Tabulate Values. At each selected position of the unit load, the value 10 ft

of M is calculated using the method of sections. For example, see
Fig. 6-5b for x = 2.5 ft. A plot of the values in Fig. 6-5¢ yields the (a)
influence line for the moment at C, Fig. 6-5d.

Fig. 6-5
1
%2.5 fit
T | M, 1 X
c Me M=y _s_ 1
T 25 Mc=5—75x
0.75 025
S | )
Mc 5 gt |1 | 5 10
influence line for M,
( T (+3Me = 0; —M¢+ 025 (5) = 0 fiuence fme for Me
Me=125 (© (@)
Ve
0.25

(b)

Influence-Line Equations. The two line segments for the influence
line can be determined using M = 0 along with the method of
sections shown in Fig. 6-5e. These equations when plotted yield the
influence line shown in Fig. 6-5d.

FEMe=0;  Mc+15-x)—(1-{x)5=0 (+ZIMc=0; Mc—(1—7x)5=0

Me=1x 0=x<5ft Mc=5-3x 5ft<x=10ft

’7"*3 M, D a—
Y (T%
st Ve
A,=1-x B,

(e)




212

CHAPTER 6

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

EXAMPLE 6.6

Construct the influence line for the moment at point C of the beam in

Fig. 6-6a.
1
=
A .
L]
4m J‘ 4 m# 4 mJ
(a)
Fig. 6-6

SOLUTION

Tabulate Values. Using statics and the method of sections, verify
that the values of the moment M at point C in Fig. 6-6b correspond
to each position x of the unit load. A plot of the values in Fig. 6-6b
yields the influence line in Fig. 6-6c¢.

Mc

2
x | Mc 8 12 B
0 0 4
41 2
8| 0 _
12 -2 2

influence line for M,
(b) (0)

Influence-Line Equations. From Fig. 6-6d verify that

M¢ = ix 0<=x<4m

Mc=4-3x 4m<x=12m

These equations are plotted in Fig. 6-6c.
1

r»x x— e dm<x=12m
M M

RO I

(d)

<




6.2

6.2 Influence Lines for Beams

Since beams (or girders) often form the main load-carrying elements of
a floor system or bridge deck, it is important to be able to construct the
influence lines for the reactions, shear, or moment at any specified point
in a beam.

Loadings. Once the influence line for a function (reaction, shear, or
moment) has been constructed, it will then be possible to position the
live loads on the beam which will produce the maximum value of the
function. Two types of loadings will now be considered.

Concentrated Force. Since the numerical values of a function for an
influence line are determined using a dimensionless unit load, then for
any concentrated force F acting on the beam at any position x, the value
of the function can be found by multiplying the ordinate of the influence
line at the position x by the magnitude of F. For example, consider the
influence line for the reaction at A for the beam AB, Fig. 6-7. If the unit
load is at x = 1 L, the reaction at A is Ay = 1 as indicated from the
influence line. Hence, if the force F 1b is at this same point, the reaction is
A, = (%)(F ) Ib. Of course, this same value can also be determined by
statics. Obviously, the maximum influence caused by F occurs when it is
placed on the beam at the same location as the peak of the influence line —
in this case at x = 0, where the reaction would be A, = (1)(F) Ib.

Uniform Load. Consider a portion of a beam subjected to a uniform
load w, Fig. 6-8. As shown, each dx segment of this load creates a
concentrated force of dFF = wydx on the beam. If dF is located at x,
where the beam’s influence-line ordinate for some function (reaction,
shear, moment) is y, then the value of the functionis (dF)(y) = (wy dx)y.
The effect of all the concentrated forces dF is determined by integrating
over the entire length of the beam, that is, f woy dx = wy f ydx. Also,
since f y dx is equivalent to the area under the influence line, then, in
general, the value of a function caused by a uniform distributed load is
simply the area under the influence line for the function multiplied by the
intensity of the uniform load. For example, in the case of a uniformly
loaded beam shown in Fig. 6-9, the reaction A, can be determined from
the influence line as A, = (area)(w,) = [3(1)(L)]wy = woL.This value
can of course also be determined from statics.

Wy Ay

A s

L influence line for A,

1

Fig. 6-9
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ES

F
—_—
-

(ST,

1
7L L

influence line for A,

L]
x e

influence line for function

Fig. 6-8
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EXAMPLE | 6.7

Ak ;
10 ft

(a)
Fig. 6-10

Determine the maximum positive shear that can be developed at
point Cin the beam shown in Fig. 6-10a due to a concentrated moving
load of 4000 Ib and a uniform moving load of 2000 Ib/ft.

Ve
0.75

2.5 10

-0.25
influence line for V¢
(b)

SOLUTION
The influence line for the shear at C has been established in
Example 6-3 and is shown in Fig. 6-10b.

Concentrated Force. The maximum positive shear at C will occur
when the 4000-1b force is located at x = 2.5" ft, since this is the positive
peak of the influence line. The ordinate of this peak is +0.75; so that

Ve = 0.75(4000 1b) = 3000 1b

Uniform Load. The uniform moving load creates the maximum
positive influence for V- when the load acts on the beam between
x = 2.5" ft and x = 10 ft, since within this region the influence line
has a positive area. The magnitude of V. due to this loading is

Ve = [5(10 £t — 2.5 £)(0.75) [2000 Ib/ft = 5625 Ib

Total Maximum Shear at C.
(V) max = 3000 1b 4+ 5625 1b = 8625 Ib Ans.

Notice that once the positions of the loads have been established using
the influence line, Fig. 6—10c, this value of (V). can also be determined
using statics and the method of sections. Show that this is the case.

4000 Ib
2000 Ib/ft

<

/ \ A

A& = | B
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EXAMPLE | 6.8

The frame structure shown in Fig. 6-11a is used to support a hoist for
transferring loads for storage at points underneath it. It is anticipated
that the load on the dolly is 3 kN and the beam CB has a mass of
24 kg/m. Assume the dolly has negligible size and can travel the entire
length of the beam. Also, assume A is a pin and B is a roller. Determine
the maximum vertical support reactions at A and B and the maximum
moment in the beam at D.

1 mﬂ<—l.5 mﬁvhl.S m*»‘

(a) A

1.33

SOLUTION

Maximum Reaction at A.  We first draw the influence line for A,,
Fig. 6-11b. Specifically, when a unit load is at A the reaction at A is 1 Ll mJ
as shown. The ordinate at C, is 1.33. Here the maximum value for A,
occurs when the dolly is at C. Since the dead load (beam weight) must
be placed over the entire length of the beam, we have,

influence line for A,
(b)
B,

1
(A )max = 3000(1.33) + 24(9.81)[1(4)(1.33)] L M
= 463 kN Ans. tm

—

Maximum Reaction at B. The influence line (or beam) takes the —0.333 !
shape shown in Fig. 6-11c. The values at C and B are determined by influence line for B,
statics. Here the dolly must be at B. Thus, (©

X
3m !

(By)max = 3000(1) + 24(9.81)[3(3)(1)] + 24(9.81)[5(1)(—0.333)]

= 331kN Ans. Ll mﬁ/\

Maximum Moment at D. The influence line has the shape shown — }/L*l 5 mﬁ‘%l Sm—]
in Fig. 6-11d.The values at C and D are determined from statics. Here,

influence line for M),
(Mp)max = 3000(0.75) +24(9.81)[1(1)(~0.5)] + 24(9.81)[%(3)(0.75)] @
= 246kN-m Ans. Fig. 6-11
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(a)

(p)

el g§ﬂected shape

—

P—

(®)

Design of this bridge girder is based on
influence lines that must be constructed for
this train loading.

6.3 Qualitative Influence Lines

In 1886, Heinrich Miiller-Breslau developed a technique for rapidly
constructing the shape of an influence line. Referred to as the Miiller-
Breslau principle, it states that the influence line for a function (reaction,
shear, or moment) is to the same scale as the deflected shape of the beam
when the beam is acted upon by the function. In order to draw the
deflected shape properly, the capacity of the beam to resist the applied
function must be removed so the beam can deflect when the function is
applied. For example, consider the beam in Fig. 6-12a. If the shape of
the influence line for the vertical reaction at A is to be determined, the
pin is first replaced by a roller guide as shown in Fig. 6-12b. A roller
guide is necessary since the beam must still resist a horizontal force at A
but no vertical force. When the positive (upward) force A, is then
applied at A, the beam deflects to the dashed position,* which
represents the general shape of the influence line for 4,, Fig. 6-12c.
(Numerical values for this specific case have been calculated in
Example 6-1.) If the shape of the influence line for the shear at C is to
be determined, Fig. 6-13a, the connection at C may be symbolized by a
roller guide as shown in Fig. 6-13b. This device will resist a moment and
axial force but no shear.” Applying a positive shear force V¢ to the beam
at C and allowing the beam to deflect to the dashed position, we find
the influence-line shape as shown in Fig. 6-13c. Finally, if the shape of
the influence line for the moment at C, Fig. 6—14a, is to be determined,
an internal hinge or pin is placed at C, since this connection resists axial
and shear forces but cannot resist a moment, Fig. 6-14b. Applying
positive moments M to the beam, the beam then deflects to the dashed
position, which is the shape of the influence line, Fig. 6-14c.

The proof of the Miiller-Breslau principle can be established using the
principle of virtual work. Recall that work is the product of either a linear

influence line for A,

(c)
Fig. 6-12

*Throughout the discussion all deflected positions are drawn to an exaggerated scale to
illustrate the concept.

tHere the rollers symbolize supports that carry loads both in tension or compression.
See Table 2-1, support (2).
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_——

C

()

-

- Mc M
®)

Ve

influence line for V¢ influence line for M

(c) (©
Fig. 6-13 Fig. 6-14

displacement and force in the direction of the displacement or a rotational

displacement and moment in the direction of the displacement. If a rigid

body (beam) is in equilibrium, the sum of all the forces and moments on

it must be equal to zero. Consequently, if the body is given an imaginary

or virtual displacement, the work done by all these forces and couple

moments must also be equal to zero. Consider, for example, the simply

supported beam shown in Fig. 6154, which is subjected to a unit load

placed at an arbitrary point along its length. If the beam is given a virtual

(or imaginary) displacement 8y at the support A, Fig. 6-15b, then only

the support reaction A, and the unit load do virtual work. Specifically, 1
A, does positive work A, dy and the unit load does negative work, l
—18y". (The support at B does not move and therefore the force at B AR - /B
does no work.) Since the beam is in equilibrium and therefore does not ¢
actually move, the virtual work sums to zero, i.e.,

A,y —18y' =0

If 8y is set equal to 1, then T 1
A, = 8y’ o ;ay
.4 B
In other words, the value of A, represents the ordinate of the influence A C =i
line at the position of the unit load. Since this value is equivalent to the A
displacement 8y’ at the position of the unit load, it shows that the shape ’ ®)

of the influence line for the reaction at A has been established. This
proves the Miiller-Breslau principle for reactions. Fig. 6-15



218

CHAPTER 6

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

VC 1
T =
Ag_ L = ‘Z;EB

=

VC"
(c)
Fig. 6-15

In the same manner, if the beam is sectioned at C, and the beam
undergoes a virtual displacement 8y at this point, Fig. 6-15¢, then only
the internal shear at C and the unit load do work. Thus, the virtual work
equation is

Vcdy — 16y =0
Again, if 6y = 1, then
VC = 5_}/’

and the shape of the influence line for the shear at C has been established.

Lastly, assume a hinge or pin is introduced into the beam at point C,
Fig. 6-15d. If a virtual rotation 8¢ is introduced at the pin, virtual work
will be done only by the internal moment and the unit load. So

Mcop — 16y =0
Setting 6¢p = 1, it is seen that
MC = 6y’

which indicates that the deflected beam has the same shape as the
influence line for the internal moment at point C (see Fig. 6-14).

Obviously, the Miiller-Breslau principle provides a quick method for
establishing the shape of the influence line. Once this is known, the
ordinates at the peaks can be determined by using the basic method
discussed in Sec. 6-1. Also, by simply knowing the general shape of
the influence line, it is possible to locate the live load on the beam and
then determine the maximum value of the function by using statics.
Example 6-12 illustrates this technique.
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EXAMPLE 6.9

For each beam in Fig. 6-16a through 6-16c¢, sketch the influence line
for the vertical reaction at A.

SOLUTION
The support is replaced by a roller guide at A since it will resist A,
but not A . The force A is then applied.

deflected shape A influence line for A,

y
(a)
Fig. 6-16

Again, a roller guide is placed at A and the force A, is applied.

deflected shape influence line for A,

(b)

A double-roller guide must be used at A in this case, since this type of
support will resist both a moment M4 at the fixed support and axial
load A, but will not resist A,

influence line for A,

(©)
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EXAMPLE |[6.10

For each beam in Figs. 6-17a through 6-17¢, sketch the influence line
for the shear at B.

SOLUTION

The roller guide is introduced at B and the positive shear Vjp is
applied. Notice that the right segment of the beam will not deflect since
the roller at A actually constrains the beam from moving vertically,
either up or down. [See support (2) in Table 2-1.]

A
v, deflected shape influence line for Vg

(a)

Fig. 6-17

Placing the roller guide at B and applying the positive shear at B
yields the deflected shape and corresponding influence line.

VB VB
N v \/\
-~ ~o ARNY
i e M s e — R x
P 5 | ~
deflected shape Vi influence line for Vp

(b)
Again, the roller guide is placed at B, the positive shear is applied,
and the deflected shape and corresponding influence line are shown.

Note that the left segment of the beam does not deflect, due to the
fixed support.

X

deflected shape influence line for Vg
B

Vv

(©
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EXAMPLE |6.11

For each beam in Figs. 6-18a through 6-18c, sketch the influence line
for the moment at B.

SOLUTION

A hinge is introduced at B and positive moments My are applied to
the beam. The deflected shape and corresponding influence line are
shown.

Mg M, My
F H 4 | X

B B T~ | influence line for M
deflected shape

(a)
Fig. 6-18

Placing a hinge at B and applying positive moments My to the beam
yields the deflected shape and influence line.

A My
el B~ Y |
B Mg M, ~o_ - . |
deflected shapev influence line for My

(b)

With the hinge and positive moment at B the deflected shape and
influence line are shown. The left segment of the beam is constrained
from moving due to the fixed wall at A.

My My My

— ¥
B B Tt | . ] \j
deflected shape = influence line for My

(©)
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EXAMPLE |6.12

Determine the maximum positive moment that can be developed at
point D in the beam shown in Fig. 6-19a due to a concentrated moving
load of 4000 1b, a uniform moving load of 300 Ib/ft, and a beam weight

of 200 1b/ft.
A
E
B D
| <] |
‘ 51t ‘ 51t ‘ 51t ‘ 10 ft |
(a)
Fig. 6-19

SOLUTION

A hinge is placed at D and positive moments Mj, are applied to the
beam. The deflected shape and corresponding influence line are shown
in Fig. 6-19b. Immediately one recognizes that the concentrated
moving load of 4000 Ib creates a maximum positive moment at D when
it is placed at D, i.e., the peak of the influence line. Also, the uniform
moving load of 300 Ib/ft must extend from C to E in order to cover
the region where the area of the influence line is positive. Finally, the
uniform weight of 200 Ib/ft acts over the entire length of the beam. The
loading is shown on the beam in Fig. 6-19¢. Knowing the position of
the loads, we can now determine the maximum moment at D using
statics. In Fig. 6-19d the reactions on BE have been computed.
Sectioning the beam at D and using segment DE, Fig. 6-19¢, we have

W+SMp=0; —Mp— 5000(5) + 4750(10) = 0
Mp=225001b-ft = 22.5k-ft Ans.

’\V 15 25
influence line for Mp

(®)
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4000 1b
500 1b/ft

200 Ib /ft

° B

D
| ©
R L e R e 10 ft
(©)
4000 1b 7500 Ib
1000 Ib 10 e i
751t :
i
Y i
151t ,i
A,=5001b B,=5001b B,=5001b C,=82501b E,=47501b
(d)
4000 1b 5000 1b

S

|

M, i

(f z
P spsn
Vo \ |
E, = 47501b
(e)

This problem can also be worked by using numerical values for the
influence line as in Sec. 6-1. Actually, by inspection of Fig. 6-19b, only
the peak value 4 at D must be determined. This requires placing a unit
load on the beam at D in Fig. 6-19a and then solving for the internal
moment in the beam at D. Show that the value obtained is # = 3.33. By
proportional triangles, 4'/(10 — 5) = 3.33/(15 — 10) or h' = 3.33.
Hence, with the loading on the beam as in Fig. 6-19c, using the areas
and peak values of the influence line, Fig. 6-19b, we have

M, = 500[5(25 — 10)(3.33)] + 4000(3.33) — 200[3(10)(3.33)]
=225001b-ft = 22.5k - ft Ans.
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. FUNDAMENTAL PROBLEMS

F6-1. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at C,
and the moment at C.

A N
C

Fo-1

F6-2. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at D,
and the moment at B.

F6-3. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at D,
and the moment at D.

F6-3

F6-4. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at B,
and the moment at B.

F6-5. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear at C,
and the moment at C.

F 6-5

F6-6. Use the Miiller-Breslau principle to sketch the
influence lines for the vertical reaction at A, the shear just
to the left of the roller support at E, and the moment at A.

F6-6

F6-7. The beam supports a distributed live load of 1.5 kN/m
and single concentrated load of 8 kN. The dead load is
2 kN/m. Determine (a) the maximum positive moment at C,
(b) the maximum positive shear at C.

F6-7

F6-8. The beam supports a distributed live load of 2 kN/m
and single concentrated load of 6 kN. The dead load is
4 kN/m. Determine (a) the maximum vertical positive
reaction at C, (b) the maximum negative moment at A.
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“lrroplews

6-1. Draw the influence lines for (a) the moment at C,
(b) the reaction at B, and (c) the shear at C. Assume A is
pinned and B is a roller. Solve this problem using the basic
method of Sec. 6-1.

6-2. Solve Prob. 6-1 using the Miiller-Breslau principle.

} 10 ft | 10 fit 10 ft |

Probs. 6-1/6-2

6-3. Draw the influence lines for (a) the vertical reaction
at A, (b) the moment at A, and (c) the shear at B. Assume
the support at A is fixed. Solve this problem using the basic
method of Sec. 6-1.

*6—4. Solve Prob. 6-3 using the Miiller-Breslau principle.

B

Probs. 6-3/6-4

6-5. Draw the influence lines for (a) the vertical reaction
at B, (b) the shear just to the right of the rocker at A, and
(c) the moment at C. Solve this problem using the basic
method of Sec. 6-1.

6-6. Solve Prob. 6-5 using Miiller-Breslau’s principle.

m

| ¢ \
| 61t | 61t | 61t -

Probs. 6-5/6—6

6-7. Draw the influence line for (a) the moment at B,
(b) the shear at C, and (c) the vertical reaction at B. Solve
this problem using the basic method of Sec. 6-1. Hint: The
support at A resists only a horizontal force and a bending
moment.

*6-8. Solve Prob. 6-7 using the Miiller-Breslau principle.

o
O
N
o C
~— 4m ‘ 4 m | 4 m

Probs. 6-7/6-8

6-9. Draw the influence line for (a) the vertical reaction at
A, (b) the shear at B, and (c) the moment at B. Assume A is
fixed. Solve this problem using the basic method of Sec. 6-1.

6-10. Solve Prob. 6-9 using the Miiller-Breslau principle.

2 m | Im |

Probs. 6-9/6-10

6-11. Draw the influence lines for (a) the vertical reaction
at A, (b) the shear at C, and (c) the moment at C. Solve this
problem using the basic method of Sec. 6-1.

*6-12. Solve Prob. 6-11 using Miiller-Breslau’s principle.

EE e -
| > ¥

\
| ‘
I 6 ft ’\‘ 6 ft ~—3ft—r—3 ft—

Probs. 6-11/6-12
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6-13. Draw the influence lines for (a) the vertical reaction
at A, (b) the vertical reaction at B, (c) the shear just to the
right of the support at A, and (d) the moment at C. Assume
the support at A is a pin and B is a roller. Solve this problem
using the basic method of Sec. 6-1.

6-14. Solve Prob. 6-13 using the Miiller-Breslau principle.

A C B

2m 2m ‘ 2m 2m

Probs. 6-13/6-14

6-15. The beam is subjected to a uniform dead load of
1.2 kN/m and a single live load of 40 kN. Determine (a) the
maximum moment created by these loads at C, and (b) the
maximum positive shear at C. Assume A is a pin. and B is
aroller.

40 kN

Prob. 6-15

*6-16. The beam supports a uniform dead load of 500 N/m
and a single live concentrated force of 3000 N. Determine
(a) the maximum positive moment at C, and (b) the maximum
positive shear at C. Assume the support at A is aroller and B
is a pin.

| = EH
A ) B

} Im 3m }

Prob. 6-16

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

6-17. A uniform live load of 300 Ib/ft and a single live
concentrated force of 1500 1b are to be placed on the beam.
The beam has a weight of 150 Ib/ft. Determine (a) the max-
imum vertical reaction at support B, and (b) the maximum
negative moment at point B. Assume the support at A is a

pin and B is a roller.
B
20 ft i 10 ft

Prob. 6-17

6-18. The beam supports a uniform dead load of 0.4 k/ft,
a live load of 1.5 k/ft, and a single live concentrated force of
8 k. Determine (a) the maximum positive moment at C,
and (b) the maximum positive vertical reaction at B.
Assume A is a roller and B is a pin.

B A
B c A
10ft—~—10ft 15 ft——

Prob. 6-18

6-19. The beam is used to support a dead load of 0.6 k/ft,
a live load of 2 k/ft and a concentrated live load of 8 k.
Determine (a) the maximum positive (upward) reaction at
A, (b) the maximum positive moment at C, and (c) the
maximum positive shear just to the right of the support at A.
Assume the support at A is a pin and B is a roller.

S . N B |
) B
A c

10 ft 10 ft i 10 ft 51t

Prob. 6-19



*6—20. The compound beam is subjected to a uniform
dead load of 1.5 kN/m and a single live load of 10 kN.
Determine (a) the maximum negative moment created by
these loads at A, and (b) the maximum positive shear at B.
Assume A is a fixed support, B is a pin, and C is a roller.

k.

FA B

-~ 5m —— 10m |
Prob. 6-20

6-21. Where should a single 500-1b live load be placed on
the beam so it causes the largest moment at D? What is this
moment? Assume the support at A is fixed, B is pinned, and
Cis aroller.

20 ft

Prob. 6-21

6-22. Where should the beam ABC be loaded with a
300 Ib/ft uniform distributed live load so it causes (a) the
largest moment at point A and (b) the largest shear at D?
Calculate the values of the moment and shear. Assume the
support at A is fixed, B is pinned and C is a roller.

A B C
— S

= 'D

8 ft ‘ 8 ft ‘ 20 ft II

Prob. 6-22
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6-23. The beam is used to support a dead load of 800 N/m,
a live load of 4 kN/m, and a concentrated live load of 20 kN.
Determine (a) the maximum positive (upward) reaction
at B, (b) the maximum positive moment at C, and (c) the
maximum negative shear at C. Assume B and D are pins.

| . &
ALK c Is E

L4m ~—4m 1 4 m i

Prob. 6-23

-D
1

4m—>‘

*6—24. The beam is used to support a dead load of
400 Ib/ft, a live load of 2 k/ft, and a concentrated live load of
8 k. Determine (a) the maximum positive vertical reaction
at A, (b) the maximum positive shear just to the right of the
support at A, and (c) the maximum negative moment at C.
Assume A is a roller, C is fixed, and B is pinned.

A B C"i

~—— 10 ft 10 ft i 15 ft

Prob. 6-24

6-25. The beam is used to support a dead load of 500 Ib/ft,
a live load of 2 k/ft, and a concentrated live load of 8 k.
Determine (a) the maximum positive (upward) reaction at
A, (b) the maximum positive moment at E, and (c) the
maximum positive shear just to the right of the support
at C. Assume A and C are rollers and D is a pin.

A Z G o
I B c D
5ft | 5ft ‘ 5ft 5 ft—
Prob. 6-25
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6.4 Influence Lines for Floor Girders

Occasionally, floor systems are constructed as shown in Fig. 6-20a,
where it can be seen that floor loads are transmitted from slabs to floor
beams, then to side girders, and finally supporting columns. An idealized
model of this system is shown in plane view, Fig. 6-20b. Here the slab is
assumed to be a one-way slab and is segmented into simply supported
spans resting on the floor beams. Furthermore, the girder is simply
supported on the columns. Since the girders are main load-carrying
members in this system, it is sometimes necessary to construct their
shear and moment influence lines. This is especially true for industrial
buildings subjected to heavy concentrated loads. In this regard, notice
that a unit load on the floor slab is transferred to the girder only at
points where it is in contact with the floor beams, i.e., points A, B, C, and
D. These points are called panel points, and the region between these
points is called a panel, such as BC in Fig. 6-20b.

—_

Fig. 6-20
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The influence line for a specified point on the girder can be determined
using the same statics procedure as in Sec. 6-1;1i.e., place the unit load at
various points x on the floor slab and always compute the function
(shear or moment) at the specified point P in the girder, Fig. 6-20b.
Plotting these values versus x yields the influence line for the function
at P. In particular, the value for the internal moment in a girder panel
will depend upon where point P is chosen for the influence line, since the
magnitude of Mp depends upon the point’s location from the end of the
girder. For example, if the unit load acts on the floor slab as shown in
Fig. 6-20c, one first finds the reactions Fyz and Fc on the slab, then
calculates the support reactions F; and F, on the girder. The internal
moment at P is then determined by the method of sections, Fig. 6-20d.
This gives Mp = F1d — Fg(d — s). Using a similar analysis, the internal
shear Vp can be determined. In this case, however, Vp will be constant
throughout the panel BC(Vp = F; — Fpg) and so it does not depend
upon the exact location d of P within the panel. For this reason, influence
lines for shear in floor girders are specified for panels in the girder and
not specific points along the girder. The shear is then referred to as panel
shear. It should also be noted that since the girder is affected only by the
loadings transmitted by the floor beams, the unit load is generally placed
at each floor-beam location to establish the necessary data used to draw
the influence line.

The following numerical examples should clarify the force analysis.

The design of the floor system of this warehouse building
must account for critical locations of storage materials on the
floor. Influence lines must be used for this purpose. (Photo
courtesy of Portland Cement Association.)

229
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EXAMPLE |6.13

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

Draw the influence line for the shear in panel CD of the floor girder
in Fig. 6-21a.

(2)
SOLUTION

Tabulate Values. The unit load is placed at each floor beam location
and the shear in panel CD is calculated. A table of the results is shown
in Fig. 6-21b.The details for the calculations when x = O and x = 20 ft
are given in Figs. 6-21c and 6-21d, respectively. Notice how in each
case the reactions of the floor beams on the girder are calculated first,
followed by a determination of the girder support reaction at F (G, is
not needed), and finally, a segment of the girder is considered and the
internal panel shear V ¢ is calculated. As an exercise, verify the values

EFy = O; VCD

(©

latx =0
for Vp when x = 10 ft, 30 ft, and 40 ft.
A fB 1» atx =20 ft
N B c

| ByT= 0 #cy: 1
I

1069 30 fit 4 ( ! ,

¢ F, B w SMg = 0; F, = 0.333
EMG =

F,= 0333

y M G ‘ f
0 F, = 0333 ( T t—10n 20 ft .
Vv Gy !
“ m{ T@Ea = 0:Vep = —0333

_ v
= 0333 & F,=0333

(d)
Influence Line. When the tabular values are plotted and the points
connected with straight line segments, the resulting influence line for
Vep is as shown in Fig. 6-21e.

Vep

0.333 0.333

20

|
‘ 10 25 30 40

—0.333

influence line for Vp

(©)
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EXAMPLE [6.14

Draw the influence line for the moment at point F for the floor girder
in Fig. 6-22a.

B c D E
AL T T T é
G
H | F
‘ 2m 2m J
—4m 4m 4m

[
(a) (b)
Fig. 6-22

" m"2m

SOLUTION

Tabulate Values. The unit load is placed at x = 0 and each panel
point thereafter. The corresponding values for M are calculated and
shown in the table, Fig. 6-22b. Details of the calculations for x = 2 m
are shown in Fig. 6-22¢. As in the previous example, it is first necessary
to determine the reactions of the floor beams on the girder, followed
by a determination of the girder support reaction G, (H, is not
needed), and finally segment GF of the girder is considered and the
internal moment My is calculated. As an exercise, determine the other
values of M listed in Fig. 6-22b.

Influence Line. A plot of the tabular values yields the influence line
for M, Fig. 6-22d.

1 atx=2m

A - B sm,=0,8,=05
2m ' 2m
Ay B, =05
2m
. ‘ v
i i i |
2571
em F g m% 7429 7
I L 2.286
y y
My =0;G, = 00714
My 0.857
SMy = 0: M = 0.429( lZ 0429
F X
Voo £ 6m 0 2 4 8 10 12 16
G, =0.0714 influence line for My

(©) (d)
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The members of this truss bridge were
designed using influence lines in accordance
with the AASHTO specifications.

6.5 Influence Lines for Trusses

Trusses are often used as primary load-carrying elements for bridges.
Hence, for design it is important to be able to construct the influence
lines for each of its members. As shown in Fig. 6-23, the loading on
the bridge deck is transmitted to stringers, which in turn transmit the
loading to floor beams and then to the joints along the bottom cord of
the truss. Since the truss members are affected only by the joint loading,
we can therefore obtain the ordinate values of the influence line for a
member by loading each joint along the deck with a unit load and then
use the method of joints or the method of sections to calculate the force
in the member. The data can be arranged in tabular form, listing “unit
load at joint” versus “force in member.” As a convention, if the member
force is tensile it is considered a positive value; if it is compressive it is
negative. The influence line for the member is constructed by plotting
the data and drawing straight lines between the points.
The following examples illustrate the method of construction.

top cord

sway

bracing
lateral

bracing

portal
bracing

portal

end post
bottom cord

stringers
floor beam

Fig. 6-23
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EXAMPLE |6.15

Draw the influence line for the force in member GB of the bridge
truss shown in Fig. 6-24a.

H G F
6m
) 2l

|# © [°
% 6 m l 6m ‘ 6m ‘ 6 m*»‘
! (a)
Fig. 6-24

SOLUTION

Tabulate Values. Here each successive joint at the bottom cord is
loaded with a unit load and the force in member GB is calculated
using the method of sections, Fig. 6-24b. For example, placing the unit
load at x = 6 m (joint B), the support reaction at E is calculated first,
Fig. 6-24a, then passing a section through HG, GB, BC and isolating
the right segment, the force in GB is determined, Fig. 6-24c. In the
same manner, determine the other values listed in the table.

Influence Line. Plotting the tabular data and connecting the points
yields the influence line for member GB, Fig. 6-24d. Since the influ- |

ence line extends over the entire span of the truss, member GB is 451

referred to as a primary member. This means GB is subjected to a |

force regardless of where the bridge deck (roadway) is loaded, except, Fep !

of course, at x = 8 m. The point of zero force, x = 8 m, is determined  Fze — 51— - S
by similar triangles between x = 6m and x = 12m, that is, '

(0.354 + 0.707)/(12 — 6) = 0.354/x',x' =2m,sox = 6 + 2 = 8m. 2F, =0; 0.25 — Fgpsin 45° =0

FGB = 0.354
0.25
Fep (0)
0.354
8 12 18 24 x

—0.354

6 \
=0.707

influence line for Fp

(d)
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EXAMPLE [6.16

Draw the influence line for the force in member CG of the bridge
truss shown in Fig. 6-25a.

_ Fea
6 m
EL Fep < Fep
R U P
%6 m— 6m — 6m— 6 m——‘ 1
(a) ()
Fig. 6-25
SOLUTION

Tabulate Values. A table of unit-load position at the joints of the
bottom cord versus the force in member CG is shown in Fig. 6-25b.
These values are easily obtained by isolating joint C, Fig. 6-25¢. Here
it is seen that CG is a zero-force member unless the unit load is
applied at joint C,in which case Fcg = 1 (T).

Influence Line. Plotting the tabular data and connecting the points
yields the influence line for member CG as shown in Fig. 6-25d. In
particular, notice that when the unit load is at x = 9 m, the force in
member CG is F¢g = 0.5. This situation requires the unit load to be
placed on the bridge deck between the joints. The transference of this
load from the deck to the truss is shown in Fig. 6-25e. From this one
can see that indeed F¢g = 0.5 by analyzing the equilibrium of joint C,
Fig. 6-25f. Since the influence line for CG does not extend over the
entire span of the truss, Fig. 6-25d, member CG is referred to as a
secondary member.

Feg
1

/\ deck loading
| x 0.5 0.5

6 12 18 24 -

7

influence line for Frg

(d) 74 Feg =05

© o 2
l & £, <
0.5

s o
r=om 0.5

truss loading

(e) ®

I
=3
W
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EXAMPLE [6.17

In order to determine the maximum force in each member of the
Warren truss, shown in the photo, we must first draw the influence
lines for each of its members. If we consider a similar truss as shown
in Fig. 6-26a, determine the largest force that can be developed in
member BC due to a moving force of 25 k and a moving distributed
load of 0.6 k/ft. The loading is applied at the top cord.

1
J J[ H G F

A B c D E
onft 20 ft ——20 ft 20ft4

(@)

T
15 ft

b

SOLUTION

Tabulate Values. A table of unit-load position x at the joints along
the top cord versus the force in member BC is shown in Fig. 6-26b.
The method of sections can be used for the calculations. For example,

when the unit load is at joint / (x = 20 ft), Fig. 6-26a, the reaction E, | 601t

is determined first (£, = 0.25). Then the truss is sectioned through ‘qu

BC, IC, and HI, and the right segment is isolated, Fig. 6-26¢. One 1 "’i &

obtains Fp- by summing moments about point /, to eliminate Fy; and Fic 15 ft
F;c. In a similar manner determine the other values in Fig. 6-26b. | e 4_5 @ “i

Influence Line. A plot of the tabular values yields the influence line,

0.25
Fig. 6-26d. By inspection, BC is a primary member. Why? CF 2M; = 0; = Fpe (15) +025(60) = 0

Concentrated Live Force. The largest force in member BC occurs ©
when the moving force of 25 k is placed at x = 20 ft. Thus,
Fpe = (1.00)(25) = 25.0k Fse
1
Distributed Live Load. The uniform live load must be placed over |/\
the entire deck of the truss to create the largest tensile force in BC.* X
Thus, 20 80

1 influence line for Fpc
Fpe = [3(80)(1.00)]0.6 = 24.0k @
Total Maximum Force.

(Fpc)max = 250k + 240k = 49.0k Ans.

*The largest tensile force in member GB of Example 6-15 is created when the
distributed load acts on the deck of the truss from x = 0 to x = 8 m, Fig. 6-24d.
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“lrroplews

6-26. A uniform live load of 1.8 kN/m and a single
concentrated live force of 4 kN are placed on the floor beams.
Determine (a) the maximum positive shear in panel BC of
the girder and (b) the maximum moment in the girder at G.

2
T i if if if ||i
A B |G C D E F
PO.S m J«O.S mJ»O.S mJ»O.S mJ
025m0.25m
Prob. 6-26

6-27. A uniform live load of 2.8 kN/m and a single con-
centrated live force of 20 kN are placed on the floor beams.
If the beams also support a uniform dead load of 700 N/m,
determine (a) the maximum positive shear in panel BC of
the girder and (b) the maximum positive moment in the
girder at G.

D E 423
1.5 m—~—1.5m 5 m—-l

0.75m0.75 m

Prob. 6-27

*6-28. A uniform live load of 2 k/ft and a single concen-
trated live force of 6 k are placed on the floor beams. If
the beams also support a uniform dead load of 350 Ib/ft,
determine (a) the maximum positive shear in panel CD of
the girder and (b) the maximum negative moment in the
girder at D. Assume the support at C'is a roller and E is a pin.

1

Prob. 6-28

6-29. Draw the influence line for (a) the shear in panel
BC of the girder, and (b) the moment at D.

Prob. 6-29

6-30. A uniform live load of 250 Ib/ft and a single concen-
trated live force of 1.5 k are to be placed on the floor beams.
Determine (a) the maximum positive shear in panel AB,
and (b) the maximum moment at D. Assume only vertical
reaction occur at the supports.

15 ft 10 ft i 10 ft 15 ft

A 1B C
.\

G D H
5ft

Prob. 6-30

51t 51t

6-31. A uniform live load of 0.6 k/ft and a single concen-
trated live force of 5 k are to be placed on the top beams.
Determine (a) the maximum positive shear in panel BC of
the girder, and (b) the maximum positive moment at C.
Assume the support at B is a roller and at D a pin.

5 ft 15 ft 15 ft

D I 1T

C
=
C

Prob. 6-31



*6-32. Draw the influence line for the moment at Fin the
girder. Determine the maximum positive live moment in
the girder at F if a single concentrated live force of 8 kN
moves across the top floor beams. Assume the supports for
all members can only exert either upward or downward
forces on the members.

’-me 2 m 2m 4m

B — c 2 |
& - A
S = ;

Prob. 6-32

6-33. A uniform live load of 4 k/ft and a single concen-
trated live force of 20 k are placed on the floor beams. If the
beams also support a uniform dead load of 700 Ib/ft,
determine (a) the maximum negative shear in panel DE of
the girder and (b) the maximum negative moment in the
girder at C.

Prob. 6-33

6-34. A uniform live load of 0.2 k/ft and a single concen-
trated live force of 4 k are placed on the floor beams.
Determine (a) the maximum positive shear in panel DE of
the girder, and (b) the maximum positive moment at H.

kﬁﬁ i 6 1t i 6 fit i 6 ft i3ﬁPﬂ+f6ﬂ—ﬂ

Prob. 6-34
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6-35. Draw the influence line for the shear in panel CD of
the girder. Determine the maximum negative live shear in
panel CD due to a uniform live load of 500 Ib/ft acting on
the top beams.

r—fSﬁ 8 ft 8 ft 8 ft 8 ft —
C T T T
AY B )E C =D
Prob. 6-35

#6-36. A uniform live load of 6.5 kN/m and a single
concentrated live force of 15 kN are placed on the floor
beams. If the beams also support a uniform dead load of
600 N/m, determine (a) the maximum positive shear in
panel CD of the girder and (b) the maximum positive
moment in the girder at D.

T T
A N S
‘ 4m | 4m ‘ 4m— 4m—]
Prob. 6-36

6-37. A uniform live load of 1.75 kN/m and a single
concentrated live force of 8 kN are placed on the floor beams.
If the beams also support a uniform dead load of 250 N/m,
determine (a) the maximum negative shear in panel BC of the
girder and (b) the maximum positive moment at B.

i 3m 1.5m—1.5m—
[ ]
C 1T D
//' I'Uﬂ
A 4 C
Prob. 6-37
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6-38. Draw the influence line for the force in (a) member
KJ and (b) member CJ.

6-39. Draw the influence line for the force in (a) member
JI, (b) member /E, and (c) member EF.

g
00
|=sﬂa=| {e80] | EEEEE

B
Ff6ﬂﬂLf6ﬂ—$f6ﬁ—$—6ﬁ—’

Probs. 6-38/6-39

~—6ft —

F
L—6ﬁ44

*6-40. Draw the influence line for the force in member K/J.

6-41. Draw the influence line for the force in member JE.

Probs. 6-40/6-41

6-42. Draw the influence line for the force in member CD.
6-43. Draw the influence line for the force in member JK.

*6—-44. Draw the influence line for the force in member DK.

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

6-45. Draw the influence line for the force in (a) member
EH and (b) member JE.

6-46. Draw the influence line for the force in member J1.

6-47. Draw the influence line for the force in member AL.

A .; : S 4
TenLin Lol LJ )
‘«4m 4 m——4 m—~~—4 m—~4 m «4mJ

Probs. 6—-45/6-46/6-47

*6-48. Draw the influence line for the force in member
BC of the Warren truss. Indicate numerical values for the
peaks. All members have the same length.

20 ftee20 ft—————20 ft

Prob. 6—48

6-49. Draw the influence line for the force in member BF
of the Warren truss. Indicate numerical values for the peaks.
All members have the same length.

6-50. Draw the influence line for the force in member FE
of the Warren truss. Indicate numerical values for the peaks.
All members have the same length.

S

Probs. 6-42/6-43/6-44

20 ftee20 ft———e——20 ft

Probs. 6-49/6-50



6-51. Draw the influence line for the force in member CL.
*6-52. Draw the influence line for the force in member D L.

6-53. Draw the influence line for the force in member CD.

K

L o) I
S T e
No :‘L‘«‘ -a"Y ,‘,Lfi [
AA AZNI o
t
D E F

Probs. 6-51/6-52/6-53

6-54. Draw the influence line for the force in member CD.

N

reR— E I :
HP 4 m#e 4 mﬂ‘e 4 mﬂ‘e 4 m»‘

Prob. 6-54

‘k4ma}‘;4m

6-55. Draw the influence line for the force in member K/J.

P4maP4m k4m4k4maF4m+4m

Prob. 6-55
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*6—56. Draw the influence line for the force in member
GD, then determine the maximum force (tension or
compression) that can be developed in this member due to
a uniform live load of 3 kN/m that acts on the bridge deck
along the bottom cord of the truss.

c D

L

‘<—12m,4@3m

Prob. 6-56

6-57. Draw the influence line for the force in member
CD, and then determine the maximum force (tension or
compression) that can be developed in this member due to
a uniform live load of 800 1b/ft which acts along the bottom
cord of the truss.

10 ft H‘

L—lOft 10 ft =10 ft—

Prob. 6-57

6-58. Draw the influence line for the force in member
CF, and then determine the maximum force (tension or
compression) that can be developed in this member due to
a uniform live load of 800 Ib/ft which is transmitted to the
truss along the bottom cord.

L—lOft 10 ft ———10 ft—

Prob. 6-58

10 ft ﬂ‘
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As the train passes over this girder bridge
the engine and its cars will exert vertical
reactions on the girder. These along with the
dead load of the bridge must be considered
for design.

6.6 Maximum Influence at a Point due
to a Series of Concentrated Loads

Once the influence line of a function has been established for a point in
a structure, the maximum effect caused by a live concentrated force is
determined by multiplying the peak ordinate of the influence line by the
magnitude of the force. In some cases, however, several concentrated
forces must be placed on the structure. An example would be the wheel
loadings of a truck or train. In order to determine the maximum effect in
this case, either a trial-and-error procedure can be used or a method that
is based on the change in the function that takes place as the load is
moved. Each of these methods will now be explained specifically as it
applies to shear and moment.

Shear. Consider the simply supported beam with the associated
influence line for the shear at point C in Fig. 6-27a. The maximum
positive shear at point C is to be determined due to the series of
concentrated (wheel) loads which move from right to left over the beam.
The critical loading will occur when one of the loads is placed just to the
right of point C, which is coincident with the positive peak of the
influence line. By trial and error each of three possible cases can
therefore be investigated, Fig. 6-27b. We have

Case 1: (V) = 1(0.75) + 4(0.625) + 4(0.5) = 525k

Case2: (V) = 1(—0.125) + 4(0.75) + 4(0.625) = 5375k

Case3: (V)3 = 1(0) + 4(—0.125) + 4(0.75) = 2.5k
Case 2, with the 1-k force located 57 ft from the left support, yields the
largest value for V. and therefore represents the critical loading.
Actually investigation of Case 3 is unnecessary, since by inspection such

an arrangement of loads would yield a value of (V)5 that would be less
than (Vc)z.

1k 4k 4k

rFrarm

%10 fit 30 ft i Sft5ft
Ve 0.75
10 a0
2025

influence line for V-

(a)
Fig. 6-27
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1k 4k 4k

ﬁm fit i 30 ft i Sft 5t

1k 4k 4k

A

: C ‘
10 1t J—L—»‘ B
Sft 51t Case 1
Ve 0.75

0.625 05

10 15 20 40
—0.25 y

1k 4k 4k \

C
-

5ft 5ft 5ft Case 2
Ve 075 0625

5

NIO 15 40 ]
—0.125

—0.25

1k 4k 4k \

QA B
Sft 51t Case 3
Ve 0.75

P

10 o
~0.1255 5

(b)
Fig. 6-27
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When many concentrated loads act on the span, as in the case of the
E-72 load of Fig. 1-11, the trial-and-error computations used above can
be tedious. Instead, the critical position of the loads can be determined in
a more direct manner by finding the change in shear, AV, which occurs
when the loads are moved from Case 1 to Case 2, then from Case 2 to
Case 3, and so on. As long as each computed AV is positive, the new
position will yield a larger shear in the beam at C than the previous
position. Each movement is investigated until a negative change in shear is
computed. When this occurs, the previous position of the loads will give
the critical value. The change in shear AV for a load P that moves from
position x; to x, over a beam can be determined by multiplying P by the
change in the ordinate of the influence line, that is, (y, — y;). If the slope
of the influence line is s, then (y, — y;) = s(x, — x1), and therefore

AV = Ps(x, — x1)

6-1
Sloping Line &)

If the load moves past a point where there is a discontinuity or “jump”
in the influence line, as point C in Fig. 6-274, then the change in shear is
simply

AV = P(y; — y1)

6-2
Jump 6-2)

Use of the above equations will be illustrated with reference to the
beam, loading, and influence line for V¢, shown in Fig. 6-28a. Notice that
the magnitude of the slope of the influence line is s = 0.75/(40 — 10) =
0.25/10 = 0.025, and the jump at C has a magnitude of 0.75 + 0.25 = 1.
Consider the loads of Case 1 moving 5 ft to Case 2, Fig. 6-28b. When this
occurs, the 1-k load jumps down (—1) and all the loads move up the
slope of the influence line. This causes a change of shear,

AV, = 1(=1) + [1 + 4 + 4](0.025)(5) = +0.125k

Since AV, is positive, Case 2 will yield a larger value for V - than Case 1.
[Compare the answers for (V¢); and (V ), previously computed, where
indeed (V¢), = (V)1 + 0.125.] Investigating AV, 3, which occurs
when Case 2 moves to Case 3, Fig. 6-28b, we must account for the
downward (negative) jump of the 4-k load and the 5-ft horizontal
movement of all the loads up the slope of the influence line. We have

AV, 3 =4(=1) + (1 + 4 + 4)(0.025)(5) = —2.875k

Since AV,_; is negative, Case 2 is the position of the critical loading, as
determined previously.
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Ve 075 1k 4k 4k

I

10 40 2 :
-0.25 %10 ft i 30 ft i 5ft 51t
influence line for V¢

(a)

1k 4k 4k

A

‘ C
10 ftJ—J ‘ B

Sft Sft Case 1

Ve 0.75 0.625

0.5

10 15 20 40
—0.25 j

1k 4k 4k \

A

i

5ft 5ft Case 2
Ve 075 0625

10 15 40 j

~0.125 s

1k 4k 4k \

Sft 5ft Case 3

10 40
| ois )

(b)
Fig. 6-28



244 CHAPTER 6 INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

The girders of this bridge must resist the
maximum moment caused by the weight of
this jet plane as it passes over it.

Moment. We can also use the foregoing methods to determine the
critical position of a series of concentrated forces so that they create the
largest internal moment at a specific point in a structure. Of course, it is
first necessary to draw the influence line for the moment at the point and
determine the slopes s of its line segments. For a horizontal movement
(x, — x1) of a concentrated force P, the change in moment, AM, is
equivalent to the magnitude of the force times the change in the
influence-line ordinate under the load, that is,

AM = Ps(x, — xq)

6-3
Sloping Line (6-3)

As an example, consider the beam, loading, and influence line for the
moment at point C in Fig. 6-29a. If each of the three concentrated forces
is placed on the beam, coincident with the peak of the influence line, we
will obtain the greatest influence from each force. The three cases of
loading are shown in Fig. 6-29b. When the loads of Case 1 are moved 4 ft
to the left to Case 2, it is observed that the 2-k load decreases AM,_,,
since the slope (7.5/10) is downward, Fig. 6-29a. Likewise, the 4-k and
3-k forces cause an increase of AM_,, since the slope [7.5/(40 — 10)] is
upward. We have

AM,_, = —2(71‘3)(4) + (4 + 3)(407;510>(4) = 1.0k-ft

Since AM_, is positive, we must further investigate moving the loads
6 ft from Case 2 to Case 3.

AM, ;= —(2 + 4)(71'3)(6) + 3(407;510>(6) — —22.5k-ft

Here the change is negative, so the greatest moment at C will occur when
the beam is loaded as shown in Case 2, Fig. 6-29¢. The maximum moment
at Cis therefore

(M) max = 2(45) + 4(7.5) + 3(6.0) = 57.0k-ft

The following examples further illustrate this method.



6.6 MAXIMUM INFLUENCE AT A POINT DUE TO A SERIES OF CONCENTRATED LOADS 245

Al—10 ft— 30 ft

10 40
influence line for M,

Case 1

2k 4k 3k

2k 4k 3k

Case 3
(b)
Mc 75
6.0
45
6 10 16 a0
(c)

Fig. 6-29
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EXAMPLE |6.18

Determine the maximum positive shear created at point B in the beam
shown in Fig. 6-30a due to the wheel loads of the moving truck.

i 9k 15k 10k

3 f—6 ft——— 0 ft =

A - ¢
B
F,m i« 10 ft——

(@)

Fig. 6-30

SOLUTION
The influence line for the shear at B is shown in Fig. 6-305b.

Vi

‘ 0.5[\

X
N 10 20
-0.5

influence line for Vg
(b)

3-ft Movement of 4-k Load. TImagine that the 4-k load acts just to
the right of point B so that we obtain its maximum positive influence.
Since the beam segment BC is 10 ft long, the 10-k load is not as yet on
the beam. When the truck moves 3 ft to the left, the 4-k load jumps
downward on the influence line 1 unit and the 4-k, 9-k, and 15-k loads
create a positive increase in AV, since the slope is upward to the left.
Although the 10-k load also moves forward 3 ft, it is still not on the
beam. Thus,

AV =4(=1) + (4 + 9 + 15)<2‘§>3 = +02k

6-ft Movement of 9-k Load. When the 9-k load acts just to the right
of B, and then the truck moves 6 ft to the left, we have

AVp=9(-1) + (4 +9 + 15)(2’3)(6) + 10(%)(4) = +14k

Note in the calculation that the 10-k load only moves 4 ft on the beam.
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6-ft Movement of 15-k Load. If the 15-k load is positioned just to
the right of B and then the truck moves 6 ft to the left, the 4-k load
moves only 1 ft until it is off the beam, and likewise the 9-k load moves
only 4 ft until it is off the beam. Hence,

AVy = 15(-1) + 4(2‘3)(1) + 9<2‘§)(4) + (15 + 10)<(i'§)(6)

= =55k

Since AVp is now negative, the correct position of the loads
occurs when the 15-k load is just to the right of point B, Fig. 6-30c.
Consequently,

(VB)max = 4(—0.05) + 9(—0.2) + 15(0.5) + 10(0.2)
=75k Ans.
In practice one also has to consider motion of the truck from left

to right and then choose the maximum value between these two
situations.

4k 9k 15k 10k

0.5
] 10 6 20
005 o5
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EXAMPLE [6.19

Determine the maximum positive moment created at point B in the
beam shown in Fig. 6-31a due to the wheel loads of the crane.

8 kN

4 kN 3kN
é 3m iZmé
‘ N ||
A |B H !
‘*Zm 3m——‘

S KN 1.20
41$N l 3kN 0.4
3m 2m * S 7 X
| 2 N

A \B C —0.8
J influence line for Mz
FZ m—-+—3 m—-\&Z m
(a) (b)

Fig. 6-31

SOLUTION
The influence line for the moment at B is shown in Fig. 6-31b.

2-m Movement of 3-kN Load. If the 3-kN load is assumed to act at
B and then moves 2 m to the right, Fig. 6-31b, the change in moment is

AMp = —3(?)(2) + 8(1'320>(2) =720kN-m

Why is the 4-kN load not included in the calculations?

3-m Movement of 8-kN Load. If the 8-kN load is assumed to act at
B and then moves 3 m to the right, the change in moment is

(120 o120+ o2
—8.40kN-m

AM,

Notice here that the 4-kN load was initially 1 m off the beam, and
therefore moves only 2 m on the beam.

Since there is a sign change in AM p, the correct position of the
loads for maximum positive moment at B occurs when the 8-kN force
is at B, Fig. 6-31b. Therefore,

(M p)max = 8(1.20) + 3(0.4) = 10.8kN-m Ans.
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EXAMPLE [6.20

Determine the maximum compressive force developed in member
BG of the side truss in Fig. 6-32a due to the right side wheel loads of
the car and trailer. Assume the loads are applied directly to the truss
and move only to the right.

H G F
‘ Fpe
2 kN 4kN 1.5kN 4'm
‘ 03125 , 9 12
Il L Il X
3m—f2m—| A B c D 3
Y P Can D B
-0.625})— —
(a)
influence line for Fpg
Fig. 6-32

(b)

SOLUTION

The influence line for the force in member BG is shown in Fig. 6-32b.
Here a trial-and-error approach for the solution will be used. Since
we want the greatest negative (compressive) force in BG, we begin as
follows:

1.5-kN Load at Point C. In this case

Fpg = 1L5KN(—0.625) + 4(0) + 2kN<0'331n?5>(1 m)

—0.729 kN

4-kN Load at Point C. By inspection this would seem a more
reasonable case than the previous one.

—-0.625
6m

Fpg = 4kN(—0.625) + 1.5 kN( >(4 m) + 2 kN(0.3125)

—2.50 kN

2-kN Load at Point C. In this case all loads will create a compressive
force in BC.

—0.625 —0.625
= —0. + + 1.5kN m
F 56 = 2 kKN(—0.625) 4kN< . )(3m) 15k ( . )(1 )

= —2.66 kN Ans.

Since this final case results in the largest answer, the critical loading
occurs when the 2-kN load is at C.
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|
Vabs
Fig. 6-33
Vi
Fig. 6-34
Mabs
Fig. 6-35

6.7 Absolute Maximum Shear and Moment

In Sec. 6-6 we developed the methods for computing the maximum shear
and moment at a specified point in a beam due to a series of concentrated
moving loads. A more general problem involves the determination of
both the location of the point in the beam and the position of the loading
on the beam so that one can obtain the absolute maximum shear and
moment caused by the loads. If the beam is cantilevered or simply
supported, this problem can be readily solved.

Shear. For a cantilevered beam the absolute maximum shear will
occur at a point located just next to the fixed support. The maximum
shear is found by the method of sections, with the loads positioned
anywhere on the span, Fig. 6-33.

For simply supported beams the absolute maximum shear will occur just
next to one of the supports. For example, if the loads are equivalent, they
are positioned so that the first one in sequence is placed close to the
support, as in Fig. 6-34.

Moment. The absolute maximum moment for a cantilevered beam
occurs at the same point where absolute maximum shear occurs, although
in this case the concentrated loads should be positioned at the far end of
the beam, as in Fig. 6-35.

For a simply supported beam the critical position of the loads and the
associated absolute maximum moment cannot, in general, be determined
by inspection. We can, however, determine the position analytically. For
purposes of discussion, consider a beam subjected to the forces Fy, F,, F5
shown in Fig. 6-36a. Since the moment diagram for a series of concen-
trated forces consists of straight line segments having peaks at each
force, the absolute maximum moment will occur under one of the forces.
Assume this maximum moment occurs under F,. The position of the
loads Fy, F,, F; on the beam will be specified by the distance x, measured
from F, to the beam’s centerline as shown. To determine a specific value
of x, we first obtain the resultant force of the system, Fg, and its distance

F,

_d, H‘

>

Fig. 6-36
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x" measured from F,. Once this is done, moments are summed about B,
which yields the beam’s left reaction, A, that is,

SMy = 0; A, = i(FR)B i x)]

If the beam is sectioned just to the left of F,, the resulting free-body
diagram is shown in Fig. 6-36b. The moment M, under F, is therefore

SM =0, M,-=

+
4 2 L L

For maximum M, we require

dM2 _ _ZFRX n FRY, .
dx L L
or
X
YT

Hence, we may conclude that the absolute maximum moment in a
simply supported beam occurs under one of the concentrated forces, such
that this force is positioned on the beam so that it and the resultant force
of the system are equidistant from the beam’s centerline. Since there are a
series of loads on the span (for example, F;, F,, F5 in Fig. 6-36a), this
principle will have to be applied to each load in the series and the
corresponding maximum moment computed. By comparison, the largest
moment is the absolute maximum. As a general rule, though, the absolute
maximum moment often occurs under the largest force lying nearest the
resultant force of the system.

Envelope of Maximum Influence-Line Values. Rules or
formulations for determining the absolute maximum shear or moment
are difficult to establish for beams supported in ways other than the
cantilever or simple support discussed here. An elementary way to
proceed to solve this problem, however, requires constructing influence
lines for the shear or moment at selected points along the entire length
of the beam and then computing the maximum shear or moment in the
beam for each point using the methods of Sec. 6-6. These values when
plotted yield an “envelope of maximums,” from which both the absolute
maximum value of shear or moment and its location can be found.
Obviously, a computer solution for this problem is desirable for
complicated situations, since the work can be rather tedious if carried out
by hand calculations.

251

The absolute maximum moment in this
girder bridge is the result of the moving
concentrated loads caused by the wheels of
these train cars. The cars must be in the
critical position, and the location of the point
in the girder where the absolute maximum
moment occurs must be identified.
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EXAMPLE | 6.21

Determine the absolute maximum moment in the simply supported
bridge deck shown in Fig. 6-37a.

Fr=45k
1

1
2k 115k

¥=6.67ft! 1k
.
Y l l
B

A
\5—10 ft%S ft *‘
30 ft /4

(a)

SOLUTION

The magnitude and position of the resultant force of the system are
JFr=45k determined first, Fig. 6-37a. We have
1

e .“‘2 +lFe=3F; Fr=2+15+1=45k

I 115k
- l 1£< [+Mg. = SM¢e;  4.5% = 1.5(10) + 1(15)
¥ X = 6.07 ft

B
Let us first assume the absolute maximum moment occurs under

Al 6o7it 6671 %‘ St B, the 1.5-k load. The load and the resultant force are positioned
equidistant from the beam’s centerline, Fig. 6-37b. Calculating A,
first, Fig. 6-37b, we have

LtEMp =0, —Ay30) +45(1667) =0 A, =250k

15 ft 15 ft

(®)
Now using the left section of the beam, Fig. 6-37c, yields

(+SMg=0;  —2.50(16.67) + 2(10) + Mg =0
Mg =21.7k-ft

2k 1.5k

TR
— )
4 6.67 ft ‘Rlo ft ﬂ‘ Vs

A,=25k

()
Fig. 6-37
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There is a possibility that the absolute maximum moment may
occur under the 2-k load, since 2 k > 1.5 k and Fy is between both 2 k
and 1.5 k. To investigate this case, the 2-k load and Fy are positioned
equidistant from the beam’s centerline, Fig. 6-37d. Show that
A, = 1.75 k as indicated in Fig. 6-37¢ and that

Mg =204k-ft
By comparison, the absolute maximum moment is
Mg =21.7k-ft Ans.

which occurs under the 1.5-k load, when the loads are positioned on
the beam as shown in Fig. 6-37b.

|FR:45k
1
2k [, 15k 1k

l ; l lx
333 ft‘ﬂ"ﬁ 11.67 fit 4

A, B

y

15 ft

(d)

—11.67 ft— Vs

A, =175k

(e)
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EXAMPLE | 6.22

The truck has a mass of 2 Mg and a center of gravity at G as shown in
Fig. 6-38a. Determine the absolute maximum moment developed in
the simply supported bridge deck due to the truck’s weight. The bridge
has a length of 10 m.

SOLUTION

As noted in Fig. 6-38a, the weight of the truck, 2(10%) kg(9.81 m/s?) =
19.62kN, and the wheel reactions have been calculated by statics.
Since the largest reaction occurs at the front wheel, we will select this
wheel along with the resultant force and position them equidistant from
the centerline of the bridge, Fig. 6-38b. Using the resultant force rather
than the wheel loads, the vertical reaction at B is then

19.62 kN (+2ZM,4 = 0; B,(10) — 19.62(4.5) = 0
B, = 8.829kN

The maximum moment occurs under the front wheel loading. Using
the right section of the bridge deck, Fig. 6-38c, we have

(+3M, = 0; 8.829(4.5) — M, = 0
(a) M, =397kN-m Ans.
¢

19.62 kN
. 13.08 kN

0.5m

1
6.54 kN 1
05m- |

A B
| Sm Sm |
A, B,
(®)
13.08 kN
n(]
AL
‘ 45m |
8.83 kN
(©)
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“lrroplews

6-59. Determine the maximum moment at point C on the
single girder caused by the moving dolly that has a mass of
2 Mg and a mass center at G. Assume A is a roller.

Sm

I

*6-60. Determine the maximum moment in the
suspended rail at point B if the rail supports the load of
2.5 k on the trolley.

Prob. 6-59

Prob. 6-60

6-61. Determine the maximum positive shear at point B
if the rail supports the load of 2.5 k on the trolley.

Prob. 6-61

6-62. Determine the maximum positive moment at the
splice C on the side girder caused by the moving load which
travels along the center of the bridge.

8 kN

8§m —~—8m

Prob. 6—62

6-63. Determine the maximum moment at C caused by
the moving load.

2400 Ib

15 ft

i 15 ft

Prob. 6-63

.

*6-64. Draw the influence line for the force in member /H
of the bridge truss. Determine the maximum force (tension
or compression) that can be developed in this member
due to a 72-k truck having the wheel loads shown. Assume
the truck can travel in either direction along the center of the
deck, so that half its load is transferred to each of the two
side trusses. Also assume the members are pin connected at
the gusset plates.

32k 32k

201t 20ft 20201t 20ft

Prob. 6-64




256 CHAPTER 6

6-65. Determine the maximum positive moment at
point C on the single girder caused by the moving load.

5 w1 ]

P L

Prob. 6—65

6-66. The cart has a weight of 2500 1b and a center of
gravity at G. Determine the maximum positive moment
created in the side girder at C as it crosses the bridge.
Assume the car can travel in either direction along the
center of the deck, so that half its load is transferred to each
of the two side girders.

1516t 11t

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

*6—68. Draw the influence line for the force in member /C
of the bridge truss. Determine the maximum force (tension
or compression) that can be developed in the member
due to a 5-k truck having the wheel loads shown. Assume
the truck can travel in either direction along the center of
the deck, so that half the load shown is transferred to each
of the two side trusses. Also assume the members are pin
connected at the gusset plates.

Probs. 6-67/6—68

6-69. The truck has a mass of 4 Mg and mass center at Gy,
and the trailer has a mass of 1 Mg and mass center at G,.
Determine the absolute maximum live moment developed
in the bridge.

8 ft 8 ft

Prob. 6-66

6-67. Draw the influence line for the force in member BC
of the bridge truss. Determine the maximum force (tension
or compression) that can be developed in the member
due to a 5-k truck having the wheel loads shown. Assume
the truck can travel in either direction along the center of the
deck, so that half the load shown is transferred to each of
the two side trusses. Also assume the members are pin
connected at the gusset plates.

ok

8m i

Prob. 6-69

6-70. Determine the absolute maximum live moment in
the bridge in Problem 6-69 if the trailer is removed.

8 m

Prob. 6-70



6-71. Determine the absolute maximum live shear
and absolute maximum moment in the jib beam AB
due to the 10-kN loading. The end constraints require
0lm=x=39m.

10 kN

Prob. 6-71

*6-72. Determine the maximum moment at C caused by
the moving loads.

4 OF
Zkl 2k
» g ey
L5 C B,—T,s -
LzOﬁ 30 ft ‘3ft4ft3ft

Prob. 6-72
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6-73. Determine the absolute maximum moment in the
girder bridge due to the truck loading shown. The load is
applied directly to the girder.

2 étft 4 ft Iﬂt y

| 80 ft |

Prob. 6-73

6-74. Determine the absolute maximum shear in the beam
due to the loading shown.

Prob. 6-74

6-75. Determine the absolute maximum moment in the
beam due to the loading shown.

Prob. 6-75
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*6-76. Determine the absolute maximum shear in the
bridge girder due to the loading shown.

Prob. 6-76

6-77. Determine the absolute maximum moment in the
bridge girder due to the loading shown.

Prob. 6-77

6-78. Determine the absolute maximum moment in the
girder due to the loading shown.

3ft 2£t2ft ‘

‘ 25 ft |
Prob. 6-78

INFLUENCE LINES FOR STATICALLY DETERMINATE STRUCTURES

6-79. Determine the absolute maximum shear in the beam
due to the loading shown.

6k
3k | 2k4k

SH3M3M | 301t

Prob. 6-79

#6-80. Determine the absolute maximum moment in the
bridge due to the loading shown.

SH3f3M | 30t

Prob. 6-80

6-81. The trolley rolls at C and D along the bottom and
top flange of beam AB. Determine the absolute maximum
moment developed in the beam if the load supported by the
trolley is 2 k. Assume the support at A is a pin and at B a
roller.

20 ft ‘

Prob. 6-81
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. PROJECT PROBLEMS

6-1P. The chain hoist on the wall crane can be placed
anywhere along the boom (0.1 m < x < 3.4 m) and has a
rated capacity of 28 kN. Use an impact factor of 0.3 and
determine the absolute maximum bending moment in the
boom and the maximum force developed in the tie rod BC.
The boom is pinned to the wall column at its left end A.
Neglect the size of the trolley at D.

0.1 m

X

28kN+ ‘
3m |

Prob. 6-1P

6-2P. A simply supported pedestrian bridge is to be
constructed in a city park and two designs have been
proposed as shown in case a and case b. The truss members
are to be made from timber. The deck consists of 1.5-m-long
planks that have a mass of 20 kg/m?. A local code states the
live load on the deck is required to be 5 kPa with an impact
factor of 0.2. Consider the deck to be simply supported on
stringers. Floor beams then transmit the load to the bottom
joints of the truss. (See Fig. 6-23.) In each case find the
member subjected to the largest tension and largest
compression load and suggest why you would choose one
design over the other. Neglect the weights of the truss
members.

case a
H G F
T E=
1.25m
A
- ﬁ—ﬁ—
i B C D I
#1.25 m#llS m#«l.ZS m—-125 m»‘
case b

Prob. 6-2P
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CHAPTER REVIEW

An influence line indicates the value of a reaction, shear, or moment at a specific point on a member, as a unit load moves

over the member.

Once the influence line for a reaction, shear, or moment (function) is constructed, then it will be possible to locate the
live load on the member to produce the maximum positive or negative value of the function.

A concentrated live force is applied at the positive (negative) peaks of the influence line. The value of the function is
then equal to the product of the influence line ordinate and the magnitude of the force.

F A,

x—%L%l

©f= =
=

A uniform distributed load extends over a positive (negative) region of the influence line. The value of the function is
then equal to the product of the area under the influence line for the region and the magnitude of the uniform load.

wo Ay
1
W B
=
A : s x
L Ay =5 ML) (wo)

The general shape of the influence line can be established using the Miiller-Breslau principle, which states that the
influence line for a reaction, shear, or moment is to the same scale as the deflected shape of the member when it is acted

upon by the reaction, shear, or moment.

deflected shape _--~

(@) (b)
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Influence lines for floor girders and trusses can be established by placing the unit load at each panel point or joint, and
calculating the value of the required reaction, shear, or moment.

When a series of concentrated loads pass over the member, then the various positions of the load on the member have
to be considered to determine the largest shear or moment in the member. In general, place the loadings so that each
contributes its maximum influence, as determined by multiplying each load by the ordinate of the influence line. This
process of finding the actual position can be done using a trial-and-error procedure, or by finding the change in either the
shear or moment when the loads are moved from one position to another. Each moment is investigated until a negative
value of shear or moment occurs. Once this happens the previous position will define the critical loading.

Absolute maximum shear in a cantilever or simply
supported beam will occur at a support, when one of the
loads is placed next to the support.

Absolute maximum moment in a cantilevered beam
occurs when the series of concentrated loads are placed
at the farthest point away from the fixed support.

M, abs

max

To determine the absolute maximum moment in a simply ¢ Fr
supported beam, the resultant of the force system is first
determined. Then it, along with one of the concentrated _—
forces in the system is positioned so that these two forces /L /l: ST /l)
are equidistant from the centerline of the beam. The : N A~
maximum moment then occurs under the selected force. —
Each force in the system is selected in this manner, and ) ‘Rx‘ﬂ
by comparison the largest for all these cases is the
absolute maximum moment.

1
F, F, : F;

e
Sl







Approximate Analysis of
Statically Indeterminate
Structures

In this chapter we will present some of the approximate methods used
to analyze statically indeterminate trusses and frames. These methods
were developed on the basis of structural behavior, and their accuracy
in most cases compares favorably with more exact methods of analysis.
Although not all types of structural forms will be discussed here, it is
hoped that enough insight is gained from the study of these methods
so that one can judge what would be the best approximations to
make when performing an approximate force analysis of a statically
indeterminate structure.

7.1 Use of Approximate Methods

When a model is used to represent any structure, the analysis of it must
satisfy both the conditions of equilibrium and compatibility of
displacement at the joints. As will be shown in later chapters of this text,
the compatibility conditions for a statically indeterminate structure can
be related to the loads provided we know the material’s modulus of
elasticity and the size and shape of the members. For an initial design,
however, we will not know a member’s size, and so a statically
indeterminate analysis cannot be considered. For analysis a simpler model
of the structure must be developed, one that is statically determinate.
Once this model is specified, the analysis of it is called an approximate
analysis. By performing an approximate analysis, a preliminary design of
the members of a structure can be made, and when this is complete, the
more exact indeterminate analysis can then be performed and the design
refined. An approximate analysis also provides insight as to a structure’s
behavior under load and is beneficial when checking a more exact analysis
or when time, money, or capability are not available for performing the
more exact analysis.
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CHAPTER 7

APPROXIMATE ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES

R,

Realize that, in a general sense, all methods of structural analysis are
approximate, simply because the actual conditions of loading, geometry,
material behavior, and joint resistance at the supports are never known in
an exact sense. In this text, however, the statically indeterminate analysis of
a structure will be referred to as an exact analysis, and the simpler statically
determinate analysis will be referred to as the approximate analysis.

7.2 Trusses

A common type of truss often used for lateral bracing of a building or
for the top and bottom cords of a bridge is shown in Fig. 7-1a. (Also see
Fig. 3-4.) When used for this purpose, this truss is not considered a
primary element for the support of the structure, and as a result it is
often analyzed by approximate methods. In the case shown, it will be
noticed that if a diagonal is removed from each of the three panels, it
will render the truss statically determinate. Hence, the truss is statically
indeterminate to the third degree (using Eq. 3-1, b + r > 2j, or
16 + 3 > 8(2)) and therefore we must make three assumptions
regarding the bar forces in order to reduce the truss to one that is
statically determinate. These assumptions can be made with regard to
the cross-diagonals, realizing that when one diagonal in a panel is in
tension the corresponding cross-diagonal will be in compression. This is
evident from Fig. 7-1b, where the “panel shear” V is carried by the
vertical component of tensile force in member a and the vertical
component of compressive force in member b. Two methods of analysis
are generally acceptable.

Method 1: If the diagonals are intentionally designed to be long
and slender, it is reasonable to assume that they cannot
support a compressive force; otherwise, they may easily
buckle. Hence the panel shear is resisted entirely by the
tension diagonal, whereas the compressive diagonal is
assumed to be a zero-force member.

Method 2: If the diagonal members are intended to be constructed
from large rolled sections such as angles or channels, they
may be equally capable of supporting a tensile and
compressive force. Here we will assume that the tension and
compression diagonals each carry half the panel shear.

Both of these methods of approximate analysis are illustrated
numerically in the following examples.

An approximate method can be used to determine the
forces in the cross bracing in each panel of this bascule
railroad bridge. Here the cross members are thin and
so we can assume they carry no compressive force.
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EXAMPLE |7.1

Determine (approximately) the forces in the members of the truss 20kN
shown in Fig. 7-2a. The diagonals are to be designed to support both 7
tensile and compressive forces, and therefore each is assumed to carry LN <—Fpg
. S
half the panel shear. The support reactions have been computed. T %}B =F
20 kN 3m V =10kN
f | v
F E D BT
T Al—i—V' 2 Fup
3m 10kN
L (b)
C
A
1 4m 13 4m T
10kN 20 kN 10 kN Far  g33kN
3
(a) 4
A 6.67 kN
Fig. 7-2
SOLUTION 10kN
By inspection the truss is statically indeterminate to the second (©)

degree. The two assumptions require the tensile and compressive
diagonals to carry equal forces, that is, Frz = F 4 = F. For a vertical

section through the left panel, Fig. 7-2b, we have D
-0 —10 — 2(3\r = - Fpp ——>-mm=gg
+13F,=0; 20-10-2(3)F=0 F=833kN ans P g T
so that l I;DB 3m
EC 4
FFB = 833 kN (T) Ans. 5 3° . \
Fap = 833kN (C) Ans. Fic AC
(tEM, = 0; —8.33(%)(3) + Frp(3) =0 Frpg = 6.67kN (C) Ans. 10 kN
\FSMp=0; —833(2)(3) + Fup(3) =0 Fup = 6.67kN (T) Ans (d
From joint A, Fig. 7-2c,
. 3 _ —
+1SF, =0; Fur—833(2) —10=0  Fup=15kN(T) Ans 667 KNP
5
A vertical section through the right panel is shown in Fig. 7-2d. 3
Show that 833kN  Fjp¢
Fpg = 833kN (T), Fpp = 6.67kN (C) Ans. ©
Furthermore, using the free-body diagrams of joints D and E, E
Figs. 7-2e and 7-2f, show that 667N AL 6.67kN
Fpc = 5kN (C) Ans. 833 kN Frs * Y833kN




266 CHAPTER 7 APPROXIMATE ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES

EXAMPLE |7.2

Cross bracing is used to provide lateral support for this bridge deck due
to the wind and unbalanced traffic loads. Determine (approximately)
the forces in the members of this truss. Assume the diagonals are
slender and therefore will not support a compressive force. The loads
and support reactions are shown in Fig. 7-3a.

4k 4k 4k
2k 1 l l 2k
1 H G
A P
15 ft
A .
i B © P 1"
I 15 ft ‘ 15 ft ‘ 15 ft ‘ 15 ft |
8k 8k
(a)
Fig. 7-3
2k
LA F SOLUTION

By inspection the truss is statically indeterminate to the fourth
degree. Thus the four assumptions to be used require that each
compression diagonal sustain zero force. Hence, from a vertical
section through the left panel, Fig. 7-3b, we have

~
- O
~
[
0,
g
N
<
Il
(=)}
~

—
(9
=

S
3156
O
I S
e} |
z )

FAI =0 Ans.
ok +13F, = 0; 8 =2 — Fpcos45° =0
(b) Fyp = 849Kk (T) Ans.
(=M, = 0; —8.49 sin 45°(15) + F,;(15) = 0
FJ] =6k (C) Ans.
" +EM; =0 —Fa5(15) =0
45° Fuz=0 Ans.
A 0 AB "
From joint A, Fig. 7-3c,
8k

(c) F;4 =8k (C) Ans.
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2k 4k
15 ft——
Jy v/ F
TZO \ Ty — gk
Fieo
15 ft
Fpy=0
W\
Y [Bo o] [0 T iy
A1 B Fue
8k
(@)
A vertical section of the truss through members /H, IC, BH, and BC
is shown in Fig. 7-3d. The panel shearisV = XF, =8 —2 — 4 = 2 k.
We require
FBH =0 Ans.
+T2Fy=0; 8 —2—4— F;ccos45° =0
Fic =283k (T) Ans.
(tZMp=0; —=8(15) + 2(15) — 2.83sin45°(15) + F;y(15) =0
FIH = Sk(C) Ans.
(tZM; = 0; —8(15) + 2(15) + Fpc(15) =0
Fpc =6k (T) Ans.
FBI
From joint B, Fig. 7-3e, 849k 4520
45°>> lZw
e 0 6k
+T2Fy=0; 8.49sin45° — Fp; =0 B
Fpr =6k (C) Ans. (e)
The forces in the other members can be determined by symmetry, Fey

except Fcpy; however, from joint C, Fig. 7-3f, we have

+13F, = 0; 2(2.835in45°) — Fepy = 0

Fey =4k (C) Ans.

2.83k 283k
6 k‘fhlﬁf 6k
C

®
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“lrroplews

7-1. Determine (approximately) the force in each member 7-5. Determine (approximately) the force in each member
of the truss. Assume the diagonals can support either a of the truss. Assume the diagonals can support either a
tensile or a compressive force. tensile or a compressive force.

7-2. Solve Prob. 7-1 assuming that the diagonals cannot 7-6. Solve Prob. 7-5 assuming that the diagonals cannot
support a compressive force. support a compressive force.

7k 14 k 14 k 7k

Probs. 7-1/7-2 Probs. 7-5/7-6
7-3. Determine (approximately) the force in each member 7-7. Determine (approximately) the force in each member
of the truss. Assume the diagonals can support either a of the truss. Assume the diagonals can support either a
tensile or a compressive force. tensile or compressive force.
*7-4. Solve Prob. 7-3 assuming that the diagonals cannot *7-8. Solve Prob. 7-7 assuming that the diagonals cannot
support a compressive force. support a compressive force.

1 20 ft 201t 201t l S kN

Probs. 7-3/7-4 Probs. 7-7/7-8
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7-9. Determine (approximately) the force in each member

of the truss. Assume the diagonals can support both tensile

7-11. Determine (approximately) the force in each
and compressive forces.

member of the truss. Assume the diagonals can support
either a tensile or compressive force.

‘ 1.5m |
3€ E ‘ ‘D
of <€ 15 k 8 kN ——> Q= 0)
15 ft
/1ol
F < 2k 2m
D
15 ft
10 kKN ——>(© o) C
F
2k
15t om
A
}«—15 ft——‘ 1AL @ B
Prob. 7-9
Prob. 7-11
7-10. Determine (approximately) the force in each member *7-12. Determine (approximately) the force in each
of the truss. Assume the diagonals DG and AC cannot member of the truss. Assume the diagonals cannot support
support a compressive force. a compressive force. | s | 7
D m
£ 2
E S kN ——>@© ©
of < 15 k

15 ft

15 ft 10 kN ——>(
F

X
KX

(O,

©
a

2
15 ft

ofo\ ——

ho{©
L—let—-‘

Prob. 7-10

Prob. 7-12
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CHAPTER 7

APPROXIMATE ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES

7.3 Vertical Loads on Building Frames

Building frames often consist of girders that are rigidly connected to
columns so that the entire structure is better able to resist the effects of
lateral forces due to wind and earthquake. An example of such a rigid
framework, often called a building bent, is shown in Fig. 7-4.

In practice, a structural engineer can use several techniques for
performing an approximate analysis of a building bent. Each is based
upon knowing how the structure will deform under load. One technique
would be to consider only the members within a localized region of the
structure. This is possible provided the deflections of the members within
the region cause little disturbance to the members outside the region.
Most often, however, the deflection curve of the entire structure is
considered. From this, the approximate location of points of inflection,
that is, the points where the member changes its curvature, can be specified.
These points can be considered as pins since there is zero moment within
the member at the points of inflection. We will use this idea in this
section to analyze the forces on building frames due to vertical loads, and
in Secs. 7-5 and 7-6 an approximate analysis for frames subjected to
lateral loads will be presented. Since the frame can be subjected to both
of these loadings simultaneously, then, provided the material remains
elastic, the resultant loading is determined by superposition.

Assumptions for Approximate Analysis. Consider a typical
girder located within a building bent and subjected to a uniform vertical
load, as shown in Fig. 7-5a. The column supports at A and B will each
exert three reactions on the girder, and therefore the girder will be
statically indeterminate to the third degree (6 reactions — 3 equations of
equilibrium). To make the girder statically determinate, an approximate
analysis will therefore require three assumptions. If the columns are
extremely stiff, no rotation at A and B will occur, and the deflection

B

typical building frame
Fig. 7-4
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column column

NRRRRRRY SN

girder 0.21L points of zero (217,
moment
A B L

fixed supported
(a) (b)

REEERREY

point of point of
zero Zero

ARy %\ B
moment v —— —=")" moment

0.1, @ssumed points of zero 1 7
moment
L

simply supported approximate case

(c) (d)
Fig. 7-5

curve for the girder will look like that shown in Fig. 7-5b. Using one of
the methods presented in Chapters 9 through 11, an exact analysis
reveals that for this case inflection points, or points of zero moment,
occur at 0.21L from each support. If, however, the column connections at
A and B are very flexible, then like a simply supported beam, zero
moment will occur at the supports, Fig. 7-5¢. In reality, however, the
columns will provide some flexibility at the supports, and therefore we
will assume that zero moment occurs at the average point between the
two extremes,i.e.,at (0.21L + 0)/2 =~ 0.1L from each support, Fig. 7-5d.
Furthermore, an exact analysis of frames supporting vertical loads
indicates that the axial forces in the girder are negligible.

In summary then, each girder of length L may be modeled by a simply
supported span of length 0.8L resting on two cantilevered ends, each
having a length of 0.1L, Fig. 7-5e. The following three assumptions are

incorporated in this model: l l l I} l l l
1. There is zero moment in the girder, 0.1L from the left support. ‘E Hy

2. There is zero moment in the girder, 0.1L from the right support.

3. The girder does not support an axial force.

By using statics, the internal loadings in the girders can now be \
obtained and a preliminary design of their cross sections can be made. model
The following example illustrates this numerically. ()
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EXAMPLE |7.3

Determine (approximately) the moment at the joints E and C caused
by members EF and CD of the building bent in Fig. 7-6a.

800 Ib/fit 800 Ib /1t
ERARRR NN [
800 Ib /it 800 Ib /1t
I JIRRERRERY|

16 ft |
‘ 22‘? | (b)
SOLUTION

For an approximate analysis the frame is modeled as shown in Fig. 7-6b.
Note that the cantilevered spans supporting the center portion of the
girder have a length of 0.1L = 0.1(20) = 2 ft. Equilibrium requires the
end reactions for the center portion of the girder to be 6400 Ib, Fig. 7-6c¢.
The cantilevered spans are then subjected to a reaction moment of

M = 1600(1) + 6400(2) = 144001b-ft = 144k -ft Ans.

This approximate moment, with opposite direction, acts on the joints
at £ and C, Fig. 7-6a. Using the results, the approximate moment
diagram for one of the girders is shown in Fig. 7-6d.

12 800 Ib

6 fi
6400 Ib 6400 Ib

M (k-ft)
1600 1b 6400 Ib 6400 1b 1600 1b b5k
gl i . :
14400 1b-ft ( )14 400 1b- ft ‘ /\ - "
“T 21t 26t ] V2 18N
8000 Ib 8000 Ib

(c) (d)
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7.4 Portal Frames and Trusses
Frames. Portal frames are frequently used over the entrance of a P——> e
bridge” and as a main stiffening element in building design in order to
transfer horizontal forces applied at the top of the frame to the
foundation. On bridges, these frames resist the forces caused by wind,
earthquake, and unbalanced traffic loading on the bridge deck. Portals
can be pin supported, fixed supported, or supported by partial fixity. The

approximate analysis of each case will now be discussed for a simple
three-member portal. a
| , |
Pin Supported. A typical pin-supported portal frame is shown in
Fig. 7-7a. Since four unknowns exist at the supports but only three (@)
Fig. 7-7

equilibrium equations are available for solution, this structure is statically
indeterminate to the first degree. Consequently, only one assumption
must be made to reduce the frame to one that is statically determinate.

The elastic deflection of the portal is shown in Fig. 7-7b. This diagram
indicates that a point of inflection, that is, where the moment changes %Aﬂ A
from positive bending to negative bending, is located approximately at P g e ) — O

I
’I
! assumed

the girder’s midpoint. Since the moment in the girder is zero at this point,
we can assume a hinge exists there and then proceed to determine the S
reactions at the supports using statics. If this is done, it is found that the ;  hinge
horizontal reactions (shear) at the base of each column are equal and
the other reactions are those indicated in Fig. 7-7c. Furthermore, the / |
moment diagrams for this frame are indicated in Fig. 7-7d. !
|
\

|~

moment
diagram

(d)

(©)

~[Z—st
N
R

*See Fig. 3-4.
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P > Fixed Supported. Portals with two fixed supports, Fig. 7-8a, are
statically indeterminate to the third degree since there are a total of six
unknowns at the supports. If the vertical members have equal lengths
and cross-sectional areas, the frame will deflect as shown in Fig. 7-8b. For

this case we will assume points of inflection occur at the midpoints of all
three members, and therefore hinges are placed at these points. The
reactions and moment diagrams for each member can therefore be
- determined by dismembering the frame at the hinges and applying
\ . \ the equations of equilibrium to each of the four parts. The results are
(@) shown in Fig. 7-8c. Note that, as in the case of the pin-connected portal,
the horizontal reactions (shear) at the base of each column are equal.
Fig. 7-8 The moment diagram for this frame is indicated in Fig. 7-8d.
l
’ 2
h IP_h
2 2l
P
J 2L
I 2 ¢ \ £4
Ph 4
2l
A A Ph th
> == = 21
! 1
II /’ R _>§
; N VN
/ assume / h
NIrS S SO G
/ /// P P
2 2 Ph Ph
‘I ',I 4 4
I
vl H moment
12)_? %’ diagram

(b) (©) (d)

Partial Fixity. Since it is both difficult and costly to construct a
perfectly fixed support or foundation for a portal frame, it is conservative
and somewhat realistic to assume a slight rotation occurs at the supports,
Fig. 7-9a. As a result, the points of inflection on the columns lie
somewhere between the case of having a pin-supported portal, Fig. 7-7a,
where the “inflection points” are at the supports (base of columns), and a
fixed-supported portal, Fig. 7-8a, where the inflection points are at the
center of the columns. Many engineers arbitrarily define the location at
h/3, Fig. 7-9b, and therefore place hinges at these points, and also at the
center of the girder.
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P ——»' ‘ P e —
1
1
1
1
1
6 / assumed
h d// hinges
1 /
h
’.‘ 3
1M i 1
5] % il
T Bz N i
|

(a) (®)
Fig. 7-9

Trusses. When a portal is used to span large distances, a truss may be
used in place of the horizontal girder. Such a structure is used on large
bridges and as transverse bents for large auditoriums and mill buildings.
A typical example is shown in Fig. 7-10a. In all cases, the suspended truss
is assumed to be pin connected at its points of attachment to the columns.
Furthermore, the truss keeps the columns straight within the region of
attachment when the portal is subjected to the sidesway A, Fig. 7-10b.
Consequently, we can analyze trussed portals using the same assumptions
as those used for simple portal frames. For pin-supported columns,
assume the horizontal reactions (shear) are equal, as in Fig. 7-7¢. For
fixed-supported columns, assume the horizontal reactions are equal and
an inflection point (or hinge) occurs on each column, measured midway
between the base of the column and the lowest point of truss member
connection to the column. See Fig. 7-8c¢ and Fig. 7-10b.

The following example illustrates how to determine the forces in the
members of a trussed portal using the approximate method of analysis
described above.

P— M

@ (b)
Fig. 7-10
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EXAMPLE |7.4

Determine by approximate methods the forces acting in the members
of the Warren portal shown in Fig. 7-11a.

40 kN

2m_]
40 kN ﬁ m fr“ﬂﬁgzmﬂ

L& O
5 55m
m
. ) )
L‘4m\.‘ V =20kN ! V= 20 kNI

7m
V =20kN V =20kN T
3 3.5m
! |
v 1
g V =20kN V =20kN M
8 m

Fig. 7-11

s

&

SOLUTION

The truss portion B, C, F, G acts as a rigid unit. Since the supports
are fixed, a point of inflection is assumed to exist 7m/2 = 3.5m
above A and /, and equal horizontal reactions or shear act at the base
of the columns, i.e., 2F, = 0; V = 40kN/2 = 20 kN. With these
assumptions, we can separate the structure at the hinges J and K,
Fig. 7-11b, and determine the reactions on the columns as follows:

Lower Half of Column

+SM,=0; M-3520)=0 M=70kN-m

Upper Portion of Column
(*+XM; = 0; —40(5.5) + N(8) = 0 N = 275kN
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Using the method of sections, Fig. 7-11c, we can now proceed to rzma
obtain the forces in members CD, BD, and BH. | Fep
40 kNT> - D
=0 - 3 o — — 2m F
+T2Fy 0; —27.5+ Fppsin4S 0 Fgp = 389KkN (T) Ans. J45°BD ]
EHB BH
(+tEMp = 0; —20(3.5) —40(2) + Fcp(2) =0 Fep =75kN (C)  Ans.
35m
(tEMp = 0; Fpp(2) —20(5.5) +275(2) =0 Fpyg =275kN (T) Ans. \
In a similar manner, show that one obtains the results on the free- e
body diagram of column FGI in Fig. 7-11d. Using these results, we can 20kN
now find the force in each of the other truss members of the portal 27.5kN
using the method of joints. (©)
Joint D, Fig. 7-11e
+12F, =0; Fpysin45° — 38.9sin45° =0 Fpy = 389kN (C) Ans. ‘PZmﬁ
35kN
E I e R
ep — 0 75 o _ P
SXIF, =0; 75 —2(389c0s45°) — Fpp =0 Fpg =20kN (C) Ans. 389 kN .
45°
Joint H, Fig. 7-11f 275kN . G|
+13F, =0; Fpypsind5° —389sin45° =0 Fyp = 389KkN (T) Ans. 35m
These results are summarized in Fig. 7-11g. ‘
20 kN |
27.5kN
40kN C 75kN(C) D 20kN(C) E35kN(T)  F ()
_>ﬁ|:gg u”: & @ e][: oak
%@ "oef/l, q@ 2
] & CQ? %fo [
B S o] [o &5 G
27.5kN(T)  H  275kN(C)
y
y
75 KN Fpr . 38.9 kN Fur
45°\/D\y45° 45° 45°
—Xx
BOKN B, 275kN H 27.5kN
(e) ()
- 20 kN 20 kN:
70kN-m 70 kN- m\TJ
275 kN 27.5kN
(2
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“lrroplews

7-13. Determine (approximately) the internal moments 7-15. Determine (approximately) the internal moment at
at joints A and B of the frame. A caused by the vertical loading.
5kN/m

E

3kN/m

EERERRRARR

D

Prob. 7-13
Prob. 7-15
7-14. Determine (approximately) the internal moments #7-16. Determine (approximately) the internal moments
at joints F and D of the frame. at A and B caused by the vertical loading.
400 Ib /ft
TEEEEEERERN RN 3 KN/m
F E D

15 ft 20 ft

|
Prob. 7-14

Prob. 7-16




7-17. Determine (approximately) the internal moments
at joints [ and L. Also, what is the internal moment at joint
H caused by member HG?

0.5 k/ft
IHHHHHHHHL
J K
1.5k /ft 1.5k/ft
Riiry ey
G F
Z. Y | | I — )
LZOﬁ ‘ 40 ft ‘ 30ftJ
Prob. 7-17

7-18. Determine (approximately) the support actions at
A, B, and C of the frame.

400 1b /ft

1200 Ib/ft

A A

| 15 £t | 20t |

Prob. 7-18
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7-19. Determine (approximately) the support reactions
at A and B of the portal frame. Assume the supports are
(a) pinned, and (b) fixed.

12kN D C

Prob. 7-19

*¥7-20. Determine (approximately) the internal moment
and shear at the ends of each member of the portal frame.
Assume the supports at A and D are partially fixed, such
that an inflection point is located at 4/3 from the bottom of

each column.

Prob. 7-20
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7-21. Draw (approximately) the moment diagram for
member ACE of the portal constructed with a rigid member
EG and knee braces CF and DH. Assume that all points of
connection are pins. Also determine the force in the knee
brace CF.

7-22. Solve Prob. 7-21 if the supports at A and B are fixed
instead of pinned.

1.5¢f 15f€
| 151t 7t | LSft
% ®) (O '&G
F H

1.5 ft

-+ Ne

6 ft

o 7 A B /0

- . - .

Probs. 7-21/7-22

7-23. Determine (approximately) the force in each truss
member of the portal frame. Also find the reactions at the
fixed column supports A and B. Assume all members of the
truss to be pin connected at their ends.

*7-24. Solve Prob. 7-23 if the supports at A and B are
pinned instead of fixed.

‘ 8 ft ‘
G | | F

2k = == ==
6 ft

= - Pass

1k == o =

C D E

12 ft

A Bl

A e A, RS A Ay eesar o
DO e O I SR e o

Probs. 7-23/7-24
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7-25. Draw (approximately) the moment diagram for col-
umn AGF of the portal. Assume all truss members and the
columns to be pin connected at their ends. Also determine
the force in all the truss members.

F %2 m—f—2m—|
Be—5%—

4 kN —>] Cooc T "'7

8 kKN —>

Prob. 7-25

7-26. Draw (approximately) the moment diagram for col-
umn AGF of the portal. Assume all the members of the
truss to be pin connected at their ends. The columns are
fixed at A and B. Also determine the force in all the truss
members.

—2m———2 m‘—‘ D

4 kKN —>] '7

E 1.5m

8 kKN —>

Prob. 7-26



7-27. Determine (approximately) the force in each truss
member of the portal frame. Also find the reactions at the
fixed column supports A and B. Assume all members of the
truss to be pin connected at their ends.

*7-28. Solve Prob. 7-27 if the supports at A and B are
pinned instead of fixed.

12 kN

8 kN ——|

p ]

“*3 m——3 m*»‘

Probs. 7-27/7-28

7-29. Determine (approximately) the force in members
GF, GK, and JK of the portal frame. Also find the reactions
at the fixed column supports A and B. Assume all members
of the truss to be connected at their ends.

7-30. Solve Prob. 7-29 if the supports at A and B are pin
connected instead of fixed.

G F E
4k H p O
7 K L 3 ft
1 c
12 ft
A e J
<8 ft—— 8 ft—— 8 ft Sfta‘

Probs. 7-29/7-30
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7-31. Draw (approximately) the moment diagram for
column ACD of the portal. Assume all truss members and
the columns to be pin connected at their ends. Also
determine the force in members FG, FH,and EH.

*7-32. Solve Prob. 7-31 if the supports at A and B are
fixed instead of pinned.

Ls fit 8 ft 8 ft SftJ

Probs. 7-31/7-32

7-33. Draw (approximately) the moment diagram for |5

column AJI of the portal. Assume all truss members and the
columns to be pin connected at their ends. Also determine
the force in members HG, HL, and KL.

7-34. Solve Prob. 7-33 if the supports at A and B are fixed
instead of pinned.

‘<7 6@1.5m=9m
2% m
Ll B Ry
4m

e ST R

Probs. 7-33/7-34
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7.5 Lateral Loads on Building Frames:
Portal Method

In Sec. 7-4 we discussed the action of lateral loads on portal frames and
found that for a frame fixed supported at its base, points of inflection
occur at approximately the center of each girder and column and the
columns carry equal shear loads, Fig. 7-8. A building bent deflects in
the same way as a portal frame, Fig. 7-12a, and therefore it would be
appropriate to assume inflection points occur at the center of the columns
and girders. If we consider each bent of the frame to be composed of a
series of portals, Fig. 7-12b, then as a further assumption, the interior
columns would represent the effect of two portal columns and would
therefore carry twice the shear V as the two exterior columns.

o = inflection point
(a)

.....................
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In summary, the portal method for analyzing fixed-supported building
frames requires the following assumptions:

1. A hinge is placed at the center of each girder, since this is assumed
to be a point of zero moment.

2. A hinge is placed at the center of each column, since this is assumed
to be a point of zero moment.

3. Atagiven floor level the shear at the interior column hinges is twice
that at the exterior column hinges, since the frame is considered to
be a superposition of portals.

These assumptions provide an adequate reduction of the frame to one
that is statically determinate yet stable under loading.

By comparison with the more exact statically indeterminate analysis,
the portal method is most suitable for buildings having low elevation and
uniform framing. The reason for this has to do with the structure’s action
under load. In this regard, consider the frame as acting like a cantilevered
beam that is fixed to the ground. Recall from mechanics of materials that
shear resistance becomes more important in the design of short beams,
whereas bending is more important if the beam is long. (See Sec. 7-6.)
The portal method is based on the assumption related to shear as stated
in item 3 above.

The following examples illustrate how to apply the portal method to
analyze a building bent.

The portal method of analysis can be used to (approximately) perform a lateral-load
analysis of this single-story frame.
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EXAMPLE 7.5

Determine (approximately) the reactions at the base of the columns
of the frame shown in Fig. 7-13a. Use the portal method of analysis.

B M D N F 0 G
1200 le
126 1 7 K L
A c E H
| 16 t | 16 ft | 16t |
(a)
1200 b —>' Ded o Ded
v 1 2V 4 2V<JTJ K v L
I, Jy K, L,
(b)
Fig. 7-13

SOLUTION

Applying the first two assumptions of the portal method, we place
hinges at the centers of the girders and columns of the frame,
Fig. 7-13a. A section through the column hinges at 7, J, K, L yields
the free-body diagram shown in Fig. 7-13b. Here the third assumption
regarding the column shears applies. We require

B IF,=0; 1200 — 6V =0 vV =2001b

Using this result, we can now proceed to dismember the frame at
the hinges and determine their reactions. As a general rule, always
start this analysis at the corner or joint where the horizontal load is
applied. Hence, the free-body diagram of segment /BM is shown in
Fig. 7-13c. The three reaction components at the hinges I,, M, and
M, are determined by applying XMy =0, 2F, =0, 2F, =0,
respectively. The adjacent segment MJN is analyzed next, Fig. 7-13d,
followed by segment NKO, Fig. 7-13e, and finally segment OGL,
Fig. 7-13f. Using these results, the free-body diagrams of the columns
with their support reactions are shown in Fig. 7-13g.
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If the horizontal segments of the girders in Figs. 7-13c, d, e and f are
considered, show that the moment diagram for the girder looks like

that shown in Fig. 7-13A.

M, =1501b

B 8ft
1200 1b —> <—— M, = 1000 Ib

M

M 8ft

N, =1501b

8 ft
<— N, =600 1b
N

200 Ib
I, =
L =1501b L0
(¢ (d)
N 0,=1501b
8 ft 8 ft
o0 G
0,=2001b 2001b
81t
150 b 6 ft
200 Ib L
L,=1501b
(e) (f)
150 1b
150 b
200 Ib 400 Ib 400 1b 200 1b
6 ft 6 ft
A, =2001b C, = 400 b E, = 400 Ib H, =2001b
- -
MA=12001b.ft\£4 \TXMH:QOOlb-ft
M = 2400 Ib- ft M, = 2400 Ib- ft
A, =1501b H,=1501b
(2)
M (k-ft)
12 12 12
‘ x (ft)
8 16 24 32 40 48
-12 -12 -12

(h)
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EXAMPLE |7.6

Determine (approximately) the reactions at the base of the columns
of the frame shown in Fig. 7-14a. Use the portal method of analysis.
G R H N 1
20 KN=—> o
10) P 0 5m
30 kKN=—— ——
D M E N F
J K L 6m
4 il v
8m 8m
(a)
20 kN¢—> 20 kN >
25m
4 Sm
\4 2V A4
o, P, Q 30 kKN——>
3m
A
Vﬁ 2V’ \4 T
J, K, L,
(b)
Fig. 7-14
SOLUTION
First hinges are placed at the centers of the girders and columns of the
frame, Fig. 7-14a. A section through the hinges at O, P, Q and J, K, L
yields the free-body diagrams shown in Fig. 7-14b. The column shears
are calculated as follows:
K SF,=0; 20 — 4V =0 V = 5kN
BIF,=0; 20+30-4V'=0 V' =125kN
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Using these results, we can now proceed to analyze each part of the
frame. The analysis starts with the corner segment OGR, Fig. 7-14c.
The three unknowns O,, R,, and R, have been calculated using the
equations of equilibrium. With these results segment OJM is analyzed
next, Fig. 7-14d; then segment JA, Fig. 7-14e; RPS, Fig. 7-14f;, PMKN,
Fig. 7-14g; and KB, Fig. 7-14h. Complete this example and analyze seg-
ments S/Q, then ONL, and finally LC, and show that C, = 12.5 kN,
C, = 15.625kN, and M = 37.5kN-m. Also, use the results and
show that the moment diagram for DM ENF is given in Fig. 7-14i.

R, =3.125kN
o I
20 kKN ——> R R, =15kN 1SkN

2.5m

o
SkN
O, =3.125kN

(©) (®

3.125kN
S, =3.125kN

S, =5kN

3.125kN

M, =12.5kN N, =12.5kN

30 kN

M, =225kN 225 kN

N, =7.5kN
12.5kN
J,=15.625kN K, -
(d) (2)
15.625 kKN M (kN-m)
50
J 12.5kN 25kN 0
3m ‘

x (m)

A
A, =125kN B o sk 4 g8 12 16
(—'T«_ M, =37.5kN-m My =75KN-m
A, = 15625 kN ~50 50

(e) @)
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CHAPTER 7

APPROXIMATE ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES

7.6 Lateral Loads on Building Frames:
Cantilever Method

The cantilever method is based on the same action as a long
cantilevered beam subjected to a transverse load. It may be recalled
from mechanics of materials that such a loading causes a bending stress
in the beam that varies linearly from the beam’s neutral axis, Fig. 7-15a.
In a similar manner, the lateral loads on a frame tend to tip the frame
over, or cause a rotation of the frame about a “neutral axis” lying in a
horizontal plane that passes through the columns between each floor.
To counteract this tipping, the axial forces (or stress) in the columns will
be tensile on one side of the neutral axis and compressive on the other
side, Fig. 7-15b. Like the cantilevered beam, it therefore seems reasonable
to assume this axial stress has a linear variation from the centroid of the
column areas or neutral axis. The cantilever method is therefore
appropriate if the frame is tall and slender, or has columns with different
cross-sectional areas.

beam

(2)

building frame

(®)
Fig. 7-15
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In summary, using the cantilever method, the following assumptions
apply to a fixed-supported frame.

1. A hinge is placed at the center of each girder, since this is assumed
to be a point of zero moment.

2. A hinge is placed at the center of each column, since this is assumed
to be a point of zero moment.

3. The axial stress in a column is proportional to its distance from the
centroid of the cross-sectional areas of the columns at a given floor
level. Since stress equals force per area, then in the special case of
the columns having equal cross-sectional areas, the force in a column
is also proportional to its distance from the centroid of the column
areas.

These three assumptions reduce the frame to one that is both stable and
statically determinate.

The following examples illustrate how to apply the cantilever method
to analyze a building bent.

The building framework has rigid connections. A lateral-load analysis can be performed
(approximately) by using the cantilever method of analysis.
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EXAMPLE (7.7

6m } Determine (approximately) the reactions at the base of the columns

\
30 kN __E‘ p  of the frame shown in Fig. 7-16a. The columns are assumed to have

1 equal cross-sectional areas. Use the cantilever method of analysis.
4m H K

J r»)_c =3 m—|

15 kN ——E E
I . I

4m G L ! 6m !
v A F (b)

(a)

Fig. 7-16 SOLUTION

First hinges are placed at the midpoints of the columns and girders.
The locations of these points are indicated by the letters G through L
in Fig. 7-16a.The centroid of the columns’ cross-sectional areas can be
determined by inspection, Fig. 7-16b, or analytically as follows:

S¥A  0(A) +6(A)
SA A+ A

X =

The axial stress in each column is thus proportional to its distance
from this point. Here the columns have the same cross-sectional area,
and so the force in each column is also proportional to its distance
from the centroid. Hence, a section through the hinges / and K at the
top story yields the free-body diagram shown in Fig. 7-16¢. Note how
the column to the left of the centroid must be subjected to tension
and the one on the right is subjected to compression. This is necessary
in order to counteract the tipping caused by the 30-kN force.
Summing moments about the neutral axis, we have

(+tZM=0; —30(2) + 3H, + 3K, =0
The unknowns can be related by proportional triangles, Fig. 7-16c,
that is,
H K
y y
3 -3 o =K
Thus,
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In a similar manner, using a section of the frame through the hinges
at G and L, Fig. 7-16d, we have

(+tEM=0; —30(6) — 15(2) + 3G, + 3L, =0
Since G,/3 = L,/3 or G, = L, then

G, =L, =35kN

Each part of the frame can now be analyzed using the above results.
As in Examples 7-5 and 7-6, we begin at the upper corner where the
applied loading occurs, i.e., segment HCI, Fig. 7-16a. Applying the
three equations of equilibrium, XM; = 0, XF, = 0, 2F, = 0, yields
the results for H,, I, and I,, respectively, shown on the free-body
diagram in Fig. 7-16e. Using these results, segment /DK is analyzed
next, Fig. 7-16f; followed by HJG, Fig. 7-16g; then KJL, Fig. 7-16h; and
finally the bottom portions of the columns, Fig. 7-16i and Fig. 7-16;.
The moment diagrams for each girder are shown in Fig. 7-16k.

I,=10kN
30 kN—»C R s
7 I,=15kN
2m
H H,=15kN
10 kN
(e)
10 kN 10 kN
H 15 kN K 15 kN
2m Jy=25kN 25kN 2m
15 KN=—> im im
2m 2m
G L,=225kN L
G, =225kN
35 kN 35 kN
(8) (h)
35kN
35kN
G 22.5 kN L 22.5 kN
2m
A A =25kN L F=25KN
M, =45kN-m \TJMF745kNm

A, =35kN

(M)

F, =35kN

@)

30 kN > o<
4m X -4
1S kKN —> Doq
2 m }_
——3m— 3 m—--{
I -
* /’// \\\\ Lx
G, L,
(d)
M (kKN-m)
30
6
x (m
3 (m)
—30
M (kN-m)
75
6
x (m)
3
=75

(k)
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CHAPTER 7

APPROXIMAT

E ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES

EXAMPLE |7.8

P
8k

12t L 10 in®

10k !

16 ft £ 10 in?

A
FZO ft %—

Show how to determine (approximately) the reactions at the base of the
columns of the frame shown in Fig. 7-17a. The columns have the cross-
sectional areas shown in Fig. 7-17b. Use the cantilever method of analysis.

0 R
2 s .2 )
M 8in ; N6t O 10 10in.2 8in.2 6in2 10in.2
F 8in> G 6in? H 10in? | | |
20 ft | 15 ft | 25 ft |
B c D |
15 ft } 25 ft } | x \
(a) (b)
Fig. 7-17
SOLUTION

First, hinges are assumed to exist at the centers of the girders and
columns of the frame, Fig. 7-17d and Fig. 7-17e. The centroid of the
columns’ cross-sectional areas is determined from Fig. 7-17b as follows:

%A 0(10) +20(8) + 35(6) + 60(10
XA _ 0(10) +20(8) + 35(6) + 60(10) _ o .

X =

(e)

8.53 ft| 6.47 ft ‘ SA 10 +8 +6 + 10
28.53 ft 3147 ft . . ‘ ' .
First we will consider the section through hinges at L, M, N and O.
(c)
8k > > 8k —
6 ft
L, M, N, 0, 0k
M,=0239L, N,=0.136L, -
< -
L, 8.53 ft| 6.47 ft 0,=1103L, E, H,
E,=3.627k : —
‘<— 28.53 ft — 31.47 ft yo ‘ H, i‘~001 k
@ 8.53 ft | 6.47 ft ‘
28.53 ft 31.47 ft |
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In this problem the columns have different cross-sectional areas, so we
must consider the axial stress in each column to be proportional to its
distance from the neutral axis, located at x = 28.53 ft.

We can relate the column stresses by proportional triangles, Fig. 7-17c.
Expressing the relations in terms of the force in each column, since
o = F/A, we have

8.53 ft M, 853 ( L, )
. : - M, = 0.239L
M T 85317 gin? 2853 \10in? y y
6.47 ft Ny 647 ( L, )
- : - N, = 0.136L
TN T 28531t °F gin? 2853 \10in y y
31.47 ft 0, 31.47( Ly )
- : - 0, = 1.103L
707285317 10in2 2853 \10in2/) * y

Now that each force is related to L, the free-body diagram is shown
in Fig. 7-17d.

Note how the columns to the left of the centroid are subjected to
tension and those on the right are subjected to compression. Why?
Summing moments about the neutral axis, we have

(FEM=0; —8k(6ft) + L,(28.53 ft) + (0.239L,)(8.53 ft)
+ (0.136L,)(6.47 ft) + (1.103L,)(31.47 ft) = 0

Solving,

L,=0725k M,=0174k N, =00987k O, = 0800k

Using this same method, show that one obtains the results in Fig. 7-17¢
for the columns at E, F, G, and H.

We can now proceed to analyze each part of the frame. As in the
previous examples, we begin with the upper corner segment LP,
Fig. 7-17f. Using the calculated results, segment LE/ is analyzed next,
Fig. 7-17g, followed by segment EA, Fig. 7-17h. One can continue to
analyze the other segments in sequence, i.e., POM, then MJFI, then
FB, and so on.

P, =025k

P, = 6791k

0.725 k

1.209 k
1, =2.902k

!
I, = 8489k

E,=2720k

10 ft

3.627k

E 2720k
8 ft
A, =2720k
M, =21.764k-ft

A, =3.627k
(h)
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“lrroplews

7-35. Use the portal method of analysis and draw the 7-39. Use the portal method of analysis and draw the
moment diagram for girder FED. moment diagram for column AFE.

*7-40. Solve Prob. 7-39 using the cantilever method of
ISkKN  F E D analysis. All the columns have the same cross-sectional area.

6m
1| sk
‘% 8§m———8m—
12 ft
Prob. 7-35
F
*7-36. Use the portal method of analysis and draw the 4k —
moment diagram for girder JIHGF.
12 ft
J / H G F 4k
A

AT

18— 1818 ft———18 fr—

Probs. 7-39/7-40
Prob. 7-36

15 ft

7-37. Use the portal method and determine (approximately) 7-41. Use the portal method and determine (approximately)
the reactions at supports A, B, C,and D. the reactions at A.
7-38. Use the cantilever method and determine 7-42. Use the cantilever method and determine
(approximately) the reactions at supports A, B, C, and D. (approximately) the reactions at A. All of the columns have
All columns have the same cross-sectional area. the same cross-sectional area.
1 J K L
— 1 H G
9 kN ——> 3k
4m 15 ft
F G H
12 kN ——> -+ ar—D £ £
4m 15 ft
A B C D A B C
- 5m - 5m————5m 18201t

Probs. 7-37/7-38 Probs. 7-41/7-42



7-43. Draw (approximately) the moment diagram for
girder PORST and column BGLQ of the building frame.
Use the portal method.

*7-44. Draw (approximately) the moment diagram for
girder PORST and column BGLQ of the building frame.
All columns have the same cross-sectional area. Use the
cantilever method.

B c D Ell

\61 5 ft:Hs ft;‘:—ZO ftﬁPZO -

Probs. 7-43/7-44

PROJECT PROBLEMS 295

7-45. Draw the moment diagram for girder I/KL of the
building frame. Use the portal method of analysis.

7-46. Solve Prob. 7-45 using the cantilever method of
analysis. Each column has the cross-sectional area indicated.

1 J K L
20 kN —>| —
4m

E F G H
40 kN ——> v
4m

A B C D

}4*4m } Sm } 4m‘+
I I I I

Area 24 (107%)m? 16 (103 m? 16 (1073 m?> 24 (1073) m?

Probs. 7-45/7-46

. PROJECT PROBLEMS

7-1P. The storage building bents shown in the photo are
spaced 10 ft apart and can be assumed pin connected at all
points of support. Use the idealized model shown and
determine the anticipated wind loading on the bent. Note

that the wind loading is transmitted from the wall to the
four purlins, then to the columns on the right side. Do an
approximate analysis and determine the maximum axial
load and maximum moment in column AB. Assume the
columns and knee braces are pinned at their ends. The building
is located on flat terrain in New Orleans, Louisiana, where
V = 125 mi/h.

‘«4 fta‘<—8 ft4—‘e4 ftﬂ

Prob. 7-1P
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CHAPTER REVIEW

An approximate structural analysis is used to reduce a P, P,
statically indeterminate structure to one that is statically
determinate. By doing so a preliminary design of the
members can be made, and once complete, the more exact
indeterminate analysis can then be performed and the
design refined.

Trusses having cross-diagonal bracing within their panels
can be analyzed by assuming the tension diagonal supports
the panel shear and the compressive diagonal is a zero-force R, R,
member. This is reasonable if the members are long and
slender. For larger cross sections, it is reasonable to assume
each diagonal carries one-half the panel shear.

=R1

The approximate analysis of a vertical uniform load acting
on a girder of length L of a fixed-connected building frame w
can be approximated by assuming that the girder does not
support an axial load, and there are inflection points
(hinges) located 0.1L from the supports.

0.1L 0.1L

| 0.8L
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Portal frames having fixed supports are approximately analyzed by assuming there are hinges at the midpoint of each
column height, measured to the bottom of the truss bracing. Also, for these, and pin-supported frames, each column is
assumed to support half the shear load on the frame.

For fixed-connected building frames subjected to lateral loads, we can assume there are hinges at the centers of the
columns and girders. If the frame has a low elevation, shear resistance is important and so we can use the portal method,
where the interior columns at any floor level carry twice the shear as that of the exterior columns. For tall slender frames,
the cantilever method can be used, where the axial stress in a column is proportional to its distance from the centroid of the
cross-sectional area of all the columns at a given floor level.

P —>

\% 2V \%
Portal method

Nl/'NN

o = inflection point Cantilever method







Deflections

In this chapter we will show how to determine the elastic deflections of
a beam using the method of double integration and two important
geometrical methods, namely, the moment-area theorems and the
conjugate-beam method. Double integration is used to obtain equations
which define the slope and the elastic curve. The geometric methods
provide a way to obtain the slope and deflection at specific points
on the beam. Each of these methods has particular advantages or
disadvantages, which will be discussed when each method is presented.

8.1 Deflection Diagrams and the Elastic
Curve

Deflections of structures can occur from various sources, such as loads,
temperature, fabrication errors, or settlement. In design, deflections must
be limited in order to provide integrity and stability of roofs, and prevent
cracking of attached brittle materials such as concrete, plaster or glass.
Furthermore, a structure must not vibrate or deflect severely in order to
“appear” safe for its occupants. More important, though, deflections at
specified points in a structure must be determined if one is to analyze
statically indeterminate structures.

The deflections to be considered throughout this text apply only to
structures having linear elastic material response. Under this condition,
a structure subjected to a load will return to its original undeformed
position after the load is removed. The deflection of a structure is caused

299
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TABLE 8-1

1)
%

A=0
roller or rocker

¥ L=

3)

A=0
6=0
fixed support

“4)
i{ ~ Ze
|

fixed-connected joint

(5)
0,
61

pin-connected joint

by its internal loadings such as normal force, shear force, or bending
moment. For beams and frames, however, the greatest deflections are
most often caused by internal bending, whereas internal axial forces
cause the deflections of a truss.

Before the slope or displacement of a point on a beam or frame
is determined, it is often helpful to sketch the deflected shape of the
structure when it is loaded in order to partially check the results. This
deflection diagram represents the elastic curve or locus of points which
defines the displaced position of the centroid of the cross section along
the members. For most problems the elastic curve can be sketched
without much difficulty. When doing so, however, it is necessary to know
the restrictions as to slope or displacement that often occur at a support
or a connection. With reference to Table 8-1, supports that resist a force,
such as a pin, restrict displacement; and those that resist moment, such as
a fixed wall, restrict rotation. Note also that deflection of frame members
that are fixed connected (4) causes the joint to rotate the connected
members by the same amount 6. On the other hand, if a pin connection
is used at the joint, the members will each have a different slope or rotation
at the pin, since the pin cannot support a moment (5).

The two-member frames support both the dead load
of the roof and a live snow loading. The frame can be
considered pinned at the wall, fixed at the ground, and
having a fixed-connected joint.
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If the elastic curve seems difficult to establish, it is suggested that
the moment diagram for the beam or frame be drawn first. By our sign
convention for moments established in Chapter 4, a positive moment
tends to bend a beam or horizontal member concave upward, Fig. 8-1.
Likewise, a negative moment tends to bend the beam or member concave
downward, Fig. 8-2. Therefore, if the shape of the moment diagram is
known, it will be easy to construct the elastic curve and vice versa. For
example, consider the beam in Fig. 8-3 with its associated moment
diagram. Due to the pin-and-roller support, the displacement at A and D
must be zero. Within the region of negative moment, the elastic curve is
concave downward; and within the region of positive moment, the elastic
curve is concave upward. In particular, there must be an inflection point
at the point where the curve changes from concave down to concave up,
since this is a point of zero moment. Using these same principles, note
how the elastic curve for the beam in Fig. 84 was drawn based on its
moment diagram. In particular, realize that the positive moment reaction
from the wall keeps the initial slope of the beam horizontal.

B lc D
p——Ty —

beam

PNy

M

+M/'t j‘\m

positive moment,
concave upward

Fig. 8-1

-\ &)

negative moment,
concave downward

Fig. 8-2

beam

o

moment diagram

inflection point

moment diagram

-M

A/H\[inﬂection point | ﬂ\
M ( |

L. —m w

deflection curve  + )7

Fig. 8-3

deflection curve

Fig. 84
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EXAMPLE |8.1

Draw the deflected shape of each of the beams shown in Fig. 8-5.

SOLUTION

In Fig. 8-5a the roller at A allows free rotation with no deflection
while the fixed wall at B prevents both rotation and deflection. The
deflected shape is shown by the bold line. In Fig. 8-5b, no rotation or
deflection can occur at A and B. In Fig. 8-5¢, the couple moment will
rotate end A. This will cause deflections at both ends of the beam
since no deflection is possible at B and C. Notice that segment CD
remains undeformed (a straight line) since no internal load acts
within it. In Fig. 8-5d, the pin (internal hinge) at B allows free
rotation, and so the slope of the deflection curve will suddenly change
at this point while the beam is constrained by its supports. In Fig. 8-5e,
the compound beam deflects as shown. The slope abruptly changes
on each side of the pin at B. Finally, in Fig. 8-5f, span BC will deflect
concave upwards due to the load. Since the beam is continuous, the
end spans will deflect concave downwards.

P I w |
(a) (b)

P
A D
M ' D
(e —
B C A c
() (d)
P
w
B

A ¢ AP D
o~— 6 _0o -

B c

(©) ®)
Fig. 8-5
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EXAMPLE |8.2

Draw the deflected shapes of each of the frames shown in Fig. 8-6.
B

(2)

SOLUTION

In Fig. 8-6a, when the load P pushes joints B and C to the right, it will
cause clockwise rotation of each column as shown. As a result, joints
B and C must rotate clockwise. Since the 90° angle between the
connected members must be maintained at these joints, the beam BC
will deform so that its curvature is reversed from concave up on the
left to concave down on the right. Note that this produces a point of
inflection within the beam.

In Fig. 8-6b, P displaces joints B, C, and D to the right, causing
each column to bend as shown. The fixed joints must maintain their
90° angles, and so BC and CD must have a reversed curvature with an
inflection point near their midpoint.

In Fig. 8-6c¢, the vertical loading on this symmetric frame will bend
beam CD concave upwards, causing clockwise rotation of joint C and
counterclockwise rotation of joint D. Since the 90° angle at the joints
must be maintained, the columns bend as shown. This causes spans
BC and DE to be concave downwards, resulting in counterclockwise
rotation at B and clockwise rotation at £.The columns therefore bend
as shown. Finally, in Fig. 8-6d, the loads push joints B and C to the
right, which bends the columns as shown. The fixed joint B maintains
its 90° angle; however, no restriction on the relative rotation between
the members at C is possible since the joint is a pin. Consequently,
only beam CD does not have a reverse curvature.

©

(d)
Fig. 8-6
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. FUNDAMENTAL PROBLEMS

F8-1. Draw the deflected shape of each beam. Indicate
the inflection points.

(a)
l (b) (©)
— s e— re=2
(b)
F8-3. Draw the deflected shape of each frame. Indicate
the inflection points.
—
(©
F8-1

F8-2. Draw the deflected shape of each frame. Indicate
the inflection points.

(b)
(a) F8-3



8.2 Elastic-Beam Theory

In this section we will develop two important differential equations that
relate the internal moment in a beam to the displacement and slope of
its elastic curve. These equations form the basis for the deflection
methods presented in this chapter, and for this reason the assumptions
and limitations used in their development should be fully understood.

To derive these relationships, we will limit the analysis to the most
common case of an initially straight beam that is elastically deformed by
loads applied perpendicular to the beam’s x axis and lying in the x—v
plane of symmetry for the beam’s cross-sectional area, Fig. 8~7a. Due to
the loading, the deformation of the beam is caused by both the internal
shear force and bending moment. If the beam has a length that is much
greater than its depth, the greatest deformation will be caused by
bending, and therefore we will direct our attention to its effects.
Deflections caused by shear will be discussed later in the chapter.

When the internal moment M deforms the element of the beam, each
cross section remains plane and the angle between them becomes db,
Fig. 8-7b. The arc dx that represents a portion of the elastic curve
intersects the neutral axis for each cross section. The radius of curvature
for this arc is defined as the distance p, which is measured from the center
of curvature O’ to dx. Any arc on the element other than dx is subjected
to a normal strain. For example, the strain in arc ds, located at a position
y from the neutral axis, is € = (ds’ — ds)/ds. However,ds = dx = p df
andds’ = (p — y) df,and so

(p—y)do — pdb 1
€ = or -
pdo p y

If the material is homogeneous and behaves in a linear elastic manner,
then Hooke’s law applies, € = o/E. Also, since the flexure formula
applies, o = —My/I. Combining these equations and substituting into
the above equation, we have

M
; E (8—1)

Here
p = the radius of curvature at a specific point on the elastic curve

(1/p is referred to as the curvature)

M = the internal moment in the beam at the point where p is to be
determined

E = the material’s modulus of elasticity
I = the beam’s moment of inertia computed about the neutral axis
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The product EI in this equation is referred to as the flexural rigidity,
and it is always a positive quantity. Since dx = p d6, then from Eq. 8-1,

M
do = - dx (8-2)

If we choose the v axis positive upward, Fig. 874, and if we can express
the curvature (1/p) in terms of x and v, we can then determine the
elastic curve for the beam. In most calculus books it is shown that this
curvature relationship is

1 d*v/dx*

p [l + (dv/dx)T"?

Therefore,

M d*v/dx*
EI [l + (dv/dx)*?

(8-3)

This equation represents a nonlinear second-order differential equation.
Its solution, v = f(x), gives the exact shape of the elastic curve—
assuming, of course, that beam deflections occur only due to bending.
In order to facilitate the solution of a greater number of problems,
Eq. 8-3 will be modified by making an important simplification. Since the
slope of the elastic curve for most structures is very small, we will use small
deflection theory and assume dv/dx =~ 0. Consequently its square will be
negligible compared to unity and therefore Eq. 8-3 reduces to

#v_ M

a2 EI 84)

It should also be pointed out that by assuming dv/dx = 0, the original
length of the beam’s axis x and the arc of its elastic curve will be approx-
imately the same. In other words, ds in Fig. 8-7b is approximately equal
to dx, since

ds = Vdx* + dv* = V1 + (dv/dx)*dx ~ dx

This result implies that points on the elastic curve will only be displaced
vertically and not horizontally.

Tabulated Results. 1In the next section we will show how to apply
Eq. 8-4 to find the slope of a beam and the equation of its elastic curve.
The results from such an analysis for some common beam loadings often
encountered in structural analysis are given in the table on the inside
front cover of this book. Also listed are the slope and displacement at
critical points on the beam. Obviously, no single table can account for the
many different cases of loading and geometry that are encountered in
practice. When a table is not available or is incomplete, the displacement
or slope of a specific point on a beam or frame can be determined by using
the double integration method or one of the other methods discussed
in this and the next chapter.



8.3 THE DOUBLE INTEGRATION METHOD

8.3 The Double Integration Method

Once M is expressed as a function of position x, then successive
integrations of Eq. 84 will yield the beam’s slope, # ~ tan 6 = dv/dx =
J(M/EI)dx (Eq. 8-2), and the equation of the elastic curve,
v = f(x) = [ [(M/EI) dx, respectively. For each integration it is
necessary to introduce a “constant of integration” and then solve for the
constants to obtain a unique solution for a particular problem. Recall
from Sec. 4-2 that if the loading on a beam is discontinuous—that is, it
consists of a series of several distributed and concentrated loads—then
several functions must be written for the internal moment, each valid
within the region between the discontinuities. For example, consider the
beam shown in Fig. 8-8. The internal moment in regions AB, BC, and
CD must be written in terms of the xi, x,, and x3 coordinates. Once
these functions are integrated through the application of Eq. 84 and
the constants of integration determined, the functions will give the slope
and deflection (elastic curve) for each region of the beam for which
they are valid.

Sign Convention. When applying Eq. 8-4, it is important to use
the proper sign for M as established by the sign convention that was used
in the derivation of this equation, Fig. 8-9a. Furthermore, recall that
positive deflection, v, is upward, and as a result, the positive slope angle 6
will be measured counterclockwise from the x axis. The reason for this is
shown in Fig. 8-9b. Here, positive increases dx and dv in x and v create
an increase df that is counterclockwise. Also, since the slope angle 6 will
be very small, its value in radians can be determined directly from
0 ~ tan 0 = dv/dx.

Boundary and Continuity Conditions. The constants of
integration are determined by evaluating the functions for slope or
displacement at a particular point on the beam where the value of the
function is known. These values are called boundary conditions. For
example, if the beam is supported by a roller or pin, then it is required
that the displacement be zero at these points. Also, at a fixed support the
slope and displacement are both zero.

If a single x coordinate cannot be used to express the equation for the
beam’s slope or the elastic curve, then continuity conditions must be
used to evaluate some of the integration constants. Consider the beam
in Fig. 8-10. Here the x; and x, coordinates are valid only within the
regions AB and BC, respectively. Once the functions for the slope and
deflection are obtained, they must give the same values for the slope and
deflection at point B, x; = x, = a, so that the elastic curve is physically
continuous. Expressed mathematically, this requires 6;(a) = 6,(a) and
v1(a) = v,(a). These equations can be used to determine two constants
of integration.

+dv
+v
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Procedure for Analysis

The following procedure provides a method for determining the
slope and deflection of a beam (or shaft) using the method of double
integration. It should be realized that this method is suitable only
for elastic deflections for which the beam’s slope is very small.
Furthermore, the method considers only deflections due to bending.
Additional deflection due to shear generally represents only a few
percent of the bending deflection, and so it is usually neglected in
engineering practice.

Elastic Curve

® Draw an exaggerated view of the beam’s elastic curve. Recall that
points of zero slope and zero displacement occur at a fixed
support, and zero displacement occurs at pin and roller supports.

® Establish the x and v coordinate axes. The x axis must be parallel
to the undeflected beam and its origin at the left side of the beam,
with a positive direction to the right.

® [f several discontinuous loads are present, establish x coordi-
nates that are valid for each region of the beam between the
discontinuities.

® In all cases, the associated positive v axis should be directed
upward.

Load or Moment Function

® For each region in which there is an x coordinate, express the
internal moment M as a function of x.

® Always assume that M acts in the positive direction when apply-
ing the equation of moment equilibrium to determine M = f(x).

Slope and Elastic Curve

® Provided EI is constant, apply the moment equation EI d*v/dx* =
M (x), which requires two integrations. For each integration it is
important to include a constant of integration. The constants are
determined using the boundary conditions for the supports and the
continuity conditions that apply to slope and displacement at points
where two functions meet.

® Once the integration constants are determined and substituted
back into the slope and deflection equations, the slope and
displacement at specific points on the elastic curve can be deter-
mined. The numerical values obtained can be checked graphically
by comparing them with the sketch of the elastic curve.

® Positive values for slope are counterclockwise and positive
displacement is upward.
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EXAMPLE |8.3

Each simply supported floor joist shown in the photo is subjected to
a uniform design loading of 4 kN/m, Fig. 8-11a. Determine the
maximum deflection of the joist. ET is constant.

Elastic Curve. Due to symmetry, the joist’s maximum deflection
will occur at its center. Only a single x coordinate is needed to
determine the internal moment.

Moment Function. From the free-body diagram, Fig. 8-11b, we have
X 2
M=20x—4x5 =20x — 2x

Slope and Elastic Curve. Applying Eq. 84 and integrating twice

gves 4 kN/m
d2
Elf2=20x—2x2 . v v v v
" \VAVAVAVAVAV
dv 5 3
ElI— = 10x" — 0.6667x” + C; - x
dx
10 m
Elv = 333323 — 0.1667x* + Cyx + C, 20kN © 20kN
Here v = 0 at x = 0 so that C, = 0, and v = 0 at x = 10, so that (4x)N
C, = —166.7. The equation of the elastic curve is therefore S~
-4 X
El'v = 3333x% — 0.1667x* — 166.7x | ?
A
At x = 5m, note that dv/dx = 0. The maximum deflection is l)M
therefore x|V
501 20 kN
Vmax — _E Ans. (b)
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EXAMPLE | 8.4

The cantilevered beam shown in Fig. 8-12a is subjected to a couple
moment M at its end. Determine the equation of the elastic curve.
El is constant.

M

(=)

E—

(a) (b)
Fig. 8-12

SOLUTION

Elastic Curve. The load tends to deflect the beam as shown in
Fig. 8-9a. By inspection, the internal moment can be represented
throughout the beam using a single x coordinate.

Moment Function. From the free-body diagram, with M acting in
the positive direction, Fig. 8~12b, we have

M = MO
Slope and Elastic Curve. Applying Eq. 84 and integrating twice
yields
d*v
El— =M 1
de 0 ( )
dv
EIE = Mox + Cl (2)
M0x2
EIU=T+C1X+C2 (3)

Using the boundary conditions dv/dx = 0 at x = 0 and v = 0 at
x = 0, then C; = C, = 0. Substituting these results into Egs. (2) and
(3) with 0 = dv/dx, we get

g = Mox
- EI
M0x2
v = Ans.

2E1
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Maximum slope and displacement occur at A (x = L), for which

ML
= 4
04 £l 4)
M,L?
Vy = 2E] Q)

The positive result for 0 4 indicates counterclockwise rotation and the
positive result for v 4 indicates that v 4 is upward. This agrees with the
results sketched in Fig. 8-12a.

In order to obtain some idea as to the actual magnitude of the slope
and displacement at the end A, consider the beam in Fig. 8-12a to
have a length of 12 ft, support a couple moment of 15k - ft, and be
made of steel having Ey = 29(10%) ksi. If this beam were designed
without a factor of safety by assuming the allowable normal stress is
equal to the yield stress ooy = 36 ksi, then a W6 X 9 would be
found to be adequate (I = 16.4 in.*). From Eqgs. (4) and (5) we get

15 k - ft(12 in./ft) (12 ft) (12 in./ft)
0, = ST TE = 0.0545 rad
29(10) k/in%(16.4 in*)

15 k- ft(12 in./ft) (12 ft)3(12 in./1 ft)? .
Vy = - - = 3.921in.
2(29(10%) k/in?)(16.4 in*)

Since #% = 0.00297 rad® << 1, this justifies the use of Eq. 84, rather
than applying the more exact Eq. 8-3, for computing the deflection of
beams. Also, since this numerical application is for a cantilevered
beam, we have obtained larger values for maximum 6 and v than
would have been obtained if the beam were supported using pins,
rollers, or other supports.
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EXAMPLE |8.5

The beam in Fig. 8-13a is subjected to a load P at its end. Determine
the displacement at C. EI is constant.

P

o .

X2 \_.‘

(a)

(b)
Fig. 8-13
SOLUTION

Elastic Curve. The beam deflects into the shape shown in
Fig. 8-13a. Due to the loading, two x coordinates must be considered.

Moment Functions. Using the free-body diagrams shown in
Fig. 8-13b, we have

P
Mlz_le 05)(1520
P 3P
M2 = —Exz + 7()&'2 - 261)
= Px, — 3Pa 2a = xy, = 3a

Slope and Elastic Curve. Applying Eq. 84,

dz?)l P
f El— = —
or xq, e 2x1
d’l)1 P
El— = ——x} + 1
dx, el & 1)

P
Elv, = —Ex% + Cix; + C, (2)
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d2v2
For x,, El— = Px, — 3Pa
dx3
d?)z P
Eld—x2 = 7& — 3Pax, + C; (3)
P, 3 2
EI’Uz = ng - EPLUCZ + C3X2 + C4 (4)

The four constants of integration are determined using three bound-
ary conditions, namely,v; = Oatx; = 0,v; = Oatx; = 2a,and v, = 0
at x, = 2a, and one continuity equation. Here the continuity of slope at
the roller requires dv,/dx; = dv,/dx, at x; = x, = 2a. (Note that
continuity of displacement at B has been indirectly considered in the
boundary conditions, since v; = v, = 0 at x; = x, = 2a.) Applying
these four conditions yields

v; = 0atx; = 0; 0=0+0+0C,

vy = 0atx; = 2a; O=—£(2a)3+C1(2a) +C,

v, = 0atx, = 2q; 0= %(2@3 - %Pa(Za)2 + C5(2a) + Cy
dvi(2a)  dvy(2a)

P P
——(2a)* + C; = —(2a)® — 3Pa(2a) + C
dxl dx2 ’ 4 ( a) 1 2 ( a) a( a) 3

Solving, we obtain

Pa’ 10
c1=T“ C;=0 Cy=Pd Ci= 2P

Substituting C3 and C, into Eq. (4) gives

Py 3Pa, 10Pa  2Pa
6EI"> 2EI'? " 3EI * EI

V) =

The displacement at C is determined by setting x, = 3a. We get

Pd’

—E Ans.

Ve =
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. FUNDAMENTAL PROBLEMS

F8-4. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 < x < L. EI
is constant.

lP

A

’>x
L

‘ 2

F8—4

F8-5. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 < x < L. EI
is constant.

F8-5

F8-6. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 < x < L. EI
is constant.

F8-7. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 < x < L. EI
is constant.

M,
A . ) |B
oS onN%es v—?‘g‘?‘?
- ‘
L L
! > ! 5 !
F8-7

F8-8. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 < x < L. EI
is constant.

—

F8-8

F8-9. Determine the equation of the elastic curve for the
beam using the x coordinate that is valid for 0 < x < L. EI
is constant.

Wo

F8-9



8.3 THE DOUBLE INTEGRATION METHOD 315

“lrroplews

8-1. Determine the equations of the elastic curve for the
beam using the x; and x, coordinates. Specify the slope at
A and the maximum deflection. E/ is constant.

P P

.
-

X

L

Prob. 8-1

8-2. The bar is supported by a roller constraint at B, which
allows vertical displacement but resists axial load and moment.
If the bar is subjected to the loading shown, determine the
slope at A and the deflection at C. EI is constant.

8-3. Determine the deflection at B of the bar in Prob. 8-2.

.

N~
0|~

Probs. 8-2/8-3

*8-4. Determine the equations of the elastic curve using the
coordinates x; and x,, specify the slope and deflection at B.
El is constant.

8-5. Determine the equations of the elastic curve using the
coordinates x; and x3, and specify the slope and deflection
at point B. EI is constant.

Rinepany
T s .
I ‘

a \

X | }<~ X3

L |

B

Probs. 8-4/8-5

8-6. Determine the maximum deflection between the
supports A and B. EI is constant. Use the method of
integration.

Y Y

c V. _ 5
T

L : L

R%)

Prob. 8-6

8-7. Determine the elastic curve for the simply supported
beam using the x coordinate 0 = x = L/2. Also, determine
the slope at A and the maximum deflection of the beam.
El is constant.

Wo

AL o 5
— ) |

Prob. 8-7

*8-8. Determine the equations of the elastic curve using
the coordinates x; and x,, and specify the slope at C and
displacement at B. EI is constant.

8-9. Determine the equations of the elastic curve using
the coordinates x; and x3, and specify the slope at B and
deflection at C. EI is constant.

Probs. 8-8/8-9
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(a)

(®)

8.4 Moment-Area Theorems

The initial ideas for the two moment-area theorems were developed by
Otto Mohr and later stated formally by Charles E. Greene in 1873. These
theorems provide a semigraphical technique for determining the slope of
the elastic curve and its deflection due to bending. They are particularly
advantageous when used to solve problems involving beams, especially
those subjected to a series of concentrated loadings or having segments
with different moments of inertia.

To develop the theorems, reference is made to the beam in Fig. 8-14a.
If we draw the moment diagram for the beam and then divide it by the
flexural rigidity, £1, the “M/EI diagram” shown in Fig. 8-14b results. By

Eq.8-2,
M
do = <E1> dx

Thus it can be seen that the change df in the slope of the tangents on
either side of the element dx is equal to the lighter-shaded area under the
M/EI diagram. Integrating from point A on the elastic curve to point B,
Fig. 8-14c, we have

M

e (8-5)

Op/a =

This equation forms the basis for the first moment-area theorem.

Theorem 1: The change in slope between any two points on the elastic
curve equals the area of the M/EI diagram between these two points.

The notation 6p,/,4 is referred to as the angle of the tangent at B
measured with respect to the tangent at A. From the proof it should be
evident that this angle is measured counterclockwise from tangent A to
tangent B if the area of the M/EI diagram is positive, Fig. 8-14c.
Conversely, if this area is negative, or below the x axis, the angle 0,4 is
measured clockwise from tangent A to tangent B. Furthermore, from the
dimensions of Eq. 8-5, /4 is measured in radians.

0B/a
tan B tan A

elastic curve

()
Fig. 8-14
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The second moment-area theorem is based on the relative deviation of
tangents to the elastic curve. Shown in Fig. 8-15c is a greatly exaggerated
view of the vertical deviation dt of the tangents on each side of the
differential element dx. This deviation is measured along a vertical line
passing through point A. Since the slope of the elastic curve and its
deflection are assumed to be very small, it is satisfactory to approximate
the length of each tangent line by x and the arc ds’ by dt. Using the (a)
circular-arc formula s = 6r, where r is of length x, we can write dt = x d#.

Using Eq. 8-2,d0 = (M/EI) dx, the vertical deviation of the tangent at
A with respect to the tangent at B can be found by integration, in which

M
case ET
B
M
tap = —d 8-6
A/B /4 X El X (8-6) .
Recall from statics that the centroid of an area is determined from
X[dA = [xdA.Since [M/EI dx represents an area of the M/EI dia- [z B o
gram, we can also write ‘ ‘ % ‘
B
M (b)
tap=x | —d 8-7
A/B = X [4 El X (8-7)

Here X is the distance from the vertical axis through A to the centroid of
the area between A and B, Fig. 8-15b.
The second moment-area theorem can now be stated as follows:

Theorem 2: The vertical deviation of the tangent at a point (A) on
the elastic curve with respect to the tangent extended from another
point (B) equals the “moment” of the area under the M/EI diagram
between the two points (A and B). This moment is computed about
point A (the point on the elastic curve), where the deviation 74 p is
to be determined.

Provided the moment of a positive M/EI area from A to B is elastic curve
computed, as in Fig. 8-15b, it indicates that the tangent at point A is above (c)
the tangent to the curve extended from point B, Fig. 8-15¢. Similarly,
negative M/EI areas indicate that the tangent at A is below the tangent
extended from B. Note that in general 745 is not equal to ¢4, which is
shown in Fig. 8-15d. Specifically, the moment of the area under the M/EI
diagram between A and B is computed about point A to determine 74,
Fig. 8-15b, and it is computed about point B to determine 7 4.

It is important to realize that the moment-area theorems can only be
used to determine the angles or deviations between two tangents on the
beam’s elastic curve. In general, they do not give a direct solution for the
slope or displacement at a point on the beam. These unknowns must first
be related to the angles or vertical deviations of tangents at points on

elastic curve

the elastic curve. Usually the tangents at the supports are drawn in this )
regard since these points do not undergo displacement and/or have zero
slope. Specific cases for establishing these geometric relationships are Fig. 8-15

given in the example problems.
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Procedure for Analysis

The following procedure provides a method that may be used to determine the
displacement and slope at a point on the elastic curve of a beam using the
moment-area theorems.

M/EI Diagram

® Determine the support reactions and draw the beam’s M/EI diagram.

® [f the beam is loaded with concentrated forces, the M/EI diagram will consist of a
series of straight line segments, and the areas and their moments required for the
moment-area theorems will be relatively easy to compute.

® [f the loading consists of a series of concentrated forces and distributed loads, it may
be simpler to compute the required M/EI areas and their moments by drawing the
M/EI diagram in parts, using the method of superposition as discussed in Sec. 4-5.
In any case, the M/EI diagram will consist of parabolic or perhaps higher-order
curves, and it is suggested that the table on the inside back cover be used to locate
the area and centroid under each curve.

Elastic Curve

® Draw an exaggerated view of the beam’s elastic curve. Recall that points of zero
slope occur at fixed supports and zero displacement occurs at all fixed, pin, and
roller supports.

® [f it becomes difficult to draw the general shape of the elastic curve, use the
moment (or M/EI) diagram. Realize that when the beam is subjected to a positive
moment the beam bends concave up, whereas negative moment bends the beam
concave down. Furthermore, an inflection point or change in curvature occurs
where the moment in the beam (or M/EI) is zero.

® The displacement and slope to be determined should be indicated on the curve.
Since the moment-area theorems apply only between two tangents, attention
should be given as to which tangents should be constructed so that the angles or
deviations between them will lead to the solution of the problem. In this regard,
the tangents at the points of unknown slope and displacement and at the supports
should be considered, since the beam usually has zero displacement and/or zero
slope at the supports.

Moment-Area Theorems

® Apply Theorem 1 to determine the angle between two tangents, and Theorem 2
to determine vertical deviations between these tangents.

® Realize that Theorem 2 in general will not yield the displacement of a point on the
elastic curve. When applied properly, it will only give the vertical distance or
deviation of a tangent at point A on the elastic curve from the tangent at B.

® After applying either Theorem 1 or Theorem 2, the algebraic sign of the answer
can be verified from the angle or deviation as indicated on the elastic curve.
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EXAMPLE |8.6

Determine the slope at points B and C of the beam shown in Fig. 8-16a.
Take E = 29(10°) ksi and I = 600in*. "

solve the problem in terms of EI and substitute the numerical data as
a last step.

(a)

Elastic Curve. The 2-k load causes the beam to deflect as shown in
Fig. 8-16¢. (The beam is deflected concave down, since M/EI is
negative.) Here the tangent at A (the support) is always horizontal.
The tangents at B and C are also indicated. We are required to find 65
and 6¢. By the construction, the angle between tan A and tan B, that

[\S)
~

SOLUTION 15 ﬁ‘JBA c
301t
M/EI Diagram. This diagram is shown in Fig. 8-16b. It is easier to

Substituting numerical data for E and /, and converting feet to inches, ’
we have

—675 k - ft?(144 in?/1 ft?)
29(10°) k/in(600 in*)
—0.00559 rad Ans.

0p

The negative sign indicates that the angle is measured clockwise from
A, Fig. 8-16¢.

In a similar manner, the area under the M/EI diagram between
points A and C equals 6, 4. We have

2
bc = 0,1 = ;(_ 60;;1- ft)(30 i) = — 900;1- ft
Substituting numerical values for EI, we have

—900 k -+ ft>(144 in?/ft?)

29(10°) k/in(600 in*)

—0.00745 rad Ans.

Oc

M
is, 04, is equivalent to 0. EI
OB = OB/A 15 ft i 15 ft i
Also,
Oc = 0c/a
Moment-Area Theorem. Applying Theorem 1, 5,4 is equal to the ET (b)
area under the M/EI diagram between points A and B; that is,
30k-ft 1/60k-ft 30k-ft
= Ogy = — 1516t) — = - 151
b5 = 05/ ( El >( S1) 2( El El >( : t)w
675 k - ft? “1‘4 tan B 05/a
Y |

tan A
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EXAMPLE |8.7

Determine the deflection at points B and C of the beam shown in
Fig. 8-17a. Values for the moment of inertia of each segment are
indicated in the figure. Take £ = 200 GPa.

500 N-m

B C
! ) SOLUTION
Lug = 8(10%4(106) mm*
T —4m 3m M/EI Diagram. By inspection, the moment diagram for the beam is

(a) a rectangle. Here we will construct the M/EI diagram relative to I g¢,
realizing that I 45 = 21 gc. Fig. 8~17b. Numerical data for E1 gc will be
substituted as a last step.

A

Elastic Curve. The couple moment at C causes the beam to deflect
as shown in Fig. 8-17¢c. The tangents at A (the support), B, and C are
indicated. We are required to find Az and A.. These displacements
can be related directly to the deviations between the tangents, so that
from the construction Ay is equal to the deviation of tan B relative to
tan A;that is,

Elge Ap = tpa

500
250 Elzc  Also,

Elpe
: i . Ac =1tca

Moment-Area Theorem. Applying Theorem 2,75/, is equal to the
moment of the area under the M/EIp- diagram between A and B
(b) computed about point B, since this is the point where the tangential
deviation is to be determined. Hence, from Fig. 8-17b,

250 N-m 2000 N - m?
Ag =1t ={4m}2m=
B = lp/a Elpe (4m) |(2m) Elp

Substituting the numerical data yields

3
ctan A, = : 2000 N -m

200(10%) N/m?][4(10°) mm*(1 m*/(10*)* mm?)]
a4 B tan B |Ac = o/
B = 0.0025m = 2.5 mm. Ans.

s Ap =1ip/a tan A

Likewise, for fc;4 we must compute the moment of the entire
(c) M/EI gc diagram from A to C about point C. We have

Ac = tepy = {25222“(4 m)}(S m) + [5022;‘“(3 m)](l.S m)

_ 7250N-m’ 7250 N - m’

Fig. 8-17

Elpc [200(10%) N/m?][4(10°)(10712) m*]
= 0.00906 m = 9.06 mm Ans.

Since both answers are positive, they indicate that points B and C lie
above the tangent at A.
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EXAMPLE |8.8

Determine the slope at point C of the beam in Fig. 8-18a.
E =200 GPa, I = 6(10°) mm*.

‘EI 60
EI

20 kN 30

J E

° .
B
AL C D A ‘c ‘D B
3m-——3m 6m4 Pam ~—3m— 6m ‘

(a) (b)

Oc
—-L\Q D ﬁ'—h . |
¢ o—— T8y wn orizonta

tan C

(0)
Fig. 8-18

SOLUTION
M/EI Diagram. Fig. 8-18b.

Elastic Curve. Since the loading is applied symmetrically to the
beam, the elastic curve is symmetric, as shown in Fig. 8-18¢c. We are
required to find 6. This can easily be done, realizing that the tangent
at D is horizontal, and therefore, by the construction, the angle 0p/c
between tan C and tan D is equal to 6¢; that is,

0c = Opsc

Moment-Area Theorem. Using Theorem 1, 6, is equal to the
shaded area under the M/EI diagram between points C and D. We

have
oo 3m<30kN-m> . 1(3m)<60kN-m B 30kN-m>
¢ Ub/c EI 2 EI EI
_ 135kN-m?
EI
Thus,
L2
00 = 135 kN-m —0112rad  Ans

[200(10%) kKN/m?][6(10°%)(107'2) m*]
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EXAMPLE |8.9

8k Determine the slope at point C of the beam in Fig. 8-19a.

E = 29(10°) ksi, I = 600 in*.

Lo
i B
L ] ﬁJ\lz ﬁJﬁ6 ﬁJ SOLUTION
@

M/EI Diagram. Fig. 8-19b.

Elastic Curve. The elastic curve is shown in Fig. 8-19¢. We are
required to find 6.. To do this, establish tangents at A, B (the
supports), and C and note that 6¢,, is the angle between the tangents
at A and C. Also, the angle ¢ in Fig. 8-19¢ can be found using
M ¢ = tp/a/L 4p- This equation is valid since ¢, is actually very small,
EI so that 75/, can be approximated by the length of a circular arc
defined by a radius of L 45 = 24 ft and sweep of ¢. (Recall that s = 6r.)

12 From the geometry of Fig. 8-19¢, we have

EI
Ip/a

x Oc=¢ = bcja= 7 ~ Oca 1)

<6 ft— 12 ft 6ftJ Moment-Area Theorems. Using Theorem 1, 6¢/4 is equivalent to
(b) the area under the M/EI diagram between points A and C; that is,

1 12 k- ft 36 k - ft?
0C/A_2(6ft)< El >_ EI

Applying Theorem 2, 1,4 is equivalent to the moment of the area
under the M/EI diagram between B and A about point B, since this is
the point where the tangential deviation is to be determined. We have

[6 ft + %(18 ft)}[;(wﬂ)(%;l. ﬂﬂ

+ %(6 ft)B(6 ft)<36;° ftﬂ

tan B IB/A

4320k - ft°
EI
(©) tan A Substituting these results into Eq. 1, we have
Fig. 8-19 o 4320k-ft°  36k-ft* 144k -ft*
€ (24ft) EI EI EI
so that
144 k - ft?
bc

~ 29(10%) k/in®(144 in/ft%) 600 in*(1 ft*/(12)* in*)
= (0.00119 rad Ans.
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EXAMPLE (8.10

Determine the deflection at C of the beam shown in Fig. 8-20a. Take
E = 29(10°) ksi, I = 21 in*.

Skt S
(4' c EI 2.5

T B EI
12 ft \\\12 ft s‘

(a)

| 121t : 12 £t |
SOLUTION

M/EI Diagram. Fig. 8-20b.

Elastic Curve. Here we are required to find A, Fig. 8-20c. This is
not necessarily the maximum deflection of the beam, since the loading
and hence the elastic curve are not symmetric. Also indicated in
Fig. 8-20c are the tangents at A, B (the supports), and C. If 745 is
determined, then A’ can be found from proportional triangles, that is,
A'/12 = t/p/24 or A’ =t 4,/2. From the construction in Fig. 8-20c,
we have
_las

c= 5 Tl ey

Moment-Area Theorem. We will apply Theorem 2 to determine
t4/p and tc/p. Here 14/ is the moment of the M/EI diagram between
A and B about point A,

1 1 S5k-ft 480 k - ft?
— 24t || = (248 _ 20k
Larp {3( t)}[z( t)< El ﬂ El

and t¢/p is the moment of the M/ET diagram between C and B about C.

1 1 25k -ft 60 k 'ft3 | 12 ft 12 ft |
Ie/p = |:3(12 ft)]|:2(12 ft)( £l >:| = tan A | ‘

B
EI A i
Substituting these results into Eq. (1) yields wan C AYicC
‘

3 1<480k-ft3) _60k-ft’ 180 k- ft’ ta/s
€ 2\ EI EI EI
Working in units of kips and inches, we have

180 k - ft3(1728 in’/ft?)
T 29(10%) k/in’(21 in) Fig. 8-20
= 0.511 in. Ans.

tan B (c)

C
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EXAMPLE |8.11

Determine the deflection at point C of the beam shown in Fig. 8-21a.

6 kN
[ E = 200 GPa, I = 250(10°) mm?*.

o B 4 SOLUTION
m 8
24 kKN " M/EI Diagram. As shown in Fig. 8-21b, this diagram consists of a
72 kN . .
triangular and a parabolic segment.
(a)
Elastic Curve. The loading causes the beam to deform as shown in
Fig. 8-21c. We are required to find A.. By constructing tangents at A,
2 B (the supports), and C, it is seen that A¢c = t¢/4 — A’. However, A’
can be related to ¢34 by proportional triangles, thatis, A’/16 = tp/,/8
or A" = 2tp,,. Hence

| |
8m ‘ 8m AC = tC/A - 2tB/A (1)

Moment-Area Theorem. We will apply Theorem 2 to determine
£l tcya and tp/4. Using the table on the inside back cover for the
parabolic segment and considering the moment of the M/EI diagram
between A and C about point C, we have

tan A en = [2(8 m)]B(S m)(_192}1§j'mﬂ

= [yom v oal[m(- 2

}Ac _ 11264kN-m’
El
« tan C
© The moment of the M/EI diagram between A and B about point B gives
1 1 192 kN -m 2048 kN - m’
Fig. 8-21 == = e )| =
. ta = 3 @m) |- 2Em) | 2080

Why are these terms negative? Substituting the results into Eq. (1) yields

11 264 kN - m? ( 2048kN-m3)
A =—"" " 2| -7
EI El
__ 7T168kN-m’
EI
Thus,
—7168 kN - m?
Ap 7168 m

" [200(10°) kKN/m?][250(106)(10~'2) m]
= —0.143m Ans.
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EXAMPLE |8.12

Determine the slope at the roller B of the double overhang beam 10 kN
shown in Fig. 8-22a. Take E = 200 GPa, I = 18(10°) mm®. 3?‘H'm

SOLUTION ﬁ B C JD
2n 4, 94
M/EI Diagram. The M/EI diagram can be simplified by drawing it " am

in parts and considering the M/EI diagrams for the three loadings kN S kN
each acting on a cantilever beam fixed at D, Fig. 8-22b. (The 10-kN (a)
load is not considered since it produces no moment about D.)

Elastic Curve. If tangents are drawn at B and C, Fig. 8-22c, the

slope B can be determined by finding /¢, and for small angles, M
EI
fe/B
B~ 5 1)
2m 2 4 6
I

Moment Area Theorem. To determine #¢/3 we apply the moment 30
area theorem by finding the moment of the M/EI diagram between El
BC about point C.This only involves the shaded area under two of the +

diagrams in Fig. 8-22b. Thus,

e = (0w @y TN |y (202 (108N

_ 5333kN-m’
EI

Substituting into Eq. (1),

b — 53.33kN-m’
5 (2 m)[200(10°) kN/m?][18(106)(107'2) m?]
= 0.00741 rad Ans. ‘
(b)
b
05 el

2m

‘ tan C

(c)
Fig. 8-22
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Naninaniaisannn
i —oB
| L |
real beam
M
A,
APE= I b
| L |

conjugate beam

Fig. 8-23

8.5 Conjugate-Beam Method

The conjugate-beam method was developed by H. Miiller-Breslau in
1865. Essentially, it requires the same amount of computation as the
moment-area theorems to determine a beam’s slope or deflection;
however, this method relies only on the principles of statics, and hence
its application will be more familiar.

The basis for the method comes from the similarity of Eq. 4-1 and
Eq.4-2 to Eq. 8-2 and Eq. 84.To show this similarity, we can write these
equations as follows:

av _ M _
dx v dx? v
o _ M & M
dx EI dx? EI
Or integrating,
V=/wdx M = {/wdx}dx
7 0 J J

Here the shear V compares with the slope 6, the moment M compares
with the displacement v, and the external load w compares with the M/EI
diagram. To make use of this comparison we will now consider a beam
having the same length as the real beam, but referred to here as the
“conjugate beam,” Fig. 8-23. The conjugate beam is “loaded” with
the M/EI diagram derived from the load w on the real beam. From the
above comparisons, we can state two theorems related to the conjugate
beam, namely,

Theorem 1: The slope at a point in the real beam is numerically
equal to the shear at the corresponding point in the conjugate beam.

Theorem 2: The displacement of a point in the real beam is
numerically equal to the moment at the corresponding point in the
conjugate beam.

Conjugate-Beam Supports. When drawing the conjugate beam
it is important that the shear and moment developed at the supports of the
conjugate beam account for the corresponding slope and displacement of
the real beam at its supports, a consequence of Theorems 1 and 2. For



8.5 CONJUGATE-BEAM METHOD 327

example, as shown in Table 8-2, a pin or roller support at the end of the
real beam provides zero displacement, but the beam has a nonzero slope.
Consequently, from Theorems 1 and 2, the conjugate beam must be
supported by a pin or roller, since this support has zero moment but has
a shear or end reaction. When the real beam is fixed supported (3), both
the slope and displacement at the support are zero. Here the conjugate
beam has a free end, since at this end there is zero shear and zero moment.
Corresponding real and conjugate-beam supports for other cases are listed
in the table. Examples of real and conjugate beams are shown in Fig. 8-24.
Note that, as a rule, neglecting axial force, statically determinate real
beams have statically determinate conjugate beams; and statically
indeterminate real beams, as in the last case in Fig. 824, become unstable
conjugate beams. Although this occurs, the M/EI loading will provide the
necessary “equilibrium” to hold the conjugate beam stable.

TABLE 8-2

Real Beam Conjugate Beam
1) 0 o — 14 L=
A=0 . M=0 .
pin pin
2) 0 e v I
A=0 M=0
roller roller
3) 6=0 ):Q V=0
| —
A=0 i M=0
fixed free
4) 0 | — Vv I—
A free M fixed
5) 0 = v
S G—i
A=0 internal pin M=0 hinge
6) o = 4
S G—
A=0 internal roller M=0 hinge
A . P
hinge .
internal roller
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A 3
b:— I
_ﬂ__ P R
F:_:ﬂL ]
—— ——7 — e— O
real beam conjugate beam
Fig. 8-24

Procedure for Analysis

The following procedure provides a method that may be used to determine the
displacement and slope at a point on the elastic curve of a beam using the
conjugate-beam method.

Conjugate Beam

® Draw the conjugate beam for the real beam. This beam has the same length as
the real beam and has corresponding supports as listed in Table 8-2.

® [In general, if the real support allows a slope, the conjugate support must develop a
shear; and if the real support allows a displacement, the conjugate support must
develop a moment.

® The conjugate beam is loaded with the real beam’s M/EI diagram. This loading is
assumed to be distributed over the conjugate beam and is directed upward when
M/EI is positive and downward when M/EI is negative. In other words, the loading
always acts away from the beam.

Equilibrium

® Using the equations of equilibrium, determine the reactions at the conjugate
beam’s supports.

® Section the conjugate beam at the point where the slope 6 and displacement A of
the real beam are to be determined. At the section show the unknown shear V'
and moment M’ acting in their positive sense.

® Determine the shear and moment using the equations of equilibrium. V' and M’
equal 0 and A, respectively, for the real beam. In particular, if these values are
positive, the slope is counterclockwise and the displacement is upward.
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EXAMPLE |8.13

Determine the slope and deflection at point B of the steel beam
shown in Fig. 8-25a. The reactions have been computed.
E = 29(10%) ksi, I = 800 in*.

5k
5k 4 |
(1 ’
Bkt 15 fit l 15 ft |
real beam
(2)
Fig. 8-25

SOLUTION
Conjugate Beam. The conjugate beam is shown in Fig. 8-25b. The . 15 ft | 15 ft J
supports at A" and B’ correspond to supports A and B on the real A" | B

beam, Table 8-2. It is important to understand why this is so. The M/EI
diagram is negative, so the distributed load acts downward, i.e., away

from the beam. )
El .
conjugate beam
Equilibrium. Since 0z and Ap are to be determined, we must (b)
compute Vg and My in the conjugate beam, Fig. 8-25c¢.
562.5k - ft* ¢l |
+12F, =0 SR v =0 Hfl‘ 25 ft e
w 5 )
562.5k - ft ! -
0p =V = — o220 BT v,
poe EI i
B —562.5 k - ft* 562.5
29(10%) k/in%(144 in%/)800 in*(1 ft*/(12) in*) Bl reactions
= —0.00349 rad Ans. ©
562.5k - ft?
(t=ZMp = 0; T(szt) + Mp =0 ’
14 062.5 k - ft3 A ‘
Ao = My == T
B 10

3 —-14062.5k - ft
29(10%)(144) k/ft2[800/(12)*] ft*
= —0.0873 ft = —1.05 in. Ans.

(d)

The negative signs indicate the slope of the beam is measured
clockwise and the displacement is downward, Fig. 8-25d.
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EXAMPLE |8.14

Determine the maximum deflection of the steel beam shown in
Fig. 8-26a. The reactions have been computed. E = 200 GPa,
I = 60(10%) mm*. 18

EI

| 9m 1 3m

real beam

(a) conjugate beam

Fig. 8-26 (b)
SOLUTION

Conjugate Beam. The conjugate beam loaded with the M/EI
SLo _mA2T diagram is shown in Fig. 8-26b. Since the M/EI diagram is positive, the
,E/T/ i \T\{fl distributed load acts upward (away from the beam).

Equilibrium. The external reactions on the conjugate beam are
determined first and are indicated on the free-body diagram in
Fig. 8-26¢. Maximum deflection of the real beam occurs at the point
5 63 where the slope of the beam is zero. This corresponds to the same
point in the conjugate beam where the shear is zero. Assuming this
point acts within the region 0 =< x =< 9m from A’, we can isolate the
(c) section shown in Fig. 8-26d. Note that the peak of the distributed
loading was determined from proportional triangles, that is,
w/x = (18/EI)/9. We require V' = 0 so that

45 1(2x
82 TIER =0 _EI+2<EI)x=0

EI9 EI

( x=67lm (0=x=9m)OK

external reactions

Using this value for x, the maximum deflection in the real beam corre-
sponds to the moment M'. Hence,

X 7‘ "=0
L (+tEM = 0; g(an) - {;(2(]65';1))6.71];(6.71) +M =0
internal reactions N o 201.2 kN - m3
(d) max EI
B —201.2 kN -m’
~ [200(10%) kN/m2][60(10%) mm*(1 m*/(10%)* mm*)]
= —0.0168 m = —16.8 mm Ans.

The negative sign indicates the deflection is downward.
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EXAMPLE |8.15

The girder in Fig. 8-27a is made from a continuous beam and reinforced
at its center with cover plates where its moment of inertia is larger. 6k 8k 6k
The 12-ft end segments have a moment of inertia of I = 450 in*, and l l l
the center portion has a moment of inertia of I’ = 900 in*. Determine
the deflection at the center C. Take E = 29(10°) ksi. The reactions

I=450in* I' =900 i 1n =450 in*
have been calculated. | 12t 6 ft 6 ft 12 £t |

10k 10k
SOLUTION
real beam
Conjugate Beam. The moment diagram for the beam is determined
first, Fig. 8-27b.Since I’ = 21, for simplicity, we can express the load on @)
the conjugate beam in terms of the constant EI, as shown in Fig. 8-27c. Fig. 8-27
Equilibrium. The reactions on the conjugate beam can be calculated
by the symmetry of the loading or using the equations of equilibrium.
The results are shown in Fig. 8-27d. Since the deflection at C is to be
determined, we must compute the internal moment at C'. Using
the method of sections, segment A’'C’ is isolated and the resultants of
the distributed loads and their locations are determined, Fig. 8~27e. Thus,
1116 720 360 36
+3Mo = 0; 18— 10 3 2)+ Mc =0
{ c ’EI() () EI()EI() c
Vo = 11736k-f0 M (k)
¢ EI 120 144 120
Substituting the numerical data for EI and converting units, we have
i
11736 k - £63(1728 in’/£6%) 2 18 4 x (1
Ac=Mc =— 3 = —1.55in. Ans
29(10°) k/in (450 mn ) moment diagram
The negative sign indicates that the deflection is downward. (b)
2
120 120 720 ) 720 % @
El 72 ol EI/‘ N L Ha
EI < NN - EI
EL EL Er - :_=::};__\‘E 1 :“‘-l-“.Vc'
I E I " o L C l Mc
—_— ' 2 ft
1116 — =
1:8 ftaFlO ft«Fm ft%g ft#l EI 101t 3ft
12 ft—+6 ft=6 ft--—12 ft ‘ 18 £t
1116 1116
conjugate beam external reactions internal reactions

(© (d) (e)
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EXAMPLE |8.16

Determine the displacement of the pin at B and the slope of each
beam segment connected to the pin for the compound beam shown in
Fig. 8-28a. E = 29(10%) ksi, I = 30 in*.

Slk -
\ 30 k-ft l N\ 30 k-ft
‘B c A Ap c 2.
oo BT

real beam elastic curve

(a) (b)

L]
—12ft | 12 ft | 15 ft

Fig. 8-28

SOLUTION

Conjugate Beam. The elastic curve for the beam is shown in
Fig. 8-28b in order to identify the unknown displacement Az and the
slopes (6g); and (0p)x to the left and right of the pin. Using Table 8-2,
the conjugate beam is shown in Fig. 8-28c. For simplicity in calculation,
the M/EI diagram has been drawn in parts using the principle of
superposition as described in Sec. 4-5. In this regard, the real beam is
thought of as cantilevered from the left support, A. The moment
diagrams for the 8-k load, the reactive force C,, = 2 k, and the 30-k - ft
loading are given. Notice that negative regions of this diagram
develop a downward distributed load and positive regions have a
distributed load that acts upward.

12 ft—F

12 ft— EI
conjugate beam external reactions

(©) (d)
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Equilibrium. The external reactions at B" and C' are calculated first
and the results are indicated in Fig. 8-28d. In order to determine
(6p) R, the conjugate beam is sectioned just to the right of B' and the
shear force (Vp)g is computed, Fig. 8-28e. Thus,

+12F, = 0;

228.6 k - ft?
0)r = (Ve)r = —z

3 228.6k - ft?
[29(10%)(144) k/ft3][30/(12)4] ft*

= 0.0378 rad Ans.

The internal moment at B’ yields the displacement of the pin. Thus,

225 450 3.6
+ =0 , 4+ — - — - —
(+=My =0, ~Mpg £l (5 £l (7.5) EI(15)
2304 k - ft
Ag=Mp =——"—""7"—
B B EI
—2304 k - ft

B [29(10%)(144) k/ft?][30/(12)%] ft*
= —0.381 ft = —4.58 in. Ans.

The slope (0p);, can be found from a section of beam just to the left
of B', Fig. 8-28f. Thus,

2286 225 450 3.6
N+ ot - —— - =
Vi) EI £l El E1CC

(0p) = (V)L =0 Ans.

+13F, = 0;

Obviously, Ap = Mp for this segment is the same as previously
calculated, since the moment arms are only slightly different in Figs. 8-28¢
and 8-28f.

____________
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. FUNDAMENTAL PROBLEMS

F8-10. Use the moment-area theorems and determine the
slope at A and deflection at A. EI is constant.

F8-11. Solve Prob. F8-10 using the conjugate beam
method.

6 kN

| |

AN T S
| !

\ 3m \

F8-10/8-11

F8-12. Use the moment-area theorems and determine the
slope at B and deflection at B. EI is constant.

F8-13. Solve Prob. F8-12 using the conjugate beam
method.

| 8 kN'm
 — )
| B ‘
} 4m \
F8-12/8-13

F8-14. Use the moment-area theorems and determine the
slope at A and displacement at C. ET is constant.

F8-15. Solve Prob. F8-14 using the conjugate beam
method.

5 kN-m

A (2‘\ . |5
C _él—

} 15m | 1.5m }

F8-14/8-15

F8-16. Use the moment-area theorems and determine the
slope at A and displacement at C. EI is constant.

F8-17. Solve Prob. F8-16 using the conjugate beam
method.

8 kN

L
w

F8-16/8-17

F8-18. Use the moment-area theorems and determine the
slope at A and displacement at C. E1 is constant.

F8-19. Solve Prob. F8-18 using the conjugate beam
method.

4 kN 4 kN

o o
A - 2

| C
|

4 m | 4m |

F8-18/8-19

F8-20. Use the moment-area theorems and determine the
slope at B and displacement at B. EI is constant.

F8-21. Solve Prob. F8-20 using the conjugate beam
method.

9 kN

F8-20/8-21
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“lrroplews

8-10. Determine the slope at B and the maximum
displacement of the beam. Use the moment-area theorems.
Take E = 29(10%) ksi, I = 500 in*.

8-11. Solve Prob. 8-10 using the conjugate-beam method.

15k

}

: 6 ft | 6 ft |

Probs. 8-10/8-11

*8-12. Determine the slope and displacement at C. EI is
constant. Use the moment-area theorems.

8-13. Solve Prob. 8-12 using the conjugate-beam method.

15k

N e l'c

} 30 ft }

15 ft—

Probs. 8-12/8-13

8-14. Determine the value of a so that the slope at A is
equal to zero. EI is constant. Use the moment-area theorems.

8-15. Solve Prob. 8-14 using the conjugate-beam method.

*8-16. Determine the value of a so that the displacement
at C is equal to zero. EI is constant. Use the moment-area
theorems.

8-17. Solve Prob. 8-16 using the conjugate-beam method.

P P

l L

A L = ‘

|~
|~

Probs. 8-14/8-15/8-16/8-17

8-18. Determine the slope and the displacement at C. EI
is constant. Use the moment-area theorems.

8-19. Solve Prob. 8-18 using the conjugate-beam method.
Ah ic
Bt ‘

|
i e

\ a \ a \ a \

Probs. 8-18/8-19

#*8-20. Determine the slope and the displacement at the
end C of the beam. E = 200 GPa, I = 70(10°) mm*. Use
the moment-area theorems.

8-21. Solve Prob. 8-20 using the conjugate-beam method.

8 kN

Probs. 8-20/8-21

8-22. At what distance a should the bearing supports at A
and B be placed so that the displacement at the center of
the shaft is equal to the deflection at its ends? The bearings
exert only vertical reactions on the shaft. E1 is constant. Use
the moment-area theorems.

8-23. Solve Prob. 8-22 using the conjugate-beam method.

P P

Probs. 8-22/8-23
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*8-24. Determine the displacement at C and the slope
at B. EI is constant. Use the moment-area theorems.

8-25. Solve Prob. 8-24 wusing the conjugate-beam
method.

4 kN 4 kN

i A\ lc
A _alls
\

=2 B
1.5 m+1.5 ma}—— 3 mJ

Probs. 8-24/8-25

3m |

8-26. Determine the displacement at C and the slope at B.
EI is constant. Use the moment-area theorems.

=g

|

<«

| :
B .
A ‘C ‘ B
~—a ‘ a ‘ a ‘ a
Prob. 8-26

8-27. Determine the displacement at C and the slope at B.
El is constant. Use the conjugate-beam method.

Prob. 8-27

*8-28. Determine the force F at the end of the beam C so
that the displacement at C is zero. EI is constant. Use the
moment-area theorems.

P

Prob. 8-28

8-29. Determine the force F at the end of the beam C so
that the displacement at C is zero. EI is constant. Use the
conjugate-beam method.

P

Prob. 8-29

8-30. Determine the slope at B and the displacement at C.
EI is constant. Use the moment-area theorems.

P P

! !

Prob. 8-30

8-31. Determine the slope at B and the displacement at C.
El is constant. Use the conjugate-beam method.

P P

l l

Prob. 8-31



*8-32. Determine the maximum displacement and the slope
at A. El is constant. Use the moment-area theorems.

M,

-

y 4
L
2

|
|

Prob. 8-32

8-33. Determine the maximum displacement at B and the
slope at A. EI is constant. Use the conjugate-beam method.

M,
n _ y 4 .
| L al L |
| 2 ! 2 ‘
Prob. 8-33
8-34. Determine the slope and displacement at C. EI is

constant. Use the moment-area theorems.

P
My= Pa l
AN A4
A /”) |
N
Prob. 8-34

8-35. Determine the slope and displacement at C. EI is
constant. Use the conjugate-beam method.

Prob. 8-35
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*8-36. Determine the displacement at C. Assume A is a
fixed support, B is a pin, and D is a roller. EI is constant.
Use the moment-area theorems.

25 kN
i _-F D
3m ‘ 3m } 3m
Prob. 8-36

8-37. Determine the displacement at C. Assume A is a
fixed support, B is a pin, and D is a roller. EI is constant.
Use the conjugate-beam method.

25 kN
j l C
‘ H..q[,
4 ‘B
¥ 3m ‘ 3m } 3m
Prob. 8-37

8-38. Determine the displacement at D and the slope at
D. Assume A is a fixed support, B is a pin, and C is a roller.
Use the moment-area theorems.

6k

HLI ro I

12 ft ‘ 12 ft ‘ 12 ft

L

Prob. 8-38

8-39. Determine the displacement at D and the slope at
D. Assume A is a fixed support, B is a pin, and C is a roller.
Use the conjugate-beam method.

’

=)}
~

N :

12 ft | 12 ft } 12 ft |

Prob. 8-39
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CHAPTER REVIEW

The deflection of a member (or structure) can always
be established provided the moment diagram is
known, because positive moment will tend to bend the
member concave upwards, and negative moment
will tend to bend the member concave downwards.
Likewise, the general shape of the moment diagram
can be determined if the deflection curve is known.

beam

minﬂection point
A \/é._

deflection curve

N
o

moment diagram

M

Deflection of a beam due to bending can be
determined by using double integration of the
equation.

v _ M
dx* EI

Here the internal moment M must be expressed as a
function of the x coordinates that extend across the
beam. The constants of integration are obtained from
the boundary conditions, such as zero deflection at a
pin or roller support and zero deflection and slope at a
fixed support. If several x coordinates are necessary,
then the continuity of slope and deflection must be
considered, where at x; = x, = a, 0;(a) = 0,(a) and
vi(a) = vy(a).

V1,02
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If the moment diagram has a simple shape, the moment-area theorems or the conjugate beam method can be used to
determine the deflection and slope at a point on the beam.

The moment-area theorems consider the angles and vertical deviation between the tangents at two points A and B
on the elastic curve. The change in slope is found from the area under the M/EI diagram between the two points, and the
deviation is determined from the moment of the M/EI diagram area about the point where the deviation occurs.

=09

B
0p/a
tan B tan A

04 = Area of M/EI diagram

EI Area

ta/p = X (Area of M/EI diagram)

The conjugate beam method is very methodical and requires application of the principles of statics. Quite simply, one
establishes the conjugate beam using Table 8-2, then considers the loading as the M/EI diagram. The slope (deflection) at
a point on the real beam is then equal to the shear (moment) at the same point on the conjugate beam.

M
El
x L x x : \

real beam conjugate beam







Deflections Using
Energy Methods

In this chapter, we will show how to apply energy methods to solve problems
involving slope and deflection. The chapter begins with a discussion of work
and strain energy, followed by a development of the principle of work and
energy. The method of virtual work and Castigliano’s theorem are then
developed, and these methods are used to determine the displacements at
points on trusses, beams, and frames.

9.1 External Work and Strain Energy

The semigraphical methods presented in the previous chapters are very
effective for finding the displacements and slopes at points in beams
subjected to rather simple loadings. For more complicated loadings or
for structures such as trusses and frames, it is suggested that energy
methods be used for the computations. Most energy methods are based
on the conservation of energy principle, which states that the work done
by all the external forces acting on a structure, U,, is transformed
into internal work or strain energy, U;, which is developed when
the structure deforms. If the material’s elastic limit is not exceeded, the
elastic strain energy will return the structure to its undeformed state
when the loads are removed. The conservation of energy principle can
be stated mathematically as

U.=U (9-1)

Before developing any of the energy methods based on this principle,
however, we will first determine the external work and strain energy caused
by a force and a moment. The formulations to be presented will provide a
basis for understanding the work and energy methods that follow.

341
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External Work—Force. When a force F undergoes a displacement
dx in the same direction as the force, the work done is dU, = F dx. If the
total displacement is x, the work becomes

m:/Fw (9-2)
0

Consider now the effect caused by an axial force applied to the end of a
bar as shown in Fig. 9-1a. As the magnitude of F is gradually increased from
zero to some limiting value F = P, the final elongation of the bar becomes
A. If the material has a linear elastic response, then F = (P/A)x.
Substituting into Eq. 9-2, and integrating from O to A, we get

U, =3PA (9-3)

which represents the shaded triangular area in Fig. 9-1a.

We may also conclude from this that as a force is gradually applied to
the bar, and its magnitude builds linearly from zero to some value P, the
work done is equal to the average force magnitude (P/2) times the
displacement (A).

~
I

|~
=

Fig. 9-1
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Suppose now that P is already applied to the bar and that another force
F' is now applied, so the bar deflects further by an amount A’, Fig. 9-1b.
The work done by P (not F’) when the bar undergoes the further
deflection A’ is then

U, = PN’ (9-4)

Here the work represents the shaded rectangular area in Fig. 9-1b. In
this case P does not change its magnitude since A’ is caused only
by F'. Therefore, work is simply the force magnitude (P) times the
displacement (A").

In summary, then, when a force P is applied to the bar, followed by
application of the force F’, the total work done by both forces is
represented by the triangular area ACE in Fig. 9-1b. The triangular area
ABG represents the work of P that is caused by its displacement A,
the triangular area BCD represents the work of F’ since this force
causes a displacement A’, and lastly, the shaded rectangular area
BDEG represents the additional work done by P when displaced A’ as
caused by F’.

External Work—Moment. The work of a moment is defined by
the product of the magnitude of the moment M and the angle d6 through
which it rotates, that is, dU, = M d6, Fig. 9-2. If the total angle of
rotation is 6 radians, the work becomes

0
Uu,= / M db (9-5)
0
As in the case of force, if the moment is applied gradually to a structure
having linear elastic response from zero to M, the work is then
U, =iMo (9-6)

However, if the moment is already applied to the structure and other
loadings further distort the structure by an amount 6’, then M rotates
0', and the work is

U = Mo’ (9-7)

df

Fig. 9-2

D.
%
Sy
s b

F
C
F'+ Pp-=============
B
Pl--------- D
G E

(b)
Fig. 9-1
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Strain Energy—Axial Force. When an axial force N is applied
gradually to the bar in Fig. 9-3, it will strain the material such that the
external work done by N will be converted into strain energy, which is
stored in the bar (Eq. 9-1). Provided the material is linearly elastic,
Hooke’s law is valid, o = Ee, and if the bar has a constant cross-
sectional area A and length L, the normal stress is ¢ = N/A and the
final strain is € = A/L. Consequently, N/A = E(A/L), and the final
deflection is

_ NL

A=UE

(9-8)

Substituting into Eq. 9-3, with P = N, the strain energy in the bar is
therefore

_ NZL

Ui = 2AE

(9-9)

Strain Energy—Bending. Consider the beam shown in Fig. 9-4a,
which is distorted by the gradually applied loading P and w. These loads
create an internal moment M in the beam at a section located a distance
x from the left support. The resulting rotation of the differential element
dx, Fig. 9-4b, can be found from Eq. 8-2, that is, d0 = (M/EI) dx.
Consequently, the strain energy, or work stored in the element, is
determined from Eq. 9-6 since the internal moment is gradually
developed. Hence,

M? dx
dU. =
Ui 2E1

(9-10)

The strain energy for the beam is determined by integrating this result
over the beam’s entire length L. The result is

Ly
M~ dx
U, = 9-11
! o 2EI ( )

Fig. 9-4
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9.2 Principle of Work and Energy

Now that the work and strain energy for a force and a moment have
been formulated, we will illustrate how the conservation of energy or the
principle of work and energy can be applied to determine the displacement
at a point on a structure. To do this, consider finding the displacement A
at the point where the force P is applied to the cantilever beam in
Fig. 9-5. From Eq. 9-3, the external work is U, = %PA. To obtain the
resulting strain energy, we must first determine the internal moment as a
function of position x in the beam and then apply Eq. 9-11. In this case
M = —Px, so that

Ui = - 2EI 6 EI

o 2EI

" M? dx /L(—Px)zdx 1PL
0

Equating the external work to internal strain energy and solving for the
unknown displacement A, we have

Ue = Ui
1 2713
Lpy - 1P
2 6 EI
PL?
A=—+
3E]

Although the solution here is quite direct, application of this method is
limited to only a few select problems. It will be noted that only one load
may be applied to the structure, since if more than one load were
applied, there would be an unknown displacement under each load, and
yet it is possible to write only one “work” equation for the beam.
Furthermore, only the displacement under the force can be obtained, since
the external work depends upon both the force and its corresponding
displacement. One way to circumvent these limitations is to use the
method of virtual work or Castigliano’s theorem, both of which are
explained in the following sections.

P P

M(iﬁ

—

Fig. 9-5
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Apply virtual load P’ = 1
(a)

Apply real loads Py, P,, P;
(b)
Fig. 9-6

9.3 Principle of Virtual Work

The principle of virtual work was developed by John Bernoulli in 1717
and is sometimes referred to as the unit-load method. It provides a
general means of obtaining the displacement and slope at a specific
point on a structure, be it a beam, frame, or truss.

Before developing the principle of virtual work, it is necessary to make
some general statements regarding the principle of work and energy,
which was discussed in the previous section. If we take a deformable
structure of any shape or size and apply a series of external loads P to
it, it will cause internal loads u at points throughout the structure. It is
necessary that the external and internal loads be related by the equations of
equilibrium. As a consequence of these loadings, external displacements
A will occur at the P loads and internal displacements & will occur at
each point of internal load u. In general, these displacements do not have
to be elastic, and they may not be related to the loads; however, the
external and internal displacements must be related by the compatibility of
the displacements. In other words, if the external displacements are
known, the corresponding internal displacements are uniquely defined.
In general, then, the principle of work and energy states:

> PA = >ud
Work of Work of (9-12)
External Loads Internal Loads

Based on this concept, the principle of virtual work will now be
developed. To do this, we will consider the structure (or body) to be of
arbitrary shape as shown in Fig. 9-6b.* Suppose it is necessary to
determine the displacement A of point A on the body caused by the
“real loads” Py, P,, and Pj3. It is to be understood that these loads cause
no movement of the supports; in general, however, they can strain the
material beyond the elastic limit. Since no external load acts on the body
at A and in the direction of A, the displacement A can be determined by
first placing on the body a “virtual” load such that this force P’ acts in the
same direction as A, Fig. 9-6a. For convenience, which will be apparent
later, we will choose P’ to have a “unit” magnitude, that is, P’ = 1. The
term “virtual” is used to describe the load, since it is imaginary and does
not actually exist as part of the real loading. The unit load (P') does,
however, create an internal virtual load u in a representative element or
fiber of the body, as shown in Fig. 9-6a. Here it is required that P’ and u
be related by the equations of equilibrium."

*This arbitrary shape will later represent a specific truss, beam, or frame.
TAlthough these loads will cause virtual displacements, we will not be concerned with
their magnitudes.



9.3 PRINCIPLE OF VIRTUAL WORK 347

Once the virtual loadings are applied, then the body is subjected to the
real loads Py, P,, and P3, Fig. 9-6b. Point A will be displaced an amount
A, causing the element to deform an amount dL. As a result, the external
virtual force P’ and internal virtual load u “ride along” by A and dL,
respectively, and therefore perform external virtual work of 1+ A on the
body and internal virtual work of u-dL on the element. Realizing that
the external virtual work is equal to the internal virtual work done on all
the elements of the body, we can write the virtual-work equation as

! 7 virtual loadings
1-A = Su-dL (9-13)
1 1 real displacements

where
P’ = 1 = external virtual unit load acting in the direction of A.
u = internal virtual load acting on the element in the direction of dL.

A
dL = internal deformation of the element caused by the real loads.

external displacement caused by the real loads.

By choosing P’ = 1, it can be seen that the solution for A follows directly,
since A = Ju dL.

In a similar manner, if the rotational displacement or slope of the tangent
at a point on a structure is to be determined, a virtual couple moment M’
having a “unit” magnitude is applied at the point. As a consequence, this
couple moment causes a virtual load u, in one of the elements of the body.
Assuming that the real loads deform the element an amount dL, the
rotation 6 can be found from the virtual-work equation

! 7 virtual loadings
146 = Suy-dL (9-14)
1 1 real displacements

where

M' =1 = external virtual unit couple moment acting in the direction of 6.
uy = internal virtual load acting on an element in the direction of dL.

6 = external rotational displacement or slope in radians caused by the
real loads.

dL = internal deformation of the element caused by the real loads.

This method for applying the principle of virtual work is often referred
to as the method of virtual forces, since a virtual force is applied resulting
in the calculation of a real displacement. The equation of virtual work in
this case represents a compatibility requirement for the structure.
Although not important here, realize that we can also apply the principle
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, B

Apply virtual unit load to B
(@)

Apply real loads Py, P,
(b)
Fig. 9-7

of virtual work as a method of virtual displacements. In this case virtual
displacements are imposed on the structure while the structure is
subjected to real loadings. This method can be used to determine a force
on or in a structure,* so that the equation of virtual work is then
expressed as an equilibrium requirement.

9.4 Method of Virtual Work: Trusses

We can use the method of virtual work to determine the displacement
of a truss joint when the truss is subjected to an external loading,
temperature change, or fabrication errors. Each of these situations will
now be discussed.

External Loading. For the purpose of explanation let us consider
the vertical displacement A of joint B of the truss in Fig. 9-7a. Here a
typical element of the truss would be one of its members having a length
L, Fig. 9-7b. If the applied loadings P, and P, cause a linear elastic
material response, then this element deforms an amount AL = NL/AE,
where N is the normal or axial force in the member, caused by the loads.
Applying Eq. 9-13, the virtual-work equation for the truss is therefore

1A= "leEL (9-15)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A.

n = internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the real loads on the truss.

N = internal normal force in a truss member caused by the real loads.
L = length of a member.

A = cross-sectional area of a member.

E = modulus of elasticity of a member.

The formulation of this equation follows naturally from the development
in Sec. 9-3. Here the external virtual unit load creates internal virtual
forces m in each of the truss members. The real loads then cause the truss
joint to be displaced A in the same direction as the virtual unit load, and
each member is displaced NL/AFE in the same direction as its respective
n force. Consequently, the external virtual work 1- A equals the internal
virtual work or the internal (virtual) strain energy stored in a// the truss
members, that is, 2nNL/AE.

*It was used in this manner in Sec. 6-3 with reference to the Miiller-Breslau principle.
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Temperature. In some cases, truss members may change their
length due to temperature. If « is the coefficient of thermal expansion
for a member and AT is the change in its temperature, the change in
length of a member is AL = o AT L. Hence, we can determine the
displacement of a selected truss joint due to this temperature change
from Eq. 9-13, written as

1'A = Sna AT L (9-16)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A.

N
|

= internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the temperature change.
a = coefficient of thermal expansion of member.
AT

L = length of member.

change in temperature of member.

Fabrication Errors and Camber. Occasionally, errors in fabricating
the lengths of the members of a truss may occur. Also, in some cases truss
members must be made slightly longer or shorter in order to give the
truss a camber. Camber is often built into a bridge truss so that the
bottom cord will curve upward by an amount equivalent to the downward
deflection of the cord when subjected to the bridge’s full dead weight. If a
truss member is shorter or longer than intended, the displacement of a
truss joint from its expected position can be determined from direct
application of Eq. 9-13, written as

1-A=SnAL (9-17)

where

1 = external virtual unit load acting on the truss joint in the stated
direction of A.

N
I

= internal virtual normal force in a truss member caused by the
external virtual unit load.

A = external joint displacement caused by the fabrication errors.
AL

difference in length of the member from its intended size as
caused by a fabrication error.

A combination of the right sides of Eqgs. 9-15 through 9-17 will be
necessary if both external loads act on the truss and some of the members
undergo a thermal change or have been fabricated with the wrong
dimensions.
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Procedure for Analysis

The following procedure may be used to determine a specific
displacement of any joint on a truss using the method of virtual
work.

Virtual Forces n

® Place the unit load on the truss at the joint where the desired
displacement is to be determined. The load should be in the
same direction as the specified displacement, e.g., horizontal or
vertical.

® With the unit load so placed, and all the real loads removed from
the truss, use the method of joints or the method of sections and
calculate the internal n force in each truss member. Assume that
tensile forces are positive and compressive forces are negative.

Real Forces N

® Use the method of sections or the method of joints to determine
the N force in each member. These forces are caused only by
the real loads acting on the truss. Again, assume tensile forces are
positive and compressive forces are negative.

Virtual-Work Equation

® Apply the equation of virtual work, to determine the desired
displacement. It is important to retain the algebraic sign for each
of the corresponding n and N forces when substituting these
terms into the equation.

® If the resultant sum 2nNL/AE is positive, the displacement A is
in the same direction as the unit load. If a negative value results,
A is opposite to the unit load.

® When applying 1-A = Zna ATL, realize that if any of the
members undergoes an increase in temperature, AT will be
positive, whereas a decrease in temperature results in a negative
value for AT.

® For1-A = Zn AL, when a fabrication error increases the length of
amember, AL is positive, whereas a decrease in length is negative.

® When applying any formula, attention should be paid to the units
of each numerical quantity. In particular, the virtual unit load can
be assigned any arbitrary unit (b, kip, N, etc.), since the n forces
will have these same units, and as a result the units for both the
virtual unit load and the n forces will cancel from both sides of the
equation.
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EXAMPLE (9.1

Determine the vertical displacement of joint C of the steel truss shown
in Fig. 9-8a. The cross-sectional area of each member is A = 0.5 in®
and E = 29(10°) ksi.

F E
10’ ft
A B C D
101t l 10 ft l 10 ft——|
4k 4k
(a)

SOLUTION
Virtual Forces n. Only a vertical 1-k load is placed at joint C, and 0333k

the force in each member is calculated using the method of joints. The
results are shown in Fig. 9-8b. Positive numbers indicate tensile forces
and negative numbers indicate compressive forces.

Real Forces N. The real forces in the members are calculated using
the method of joints. The results are shown in Fig. 9-8c.

0333k 0.667 k 0.667 k T
0333k 1k 0.667 k

Virtual-Work Equation. Arranging the data in tabular form, we have )
virtual forces n

Member n (k) N (k) L (ft) nNL (k2. ft) (b)

AB 0.333 4 10 13.33

BC 0.667 4 10 26.67

CD 0.667 4 10 26.67

DE —0.943 —5.66 14.14 75.42

FE —0.333 —4 10 13.33

EB —-0.471 0 14.14 0

BF 0.333 4 10 13.33

AF —-0.471 —5.66 14.14 37.71

CE 1 4 10 40

>246.47
nNL 24647 K2-ft real forces N
Thus 1k-Ac = 2 =
v AE AE (c)

Converting the units of member length to inches and substituting the Fig. 9-8

numerical values for A and E, we have
(246.47 k* - ft) (12 in./ft)
(0.5in?)(29(10%) k/in?)

Ac, = 0.204 in. Ans.

1 * C,
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EXAMPLE 9.2

The cross-sectional area of each member of the truss shown in
Fig. 9-9a is A = 400 mm? and E = 200 GPa. (a) Determine the
vertical displacement of joint C if a 4-kN force is applied to the truss
at C. (b) If no loads act on the truss, what would be the vertical
displacement of joint C if member AB were 5 mm too short?

C
77 —>» 4kN

3m ‘

A 5
PR S

(a)
Fig. 9-9

SOLUTION
Part (a)

Virtual Forces n. Since the vertical displacement of joint C is to be
determined, a virtual force of 1 kN is applied at C in the vertical
direction. The units of this force are the same as those of the real loading.
The support reactions at A and B are calculated and the n force in
each member is determined by the method of joints as shown on the
free-body diagrams of joints A and B, Fig. 9-9b.

0.833 kN 0.833 kKN
A3 3N

AE L 5 0667KN 0.667 kKN <——X B

0.5 kN 0.5 kN 0.5 kN virtual forces n 0.5 kN
(b)

Real Forces N. The joint analysis of A and B when the real load of
4 kN is applied to the truss is given in Fig. 9-9c.
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2kN
Y
1.5kN 1.5kN 1.5kN real forces N 15kN
(©)

Virtual-Work Equation. Since AE is constant, each of the terms
nNL can be arranged in tabular form and computed. Here positive
numbers indicate tensile forces and negative numbers indicate
compressive forces.

Member n (kN) N (kN) L (m) n NL (kN2 +m)
AB 0.667 2 8 10.67
AC —0.833 2.5 5 -10.41
CB —0.833 -2.5 5 10.41

>10.67

Thus,

naNL  10.67 kN?-m
1kN-A; = =
DY AE AE
Substituting the values A = 400 mm? = 400(10°®) m?, E = 200 GPa =
200(10°) kN/m?, we have

2.
LEN- Ay, = _610.27 kN m :
" 400(107%) m2(200(10°) kN/m?)
Ac, = 0.000133 m = 0.133 mm Ans.

Part (b). Here we must apply Eq. 9-17. Since the vertical displace-
ment of C is to be determined, we can use the results of Fig. 9-7b. Only
member AB undergoes a change in length, namely, of AL = —0.005 m.
Thus,

1-A = SnAL
1kN-Ac, = (0.667 kN)(—0.005 m)

Ac = —0.00333 m = —3.33 mm Ans.

v

The negative sign indicates joint C is displaced upward, opposite
to the 1-kN vertical load. Note that if the 4-kN load and fabrication
error are both accounted for, the resultant displacement is then
Ac, = 0.133 — 3.33 = —3.20 mm (upward).
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EXAMPLE |9.3

Determine the vertical displacement of joint C of the steel truss
shown in Fig. 9-10a. Due to radiant heating from the wall, member
AD is subjected to an increase in temperature of AT = +120°F. Take
a = 0.6(107)/°F and E = 29(10°) ksi. The cross-sectional area of
each member is indicated in the figure.

CHAPTER 9

1k 1k 80k
A A
wall ot c l
_ —> 60 k 0.75 k «—= 120 k < >—> 60 k
D i 0.75k 120 k
2 in?
. 1k
8 ft & 2 in? ~ 0 80 k ~ 80 k
5 G Q
A 7
o B 0.75 K =—ps ° 60 k —= )
A 2 in? l 0 0 l
80k 80 k
(a) virtual forces n real forces N
Fig. 9-10 (b) (0)

SOLUTION

Virtual Forces n. A vertical 1-k load is applied to the truss at
joint C, and the forces in the members are computed, Fig. 9-10b.

Real Forces N. Since the n forces in members AB and BC are zero,
the N forces in these members do not have to be computed. Why? For
completion, though, the entire real-force analysis is shown in Fig. 9-10c.

Virtual-Work Equation. Both loads and temperature affect the
deformation; therefore, Eqs. 9-15 and 9-16 are combined. Working in
units of kips and inches, we have

NL
1’Acv: EnAE

+ 2Zna AT L

(0.75)(120)(6)(12) . (1)(80)(8)(12)
2[29(10%)] 2[29(10%)]
(—1.25)(—100)(10)(12)
1.5[29(10%)]

+ (1)[0.6(107)](120)(8)(12)

Ac, = 0.658 in. Ans.
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9.5 Castigliano’s Theorem

In 1879 Alberto Castigliano, an Italian railroad engineer, published a book in
which he outlined a method for determining the deflection or slope at a point
in a structure, be it a truss, beam, or frame. This method, which is referred to
as Castigliano’s second theorem, or the method of least work, applies only to
structures that have constant temperature, unyielding supports, and /inear
elastic material response. If the displacement of a point is to be determined,
the theorem states that it is equal to the first partial derivative of the strain
energy in the structure with respect to a force acting at the point and in the
direction of displacement. In a similar manner, the slope at a point in a
structure is equal to the first partial derivative of the strain energy in the
structure with respect to a couple moment acting at the point and in the
direction of rotation.

To derive Castigliano’s second theorem, consider a body (structure) of
any arbitrary shape which is subjected to a series of n forces Py, P, ..., P,,.
Since the external work done by these loads is equal to the internal strain
energy stored in the body, we can write

Ui = Ue
The external work is a function of the external loads (U, = = f P dx). Thus,
Ui = Ue = f(Pl»PZ,--an)

Now, if any one of the forces, say P;, is increased by a differential amount
dP;, the internal work is also increased such that the new strain energy
becomes

U,

This value, however, should not depend on the sequence in which the n
forces are applied to the body. For example, if we apply d P; to the body first,
then this will cause the body to be displaced a differential amount dA; in
the direction of dP;. By Eq. 9-3 (Ue = %PA), the increment of strain
energy would be %dPi dA;. This quantity, however, is a second-order
differential and may be neglected. Further application of the loads Py, P,
..., P,, which displace the body Ay, A,, ..., A,, yields the strain energy.

Ul+dUl:Ul+dPlAl (9—19)

Here, as before, U, is the internal strain energy in the body, caused by the
loads Py, Py, ..., P,,and dU; = dP;A;is the additional strain energy caused
by dP;. (Eq.9-4,U, = PA'".)

In summary, then, Eq. 9-18 represents the strain energy in the body
determined by first applying the loads P, P, ..., P,, then dP;, and
Eq. 9-19 represents the strain energy determined by first applying dP; and
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then the loads Py, P,, ..., P,. Since these two equations must be equal,
we require
U,
A =— 9-20
(=35 (9-20)

which proves the theorem;i.e., the displacement A; in the direction of P; is
equal to the first partial derivative of the strain energy with respect to P;.*

It should be noted that Eq.9-20 is a statement regarding the structure’s
compatibility. Also, the above derivation requires that only conservative
forces be considered for the analysis. These forces do work that is
independent of the path and therefore create no energy loss. Since forces
causing a linear elastic response are conservative, the theorem is
restricted to linear elastic behavior of the material. This is unlike the
method of virtual force discussed in the previous section, which applied
to both elastic and inelastic behavior.

9.6 Castigliano’s Theorem for Trusses

The strain energy for a member of a truss is given by Eq. 9-9,
U; = N’L/2AE. Substituting this equation into Eq. 9-20 and omitting
the subscript i, we have

_ g NL
- OP<“2AE

It is generally easier to perform the differentiation prior to summation.
In the general case L, A, and E are constant for a given member, and
therefore we may write

aN) L (921)

A= 2N<ap AL

where

A = external joint displacement of the truss.

P = external force applied to the truss joint in the direction of A.
N

internal force in a member caused by both the force P and the
loads on the truss.

L = length of a member.
A

E = modulus of elasticity of a member.

cross-sectional area of a member.

*Castigliano’s first theorem is similar to his second theorem; however, it relates the load P;
to the partial derivative of the strain energy with respect to the corresponding displacement,
that is, P; = oU;/0A;. The proof is similar to that given above and, like the method of virtual
displacement, Castigliano’s first theorem applies to both elastic and inelastic material behavior.
This theorem is another way of expressing the equilibrium requirements for a structure, and
since it has very limited use in structural analysis, it will not be discussed in this book.
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This equation is similar to that used for the method of virtual work,
Eq.9-15 (1-A = ZnNL/AE), except n is replaced by dN/dP. Notice
that in order to determine this partial derivative it will be necessary to
treat P as a variable (not a specific numerical quantity), and furthermore,
each member force N must be expressed as a function of P. As a result,
computing N /9P generally requires slightly more calculation than that
required to compute each n force directly. These terms will of course be
the same, since n or dN/JP is simply the change of the internal member
force with respect to the load P, or the change in member force per
unit load.

Procedure for Analysis

The following procedure provides a method that may be used to
determine the displacement of any joint of a truss using Castigliano’s
theorem.

External Force P

® Place a force P on the truss at the joint where the desired
displacement is to be determined. This force is assumed to have a
variable magnitude in order to obtain the change dN/9P. Be sure
P is directed along the line of action of the displacement.

Internal Forces N

® Determine the force N in each member caused by both the real
(numerical) loads and the variable force P. Assume tensile forces
are positive and compressive forces are negative.

® Compute the respective partial derivative 9dN/dP for each
member.

® After N and 9N /9P have been determined, assign P its numerical
value if it has replaced a real force on the truss. Otherwise, set P
equal to zero.

Castigliano’s Theorem

® Apply Castigliano’s theorem to determine the desired
displacement A. It is important to retain the algebraic signs
for corresponding values of N and dN/9P when substituting
these terms into the equation.

® If the resultant sum XN(dN/oP)L/AE is positive, A is in the
same direction as P. If a negative value results, A is opposite to P.
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EXAMPLE |9.4

La
B
——4m 1 4m l
(a)
P
\
Co,)—>4kN
3m
4kN< lAn A8
e s T
0.5P — 1.5kN 0.5P + 1.5kN

(b)

Nyc = 0.833P — 2.5kN

Ny = 0.667P + 2 kN

0.5P — 1.5kN

Npc = 0.833P + 2.5 kN

3
)

Ny = 0.667P + 2 kN

B

0.5P + 1.5kN

(c)
Fig. 9-11

Determine the vertical displacement of joint C of the truss shown in
Fig. 9-11a. The cross-sectional area of each member is A = 400 mm?
and £ = 200 GPa.

SOLUTION

External Force P. A vertical force P is applied to the truss at joint C,
since this is where the vertical displacement is to be determined,
Fig. 9-11b.

Internal Forces N. The reactions at the truss supports at A and B
are determined and the results are shown in Fig. 9-11b. Using the
method of joints, the N forces in each member are determined,
Fig. 9-11c.* For convenience, these results along with the partial
derivatives N /9P are listed in tabular form as follows:

N N
Member N 5P N (P =0) L N(aP)L
AB 0.667P + 2 0.667 2 8 10.67
AC —(0.833P —25) —0.833 2.5 5 -10.42
BC —(0.833P +2.5) —0.833 -2.5 5 10.42
Y = 10.67kN-m

Since P does not actually exist as a real load on the truss, we require
P = 0in the table above.

Castigliano’s Theorem. Applying Eq. 9-21, we have

N\ L  10.67kN-m
s, = IN(5p ) ag =
Substituting A = 400 mm? = 400(10°) m?,  E = 200 GPa =

200(10%) Pa, and converting the units of N from kN to N, we have
B 10.67(10°) N-m
~400(107°) m%(200(10°) N/m?)

Ac, = 0.000133 m = 0.133 mm

Ans.

This solution should be compared with the virtual-work method of
Example 9-2.

*It may be more convenient to analyze the truss with just the 4-kN load on it, then
analyze the truss with the P load on it. The results can then be added together to give
the N forces.
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EXAMPLE 9.5

Determine the horizontal displacement of joint D of the truss shown
in Fig. 9-12a. Take E = 29(10°) ksi. The cross-sectional area of each
member is indicated in the figure.

D
| m
< < 9
9 ft N 3 T
-8
A 1in2 1 in? P o 2
B | 9 l ~13.33 ’l‘ -1333 l
| 12 ft } 12 ft
v 10 + 0.75P 20 + 0.75P 10
10k
(a) (®)
Fig. 9-12

SOLUTION

External Force P. Since the horizontal displacement of D is to be
determined, a horizontal variable force P is applied to joint D,
Fig. 9-12b.

Internal Forces N. Using the method of joints, the force N in each
member is computed.* Again, when applying Eq. 9-21, we set P = 0
since this force does not actually exist on the truss. The results are
shown in Fig. 9-12b. Arranging the data in tabular form, we have

N oN
Member N 3P N (P=0) L N<8P>L
AB —13.33 0 —13.33 12 0
BC —13.33 0 —13.33 12 0
CD 16.67 0 16.67 15 0
DA 16.67 + 1.25P 1.25 16.67 15 312.50
BD —(20 + 0.75P) —0.75 —20 9 135.00

Castigliano’s Theorem. Applying Eq. 9-21, we have

312.50 k - ft(12 in./ft 135.00 k - ft(12 in./ft
ADh=2N<aN)L=O+O+O+ ) (3 /1 ) (3 /)2
oP ) AE (0.51in7)[29(10°) k/in"] ~ (0.75in")[29(10°) k/in"]
= 0.333in. Ans.

*As in the preceding example, it may be preferable to perform a separate analysis of
the truss loaded with 10 k and loaded with P and then superimpose the results.
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EXAMPLE |92.6

Determine the vertical displacement of joint C of the truss shown in
Fig. 9-13a. Assume that A = 0.5in’> and E = 29(10%) ksi.

SOLUTION

External Force P. The 4-k force at C is replaced with a variable
force P at joint C, Fig. 9-13b.

F E
Internal Forces N. The method of joints is used to determine the
10t force N in each member of the truss. The results are summarized in
A B C Dl Fig. 9-13b. Here P = 4 k when we apply Eq. 9-21. The required
10 £t 10 | 10— data can be arranged in tabulated form as follows:
4k 4k
(a)
IN IN
Member N — N((P=4k) L N|—5|L
i vir-an (G
AB 0.333P + 2.667 0.333 4 10 13.33
BC 0.667P + 1.333 0.667 4 10 26.67
CD 0.667P + 1.333 0.667 4 10 26.67
DE —(0.943P + 1.886) —0.943 —5.66 14.14 75.42
EF —(0.333P + 2.667) —0.333 —4 10 13.33
FA —(0.471P + 3.771) —0.471 —5.66 14.14 37.71
BF 0.333P + 2.667 0.333 4 10 13.33
BE —0.471P + 1.886 —0.471 0 14.14 0
CE P 1 4 10 40
> = 24647 k- ft

F—(0.333P + 2.667)
o \(0

"9
%,
o

. Castigliano’s Theorem. Substituting the data into Eq. 9-21, we
f.(%)@ have

AT0.333P 26670667 + 1333|0667 + 133A" Ao =S N(aN > L 24647k -ft
\ \ v P ) AE AE
0.333P+2.667k 4k P 0.667P+1.333k
(b) Converting the units of member length to inches and substituting the
Fig. 9-13 numerical value for AE, we have

(246.47 k - ft)(12 in./ft) _
c, = . .o — 0204 in. Ans.
(0.51n7)(29(10°) k/in®)

The similarity between this solution and that of the virtual-work
method, Example 9-1, should be noted.




. FUNDAMENTAL PROBLEMS

F9-1. Determine the vertical displacement of joint B. AE is F9-7. Determine the vertical displacement of joint D. AE
constant. Use the principle of virtual work. is constant. Use the principle of virtual work.
F9-2. Solve Prob. F9-2 using Castigliano’s theorem. F9-8. Solve Prob. F9-7 using Castigliano’s theorem.

1150 Ib
1

F9-1/9-2 SOKN
F9-3. Determine the horizontal displacement of joint A. F9_7/9_8
AFE is constant. Use the principle of virtual work.

F9-9. Determine the vertical displacement of joint B. AE

F9-4. Solve Prob. F9-3 using Castigliano’s theorem. is constant. Use the principle of virtual work.

C D 4 F9-10. Solve Prob. F9-9 using Castigliano’s theorem.
e
2m
60°

\ 5

T =

A B

2m ‘

TN | F9-3/9-4
F9-5. Determine the horizontal displacement of joint D.

AE is constant. Use the principle of virtual work.

F9-6. Solve Prob. F9-5 using Castigliano’s theorem. F9-9/9-10 .
6 kN

F9-11. Determine the vertical displacement of joint C.
AE is constant. Use the principle of virtual work.

F9-12. Solve Prob. F9-11 using Castigliano’s theorem.

> 6 kN

- kN, 30k

F9-5/9-6 F9-11/9-12 361
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9-1. Determine the vertical displacement of joint A. Each
bar is made of steel and has a cross-sectional area of
600 mm?. Take E = 200 GPa. Use the method of virtual work.

9-2. Solve Prob. 9-1 using Castigliano’s theorem.

Probs. 9-1/9-2

9-3. Determine the vertical displacement of joint B. For
each member A = 400 mm?, E = 200 GPa. Use the method
of virtual work.

*9—4, Solve Prob. 9-3 using Castigliano’s theorem.

9-5. Determine the vertical displacement of joint E. For
each member A = 400 mm?, E = 200 GPa. Use the method
of virtual work.

9-6. Solve Prob. 9-5 using Castigliano’s theorem.

F E D
1.5m
A C
B
45 kKN
} 2m } 2m |

Probs. 9-3/9-4/9-5/9-6

9-7. Determine the vertical displacement of joint D. Use
the method of virtual work. AE is constant. Assume the
members are pin connected at their ends.

*9-8. Solve Prob. 9-7 using Castigliano’s theorem.

Probs. 9-7/9-8

9-9, Use the method of virtual work.

9-10. Solve Prob. 9-9 using Castigliano’s theorem.

600 1b

Probs. 9-9/9-10



9-11. Determine the vertical displacement of joint A. The
cross-sectional area of each member is indicated in the
figure. Assume the members are pin connected at their end
points. E = 29 (10)? ksi. Use the method of virtual work.

*#9-12. Solve Prob. 9-11 using Castigliano’s theorem.

Probs. 9-11/9-12

9-13. Determine the horizontal displacement of joint D.
Assume the members are pin connected at their end points.
AFE is constant. Use the method of virtual work.

9-14. Solve Prob. 9-13 using Castigliano’s theorem.

3k —>

Probs. 9-13/9-14
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9-15. Determine the vertical displacement of joint C of the
truss. Each member has a cross-sectional area of A =300 mm?.
E = 200 GPa. Use the method of virtual work.

*9-16. Solve Prob. 9-15 using Castigliano’s theorem.

H G F
3m
A“ EL
B C D S
~—4m 4m 4m 4m—-{
 /  /
3kN \J 3kN
4 kN

Probs. 9-15/9-16

9-17. Determine the vertical displacement of joint A.
Assume the members are pin connected at their end points.
Take A = 2in’ and E = 29 (10°) for each member. Use the
method of virtual work.

9-18. Solve Prob. 9-17 using Castigliano’s theorem.

D
Eﬁ
H 8 ft
Al G ||
B C|
8 ft 8 ft ‘
Y \
1000 1b 500 1b

Probs. 9-17/9-18

9-19. Determine the vertical displacement of joint A if
members AB and BC experience a temperature increase of
AT = 200°F. Take A = 2in®> and E = 29(10°) ksi. Also,
a = 6.60 (10°)/°F.

*9-20. Determine the vertical displacement of joint A if .
member AE is fabricated 0.5 in. too short.

D

<

Probs. 9-19/9-20
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Apply virtual unit load to point A

(a)
w

X

Apply real load w
(b)
Fig. 9-14

e

e
=

Apply virtual unit couple moment to point A

Apply real load w
Fig. 9-15

DEFLECTIONS USING ENERGY METHODS

9.7 Method of Virtual Work:
Beams and Frames

The method of virtual work can also be applied to deflection problems
involving beams and frames. Since strains due to bending are the primary
cause of beam or frame deflections, we will discuss their effects first.
Deflections due to shear, axial and torsional loadings, and temperature
will be considered in Sec. 9-8.

The principle of virtual work, or more exactly, the method of virtual
force, may be formulated for beam and frame deflections by considering
the beam shown in Fig. 9-14b. Here the displacement A of point A is to
be determined. To compute A a virtual unit load acting in the direction
of A is placed on the beam at A, and the internal virtual moment m is
determined by the method of sections at an arbitrary location x from the
left support, Fig. 9-14a. When the real loads act on the beam, Fig. 9-14b,
point A is displaced A. Provided these loads cause linear elastic material
response, then from Eq. 82, the element dx deforms or rotates
df = (M/EI) dx.* Here M is the internal moment at x caused by the
real loads. Consequently, the external virtual work done by the unit load
is 1-A, and the internal virtual work done by the moment m is
m df = m(M/EI) dx. Summing the effects on all the elements dx along
the beam requires an integration, and therefore Eq. 9-13 becomes

(9-22)

where

1 = external virtual unit load acting on the beam or frame in the
direction of A.
m = internal virtual moment in the beam or frame, expressed as a
function of x and caused by the external virtual unit load.
external displacement of the point caused by the real loads
acting on the beam or frame.
internal moment in the beam or frame, expressed as a function
of x and caused by the real loads.
= modulus of elasticity of the material.
= moment of inertia of cross-sectional area, computed about the
neutral axis.

=2
I

-m =
|

In a similar manner, if the tangent rotation or slope angle 0 at a point A on
the beam’s elastic curve is to be determined, Fig. 9-15, a unit couple moment
is first applied at the point, and the corresponding internal moments mig
have to be determined. Since the work of the unit couple is 1-6, then

1.6 = moM
~ ), E1 Y

(9-23)

*Recall that if the material is strained beyond its elastic limit, the principle of virtual
work can still be applied, although in this case a nonlinear or plastic analysis must be used.
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&

P}@ -

i’ w
A . v l E
A= T — !_

’>x1 *‘ X3

\ X2 1 \ X4 !

Apply real loads
(b)
Fig. 9-16

When applying Egs. 9-22 and 9-23, it is important to realize that the
definite integrals on the right side actually represent the amount of
virtual strain energy that is stored in the beam. If concentrated forces or
couple moments act on the beam or the distributed load is discontinuous,
a single integration cannot be performed across the beam’s entire length.
Instead, separate x coordinates will have to be chosen within regions that
have no discontinuity of loading. Also, it is not necessary that each x have
the same origin; however, the x selected for determining the real
moment M in a particular region must be the same x as that selected for
determining the virtual moment m or m, within the same region. For
example, consider the beam shown in Fig. 9-16. In order to determine
the displacement of D, four regions of the beam must be considered, and
therefore four integrals having the form [ (mM/EI) dx must be evalu-
ated. We can use x; to determine the strain energy in region AB, x, for
region BC, x5 for region DE, and x, for region DC. In any case, each x
coordinate should be selected so that both M and m (or my) can be
easily formulated.

Integration Using Tables. When the structure is subjected to a
relatively simple loading, and yet the solution for a displacement
requires several integrations, a tabular method may be used to perform
these integrations. To do so the moment diagrams for each member are
drawn first for both the real and virtual loadings. By matching these
diagrams for m and M with those given in the table on the inside front
cover, the integral f mM dx can be determined from the appropriate
formula. Examples 9-8 and 9-10 illustrate the application of this
method.
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Procedure for Analysis

The following procedure may be used to determine the displacement
and/or the slope at a point on the elastic curve of a beam or frame
using the method of virtual work.

Virtual Moments m or my

e Place a unit load on the beam or frame at the point and in the
direction of the desired displacement.

e If the slope is to be determined, place a unit couple moment at the
point.

e Establish appropriate x coordinates that are valid within regions
of the beam or frame where there is no discontinuity of real or
virtual load.

e With the virtual load in place, and all the real loads removed from
the beam or frame, calculate the internal moment m or my as a
function of each x coordinate.

e Assume m or m, acts in the conventional positive direction as
indicated in Fig. 4-1.

Real Moments

e Using the same x coordinates as those established for m or m,
determine the internal moments M caused only by the real loads.

e Since m or m, was assumed to act in the conventional positive
direction, it is important that positive M acts in this same direction.
This is necessary since positive or negative internal work depends
upon the directional sense of load (defined by +m or +my) and
displacement (defined by +M dx/EI).

Virtual-Work Equation

e Apply the equation of virtual work to determine the desired
displacement A or rotation 6. It is important to retain the algebraic
sign of each integral calculated within its specified region.

e If the algebraic sum of all the integrals for the entire beam or
frame is positive, A or 6 is in the same direction as the virtual unit
load or unit couple moment, respectively. If a negative value results,
the direction of A or 6 is opposite to that of the unit load or unit
couple moment.
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EXAMPLE 9.7

Determine the displacement of point B of the steel beam shown in
Fig. 9-17a. Take E = 200 GPa, I = 500(10°) mm*.

12 kN/m
AR RRRRRRR AN
4 10 m W‘B
()

SOLUTION

Virtual Moment m. The vertical displacement of point B is
obtained by placing a virtual unit load of 1 kN at B, Fig. 9-17b. By
inspection there are no discontinuities of loading on the beam for
both the real and virtual loads. Thus, a single x coordinate can be used
to determine the virtual strain energy. This coordinate will be selected
with its origin at B, since then the reactions at A do not have to be
determined in order to find the internal moments 2 and M. Using the
method of sections, the internal moment m is formulated as shown in
Fig. 9-17b.

Real Moment M. Using the same x coordinate, the internal moment
M is formulated as shown in Fig. 9-17c.

Virtual-Work Equation. The vertical displacement of B is thus

L
mM
1kN-A =/dx=
B— |, EI

10(—1x)(—6x?) dx
A EI

15(10°) kN? - m?

1kN'AB: El

or

B 15(10%) kN - m?
~200(10%) kN/m?(500(10°) mm*)(10~'2 m*/mm*)

Ap

= 0.150 m = 150 mm Ans.

1kN
BN
4. \
by B
bl x

10 m
1kN
m=—1x ( T

v
virtual unit force
(b)

12 kN/m

—
I

/
NN
B

a A

L 10 m

ez |

real load

()
Fig. 9-17
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EXAMPLE |9.8

Determine the slope 6 at point B of the steel beam shown in
Fig. 9-18a.Take E = 200 GPa, I = 60(10°) mm*.

b

I 5m | Sm
(a)
Fig. 9-18

SOLUTION

Virtual Moment m,. The slope at B is determined by placing a virtual
unit couple moment of 1 kN - m at B, Fig. 9-18b. Here two x coordinates
must be selected in order to determine the total virtual strain energy in
the beam. Coordinate x; accounts for the strain energy within segment
AB and coordinate x, accounts for that in segment BC. The internal
moments m, within each of these segments are computed using the
method of sections as shown in Fig. 9-18b.

X1
1 kN-m
/B
E (.\' 4 ) mg, =1
1 5m \ % 1 v

virtual unit couple

(b)
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3kN 3kN

1 B C { l
A 2

X1

N

v

; \—Jl ) M, =—3x

real load

My =—3(5 + x5)

Real Moments M. Using the same coordinates x; and x,, the internal
moments M are computed as shown in Fig. 9-18c.

Virtual-Work Equation. The slope at B is thus given by

L mgM
L EI

/5 (0)(=3x;) dx, N /5(1)[_3(5 + x)] dx;
0 EI 0 El
—112.5kN - m?

Op=——Fp; (1)

1'032 dx

We can also evaluate the integrals f myM dx graphically, using the
table given on the inside front cover of the book. To do so it is first
necessary to draw the moment diagrams for the beams in Figs. 9-18b
and 9-18c. These are shown in Figs. 9-18d and 9-18e, respectively.
Since there is no moment m for 0 = x < 5 m, we use only the shaded
rectangular and trapezoidal areas to evaluate the integral. Finding
these shapes in the appropriate row and column of the table, we have

10
/ meM dx = smg(M; + M,)L = 3(1)(—15 — 30)5
5
= —112.5kN?-m®

This is the same value as that determined in Eq. 1. Thus,

- —112.5kN? - m?
200(10°) kN/m?[60(10°) mm*](10~*2 m*/mm*)
05 = —0.00938 rad Ans.

(1kN'1’I1)‘GB

The negative sign indicates 6y is opposite to the direction of the virtual
couple moment shown in Fig. 9-18b.

\ X2 \

my (KN -m)

M (kN -m)

x (m)

x (m)
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EXAMPLE |9.9

Determine the displacement at D of the steel beam in Fig. 9-19a. Take
E = 29(10%) ksi, I = 800 in*.

6k
80 k-ft l
(1‘: ~ D
’ ‘
101t 101t ‘ 15 ft |

(a)
Fig. 9-19

SOLUTION

Virtual Moments m. The beam is subjected to a virtual unit load at
D as shown in Fig. 9-19b. By inspection, three coordinates, such as
X1, X, and x3, must be used to cover all the regions of the beam.
Notice that these coordinates cover regions where no discontinuities
in either real or virtual load occur. The internal moments m have been
computed in Fig. 9-19b using the method of sections.

1k
!
S S
0.75k 1.75k 1k
m=—1x | { |E=—]
vlfolg‘
1k
x, + 15

| !
s ( f D
\{) P}(@‘T X34“ V3
1.75k 0.75k
virtual loads

(b)
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6k
80 k-ft l
( |
o e e
1k 7k
Vi
w9 { {=m
“*M;‘
80 k-t
M, =Tx, ( ; \ ( l) M, =80 — 1x;
V2 L‘ngt x3—>‘ Vs
7k 1k
real loads

(©

Real Moments M. The reactions on the beam are computed first;
then, using the same x coordinates as those used for m, the internal
moments M are determined as shown in Fig. 9-19c.

Virtual-Work Equation. Applying the equation of virtual work to
the beam using the data in Figs. 9-19b and 9-19¢, we have

LmM
1-Ap = ; de
B /15(—1x1)(0) dx, . /10(0.75x2 — 15)(7x,) dx;,
0 EI 0 EI
. /10(—0.75x3)(80 — 1x3) dxs
0 EI
A, = 0 3500 2750 _  6250k-ft’
EI  EI EI EI
or
—6250 k - f3(12)? in?/ft?
27 29(10%) k/in%(800 in®)
= —0.466 in. Ans.

The negative sign indicates the displacement is upward, opposite to
the downward unit load, Fig. 9-19b. Also note that m; did not actually
have to be calculated since M| = 0.
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EXAMPLE |2.10

Determine the horizontal displacement of point C on the frame
shown in Fig. 9-20a. Take E = 29(10°) ksi and 7 = 600 in* for both
members.

Bﬁ\sﬁ\.‘c
— ]

— 10 ft

1= a

A ]
(a)
Fig. 9-20

SOLUTION

Virtual Moments m. For convenience, the coordinates x; and x, in
Fig. 9-20a will be used. A horizontal unit load is applied at C,
Fig. 9-20b. Why? The support reactions and internal virtual moments
are computed as shown.

v
n, 4&.:»—»1 k
\R%%
125k
- —>1k
| 8 ft 1+
125k

1k lké'—i

125k 1.25k

virtual loadings

(b)
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v,
25k
| 8 ft |
- ]
25k

M, = 40x; — 2x>

-
|
|
|
|
|
|
|

40 k —=> T

|
|
Lolst
|
|

40 kA—I

25k
real loadings

©

Real Moments M. In a similar manner the support reactions and
real moments are computed as shown in Fig. 9-20c.

Virtual-Work Equation. Using the data in Figs. 9-20b and 9-20c,
we have

LM 10(1x,) (403, — 203) dx;  [5(1.25%,)(25x,) dxs
1A, = [ ™ = 4
A EI A EI

_ 83333 53333 _ 136667 k- ft

A
G EIl EI EI

1

If desired, the integrals f mM /dx can also be evaluated graphically
using the table on the inside front cover. The moment diagrams for the
frame in Figs. 9-20b and 9-20c are shown in Figs. 9-20d and 9-20e,
respectively. Thus, using the formulas for similar shapes in the table yields

/ mM dx = 35(10)(200)(10) + 3(10)(200)(8)

= 8333.3 + 5333.3 = 13 666.7 k?- ft>
This is the same as that calculated in Eq. 1. Thus
13 666.7 k - ft®
B [29(10%) k/in?((12)? in?/ft?)][600 in*(ft*/(12)* in*)]
= 0.113 ft = 1.36in. Ans.

A Ch

10 k-ft

10 k-ft

200 k- ft

200 k- ft

10 ft

\

8 ft

10 ft

(©)
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EXAMPLE |9.11

Determine the tangential rotation at point C of the frame shown in
Fig. 9-21a.Take E = 200 GPa, I = 15(10°) mm*.

>-\1 kN-m 5KN
X1 7\
v S x SKN
x1// 1kN-m <
A4 x17\
30°

W

™ M, = —2.5%,
1kN-m 7.5kN-mt15 N
D MmM—
5kN

1 SkN SkN
;; 75kN-m . 7.5kN-m
v | X2 ;Z
2 1 1oy Lt
nmy, =
!
N,
BN

virtual loads
(b)
SOLUTION

real loads

(©)

Virtual Moments m,. The coordinates x; and x, shown in Fig. 9-21a
will be used. A unit couple moment is applied at C and the internal
moments m, are calculated, Fig. 9-21b.

Real Moments M. In a similar manner, the real moments M are
calculated as shown in Fig. 9-21c.

Virtual-Work Equation. Using the data in Figs. 9-21b and 9-21c,

we have
L 3 2
M —1)(—2.5xy) dx 1)(7.5) dx
160 = my dx:/( ) 1) 1+/()( ) dx;
o EI 0 EI 0 EI
1125 15 2625kN-m?
bp=—"+—— =" —
EI EI EI
or
26.25 kN - m?
Oc

" 200(10%) kKN/m?[15(10°) mm*](10"> m*/mm?)
= 0.00875 rad Ans.
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9.8 Virtual Strain Energy Caused by Axial
Load, Shear, Torsion, and Temperature

Although deflections of beams and frames are caused primarily by
bending strain energy, in some structures the additional strain energy
of axial load, shear, torsion, and perhaps temperature may become
important. Each of these effects will now be considered.

Axial Load. Frame members can be subjected to axial loads, and the
virtual strain energy caused by these loadings has been established in
Sec. 9-4. For members having a constant cross-sectional area, we have

nNL
AE

Uu,= (9-24)

where

n = internal virtual axial load caused by the external virtual unit load.
N = internal axial force in the member caused by the real loads.

E = modulus of elasticity for the material.

A = cross-sectional area of the member.

L = member’s length.

Shear. In order to determine the virtual strain energy in a beam due
to shear, we will consider the beam element dx shown in Fig. 9-22. The
shearing distortion dy of the element as caused by the real loads is
dy = vy dx. If the shearing strain vy is caused by linear elastic material
response, then Hooke’s law applies, y = 7/G. Therefore,dy = (7/G) dx.
We can express the shear stress as 7 = K(V/A), where K is a form factor
that depends upon the shape of the beam’s cross-sectional area A.
Hence, we can write dy = K(V/GA) dx. The internal virtual work done
by a virtual shear force v, acting on the element while it is deformed dy,
is therefore dU; = vdy = v(KV/GA) dx. For the entire beam, the
virtual strain energy is determined by integration.

U, = /0 LK(ZZ&) dx (9-25)

v = internal virtual shear in the member, expressed as a function of x
and caused by the external virtual unit load.

where

V' = internal shear in the member, expressed as a function of x and
caused by the real loads.

A = cross-sectional area of the member.

K = form factor for the cross-sectional area:
K = 1.2 for rectangular cross sections.
K = 10/9 for circular cross sections.
K = 1 for wide-flange and I-beams, where A is the area of the web.

G = shear modulus of elasticity for the material.

|4
7 ay
dx A
Fig. 9-22
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Torsion. Often three-dimensional frameworks are subjected to
torsional loadings. If the member has a circular cross-sectional area, no
warping of its cross section will occur when it is loaded. As a result, the
virtual strain energy in the member can easily be derived. To do so consider
an element dx of the member that is subjected to an applied torque T,
Fig. 9-23. This torque causes a shear strain of y = (cdf)/dx. Provided
linear elastic material response occurs, then y = 7/G, where 7 = Tc/J.
Thus, the angle of twist d0 = (y dx)/c = (7/Gc) dx = (T/GJ) dx. If a
virtual unit load is applied to the structure that causes an internal virtual
torque t in the member, then after applying the real loads, the virtual strain
energy in the member of length dx will be dU, = td6 = (T dx/GJ.
Integrating over the length L of the member yields

_(TL

Ui="67

(9-26)

where

t = internal virtual torque caused by the external virtual unit load.
T = internal torque in the member caused by the real loads.
G = shear modulus of elasticity for the material.

J = polar moment of inertia for the cross section, J = 7TC4/2, where ¢
is the radius of the cross-sectional area.

L = member’s length.

The virtual strain energy due to torsion for members having noncircular
cross-sectional areas is determined using a more rigorous analysis than
that presented here.

Temperature. In Sec. 94 we considered the effect of a uniform
temperature change AT on a truss member and indicated that the
member will elongate or shorten by an amount AL = a« ATL. In some
cases, however, a structural member can be subjected to a temperature
difference across its depth, as in the case of the beam shown in Fig. 9-24a.
If this occurs, it is possible to determine the displacement of points along
the elastic curve of the beam by using the principle of virtual work. To do
so we must first compute the amount of rotation of a differential element
dx of the beam as caused by the thermal gradient that acts over the
beam’s cross section. For the sake of discussion we will choose the most
common case of a beam having a neutral axis located at the mid-depth
(c) of the beam. If we plot the temperature profile, Fig. 9-24b, it will be
noted that the mean temperature is 7, = (T| + T,)/2. It T > T, the
temperature difference at the top of the element causes strain
elongation, while that at the bottom causes strain contraction. In both
cases the difference in temperature is AT, =T, —-T, =T, — T,.
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i T,
| | ——T,—— AT,
k| -] T, 7 T
dx i T
T >T, Tm=T1+T2’ : T
(a) 2 ! §
I
Ty~ AT,
Since the thermal change of length at the top and bottom is
ox = a AT, dx, Fig. 9-24c, then the rotation of the element is
temperature profile
a AT, dx
do = —— (b)
c
If we apply a virtual unit load at a point on the beam where a displacement
is to be determined, or apply a virtual unit couple moment at a point
where a rotational displacement of the tangent is to be determined, then
this loading creates a virtual moment m in the beam at the point where
the element dx is located. When the temperature gradient is imposed, the . .
. . . . positive rotation
virtual strain energy in the beam is then @
I _ L ma AT, dx (9-27) " l
temp A c % )M
/IR
where |
m = internal virtual moment in the beam expressed as a function ‘3—;
of x and caused by the external virtual unit load or unit = dx—
couple moment. ©
a = coefficient of thermal expansion.
Fig. 9-24

AT, = temperature difference between the mean temperature and
the temperature at the top or bottom of the beam.

¢ = mid-depth of the beam.

Unless otherwise stated, this text will consider only beam and frame
deflections due to bending. In general, though, beam and frame members
may be subjected to several of the other loadings discussed in this
section. However, as previously mentioned, the additional deflections
caused by shear and axial force alter the deflection of beams by only a
few percent and are therefore generally ignored for even “small”
two- or three-member frame analysis of one-story height. If these and
the other effects of torsion and temperature are to be considered for the
analysis, then one simply adds their virtual strain energy as defined by
Eqgs. 9-24 through 9-27 to the equation of virtual work defined by
Eq. 9-22 or Eq. 9-23. The following examples illustrate application of
these equations.
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EXAMPLE |9.12

Determine the horizontal displacement of point C on the frame
shown in Fig. 9-25a. Take E = 29(10%)ksi, G = 12(10%) ksi,
I = 600in*, and A = 80in? for both members. The cross-sectional
area is rectangular. Include the internal strain energy due to axial load
and shear.

B"\Sft\,‘c
— -

4x/r

—r—
I

(a)
Fig. 9-25
SOLUTION
Here we must apply a horizontal unit load at C. The necessary

free-body diagrams for the real and virtual loadings are shown in
Figs. 9-25b and 9-25c.

m, = 1.25x
2 2 vy = —125 <H:1
n, =1 4&.:.—»1 k }‘*Xz

B 125k o | S it
i 8 ft |

125k 125k 25k 25k
virtual loadings real loadings

(b) (c)
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Bending. The virtual strain energy due to bending has been deter-
mined in Example 9-10. There it was shown that

EI EI [29(10%) k/in?] (600 in*)

L 2.3 2,043 3:.3 3
Md 13 666.7 k2 - ft 13 666.7 k= - ft° (12° in°/1 ft
Ub:/ il = ( / )=1.357in.-k
0

Axial load. From the data in Fig. 9-25b and 9-25¢, we have

nNL
U= 27 4F

1.25 k(25 k) (120 in.) . 1k(0)(96in.)
80in2[29(10%) k/in?] ~ 80 in%[29(10°) k/in?]

0.001616 in. - k

Shear. Applying Eq. 9-25 with K = 1.2 for rectangular cross

sections, and using the shear functions shown in Fig. 9-25b and 9-25c,
we have

L
vV
U, = l K(GA>dx

_[101.2(1)(40 — 4xy) dxy . 81.2(—1.25)(—25) dx,
_A GA A GA

540 k? - ft(12 in./ft) .
= 3 ) —5. = 0.00675 in. - k
[12(10°) k/in*](80 in*)

Applying the equation of virtual work, we have

1k-Ag,

1.357in.-k + 0.001616 in. -k + 0.00675 in. -k

Ac = 137 in. Ans.

h

Including the effects of shear and axial load contributed only a 0.6%
increase in the answer to that determined only from bending.
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EXAMPLE [9.13

The beam shown in Fig. 9-26a is used in a building subjected to two
different thermal environments. If the temperature at the top surface
of the beam is 80°F and at the bottom surface is 160°F, determine the
vertical deflection of the beam at its midpoint due to the temperature
gradient. Take & = 6.5(107°)/°F.

11b
‘ 5 ft 5 ft i

80°F

|
:ﬁo in. )
160° F o o
%113

—10 ft\_‘

) 51b

(b)
Fig. 9-26

SOLUTION

Since the deflection at the center of the beam is to be determined, a
virtual unit load is placed there and the internal virtual moment in the
beam is calculated, Fig. 9-26b.

The mean temperature at the center of the beam is (160° + 80°)/2 =
120°F, so that for application of Eq. 9-27, AT,, = 120°F — 80°F =
40°F. Also,c¢ = 10in./2 = 5 in. Applying the principle of virtual work,
we have

L ma AT,, dx
11b-A¢, = —_—
0 C

dx

60in. (1x)6.5(107°)/°F(40°F)
=2 A Sin,

Ac, = 0.0936 in. Ans.

The result indicates a very negligible deflection.
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9.9 Castigliano’s Theorem for Beams
and Frames

The internal bending strain energy for a beam or frame is given by
Eq. 9-11 (U; = [ M? dx/2EI). Substituting this equation into Eq. 9-20
(A; = 9U,/9P;) and omitting the subscript i, we have

_ 9 L M2 dx
oP ), 2EI

A

Rather than squaring the expression for internal moment M, integrating,
and then taking the partial derivative, it is generally easier to differentiate
prior to integration. Provided E and [ are constant, we have

L
OM \ dx
A= A M(aP)EI (9-28)

external displacement of the point caused by the real loads
acting on the beam or frame.

where
A

P = external force applied to the beam or frame in the direction of A.
M = internal moment in the beam or frame, expressed as a function of

x and caused by both the force P and the real loads on the beam.
E = modulus of elasticity of beam material.

1 = moment of inertia of cross-sectional area computed about the
neutral axis.

If the slope 6 at a point is to be determined, we must find the partial
derivative of the internal moment M with respect to an external couple
moment M' acting at the point, i.e.,

L
oM \ dx
0 = /0 M(aM’)El (9-29)

The above equations are similar to those used for the method of
virtual work, Eqs. 9-22 and 9-23, except dM /0P and oM /oM’ replace m
and my, respectively. As in the case for trusses, slightly more calculation
is generally required to determine the partial derivatives and apply
Castigliano’s theorem rather than use the method of virtual work. Also,
recall that this theorem applies only to material having a linear elastic
response. If a more complete accountability of strain energy in the
structure is desired, the strain energy due to shear, axial force, and
torsion must be included. The derivations for shear and torsion follow
the same development as Egs. 9-25 and 9-26. The strain energies and
their derivatives are, respectively,




382

CHAPTER 9

DEFLECTIONS USING ENERGY METHODS

Ly L

Vedx U V (oV
U = = —_— —_— d
s K% 2AG 9P AAG(&P) o

_— /LTde 3, _ /T(aT) "

")y 2JG aP o JG\oP
These effects, however, will not be included in the analysis of the
problems in this text since beam and frame deflections are caused mainly
by bending strain energy. Larger frames, or those with unusual geometry,

can be analyzed by computer, where these effects can readily be
incorporated into the analysis.

Procedure for Analysis

The following procedure provides a method that may be used to
determine the deflection and/or slope at a point in a beam or frame
using Castigliano’s theorem.

External Force P or Couple Moment M’

® Place a force P on the beam or frame at the point and in the
direction of the desired displacement.

® If the slope is to be determined, place a couple moment M’ at the
point.

® It is assumed that both P and M’ have a variable magnitude in
order to obtain the changes dM /9P or M /oM.

Internal Moments M

® Establish appropriate x coordinates that are valid within regions
of the beam or frame where there is no discontinuity of force,
distributed load, or couple moment.

® Calculate the internal moment M as a function of P or M’ and
each x coordinate. Also, compute the partial derivative dM /oP or
dM /oM’ for each coordinate x.

® After M and dM /9P or dM /dM' have been determined, assign P

or M’ its numerical value if it has replaced a real force or couple
moment. Otherwise, set P or M’ equal to zero.

Castigliano’s Theorem

® Apply Eq. 9-28 or 9-29 to determine the desired displacement
A or slope 6. It is important to retain the algebraic signs for
corresponding values of M and dM /9P or M /oM.

® [f the resultant sum of all the definite integrals is positive, A or 6
is in the same direction as P or M'.
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EXAMPLE [92.14

Determine the displacement of point B of the beam shown in
Fig. 9-27a. Take E = 200 GPa, I = 500(10°) mm*.

12kN/m P
RERRRRRRRRRRARR g L
' 10 m ‘B 10 m Fix
(a) | (b)

SOLUTION

External Force P. A vertical force P is placed on the beam at B as
shown in Fig. 9-27b.

Internal Moments M. A single x coordinate is needed for the
solution, since there are no discontinuities of loading between A and
B. Using the method of sections, Fig. 9-27¢, we have

(+EM = 0; -M - (12x)(;) - Px=0

oM c

M = —6x*> — Px — = —x ©

P Fig. 9-27

Setting P = 0, its actual value, yields
oM
M=-6x ——=-
6x °p b

Castigliano’s Theorem. Applying Eq. 9-28, we have

e [Cu(2)dn - [ 1500 N
5= ), "\aP ) EI T, El = o

or
15(10%) kN - m?
" 200(10%) kN/m2[500(10%) mm*](10~'2 m*/mm*)
= 0.150 m = 150 mm Ans.

Ap

The similarity between this solution and that of the virtual-work
method, Example 9-7, should be noted.
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EXAMPLE [9.15

3kN Determine the slope at point B of the beam shown in Fig. 9-28a. Take
| R ¢ E=200GPa, I = 60(10°) mm".
A .
—sm———5m SOLUTION
(a) External Couple Moment M’. Since the slope at point B is to be
determined, an external couple M’ is placed on the beam at this point,
Fig. 9-28b.
Internal Moments M. Two coordinates, x; and x,, must be used to
determine the internal moments within the beam since there is a
discontinuity, M’, at B. As shown in Fig. 9-28b, x; ranges from A to B
JEN and x, ranges from B to C. Using the method of sections, Fig. 9-28¢, the
~ internal moments and the partial derivatives are computed as follows:
| y
. 7B C For x;:
Al | D N
| |y, (+ZM = 0; My +3x =0
M 1= —3x1
(b) oMy _ 0
oM’
For x,:
(+t2M =0 My—M +3(5+x)=0
3KN 3KN My =M —3(5+ x;)
% M, l P M, My _
A \ 1) oM’
Px14V1 !— Sm !— ng—‘Vz

Castigliano’s Theorem. Setting M' = 0, its actual value, and apply-
ing Eq. 9-29, we have

L
oM \ dx
Op = M —
5 A <aM')E1

_ /5<—3xl><0) dx /5—3(5+x2><1>dx2= 112.5 KN - m?
0 0

EI EI EI
or
6, = —112.5 kN - m?
200(10°) kN/m?[60(10°) mm*](107'2 m*/mm?)
= —0.00938 rad Ans.

The negative sign indicates that 6 is opposite to the direction of the
couple moment M'. Note the similarity between this solution and that
of Example 9-8.
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EXAMPLE [92.16

Determine the vertical displacement of point C of the beam § kKN /m 20 kN
shown in Fig. 9-29a. Take E = 200 GPa, I = 150(10°) mm*,

SOLUTION ‘C

External Force P. A vertical force P is applied at point C,
Fig. 9-29b. Later this force will be set equal to a fixed value of
20 kN.

(a)

Internal Moments M. In this case two x coordinates are needed for
the integration, Fig. 9-29b, since the load is discontinuous at C. Using
the method of sections, Fig. 9-29¢, we have 8 kN/m P

For x;: llllllll

Al
X1
+3M = 0; —24 + 0.5P + 8 )+ M, =0 Y
{ ( )xq X1<2) 1 7@4 szi‘[
M; = (24 + 0.5P)x; — 4x7 24+ 05P 8+0.5P
oM, (b)
- = O.le
aP -
For x5 :___j_Z_,l%

+SM =0, —M,+ (8+ 05P)x, =0
M2 = (8 + OSP)XZ
oM

2
— =05
oP = ©

E—

24 +0.5P 8+05P

Castigliano’s Theorem. Setting P = 20 kN, its actual value, and
applying Eq. 9-28 yields

L
oM \ dx
Ac, = | M5 )5
G /0 (aP)EI

3 /4 (34x; — 4x1)(0.5x) dx; N /4 (18x,)(0.5x,) dx,
0 0

EI EI
_ 2347kN-m’ L 192 kN-m®  426.7kN-m’
EI EI EI
or
426.7kN - m’
Ac, -

" 200(10%) kKN/m?[150(10%) mm*](10~2 m*/mm*)
= 0.0142 m = 14.2 mm Ans.
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EXAMPLE |92.17

2 k/ft Determine the slope at point C of the two-member frame shown in
Fig. 9-30a. The support at A is fixed. Take E = 29(10%) ksi,

/ W oot
c
10 ft 12 ft%

SOLUTION
/j\):’_ External Couple Moment M'. A variable moment M’ is applied to
A

the frame at point C, since the slope at this point is to be determined,
Fig. 9-30b. Later this moment will be set equal to zero.

(a)
Internal Moments M. Due to the discontinuity of internal loading

at B, two coordinates, x; and x,, are chosen as shown in Fig. 9-305b.
Using the method of sections, Fig. 9-30c, we have

For x:

(+3M = 0; M, - 2% <);1) — M =0
M, = —(xd+ M)
oM
oM’

For x,:

®) (+FEM = 0; —M, — 24(x,cos 60° + 6) — M' =
M, = —24(x,cos 60° + 6) — M’

oM,
oM’

Castigliano’s Theorem. Setting M’ = 0 and applying Eq. 9-29

24 k
BT i________,l yields

227\ — . )M, ; /LM< oM ) dx

6 ft—| = 7

o0 2 <= ), "\am' ) EI

MZ V2 _2_ .
N ! | 12(—xt)(—1) dx 10 _24(x, cos 60° + 6)(—1) dx
. wepty ) ' (x2 (1) dx,
X, cos 60° + 6 ft (c) VlFx1—4 M’ 0 EI 0 EI
Fig.9-30 _ S76k-f* , 2040k-f° _ 2616 k-’
EI EI EI
2616 k - ft>(144 in%/ft?)

0c = = 0.0216 rad Ans.

~29(10%) k/in2(600 in)




LT is constant. Use the principle of virtual work.

F9-14. Solve Prob. F9-13 using Castigliano’s theorem.

30 kN

\ 3m l

F9-13/9-14

F9-15. Determine the slope and displacement at point A.

El is constant. Use the principle of virtual work.

F9-16. Solve Prob. F9-15 using Castigliano’s theorem.

4kN-m
< ‘ A B|
| 3m l
F9-15/9-16

F9-17. Determine the slope and displacement at point B.
El is constant. Use the principle of virtual work.

F9-18. Solve Prob. F9-17 using Castigliano’s theorem.

18 kN/m

\ 3m |

F9-17/9-18

9.9 CASTIGLIANO'S THEOREM FOR BEAMS AND FRAMES

F9-19. Determine the slope at A and displacement at
point C. EI is constant. Use the principle of virtual work.

F9-20. Solve Prob. F9-19 using Castigliano’s theorem.

8 kN/m

‘ 4 m ‘ 4 m |

F9-19/9-20

F9-21. Determine the slope and displacement at point C.
ET is constant. Use the principle of virtual work.

F9-22. Solve Prob. F9-21 using Castigliano’s theorem.

12 kN

F9-21/9-22

F9-23. Determine the displacement at point C. EI is
constant. Use the principle of virtual work.

F9-24. Solve Prob. F9-23 using Castigliano’s theorem.

12 kN/m

F9-23/9-24
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F9-13. Determine the slope and displacement at point A.
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9-21. Determine the displacement of point C and the
slope at point B. EI is constant. Use the principle of virtual
work.

9-22. Solve Prob. 9-21 using Castigliano’s theorem.

Probs. 9-21/9-22

9-23. Determine the displacement at point C. EI is
constant. Use the method of virtual work.

*9-24. Solve Prob. 9-23 using Castigliano’s theorem.

P

Probs. 9-23/9-24

9-25. Determine the slope at point C. EI is constant. Use
the method of virtual work.

9-26. Solve Prob. 9-25 using Castigliano’s theorem.

9-27. Determine the slope at point A. EI is constant. Use
the method of virtual work.

*9-28. Solve Prob. 9-27 using Castigliano’s theorem.

\ a } a \

Probs. 9-25/9-26/9-27/9-28

9-29. Determine the slope and displacement at point C.
Use the method of virtual work. E = 29(10%) ksi,
I = 800 in*.

9-30. Solve Prob. 9-29 using Castigliano’s theorem.

6k
| A B C )12 k-ft
6 fit 6 fit 1

Probs. 9-29/9-30

9-31. Determine the displacement and slope at point C of
the cantilever beam. The moment of inertia of each segment
is indicated in the figure. Take E = 29(10%) ksi. Use the
principle of virtual work.

#9-32. Solve Prob. 9-31 using Castigliano’s theorem.

B C)
- — 900 in 4
it Iy = 500 in.* ‘ Ipc =200 in. ‘ 50 k-ft
6 ft ‘ 3ft |

Probs. 9-31/9-32

9-33. Determine the slope and displacement at point B.
ET is constant. Use the method of virtual work.

9-34. Solve Prob. 9-33 using Castigliano’s theorem.

300 N/m
HHHHHHHHHﬁ.

Probs. 9-33/9-34
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9-35. Determine the slope and displacement at point B.
Assume the support at A is a pin and C is a roller. Take
E = 29(10°) ksi, I = 300 in*. Use the method of virtual work.

*#9-36. Solve Prob. 9-35 using Castigliano’s theorem.

4%/t

\ \ \ \
/‘
\

B
5ft

| 10 ft

Probs. 9-35/9-36

9-37. Determine the slope and displacement at point B.
Assume the support at A is a pin and C is a roller. Account
for the additional strain energy due to shear. Take
E = 29(10%) ksi, I = 300in*, G = 12(10%) ksi, and assume
AB has a cross-sectional area of A = 7.50in% Use the
method of virtual work.

4k/ft

\ \ \ \
/‘
\

B

\ 10 ft 51t \

Prob. 9-37

9-38. Determine the displacement of point C. Use the
method of virtual work. EI is constant.

9-39. Solve Prob. 9-38 using Castigliano’s theorem.

Wo
AlR = |
C _ QO
| L L |
[ 2 2 |

Probs. 9-38/9-39
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*9—40. Determine the slope and displacement at point A.
Assume C is pinned. Use the principle of virtual work. ET is
constant.

9-41. Solve Prob. 940 using Castigliano’s theorem.

6 kN/m

Y Y Y

A !
Bl{ C {}
I 3m l 3m l o
Probs. 9-40/9-41
9-42. Determine the displacement at point D. Use the

principle of virtual work. EI is constant.

8k
l 3 k/ft
v Lyl
&, < |
A B[ D —0C
B 41t 41t 4ft——|
Prob. 9-42

9-43. Determine the displacement at point D. Use
Castigliano’s theorem. ET is constant.

8k
3k/ft
B — |
A B ‘D —oC
— 4t 41t 4ft—— 4 ft —

Prob. 9-43



390 CHAPTER 9

*9-44. Use the method of virtual work and determine the
vertical deflection at the rocker support D. EI is constant.

9-45. Solve Prob. 9-44 using Castigliano’s theorem.

Probs. 9-44/9-45

9-46. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EI. If it is subjected
to the uniform distributed load, determine the horizontal
displacement of the end C. Use the method of virtual work.

9-47. The L-shaped frame is made from two segments,
each of length L and flexural stiffness EL. If it is subjected
to the uniform distributed load, determine the vertical
displacement of point B. Use the method of virtual work.

*9-48. Solve Prob. 9-47 using Castigliano’s theorem.

B | L

Probs. 9-46/9-47/9-48

DEFLECTIONS USING ENERGY METHODS

9-49. Determine the horizontal displacement of point C.
El is constant. Use the method of virtual work.

9-50. Solve Prob. 949 using Castigliano’s theorem.

400 Ib/ft

Yy Y VYV Y Y Y Y VY VY VY Y VYY

savan T
28 as, oA ea

} 10 ft -

C 2001b/ft

Probs. 9-49/9-50

9-51. Determine the vertical deflection at C. The cross-
sectional area and moment of inertia of each segment is
shown in the figure. Take E = 200 GPa. Assume A is a
fixed support. Use the method of virtual work.

*9-52. Solve Prob. 9-51, including the effect of shear and
axial strain energy.

9-53. Solve Prob. 9-51 using Castigliano’s theorem.

ABC = 65(103) mmz

Ipc = 100(10°) mm* [Fp3——> 50 kN
- AAB = 18(103) mmz 1m
S [ Iy = 400(10°) mm*
g |
& |FA ‘ B
‘ﬁi

| 3m ‘

Probs. 9-51/9-52/9-53
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9-54. Determine the slope at A. Take E = 29(10°) ksi. 9-58. Use the method of virtual work and determine the
The moment of inertia of each segment of the frame is horizontal deflection at C. EI is constant. There is a pin at A.
indicated in the figure. Assume D is a pin support. Use the Assume Cis aroller and B is a fixed joint.

method of virtual work. 9-59. Solve Prob. 9-58 using Castigliano’s theorem.

9-55. Solve Prob. 9-54 using Castigliano’s theorem.

12k 400 Ib/ft
| 51t I 51t |

_B B X c

Ige =900in.* ] e

| 6t |
10 ft
I = 600 in.*
12 ft
45°

Icp = 600in*
Probs. 9-58/9-59

*9—-60. The frame is subjected to the load of 5 k. Determine
the vertical displacement at C. Assume that the members
Probs. 9-54/9-55 are pin connected at A, C, and FE, and fixed connected at
the knee joints B and D. EI is constant. Use the method of
virtual work.

*9-56. Use the method of virtual work and determine the
horizontal deflection at C. The cross-sectional area of each
member is indicated in the figure. Assume the members are 9-61. Solve Prob. 9-60 using Castigliano’s theorem.
pin connected at their end points. E = 29(10%) ksi.

9-57. Solve Prob. 9-56 using Castigliano’s theorem.
2k

6 ft
1’ : .
5k
10 ft
A E
77#*«-‘-- —
l 3ft | | 81t 8t !

Probs. 9-56/9-57 Probs. 9-60/9-61
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CHAPTER REVIEW

All energy methods are based on the conservation of energy principle, which states that the work done by all external
forces acting on the structure, U,, is transformed into internal work or strain energy, U;, developed in the members when
the structure deforms.

The principle of virtual work is based upon the work done by a “virtual” or imaginary unit force. If the deflection (rotation)
at a point on the structure is to be obtained, a unit virtual force (couple moment) is applied to the structure at the point.
This causes internal virtual loadings in the structure. The virtual work is then developed when the real loads are placed on
the structure causing it to deform.

Truss displacements are found using

nNL
1-a=27%

If the displacement is caused by temperature, or fabrication errors, then

1-A = ZnaATL 1-A = 2nAL
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For beams and frames, the displacement (rotation) is defined from

1-A

mM

L
/0 EI dx

J

Castigliano’s second theorem, called the method of least work, can be used to determine the deflections in structures that
respond elastically. It states that the displacement (rotation) at a point on a structure is equal to the first partial derivative
of the strain energy in the structure with respect to a force P (couple moment M") acting at the point and in the direction

of the displacement (rotation). For a truss

For beams and frames

A=2N(

o)
P

L

AE

L
IM \ dx
o / M(TP)E

[

e
EI







Analysis of Statically
Indeterminate Structures
by the Force Method

In this chapter we will apply the force or flexibility method to analyze
statically indeterminate trusses, beams, and frames. At the end of the
chapter we will present a method for drawing the influence line for a
statically indeterminate beam or frame.

10.1 Statically Indeterminate Structures

Recall from Sec. 24 that a structure of any type is classified as statically
indeterminate when the number of unknown reactions or internal forces
exceeds the number of equilibrium equations available for its analysis.
In this section we will discuss the merits of using indeterminate structures
and two fundamental ways in which they may be analyzed. Realize that
most of the structures designed today are statically indeterminate. This
indeterminacy may arise as a result of added supports or members, or by
the general form of the structure. For example, reinforced concrete
buildings are almost always statically indeterminate since the columns
and beams are poured as continuous members through the joints and
OVer supports.
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Advantages and Disadvantages. Although the analysis of a
statically indeterminate structure is more involved than that of a statically
determinate one, there are usually several very important reasons for
choosing this type of structure for design. Most important, for a given
loading the maximum stress and deflection of an indeterminate structure
are generally smaller than those of its statically determinate counterpart.
For example, the statically indeterminate, fixed-supported beam in
Fig. 10-1a will be subjected to a maximum moment of M, = PL/S,
whereas the same beam, when simply supported, Fig. 10-1b, will be
subjected to twice the moment, that is, M., = PL/4. As a result, the
fixed-supported beam has one fourth the deflection and one half the stress
at its center of the one that is simply supported.

Another important reason for selecting a statically indeterminate
structure is because it has a tendency to redistribute its load to its redundant
supports in cases where faulty design or overloading occurs. In these cases,
the structure maintains its stability and collapse is prevented. This is
particularly important when sudden lateral loads, such as wind or earthquake,
are imposed on the structure. To illustrate, consider again the fixed-end
beam in Fig. 10-1a. As P is increased, the beam’s material at the walls and
at the center of the beam begins to yield and forms localized “plastic
hinges,” which causes the beam to deflect as if it were hinged or pin
connected at these points. Although the deflection becomes large, the walls
will develop horizontal force and moment reactions that will hold the
beam and thus prevent it from totally collapsing. In the case of the simply
supported beam, Fig. 10-1b, an excessive load P will cause the “plastic
hinge” to form only at the center of the beam, and due to the large vertical
deflection, the supports will not develop the horizontal force and moment
reactions that may be necessary to prevent total collapse.

Although statically indeterminate structures can support a loading
with thinner members and with increased stability compared to their
statically determinate counterparts, there are cases when these advantages
may instead become disadvantages. The cost savings in material must be
compared with the added cost necessary to fabricate the structure, since
oftentimes it becomes more costly to construct the supports and joints of
an indeterminate structure compared to one that is determinate. More
important, though, because statically indeterminate structures have
redundant support reactions, one has to be very careful to prevent
differential displacement of the supports, since this effect will introduce
internal stress in the structure. For example, if the wall at one end of the
fixed-end beam in Fig. 10-1a were to settle, stress would be developed in
the beam because of this “forced” deformation. On the other hand, if the
beam were simply supported or statically determinate, Fig. 10-1b, then
any settlement of its end would not cause the beam to deform, and
therefore no stress would be developed in the beam. In general, then, any
deformation, such as that caused by relative support displacement, or
changes in member lengths caused by temperature or fabrication errors,
will introduce additional stresses in the structure, which must be considered
when designing indeterminate structures.



10.1  STATICALLY INDETERMINATE STRUCTURES

Fig. 10-1

Methods of Analysis. When analyzing any indeterminate structure,
it is necessary to satisfy equilibrium, compatibility, and force-displacement
requirements for the structure. Equilibrium is satisfied when the reactive
forces hold the structure at rest, and compatibility is satisfied when the
various segments of the structure fit together without intentional breaks
or overlaps. The force-displacement requirements depend upon the way
the material responds;in this text we have assumed linear elastic response.
In general there are two different ways to satisfy these requirements when
analyzing a statically indeterminate structure: the force or flexibility method,
and the displacement or stiffness method.

Force Method. The force method was originally developed by James
Clerk Maxwell in 1864 and later refined by Otto Mohr and Heinrich
Miiller-Breslau. This method was one of the first available for the analysis
of statically indeterminate structures. Since compatibility forms the basis
for this method, it has sometimes been referred to as the compatibility
method or the method of consistent displacements. This method consists of
writing equations that satisfy the compatibility and force-displacement
requirements for the structure in order to determine the redundant forces.
Once these forces have been determined, the remaining reactive forces on
the structure are determined by satisfying the equilibrium requirements.
The fundamental principles involved in applying this method are easy to
understand and develop, and they will be discussed in this chapter.

Displacement Method. The displacement method of analysis is
based on first writing force-displacement relations for the members and
then satisfying the equilibrium requirements for the structure. In this case
the unknowns in the equations are displacements. Once the displacements
are obtained, the forces are determined from the compatibility and force-
displacement equations. We will study some of the classical techniques
used to apply the displacement method in Chapters 11 and 12. Since
almost all present day computer software for structural analysis is
developed using this method we will present a matrix formulation of the
displacement method in Chapters 14, 15, and 16.

Each of these two methods of analysis, which are outlined in Fig. 10-2,
has particular advantages and disadvantages, depending upon the geometry
of the structure and its degree of indeterminacy. A discussion of the
usefulness of each method will be given after each has been presented.

397



398 CHAPTER 10

(@)

(®)
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A __Alpp= BnyBI
——————— 7 ?

B
redundant B, applied B

(©)

ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

Unknowns Equations Used Coefficients of
for Solution the Unknowns
Force Method Forces Compatibi]jty Flexibility Coefficients
and Force Displacement
Displacement Method | Displacements IEgeillbiin . Stiffness Coefficients
and Force Displacement
Fig. 10-2

10.2 Force Method of Analysis:
General Procedure

Perhaps the best way to illustrate the principles involved in the force
method of analysis is to consider the beam shown in Fig. 10-3a. If its
free-body diagram were drawn, there would be four unknown support
reactions; and since three equilibrium equations are available for solution,
the beam is indeterminate to the first degree. Consequently, one additional
equation is necessary for solution. To obtain this equation, we will use the
principle of superposition and consider the compatibility of displacement
at one of the supports. This is done by choosing one of the support
reactions as “redundant” and temporarily removing its effect on the beam
so that the beam then becomes statically determinate and stable. This
beam is referred to as the primary structure. Here we will remove the
restraining action of the rocker at B. As a result, the load P will cause B to
be displaced downward by an amount Az as shown in Fig. 10-3b. By
superposition, however, the unknown reaction at B, i.e., B,, causes the
beam at B to be displaced Ajp upward, Fig. 10-3c. Here the first letter in
this double-subscript notation refers to the point (B) where the deflection
is specified, and the second letter refers to the point (B) where the
unknown reaction acts. Assuming positive displacements act upward, then
from Figs. 10-3a through 10-3¢ we can write the necessary compatibility
equation at the rocker as

(+1) 0=—Ap+ Agp

Let us now denote the displacement at B caused by a unit load acting
in the direction of B, as the linear flexibility coefficient f gp, Fig. 10-3d.
Using the same scheme for this double-subscript notation as above, fgp
is the deflection at B caused by a unit load at B. Since the material behaves
in a linear-elastic manner, a force of B, acting at B, instead of the unit
load, will cause a proportionate increase in f z5. Thus we can write

Agp = Byf BB
When written in this format, it can be seen that the linear flexibility
coefficient fpp is a measure of the deflection per unit force, and so its

units are m/N, ft/lb, etc. The compatibility equation above can therefore
be written in terms of the unknown B, as

0= _AB + BnyB
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Using the methods of Chapter 8 or 9, or the deflection table on the inside
front cover of the book, the appropriate load-displacement relations for
the deflection A g, Fig. 10-3b, and the flexibility coefficient f zp, Fig. 10-3d,
can be obtained and the solution for B, determined, thatis, B, = Ap/f pp.
Once this is accomplished, the three reactions at the wall A can then be
found from the equations of equilibrium.

As stated previously, the choice of the redundant is arbitrary. For example,
the moment at A, Fig. 104a, can be determined directly by removing
the capacity of the beam to support a moment at A, that is, by replacing
the fixed support by a pin. As shown in Fig. 10-4b, the rotation at A
caused by the load P is 6 4, and the rotation at A caused by the redundant
My at A is 0’44, Fig. 10-4c. If we denote an angular flexibility coefficient
a4 as the angular displacement at A caused by a unit couple moment
applied to A, Fig. 10-4d, then

! —
O4n = M payu

Thus, the angular flexibility coefficient measures the angular displacement
per unit couple moment, and therefore it has units of rad/N - m or rad/Ib - ft,
etc. The compatibility equation for rotation at A therefore requires

(r+) 0=04+ Muanqu

In this case, M 4, = —0 /a4, a negative value, which simply means that
M, acts in the opposite direction to the unit couple moment.

P

A | B
=05 =
actual beam

(a)

primary structure

(b)

redundant M, applied
(©)
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(b)
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P, P,
B C
) Y

{‘Elg —-&——aD =

actual beam

(a)

B, G,
BY c B 18

App = B;fB_B—"E’.CB = B, fcp A'ge = C;f;c— _ATCC =Cyfcc
redundant By, applied redundant C, applied
© (d)

Fig. 10-5

D + AgE—— g p T AT D

A third example that illustrates application of the force method is given
in Fig. 10-5a. Here the beam is indeterminate to the second degree and
therefore two compatibility equations will be necessary for the solution.
We will choose the vertical forces at the roller supports, B and C, as
redundants. The resultant statically determinate beam deflects as shown
in Fig. 10-5b when the redundants are removed. Each redundant force,
which is assumed to act downward, deflects this beam as shown in Fig. 10-5¢
and 10-5d, respectively. Here the flexibility coefficients* fgpand fp are
found from a unit load acting at B, Fig. 10-5¢; and f ¢ and f 3¢ are found
from a unit load acting at C, Fig. 10-5f. By superposition, the compatibility
equations for the deflection at B and C, respectively, are

(+1) 0= A+ Byfpp + Cyfpc

(10-1)
(+1) 0=Ac+ Byfcg + Cyfec
Once the load-displacement relations are established using the methods
of Chapter 8 or 9, these equations may be solved simultaneously for the
two unknown forces B, and C,.

Having illustrated the application of the force method of analysis by
example, we will now discuss its application in general terms and then
we will use it as a basis for solving problems involving trusses, beams,
and frames. For all these cases, however, realize that since the method
depends on superposition of displacements, it is necessary that the material
remain linear elastic when loaded. Also, recognize that any external
reaction or internal loading at a point in the structure can be directly
determined by first releasing the capacity of the structure to support the
loading and then writing a compatibility equation at the point. See
Example 10-4.

*f pp is the deflection at B caused by a unit load at B; fp the deflection at C caused by a
unit load at B.
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Procedure for Analysis

The following procedure provides a general method for determining
the reactions or internal loadings of statically indeterminate structures
using the force or flexibility method of analysis.

Principle of Superposition

Determine the number of degrees n to which the structure is
indeterminate. Then specify the n unknown redundant forces or
moments that must be removed from the structure in order to make it
statically determinate and stable. Using the principle of superposition,
draw the statically indeterminate structure and show it to be equal to
a series of corresponding statically determinate structures. The
primary structure supports the same external loads as the statically
indeterminate structure, and each of the other structures added to the
primary structure shows the structure loaded with a separate
redundant force or moment. Also, sketch the elastic curve on each
structure and indicate symbolically the displacement or rotation at
the point of each redundant force or moment.

Compatibility Equations

Write a compatibility equation for the displacement or rotation at
each point where there is a redundant force or moment. These
equations should be expressed in terms of the unknown redundants
and their corresponding flexibility coefficients obtained from unit
loads or unit couple moments that are collinear with the redundant
forces or moments.

Determine all the deflections and flexibility coefficients using the
table on the inside front cover or the methods of Chapter 8 or 9.*
Substitute these load-displacement relations into the compatibility
equations and solve for the unknown redundants. In particular, if a
numerical value for a redundant is negative, it indicates the redundant
acts opposite to its corresponding unit force or unit couple moment.

Equilibrium Equations

Draw a free-body diagram of the structure. Since the redundant forces
and/or moments have been calculated, the remaining unknown reactions
can be determined from the equations of equilibrium.

It should be realized that once all the support reactions have been
obtained, the shear and moment diagrams can then be drawn, and the
deflection at any point on the structure can be determined using the
same methods outlined previously for statically determinate structures.

*It is suggested that if the M/EI diagram for a beam consists of simple segments, the
moment-area theorems or the conjugate-beam method be used. Beams with complicated
M/EI diagrams, that is, those with many curved segments (parabolic, cubic, etc.), can be
readily analyzed using the method of virtual work or by Castigliano’s second theorem.
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10.3 Maxwell's Theorem of Reciprocal
Displacements; Betti's Law

When Maxwell developed the force method of analysis, he also published
a theorem that relates the flexibility coefficients of any two points on an
elastic structure—be it a truss, a beam, or a frame. This theorem is
referred to as the theorem of reciprocal displacements and may be stated
as follows: The displacement of a point B on a structure due to a unit load
acting at point A is equal to the displacement of point A when the unit load
is acting at point B, that is, fg4 = f a5-

Proof of this theorem is easily demonstrated using the principle of
virtual work. For example, consider the beam in Fig. 10-6. When a real
unit load acts at A, assume that the internal moments in the beam are
represented by m 4. To determine the flexibility coefficient at B, that is,
fBa» a virtual unit load is placed at B, Fig. 10-7, and the internal moments
mp are computed. Then applying Eq. 9-18 yields

. mpn 4
fBA_/ El dx

Likewise, if the flexibility coefficient f 45 is to be determined when a real
unit load acts at B, Fig. 10-7, then mp represents the internal moments in
the beam due to a real unit load. Furthermore, m 4 represents the internal
moments due to a virtual unit load at A, Fig. 10-6. Hence,

. mamp
fap = /EI dx

fBA
Fig. 10-6
1
A |
L
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Both integrals obviously give the same result, which proves the theorem.
The theorem also applies for reciprocal rotations, and may be stated as
follows: The rotation at point B on a structure due to a unit couple moment
acting at point A is equal to the rotation at point A when the unit couple
moment is acting at point B. Furthermore, using a unit force and unit couple
moment, applied at separate points on the structure, we may also state:
The rotation in radians at point B on a structure due to a unit load acting at
point A is equal to the displacement at point A when a unit couple moment
is acting at point B.

As a consequence of this theorem, some work can be saved when
applying the force method to problems that are statically indeterminate
to the second degree or higher. For example, only one of the two flexibility
coefficients fzc or fcp has to be calculated in Eqgs. 10-1, since fzc = fcp.
Furthermore, the theorem of reciprocal displacements has applications
in structural model analysis and for constructing influence lines using the
Miiller-Breslau principle (see Sec. 10-10).

When the theorem of reciprocal displacements is formalized in a more
general sense, it is referred to as Betti’s law. Briefly stated: The virtual
work 8U 45 done by a system of forces ZPp that undergo a displacement
caused by a system of forces =P, is equal to the virtual work 6Upg,4
caused by the forces =P, when the structure deforms due to the system
of forces 2Pp In other words, 8U 45 = 68U 4. The proof of this statement
is similar to that given above for the reciprocal-displacement theorem.

10.4 Force Method of Analysis: Beams

The force method applied to beams was outlined in Sec. 10-2. Using the
“procedure for analysis” also given in Sec. 10-2, we will now present
several examples that illustrate the application of this technique.

These bridge girders are statically indeterminate since
they are continuous over their piers.
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EXAMPLE [10.1

Determine the reaction at the roller support B of the beam shown in
Fig. 10-8a. EI is constant.

50 kN 50 kN

A lC B A B A -
- - ~ — — Bj:A'BB = BnyB

\\“ﬁ"// = %33 + %
P6 m 6 m——ri c B

actual beam primary structure redundant B, applied
(a) (b)
Fig. 10-8
SOLUTION

Principle of Superposition. By inspection, the beam is statically
indeterminate to the first degree. The redundant will be taken as B, so
that this force can be determined directly. Figure 10-8b shows
application of the principle of superposition. Notice that removal of
the redundant requires that the roller support or the constraining
action of the beam in the direction of B, be removed. Here we have

y
assumed that B, acts upward on the beam.

Compatibility Equation. Taking positive displacement as upward,
Fig. 10-8b, we have

(+1) 0=—-Ap + B,fps (1)

The terms Az and f zp are easily obtained using the table on the inside
front cover. In particular, note that Az = Ac + 6-(6 m). Thus,

_ PR P(L2Y (L)

A =
B 3EI 2E1 \2
~ (50kN)(6m)? , (S0KN)(6 m)2(6 my = 2000 KN-m’|
34.4 kN 0 f N 3E] 2E1 EI

b ) pr? 1(12m)*  576m?
112kN~m( —6m—f—6m—1 T8 =3p1 = " 3E1 EImT

15.6 kN

Substituting these results into Eq. (1) yields

(0)
9000 576
+1 0=-—7r By(EI> B, = 156kN Ans.
M (kKN -m) 038
If this reaction is placed on the free-body diagram of the beam, the
3.27 —x (m) reactions at A can be obtained from the three equations of equilibrium,
6 12 Fig. 10-8c.

Having determined all the reactions, the moment diagram can be
-2 (d) constructed as shown in Fig. 10-8d.
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EXAMPLE [10.2

Draw the shear and moment diagrams for the beam shown in
Fig. 10-9a. The support at B settles 1.5 in. Take E = 29(10%) ksi,
I =750in".

20k
20k

l 1.5in. 0

T E -2 ¢ B

-~

A
S~ -B ~ =

LlZ ft——12 ft—»L24 ft—

actual beam

(@)

Ap

primary structure

Fig. 10-9

SOLUTION

Principle of Superposition. By inspection, the beam is indeterminate
to the first degree. The center support B will be chosen as the redundant,
so that the roller at B is removed, Fig. 10-9b. Here B, is assumed to
act downward on the beam.

Compatibility Equation. With reference to point B in Fig. 10-9b,
using units of inches, we require

(+1)

We will use the table on the inside front cover. Note that for Ay the
equation for the deflection curve requires 0 < x < a.Since x = 24 ft,
then a = 36 ft. Thus,

1.51n. = AB + BnyB (1)

_ Pbx ., o, o, 20(12)(24) 2 - 5
Ap = 6LEI(L b X)—76(48)E1 [(48)" — (12)" — (24)7]
31,680 k- ft?
B EI
P PL>  1(48)°  2304k-ft}
BB A8EI ~ 48EI EI

Substituting these values into Eq. (1), we get

1.5 in. (29(10%) k/in?)(750 in*)
31,680 k - ft*(12in./ft)* + B,(2304 k - ft*) (12 in./ft)?
—5.56 k

B,

The negative sign indicates that B, acts upward on the beam.

B

A;;= BnyB

redundant B, applied
(b)
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EXAMPLE [10.2 (Continued)

Equilibrium Equations. From the free-body diagram shown in
Fig. 10-9¢ we have

+ SM, = 0; —20(12) + 5.56(24) + C,(48) = 0
C, =222k

+13F, = 0; A, =20 + 556 +222 =0
A, = 1222k

Using these results, verify the shear and moment diagrams shown in
Fig. 10-9d.

20k

|

A 4 C
A
12 ft——12 ft~|-—24 ft

A, = 1222k 5.56 k C, =222k
()
V (k)
1222
1 24 48 ity
—7.78‘_,—_é~22
M (k-ft
0 467
533
L L ft
12 24 TR

(d

)
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EXAMPLE [10.3

Draw the shear and moment diagrams for the beam shown in
Figure 10-10a. EI is constant. Neglect the effects of axial load.

SOLUTION

Principle of Superposition. Since axial load is neglected, the beam
is indeterminate to the second degree. The two end moments at A and
B will be considered as the redundants. The beam’s capacity to resist
these moments is removed by placing a pin at A and a rocker at B.The
principle of superposition applied to the beam is shown in Fig. 10-10b.

Compatibility Equations. Reference to points A and B, Fig. 10-10b,

requires
(r+) 0=04+ Mpays + Mpayp (1)
(\+) 0=0p+ Myaps + Mpagp )

2k /ft

| 10 ft | 10 ft |

U
GVAA:MAO[AA OBA_MAaBA

redundant moment M, applied

G,ABzMBaAB OIBB: MBaBB
redundant moment My applied
(b)
Fig. 10-10
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EXAMPLE [10.3 (Continued)

The required slopes and angular flexibility coefficients can be
determined using the table on the inside front cover. We have

~ 3wl 3(2)(200° 375
AT 128EI T 128EI  EI
7wl 7(2)(20)° 2917
BT 384FE1  384EI  EI
ML 1(20)  6.67
YAAT 3Er T 3EI EI
ML 1(20)  6.67
“BB T 3E1 T 3EI  EI
ML 1(20) 333

Y4BT 6EI ~ 6EI  EI

Note that apy = ayp, a consequence of Maxwell’s theorem of
reciprocal displacements.
Substituting the data into Egs. (1) and (2) yields

0= (87, (32)

EI EI EI
291.7 3.33 6.67
0= MA(EI) * M(EI>

Canceling EI and solving these equations simultaneously, we have
M, = —458k-ft Mp = —-208k-ft

Using these results, the end shears are calculated, Fig. 10-10c, and the
shear and moment diagrams plotted.

V (k)
o \
- 2P (£0)
8.125 375
2 k/ft M (k-ft) '

1625k 375k
(THHHHH

I T ) 20.2

A B
458 k-ft ‘ ‘ 20.8 k-ft /\
3.63 ‘ 14.4 20 i
10t ‘ 1ot | 8.125 N N

—20.8

458 (©)
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EXAMPLE [10.4

Determine the reactions at the supports for the beam shown in
Fig. 10-11a. El is constant.

SOLUTION

Principle of Superposition. By inspection, the beam is indeterminate
to the first degree. Here, for the sake of illustration, we will choose the
internal moment at support B as the redundant. Consequently, the
beam is cut open and end pins or an internal hinge are placed at B in
order to release only the capacity of the beam to resist moment at this
point, Fig. 10-115. The internal moment at B is applied to the beam in
Fig. 10-11c.

Compatibility Equations. From Fig. 10-11a we require the relative
rotation of one end of one beam with respect to the end of the other
beam to be zero, that is,

(r+) 0p + Mpagp =0
where

0p = 0% + 0%
and

— ! "
agp = app t app

120 Ib/ft 500 Ib

S
|
\

— C = ——— fi” c

12 ft } Sft Sftﬂ‘

actual beam

primary structure
(b)
+

’ "
Mpa'gg Mpa'pp

redundant Mp applied
(c) Fig. 10-11
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EXAMPLE [10.4 (Continued)

The slopes and angular flexibility coefficients can be determined
from the table on the inside front cover, that is,

wL?  120(12)° 8640 1b- ft?

0/

BT 04El 24EI EI
g P _ 500(10)* 3125 1b- ft?
BT 16EI ~ 16EI EI

, ML 1(12) 41t
“BB T 3pr T 3EI  EI

, ML 1(10) 333t
“BB T 3p] T 3EI EI

Thus

— +
EI EI El EI
Mp = —16041b - ft

8640 1b-ft>  31251b-ft? 4ft  3.33ft
+ B :0

The negative sign indicates M p acts in the opposite direction to that
shown in Fig. 10-11c¢. Using this result, the reactions at the supports
are calculated as shown in Fig. 10-11d. Furthermore, the shear and
moment diagrams are shown in Fig. 10-11e.

500 1b
120 Ib/ft

l l l l l l l l l l 1604 1b-ft 1604 1b-ft l
lf ;14?b 8g4llb 4110)lb gl] b |

5861b 264 T 89.61b
B A D c
(d)
V (ib) M (Ib-f)
586 410 1432
\ 448
12
‘ 2y = 2 [~
489 —89.6 ' \/ v
1602

—854

(©)
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10.5 Force Method of Analysis: Frames

The force method is very useful for solving problems involving statically
indeterminate frames that have a single story and unusual geometry, such
as gabled frames. Problems involving multistory frames, or those with a
high degree of indeterminacy, are best solved using the slope-deflection,
moment-distribution, or the stiffness method discussed in later chapters.

The following examples illustrate the application of the force method
using the procedure for analysis outlined in Sec. 10-2.

EXAMPLE [10.5

The frame, or bent, shown in the photo is used to support the bridge
deck. Assuming £EI is constant, a drawing of it along with
the dimensions and loading is shown in Fig. 10-12a4. Determine the
support reactions.

(a)
Fig. 10-12

SOLUTION

Principle of Superposition. By inspection the frame is statically
indeterminate to the first degree. We will choose the horizontal
reaction at A to be the redundant. Consequently, the pin at A is
replaced by a rocker, since a rocker will not constrain A in the
horizontal direction. The principle of superposition applied to the
idealized model of the frame is shown in Fig. 10-12b. Notice how
the frame deflects in each case.
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EXAMPLE |10.5 (Continued)

40 kN/m

AfoA
Primary structure Redundant force A, applied
(b)

Compatibility Equation. Reference to point A in Fig. 10-12b
requires

() 0=A4+ Afau (1)

The terms A, and f 44 will be determined using the method of
virtual work. Because of symmetry of geometry and loading we need
only three x coordinates. These and the internal moments are shown
in Figs. 10-12¢ and 10-12d. It is important that each x coordinate be the
same for both the real and virtual loadings. Also, the positive directions
for M and m must be the same.

For A, we require application of real loads, Fig. 10-12¢, and a
virtual unit load at A, Fig. 10-12d. Thus,

L 5 5
Mm (0)(1xy)dx, (200x,)(—5)dx,
A, = [ P — o | ATV, [ TR TR
A= g A EI A EI

5 /5 (1000 + 200x5 — 20x3)(—5)dx;
0 EI

25000 66 666.7 91666.7
- 40 kN/m -0 - _ - _
m 0=—"%; £l £l

T

i
‘v(\/
‘!(

’»xzﬂ|n:2= =5| In:s= =5
)-)
5m+x3»‘ 5m

my = 200(5 + x3) — 40x3(73) 1kN = 1kN

200 kKN = 1000 + 200x; — 20x5 200 kKN

© (d)

]

]
ﬁ
E
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For f 44 we require application of a real unit load and a virtual unit
load acting at A, Fig. 10-12d. Thus,

Emm 5 (1xy)°dx, S Sy
faa B dx ZA Z] ZA (5)°dx, 2A (5)°dx;

58333
El

Substituting the results into Eq. (1) and solving yields

—91666.7 583.33
= B
0 EI A"( EI )

Ay

157 kN Ans.

Equilibrium Equations. Using this result, the reactions on the
idealized model of the frame are shown in Fig. 10-12e.

40 kKN/m

200 kN 200 kN

(e)
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EXAMPLE [10.6

CHAPTER 10  ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

Determine the moment at the fixed support A for the frame shown in
Fig. 10-13a. El is constant.

100 Ib/ft

4 ft
St

T

8 ft

A
#3 ft—

(a) Fig. 10-13
SOLUTION

Principle of Superposition. The frame is indeterminate to the first
degree. A direct solution for M, can be obtained by choosing this
as the redundant. Thus the capacity of the frame to support a moment
at A is removed and therefore a pin is used at A for support. The
principle of superposition applied to the frame is shown in Fig. 10-13b.

Compatibility Equation. Reference to point A in Fig. 10-13b requires
(T+) 0=04+ Msaan 1)
As in the preceding example, 0,4 and a4, will be computed using

the method of virtual work. The frame’s x coordinates and internal
moments are shown in Figs. 10-13¢ and 10-13d.

. redundant M,
actual frame primary structure applied

(®)
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For 64 we require application of the real loads, Fig. 10-13c, and a 222.51b
virtual unit couple moment at A, Fig. 10-13d. Thus, ~ N
5001b 7 >370.8 1b
3 7's~ i
2 V296,71
/ M, = 296.7x, — 50x,>
oy [ (f s
A o EI
/8(29.17x1)(1 — 0.0833x;) dx;
) El d
29.171b
5(296.7x, — 50x3)(0.0667x,) dx,
+
A EI 300 1b
(©)
~ 5185 N 3032 821.8
El El El 0.051b
>0.0833 1b
>\~ //
For a4, we require application of a real unit couple moment and 2 V0,067 Ib

a virtual unit couple moment acting at A, Fig. 10-13d. Thus,

L
myhiy
= d
A pA 2 A El X

8(1 — 0.0833x;)? dx; . 3(0.0667x,)* dx,
- A EI A El

3.85
EI

L0185 _ 404
EI  EI

Substituting these results into Eq. (1) and solving yields

8218

0 -
EI

4.04
+ MA<> M, = —2041b-ft  Ans

El

The negative sign indicates My acts in the opposite direction to that
shown in Fig. 10-13b.
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. FUNDAMENTAL PROBLEMS

F10-1. Determine the reactions at the fixed support at A
and the roller at B. EI is constant.

40 kN

F10-2. Determine the reactions at the fixed supports at A
and the roller at B. EI is constant.

Wo

F10-2

F10-3. Determine the reactions at the fixed support at
A and the roller at B. Support B settles 5 mm. Take
E =200 GPa and I = 300(10°) mm*.

10 kN/m

F10-3

F10-4. Determine the reactions at the pin at A and the
rollers at B and C.

M,
(——
.y - ¢
A
L \ L |
F10-4

F10-5. Determine the reactions at the pin A and the
rollers at B and C on the beam. EI is constant.

50 kN

A C

‘<—2m 2m l 4m |

F10-6. Determine the reactions at the pin at A and the
rollers at B and C on the beam. Support B settles 5 mm.
Take E = 200 GPa, I = 300(10°) mm®*,

10 kN/m
Y
AR = -
R
F10-6
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“lrroplews

10-1. Determine the reactions at the supports A and B. EI
is constant.

: |
Prob. 10-1

10-2. Determine the reactions at the supports A, B,
and C, then draw the shear and moment diagrams. EI is
constant.

12 kip

3 kip/ft

6t J‘ 121t J‘

Prob. 10-2

10-3. Determine the reactions at the supports A and B.
ET is constant.

hS
*1‘;

-2 0cnre
é

25

Prob. 10-3

*10-4. Determine the reactions at the supports A, B, and
C; then draw the shear and moment diagram. E/ is constant.

Prob. 10-4

10-5. Determine the reactions at the supports, then draw
the shear and moment diagram. E1 is constant.

Prob. 10-5

10-6. Determine the reactions at the supports, then draw
the moment diagram. Assume B and C are rollers and A is
pinned. The support at B settles downward 0.25 ft. Take
E = 29(10%) ksi, I = 500 in*.

3k/ft

12 ft | 12 ft Fé

\
Prob. 10-6
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10-7. Determine the deflection at the end B of the
clamped A-36 steel strip. The spring has a stiffness of k =
2 N/mm. The strip is 5 mm wide and 10 mm high. Also, draw
the shear and moment diagrams for the strip.

S0N

Prob. 10-7

*]10-8. Determine the reactions at the supports. The
moment of inertia for each segment is shown in the figure.
Assume the support at B is a roller. Take E = 29(10%) ksi.

LB Iy =300 in*

1A 1,5 =600in*

| 18 ft 1 12 ft |

Prob. 10-8

10-9. The simply supported beam is subjected to the load-
ing shown. Determine the deflection at its center C. EI is
constant.

6 kip/ft
5 kip-ft
Y A ‘)
: —
= c
| 8 ft 8 ft |

Prob. 10-9

ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

10-10. Determine the reactions at the supports, then draw
the moment diagram. Assume the support at B is a roller.
ET is constant.

) 400 Ib-ft

‘ 8 ft l 8 ft |

Prob. 10-10

10-11. Determine the reactions at the supports, then draw
the moment diagram. Assume A is a pin and B and C are
rollers. EI is constant.

600 Ib/ft

Iy

_lc

15 ft

5 -
\
!

Prob. 10-11

*10-12. Determine the reactions at the supports, then
draw the moment diagram. Assume the support at A is a pin
and B and C are rollers. EI is constant.

10k

l Z.Slk\/lﬁ\l\l\ﬁw\ﬁN
_IB JIE

A
~—10 ftHL 10 ft 1

Prob. 10-12

25 ft !
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10-13. Determine the reactions at the supports. Assume A 10-15. Determine the reactions at the supports, then draw
and C are pins and the joint at B is fixed connected. EI is the moment diagram for each member. ET is constant.
constant.
10 k
‘ 8 ft 8 ft ‘
N A
10 ft
Prob. 10-13
Prob. 10-15

10-14. Determine the reactions at the supports. EI is

#10-16. Determine the reactions at the supports. Assume
constant.

A is fixed connected. E is constant.

500 Iby/ft

Ly = 1250 (10°) mm*
9m 3m

Igc = 625 (10°) mm*

Prob. 10-14 Prob. 10-16
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10-17. Determine the reactions at the supports. EI is
constant.

8 kN/m
¢ Vv v 4 kN/m
A B
| 9m
6 m
e
Prob. 10-17

10-18. Determine the reactions at the supports A and D.
The moment of inertia of each segment of the frame is
listed in the figure. Take E = 29(10%) ksi.

A

2k

IBC = 800 il'l.4

10 ft

I, = 600 in* Icp = 600 in.*

o

} 10 ft ‘

Prob. 10-18

10-19. The steel frame supports the loading shown.
Determine the horizontal and vertical components of reaction
at the supports A and D. Draw the moment diagram for the

frame members. E is constant.

3k/ft
EEEEREREREN
B L =2l ¢
2 | |1, I
’7A_ﬂ_ llp
} 15 ft }
Prob. 10-19

*10-20. Determine the reactions at the supports. Assume A
and B are pins and the joints at C and D are fixed connec-

tions. E1 is constant.

12 ft

> [D ]
Lsk/ft]
> A
| 15 ft |
Prob. 10-20



10-21. Determine the reactions at the supports. Assume A
and D are pins. E is constant.

10 ft

Prob. 10-21

10-22. Determine the reactions at the supports. Assume A
and B are pins. EI is constant.

20 kl\in(- ~\2'0 kN'm
D C

Prob. 10-22

10.5 FORCE METHOD OF ANALYSIS: FRAMES 421

10-23. Determine the reactions at the supports. Assume A
and B are pins. E is constant.

Prob. 10-23

#10-24. Two boards each having the same E/ and length L
are crossed perpendicular to each other as shown. Determine
the vertical reactions at the supports. Assume the boards
just touch each other before the load P is applied.

Prob. 10-24
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10.6 Force Method of Analysis: Trusses

The degree of indeterminacy of a truss can usually be determined by
inspection; however, if this becomes difficult, use Eq. 3-1, b + r > 2j.
Here the unknowns are represented by the number of bar forces (b)
plus the support reactions (r), and the number of available equilibrium
equations is 2j since two equations can be written for each of the (j)
joints.

The force method is quite suitable for analyzing trusses that are
statically indeterminate to the first or second degree. The following
examples illustrate application of this method using the procedure for
analysis outlined in Sec. 10-2.

EXAMPLE [10.7

4001b
b C
6 it
A B‘
} 8ft }
(a)
Fig. 10-14

actual truss

Determine the force in member AC of the truss shown in Fig. 10-14a.
AE is the same for all the members.

SOLUTION

Principle of Superposition. By inspection the truss is indeterminate
to the first degree.* Since the force in member AC is to be determined,
member AC will be chosen as the redundant. This requires “cutting”
this member so that it cannot sustain a force, thereby making the truss
statically determinate and stable. The principle of superposition
applied to the truss is shown in Fig. 10-14b.

Compatibility Equation. With reference to member AC in
Fig. 10-14b, we require the relative displacement A 4, which occurs at
the ends of the cut member AC due to the 400-Ib load, plus the
relative displacement F4cf4c ac caused by the redundant force acting
alone, to be equal to zero, that is,

0= Auc + Facfac ac (1)

primary structure redundant F ¢ applied

(b)
*Applying Eq.3-1,b + r > 2jor6 + 3 > 2(4),9 > 8,9 — 8 = Ist degree.
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Here the flexibility coefficient f4¢c 4¢ represents the relative displace-
ment of the cut ends of member AC caused by a “real” unit load
acting at the cut ends of member AC. This term, f4c 4¢c, and A 4 will
be computed using the method of virtual work. The force analysis, using
the method of joints, is summarized in Fig. 10~14¢ and 10-14d.

For A,c we require application of the real load of 400 Ib, D[] 40
Fig. 10-14c¢, and a virtual unit force acting at the cut ends of member N7
AC, Fig. 10-14d. Thus, +300 0
nNL
= 400 1b
Bac =2 AE Al +400
0.8)(400)(8 0.6)(0)(6 0.6)(300)(6 00
22{( 8)( )()}Jr( 6)(0)(6) | (=0.6)(300)(6) ©
AE AE AE
L (DES00)(10) — (1)(0)(10)
AE AE
_ 11200
AE +1
Al ] [ -|B
-0.8

For f4c 4c wWe require application of real unit forces and virtual unit
forces acting on the cut ends of member AC, Fig. 10-14d. Thus,

2
n‘L
fac ac = EE

) [<—0j§<8>} N 2[(_025(@} N 2{(2;10]

3456
AE

Substituting the data into Eq. (1) and solving yields

11200 , 3456
AE AE A€

Fuc = 3241b(T) Ans.

Since the numerical result is positive, AC is subjected to tension as
assumed, Fig. 10-14b. Using this result, the forces in the other
members can be found by equilibrium, using the method of joints.
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EXAMPLE |[10.8

actual truss

(a)

559k (C)

Determine the force in each member of the truss shown in Fig. 10-15a
if the turnbuckle on member AC is used to shorten the member by 0.5 in.
Each bar has a cross-sectional area of 0.2 in?, and E = 29(10°) psi.

| | Fac
Facfacac

primary structure redundant F,c applied
(b)
Fig. 10-15

SOLUTION

Principle of Superposition. This truss has the same geometry as
that in Example 10-7. Since AC has been shortened, we will choose it
as the redundant, Fig. 10-15b.

Compatibility Equation. Since no external loads act on the primary
structure (truss), there will be no relative displacement between the
ends of the sectioned member caused by load; that is, A 4 = 0. The
flexibility coefficient f,c 4c has been determined in Example 10-7, so

PR
AC AC AE

Assuming the amount by which the bar is shortened is positive, the
compatibility equation for the bar is therefore

. 34.56
0.5in. = 0 + EFAC

Realizing that f4¢c 4c is a measure of displacement per unit force, we
have
34.56 ft(12 in./ft)

(0.2 in2)[29(10°) Ib/in?] ¢

0.5in. =0 +

Fac = 69931b = 6.9 k (T) Ans.

Since no external forces act on the truss, the external reactions are
zero. Therefore, using F,c and analyzing the truss by the method of
joints yields the results shown in Fig. 10-15c.
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10.7 Composite Structures

Composite structures are composed of some members subjected only to
axial force, while other members are subjected to bending. If the
structure is statically indeterminate, the force method can conveniently
be used for its analysis. The following example illustrates the procedure.

EXAMPLE [10.9

The simply supported queen-post trussed beam shown
in the photo is to be designed to support a uniform load
of 2 kN/m. The dimensions of the structure are shown in
Fig. 10-16a. Determine the force developed in member
CE. Neglect the thickness of the beam and assume the
truss members are pin connected to the beam. Also, neg-
lect the effect of axial compression and shear in the
beam. The cross-sectional area of each strut is 400 mm?,
and for the beam 7 = 20(10°) mm*. Take E = 200 GPa.

Actual structure
(a)
Fig. 10-16

2kN/m

HHHlHHHHHH

SOLUTION

Principle of Superposition. If the force in one of the truss
members is known, then the force in all the other members, as
well as in the beam, can be determined by statics. Hence, the struc-
ture is indeterminate to the first degree. For solution the force in
member CE is chosen as the redundant. This member is therefore
sectioned to eliminate its capacity to sustain a force. The principle

of superposition applied to the structure is shown in Fig. 10-16b. vie L F el
CE

Compatibility Equation. With reference to the relative displace- Ferfcece

ment of the cut ends of member CFE, Fig. 10-16b, we require Redundant F . applied

0= Acg + FeefcecE (1) ®)




426 CHAPTER 10  ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

EXAMPLE [10.9 (Continued)

The method of virtual work will be used to find Acg and fcr cg. The
necessary force analysis is shown in Figs. 10-16¢ and 10-164d.

2kN/m

bbbl

6 kN 0 6 kN
_____ 2w
i L2
I [~
I I
l ) Ml =6x1 — X
0 Vi
6 kN

T\;O l v,
6 kN 0
} X2 \
(c)
~0.5KkN ~0.5kN
+1.118 kN +1.118 KN
1kN
-
@)
1 3 v
1118 kN
X2
2m—
) my = —0.5x, + 0.5(x, — 2)
1 =-1
2 0.5 kN

L118 kN
(d)
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For Acr we require application of the real loads, Fig. 10-16¢, and a
virtual unit load applied to the cut ends of member CE, Fig. 10-16d.
Here we will use symmetry of both loading and geometry, and only con-
sider the bending strain energy in the beam and, of course, the axial
strain energy in the truss members. Thus,

L 2 2
Mm nNL (6x1 — x7)(—0.5x1)dx,
Acp= | 2 2ax+ S )

ce = | T dx AE A EI

3(6x, — x3)(—1)dx, (1.118)(0)(V/5)
1o / ) +2< s )

N 2((—0.2(;)(1)) N <1i10;2>

o2 B 040

o —2933(10°)
200(10°)(20)(1079)

= —7.333(10 %) m

For fcr cre we require application of a real unit load and a virtual
unit load at the cut ends of member CE, Fig. 10-16d. Thus,

“mldx n’L 2(—0.5x)%dx, 3(—1)%dx,
feece = t22o = 2
b, El AE ), El L EI

+zC“mW“@§+2C*”ﬂ”>+(“W”)

AE AE AE
13333 2 5590 05 2
= e = e
EI EI AE AE AE
3.333(10°) 8.090(10°)

200(10%)(20)(107%) i 400(107%)(200(10°%))

0.9345(1073) m/kN
Substituting the data into Eq. (1) yields

0 = —7.333(10 %) m + Fc£(0.9345(1073) m/kN)
Fcp = 7.85kN Ans.
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10.8 Additional Remarks on the Force
Method of Analysis

Now that the basic ideas regarding the force method have been developed,
we will proceed to generalize its application and discuss its usefulness.

When computing the flexibility coefficients, f;; (or a;;), for the structure,
it will be noticed that they depend only on the material and geometrical
properties of the members and not on the loading of the primary structure.
Hence these values, once determined, can be used to compute the reactions
for any loading.

For a structure having n redundant reactions, R,, we can write n
compatibility equations, namely:

A+ fuR + foRy + - + f1uR, =0
Ay + faR + foRy + -+ + fo,R, =0

An_l—fanl +fn2R2+ +fnan:0

Here the displacements, Ay, ..., A,, are caused by both the real loads on
the primary structure and by support settlement or dimensional changes
due to temperature differences or fabrication errors in the members. To
simplify computation for structures having a large degree of indeterminacy,
the above equations can be recast into a matrix form,

fu fo o fu|| R Ay
fa fo -  fu || R _ A:Z (10-2)
fa fro o Fand LR A,
or simply
fR=-A

In particular, note that f;; = f;(f12 = f21, etc.), a consequence of
Maxwell’s theorem of reciprocal displacements (or Betti’s law). Hence
the flexibility matrix will be symmetric, and this feature is beneficial
when solving large sets of linear equations, as in the case of a highly
indeterminate structure.

Throughout this chapter we have determined the flexibility coefficients
using the method of virtual work as it applies to the entire structure. It is
possible, however, to obtain these coefficients for each member of the
structure, and then, using transformation equations, to obtain their values
for the entire structure. This approach is covered in books devoted to
matrix analysis of structures, and will not be covered in this text.*

*See, for example, H. C. Martin, Introduction to Matrix Methods of Structural Analysis,
McGraw-Hill, New York.



Although the details for applying the force method of analysis using
computer methods will also be omitted here, we can make some general
observations and comments that apply when using this method to solve
problems that are highly indeterminate and thus involve large sets of
equations. In this regard, numerical accuracy for the solution is improved
if the flexibility coefficients located near the main diagonal of the f matrix
are larger than those located off the diagonal. To achieve this, some
thought should be given to selection of the primary structure. To facilitate
computations of fj;, it is also desirable to choose the primary structure so
that it is somewhat symmetric. This will tend to yield some flexibility
coefficients that are similar or may be zero. Lastly, the deflected shape of
the primary structure should be similar to that of the actual structure. If
this occurs, then the redundants will induce only small corrections to the
primary structure, which results in a more accurate solution of Eq. 10-2.

10.9 Symmetric Structures

A structural analysis of any highly indeterminate structure, or for that
matter, even a statically determinate structure, can be simplified provided
the designer or analyst can recognize those structures that are symmetric
and support either symmetric or antisymmetric loadings. In a general
sense, a structure can be classified as being symmetric provided half of it
develops the same internal loadings and deflections as its mirror image
reflected about its central axis. Normally symmetry requires the material
composition, geometry, supports, and loading to be the same on each side
of the structure. However, this does not always have to be the case. Notice
that for horizontal stability a pin is required to support the beam and
truss in Figs. 10-17a and 10-17b. Here the horizontal reaction at the pin is
zero, and so both of these structures will deflect and produce the same
internal loading as their reflected counterpart. As a result, they can be
classified as being symmetric. Realize that this would not be the case for
the frame, Figs. 10-17c, if the fixed support at A was replaced by a pin,
since then the deflected shape and internal loadings would not be the
same on its left and right sides.

10.9 SYMMETRIC STRUCTURES

P,
) olo )
N o
o =
o\o o] [o © |! 0

axis of symmetry
(@)
Fig. 10-17

(b)

J=" =

axis of symmetry

L.
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‘ axis of symmetry

()
Fig. 10-17

Sometimes a symmetric structure supports an antisymmetric loading,
that is, the loading on its reflected side has the opposite direction, such
as shown by the two examples in Fig. 10-18. Provided the structure is
symmetric and its loading is either symmetric or antisymmetric, then a
structural analysis will only have to be performed on half the members
of the structure since the same (symmetric) or opposite (antisymmetric)
results will be produced on the other half. If a structure is symmetric
and its applied loading is unsymmetrical, then it is possible to transform
this loading into symmetric and antisymmetric components. To do this,
the loading is first divided in half, then it is reflected to the other side of
the structure and both symmetric and antisymmetric components are
produced. For example, the loading on the beam in Fig. 10-19a is divided
by two and reflected about the beam’s axis of symmetry. From this, the
symmetric and antisymmetric components of the load are produced as
shown in Fig. 10-195. When added together these components produce
the original loading. A separate structural analysis can now be performed
using the symmetric and antisymmetric loading components and the
results superimposed to obtain the actual behavior of the structure.

8 kN 2kN/m

o=}
~
~
Z

4 kN

_ET_.-_H-._'_&._
P

Antisymmetric loading

Fig. 10-18

symmetric loading

+
4 kN 1kN/m

1

1kN/m 4kN
antisymmetric loading
(b)
Fig. 10-19
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10-25. Determine the force in each member of the truss.
AE is constant.

Prob. 10-25

10-26. Determine the force in each member of the truss.
The cross-sectional area of each member is indicated in the
figure. E = 29(10%) ksi. Assume the members are pin
connected at their ends.

Prob. 10-26

10-27. Determine the force in member AC of the truss.
AE is constant.

Prob. 10-27

#10-28. Determine the force in member AD of the truss.
The cross-sectional area of each member is shown in the fig-
ure. Assume the members are pin connected at their ends.
Take E = 29(10%) ksi.

| 4 ft + 4 ft
4k

Prob. 10-28
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10-29. Determine the force in each member of the truss. 10-31. Determine the force in member CD of the truss.
Assume the members are pin connected at their ends. AE is AE is constant.
constant.

20 kN 15 KN

Prob. 10-29

Prob. 10-31

10-30. Determine the force in each member of the pin-
connected truss. AE is constant.

*10-32. Determine the force in member GB of the truss.

AE is constant.

}—;10 ft 10ft
\/

15k

10 ft

Prob. 10-30 Prob. 10-32




10-33. The cantilevered beam AB is additionally supported
using two tie rods. Determine the force in each of these
rods. Neglect axial compression and shear in the beam.
For the beam, I, = 200(10°) mm®*, and for each tie rod,
A = 100 mm®* Take E = 200 GPa.

D
3 of 1
3m
oiE
B
A 4m
\J
80 kN
Prob. 10-33

10-34. Determine the force in member AB, BC and BD
which is used in conjunction with the beam to carry the
30-k load. The beam has a moment of inertia of 7 = 600in®,
the members AB and BC each have a cross-sectional area
of 2 in% and BD has a cross-sectional area of 4 in’. Take
E = 29(10%) ksi. Neglect the thickness of the beam and its
axial compression, and assume all members are pin
connected. Also assume the support at A is a pin and E is
aroller.

Prob. 10-34
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10-35. The trussed beam supports the uniform distributed
loading. If all the truss members have a cross-sectional
area of 1.25 in%, determine the force in member BC. Neglect
both the depth and axial compression in the beam. Take
E =29(10°) ksi for all members. Also, for the beam
I,p = 750 in*. Assume A is a pin and D is a rocker.

At 4t 4ft—
Prob. 10-35

#10-36. The trussed beam supports a concentrated force
of 80 k at its center. Determine the force in each of the three
struts and draw the bending-moment diagram for the beam.
The struts each have a cross-sectional area of 2 in%. Assume
they are pin connected at their end points. Neglect both the
depth of the beam and the effect of axial compression in the
beam. Take E = 29(10°) ksi for both the beam and struts.
Also, for the beam I = 400in*.

12 ft

} 12 ft

Prob. 10-36



434 CHAPTER 10

10-37. Determine the reactions at support C. EI is
constant for both beams.

'E
o l«— =
oy

D~

Prob. 10-37

10-38. The beam AB has a moment of inertia / = 475in*
and rests on the smooth supports at its ends. A 0.75-in-
diameter rod CD is welded to the center of the beam and to
the fixed support at D. If the temperature of the rod is
decreased by 150°F, determine the force developed in the
rod. The beam and rod are both made of steel for which
E =200 GPa and @ = 6.5(107%)/F°.

| 51t | 5t |
i :
) ‘
50 in.
D ‘
Prob. 10-38

ANALYSIS OF STATICALLY INDETERMINATE STRUCTURES BY THE FORCE METHOD

10-39. The contilevered beam is supported at one end by
a %—in.—diameter suspender rod AC and fixed at the other
end B. Determine the force in the rod due to a uniform
loading of 4 k/ft. E = 29(10°) ksi for both the beam and
rod.

4k/ft e

AT EREREEREREN

IBC =350 in.4

20 ft }

Prob. 10-39

*#10-40. The structural assembly supports the loading
shown. Draw the moment diagrams for each of the beams.
Take I = 100(10°) mm* for the beams and A = 200 mm?>
for the tie rod. All members are made of steel for which
E = 200 GPa.

6 m 2m—=

i
iy - ?

Prob. 10-40
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10.10

Influence Lines for Statically
Indeterminate Beams

In Sec. 6-3 we discussed the use of the Miiller-Breslau principle for drawing
the influence line for the reaction, shear, and moment at a point in a
statically determinate beam. In this section we will extend this method
and apply it to statically indeterminate beams.

Recall that, for a beam, the Miiller-Breslau principle states that the
influence line for a function (reaction, shear, or moment) is to the same
scale as the deflected shape of the beam when the beam is acted upon by
the function. To draw the deflected shape properly, the capacity of the
beam to resist the applied function must be removed so the beam can
deflect when the function is applied. For statically determinate beams, the
deflected shapes (or the influence lines) will be a series of straight line
segments. For statically indeterminate beams, curves will result. Construc-
tion of each of the three types of influence lines (reaction, shear, and
moment) will now be discussed for a statically indeterminate beam. In
each case we will illustrate the validity of the Miiller-Breslau principle
using Maxwell’s theorem of reciprocal displacements.

Reaction at A. To determine the influence line for the reaction at A
in Fig. 10-20a, a unit load is placed on the beam at successive points, and
at each point the reaction at A must be determined. A plot of these
results yields the influence line. For example, when the load is at point D,
Fig. 10-20qa, the reaction at A, which represents the ordinate of the
influence line at D, can be determined by the force method. To do this,
the principle of superposition is applied, as shown in Figs. 10-20a
through 10-20c. The compatibility equation for point A is thus
0= fap + Ayfaa or Ay = —fap/fas; however, by Maxwell’s theorem
of reciprocal displacements f,p = —fpa, Fig. 10-20d, so that we can
also compute A, (or the ordinate of the influence line at D) using the
equation

By comparison, the Miiller-Breslau principle requires removal of the
support at A and application of a vertical unit load. The resulting deflec-
tion curve, Fig. 10-20d, is to some scale the shape of the influence line for
A,. From the equation above, however, it is seen that the scale factor is

1/ fan
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1
B ¥
A — you D —n C
actual beam
(a)
Il
1
fap] [77===--_ ‘_B ¥ c
P __'___ £\
A D
primary structure
(b)
+
AyfAA
_______ B c
A% A
A, redundant A applied
(©
Jaa
~—— B D
A c
A e ——— A
DA
(d)
Fig. 10-20
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Shear at E. If the influence line for the shear at point E of the
beam in Fig. 10-21a is to be determined, then by the Miiller-Breslau
principle the beam is imagined cut open at this point and a sliding
device is inserted at E, Fig. 10-21b. This device will transmit a moment
and normal force but no shear. When the beam deflects due to positive
unit shear loads acting at E, the slope on each side of the guide remains
the same, and the deflection curve represents to some scale the
influence line for the shear at E, Fig. 10-21c¢. Had the basic method for
establishing the influence line for the shear at E been applied, it would
then be necessary to apply a unit load at each point D and compute the
internal shear at E, Fig. 10-21a. This value, Vg, would represent the
ordinate of the influence line at D. Using the force method and
Maxwell’s theorem of reciprocal displacements, as in the previous case,
it can be shown that

Vi= (fE1E>fDE

This again establishes the validity of the Miiller-Breslau principle,
namely, a positive unit shear load applied to the beam at E,
Fig. 10-21c, will cause the beam to deflect into the shape of the influ-
ence line for the shear at E. Here the scale factor is (1/fzg).

Ay

(®)
1
fEE "?t\
=

Fig. 10-21
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Moment at E. The influence line for the moment at E in
Fig. 10-22a can be determined by placing a pin or hinge at E, since this
connection transmits normal and shear forces but cannot resist a
moment, Fig. 10-22b. Applying a positive unit couple moment, the beam
then deflects to the dashed position in Fig. 10-22¢, which yields to some
scale the influence line, again a consequence of the Miiller-Breslau
principle. Using the force method and Maxwell’s reciprocal theorem, we
can show that

—— ) c
(a)
1 11
e —
(b)
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Procedure for Analysis

The following procedure provides a method for establishing the
influence line for the reaction, shear, or moment at a point on a
beam using the Miiller-Breslau technique.

Qualitative Influence Line

At the point on the beam for which the influence line is to be
determined, place a connection that will remove the capacity of the
beam to support the function of the influence line. If the function is
a vertical reaction, use a vertical roller guide; if the function is shear,
use a sliding device; or if the function is moment, use a pin or hinge.
Place a unit load at the connection acting on the beam in the “positive
direction” of the function. Draw the deflection curve for the beam.
This curve represents to some scale the shape of the influence line
for the beam.

Quantitative Influence Line

If numerical values of the influence line are to be determined,
compute the displacement of successive points along the beam when
the beam is subjected to the unit load placed at the connection
mentioned above. Divide each value of displacement by the
displacement determined at the point where the unit load acts. By
applying this scalar factor, the resulting values are the ordinates of
the influence line.

Influence lines for the continuous girder of
this trestle were constructed in order to prop-
erly design the girder.
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10.11 Qualitative Influence Lines
for Frames

The Miiller-Breslau principle provides a quick method and is of great
value for establishing the general shape of the influence line for building
frames. Once the influence-line shape is known, one can immediately
specify the location of the live loads so as to create the greatest influence
of the function (reaction, shear, or moment) in the frame. For example,
the shape of the influence line for the positive moment at the center 7 of
girder FG of the frame in Fig. 10-23a is shown by the dashed lines. Thus,
uniform loads would be placed only on girders AB, CD, and FG in order
to create the largest positive moment at /. With the frame loaded in this
manner, Fig. 10-23b, an indeterminate analysis of the frame could then
be performed to determine the critical moment at /.

(b)
Fig. 10-23
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EXAMPLE [10.10

Draw the influence line for the vertical reaction at A for the beam in
Fig. 10-24a. EI is constant. Plot numerical values every 6 ft.

A

e 1. | S

(a)
SOLUTION
The capacity of the beam to resist the reaction A is removed. This is done
using a vertical roller device shown in Fig. 10-24b. Applying a vertical unit
load at A yields the shape of the influence line shown in Fig. 10-24c.

In order to determine ordinates of the influence line we will use the
conjugate-beam method. The reactions at A and B on the “real beam,”
when subjected to the unit load at A, are shown in Fig. 10-24b. The cor-
responding conjugate beam is shown in Fig. 10-24d. Notice that the sup-
port at A’ remains the same as that for A in Fig. 10-24b. This is because a
vertical roller device on the conjugate beam supports a moment but no
shear, corresponding to a displacement but no slope at A on the real
beam, Fig. 10-24c. The reactions at the supports of the conjugate beam
have been computed and are shown in Fig. 10-24d. The displacements of
points on the real beam, Fig. 10-24b, will now be computed.

1k

qualitative influence line
for reaction at A

(©)

conjugate beam

(d)
Fig. 10-24
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For B’, since no moment exists on the conjugate beam at B’,
Fig. 10-24d, then

AB - MB' - 0
For D', Fig. 10-24e:
162 1/ 6 936
SMp =0 8= My =6 - 5 )00 =5
For C’, Fig. 10-24f:
162 1/12 1656
For A’, Fig. 10-24d:
1944
Ap=My
A A El

Since a vertical 1-k load acting at A on the beam in Fig. 10-24a will
cause a vertical reaction at A of 1 k, the displacement at A,
A, = 1944/EI, should correspond to a numerical value of 1 for the
influence-line ordinate at A. Thus, dividing the other computed
displacements by this factor, we obtain

x
>

0.852
0.481

SRR TN

A plot of these values yields the influence line shown in Fig. 10-24g.

Ay

. 0.852 0.481
‘ ﬁ\ .
6 12 18

quantitative influence line
for reaction at A

(8)

M) ‘ 6ft—
VD'
6 162
EI El
(e)
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EXAMPLE [10.11

Draw the influence line for the shear at D for the beam in Fig. 10-25a.
El is constant. Plot numerical values every 9 ft.

B

A
D
L9 ft#9 ftﬁL\ls ftA
(a)

Fig. 10-25

SOLUTION
The capacity of the beam to resist shear at D is removed. This is done
using the roller device shown in Fig. 10-25b. Applying a positive unit
shear at D yields the shape of the influence line shown in Fig. 10-25c¢.
The support reactions at A, B, and C on the “real beam” when
subjected to the unit shear at D are shown in Fig. 10-25b. The corre-
sponding conjugate beam is shown in Fig. 10-25d. Here an external
couple moment M must be applied at D’ in order to cause a different
internal moment just to the left and just to the right of D’. These
internal moments correspond to the displacements just to the left and
just to the right of D on the real beam, Fig. 10-25¢. The reactions at the
supports A’, B’, C' and the external moment My, on the conjugate
beam have been computed and are shown in Fig. 10-25¢. As an
exercise verify the calculations.

1k 1k

1k 1k 2k 1k 1k
real beam qualitative influence line
(b) for shear at D
(©)
162 162
EL o EI
- I I ~
{108 |
B AEI ‘B’ o~

iNed

AL DL LT i
R —on } 18 ft | 3888\ 108 %
12ft 61t EI =61t 121

4
EI

conjugate beam

(d) (e)
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Since there is a discontinuity of moment at D’, the internal moment
just to the left and right of D’ will be computed. Just to the left of D',
Fig. 10-25f, we have

40.5 270 2308.5
EMp, =00 Ap, = Mp, = () = O) = =,
Just to the right of D', Fig. 10-25g, we have
_ 405 270 3888  1579.5

EMD'R = O, ADR = MD'R =

+ =
El (3) EI( ) El El
From Fig. 10-25e,

AA:MA':O AB:MBVZO AC:MC':O

For point E, Fig. 10-25b, using the method of sections at the corresponding
point E’ on the conjugate beam, Fig. 10-25k, we have

40.5
Ap=Mp = E@)

54 3645

SMy = 0 - =
E ’ EI() EI

The ordinates of the influence line are obtained by dividing each of
the above values by the scale factor M, = 3888/E1. We have

X Vb

A 0

D, —0.594
Dy 0.406
B 0

E —0.0938
C 0

A plot of these values yields the influence line shown in Fig. 10-25i.

Vb
0.406
o [9\18 27 %
\J —0.0938
~0.594

quantitative influence line
for shear at D

®

VD'R

1),
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EXAMPLE [10.12

Draw the influence line for the moment at D for the beam in
Fig. 10-26a. EI is constant. Plot numerical values every 9 ft.

B

A
. c
D
L9 ﬁﬁp9 ft“P\ls ft\_.‘
(a)

Fig. 10-26

SOLUTION

A hinge is inserted at D in order to remove the capacity of the beam
to resist moment at this point, Fig. 10-26b. Applying positive unit couple
moments at D yields the influence line shown in Fig. 10-26c.

The reactions at A, B, and C on the “real beam” when subjected to
the unit couple moments at D are shown in Fig. 10-26b. The corre-
sponding conjugate beam and its reactions are shown in Fig. 10-26d.
It is suggested that the reactions be verified in both cases. From
Fig. 10-26d, note that

0.111k 0.222 k 0.111k

real beam

(b)

qualitative influence line for moment at D

(©)
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45 45
El 1 EI
EI EI
- 1 " ~
/T/ | | \T\ -
_- - | | S~ o
he ()
61t 357 Vo Vi O

18 6
EI EI

(e) ®

For point D', Fig. 10-26e:

45 18 1755

For point E’, Fig. 10-26f:

4.5 6 40.5
EMEr=O; AEZME’=7(3)_7(9)=_E

The angular displacement app at D of the “real beam” in Fig. 10-26¢
is defined by the reaction at D’ on the conjugate beam. This factor,
D', = 48/EI, is divided into the above values to give the ordinates of
the influence line, that is,

X Mp
A 0
D 3.656
B 0
E —0.844
C 0

A plot of these values yields the influence line shown in Fig. 10-26g.

3.656
27 36
0

—0.844

quantitative influence line
for moment at D

(8
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“lrroplews

10-41. Draw the influence line for the reaction at C. Plot
numerical values at the peaks. Assume A is a pin and B and

10-45. Draw the influence line for the reaction at C. Plot
the numerical values every 5 ft. EI is constant.

C are rollers. EI is constant.

Prob. 10-41

10-42. Draw the influence line for the moment at A.
Plot numerical values at the peaks. Assume A is fixed and
the support at B is a roller. EI is constant.

10-43. Draw the influence line for the vertical reaction at
B.Plot numerical values at the peaks. Assume A is fixed and
the support at B is a roller. EI is constant.

3m l 3m

Probs. 10-42/10-43

*10-44. Draw the influence line for the shear at C.
Plot numerical values every 1.5 m. Assume A is fixed and
the support at B is a roller. ET is constant.

Prob. 10-44

A = —=¢
! 15 ft !B 15 ft ‘
Prob. 10-45

10-46. Sketch the influence line for (a) the moment at E,
(b) the reaction at C, and (c) the shear at E. In each case,
indicate on a sketch of the beam where a uniform distributed
live load should be placed so as to cause a maximum
positive value of these functions. Assume the beam is fixed
at D.

Prob. 10-46

10-47. Sketch the influence line for (a) the vertical
reaction at C, (b) the moment at B, and (c) the shear at E. In
each case, indicate on a sketch of the beam where a uniform
distributed live load should be placed so as to cause a
maximum positive value of these functions. Assume the
beam is fixed at F.

Prob. 10-47
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*10-48. Use the Miiller-Breslau principle to sketch the 10-50. Use the Miiller-Breslau principle to sketch the

general shape of the influence line for (a) the moment at A general shape of the influence line for (a) the moment at A
and (b) the shear at B. and (b) the shear at B.
A A B
B
C
Prob. 10-50
Prob. 10-48

10-51. Use the Miiller-Breslau principle to sketch the
general shape of the influence line for (a) the moment at A

10-49. Use the Miiller-Breslau principle to sketch the and (b) the shear at B.

general shape of the influence line for (a) the moment at A
and (b) the shear at B.

Prob. 10-49 Prob. 10-51
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CHAPTER REVIEW

The analysis of a statically indeterminate structure requires satisfying equilibrium, compatibility, and the force-displacement
relationships for the structure. A force method of analysis consists of writing equations that satisfy compatibility and the
force-displacement requirements, which then gives a direct solution for the redundant reactions. Once obtained, the
remaining reactions are found from the equilibrium equations.

actual beam primary structure

redundant B, applied

+l 0= AB - BnyB

Simplification of the force method is possible, using 1
Maxwell’s theorem of reciprocal displacements, which
states that the displacement of a point B on a structure
due to a unit load acting at point A, f g4, is equal to the
displacement of point A when the load acts at B, f 4.
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The analysis of a statically indeterminate structure can be
simplified if the structure has symmetry of material,
geometry, and loading about its central axis. In particular,
structures having an asymmetric loading can be replaced
with a superposition of a symmetric and antisymmetric
load.

8 kN

2kN/m

4 kN

4 kN

1kN/m

symmetric loading

+
4 kN 1kN/m
bl
Wir A
f f
1kN/m 4kN

antisymmetric loading

Influence lines for statically indeterminate structures will
consist of curved lines. They can be sketched using the
Miiller-Breslau principle, which states that the influence
line shape for either the reaction, shear, or moment is to
the same scale as the deflected shape of the structure
when it is acted upon by the reaction, shear, or moment,
respectively. By using Maxwell’s theorem of reciprocal
deflections, it is possible to obtain specific values of the
ordinates of an influence line.

influence line shape for moment at A







Displacement Method
of Analysis: Slope-
Deflection Equations

In this chapter we will briefly outline the basic ideas for analyzing
structures using the displacement method of analysis. Once these
concepts have been presented, we will develop the general equations
of slope deflection and then use them to analyze statically indetermi-
nate beams and frames.

11.1 Displacement Method of Analysis:
General Procedures

All structures must satisfy equilibrium, load-displacement, and
compatibility of displacements requirements in order to ensure their
safety. It was stated in Sec. 10-1 that there are two different ways to
satisfy these requirements when analyzing a statically indeterminate
structure. The force method of analysis, discussed in the previous chapter,
is based on identifying the unknown redundant forces and then satisfying
the structure’s compatibility equations. This is done by expressing the
displacements in terms of the loads by using the load-displacement
relations. The solution of the resultant equations yields the redundant
reactions, and then the equilibrium equations are used to determine the
remaining reactions on the structure.

The displacement method works the opposite way. It first requires
satisfying equilibrium equations for the structure. To do this the
unknown displacements are written in terms of the loads by using
the load-displacement relations, then these equations are solved for the
displacements. Once the displacements are obtained, the unknown
loads are determined from the compatibility equations using the
load-displacement relations. Every displacement method follows this
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Fig. 11-1

general procedure. In this chapter, the procedure will be generalized
to produce the slope-deflection equations. In Chapter 12, the
moment-distribution method will be developed. This method sidesteps
the calculation of the displacements and instead makes it possible to
apply a series of converging corrections that allow direct calculation of
the end moments. Finally, in Chapters 14, 15, and 16, we will illustrate
how to apply this method using matrix analysis, making it suitable for
use on a computer.

In the discussion that follows we will show how to identify the unknown
displacements in a structure and we will develop some of the important
load-displacement relations for beam and frame members. The results
will be used in the next section and in later chapters as the basis for
applying the displacement method of analysis.

Degrees of Freedom. When a structure is loaded, specified
points on it, called nodes, will undergo unknown displacements. These
displacements are referred to as the degrees of freedom for the structure,
and in the displacement method of analysis it is important to specify
these degrees of freedom since they become the unknowns when the
method is applied. The number of these unknowns is referred to as the
degree in which the structure is kinematically indeterminate.

To determine the kinematic indeterminacy we can imagine the
structure to consist of a series of members connected to nodes, which
are usually located at joints, supports, at the ends of a member, or where
the members have a sudden change in cross section. In three dimensions,
each node on a frame or beam can have at most three linear displacements
and three rotational displacements; and in two dimensions, each node can
have at most two linear displacements and one rotational displacement.
Furthermore, nodal displacements may be restricted by the supports, or
due to assumptions based on the behavior of the structure. For example, if
the structure is a beam and only deformation due to bending is considered,
then there can be no linear displacement along the axis of the beam since
this displacement is caused by axial-force deformation.

To clarify these concepts we will consider some examples, beginning
with the beam in Fig. 11-1a. Here any load P applied to the beam will
cause node A only to rotate (neglecting axial deformation), while node B
is completely restricted from moving. Hence the beam has only one
unknown degree of freedom, 6 4, and is therefore kinematically indeter-
minate to the first degree. The beam in Fig. 11-1b has nodes at A, B, and
C, and so has four degrees of freedom, designated by the rotational
displacements 6 4, 0, 6, and the vertical displacement A. It is kinemat-
ically indeterminate to the fourth degree. Consider now the frame in
Fig. 11-1c. Again, if we neglect axial deformation of the members, an
arbitrary loading P applied to the frame can cause nodes B and C to
rotate, and these nodes can be displaced horizontally by an equal
amount. The frame therefore has three degrees of freedom, 6, 6, Ap,
and thus it is kinematically indeterminate to the third degree.
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In summary, specifying the kinematic indeterminacy or the number of
unconstrained degrees of freedom for the structure is a necessary first step
when applying a displacement method of analysis. It identifies the number
of unknowns in the problem, based on the assumptions made regarding
the deformation behavior of the structure. Furthermore, once these nodal
displacements are known, the deformation of the structural members can
be completely specified, and the loadings within the members obtained.

11.2 Slope-Deflection Equations

As indicated previously, the method of consistent displacements studied in
Chapter 10 is called a force method of analysis, because it requires writing
equations that relate the unknown forces or moments in a structure.
Unfortunately, its use is limited to structures which are not highly
indeterminate. This is because much work is required to set up the
compatibility equations, and furthermore each equation written involves
all the unknowns, making it difficult to solve the resulting set of equations
unless a computer is available. By comparison, the slope-deflection
method is not as involved. As we shall see, it requires less work both to
write the necessary equations for the solution of a problem and to solve
these equations for the unknown displacements and associated internal
loads. Also, the method can be easily programmed on a computer and
used to analyze a wide range of indeterminate structures.

The slope-deflection method was originally developed by Heinrich
Manderla and Otto Mohr for the purpose of studying secondary stresses
in trusses. Later, in 1915, G. A. Maney developed a refined version of this
technique and applied it to the analysis of indeterminate beams and
framed structures.

General Case. The slope-deflection method is so named since it
relates the unknown slopes and deflections to the applied load on a
structure. In order to develop the general form of the slope-deflection
equations, we will consider the typical span AB of a continuous beam as
shown in Fig. 11-2, which is subjected to the arbitrary loading and has a
constant EI. We wish to relate the beam’s internal end moments M 45
and Mp, in terms of its three degrees of freedom, namely, its angular
displacements 0, and 6z, and linear displacement A which could
be caused by a relative settlement between the supports. Since we will be
developing a formula, moments and angular displacements will be
considered positive when they act clockwise on the span, as shown in
Fig. 11-2. Furthermore, the linear displacement A is considered positive
as shown, since this displacement causes the cord of the span and the
span’s cord angle s to rotate clockwise.

The slope-deflection equations can be obtained by using the principle of
superposition by considering separately the moments developed at each
support due to each of the displacements, 0 4, 65, and A, and then the loads.

M 5< 32 A
deflection = ; ‘
O VT
‘ Curve L 4. -i. | n
EI is constant
positive sign convention

Fig. 11-2
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real beam

(a)

V=0, conjugate beam

(®)

Fig. 11-3

Angular Displacement at A, 6,. Consider node A of the member
shown in Fig. 11-3a to rotate 6 4 while its far-end node B is held fixed.
To determine the moment M 45 needed to cause this displacement, we
will use the conjugate-beam method. For this case the conjugate beam
is shown in Fig. 11-3b. Notice that the end shear at A’ acts downward
on the beam, since 6 4 is clockwise. The deflection of the “real beam” in
Fig. 11-3a is to be zero at A and B, and therefore the corresponding sum
of the moments at each end A’ and B’ of the conjugate beam must also
be zero. This yields

1 MAB> ]L {1<MBA> }ZL
+ o= 0; = — -z — =
WH2May =0, [2<El L3 AT

1 MBA> ]L {1<MAB) }ZL
+ o= 0; = e — 4+ =
(+SMp = 0; [2( 2 L5 3\ e eaL =0

from which we obtain the following load-displacement relationships.

4ET1
Map=—""04 (11-1)
IL
2E1
Mgy = TOA (11-2)

Angular Displacement at B, 6. 1In a similar manner, if end B of the
beam rotates to its final position 6, while end A is held fixed, Fig. 11-4,
we can relate the applied moment Mz, to the angular displacement 6
and the reaction moment M 45 at the wall. The results are

4E1
MBA = 03 (11—3)
L
2E1
Myp = T(’B (11-4)
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A T 05 F~~_ B
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Fig. 11-4

Relative Linear Displacement, A. If the far node B of the member
is displaced relative to A, so that the cord of the member rotates clockwise
(positive displacement) and yet both ends do not rotate, then equal but
opposite moment and shear reactions are developed in the member,
Fig. 11-5a. As before, the moment M can be related to the displacement A
using the conjugate-beam method. In this case, the conjugate beam,
Fig. 11-5b, is free at both ends, since the real beam (member) is fixed
supported. However, due to the displacement of the real beam at B, the
moment at the end B’ of the conjugate beam must have a magnitude of A
as indicated.* Summing moments about B’, we have

+SMy = 0; BZ(L)GL)] -~ BZ(L)(;L)] ~A=0

—6E1
MAB:MBA:M: L2 A (11—5)

By our sign convention, this induced moment is negative since for
equilibrium it acts counterclockwise on the member.

EI

) M

B ’
(A %——— I i T A )A

(i4 l bid B
" I
| L " Y =

real beam conjugate beam
(a) (b)
Fig. 11-5

*The moment diagrams shown on the conjugate beam were determined by the method
of superposition for a simply supported beam, as explained in Sec. 4-5.

455




456 CHAPTER 11 DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS
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4EI
A%
Y B
A’ B
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real beam conjugate beam
(a) (b)
Fig. 11-6

Fixed-End Moments. In the previous cases we have considered
relationships between the displacements and the necessary moments
M 4,5 and Mp, acting at nodes A and B, respectively. In general,
however, the linear or angular displacements of the nodes are caused by
loadings acting on the span of the member, not by moments acting at its
nodes. In order to develop the slope-deflection equations, we must
transform these span loadings into equivalent moments acting at the
nodes and then use the load-displacement relationships just derived. This
is done simply by finding the reaction moment that each load develops at
the nodes. For example, consider the fixed-supported member shown in
Fig. 11-6a, which is subjected to a concentrated load P at its center. The
conjugate beam for this case is shown in Fig. 11-6b. Since we require the
slope at each end to be zero,

1/ PL 1M
+ =0; =L =2zl = )L|=0
e [ -2
PL
M =
8

This moment is called a fixed-end moment (FEM). Note that according
to our sign convention, it is negative at node A (counterclockwise) and
positive at node B (clockwise). For convenience in solving problems,
fixed-end moments have been calculated for other loadings and are
tabulated on the inside back cover of the book. Assuming these FEMs
have been determined for a specific problem (Fig. 11-7), we have

My g = (FEM) 3 Mp, = (FEM)p, (11-6)
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Slope-Deflection Equation. If the end moments due to each
displacement (Egs. 11-1 through 11-5) and the loading (Eq. 11-6) are
added together, the resultant moments at the ends can be written as

Mg = 2E<£){29A + 65 — 3(?)} + (FEM) 45
(11-7)

Mg, = 2E<£){2¢93 + 0, — 3(?)} + (FEM)p4

Since these two equations are similar, the result can be expressed as
a single equation. Referring to one end of the span as the near end (N)
and the other end as the far end (F), and letting the member stiffness be
represented as k = I/L, and the span’s cord rotation as i (psi) = A/L,
we can write

11-8
For Internal Span or End Span with Far End Fixed ( )

where
My = internal moment in the near end of the span; this moment
is positive clockwise when acting on the span.
E, k = modulus of elasticity of material and span stiffness

k=1/L.

Oy, 0F = near- and far-end slopes or angular displacements of the
span at the supports; the angles are measured in radians
and are positive clockwise.

y = span rotation of its cord due to a linear displacement,
that is,y = A/L; this angle is measured in radians and is
positive clockwise.

(FEM)y = fixed-end moment at the near-end support; the moment
is positive clockwise when acting on the span; refer to
the table on the inside back cover for various loading
conditions.

From the derivation Eq. 11-8 is both a compatibility and load-
displacement relationship found by considering only the effects of
bending and neglecting axial and shear deformations. It is referred to as
the general slope-deflection equation. When used for the solution of
problems, this equation is applied twice for each member span (AB); that
is, application is from A to B and from B to A for span AB in Fig. 11-2.

This pedestrian bridge has a reinforced
concrete deck. Since it extends over all its
supports, it is indeterminate to the second
degree. The slope deflection equations
provide a convenient method for finding the
internal moments in each span.
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P
w
\ A
AQ
(FEM) 45
(b)
Fig. 11-8

Pin-Supported End Span. Occasionally an end span of a beam
or frame is supported by a pin or roller at its far end, Fig. 11-8a. When
this occurs, the moment at the roller or pin must be zero; and provided
the angular displacement 6p at this support does not have to be
determined, we can modify the general slope-deflection equation so that
it has to be applied only once to the span rather than twice. To do this we
will apply Eq. 11-8 or Egs. 11-7 to each end of the beam in Fig. 11-8. This
results in the following two equations:

My = 2Ek(20y + 07 — 3¢) + (FEM)y

0 =2Ek(26p + 65 — 3¢) + 0 (11-9)
Here the (FEM)[ is equal to zero since the far end is pinned, Fig. 11-8b.
Furthermore, the (FEM), can be obtained, for example, using the table
in the right-hand column on the inside back cover of this book. Multiply-
ing the first equation by 2 and subtracting the second equation from it
eliminates the unknown 6 and yields

11-10
Only for End Span with Far End Pinned or Roller Supported ( )

Since the moment at the far end is zero, only one application of this
equation is necessary for the end span. This simplifies the analysis since
the general equation, Eq. 11-8, would require two applications for this
span and therefore involve the (extra) unknown angular displacement
0p (or 0f) at the end support.

To summarize application of the slope-deflection equations, consider
the continuous beam shown in Fig. 11-9 which has four degrees of
freedom. Here Eq. 11-8 can be applied twice to each of the three spans,i.e.,
from A to B,Bto A,Bto C,Cto B,Cto D,and D to C.These equations
would involve the four unknown rotations, 6 4, 0, 6¢, 0p. Since the end
moments at A and D are zero, however, it is not necessary to determine
6 4 and 6p. A shorter solution occurs if we apply Eq. 11-10 from B to A
and C to D and then apply Eq. 11-8 from B to C and C to B. These four
equations will involve only the unknown rotations 6 and 6.
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11.3 Analysis of Beams

Procedure for Analysis

Degrees of Freedom

Label all the supports and joints (nodes) in order to identify the
spans of the beam or frame between the nodes. By drawing the
deflected shape of the structure, it will be possible to identify
the number of degrees of freedom. Here each node can possibly
have an angular displacement and a linear displacement.
Compatibility at the nodes is maintained provided the members that
are fixed connected to a node undergo the same displacements as
the node. If these displacements are unknown, and in general they
will be, then for convenience assume they act in the positive direction
s0 as to cause clockwise rotation of a member or joint, Fig. 11-2.

Slope-Deflection Equations

The slope-deflection equations relate the unknown moments applied
to the nodes to the displacements of the nodes for any span of the
structure. If a load exists on the span, compute the FEMs using the
table given on the inside back cover. Also, if a node has a linear
displacement, A, compute y = A/L for the adjacent spans. Apply
Eq. 11-8 to each end of the span, thereby generating two slope-
deflection equations for each span. However, if a span at the end of a
continuous beam or frame is pin supported, apply Eq. 11-10 only to
the restrained end, thereby generating one slope-deflection equation
for the span.

Equilibrium Equations

Write an equilibrium equation for each unknown degree of freedom
for the structure. Each of these equations should be expressed in terms
of unknown internal moments as specified by the slope-deflection
equations. For beams and frames write the moment equation of
equilibrium at each support, and for frames also write joint moment
equations of equilibrium. If the frame sidesways or deflects horizontally,
column shears should be related to the moments at the ends of the
column. This is discussed in Sec. 11.5.

Substitute the slope-deflection equations into the equilibrium
equations and solve for the unknown joint displacements. These
results are then substituted into the slope-deflection equations to
determine the internal moments at the ends of each member. If any
of the results are negative, they indicate counterclockwise rotation;
whereas positive moments and displacements are applied clockwise.
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EXAMPLE [11.1

Draw the shear and moment diagrams for the beam shown in
Fig. 11-10a. EI is constant.

(a) (b)
Fig. 11-10

SOLUTION

Slope-Deflection Equations. Two spans must be considered in this
problem. Since there is no span having the far end pinned or roller
supported, Eq. 11-8 applies to the solution. Using the formulas for the
FEMs tabulated for the triangular loading given on the inside back
cover, we have

wl? 6(6)
(FEM)jc = = === = —— = —72kN'm
wL?  6(6)
(FEM)CB = E = T = 10.8kN-m

Note that (FEM)pc is negative since it acts counterclockwise on the
beam at B. Also, (FEM) 45 = (FEM)g, = 0 since there is no load on
span AB.

In order to identify the unknowns, the elastic curve for the beam is
shown in Fig. 11-10b. As indicated, there are four unknown internal
moments. Only the slope at B, 6, is unknown. Since A and C are fixed
supports, 8, = 0 = 0. Also, since the supports do not settle, nor are
they displaced up or down, ¢ 45 = ¥gc = 0. For span AB, considering
A to be the near end and B to be the far end, we have

Mg = 2E<é>[2(0) + 65 —3(0)] +0= %03 (1)
Now, considering B to be the near end and A to be the far end, we have
Mpy = 2E<é>[203 +0-30)]+0= %03 2)

In a similar manner, for span BC we have
Mpe = 2E<é>[203 +0-30)]-72= ZSEOB —-172 3)

Mcy = 2E(é>[2(0) + 05 — 3(0)] + 10.8 = %93 +108  (4)
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Equilibrium Equations. The above four equations contain five
unknowns. The necessary fifth equation comes from the condition of
moment equilibrium at support B.The free-body diagram of a segment
of the beam at B is shown in Fig. 11-10c. Here M, and Mpc are
assumed to act in the positive direction to be consistent with the slope-
deflection equations.* The beam shears contribute negligible moment
about B since the segment is of differential length. Thus,

&+EMB=O, MBA+MBC=0
To solve, substitute Egs. (2) and (3) into Eq. (5), which yields

; 617
B El

Resubstituting this value into Egs. (1)-(4) yields
MAB =154kN-m

)

MBA = 3.09kN-m

—3.09kN-m

Mep = 1286 kN -m

The negative value for M gc indicates that this moment acts counter-
clockwise on the beam, not clockwise as shown in Fig. 11-10b.

Using these results, the shears at the end spans are determined from
the equilibrium equations, Fig. 11-10d. The free-body diagram of
the entire beam and the shear and moment diagrams are shown in
Fig. 11-10e.

1.54 kN-m

Vg, Mpe

S

(©)

6 kN/m
13.63 kN

1.54 kKN-m BYL = 0.579 kN

(
0.579 kN
V (kN)

(| 1)

A, = 0579 kN ‘

—

t)

12.86 kN-m
4.95 kN

437
S‘RIO.% 14 (m)

—0.579

6 kN/m

B, = 237T kN [ﬂ L Tci) =13.63kN

1.54

M (kKN -m)

—13.63

3.09kN-m 12.86 kN-m

~——6m——-

(d)

*Clockwise on the beam segment, but—by the principle of action, equal but opposite
reaction—counterclockwise on the support.

x (m)

VAR
]/ 109

—3.09

-12.86
(e)
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EXAMPLE |11.2

Draw the shear and moment diagrams for the beam shown in Fig. 11-11a.
El is constant.

12k

2 k fit
U_UHHHHHH}/}_\

e
A ~—---""B
4ft J

| 24 fit 8 ft

(a)
Fig. 11-11

SOLUTION

Slope-Deflection Equations. Two spans must be considered in this
problem. Equation 11-8 applies to span AB. We can use Eq. 11-10 for
span BC since the end C is on a roller. Using the formulas for the
FEMs tabulated on the inside back cover, we have

wL? 1 5
(FEM) 45 = o -1 (2)(24)° = 96 k- ft
wl? 1 )
(FEM)g, = o - 12(2)(24) =96 k-ft
3(12)(8
(FEM)pc = — PL_ (12)(8) = —18k-ft

16 16

Note that (FEM),p and (FEM)pc are negative since they act
counterclockwise on the beam at A and B, respectively. Also, since the
supports do not settle, 45 = ¥pc = 0. Applying Eq. 11-8 for span
AB and realizing that 6, = 0, we have

My = 2E<£)(20N + 07 — 3y) + (FEM)y

Mg = 2E<214)[2(0) + 6 — 3(0)] — 96

M 45 = 0.08333E165 — 96 (1)

Mgy = 2E(214)[203 + 0 —3(0)] + 96

Mps = 0.1667TE10g + 96 2)
Applying Eq. 11-10 with B as the near end and C as the far end, we have

My = 3E(£)(0N ~ §) + (FEM),

1
MBC = 0.375E193 - 18 (3)

Remember that Eq. 11-10 is not applied from C (near end) to B
(far end).
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Equilibrium Equations. The above three equations contain four
unknowns. The necessary fourth equation comes from the conditions
of equilibrium at the support B. The free-body diagram is shown in

Mpc

QTEH

- MBA
Fig. 11-11h. We have By
&+2MB=O, MBA+MBC=0 (4) (b)
To solve, substitute Egs. (2) and (3) into Eq. (4), which yields

0. — 1440
B EI
Since 0z is negative (counterclockwise) the elastic curve for the
beam has been correctly drawn in Fig. 11-11a. Substituting 6 into
Eqgs. (1)-(3), we get
MAB = _1080 k- ft
MBA = 720k'ft
Mpc = =720k - ft
Using these data for the moments, the shear reactions at the ends
of the beam spans have been determined in Fig. 11-11c. The shear
and moment diagrams are plotted in Fig. 11-11d.
48k
Vy=255k ———---- (R —23k oy, —15k I
“ T) J C,=30k

108 k- ft Flthg’F 12ft*“ T2 k-ft

V (k) (©)
255
15—
\ 3
12.7\24 28 32
-225
M (k-ft)
54.6
‘ 24 28 32
T T
12.75 -
-72
—108

(d)

_ b

x (ft)

x (ft)
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EXAMPLE |11.3

Determine the moment at A and B for the beam shown in Fig. 11-12a.
The support at B is displaced (settles) 80 mm. Take £ = 200 GPa,
I = 5(10°) mm*.

8 kN

g |

(a)
Fig. 11-12

C

SOLUTION

Slope-Deflection Equations. Only one span (AB) must be considered
in this problem since the moment Mg due to the overhang can be
calculated from statics. Since there is no loading on span AB, the
FEMs are zero. As shown in Fig. 11-12b, the downward displacement
(settlement) of B causes the cord for span AB to rotate clockwise.

, | Thus,
Tt B Yap = Yps = @ = 0.02 rad
) The stiffness for AB is
®) - I _ 5(10%) mm*(107'2) m*/mm* 12510

L 4m
Applying the slope-deflection equation, Eq. 11-8, to span AB, with
04 = 0, we have

M 45 = 2(200(10°) N/m?)[1.25(10%) m?][2(0) + 65 — 3(0.02)] + 0 (1)
Mg, = 2(200(10°) N/m?)[1.25(10%) m?][265 + 0—-3(0.02)] + 0 )

v 3000 N Equilibrium Equations. The free-body diagram of the beam at
B . . . et e .
support B is shown in Fig. 11-12c. Moment equilibrium requires

Mgz, (\l = l )8000 N3 m)

T (tZMp = 0; Mgy — 8000N(3m) =0

B, Substituting Eq. (2) into this equation yields

1(10%)65 — 30(10%) = 24(10%)
© 05 = 0.054 rad

Thus, from Egs. (1) and (2),
M 45 = —3.00kN-m
MBA =240kN-m
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EXAMPLE [11.4

Determine the internal moments at the supports of the beam shown
in Fig. 11-13a. The roller support at C is pushed downward 0.1 ft by
the force P. Take E = 29(10%) ksi, I = 1500 in*,

+ipc —¥cp |
0.1 ft 1

D

1.5 k/ft __{)
TEEREER éc | | hZOft - 151t —|

A
| 24 ft } 20 ft 151t ﬁ

+pe  C —¥ep

(a) (b)
Fig. 11-13

SOLUTION

Slope-Deflection Equations. Three spans must be considered in
this problem. Equation 11-8 applies since the end supports A and D
are fixed. Also, only span AB has FEMs.

wl? 1 5
(FEM) 45 = TEERD) (1.5)(24)" = —72.0k - ft
wl?> 1 5
(FEM)g, = TERRD (1.5)(24) = 720k - ft

As shown in Fig. 11-13b, the displacement (or settlement) of the
support C causes i gc to be positive, since the cord for span BC rotates
clockwise, and ¢ to be negative, since the cord for span CD rotates
counterclockwise. Hence,

0.1 1t 0.11t
BC — ﬂ = 0.005 rad ‘pCD = - H = —0.00667 rad

Also, expressing the units for the stiffness in feet, we have

1500 1500
AB = o = 0003014 £ ke = 7 = 0.003617 ft’
24(12) 20(12)
1500
kcp = —— o = 0.004823 ft’
15(12)

Noting that 6, = 6p = 0 since A and D are fixed supports, and
applying the slope-deflection Eq. 11-8 twice to each span, we have
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EXAMPLE [11.4 (Continued)

For span AB:
1.5 k/ft i P M 45 = 2[29(10%)(12)?](0.003014)[2(0) + 65 — 3(0)] — 72
e o1 Mpa= 2[29(10%)(12)?](0.003014)[265 + 0 — 3(0)] + 72
| it 2 on 1 15— Mpa = 50347205 + 72 )
For span BC:
@ M pe = 2[29(10%)(12)?](0.003617)[265 + 6 — 3(0.005)] + O
Mpc = 60416.7605 + 30 208.36- — 453.1 3)
Mg = 2[29(10%)(12)?](0.003617)[26¢ + 65 — 3(0.005)] + 0
Mcp = 60416.760¢ + 30208.305 — 453.1 4
For span CD:
Mcp = 2[29(10%)(12)%](0.004823)[26¢ + 0 — 3(—0.00667)] + 0
Mcp = 80555.60¢ + 0 + 805.6 (5)
M pe = 2[29(10%)(12)%](0.004823)[2(0) + 6 — 3(—0.00667)] + 0
MDC = 40 277.89C + 805.6 (6)
v M v P M Equilibrium Equations. These six equations contain eight unknowns.
B Be N lc @ Writing the moment equilibrium equations for the supports at B and C,
QT =3 l; QT (— l3 Fig. 10-13c, we have
MBA VBR MCB VCR &+2MB = 0, MBA + MBC = 0 (7)
% (+EMc = 0; Mcp + Mcp = 0 ®)
© In order to solve, substitute Egs. (2) and (3) into Eq. (7), and Egs. (4)

and (5) into Eq. (8). This yields
0c + 3.66765 = 0.01262
—60c — 0.21405 = 0.00250
Thus,
05 = 0.00438 rad 0c = —0.00344 rad

The negative value for 6 indicates counterclockwise rotation of the tan-
gent at C, Fig. 11-13a. Substituting these values into Egs. (1)—(6) yields

M, g = 382k-ft Ans.
Mpy =292 k-ft Ans.
Mpc = =292 k- ft Ans.
Mcp = =529k - ft Ans.
Mcp =529k - ft Ans.
Mpc = 667 k - ft Ans.

Apply these end moments to spans BC and CD and show that Ve, =
41.05 k, VCR = —79.73 k and the force on the roller is P = 121 k.
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“lrroplews

11-1. Determine the moments at A, B, and C and then
draw the moment diagram. EI is constant. Assume the
support at B is a roller and A and C are fixed.

3k 3k 4k

3 ft-La ft-=3 ft l 10 ft 10 ft |

Prob. 11-1

11-2. Determine the moments at A, B, and C, then draw
the moment diagram for the beam. The moment of inertia
of each span is indicated in the figure. Assume the support
at Bisaroller and A and C are fixed. E = 29(10°) ksi.

2k/ft 30k

—900in?
Lig = 900 in. Ige = 1200 in.*

| 241t T 1 8 ft

Prob. 11-2

11-3. Determine the moments at the supports A and C,
then draw the moment diagram. Assume joint B is a roller.
ET is constant.

25kN

15 kN/m

-
Prob. 11-3

*11-4. Determine the moments at the supports, then
draw the moment diagram. Assume B is a roller and A
and C are fixed. E1 is constant.

15kN 15kN 15kN
25 kN/m

i enbonlondan

Prob. 11-4

11-5. Determine the moment at A, B, C and D, then draw
the moment diagram for the beam. Assume the supports at
A and D are fixed and B and C are rollers. EI is constant.

Sm | 3m - Sm

Prob. 11-5

11-6. Determine the moments at A, B, C and D, then
draw the moment diagram for the beam. Assume the
supports at A and D are fixed and B and C are rollers. EI is

constant.
9k 9k
% % :‘;
-

Y

i

Ic Dy
Z\r
15 ft ‘Ls ft==5 ft-~S ftJ :

Prob. 11-6

15 ft

T
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11-7. Determine the moment at B, then draw the moment
diagram for the beam. Assume the supports at A and C are
pins and B is a roller. EI is constant.

6 m

B

4m

Prob. 11-7

*11-8. Determine the moments at A, B, and C, then
draw the moment diagram. E/ is constant. Assume the
support at B is a roller and A and C are fixed.

6k 0.5k /ft

8 ft 8 ft l 18 ft

Prob. 11-8

11-9. Determine the moments at each support, then draw
the moment diagram. Assume A is fixed. £/ is constant.

12k
4K /ft l

| D

5B ¥ C
206150 ks -lsr

Prob. 11-9

DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS

11-10. Determine the moments at A and B, then draw the
moment diagram for the beam. E is constant.

2400 Ib
200 Ib/ft
Bt c
B 30 ft L 10 ft—

Prob. 11-10

11-11. Determine the moments at A, B, and C, then draw
the moment diagram for the beam. Assume the support at
A is fixed, B and C are rollers,and D is a pin. EI is constant.

6k o6k

‘

A 1B
L4 ftj«4 fJH fi l 12ft

Prob. 11-11

*11-12. Determine the moments acting at A and B.
Assume A is fixed supported, B is a roller, and Cis a pin. E
is constant.

Prob. 11-12
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11.4 Analysis of Frames: No Sidesway

A frame will not sidesway, or be displaced to the left or right, provided
it is properly restrained. Examples are shown in Fig. 11-14. Also, no
sidesway will occur in an unrestrained frame provided it is symmetric
with respect to both loading and geometry, as shown in Fig. 11-15. For
both cases the term ¢ in the slope-deflection equations is equal to zero,
since bending does not cause the joints to have a linear displacement.

The following examples illustrate application of the slope-deflection
equations using the procedure for analysis outlined in Sec. 11-3 for these
types of frames.

7
1
1
I
|
\
\
\
L
KV

{l
1
I
Il
f

Fig. 11-14

b S e e

o

Fig. 11-15
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EXAMPLE [11.5

Determine the moments at each joint of the frame shown in Fig. 11-16a.

24 kN/m ;
EI is constant.

- SOLUTION

/ | Slope-Deflection Equations. Three spans must be considered in
| | this problem: AB, BC, and CD. Since the spans are fixed supported at
| | A and D, Eq. 11-8 applies for the solution.

| ! 12m From the table on the inside back cover, the FEMs for BC are
\ /

\ / SwI? 5(24)(8)?

\ ! FEM = - = - = —80 kN -

\\ ,/ ( )BC 9% 9% m
Al I

| D SwL?  5(24)(8)

— FEM = = = 80 kN -
P . ( )c 9% 9% m

Note that 0,4 = 6p = 0and Y45 = Ypc = Ycp = 0, since no sidesway
will occur.
(a) Applying Eq. 11-8, we have

Fig. 11-16 My = 2Ek(20y + 6r — 3¢) + (FEM)y
My = 2E<112)[2(0) + 605 —3(0)] +0
M 5 = 0.1667E10, 1)
Mg, = 2E<112)[203 +0-3(0)]+0
Mg, = 0.333E10, 2)

Mpe = 2E<é>[203 + 0c — 3(0)] — 80

My = 05EI05 + 0.25E10- — 80 ?3)
I
Mep = 2E<8>[20C + 05 — 3(0)] + 80

Mg = 0.5EI8¢ + 025EI65 + 80 4)
Mep = 2E<112>[20C +0—3(0)]+0

Mep = 0.333E10, (5)
Mpe = 2E(112>[2(0) +0c —3(0)] + 0

Mpe = 0.1667EI6, (6)
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Equilibrium Equations. The preceding six equations contain eight
unknowns. The remaining two equilibrium equations come from
moment equilibrium at joints B and C, Fig. 11-16b. We have

Mps + Mpc =0 (7)
Mcp+ Mcp =0 (8)
To solve these eight equations, substitute Egs. (2) and (3) into
Eq. (7) and substitute Egs. (4) and (5) into Eq. (8). We get
0.833E16g + 0.25E16¢ = 80
0.833E16- + 0.25E1605 = —80
Solving simultaneously yields
0. — —g. — 137.1
B cT g1

which conforms with the way the frame deflects as shown in
Fig. 11-16a. Substituting into Egs. (1)-(6), we get

M 45 = 22.9kN-m Ans.
Mpy = 457kN-m Ans.
Mpc = —45.7kN-m Ans.
Mcepg = 457 kN-m Ans.
Mcp = —45.7kN-m Ans.
Mpec = —229kN-m Ans.

Using these results, the reactions at the ends of each member can
be determined from the equations of equilibrium, and the moment
diagram for the frame can be drawn, Fig. 11-16c.

82.3kN-m

45.7kN~m/ 45.7kN-m \45.7kN~m

22.9kN-m 22.9kN-m
©

MBA

(b)
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EXAMPLE [11.6

Determine the internal moments at each joint of the frame shown in
Fig. 11-17a. The moment of inertia for each member is given in the
figure. Take E = 29(10°%) ksi.

6k
3K/t
_B o
/“ ~__ - = S B E
800 in* C T-— 650 -
1n
\ ~ —_
8t —8 ft‘-k\u ft\>‘
15 ft‘ '
\\ 400 in* | 200 in*
u
| \
\ \
| \
| \
X A\\ D
(a)
Fig. 11-17
SOLUTION

Slope-Deflection Equations. Four spans must be considered in this

problem. Equation 11-8 applies to spans AB and BC, and Eq. 11-10

will be applied to CD and CE, because the ends at D and E are pinned.
Computing the member stiffnesses, we have

400 200
ap = — 7 = 0001286 € kep = 7 = 0.000643 ft>
15(12) 15(12)
800 650
s = = 000241110 kep = — o = 0.002612 6
16(12) 12(12)
The FEMs due to the loadings are
rL 6(16
(FEM)ge = —— = —u = —12k-ft
8 8
P 6(16
(FEM)y = TE = 01O g
8 8
12 3(12)?
(FEM)cg = — WS - (8) = —54%k-ft

Applying Egs. 11-8 and 11-10 to the frame and noting that 6,4, = 0,
Yap = Upc = Yep = Yep = 0since no sidesway occurs, we have
My =2Ek(20y + 0 — 3) + (FEM)y
M 45 = 2[29(10%)(12)?](0.001286)[2(0) + 65 — 3(0)] + 0
M 45 = 10740.76, 1)
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Mg, = 2[29(10%)(12)](0.001286)[265 + 0 — 3(0)] + 0

Mpe = 2[29(10%)(12)](0.002411)[205 + 6 — 3(0)] — 12
Mpe = 40277805 + 20 138.99- — 12 (3)

Mg = 2[29(10%)(12)](0.002411)[20¢ + 65 — 3(0)] + 12

My = 3Ek(6y — ) + (FEM)y
Mcp = 3[29(10°)(12)](0.000643)[6¢c — 0] + O 5)

MCD = 805560C
Mcp = 3[29(10°)(12)%](0.002612)[6 — 0] — 54
Mg = 32725.76¢ — 54 (6)

Equations of Equilibrium. These six equations contain eight B c T;
unknowns. Two moment equilibrium equations can be written for
joints B and C, Fig. 11-17b. We have

Mgy + Mpc =0 (7)
Mcp + Mcp + Mcg =0 ®)

In order to solve, substitute Egs. (2) and (3) into Eq. (7),and Egs. (4)—(6) ®)
into Eq. (8). This gives

61 759.365 + 20 138.96, = 12
20 138.965 + 81 059.00 = 42

M3z, Mcp

Solving these equations simultaneously yields
05 = 2.758(10°)rad 6 = 5.113(107*) rad

These values, being clockwise, tend to distort the frame as shown in
Fig. 11-17a. Substituting these values into Eqgs. (1)—(6) and solving,

we get
M, g = 0296 k - ft Ans.
Mpaq = 0592 k- ft Ans.
Mpc = —0.592 k- ft Ans.
Mcp =331k-ft Ans.
Mcep = 412k -ft Ans.

Mep = =373k ft Ans.
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40k

CHAPTER 11

DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS

11.5 Analysis of Frames: Sidesway

Fig. 11-18

15 ft

(a)
Fig. 11-19

—_—

EI is constant.

K SOLUTION

/ Slope-Deflection Equations.
[ 18t

I since both the applied loading and the geometry of the frame are non-

| symmetric. Here the load is applied directly to joint B and therefore
no FEMs act at the joints. As shown in Fig. 11-194, both joints B and
C are assumed to be displaced an equal amount A. Consequently,
Yap = A/12 and ypc = A/18. Both terms are positive since the cords
of members AB and CD “rotate” clockwise. Relating ¢ 45 to ¢pc, we
have 45 = (18/12)ypc. Applying Eq. 11-8 to the frame, we have

I
|

I 1
Mpy = 2E<12>[203 +0— 3<1§¢DC>} +0 = EI(0.33305 — 0.75¢pc)

I
My = 2E<15>[2¢93 + 0c — 3(0)] + 0 = EI(0.26765 + 0.1336)

*Recall that the deformation of all three members due to shear and axial force is neglected.

A frame will sidesway, or be displaced to the side, when it or the loading
acting on it is nonsymmetric. To illustrate this effect, consider the frame
shown in Fig. 11-18. Here the loading P causes unequal moments Mpc
and M at the joints B and C, respectively. Mz tends to displace joint B
to the right, whereas M tends to displace joint C to the left. Since M
is larger than Mg, the net result is a sidesway A of both joints B and C to
the right, as shown in the figure.* When applying the slope-deflection
equation to each column of this frame, we must therefore consider the
column rotation ¢ (since ¢y = A/L) as unknown in the equation. As a
result an extra equilibrium equation must be included for the solution. In
the previous sections it was shown that unknown angular displacements 6
were related by joint moment equilibrium equations. In a similar manner,
when unknown joint linear displacements A (or span rotations ) occur,
we must write force equilibrium equations in order to obtain the complete
solution. The unknowns in these equations, however, must only involve
the internal moments acting at the ends of the columns, since the slope-
deflection equations involve these moments. The technique for solving
problems for frames with sidesway is best illustrated by examples.

EXAMPLE [11.7

Determine the moments at each joint of the frame shown in Fig. 11-19a.

Since the ends A and D are fixed,
/ Eq. 11-8 applies for all three spans of the frame. Sidesway occurs here




11.5 ANALYSIS OF FRAMES: SIDESWAY 475

I
Mcp = 2E(15)[29¢ + 05 — 3(0)] + 0 = EI(02676c + 0.13305)  (4)

I
My =2 E(18)[29C +0 = 3Ypc] + 0 = E1(02220¢ — 0333ypc)  (5)

1
MDC = 2E(18)[2(0) + 0C - 3¢DC] +0= EI(OlllOC - 03331//[)6‘) (6) MBC
C
40 k —> «&%—
Equations of Equilibrium. The six equations contain nine unknowns. M
Two moment equilibrium equations for joints B and C, Fig. 11-19b, can
be written, namely, My, Mcp
MBA+MBC:0 (7) (b)
Mcg + Mcp =0 (8)

Since a horizontal displacement A occurs, we will consider summing
forces on the entire frame in the x direction. This yields
+ M MCD
S2EF, =0 40-V,4—-Vp=0 E B g
The horizontal reactions or column shears V 4, and V p can be related
to the internal moments by considering the free-body diagram of each
column separately, Fig. 11-19¢. We have 121t

Min+ M 18 ft
SMy = 0; Vo=t
VA¢
Mpc + M

SMc = 0; Vp= - Mas

Thus, Vp
o P

Mg + Mgy  Mpc + Mcp be
40 + D + 13 =0 )
In order to solve, substitute Eqgs. (2) and (3) into Eq. (7), Egs. (4)
and (5) into Eq. (8), and Egs. (1), (2), (5), (6) into Eq. (9). This yields
0.605 + 0.1336c — 0.75¢;pc = 0
0.13305 + 0.4896- — 0.333pc = 0
480
CEl

0.505 + 0.2220- — 1944

Solving simultaneously, we have
Elop = 438.81 ElI6c = 136.18 Elfpc = 37526
Finally, using these results and solving Egs. (1)-(6) yields

M, p = —208 k- ft Ans.
Mgy = —135k-ft Ans.
Mpc = 135k - ft Ans.
Mcp = 948 k- ft Ans.
Mcp = —94.8k-ft Ans.

—110k - ft Ans.

N
8
I
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EXAMPLE [11.8
Determine the moments at each joint of the frame shown in Fig. 11-20a.

k\3 m—
10 kN
—_—

B

DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS

The supports at A and D are fixed and joint C is assumed pin connected.
EI is constant for each member.
C
SOLUTION
Slope-Deflection Equations. We will apply Eq. 11-8 to member
AB since it is fixed connected at both ends. Equation 11-10 can be
applied from B to C and from D to C since the pin at C supports zero
moment. As shown by the deflection diagram, Fig. 11-200b, there is an
unknown linear displacement A of the frame and unknown angular
displacement 6 at joint B.* Due to A, the cord members AB and CD
rotate clockwise,y = 45 = ¥pc = A/4. Realizing that0, = 0p = 0
and that there are no FEMs for the members, we have

©

(a) I
Fig. 11-20 My = ZE(L>(20N + 0p — 3¢) + (FEM)y
1
Mgy =2E{— (20 + 0 —3¢) + 0 2
) e oa =254 )20 0 @)
B —pC I
<Ml My = 3E<L>(0N — ) + (FEM)y
/ / I
/(65 /[N cp Mpe = 3E(3>(03 -0)+0 (3)
l’l / 1
) ll’AB " ll’CD MDC - 3E<4>(0 - (/f) + O (4)
‘," ,‘: Equilibrium Equations. Moment equilibrium of joint B, Fig. 11-20c,
i ‘ requires
A D
Mgy + Mpc =0 )
) If forces are summed for the entire frame in the horizontal direction,
we have
K SF, =0, 10-V,-Vp=0 (6)
10kN Mpc As shown on the free-body diagram of each column, Fig. 11-20d, we
E—— have
Muyp+ M
SMy = 0; Vo= -0
MBA
Mpc
EMC = 0, VD = - 4

*The angular displacements cp and 6¢p at joint C (pin) are not included in the

analysis since Eq. 11-10 is to be used.
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Thus, from Eq. (6),

Mg+ M M
4 Mas B | M pC

1
0 4 4

=0 ™)
Substituting the slope-deflection equations into Egs. (5) and (7) and
simplifying yields

0 _glﬂ
By
EI(3 15
+ ==, — — =
0+ £ (2, - 15,) <
Thus,
240 320
OB = =
21E1 21E1

Substituting these values into Egs. (1)-(4), we have

MAB: —17.1kN'm, MBA
MBCle.4kN'm, MDC:

—11.4kN-m
—11.4kN-m

Ans.
Ans.
Using these results, the end reactions on each member can be

determined from the equations of equilibrium, Fig. 11-20e. The
moment diagram for the frame is shown in Fig. 11-20f.

3.81 kKN 3.81 kKN 3.81 kKN
o —- [ p2 I 25600
2.86 KN ’
11.4kN-m .
714 kKN 11.4kN-m
11.4kN-m
3.81 kKN
3.81 kN
2.86 kKN
3.81 kN
11.4kN-m £
7.14 KN —
2.86 kN
11.4kN-m
3.81 kN
7.14 kN <
17.1kN-m
3.81 kN (©)

Mgy 1 1
- VB — VC

VA - VD -
M,z Mpc

(d)

11.4

17.1
®)
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EXAMPLE [11.9

A+ A, A+ A,
4OkI_\I_> ! -—HD
C /T =S
I /
| |
Sm \ |
Ay Ay
I |
80KNEB Y _ H
- Ny
// /
/
Sm // /
I I
I I
A | ! F
L7m\.
(a)
Fig. 11-21

Explain how the moments in each joint of the two-story frame shown
in Fig. 11-21a are determined. EI is constant.

SOLUTION

Slope-Deflection Equation. Since the supports at A and F are

fixed, Eq. 11-8 applies for all six spans of the frame. No FEMs have to

be calculated, since the applied loading acts at the joints. Here the

loading displaces joints B and E an amount A, and C and D an

amount A; + A,. As a result, members AB and FE undergo rotations

of y; = Ay/5 and BC and ED undergo rotations of ¢, = A,/S.
Applying Eq. 11-8 to the frame yields

M,y = 2E<é)[2(0) + 05— 3¢y] + 0 (1)
Mg, = 2E<§)[203 +0 = 3¢Yy] + 0 )
Mpge = 2E<§)[203 + 0 — 3] + 0 3)
Mg = 2E<§)[20C + 05 — 3] + 0 (4)
Mcp = 2E<§)[20C +0p —3(0)] +0 (5)
Mpe = 2E<§)[20D + 0 — 3(0)] + 0 (6)
Mg = 2E<§)[203 + 0z — 3(0)] + 0 )
Mgy = 2E<§)[20E + 05 — 3(0)] + 0 (8)
Mgp = 2E<§)[20E +0p — 3] + 0 9)
Mpp = 2E<é)[20D + 05 — 3] + 0 (10)
My = 2E<é)[2(0) + 05— 3¢y] + 0 (11)
Mgy = 2E<§)[20E +0 = 3¢Yy] + 0 (12)

These 12 equations contain 18 unknowns.
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M, [ Moc 40 KN
~—F ~—o Mpg
Mcp

RN 5
MED

MBC
I~ I~
B My, M E

[%I) pE TER ( l%] 40KN

~—F S~ Mgy

MBA

(b)
SN |

Equilibrium Equations. Moment equilibrium of joints B, C, D,and E,

Fig. 11-21b, requires
Vap = Vrg -
MBA+MBE+MBC=O (13) l ;

Mcp+ Mcp =0 (14) (©
MDC+MDE=O (15)
MEF+MEB+MED:0 (16)

As in the preceding examples, the shear at the base of all the columns
for any story must balance the applied horizontal loads, Fig. 11-21c.

This yields
K 3F, =0; 40 = Ve = Vep =0
Mge + M Mgp + M
40 + BC CB + ED DE =0 (17)
5 5
K SF, =0; 40 +80 — Vs — V=0
Mg+ M Mgp + M
120 + —48 84 4 TR - TFE (18)

5 5

Solution requires substituting Egs. (1)—(12) into Egs. (13)—(18), which
yields six equations having six unknowns, ¢y, ¢,, 0, 0¢, 6p, and 6.
These equations can then be solved simultaneously. The results are
resubstituted into Egs. (1)-(12), which yields the moments at the
joints.
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EXAMPLE [11.10
Determine the moments at each joint of the frame shown in Fig. 11-22a.

EI is constant for each member.

2kt
B yC
R //
4 /j(io ’/ A5 60°
|
206 | ?ﬁAZ
j ©
|
I
|
D

(b)

Fig. 11-22

(a)
SOLUTION

Slope-Deflection Equations.
three spans. The FEMs are

Equation 11-8 applies to each of the

wl? 2(12)?
(FEM)gc = — ST = —24k-ft

12 2(12)?

w _szk.ﬁ

(FEM)cp = =7~ = —;

The sloping member AB causes the frame to sidesway to the right
as shown in Fig. 11-22a. As a result, joints B and C are subjected to
both rotational and linear displacements. The linear displacements are
shown in Fig. 11-22b, where B moves A; to B’ and C moves A5 to C'.
These displacements cause the members’ cords to rotate ¢, i3
(clockwise) and —s, (counterclockwise) as shown.* Hence,

Ay A, As
=1 V=1, ¥B=3

As shown in Fig. 11-22¢, the three displacements can be related. For
example, A, = 0.5A; and Aj; = 0.866A;. Thus, from the above

equations we have
(l/z = _04171/11 lpg, = 0433(!/1

Using these results, the slope-deflection equations for the frame are

*Recall that distortions due to axial forces are neglected and the arc displacements
BB’ and CC' can be considered as straight lines, since ¢/; and i are actually very small.
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M,y = 2E(1IO>[2(0) + 05— 3¢y] + 0 (1)
Mg, = 2E(1IO>[293 +0 = 3yYy] +0 )
Mg = 25(112)[203 + 0 — 3(—0.417¢,)] — 24 3)
Mcg = 2E(112>[26C + 05 — 3(—0.417¢,)] + 24 (4)
Mcp = 2E(210>[20C +0 — 3(0.433¢;)] + 0 (5)
Mpe = ZE(ZIO)[z(O) + 0c — 3(0.433p1)] + 0 (6)

These six equations contain nine unknowns.

Equations of Equilibrium. Moment equilibrium at joints B and C

yields
Mpa + Mpc =0 (7)
Mcp + Mcp =0 () a—
The necessary third equilibrium equation can be obtained by ’/i
summing moments about point O on the entire frame, Fig. 11-22d. |
This eliminates the unknown normal forces N 4 and N, and therefore !
r"‘f‘EMO = O, M N M M N M 24 ft /// 52078&
Mg + Mpe — <M>(34) - <DCCD>(40.78) — 24(6) =0 l
10 20 |
—24M 45 — 3.4Mpy — 2.04Mcp — 1.04Mpe — 144 =0 (9) i
Substituting Egs. (2) and (3) into Eq. (7), Egs. (4) and (5) into Eq. (8), AN A 1
and Egs. (1), (2), (5), and (6) into Eq. (9) yields 1
24 1
0.73305 + 0.1670- — 0.392¢; = £l
24
0.16705 + 0.5330, + 0.0784¢r; = — I
144 20 ft
—1.84005 — 0.5126, + 3.880¢; = BT
Solving these equations simultaneously yields
El6z = 87.67 Elo. = —82.3 Ely; = 67.83
L . v = Mpc+ Mcp .
Substituting these values into Egs. (1)—(6), we have D 20 >
Mg = —232k-ft Mpe = 5.63k-ft Mcop = —253k-ft  Ans DC‘?’
Mgy = —5.63k-ft Mcg =253k-ft Mpc = —17.0k-ft  Ans. @ Np
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“lrroplews

11-13. Determine the moments at A, B, and C, then draw 11-15. Determine the moment at B, then draw the moment
the moment diagram for each member. Assume all joints diagram for each member of the frame. Assume the support
are fixed connected. EI is constant. at A is fixed and C is pinned. EI is constant.
4% /ft 2kN/m
A A A A A A B ¥ ¥ 7 v
B =
18 ft |
9 ft | [
| im |
4m
Prob. 11-13
Prob. 11-15
11-14. Determine the moments at the supports, then draw #*11-16. Determine the moments at B and D, then draw
the moment diagram. The members are fixed connected at the moment diagram. Assume A and C are pinned and B
the supports and at joint B. The moment of inertia of each and D are fixed connected. EI is constant.
member is given in the figure. Take E = 29(10%)ksi.
20k 8k

10 ft ——

Ipc = 1200 in*

Prob. 11-16

Prob. 11-14



11-17. Determine the moment that each member exerts
on the joint at B, then draw the moment diagram for each
member of the frame. Assume the support at A is fixed and
C is a pin. EI is constant.

NaananenaNy
151t C|§a

11-18. Determine the moment that each member exerts
on the joint at B, then draw the moment diagram for each
member of the frame. Assume the supports at A, C, and D
are pins. E is constant.

12kN/m

Prob. 11-18
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11-19. Determine the moment at joints D and C, then
draw the moment diagram for each member of the frame.
Assume the supports at A and B are pins. EI is constant.

3k /ft

12 ft

Prob. 11-19

*11-20. Determine the moment that each member
exerts on the joints at B and D, then draw the moment
diagram for each member of the frame. Assume the
supports at A, C, and E are pins. E] is constant.

12kN/m

Lyl

10 kN

\i

15 kN

Y

Prob. 11-20
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11-21. Determine the moment at joints C and D, then
draw the moment diagram for each member of the frame.
Assume the supports at A and B are pins. E/ is constant.

| =
ek D C =
8 kN/m 6m
3 A B v
T R Tt gy Japt e
| sm }
Prob. 11-21

11-22. Determine the moment at joints A, B, C, and D,
then draw the moment diagram for each member of the
frame. Assume the supports at A and B are fixed. EI is
constant.

30 kN/m

\ 3m |

Prob. 11-22

DISPLACEMENT METHOD OF ANALYSIS: SLOPE-DEFLECTION EQUATIONS

11-23. Determine the moments acting at the supports A
and D of the battered-column frame. Take E = 29(10%)ksi,
I =600 in*.

4K/t
By C
6k
20 ft
A D |
~— 15 ft 20 ft 15 ft —
Prob. 11-23

*11-24. Wind loads are transmitted to the frame at joint E.
If A, B, E, D, and F are all pin connected and C is fixed
connected, determine the moments at joint C and draw the
bending moment diagrams for the girder BCE. EI is constant.

E
T [ [ [ 12 kN

Py ?’sgw':’r- 55 ol
~NaSidgst :

‘ 6 m ‘ 4 m |

Prob. 11-24
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. PROJECT PROBLEM

11-1P. The roof is supported by joists that rest on two joist has a weight of 550 1b. According to code the roof will
girders. Each joist can be considered simply supported, and be subjected to a snow loading of 25 psf. The joists have a
the front girder can be considered attached to the three length of 25 ft. Draw the shear and moment diagrams for
columns by a pin at A and rollers at B and C. Assume the the girder. Assume the supporting columns are rigid.

roof will be made from 3 in.-thick cinder concrete, and each

3t 3ft 3ft 3ft 3ft 3ft 3ft 3ft
N R Y D R

A B C

Project Prob. 11-1P

CHAPTER REVIEW

The unknown displacements of a structure are referred to as the degrees of freedom for the structure. They consist of either
joint displacements or rotations.

The slope-deflection equations relate the unknown moments at each joint of a structural member to the unknown rotations
that occur there. The following equation is applied twice to each member or span, considering each side as the “near” end
and its counterpart as the far end.

For Internal Span or End Span with Far End Fixed

This equation is only applied once, where the “far” end is at the pin or roller support.

Only for End Span with Far End Pinned or Roller Supported

Once the slope-deflection equations are written, they are substituted into the equations of moment equilibrium at each
joint and then solved for the unknown displacements. If the structure (frame) has sidesway, then an unknown horizontal
displacement at each floor level will occur, and the unknown column shears must be related to the moments at the joints,
using both the force and moment equilibrium equations. Once the unknown displacements are obtained, the unknown
reactions are found from the load-displacement relations.







Displacement Method
of Analysis: Moment
Distribution

The moment-distribution method is a displacement method of
analysis that is easy to apply once certain elastic constants have been
determined. In this chapter we will first state the important definitions
and concepts for moment distribution and then apply the method to
solve problems involving statically indeterminate beams and frames.
Application to multistory frames is discussed in the last part of the
chapter.

12.1 General Principles and Definitions

The method of analyzing beams and frames using moment distribution
was developed by Hardy Cross, in 1930. At the time this method was
first published it attracted immediate attention, and it has been
recognized as one of the most notable advances in structural analysis
during the twentieth century.

As will be explained in detail later, moment distribution is a method of
successive approximations that may be carried out to any desired degree
of accuracy. Essentially, the method begins by assuming each joint of a
structure is fixed. Then, by unlocking and locking each joint in succession,
the internal moments at the joints are “distributed” and balanced until
the joints have rotated to their final or nearly final positions. It will be
found that this process of calculation is both repetitive and easy to apply.
Before explaining the techniques of moment distribution, however,
certain definitions and concepts must be presented.

487
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" 800 N
M AB l MBA
> 1|> A -
B B
»
\ !

Sm Sm }

Fig. 12-2

Sign Convention. We will establish the same sign convention as that
established for the slope-deflection equations: Clockwise moments that act
on the member are considered positive, whereas counterclockwise moments
are negative, Fig. 12-1.

Fixed-End Moments (FEMs). The moments at the “walls” or
fixed joints of a loaded member are called fixed-end moments. These
moments can be determined from the table given on the inside back
cover, depending upon the type of loading on the member. For example,
the beam loaded as shown in Fig. 12-2 has fixed-end moments of
FEM = PL/8 = 800(10)/8 = 1000 N-m. Noting the action of these
moments on the beam and applying our sign convention, it is seen that
Myg = —1000 N -m and My, = +1000 N+ m.

Member Stiffness Factor. Consider the beam in Fig. 12-3, which
is pinned at one end and fixed at the other. Application of the moment M
causes the end A to rotate through an angle 6 4. In Chapter 11 we related
M to 6 4 using the conjugate-beam method. This resulted in Eq. 11-1, that
is, M = (4EI/L) 0 4. The term in parentheses

4E1
k=1
Far End Fixed (12-1)

is referred to as the stiffness factor at A and can be defined as the amount
of moment M required to rotate the end A of the beam 6,4 = 1 rad.




12.1  GENERAL PRINCIPLES AND DEFINITIONS

Joint Stiffness Factor. If several members are fixed connected to
a joint and each of their far ends is fixed, then by the principle of
superposition, the total stiffness factor at the joint is the sum of the
member stiffness factors at the joint, that is, Ky = XK. For example,
consider the frame joint A in Fig. 12-4a. The numerical value of each
member stiffness factor is determined from Eq. 12-1 and listed in the
figure. Using these values, the total stiffness factor of joint A is
K7y = 2K =4000 + 5000 + 1000 = 10 000. This value represents the
amount of moment needed to rotate the joint through an angle of 1 rad.

Distribution Factor (DF). If a moment M is applied to a fixed
connected joint, the connecting members will each supply a portion of
the resisting moment necessary to satisfy moment equilibrium at the
joint. That fraction of the total resisting moment supplied by the member
is called the distribution factor (DF).To obtain its value, imagine the joint
is fixed connected to n members. If an applied moment M causes the
joint to rotate an amount 0, then each member i rotates by this same
amount. If the stiffness factor of the ith member is K;, then the moment
contributed by the member is M; = K;0. Since equilibrium requires
M=M,+ M,= K0+ K,p= 602K, then the distribution factor for
the ith member is
DF. = M; K
"M 63K,

Canceling the common term 6, it is seen that the distribution factor for a
member is equal to the stiffness factor of the member divided by the
total stiffness factor for the joint; that is, in general,

K
DF = —— 12-2
SK (12-2)

For example, the distribution factors for members AB, AC, and AD at
joint A in Fig. 12—4a are

DF,; = 4000/10 000 = 0.4
DF,¢ = 5000/10 000 = 0.5
DF,p, = 1000/10 000 = 0.1

As aresult,if M = 2000 N - m acts at joint A, Fig. 12-4b, the equilibrium
moments exerted by the members on the joint, Fig. 12—4c, are

Mg = 0.4(2000) = 800 N+ m
M e = 0.5(2000) = 1000 N -m
M,y = 0.1(2000) = 200 N - m

KAD— 1000 4 Kup=

489

(a)

’ i = u
e =5000 B

= 2000 N-m E

200 N-m

e—
1000 N-m

(c)
Fig. 124

:})2

000 N-m
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The statically indeterminate loading in bridge girders that are
continuous over their piers can be determined using the
method of moment distribution.

Member Relative-Stiffness Factor. Quite often a continuous
beam or a frame will be made from the same material so its modulus of
elasticity £ will be the same for all the members. If this is the case, the
common factor 4F in Eq. 12-1 will cancel from the numerator and
denominator of Eq. 12-2 when the distribution factor for a joint
is determined. Hence, it is easier just to determine the member’s
relative-stiffness factor

I
KR = Z
12—
Far End Fixed (12-3)

and use this for the computations of the DF.

Carry-Over Factor. Consider again the beam in Fig. 12-3. It was
shown in Chapter 11 that My = (4EI/L) 6, (Eq. 11-1) and
Mg, = (2EI/L) 6, (Eq. 11-2). Solving for 6, and equating these
equations we get Mz, = M,p/2. In other words, the moment M at the
pin induces a moment of M’ = M at the wall. The carry-over factor
represents the fraction of M that is “carried over” from the pin to the
wall. Hence, in the case of a beam with the far end fixed, the carry-over
factor is +%. The plus sign indicates both moments act in the same
direction.
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12.2 Moment Distribution for Beams

Moment distribution is based on the principle of successively locking
and unlocking the joints of a structure in order to allow the moments at
the joints to be distributed and balanced. The best way to explain the
method is by examples.

Consider the beam with a constant modulus of elasticity £ and having
the dimensions and loading shown in Fig. 12-5a. Before we begin, we
must first determine the distribution factors at the two ends of each span.
Using Eq. 12-1, K = 4E1/L, the stiffness factors on either side of B are

~ 4E(300) 4E(600)
ST 20

Thus, using Eq. 12-2, DF = K/3K, for the ends connected to joint B,
we have

= 4E(20)in*/ft  Kpc = = 4E(30) in*/ft

— 4E(20) = os
BA T 4E(20) + 4E(30)
4E(30)
DFBC = = 06

4E(20) + 4E(30)

At the walls, joint A and joint C, the distribution factor depends on the
member stiffness factor and the “stiffness factor” of the wall. Since in
theory it would take an “infinite” size moment to rotate the wall one
radian, the wall stiffness factor is infinite. Thus for joints A and C we have

4E(20)

DFas = 3 aE0) ~°
4E(30)

DFes = aE30) = °

Note that the above results could also have been obtained if the relative
stiffness factor Kz = I/L (Eq. 12-3) had been used for the calculations.
Furthermore, as long as a consistent set of units is used for the stiffness
factor, the DF will always be dimensionless, and at a joint, except where
it is located at a fixed wall, the sum of the DFs will always equal 1.
Having computed the DFs, we will now determine the FEMs. Only
span BC is loaded, and using the table on the inside back cover for a
uniform load, we have
w2 240(20)?
= — b - f
D B 8000 Ib - ft
wL?  240(20)°
2 12

(FEM) BC

= 8000 1b - ft

(FEM)cp =

240 1b /ft

491
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Ly = 300in* **B- Ige = 600

| 15 1t l

20 ft

1L

(a)
Fig. 12-5
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240 Ib /ft

IRERERY

i

B 4

8000 Ib - ft
8000 Ib - ft
joint B held fixed
(b)
8000 Ib - ft 8000 Ib - ft
C
B

correction moment applied to joint B

1600 1b - ft<— 3200 1b - ft 4800 1b - ft —2400 Ib - ft
moment at B distributed

(©)

(d)

8000 Ib - ft

Joint A B (o
Member| AB BA | BC CB
DF 0 0.4 0.6 0
FEM —8000 | 8000
Dist,CO| 1600-—3200 | 4800-—- 2400
M 1600 | 3200 |—3200 |10 400

(e)

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

We begin by assuming joint B is fixed or locked. The fixed-end
moment at B then holds span BC in this fixed or locked position as
shown in Fig. 12-5b. This, of course, does not represent the actual
equilibrium situation at B, since the moments on each side of this joint
must be equal but opposite. To correct this, we will apply an equal, but
opposite moment of 8000 Ib - ft to the joint and allow the joint to rotate
freely, Fig. 12-5¢. As a result, portions of this moment are distributed in
spans BC and BA in accordance with the DFs (or stiffness) of these spans
at the joint. Specifically, the moment in BA is 0.4(8000) = 3200 1b - ft and
the moment in BC is 0.6(8000) = 4800 1b - ft. Finally, due to the released
rotation that takes place at B, these moments must be “carried over” since
moments are developed at the far ends of the span. Using the carry-over
factor of +3, the results are shown in Fig. 12-5d.

This example indicates the basic steps necessary when distributing
moments at a joint: Determine the unbalanced moment acting at the
initially “locked” joint, unlock the joint and apply an equal but opposite
unbalanced moment to correct the equilibrium, distribute the moment
among the connecting spans, and carry the moment in each span over
to its other end. The steps are usually presented in tabular form as
indicated in Fig. 12-5e. Here the notation Dist, CO indicates a line
where moments are distributed, then carried over. In this particular case
only one cycle of moment distribution is necessary, since the wall
supports at A and C “absorb” the moments and no further joints have to
be balanced or unlocked to satisfy joint equilibrium. Once distributed in
this manner, the moments at each joint are summed, yielding the final
results shown on the bottom line of the table in Fig. 12-5e. Notice that
joint B is now in equilibrium. Since Mpc is negative, this moment is
applied to span BC in a counterclockwise sense as shown on free-body
diagrams of the beam spans in Fig. 12-5f. With the end moments known,
the end shears have been computed from the equations of equilibrium
applied to each of these spans.

Consider now the same beam, except the support at C is a rocker,
Fig. 12-6a. In this case only one member is at joint C, so the
distribution factor for member CB at joint C is

4E(30)

4E(30) !

DFCB =

16001b-ft Vs, =3201b V, =20401b I f‘“i "i/ flt I Ve =27601b
m—t) (1 t)
V= 3201k 15ft——| ' "32000b-ft ' | 20 ft 1 10400 1b- 1

(®
Fig. 12-5
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The other distribution factors and the FEMs are the same as computed
previously. They are listed on lines 1 and 2 of the table in Fig. 12-6b.
Initially, we will assume joints B and C are locked. We begin by unlocking
joint C and placing an equilibrating moment of —80001b-ft at the
joint. The entire moment is distributed in member CB since
(1)(—8000) Ib-ft = —8000 1b - ft. The arrow on line 3 indicates that
%( —8000) Ib - ft = —4000 1b - ft is carried over to joint B since joint C has
been allowed to rotate freely. Joint C is now relocked. Since the total
moment at Cis balanced, a line is placed under the —8000-1b - ft moment.
We will now consider the unbalanced —12 000-Ib - ft moment at joint B.
Here for equilibrium, a +12 000-1b - ft moment is applied to B and this
joint is unlocked such that portions of the moment are distributed into
BA and BC, that is, (0.4)(12000) = 48001b-ft and (0.6)(12 000) =
7200 Ib - ft as shown on line 4. Also note that +3 of these moments must
be carried over to the fixed wall A and roller C since joint B has rotated.
Joint B is now relocked. Again joint C is unlocked and the unbalanced
moment at the roller is distributed as was done previously. The results
are on line 5. Successively locking and unlocking joints B and C will
essentially diminish the size of the moment to be balanced until it
becomes negligible compared with the original moments, line 14. Each of
the steps on lines 3 through 14 should be thoroughly understood.
Summing the moments, the final results are shown on line 15, where it is
seen that the final moments now satisfy joint equilibrium.

Joint A B @
Member AB BA BC CB
DF 0 0.4 0.6 1
FEM —8000 8000
—4000 -+ —8000
2400 -+ 4800 7200 -+~ 3600
1800 -+ —3600
360 ~ 720 1080 + 540
270 -+ —540
54 -+ 108 162 + 81
—405-- -8l
81-+ 162 243 1~ 122
240 Ib/ft —6.1-- —122
A sl 1T 12 24 36+ 18
06— —=ap ¢ —09-- 18
45 =300 in* Igc = 600 in 04 0s
l 151t 1 20 ft 1
M 28233 | 5647.0 | —3647.0 0

(a)
Fig. 12-6

(b)

O NN Lt AW

e el e )
BN VS I S I )

—_
(9}
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Rather than applying the moment distribution process successively to
each joint, as illustrated here, it is also possible to apply it to all joints at
the same time. This scheme is shown in the table in Fig. 12-6¢. In this case,
we start by fixing all the joints and then balancing and distributing the
fixed-end moments at both joints B and C, line 3. Unlocking joints B and
C simultaneously (joint A is always fixed), the moments are then carried
over to the end of each span, line 4. Again the joints are relocked, and the
moments are balanced and distributed, line 5. Unlocking the joints once
again allows the moments to be carried over, as shown in line 6. Continuing,
we obtain the final results, as before, listed on line 24. By comparison, this
method gives a slower convergence to the answer than does the previous
method; however, in many cases this method will be more efficient to apply,
and for this reason we will use it in the examples that follow. Finally, using
the results in either Fig. 12-6b or 12-6c, the free-body diagrams of each
beam span are drawn as shown in Fig. 12-6d.

Although several steps were involved in obtaining the final results
here, the work required is rather methodical since it requires application
of a series of arithmetical steps, rather than solving a set of equations as
in the slope deflection method. It should be noted, however, that the

Fig. 12-6

Joint A B C
Member AB BA BC CB
DF 0 04 0.6 1 1
FEM —8000 8000 | 2
Dist. 3200 4800 |—8000 | 3
cO | 1600 —4000 2400 | 4
Dist. 1600 2400 |-2400 |5
Cco 800 —1200 1200 |6
Dist. 480 720  |-1200 |7
Cco 240 —600 360 |8
Dist. 240 360 -360 |9
CO 120 —180 180 | 10
Dist. 7 108 -180 | 11
Cco 36 -0 T s |12
Dist. 36 54 -54 | 13
CcO 18 -27 27 | 14
Dist. 10.8 162 | -27 |15 5833 Ib- 1t Vi, = 564.71b
Cco 54 -135 81| 16 )
Dist. 54 8.1 -81 | 17 ( l} - }
CcO 27 —4.05 405 18 V, = 56470 | | 5647.0 1b-ft
Dist. 1.62 243 —405 19
CO 0.81 ~2.02 1.22] 20
Dist. 0.80 122 -122] 21 Va= 268241 240lb/fi Ve=211761b
CcO 040 —0.61 061 22
Dist. 024 037 —061 23 ( T RERRRARRY T
\ |
M — 20 ft
2823 5647 5647 0 24 6470 1b-£1 \
(c) (d)
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fundamental process of moment distribution follows the same procedure
as any displacement method. There the process is to establish load-
displacement relations at each joint and then satisfy joint equilibrium
requirements by determining the correct angular displacement for the
joint (compatibility). Here, however, the equilibrium and compatibility
of rotation at the joint is satisfied directly, using a “moment balance”
process that incorporates the load-deflection relations (stiffness factors).
Further simplification for using moment distribution is possible, and this
will be discussed in the next section.

Procedure for Analysis

The following procedure provides a general method for determining
the end moments on beam spans using moment distribution.

Distribution Factors and Fixed-End Moments

The joints on the beam should be identified and the stiffness factors
for each span at the joints should be calculated. Using these values
the distribution factors can be determined from DF = K/ZK.
Remember that DF = 0 for a fixed end and DF = 1 for an end pin
or roller support.

The fixed-end moments for each loaded span are determined
using the table given on the inside back cover. Positive FEMs act
clockwise on the span and negative FEMs act counterclockwise. For
convenience, these values can be recorded in tabular form, similar
to that shown in Fig. 12—6¢.

Moment Distribution Process

Assume that all joints at which the moments in the connecting spans
must be determined are initially locked. Then:

1. Determine the moment that is needed to put each joint in
equilibrium.

2. Release or “unlock” the joints and distribute the counterbalancing
moments into the connecting span at each joint.

3. Carry these moments in each span over to its other end by
multiplying each moment by the carry-over factor +%.

By repeating this cycle of locking and unlocking the joints, it will
be found that the moment corrections will diminish since the beam
tends to achieve its final deflected shape. When a small enough value
for the corrections is obtained, the process of cycling should be
stopped with no “carry-over” of the last moments. Each column of
FEMs, distributed moments, and carry-over moments should then
be added. If this is done correctly, moment equilibrium at the joints
will be achieved.
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EXAMPLE [12.1

Determine the internal moments at each support of the beam shown
in Fig. 12-7a. EI is constant.

(a) ‘41’1’1 4m|

Fig. 12-7

SOLUTION
The distribution factors at each joint must be computed first.* The
stiffness factors for the members are

4EI 4EI 4AEI
Kap=—o Kpo=-— ==L
AB 12 BC 12 KCD 8

Therefore,
DF, 5 = DFp- =0 DFz4 = DFpc = 4E1/12 0.5
AB T be BA T UBC T ARIN2 + AEI/12 T
DE 4E1/12 04 DF 4E1/8 .
CB T 4EI)12 + 4EI/8 €D AEIN12 + 4EI/8
The fixed-end moments are
wL?  —20(12)° wL?  20(12)°
(FEM)ge = =5~ = ——5 = ~240kN'm  (FEM)¢p = —— = —>— = 240kN-m
PL —250(8 PL  250(8
(FEM)CD:_SZS(): —250 kN -m (FEM)DC:?: 8( ) = 250 kN -m

Starting with the FEMs, line 4, Fig. 12-7b, the moments at joints B
and C are distributed simultaneously, line 5. These moments are then
carried over simultaneously to the respective ends of each span, line 6.
The resulting moments are again simultaneously distributed and
carried over, lines 7 and 8. The process is continued until the resulting
moments are diminished an appropriate amount, line 13. The resulting
moments are found by summation, line 14.

Placing the moments on each beam span and applying the
equations of equilibrium yields the end shears shown in Fig. 12-7¢ and
the bending-moment diagram for the entire beam, Fig. 12-74.

*Here we have used the stiffness factor 4EI/L; however, the relative stiffness factor
I/L could also have been used.
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Joint A B C D 1

Member| AB BA BC CB CD DC 2

DF 0 0.5 0.5 0.4 0.6 0 3

FEM —240 240 —250 250 4

Dist. 120 120 4 6 5

CO 60 2 60 3 6

Dist. =1 —1 —24 —36 7

CO -0.5 —12 —0.5 —18 8

Dist. 6 6 0.2 0.3 9
CO 3 0.1 3 0.2 |10
Dist. —0.05| —0.05 —-1.2 —-1.8 11
CO —0.02 —-0.6 —0.02 -09 |12
Dist. 0.3 0.3 0.01 0.01 13
>M 62.5 1252 | —1252 | 2815 | —281.5| 2343 |14

(b)
20kN/m 250 kN
. 15.6 kN
62.5 klg in U B ) 107.0(kNl 1 l l l l l l 1 1330 kN 130.9(kN Am

l f | r 1

6N 12m 1252 kN-m B 12m C 281.5kN-m C
(©)
M (kN-m) 242.1
160.9
62.5
\4.2 12 ‘ 24 ‘ 32
‘ 173 ‘ 28 X (m)
~1252
—2343
—281.5

(d)

4 m

119.1 kN

1)

2343 kN-m
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EXAMPLE [12.2

Determine the internal moment at each support of the beam shown
in Fig. 12-8a. The moment of inertia of each span is indicated.

400 Ib 60 Ib /ft

Fig. 12-8

SOLUTION

In this problem a moment does not get distributed in the overhanging
span AB, and so the distribution factor (DF)z, = 0. The stiffness of
span BC is based on 4EI/L since the pin rocker is not at the far end of
the beam. The stiffness factors, distribution factors, and fixed-end
moments are computed as follows:

_4E(750) SOE Ko = 4E(600) L6OE
BC — 20 - CcD — 15 -

DFBC: 1 - (DF)BA: 1_0: 1

150E
DFes = 150 + 1608 ~ 04

160E
DFep = 150E + 160E 0-516

160E

DFpe = o 160E —

Due to the overhang,

(FEM) g, = 400 1b(10 ft) = 4000 Ib - ft
wL>  60(20)

FEM)pc = — = = —20001b-f

( )BC B D 000 b - ft
wL?  60(20)?

(FEM)CB - ? - 12 - 2000 lb‘ft

These values are listed on the fourth line of the table, Fig. 12-8b.
The overhanging span requires the internal moment to the left of B to
be +40001b-ft. Balancing at joint B requires an internal moment
of —4000 Ib - ft to the right of B. As shown on the fifth line of the table
—20001b-ft is added to BC in order to satisfy this condition. The
distribution and carry-over operations proceed in the usual manner as
indicated.
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Since the internal moments are known, the moment diagram for the
beam can be constructed (Fig. 12-8¢).

Joint B C D
Member BC CB CD DC

DF 0 1 0.484 0.516 0
FEM 4000 |[—2000 2000

Dist. —2000 —968 —1032

CcO —484 —1000 -516
Dist. 484 484 516

co 242 Y a2 N
Dist. —242 —117.1 | —124.9

CcO —58.6 —-121 —62.4
Dist. 58.6 58.6 62.4

CO 29.3 29.3 31.2
Dist. —29.3 —14.2 —15.1

CO 7.1 —14.6 —-7.6
Dist. 7.1 7.1 7.6

CO 3.5 3.5 3.8
Dist. =35 —-1.7 —1.8

CO —-0.8 —-1.8 —-0.9
Dist. 0.8 0.9 0.9

CO 0.4 0.4 0.4
Dist. —-0.4 —-0.2 —0.2

CO —0.1 —-0.2 —-0.1
Dist. 0.1 0.1 0.1

M 4000 —4000 587.1 —587.1 | —293.6

(b)
400 Tb 60 b /ft
v aow, o 7osi LLELEELL [ 5851b 293.6 b- ft
=) (| t) ()
10 ft 15 fit
4000 b - ft 201t 587.11b-ft 585 1h
M (Ib-ft)
949.1
10 30 293.6
‘ : : A (1t)
2.8
~587.1
—4000

©
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12.3 Stiffness-Factor Modifications

M = %0 In the previous examples of moment distribution we have considered
{' L 1y each beam span to be constrained by a fixed support (locked joint) at its
&@_-_-ﬁ——‘ - ) 2 far end when distributing and carrying over the moments. For this
?‘;ﬁl":ked locked reason we have computed the stiffness factors, distribution factors, and

! joint the carry-over factors based on the case shown in Fig. 12-9. Here, of
Fig. 12-9 course, the stiffness factor is K = 4E1/L (Eq. 12-1), and the carry-over
factor is +3.
In some cases it is possible to modify the stiffness factor of a particular
beam span and thereby simplify the process of moment distribution. Three
M.,z cases where this frequently occurs in practice will now be considered.
L
A/' == ——\F
unlocked ~ end Member Pin Supported at Far End. Many indeterminate beams
jomt real (Zs’am pmn have their far end span supported by an end pin (or roller) as in the case of
joint B in Fig. 12-10a. Here the applied moment M rotates the end A by an
amount 6. To determine 6, the shear in the conjugate beam at A’ must be
determined, Fig. 12-10b. We have
1M 2
+3Mp = 0; VL) — =\ —=|LlzL | =0
u LMy o =My =0 Vall) 2<E1> (3 )
EI™ == 2 EI ML
af — = Va=9=35
1 £ 2
k 3 L— 3 L ﬂ or
Va conjugate beam Vi 3EI
® M=
Fig. 12-10
' Thus, the stiffness factor for this beam is
gl
k=T
12-4
Far End Pinned ( )
or Roller Supported

Also, note that the carry-over factor is zero, since the pin at B does not
support a moment. By comparison, then, if the far end was fixed
supported, the stiffness factor K = 4E1/L would have to be modified by %
to model the case of having the far end pin supported. If this modification
is considered, the moment distribution process is simplified since the end
pin does not have to be unlocked—locked successively when distributing
the moments. Also, since the end span is pinned, the fixed-end moments
for the span are computed using the values in the right column of the
table on the inside back cover. Example 12—4 illustrates how to apply
these simplifications.
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P P
L, L
. T C o v Ty
o ——_—— e
““““ — — 7 \B' C
I I
S - ]
M,
El
real beam conjugate beam
(a) (b)
Fig. 12-11

Symmetric Beam and Loading. If a beam is symmetric with
respect to both its loading and geometry, the bending-moment diagram
for the beam will also be symmetric. As a result, a modification of the
stiffness factor for the center span can be made, so that moments in the
beam only have to be distributed through joints lying on either half of
the beam. To develop the appropriate stiffness-factor modification,
consider the beam shown in Fig. 12-11a. Due to the symmetry, the
internal moments at B and C are equal. Assuming this value to be M, the
conjugate beam for span BC is shown in Fig. 12-11b. The slope 6 at each
end is therefore

M L
+3Mo = 0; V(L) + —(L)[ =) =0
{ c ; p(L) EI( )(2)

ML
V,:ezi
B 2EI
or
2EI
M ="
T

The stiffness factor for the center span is therefore

2EI
K===
L

12-5
Symmetric Beam and Loading ( )

Thus, moments for only half the beam can be distributed provided
the stiffness factor for the center span is computed using Eq. 12-5. By
comparison, the center span’s stiffness factor will be one half that usually
determined using K = 4EI/L.

501
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P 2 EI' 2
Vi _
B = “\\ 0 C ______ 109(, e .
—{% —_— -
A T == o —— fP D s, C
|- 2
: , i 6 Ve
l L l L l L l EMI 1 ( ]\_/1) ( L
2 EI' *2
real beam conjugate beam
(b)
(a)
Fig. 12-12

Symmetric Beam with Antisymmetric Loading. If a
symmetric beam is subjected to antisymmetric loading, the resulting
moment diagram will be antisymmetric. As in the previous case, we can
modify the stiffness factor of the center span so that only one half of the
beam has to be considered for the moment-distribution analysis.
Consider the beam in Fig. 12-12a. The conjugate beam for its center span
BC is shown in Fig. 12-12b. Due to the antisymmetric loading, the
internal moment at B is equal, but opposite to that at C. Assuming this
value to be M, the slope 6 at each end is determined as follows:

e - v (EENE) - NENE)

ML
V ; = 0 = —_—
B 6E1
or
6EI
M=—=0
L

The stiffness factor for the center span is, therefore,

K=6EI
L

Symmetric Beam with

12-6
Antisymmetric Loading ( )

Thus, when the stiffness factor for the beam’s center span is computed
using Eq. 12-6, the moments in only half the beam have to be distributed.
Here the stiffness factor is one and a half times as large as that determined
using K = 4E1/L.
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EXAMPLE [12.3 u

Determine the internal moments at the supports for the beam shown
in Fig. 12-13a. El is constant.

4K/t

Y ¥

| 15t 20 ft 151t ‘

(a)
Fig. 12-13

SOLUTION

By inspection, the beam and loading are symmetrical. Thus, we will
apply K = 2EI/L to compute the stiffness factor of the center span
BC and therefore use only the left half of the beam for the analysis.
The analysis can be shortened even further by using K = 3E[/L for
computing the stiffness factor of segment AB since the far end A is
pinned. Furthermore, the distribution of moment at A can be skipped
by using the FEM for a triangular loading on a span with one end
fixed and the other pinned. Thus,

3EI
Kap = 5 (using Eq. 12-4)
2EI ‘ Joint | A B
Kpe =7y (usingEq.12-5) Member| AB | BA | BC
_ 3EL/1S DF 1 | 0667 | 0333
PFas = 35115 =
/3E1/15 FEM 60 |—1333
Dist. 489 | 244
DFy, = = 0.667
BA T 3EI/15 + 2E1/20
2E1/20 M 0 108.9 | —108.9
DFye = = 0.333
BC " 3EI/15 + 2E1/20 .
FEM),, = WL = A05F _ 60k-f
( JBa= s = s = t
wl? 4(20)?
(FEM)pc = =~ - =——, = ~1333k-ft

These data are listed in the table in Fig. 12-135. Computing the stiffness
factors as shown above considerably reduces the analysis, since only
joint B must be balanced and carry-overs to joints A and C are not
necessary. Obviously, joint C is subjected to the same internal moment
of 108.9 k - ft.
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EXAMPLE |12.4

Determine the internal moments at the supports of the beam shown
in Fig. 12-14a. The moment of inertia of the two spans is shown in the

figure.
240 1b /ft

0

F: C

%0 Lyp=300in" S Ipc=600in* Ho-

k| 15 ft—| 20 ft |

(a)
Fig. 12-14

SOLUTION

Since the beam is roller supported at its far end C, the stiffness of span
BC will be computed on the basis of K = 3EI/L. We have

4E(300
4EI _ 4E(300) _ SOE

Kap =" =713

Kpc = 3% = 3E(2?)00) = 90F
Thus,

DFap = e = 0

DFgp, = S()ESOﬁ = 0.4706

DFpc = zg()bjg()ﬁ = 0.5294

DFcp = % =1

Further simplification of the distribution method for this problem is
possible by realizing that a single fixed-end moment for the end span
BC can be used. Using the right-hand column of the table on the
inside back cover for a uniformly loaded span having one side fixed,
the other pinned, we have

wl?  —240(20)*
8 8

= —12000 1b - ft

(FEM)pc = —
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The foregoing data are entered into the table in Fig. 12-14b and the
moment distribution is carried out. By comparison with Fig. 12-6b,
this method considerably simplifies the distribution.

Using the results, the beam’s end shears and moment diagrams are
shown in Fig. 12-14c.

Joint A B C
Member AB BA BC CB
DF 0 0.4706 0.5294 1
FEM —12 000
Dist. 5647.2 6352.8
co | 28236”
>M 2823.6 56472 | —5647.2 0

(b)

240 1b/ft

(l§1>56471b'ft (l?lD 56471b-ft(Tilllllllll T

w4tbfr I 201t

247 1b

M (Ib-ft) 9343

2824
15
‘ T : x (ft)

26.2

—5647

(©
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12-1. Determine the moments at B and C. EI is constant.
Assume B and C are rollers and A and D are pinned.

3K/ft

RN RRENEREEN
e
I

Prob. 12-1

12-2. Determine the moments at A, B, and C. Assume the
support at B is aroller and A and C are fixed. EI is constant.

3k /ft
I
A _IB C

Prob. 12-2

12-3. Determine the moments at A, B, and C, then draw
the moment diagram. Assume the support at B is a roller
and A and C are fixed. EI is constant.

900 1b 900 1b

A — e Ccl
L6fta 6 ft 6fta\-—10ft 10ftJ

Prob. 12-3

A C :
LSﬁ l 20 ft J‘ 8ftJ

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

12
. . PROBLEMS

*12-4. Determine the reactions at the supports and then
draw the moment diagram. Assume A is fixed. E is constant.

500 1b
800 Ib /ft
A B AC P
20 ft : 20 ft 151t
Prob. 12-4

12-5. Determine the moments at B and C, then draw the
moment diagram for the beam. Assume C is a fixed support.
El is constant.

8 kN/m l

F 6m - 4 m ‘ 4m |

Prob. 12-5

12-6. Determine the moments at B and C, then draw the
moment diagram for the beam. All connections are pins.
Assume the horizontal reactions are zero. EI is constant.

12kN/m

12kN/m

Prob. 12-6



12-7. Determine the reactions at the supports. Assume A
is fixed and B and C are rollers that can either push or pull
on the beam. E/ is constant.

12kN/m

ATl
I

Sm 2.5m

Je
|
Prob. 12-7

*12-8. Determine the moments at B and C, then draw the
moment diagram for the beam. Assume the supports at
B and C are rollers and A and D are pins. EI is constant.

12 kN/m

Prob. 12-8

12-9. Determine the moments at B and C, then draw the
moment diagram for the beam. Assume the supports at B
and C are rollers and A is a pin. ET is constant.

300 Ib
200 Ib /ft
Y V Y v S
. | b
A Q=) cH
l 10 ft l 10 ft l 8 ft
Prob. 12-9
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12-10. Determine the moment at B, then draw the
moment diagram for the beam. Assume the supports at A
and C are rollers and B is a pin. £/ is constant.

Prob. 12-10

12-11. Determine the moments at B, C, and D, then draw
the moment diagram for the beam. EI is constant.

1.5 k/fit
10 k-ft 10 k-t
‘ )
( - 58
10 ft— 20— k201t +10 fta‘
Prob. 12-11

*12-12. Determine the moment at B, then draw the
moment diagram for the beam. Assume the support at A is
pinned, B is a roller and C is fixed. EI is constant.

| 15t |

Prob. 12-12
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12.4 Moment Distribution for Frames:
No Sidesway

Application of the moment-distribution method for frames having no
sidesway follows the same procedure as that given for beams. To
minimize the chance for errors, it is suggested that the analysis be
arranged in a tabular form, as in the previous examples. Also, the
distribution of moments can be shortened if the stiffness factor of a
span can be modified as indicated in the previous section.

EXAMPLE [12.5

Determine the internal moments at the joints of the frame shown in
Fig. 12-15a. There is a pin at E and D and a fixed support at A. EI is
constant.
S k/ft e
20 k——>
C
s 2
15 ft
A D
(a)
Joint A B C D E
Member| AB BA | BC | CB CD | CE DC EC

DF 0 0.545 | 0.455 | 0.330 | 0.298 | 0.372 1 1

FEM —135| 135

Dist. 73.6 | 61.4|—44.6 | —40.2 | —50.2

CO 36.8 —22.371" 30.7

Dist. 122 | 101/-10.1 | —9.1|—11.5

CO 6.1 =51 5.1

Dist. 2.8 23| -17 | —-15| -19

CO 1.4 —0.8 1.2

Dist. 0.4 04, -04 | —04| -04

CO 0.2 —0.2 0.2

Dist. 0.1 01| -01 00| —0.1

=M 445 | 891 |=89.1| 115 | —51.2|—-64.1

(b)
Fig. 12-15
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SOLUTION

By inspection, the pin at E will prevent the frame from sidesway. The
stiffness factors of CD and CE can be computed using K = 3E[/L
since the far ends are pinned. Also, the 20-k load does not contribute
a FEM since it is applied at joint B. Thus,

4E1 4EI 3EI 3EI
KAB - 15 KBC - 18 KCD - 15 KCE - 12

DF AEL/1S 0.545
BAT4EINS + AET/18

DFcj = AEI/18 = 0.330
©B " 4EI/18 + 3EI/15 + 3EI/12
3EI/15
DF.p = = 0.298

AEI/18 + 3EI/15 + 3EI/12

DFcr = 1-0.330-0.298 = 0.372
DFDC =1 DFEC =1

—wL? —5(18)?

(FEM) e = b - - —135k - ft
wL?  5(18)?

(FEM)cp = b - o - 135k - ft

The data are shown in the table in Fig. 12-15b. Here the distribution
of moments successively goes to joints B and C. The final moments
are shown on the last line.

Using these data, the moment diagram for the frame is constructed
in Fig. 12-15c¢.

}_k.ﬁ\
/ S12k-ff /
391 k- ft 89.1k-ft 64.1 k- ft

115 k-ft

44.5k-ft
©
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12.5 Moment Distribution for Frames:
Sidesway

It has been shown in Sec. 11-5 that frames that are nonsymmetrical or
subjected to nonsymmetrical loadings have a tendency to sidesway. An
example of one such case is shown in Fig. 12-16a. Here the applied
loading P will create unequal moments at joints B and C such that the
frame will deflect an amount A to the right. To determine this deflection
and the internal moments at the joints using moment distribution,
we will use the principle of superposition. In this regard, the frame in
Fig. 12-16b is first considered held from sidesway by applying an
artificial joint support at C. Moment distribution is applied and then by
statics the restraining force R is determined. The equal, but opposite,
restraining force is then applied to the frame, Fig. 12-16¢, and the
moments in the frame are calculated. One method for doing this last
step requires first assuming a numerical value for one of the internal
moments, say Mjp,. Using moment distribution and statics, the
deflection A’ and external force R’ corresponding to the assumed value
of M} 4 can then be determined. Since linear elastic deformations occur,
the force R’ develops moments in the frame that are proportional to
those developed by R. For example, if M3, and R’ are known, the
moment at B developed by R will be Mz, = M4(R/R"). Addition of
the joint moments for both cases, Fig. 12-16b and c, will yield the actual
moments in the frame, Fig. 12-16a. Application of this technique is
illustrated in Examples 12-6 through 12-8.

Multistory Frames. Quite often, multistory frameworks may have
several independent joint displacements, and consequently the moment
distribution analysis using the above techniques will involve more
computation. Consider, for example, the two-story frame shown in
Fig. 12-17a. This structure can have two independent joint displacements,
since the sidesway A; of the first story is independent of any displacement

P

artificial joint applied artificial joint removed
(no sidesway) (sidesway)

(b) (©
Fig. 12-16
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A, of the second story. Unfortunately, these displacements are not known
initially, so the analysis must proceed on the basis of superposition, in the
same manner as discussed previously. In this case, two restraining forces
R; and R, are applied, Fig. 12-17bh, and the fixed-end moments are
determined and distributed. Using the equations of equilibrium, the
numerical values of R; and R, are then determined. Next, the restraint at
the floor of the first story is removed and the floor is given a
displacement A’. This displacement causes fixed-end moments (FEMs)
in the frame, which can be assigned specific numerical values. By
distributing these moments and using the equations of equilibrium, the
associated numerical values of R} and Rj can be determined. In a similar
manner, the floor of the second story is then given a displacement A",
Fig. 12-17d. Assuming numerical values for the fixed-end moments, the
moment distribution and equilibrium analysis will yield specific values of
R} and Rj. Since the last two steps associated with Fig. 12-17¢ and d
depend on assumed values of the FEMs, correction factors C’ and C”
must be applied to the distributed moments. With reference to the
restraining forces in Fig. 12-17c¢ and 12-17d, we require equal but
opposite application of Ry and R, to the frame, such that

Ry = —C'R; + C"Rj
R, = +C'R; — C"RY

Simultaneous solution of these equations yields the values of C' and C".
These correction factors are then multiplied by the internal joint
moments found from the moment distribution in Fig. 12-17¢ and 12-17d.
The resultant moments are then found by adding these corrected
moments to those obtained for the frame in Fig. 12-17b.

Other types of frames having independent joint displacements can be
analyzed using this same procedure; however, it must be admitted that
the foregoing method does require quite a bit of numerical calculation.
Although some techniques have been developed to shorten the
calculations, it is best to solve these types of problems on a computer,
preferably using a matrix analysis. The techniques for doing this will be
discussed in Chapter 16.

P; P;

Ay l
P)—p :‘" =1 P2—>4l—<ﬂ<— R, i N
| 1
1
1

&

\ R,

(a) (b) (©
Fig. 12-17

By ——
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EXAMPLE [12.6

Determine the moments at each joint of the frame shown in Fig. 12-18a.

16 kN El is constant.
1m 4m

B C SOLUTION
First we consider the frame held from sidesway as shown in Fig. 12-18b.
We have

Sm Sm 16(4)2(1)
(FEM)pc = ——_5— = —1024kN'm
A D (5)
16(1)*(4)
(a) (FEM)CB = W =256kN-'m

The stiffness factor of each span is computed on the basis of 4EI/L or

by using the relative-stiffness factor /L. The DFs and the moment

distribution are shown in the table, Fig. 12-18d. Using these results,

16 kKN the equations of equilibrium are applied to the free-body diagrams of

the columns in order to determine A, and D,, Fig. 12-18e. From the

B R free-body diagram of the entire frame (not shown) the joint restraint
R in Fig. 12-18b has a magnitude of

2F, =0 R =173kN — 0.81 kN = 0.92 kN

An equal but opposite value of R = 0.92 kN must now be applied
to the frame at C and the internal moments computed, Fig. 12-18c¢. To

4 D solve the problem of computing these moments, we will assume a
force R’ is applied at C, causing the frame to deflect A’ as shown in
() Fig. 12-18f. Here the joints at B and C are temporarily restrained from
+ rotating, and as a result the fixed-end moments at the ends of the
columns are determined from the formula for deflection found on the
inside back cover, that is,
B C—»R
Joint A B C D
Member| AB BA BC CB CD DC L i
DF 0 0.5 0.5 0.5 0.5 0 — I~
A D FEM ~1024 | 2.56 S78kN-m | 272kN-m
Dist. 512 | 512, —-1.28| —-1.2
© CO | 2567 —0.64"1" 2.56 —0.64
Fie. 1218 Dist. 0.32 032 —1.28| —1.2
1815 CO | 016”7 -0.64"1* 0.16 —0.64
Dist. 0.32 0.32.,—0.08 —0.0 2 88 kN-m 1 32kN-m
CcO 0.16 -0.04"* 0.16 —0.04
Dist. 0.02 | 0.02 | —0.08 —0.08 = = 0.81 kN
=M | 2838 | 578 | =578 | 272 | —2.72| —1.32

(d) (®)
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Joint A B C D
Member, AB | BA | BC | CB | ¢CD | DC
DF 0 0.5 0.5 05 | 05 0
FEM -100 |—100 —100 |—100
Dist. 50 50 50 50
CcO 25 25 25 N 25
Dist. 125 | -12.5 |, —12.5 |-12.5
CO | -625 —6.25 71625 "—=6.25
ONem —100EN-m Dist. 3.125 3125 3.125 3.125\
CcO 1.56 1.56 71 1.56 1.56
() Dist. -0.78 |-0.78 [ ~0.78 | —0.7§
CO | -03 —0.39 “[*0.39 —-0.39
Dist. 0.195 0.195| 0.195 0.195
SM  |—80.00| —60.00] 60.00 | 60.00 |—60.00 |—80.00
_ OEIA ®

L2

Since both B and C happen to be displaced the same amount A’,
and AB and DC have the same E, I, and L, the FEM in AB will be the
same as that in DC. As shown in Fig. 12-18f, we will arbitrarily assume
this fixed-end moment to be

(FEM)AB = (FEM)BA = (FEM)CD = (FEM)DC = —100 kN'rn

A negative sign is necessary since the moment must act counterclockwise
on the column for deflection A’ to the right. The value of R’ associated

with this —100 kKN - m moment can now be determined. The moment L ¢
distribution of the FEMs is shown in Fig. 12-18g. From equilibrium, the -

horizontal reactions at A and D are calculated, Fig. 12-18h. Thus, for the 60 kN-m 60 kN-m
entire frame we require

SF,=0; R =28 + 28 = 56.0 kN

Hence, R" = 56.0 kN creates the moments tabulated in Fig. 12-18g. S0 KN-m 0 KN-m

proportion. Therefore, the resultant moment in the frame, Fig. 12-18a, is
equal to the sum of those calculated for the frame in Fig. 12-18b plus the
proportionate amount of those for the frame in Fig. 12-18c. We have

Corresponding moments caused by R = 0.92 kN can be determined by = =
1 T =28 kN

Myp =288 + 25(—80) = 1.57kN-m Ans. v
Mpy =578 + 22(-60) = 479kN-m Ans.
Mpe = =578 + £2(60) = =479 kN -m Ans.
Mcg =272 + £2(60) = 371 kN -m Ans.
Mep = =272 + 22%(-60) = =3.71kN+m Ans.
Mpe = —1.32 + 22(-80) = —2.63kN-m Ans.
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EXAMPLE [12.7

Determine the moments at each joint of the frame shown in Fig. 12-19a.
The moment of inertia of each member is indicated in the figure.

2k /ft 2k/ft
BH[HHHQ,
- Ipe=1500in*
0f b = -
= 15t
4 £
12 ft——]
D
(a) (b)
Fig. 12-19
SOLUTION
The frame is first held from sidesway as shown in Fig. 12-19b. The
internal moments are computed at the joints as indicated in Fig. 12-194.
Here the stiffness factor of CD was computed using 3EI/L since there is
a pin at D. Calculation of the horizontal reactions at A and D is shown
in Fig. 12-19e. Thus, for the entire frame,
SF, =0 R =289-1.00 = 1.89k
Joint A B C D
Member AB | BA | BC | CB | CD | DC Viosart Vis00k-n
DF 0 |0615| 0385 | 0.5 0.5 1 A Vs
FEM —24 24
Dist. 1476 | 924 12 |-12
CO | 7.38 —6 4.62 10 ft
Dist. 3.69 | 231/-231 | —231 15 ft
CO | 1.84 -1.167 1.16
Dist. 0.713| 0447/-0.58 | —0.58 . 9.58k-ft
CO | 0.357 —0.297 0.224  _
Dist. 0.8 | 011 -0.11 | —0.11 P =28 b, ~ 100k
=M | 9.58 | 19.34 | —19.34 15.00 |—15.00, 0

(d) (©
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Joint A B C D
Member, AB BA BC CB CD DC
DF 0 0.615 | 0385 | 0.5 0.5 1

FEM |—-100 | —100 —27.78

Dist. 61.5| 385 ,13.89 | 13.89

CO | 30.75 6.9471'19.25

Dist. —4.27| —2.67 -9.625] —9.625

CO |—2.14 —4.81"1—1.34

Dist. 296/ 1.85 ] 0.67 0.67

CO 1.48 0.33°| 0.92

Dist. —0.20| —0.13 |-0.46 | —0.46

>M |—69.91/—40.01| 40.01 | 23.31 |—23.31 0

(2)
The opposite force is now applied to the frame as shown in Fig. 12-19c.

As in the previous example, we will consider a force R’ acting as shown
in Fig. 12-19f. As a result, joints B and C are displaced by the same
amount A’ The fixed-end moments for BA are computed from

6EIA 6E(2000)A’

2 oy
However, from the table on the inside back cover, for CD we have
3EIA 3E(2500) A’

2 5y
Assuming the FEM for AB is —100 k - ft as shown in Fig. 12-19f,
the corresponding FEM at C, causing the same A’, is found by

(FEM) 15 = (FEM) 4 = —

(FEM)cp = —

comparison, i.e., i
_ 2 2
_ ( 100)(10) _ (FEM)CD(ls) 40.01 k-ft A~ ’\‘23‘31 k-ft
6E(2000) 3E(2500)
(FEM)cp = —27.78 k - ft
Moment distribution for these FEMs is tabulated in Fig. 12-19g. 10 ft

. . . . . 15 ft
Computation of the horizontal reactions at A and D is shown in

Fig. 12-19h. Thus, for the entire frame,

6991 k-t
SF, =0; R =110 + 1.55 = 12.55k A= 10k ‘T
D', =155k
The resultant moments in the frame are therefore f
Map =958 + (5%)(—69.91) = —0.948 k - f ~
AB — 7. 12.55 ( = . t Al’lé. (h)
Mpy = 19.34 + ($55)(—40.01) = 133k - ft Ans.

Mpe = —19.34 + ($5)(40.01) = —133 k- ft Ans.
Mcp = 15.00 + (5%)(23.31) = 185k ft Ans.
Mcp = —15.00 + ($55%)(—23.31) = —185k-ft  Ans
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EXAMPLE |[12.8

Determine the moments at each joint of the frame shown in
Fig. 12-20a. EI is constant.

I«

B B c
20 k—> —T R
N&‘ 6¢ st +
A ol A P
6 ft—et5 o5 o6 f1—
(@) (®) (©)
Fig. 12-20
SOLUTION
First sidesway is prevented by the restraining force R, Fig. 12-20b. The
FEMs for member BC are
8(10) 8(10)

Since spans AB and DC are pinned at their ends, the stiffness factor
is computed using 3EI/L. The moment distribution is shown in
Fig. 12-20d.

Using these results, the horizontal reactions at A and D must be
determined. This is done using an equilibrium analysis of each
member, Fig. 12-20e. Summing moments about points B and C on
each leg, we have

(t=ZMp = 0; =597 + A,(8) —4(6) =0 A, =375k
(t=ZM- = 0; 597 — D,(8) +4(6) =0 D, =375k
Thus, for the entire frame,
2F,=0; R=375-375+20 =20k
Joint A B C D
Member| AB BA BC CB CD DC
DF 1 0.429 | 0.571 | 0.571 | 0.429 1
FEM -10 10
Dist. 429 | 5710 —5.71| —429
CcO -2.86"| 2.86
Dist. 123 | 1.63) —1.63| —1.23
CcO —0.82° 082
Dist. 035 | 047) —047| —035
CO —0247] 024
Dist. 0.10 | 013 | —0.13] —0.10
M 0 597 | =597 | 597 | =597 | 0

(d) (e)
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The opposite force R is now applied to the frame as shown in

Fig. 12-20c. In order to determine the internal moments developed by
R we will first consider the force R’ acting as shown in Fig. 12-20f.
Here the dashed lines do not represent the distortion of the frame
members; instead, they are constructed as straight lines extended to the
final positions B" and C’ of points B and C, respectively. Due to the
symmetry of the frame, the displacement BB’ = CC’ = A'. Furthermore,
these displacements cause BC to rotate. The vertical distance between ()
B’ and C’ is 1.2A’, as shown on the displacement diagram, Fig. 12-20g.
Since each span undergoes end-point displacements that cause the spans
to rotate, fixed-end moments are induced in the spans. These are:
(FEM)gp4 = (FEM)cp = —3EIA'/(10)2, (FEM)pc = (FEM)cp =
6EI(1.24")/(10)%

Notice that for BA and CD the moments are negative since clockwise

rotation of the span causes a counterclockwise FEM. c

If we arbitrarily assign a value of (FEM)z, = (FEM)cp = N
—100 k- ft, then equating A" in the above formulas yields 36.9° 0‘?A'
(FEM)pc = (FEM)cp = 240 k - ft. These moments are applied to the B C 36.9° j
frame and distributed, Fig. 12-20A. Using these results, the equilibrium \A\iéf,
analysis is shown in Fig. 12-20i. For each leg, we have B’

+SMy=0; —AL8) +29.36(6) + 14680 = 0 A’ = 4037k
(+SMc=0; —D.,(8) +2936(6) + 14680 =0 D/, = 40.37k

Thus, for the entire frame, )

2XF, =0 R’ = 40.37 + 40.37 = 80.74 k
The resultant moments in the frame are therefore
Mpy =597 + (535)(—146.80) = —30.4 k- ft Ans.
Mpe = =597 + (5353)(146.80) = 30.4 k- ft Ans.
Mcp = 597 + (5553)(146.80) = 423k - ft Ans,
Mep = =597 + (%) (—146.80) = —423k-ft  Ans.
Joint | A B C D
Member] AB | BA | BC | ¢cB | ¢ | DpC
50,36 k DF 1 | 0429 | 0571 0571 | 0429 | 1
FEM —100 | 240 [240 |-100
10 £t R’ 146.80 k - ft Dist. —60.06|—79.94.~79.94 | —60.06
o > V. CO —39.97-39.97
$ - C Dist. 1715 2282 22.82| 1715
Co 11417 1141
146.80 k - ft “1/146.80k~ft Dist. —4.89| —6.52, —6.52 | —4.89
29.36 k 29.36 k @) —326 —326
D Dist. 140/ 186 1.86| 140
x @) 0937 093
6 ft Dist. —040| —0.53 | —0.53 | —0.40
29.36 k M 0 |-146.80| 146.80 | 146.80 |-146.80 0

@ (h)
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12-13. Determine the moment at B, then draw the
moment diagram for each member of the frame. Assume
the supports at A and C are pins. EI is constant.

LT
B c'llz,

12-14. Determine the moments at the ends of each
member of the frame. Assume the joint at B is fixed, C is
pinned, and A is fixed. The moment of inertia of each
member is listed in the figure. E = 29(10) ksi.

I
‘ 13;; t800 in*
.

Prob. 12-14

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

. PROBLEMS

12-15. Determine the reactions at A and D. Assume the
supports at A and D are fixed and B and C are fixed
connected. £/ is constant.

RENRENREND

T R S T B T T

24 ft

Prob. 12-15

*12-16. Determine the moments at D and C, then draw
the moment diagram for each member of the frame.
Assume the supports at A and B are pins and D and C are
fixed joints. E1 is constant.

Prob. 12-16



12-17. Determine the moments at the fixed support A
and joint D and then draw the moment diagram for the

frame. Assume B is pinned.

&
v
Y
v
[

2
N
o

s
v

S
v

2

12-18. Determine the moments at each joint of the frame,
then draw the moment diagram for member BCE. Assume

B, C, and E are fixed connected and A and D are pins.
E = 29(10%) ksi.

Prob. 12-17

0.5 k /ft
RN RENeN
;E’ Igc=400in* C ICE=40(])Ei§4
3k—+—> Ipc = 500in*
8 ft L = 600 in*
24 ft 12 ft—
Prob. 12-18

12.5 MOMENT DISTRIBUTION FOR FRAMES: SIDESWAY 519

If it supports the loading shown, determine the moments
developed at each of the joints. EI is constant.

12-19. The frame is made from pipe that is fixed connected. u

18 kN 18 kN

| 4 m 4m 4m

Prob. 12-19

#12-20. Determine the moments at B and C, then draw
the moment diagram for each member of the frame.
Assume the supports at A, E, and D are fixed. ET is constant.

Prob. 12-20
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12-21. Determine the moments at D and C, then draw the

1’4 moment diagram for each member of the frame. Assume

the supports at A and B are pins. E/ is constant.

16 kN
‘ Im * 3m |
D C
4m
e A B

Prob. 12-21

12-22. Determine the moments acting at the ends of each
member. Assume the supports at A and D are fixed. The
moment of inertia of each member is indicated in the figure.
E = 29(10°) ksi.

I = 1200 in*
Iep=600in*] | 101t

IABZSOOin4 ot Y

24 ft

Prob. 12-22

DISPLACEMENT METHOD OF ANALYSIS: MOMENT DISTRIBUTION

12-23. Determine the moments acting at the ends of each
member of the frame. EI is the constant.

1.5k /it

15 k—

20 ft

AN DRI

241t |

Prob. 12-23

*12-24. Determine the moments acting at the ends of
each member. Assume the joints are fixed connected and A
and B are fixed supports. EI is constant.

0.2 k /ft 18 ft

20 ft

Prob. 12-24
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12-25. Determine the moments at joints B and C, then 12-26. Determine the moments at C and D, then draw the
draw the moment diagram for each member of the frame. moment diagram for each member of the frame. Assume

The supports at A and D are pinned. EI is constant. the supports at A and B are pins. EI is constant.

A
LS ft 10 ft 5 ft —

Prob. 12-25

Prob. 12-26

CHAPTER REVIEW

Moment distribution is a method of successive approximations that can be carried out to any desired degree of accuracy.
It initially requires locking all the joints of the structure. The equilibrium moment at each joint is then determined, the
joints are unlocked and this moment is distributed onto each connecting member, and half its value is carried over to the
other side of the span. This cycle of locking and unlocking the joints is repeated until the carry-over moments become
acceptably small. The process then stops and the moment at each joint is the sum of the moments from each cycle of locking
and unlocking.

The process of moment distribution is conveniently done in tabular form. Before starting, the fixed-end moment for each
span must be calculated using the table on the inside back cover of the book. The distribution factors are found by dividing
a member’s stiffness by the total stiffness of the joint. For members having a far end fixed, use K = 4EI/L; for a far-end
pinned or roller supported member, K = 3E1/L;for a symmetric span and loading, K = 2EI/L;and for an antisymmetric
loading, K = 6EI/L. Remember that the distribution factor for a fixed end is DF = 0, and for a pin or roller-supported
end, DF = 1.




The use of variable-moment-of-inertia girders has reduced considerably the
deadweight loading of each of these spans.



Beams and Frames
aving Nonprismatic
Members

In this chapter we will apply the slope-deflection and moment-distribution
methods to analyze beams and frames composed of nonprismatic
members. We will first discuss how the necessary carry-over factors,
stiffness factors, and fixed-end moments are obtained. This is followed
by a discussion related to using tabular values often published in design
literature. Finally, the analysis of statically indeterminate structures using
the slope-deflection and moment-distribution methods will be
discussed.

13.1 Loading Properties of Nonprismatic
Members

Often, to save material, girders used for long spans on bridges and
buildings are designed to be nonprismatic, that is, to have a variable
moment of inertia. The most common forms of structural members that
are nonprismatic have haunches that are either stepped, tapered, or
parabolic, Fig. 13-1. Provided we can express the member’s moment of
inertia as a function of the length coordinate x, then we can use the
principle of virtual work or Castigliano’s theorem as discussed in
Chapter 9 to find its deflection. The equations are

1

1
M oM M
A= OE—de or A=Adx

If the member’s geometry and loading require evaluation of an integral
that cannot be determined in closed form, then Simpson’s rule or some
other numerical technique will have to be used to carry out the
integration.

‘i stepped haunches |
E tapered haunches :

parabolic haunches

Fig. 13-1

523
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The tapered concrete bent is used to support

CHAPTER 13 BEAMS AND FRAMES HAVING NONPRISMATIC MEMBERS

the girders of this highway bridge.

If the slope deflection equations or moment distribution are used to
determine the reactions on a nonprismatic member, then we must first
calculate the following properties for the member.

Fixed-End Moments (FEM). The end moment reactions on the
member that is assumed fixed supported, Fig. 13-2a.

Stiffness Factor (K). The magnitude of moment that must be
applied to the end of the member such that the end rotates through an
angle of # = 1 rad. Here the moment is applied at the pin support, while
the other end is assumed fixed, Fig. 13-2b.

Carry-Over Factor (COF ). Represents the numerical fraction (C)
of the moment that is “carried over” from the pin-supported end to the
wall, Fig. 13.2¢c.

Once obtained, the computations for the stiffness and carry-over
factors can be checked, in part, by noting an important relationship that
exists between them. In this regard, consider the beam in Fig. 13-3
subjected to the loads and deflections shown. Application of the
Maxwell-Betti reciprocal theorem requires the work done by the loads
in Fig. 13-3a acting through the displacements in Fig. 13-3b be equal to
the work of the loads in Fig. 13-3b acting through the displacements in
Fig. 13-3a, that is,

Uusp = Upa
K 4(0) + CapK4(1) = CpaKp(1) + Kp(0)
or

CapKa = CpaKp (13-1)
Hence, once determined, the stiffness and carry-over factors must satisfy
Eq. 13-1.

(a)

(c)
Fig. 13-2
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0,4 (1rad)

05 (1 rad)

These properties can be obtained using, for example, the conjugate
beam method or an energy method. However, considerable labor is
often involved in the process. As a result, graphs and tables have been
made available to determine this data for common shapes used in
structural design. One such source is the Handbook of Frame Constants,
published by the Portland Cement Association.* A portion of these
tables, taken from this publication, is listed here as Tables 13—1 and 13-2.
A more complete tabular form of the data is given in the PCA handbook
along with the relevant derivations of formulas used.

The nomenclature is defined as follows:

a,, ag = ratio of the length of haunch at ends A and B to the length
of span.

b = ratio of the distance from the concentrated load to end A
to the length of span.

C 4B, Cpyq = carry-over factors of member AB at ends A and B, respec-
tively.
h,, hg = depth of member at ends A and B, respectively.
he = depth of member at minimum section.
I = moment of inertia of section at minimum depth.
kap, kpa = stiffness factor at ends A and B, respectively.
L = length of member.

M 45, M g4 = fixed-end moment at ends A and B, respectively; specified
in tables for uniform load w or concentrated force P.

r4, rg = ratios for rectangular cross-sectional areas, where
ra = (ha = hc)/he, rg = (hg = he)/he.

As noted, the fixed-end moments and carry-over factors are found from
the tables. The absolute stiffness factor can be determined using the
tabulated stiffness factors and found from

_ kagElc _ kpaElc
L BooL
Application of the use of the tables will be illustrated in Example 13-1.

K, (13-2)

*Handbook of Frame Constants. Portland Cement Association, Chicago, Illinois.

Timber frames having a variable moment of
inertia are often used in the construction of
churches.
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TABLE 13-1 Straight Haunches—Constant Width

Note: All carry-over factors are negative and

all stiffness factors are positive.

Concentrated Load FEM— Coef. X PL Haunch Load at

b Left Right
Unif. Load FEM FEM
Right Carry-over Stiffness FEM 0.1 0.3 0.5 0.7 0.9 Coef X wpl? | Coef X wgl?
Haunch Factors Factors Coef. X wl?
ag 1 Cas Cea kag kea Mag Mga Mag Mga | Mag Mga Mag  Mga Mag  Mpa| Mag  Mpa Mag  Mpga Mag  Mga
ap =03 ag = variable ra=1.0 rg = variable
04| 0.543 | 0.766 9.19 6.52 | 0.1194 | 0.0791 | 0.0935 | 0.0034 | 0.2185 | 0.0384 | 0.1955 | 0.1147 | 0.0889 | 0.1601 | 0.0096 | 0.0870 | 0.0133 | 0.0008 | 0.0006 | 0.0058
0.6 | 0.576 | 0.758 9.53 724 | 0.1152 | 0.0851 | 0.0934 | 0.0038 | 0.2158 | 0.0422 | 0.1883 | 0.1250 | 0.0798 | 0.1729 | 0.0075 | 0.0898 | 0.0133 | 0.0009 | 0.0005 | 0.0060
02 | 1.0 | 0.622 | 0.748 | 10.06 8.37 | 0.1089 | 0.0942 | 0.0931 | 0.0042 | 0.2118 | 0.0480 | 0.1771 | 0.1411 | 0.0668 | 0.1919 | 0.0047 | 0.0935 | 0.0132 | 0.0011 | 0.0004 | 0.0062
1.5] 0.660 | 0.740 | 10.52 9.38 | 0.1037 | 0.1018 | 0.0927 | 0.0047 | 0.2085 | 0.0530 | 0.1678 | 0.1550 | 0.0559 |0.2078 | 0.0028 | 0.0961 | 0.0130 | 0.0012 | 0.0002 | 0.0064
2.0 0.684 | 0.734 |10.83 |10.09 | 0.1002 | 0.1069 | 0.0924 | 0.0050 | 0.2062 | 0.0565 | 0.1614 | 0.1645 | 0.0487 |0.2185 | 0.0019 | 0.0974 | 0.0129 | 0.0013 | 0.0001 | 0.0065
04| 0.579 | 0.741 9.47 740 | 0.1175 | 0.0822 | 0.0934 | 0.0037 | 0.2164 | 0.0419 | 0.1909 | 0.1225 | 0.0856 | 0.1649 | 0.0100 | 0.0861 | 0.0133 | 0.0009 | 0.0022 | 0.0118
0.6 | 0.629 | 0.726 9.98 8.64 | 0.1120 | 0.0902 | 0.0931 | 0.0042 | 0.2126 | 0.0477 | 0.1808 | 0.1379 | 0.0747 |0.1807 | 0.0080 | 0.0888 | 0.0132 | 0.0010 | 0.0018 | 0.0124
03 | 1.0 | 0.705 | 0.705 |10.85 [10.85 | 0.1034 | 0.1034 | 0.0924 | 0.0052 | 0.2063 | 0.0577 | 0.1640 | 0.1640 | 0.0577 |0.2063 | 0.0052 | 0.0924 | 0.0131 | 0.0013 | 0.0013 | 0.0131
1.5] 0771 | 0.689 | 11.70 |13.10 | 0.0956 | 0.1157 | 0.0917 | 0.0062 | 0.2002 | 0.0675 | 0.1483 | 0.1892 | 0.0428 | 0.2294 | 0.0033 | 0.0953 | 0.0129 | 0.0015 | 0.0008 | 0.0137
20| 0.817 | 0.678 |12.33 |14.85 | 0.0901 | 0.1246 | 0.0913 | 0.0069 | 0.1957 | 0.0750 | 0.1368 | 0.2080 | 0.0326 |0.2455 | 0.0022 | 0.0968 | 0.0128 | 0.0017 | 0.0006 | 0.0141
ap = 0.2 ag = variable ra=15 rg = variable
04| 0.569 | 0.714 7.97 6.35 | 0.1166 | 0.0799 | 0.0966 | 0.0019 | 0.2186 | 0.0377 | 0.1847 | 0.1183 | 0.0821 |0.1626 | 0.0088 | 0.0873 | 0.0064 | 0.0001 | 0.0006 | 0.0058
0.6 | 0.603 | 0.707 8.26 7.04 | 0.1127 | 0.0858 | 0.0965 | 0.0021 | 0.2163 | 0.0413 | 0.1778 | 0.1288 | 0.0736 | 0.1752 | 0.0068 | 0.0901 | 0.0064 | 0.0001 | 0.0005 | 0.0060
02 | 1.0 | 0.652 | 0.698 8.70 8.12 | 0.1069 | 0.0947 | 0.0963 | 0.0023 | 0.2127 | 0.0468 | 0.1675 | 0.1449 | 0.0616 |0.1940 | 0.0043 | 0.0937 | 0.0064 | 0.0002 | 0.0004 | 0.0062
1.5| 0.691 | 0.691 9.08 9.08 | 0.1021 | 0.1021 | 0.0962 | 0.0025 | 0.2097 | 0.0515 | 0.1587 | 0.1587 | 0.0515 | 0.2097 | 0.0025 | 0.0962 | 0.0064 | 0.0002 | 0.0002 | 0.0064
2.0| 0.716 | 0.686 9.34 9.75 | 0.0990 | 0.1071 | 0.0960 | 0.0028 | 0.2077 | 0.0547 | 0.1528 | 0.1681 | 0.0449 |0.2202 | 0.0017 | 0.0975 | 0.0064 | 0.0002 | 0.0001 | 0.0065
0.4 | 0.607 | 0.692 821 721 | 0.1148 | 0.0829 | 0.0965 | 0.0021 | 0.2168 | 0.0409 | 0.1801 | 0.1263 | 0.0789 | 0.1674 | 0.0091 | 0.0866 | 0.0064 | 0.0002 | 0.0020 | 0.0118
0.6 | 0.659 | 0.678 8.65 8.40 | 0.1098 | 0.0907 | 0.0964 | 0.0024 | 0.2135 | 0.0464 | 0.1706 | 0.1418 | 0.0688 |0.1831 | 0.0072 | 0.0892 | 0.0064 | 0.0002 | 0.0017 | 0.0123
0.3 | 1.0 | 0.740 | 0.660 9.38 |10.52 | 0.1018 | 0.1037 | 0.0961 | 0.0028 | 0.2078 | 0.0559 | 0.1550 | 0.1678 | 0.0530 |0.2085 | 0.0047 | 0.0927 | 0.0064 | 0.0002 | 0.0012 | 0.0130
1.5] 0.809 | 0.645 | 10.09 |12.66 | 0.0947 | 0.1156 | 0.0958 | 0.0033 | 0.2024 | 0.0651 | 0.1403 | 0.1928 | 0.0393 |0.2311 | 0.0029 | 0.0950 | 0.0063 | 0.0003 | 0.0008 | 0.0137
2.0 0.857 | 0.636 |10.62 |14.32 | 0.0897 | 0.1242 | 0.0955 | 0.0038 | 0.1985 | 0.0720 | 0.1296 | 0.2119 | 0.0299 |0.2469 | 0.0020 | 0.0968 | 0.0063 | 0.0003 | 0.0005 | 0.0141




TABLE 13-2 Parabolic Haunches—Constant Width
P
—bL— | he

rahe T 1 rghe
A aAL“ i L‘aEL‘B

Note: All carry-over factors are negative and
all stiffness factors are positive.

Concentrated Load FEM— Coef. X PL Haunch Load at

L2S

b Left Right
Unif. Load FEM FEM
Right Carry-over Stiffness FEM 0.1 0.3 0.5 0.7 0.9 Coef X wul? | Coef X wgl?
Haunch Factors Factors Coef. X wl?
a Ig Cas Coa kag ksa Mag Mga Mag Mga Mag Mga Mag  Mga Mag  Mga Mag  Mpa Mag  Mga Mag Mga
ap = 0.2 ag = variable ra=1.0 rg = variable
04| 0.558 | 0.627 6.08 540 | 0.1022 | 0.0841 | 0.0938 | 0.0033 | 0.1891 | 0.0502 | 0.1572 | 0.1261 | 0.0715 | 0.1618 | 0.0073 | 0.0877 | 0.0032 | 0.0001 | 0.0002 | 0.0030
0.6 0.582 | 0.624 | 6.21 5.80 | 0.0995 | 0.0887 | 0.0936 | 0.0036 | 0.1872 | 0.0535 | 0.1527 | 0.1339 | 0.0663 |0.1708 | 0.0058 | 0.0902 | 0.0032 | 0.0001 | 0.0002 | 0.0031
02 | 1.0| 0.619 | 0.619 6.41 6.41 | 0.0956 | 0.0956 | 0.0935 | 0.0038 | 0.1844 | 0.0584 | 0.1459 | 0.1459 | 0.0584 |0.1844 | 0.0038 | 0.0935 | 0.0032 | 0.0001 | 0.0001 | 0.0032
1.5 0.649 | 0.614 | 6.59 6.97 | 0.0921 | 0.1015 | 0.0933 | 0.0041 | 0.1819 | 0.0628 | 0.1399 | 0.1563 | 0.0518 |0.1962 | 0.0025 | 0.0958 | 0.0032 | 0.0001 | 0.0001 | 0.0032
2.0| 0.671 | 0.611 6.71 7.38 | 0.0899 | 0.1056 | 0.0932 | 0.0044 | 0.1801 | 0.0660 | 0.1358 | 0.1638 | 0.0472 | 0.2042 | 0.0017 | 0.0971 | 0.0032 | 0.0001 | 0.0000 | 0.0033
0.4 | 0.583 | 0.616 6.22 5.93 | 0.1002 | 0.0877 | 0.0937 | 0.0035 | 0.1873 | 0.0537 | 0.1532 | 0.1339 | 0.0678 | 0.1686 | 0.0073 | 0.0877 | 0.0032 | 0.0001 | 0.0007 | 0.0063
0.6 | 0.625 | 0.609 6.41 6.58 | 0.0966 | 0.0942 | 0.0935 | 0.0039 | 0.1845 | 0.0587 | 0.1467 | 0.1455 | 0.0609 |0.1808 | 0.0057 |0.0902 | 0.0032 | 0.0001 | 0.0005 | 0.0065
03 | 1.0| 0.683 | 0.598 | 6.73 7.68 | 0.0911 | 0.1042 | 0.0932 | 0.0044 | 0.1801 | 0.0669 |0.1365 | 0.1643 | 0.0502 | 0.2000 | 0.0037 | 0.0936 | 0.0031 | 0.0001 | 0.0004 | 0.0068
15| 0.735 | 0.589 7.02 8.76 | 0.0862 | 0.1133 | 0.0929 | 0.0050 | 0.1760 | 0.0746 | 0.1272 | 0.1819 | 0.0410 |0.2170 | 0.0023 | 0.0959 | 0.0031 | 0.0001 | 0.0003 | 0.0070
20| 0.772 | 0.582 | 7.25 9.61 | 0.0827 | 0.1198 | 0.0927 | 0.0054 | 0.1730 | 0.0805 | 0.1203 | 0.1951 | 0.0345 |0.2293 | 0.0016 | 0.0972 | 0.0031 | 0.0001 | 0.0002 | 0.0072
ap =05 ag = variable ra=1.0 rg = variable
0.4 | 0488 | 0.807 | 9.85 597 | 0.1214 | 0.0753 | 0.0929 | 0.0034 | 0.2131 | 0.0371 | 0.2021 | 0.1061 | 0.0979 |0.1506 | 0.0105 | 0.0863 | 0.0171 | 0.0017 | 0.0003 | 0.0030
0.6 | 0.515 | 0.803 | 10.10 6.45 | 0.1183 | 0.0795 | 0.0928 | 0.0036 | 0.2110 | 0.0404 | 0.1969 | 0.1136 | 0.0917 | 0.1600 | 0.0083 |0.0892 | 0.0170 | 0.0018 | 0.0002 | 0.0030
02 | 1.0| 0.547 | 0.796 |10.51 722 | 0.1138 | 0.0865 | 0.0926 | 0.0040 | 0.2079 | 0.0448 | 0.1890 | 0.1245 | 0.0809 |0.1740 | 0.0056 | 0.0928 | 0.0168 | 0.0020 | 0.0001 | 0.0031
1.5] 0571 | 0.786 | 10.90 7.90 | 0.1093 | 0.0922 | 0.0923 | 0.0043 | 0.2055 | 0.0485 | 0.1818 | 0.1344 | 0.0719 | 0.1862 | 0.0035 [ 0.0951 | 0.0167 | 0.0021 | 0.0001 | 0.0032
2.0] 0.590 | 0.784 | 11.17 8.40 | 0.1063 | 0.0961 | 0.0922 | 0.0046 | 0.2041 | 0.0506 | 0.1764 | 0.1417 | 0.0661 |0.1948 | 0.0025 | 0.0968 | 0.0166 | 0.0022 | 0.0001 | 0.0032
04| 0.554 | 0.753 | 10.42 7.66 | 0.1170 | 0.0811 | 0.0926 | 0.0040 | 0.2087 | 0.0442 | 0.1924 | 0.1205 | 0.0898 | 0.1595 | 0.0107 | 0.0853 | 0.0169 | 0.0020 | 0.0042 | 0.0145
0.6 | 0.606 | 0.730 | 10.96 9.12 | 0.1115 | 0.0889 | 0.0922 | 0.0046 | 0.2045 | 0.0506 | 0.1820 | 0.1360 | 0.0791 |0.1738 | 0.0086 | 0.0878 | 0.0167 | 0.0022 | 0.0036 | 0.0152
05 | 1.0| 0.694 | 0.694 |12.03 |12.03 | 0.1025 | 0.1025 | 0.0915 | 0.0057 | 0.1970 | 0.0626 | 0.1639 | 0.1639 | 0.0626 |0.1970 | 0.0057 | 0.0915 | 0.0164 | 0.0028 | 0.0028 | 0.0164
1.5] 0.781 | 0.664 |13.12 |15.47 | 0.0937 | 0.1163 | 0.0908 | 0.0070 | 0.1891 | 0.0759 | 0.1456 | 0.1939 | 0.0479 |0.2187 | 0.0039 | 0.0940 | 0.0160 | 0.0034 | 0.0021 | 0.0174
2.0 0.850 | 0.642 |14.09 |18.64 | 0.0870 | 0.1275 | 0.0901 | 0.0082 | 0.1825 | 0.0877 | 0.1307 | 0.2193 | 0.0376 |0.2348 | 0.0027 | 0.0957 | 0.0157 | 0.0039 | 0.0016 | 0.0181
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BEAMS AND FRAMES HAVING NONPRISMATIC MEMBERS

13.2 Moment Distribution for Structures
Having Nonprismatic Members

Once the fixed-end moments and stiffness and carry-over factors for the
nonprismatic members of a structure have been determined, application
of the moment-distribution method follows the same procedure as
outlined in Chapter 12. In this regard, recall that the distribution of
moments may be shortened if a member stiffness factor is modified to
account for conditions of end-span pin support and structure symmetry
or antisymmetry. Similar modifications can also be made to nonprismatic
members.

Beam Pin Supported at Far End. Consider the beam in Fig. 13-4a,
which is pinned at its far end B. The absolute stiffness factor Ky is the
moment applied at A such that it rotates the beam at A,6 4 = 1 rad. It can
be determined as follows. First assume that B is temporarily fixed and a
moment K 4 is applied at A, Fig. 13-4b. The moment induced at B is
C 45K 4, where C 45 is the carry-over factor from A to B. Second, since B is
not to be fixed, application of the opposite moment C 43K 4 to the beam,
Fig. 13—4c, will induce a moment C,C 45K 4 at end A. By superposition,
the result of these two applications of moment yields the beam loaded as
shown in Fig. 13—4a. Hence it can be seen that the absolute stiffness factor
of the beam at A is

Ky = KA(1 - CABCBA) (13—3)

Here K 4 is the absolute stiffness factor of the beam, assuming it to be
fixed at the far end B. For example, in the case of a prismatic beam,
K, =4EI/L and Cy p = Cpy = % Substituting into Eq. 13-3 yields
K'y = 3EI/L, the same as Eq. 12-4.

0, (1rad)

K’A =

(a)

0, (1rad)

CapKa CpaCapKy
+ (

)

(©)

Fig. 13-4
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Symmetric Beam and Loading. Here we must determine the
moment K’y needed to rotate end A, 6, = +1 rad, while 5 = —1 rad,
Fig. 13-5a. In this case we first assume that end B is fixed and apply the
moment K 4 at A, Fig. 13-5b. Next we apply a negative moment K 3 to
end B assuming that end A is fixed. This results in a moment of Cz 4K 5 at
end A as shown in Fig. 13-5c¢. Superposition of these two applications of
moment at A yields the results of Fig. 13-5a. We require

Ky = Ky — CpaKp

Using Eq. 13-1 (Cp4Kp = C 43K 4), we can also write

Ky = K4(1 — Cyp) (13-4)

In the case of a prismatic beam, K, = 4EI/L and C,p = %, so that
K'y = 2EI/L, which is the same as Eq. 12-5.

0,4 (1 rad)

0A (1 rad) 63 (—1 rad)

v

(b) (©)
Fig. 13-5
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05 (1 rad)

)CABKA + CBAKB( )KB
B
B A
(©)

Fig. 13-6

Symmetric Beam with Antisymmetric Loading. In the case
of a symmetric beam with antisymmetric loading, we must determine Ky
such that equal rotations occur at the ends of the beam, Fig. 13—-6a. To do
this, we first fix end B and apply the moment K, at A, Fig. 13-6b.
Likewise, application of Kz at end B while end A is fixed is shown in
Fig. 13-6¢. Superposition of both cases yields the results of Fig. 13-6a.
Hence,

K£4 = KA + CBAKB

or,using Eq. 13-1 (Cp4Kp = C 45K 4), we have for the absolute stiffness

K:4 = KA(l aly CAB) (13—5)

Substituting the data for a prismatic member, K 4 = 4ET/L and C 5 = %,
yields K’y = 6E1/L, which is the same as Eq. 12-6.

| @
\A-/
oo
m
=
N
Il

(a)

(b)
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0,4:% 03:%
R —— :
Af(« ‘) + Q ‘)KBZ
LA B CpaKp b
BARB T A
(c) @

Fig. 13-7

Relative Joint Translation of Beam. Fixed-end moments are
developed in a nonprismatic member if it has a relative joint translation
A between its ends A and B, Fig. 13-7a. In order to determine these
moments, we proceed as follows. First consider the ends A and B to be
pin connected and allow end B of the beam to be displaced a distance A
such that the end rotations are 6, = 6z = A/L, Fig. 13-7b. Second,
assume that B is fixed and apply a moment of My = —K 4(A/L) to end
A such that it rotates the end 6, = —A/L, Fig. 13-7¢. Third, assume that
A is fixed and apply a moment M3z = —Kg(A/L) to end B such that it
rotates the end 63 = —A/L, Fig. 13-7d. Since the total sum of these
three operations yields the condition shown in Fig. 13-7a, we have at A
A A

FEM = —-K, 7 — CpaKp—
( ) AB AL Al B

Applying Eq. 13-1 (Cp4Kp = C 45K 4) yields

(FEM) 15 = ~K 47 (1 + Cap) (13-6)

A similar expression can be written for end B. Recall that for a prismatic
member K, = 4EI/L and C,z = 3. Thus (FEM),z = —6EIA/L?,
which is the same as Eq. 11-5.

If end B is pinned rather than fixed, Fig. 13-8, the fixed-end moment
at A can be determined in a manner similar to that described above. The
result is

(FEM)

A
(FEM)p = _KAZ(l — Ca5Cpa) (13-7)

Here it is seen that for a prismatic member this equation gives
(FEM)y 3 = —3EIA/L?, which is the same as that listed on the inside
back cover.

The following example illustrates application of the moment-distribution
method to structures having nonprismatic members. Once the fixed-end
moments and stiffness and carry-over factors have been determined, and
the stiffness factor modified according to the equations given above, the
procedure for analysis is the same as that discussed in Chapter 12.
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EXAMPLE |13.1

Determine the internal moments at the supports of the beam shown
in Fig. 13-9a. The beam has a thickness of 1 ft and E is constant.

13
30 k

T e

4t
s ft
o, 1o O
c
Fs& | 15t 5 ft 5 5ftﬂ
| 25 ft 10 ft—|
(a)
Fig. 13-9
SOLUTION

Since the haunches are parabolic, we will use Table 13-2 to obtain the
moment-distribution properties of the beam.

Span AB

aAZaB=i=O.2 rA:rB:ﬂzl.O

Entering Table 13-2 with these ratios, we find
Cap = Cpy = 0.619
kap = kpa = 641
Using Eqs. 13-2,

KEI _ S41E(f) (1))’

K p = Kgs =
AB BA I 25

= 0.171E
Since the far end of span BA is pinned, we will modify the stiffness
factor of BA using Eq. 13-3. We have

K’BA - KBA(1 - CABCBA) = 0.171E[1 —0.619(0.619)] - 0.105E
Uniform load, Table 13-2,

(FEM) 45 = —(0.0956)(2)(25)* = —119.50 k - ft
(FEM)g, = 119.50 k - ft
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Span BC

5 4-2
a3=ac=E=O.5 rB=T=1.O
5

-2
=—=1.
rC 2 5
From Table 13-2 we find
Cpc = 0.781 Ccp = 0.664
kpc = 13.12 kcp = 1547

Thus, from Egs. 13-2,
KEI.  1312E(3)(1)(2)°

se = o = 0.875E
1 3
KEI. 154TE($)(1)(2)

Keg ==+ = o = 1.031E

Concentrated load,

3

b=15=03
(FEM)pc = —0.1891(30)(10) = —56.73 k - ft
(FEM) ¢ = 0.0759(30)(10) = 22.77 k - ft

Using the foregoing values for the stiffness factors, the distribution
factors are computed and entered in the table, Fig. 13-95. The moment
distribution follows the same procedure outlined in Chapter 12. The
results in k - ft are shown on the last line of the table.

Joint A B C
Member| AB BA BC CB
K 0.171E | 0.105E | 0.875E | 1.031E
DF 1 0.107 0.893 0

COF 0.619| 0.619 0.781 0.664

FEM |—119.50 | 119.50 |—56.73 22.77
Dist. | 119.50 | —=6.72 | —56.05

CO 73.97 —43.78
Dist. =791 | —66.06
CO —51.59

M 0 178.84 |—178.84 | —72.60
(®)
Fig.13-9
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13.3 Slope-Deflection Equations
for Nonprismatic Members

The slope-deflection equations for prismatic members were developed in
Chapter 11. In this section we will generalize the form of these equations
so that they apply as well to nonprismatic members. To do this, we will use
the results of the previous section and proceed to formulate the equations
in the same manner discussed in Chapter 11, that is, considering the
effects caused by the loads, relative joint displacement, and each joint
rotation separately, and then superimposing the results.

Loads. Loads are specified by the fixed-end moments (FEM) 45 and
(FEM) g4 acting at the ends A and B of the span. Positive moments act
clockwise.

Relative Joint Translation. When a relative displacement A between
the joints occurs, the induced moments are determined from Eq. 13-6. At
end A this moment is —[K4A/L](1 + C4p) and at end B it is
—[KBA/L](1 + Cpa).

Rotation at A. If end A rotates 6 4, the required moment in the span
at A is K 40 4. Also, this induces a moment of C 4zK 404 = Cp K g 4 at
end B.

Rotation at B. If end B rotates 6, a moment of K 30z must act at end
B, and the moment induced at end A is Cg4Kpfg = C 45K 40p.

The total end moments caused by these effects yield the generalized
slope-deflection equations, which can therefore be written as

A
Map = KA|:0A + Capbp — z(l + CAB):| + (FEM) 45

A
Mgy = KB|:93 + Cpabys — z(l + CBA):| + (FEM)p4

Since these two equations are similar, we can express them as a single
equation. Referring to one end of the span as the near end (N) and the
other end as the far end (F), and representing the member rotation as
Y = A/L, we have

Here
M = internal moment at the near end of the span; this moment is
positive clockwise when acting on the span.

Ky = absolute stiffness of the near end determined from tables or by
calculation.
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Oy, 0F = near- and far-end slopes of the span at the supports; the
angles are measured in radians and are positive clockwise.

iy = span cord rotation due to a linear displacement,y = A/L;
this angle is measured in radians and is positive clockwise.

(FEM)y = fixed-end moment at the near-end support; the moment is
positive clockwise when acting on the span and is obtained
from tables or by calculations.

Application of the equation follows the same procedure outlined in
Chapter 11 and therefore will not be discussed here. In particular, note
that Eq. 13-8 reduces to Eq. 11-8 when applied to members that are
prismatic.

Light-weight metal buildings are often designed using
frame members having variable moments of inertia.

A continuous, reinforced-concrete highway bridge.
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“lrroplews

13-1. Determine the moments at A, B, and C by the
moment-distribution method. Assume the supports at A
and C are fixed and a roller support at B is on a rigid base.
The girder has a thickness of 4 ft. Use Table 13-1. E is
constant. The haunches are straight.

13-2. Solve Prob. 13-1 using the slope-deflection equations.

8 k/ft
v v viv v vBy v vC
4ty s Q4

e 2ft g
Rt 4t -4t 01t

20— 20ft——/ o

Probs. 13-1/13-2

13-3. Apply the moment-distribution method to determine
the moment at each joint of the parabolic haunched frame.
Supports A and B are fixed. Use Table 13-2. The members
are each 1 ft thick. E is constant.

*13-4. Solve Prob. 13-3 using the slope-deflection equations.

2 ft
1.5k/ft

St

Probs. 13-3/13-4

13-5. Use the moment-distribution method to determine
the moment at each joint of the symmetric bridge frame.
Supports at F and E are fixed and B and C are fixed
connected. Use Table 13-2. Assume E is constant and the
members are each 1 ft thick.

13-6. Solve Prob. 13-5 using the slope-deflection equations.

4k /ft

UQ

Probs. 13-5/13-6

13-7. Apply the moment-distribution method to determine
the moment at each joint of the symmetric parabolic
haunched frame. Supports A and D are fixed. Use Table 13-2.
The members are each 1 ft thick. E is constant.

*13-8. Solve Prob. 13-7 using the slope-deflection equations.

Probs. 13-7/13-8



13-9. Use the moment-distribution method to determine
the moment at each joint of the frame. The supports at A
and C are pinned and the joints at B and D are fixed
connected. Assume that £ is constant and the members
have a thickness of 1 ft. The haunches are straight so use
Table 13-1.

13-10. Solve Prob. 13-9 using the slope-deflection equations.

500 Ib/ft

Probs. 13-9/13-10
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13-11. Use the moment-distribution method to determine
the moment at each joint of the symmetric bridge frame.
Supports F and E are fixed and B and C are fixed connected.
The haunches are straight so use Table 13-2. Assume E is
constant and the members are each 1 ft thick.

*13-12. Solve Prob. 13-11 using the slope-deflection
equations.

Probs. 13-11/13-12

CHAPTER REVIEW

save material.

modified.

Non-prismatic members having a variable moment of inertia are often used on long-span bridges and building frames to

A structural analysis using non-prismatic members can be performed using either the slope-deflection equations or moment
distribution. If this is done, it then becomes necessary to obtain the fixed-end moments, stiffness factors, and carry-over factors
for the member. One way to obtain these values is to use the conjugate beam method, although the work is somewhat tedious.
It is also possible to obtain these values from tabulated data, such as published by the Portland Cement Association.

If the moment distribution method is used, then the process can be simplified if the stiffness of some of the members is







Truss Analysis Using
the Stiffness Method

In this chapter we will explain the basic fundamentals of using the
stiffness method for analyzing structures. It will be shown that this
method, although tedious to do by hand, is quite suited for use on
a computer. Examples of specific applications to planar trusses will
be given. The method will then be expanded to include space-truss
analysis. Beams and framed structures will be discussed in the next
chapters.

14.1 Fundamentals of the Stiffness Method

There are essentially two ways in which structures can be analyzed using
matrix methods. The stiffness method, to be used in this and the following
chapters, is a displacement method of analysis. A force method, called the
flexibility method, as outlined in Sec. 9-1, can also be used to analyze
structures; however, this method will not be presented in this text.
There are several reasons for this. Most important, the stiffness method
can be used to analyze both statically determinate and indeterminate
structures, whereas the flexibility method requires a different procedure
for each of these two cases. Also, the stiffness method yields the dis-
placements and forces directly, whereas with the flexibility method the
displacements are not obtained directly. Furthermore, it is generally much
easier to formulate the necessary matrices for the computer operations
using the stiffness method; and once this is done, the computer
calculations can be performed efficiently.

539
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Application of the stiffness method requires subdividing the structure
into a series of discrete finite elements and identifying their end points
as nodes. For truss analysis, the finite elements are represented by each
of the members that compose the truss, and the nodes represent the
joints. The force-displacement properties of each element are
determined and then related to one another using the force equilibrium
equations written at the nodes. These relationships, for the entire
structure, are then grouped together into what is called the structure
stiffness matrix K. Once it is established, the unknown displacements of
the nodes can then be determined for any given loading on the
structure. When these displacements are known, the external and
internal forces in the structure can be calculated using the force-
displacement relations for each member.

Before developing a formal procedure for applying the stiffness method,
it is first necessary to establish some preliminary definitions and concepts.

Member and Node Identification. One of the first steps
when applying the stiffness method is to identify the elements or
members of the structure and their nodes. We will specify each member
by a number enclosed within a square, and use a number enclosed
within a circle to identify the nodes. Also, the “near” and “far” ends of
the member must be identified. This will be done using an arrow
written along the member, with the head of the arrow directed toward
the far end. Examples of member, node, and “direction” identification
for a truss are shown in Fig. 14-1a. These assignments have all been
done arbitrarily.*

Global and Member Coordinates. Since loads and displacements
are vector quantities, it is necessary to establish a coordinate system in
order to specify their correct sense of direction. Here we will use two
different types of coordinate systems. A single global or structure
coordinate system, x, y, will be used to specify the sense of each of the
external force and displacement components at the nodes, Fig. 14-1a. A
local or member coordinate system will be used for each member to
specify the sense of direction of its displacements and internal loadings.
This system will be identified using x’, y' axes with the origin at the
“near” node and the x’ axis extending toward the “far” node. An
example for truss member 4 is shown in Fig. 14-1b.

*For large trusses, matrix manipulations using K are actually more efficient using
selective numbering of the members in a wave pattern, that is, starting from top to bottom,
then bottom to top, etc.
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Kinematic Indeterminacy. As discussed in Sec. 11-1, the
unconstrained degrees of freedom for the truss represent the primary
unknowns of any displacement method, and therefore these must be
identified. As a general rule there are two degrees of freedom, or two
possible displacements, for each joint (node). For application, each degree
of freedom will be specified on the truss using a code number, shown at the
joint or node, and referenced to its positive global coordinate direction
using an associated arrow. For example, the truss in Fig. 14-1a has eight
degrees of freedom, which have been identified by the “code numbers”
1 through 8 as shown. The truss is kinematically indeterminate to the
fifth degree because of these eight possible displacements: 1 through
5 represent unknown or unconstrained degrees of freedom, and 6 through
8 represent constrained degrees of freedom. Due to the constraints, the
displacements here are zero. For later application, the lowest code numbers
will always be used to identify the unknown displacements (unconstrained
degrees of freedom) and the highest code numbers will be used to identify
the known displacements (constrained degrees of freedom). The reason for
choosing this method of identification has to do with the convenience of
later partitioning the structure stiffness matrix, so that the unknown
displacements can be found in the most direct manner.

Once the truss is labeled and the code numbers are specified, the
structure stiffness matrix K can then be determined. To do this we must
first establish a member stiffness matrix k' for each member of the truss.
This matrix is used to express the member’s load-displacement relations
in terms of the local coordinates. Since all the members of the truss are
not in the same direction, we must develop a means for transforming
these quantities from each member’s local x’, y' coordinate system to
the structure’s global x, y coordinate system. This can be done using force
and displacement transformation matrices. Once established, the
elements of the member stiffness matrix are transformed from local to
global coordinates and then assembled to create the structure stiffness
matrix. Using K, as stated previously, we can determine the node
displacements first, followed by the support reactions and the member
forces. We will now elaborate on the development of this method.

(®) Y
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Fig. 14-2

CHAPTER 14 TRUSS ANALYSIS USING THE STIFFNESS METHOD

14.2 Member Stiffness Matrix

In this section we will establish the stiffness matrix for a single truss
member using local x’, y’ coordinates, oriented as shown in Fig. 14-2.
The terms in this matrix will represent the load-displacement relations
for the member.

A truss member can only be displaced along its axis (x axis) since the
loads are applied along this axis. Two independent displacements are
therefore possible. When a positive displacement d is imposed on
the near end of the member while the far end is held pinned, Fig. 14-2a,
the forces developed at the ends of the members are

Note that g} is negative since for equilibrium it acts in the negative x’
direction. Likewise, a positive displacement d at the far end, keeping
the near end pinned, Fig. 14-2b, results in member forces of

”:_7d [/
qn I F qr

By superposition, Fig. 14-2c¢, the resultant forces caused by both
displacements are

AFE AFE
=—dy — —d 14-1
qn . 4N 1 4F ( )
AFE AFE
=——dy + —d 14-2
qr L N 1 4 ( )

These load-displacement equations may be written in matrix form* as

ol Al

or
q=k’d (14-3)
where
AE| 1 -1
k= L{—l J (14-4)

This matrix, k', is called the member stiffness matrix, and it is of the same
form for each member of the truss. The four elements that comprise it are
called member stiffness influence coefficients, kj;. Physically, kj; represents

*A review of matrix algebra is given in Appendix A.
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the force at joint i when a unit displacement is imposed at joint j. For
example,ifi = j = 1, then k; is the force at the near joint when the far joint
is held fixed, and the near joint undergoes a displacement of dy = 1, i.e.,

_ . _AE
qn 11 I

Likewise, the force at the far joint is determined from i = 2, j = 1, so
that

AE
ar = Ky ==

L
These two terms represent the first column of the member stiffness
matrix. In the same manner, the second column of this matrix represents
the forces in the member only when the far end of the member under-
goes a unit displacement.

14.3 Displacement and Force
Transformation Matrices

Since a truss is composed of many members (elements), we will now
develop a method for transforming the member forces q and
displacements d defined in local coordinates to global coordinates. For
the sake of convention, we will consider the global coordinates positive
x to the right and positive y upward. The smallest angles between the
positive x, y global axes and the positive x' local axis will be defined as
6, and 6, as shown in Fig. 14-3. The cosines of these angles will be used
in the matrix analysis that follows. These will be identified as
Ay = cos 0, A, = cos 6,. Numerical values for A, and A, can easily be
generated by a computer once the x, y coordinates of the near end N
and far end F of the member have been specified. For example, consider
member NF of the truss shown in Fig. 14-4. Here the coordinates of N
and F are (xy, yy) and (xg, yr), respectively.* Thus,

XFp — XN Xp — XN

Ay =cosf, = = (14-5)

' : L \/(XF —xn)* + (yp — yn)?

/\y=c059y=yF_yN= YF N (14-6)
L \/(XF —xn)* + (yr — yn)?

The algebraic signs in these “generalized” equations will automatically
account for members that are oriented in other quadrants of the x—y plane.

*The origin can be located at any convenient point. Usually, however, it is located
where the x, y coordinates of all the nodes will be positive, as shown in Fig. 14—4.

543




544

CHAPTER 14 TRUSS ANALYSIS USING THE STIFFNESS METHOD

Fig.

(@)
14-5

Displacement Transformation Matrix. In global coordinates
each end of the member can have two degrees of freedom or
independent displacements; namely, joint N has Dy, and Dy, Figs. 14-5a
and 14-5b, and joint F has Dp, and Dp,, Figs. 14-5¢ and 14-5d. We will
now consider each of these displacements separately, in order to
determine its component displacement along the member. When the far
end is held pinned and the near end is given a global displacement D,
Fig. 14-5a, the corresponding displacement (deformation) along the
member is Dy, cos 0,.* Likewise, a displacement Dy, will cause the
member to be displaced Dy, cos 0, along the x' axis, Fig. 14-5b. The
effect of both global displacements causes the member to be displaced

dy = Dyycos 0, + Dyycos 6,
In a similar manner, positive displacements D, and Dp,, successively

applied at the far end F, while the near end is held pinned, Figs. 14-5¢ and
14-5d, will cause the member to be displaced

dp = Dp,cos 0, + Dp,cos 6,

Letting A, = cos 6, and A, = cos 0, represent the direction cosines for
the member, we have

dN = DNxAx + DNy)\y
dp = Dpx)\x + Dpy)\y

which can be written in matrix form as

DNx
dy Ac Ay 0 0| Dyy
= 14-7
I:dF:| [ 0 0 Ax )‘y DFx ( )
Dp,
or
d =TD (14-8)
where
A, A 0
T=|7* y 0 (14-9)

0 0 A A

From the above derivation, T transforms the four global x, y displace-
ments D into the two local x’ displacements d. Hence, T is referred to as
the displacement transformation matrix.

*The change in 6, or 6, will be neglected, since it is very small.
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Force Transformation Matrix. Consider now application of the
force gy to the near end of the member, the far end held pinned,
Fig. 14-6a. Here the global force components of gy at NV are

QNx = (g COS 0x QNy = gy COs 0y

Likewise, if g is applied to the bar, Fig. 14-6b, the global force components
at I are

QFx = {qF CO8 Hx QFy = {qF COS Oy

Using the direction cosines A, = cos 6, A, = cos 0,, these equations
become

QNx = QN)\x QNy = qN)\y
QFx = QF)\X QFy = CIF/\y

which can be written in matrix form as

Ony Ac 0
0
R (1410
Or, 0 A,
or
Q=Tq (14-11)
where
A 0
A, O
T = Oy N (14-12)
0 A

In this case T7 transforms the two local (x’) forces q acting at the ends
of the member into the four global (x, y) force components Q. By
comparison, this force transformation matrix is the transpose of the
displacement transformation matrix, Eq. 14-9.

Fig. 14-6
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14.4 Member Global Stiffness Matrix

We will now combine the results of the preceding sections and determine
the stiffness matrix for a member which relates the member’s global force
components Q to its global displacements D. If we substitute Eq. 14-8
(d = TD) into Eq. 143 (q = k'd), we can determine the member’s
forces q in terms of the global displacements D at its end points, namely,

q = k'TD (14-13)

Substituting this equation into Eq. 14-11, Q = T’q, yields the final
result,

Q = T'’K'TD
or
Q =kD (14-14)
where
k =T'k'T (14-15)

The matrix k is the member stiffness matrix in global coordinates. Since
T7, T, and k’ are known, we have

Ay O
Ko | A 0 AE{ 1 —1]{/\)( Ay, 00
0 A | L [-1 LILO 0 Ay A,
0 A
Performing the matrix operations yields
N, N, 1 F,
A2 XAy, =AM N,
:ﬂ Ay Ai —AA, _)‘5 Ny (14-16)

k
L| —A&  —AA, A XA, | F,

2 2
“AA, =2 A, A2 F,




The location of each element in this 4 X 4 symmetric matrix is
referenced with each global degree of freedom associated with the
near end N, followed by the far end F. This is indicated by the code
number notation along the rows and columns, that is, N, N, F,, F,.
Here k represents the force-displacement relations for the member
when the components of force and displacement at the ends of the
member are in the global or x, y directions. Each of the terms in the matrix
is therefore a stiffness influence coefficient k;j, which denotes the x or y
force component at i needed to cause an associated unit x or y displacement
component at j. As a result, each identified column of the matrix
represents the four force components developed at the ends of the
member when the identified end undergoes a unit displacement related
to its matrix column. For example, a unit displacement Dy, = 1 will
create the four force components on the member shown in the first
column of the matrix.

14.5 Truss Stiffness Matrix

Once all the member stiffness matrices are formed in global coordinates,
it becomes necessary to assemble them in the proper order so that the
stiffness matrix K for the entire truss can be found. This process of
combining the member matrices depends on careful identification of the
elements in each member matrix. As discussed in the previous section, this
is done by designating the rows and columns of the matrix by the four
code numbers N, N, F,, F used to identify the two global degrees of
freedom that can occur at each end of the member (see Eq. 14-16). The
structure stiffness matrix will then have an order that will be equal to the
highest code number assigned to the truss, since this represents the total
number of degrees of freedom for the structure. When the k matrices are
assembled, each element in k will then be placed in its same row and
column designation in the structure stiffness matrix K. In particular,
when two or more members are connected to the same joint or node,
then some of the elements of each member’s k matrix will be assigned
to the same position in the K matrix. When this occurs, the elements
assigned to the common location must be added together algebraically.
The reason for this becomes clear if one realizes that each element of the
k matrix represents the resistance of the member to an applied force at
its end. In this way, adding these resistances in the x or y direction when
forming the K matrix determines the fotal resistance of each joint to a
unit displacement in the x or y direction.

This method of assembling the member matrices to form the structure
stiffness matrix will now be demonstrated by two numerical examples.
Although this process is somewhat tedious when done by hand, it is
rather easy to program on a computer.

14.5 TRuUSS STIFFNESS MATRIX
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EXAMPLE [14.1

Determine the structure stiffness matrix for the two-member truss
shown in Fig. 14-7a. AE is constant.

Q9

(@)

Fig. 14-7

SOLUTION

By inspection, @ will have two unknown displacement components,
whereas joints @ and @ are constrained from displacement.
Consequently, the displacement components at joint @ are code
numbered first, followed by those at joints @ and @, Fig. 14-7b. The
origin of the global coordinate system can be located at any point. For
convenience, we will choose joint @ as shown. The members are
identified arbitrarily and arrows are written along the two members to
identify the near and far ends of each member. The direction cosines
and the stiffness matrix for each member can now be determined.

Member 1. Since @ is the near end and ® is the far end, then by
Eqs. 14-5 and 14-6, we have
3-0 0-0
3 Y 3
Using Eq. 14-16, dividing each element by L = 3 ft, we have
1 2 3 4

Ax

0333 0 -0333 0]1
kK = AE| 0 0 0 0|2
—0333 0 0333 03
0 0 0 04

The calculations can be checked in part by noting that ky is symmetric.
Note that the rows and columns in k; are identified by the x, y degrees
of freedom at the near end, followed by the far end, that is, 1, 2, 3, 4,
respectively, for member 1, Fig. 14-7b. This is done in order to identify
the elements for later assembly into the K matrix.
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Member 2. Since @ is the near end and @ is the far end, we have

3-0 4-0
A, =—7——=06 A, =—=08
* 5 ’ 5
Thus Eq. 14-16 with L = 5 ft becomes

1 2 5 6
0.072 0.096 —0.072 —0.096 | 1
k, = AE 0.096 0.128 —0.096 —0.128 |2
—0.072  —0.096 0.072 0.096 | 5
—0.096 —0.128 0.096 0.128 | 6

Here the rows and columns are identified as 1, 2, 5, 6, since these
numbers represent, respectively, the x, y degrees of freedom at the
near and far ends of member 2.

Structure Stiffness Matrix. This matrix has an order of 6 X 6 since
there are six designated degrees of freedom for the truss, Fig. 14-7b.
Corresponding elements of the above two matrices are added
algebraically to form the structure stiffness matrix. Perhaps the assembly
process is easier to see if the missing numerical columns and rows in
k, and k, are expanded with zeros to form two 6 X 6 matrices. Then

K:kl +k2
1 2 3 4 5 6 1 2 3 4 5 6
0333 0 —-0333 0 0 01 0072 009 0 0 —0.072 —0.09 |1
0 0 0 0 0 02 009 0128 0 0 —0.09 —0.128 2
K- AF | 0333 0 0333 0 0 03 0 0 0 0 0 0 3
0 0 0 0 0 0|4+ AE| 0 0 0 0 0 0 4
0 0 0 0 0 0[5 —0.072 —0.09% 0 0 0072 0.09 |5
L0 0 0 0 0 0]6 | —0.09% -0.128 0 0 009 01286
0.405 0.096 —0333 0 —0.072 —0.096 |
0.096 0128 0 0 —-009 —0.128
-0333 0 0333 0 0 0
K=AE 0 0 0 0 0 0
—0.072 —0.09 0 0 0072  0.09
| —0.096 —0.128 0 0 009% 0128 |

If a computer is used for this operation, generally one starts with K
having all zero elements; then as the member global stiffness matrices
are generated, they are placed directly into their respective element
positions in the K matrix, rather than developing the member stiffness
matrices, storing them, then assembling them.
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EXAMPLE |14.2

Determine the structure stiffness matrix for the truss shown in
Fig. 14-8a. AE is constant.

SOLUTION
Although the truss is statically indeterminate to the first degree, this
will present no difficulty for obtaining the structure stiffness matrix.
Each joint and member are arbitrarily identified numerically, and the
14 near and far ends are indicated by the arrows along the members.
As shown in Fig. 14-8b, the unconstrained displacements are code
numbered first. There are eight degrees of freedom for the truss, and
so K will be an 8 X 8 matrix. In order to keep all the joint coordinates
| positive, the origin of the global coordinates is chosen at @. Equations

10 ft

! 101t ! 14-5,14-6, and 14-16 will now be applied to each member.
@ Member 1. Here L = 10 ft, so that
10 -0 0-0
Ay = 0 - 1 Ay = 0 - 0

1 2 6 5

01 0 =01 0|1

k—ap| 0 0 0 0

-01 0 01 016

0 0 0 015

Member 2. Here L = 10V/2 ft, so that

10 — 10 —
A = 0=0 _ y707 A = 0=0 _ y707
10V2 10V2
1 2 7 8

0.035 0.035 —-0.035 —0.035 |1
0.035 0.035 -0.035 —0.035 |2

k2 - AE
—0.035 —0.035 0.035 0.035 |7
(b) —0.035 —0.035 0.035 0.035 |8
Fig. 14-8 Member 3. Here L = 10 ft, so that
0—-0 10 -0
A = o - 0 Ay = 0 - 1
1 2 3 4
0 0 0 0 |1
ks = AE 0 01 0 -0.112
0 0 0 |3
0 —-01 0 0.1 |4
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Member 4. Here L = 10 ft, so that

10 -0 10 — 10
A = 0 - 1 )\y = 10 =0
3 4 7 8
01 0 —-01 013
k, = AE 0 0 0 0 |4
-01 O 01 0|7
0 0 0 0|8
Member 5. Here L = 10V/2 ft, so that
10 — -1
A = 0-0 = 0.707 Ay = 0 0 = —0.707
10V2 10V2
3 4 6 5

0.035 —0.035 —0.035  0.035]3
ki — AE| ~0035 0035 0035 —0.035 |4
~0.035  0.035 0035 —0.035 |6
0.035 —0.035 —0.035  0.035]5

Member 6. Here L = 10 ft, so that

10 — 10 10 -0
= = = = 1
M= 0 AT
6 5 7 8
0o 0 0 o076
k = AE|0 01 0 —01]s
0o 0 0 o0 |7
0 -01 0 01]8

Structure Stiffness Matrix. The foregoing six matrices can now be
assembled into the 8 X 8 K matrix by algebraically adding their
corresponding elements. For example, since (kj;); = AE(0.1),
(ki1)2 = AE(0.035), (ki1); = (ki1)a = (ki1)s = (ki)s = 0, then,
K1 = AE(0.1 + 0.035) = AE(0.135), and so on. The final result

is thus,
1 2 3 4 5 6 7 8
[ 0135  0.035 0 0 0 -0.1  —0.035 —0.035 |1
0.035  0.135 0 -0.1 0 0  —0.035 —0.035|2
0 0 0.135 —0.035  0.035 -0.035 —0.1 0 |3
K = AE 0 -0.1  —-0.035 0135 -0.035  0.035 0 0 |4 Ans
0 0 0.035 -0.035 0135 —0.035 0 -0.1 |5
—0.1 0 —0.035 0035 -0035 0135 0 0 |6
-0.035 —0.035 —0.1 0 0 0 0.135  0.035 |7
| —0.035 —0.035 0 0 -0.1 0 0.035  0.135 8
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14.6 Application of the Stiffness Method
for Truss Analysis

Once the structure stiffness matrix is formed, the global force
components Q acting on the truss can then be related to its global
displacements D using

Q =KD (14-17)
This equation is referred to as the structure stiffness equation. Since
we have always assigned the lowest code numbers to identify the
unconstrained degrees of freedom, this will allow us now to partition this
equation in the following form*:

[Qk] _ {KMK&MD] (14-18)
Here

Q, D, = known external loads and displacements; the loads here exist
on the truss as part of the problem, and the displacements are
generally specified as zero due to support constraints such as
pins or rollers.

Q,,D,, = unknown loads and displacements; the loads here represent
the unknown support reactions, and the displacements are at
joints where motion is unconstrained in a particular direction.

K = structure stiffness matrix, which is partitioned to be compati-
ble with the partitioning of Q and D.
Expanding Eq. 14-18 yields
Q, = Ki 1D, + Kp,Dy (14-19)
Q. = Ky D, + KyoDy (14-20)
Most often D, = 0 since the supports are not displaced. Provided this is
the case, Eq. 14-19 becomes

Q. = KD,

Since the elements in the partitioned matrix K;; represent the total
resistance at a truss joint to a unit displacement in either the x or y
direction, then the above equation symbolizes the collection of all the
force equilibrium equations applied to the joints where the external loads
are zero or have a known value (Qy). Solving for D, we have

D, = [Ky]"'Q (14-21)
From this equation we can obtain a direct solution for all the unknown
joint displacements; then using Eq. 14-20 with D, = 0 yields
Q. =K, D, (14-22)
from which the unknown support reactions can be determined. The
member forces can be determined using Eq. 14-13, namely
q=k'TD

*This partitioning scheme will become obvious in the numerical examples that follow.
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Expanding this equation yields

DNx
qr L [—1 TJLO 0 Ac Ayl Dpy
Dpy
Since qy = —qp for equilibrium, only one of the forces has to be found.
Here we will determine g, the one that exerts tension in the member,
Fig. 14-2c.
DNx
AE Dy
ar =" [“Ac =&y A A DF)}: (14-23)
Dg,

In particular, if the computed result using this equation is negative, the
member is then in compression.

Procedure for Analysis

The following method provides a means for determining the unknown
displacements and support reactions for a truss using the stiffness method.

Notation
® Establish the x, y global coordinate system. The origin is usually located
at the joint for which the coordinates for all the other joints are positive.

® Identify each joint and member numerically, and arbitrarily specify the
near and far ends of each member symbolically by directing an arrow
along the member with the head directed towards the far end.

® Specify the two code numbers at each joint, using the lowest numbers to
identify unconstrained degrees of freedom, followed by the highest
numbers to identify the constrained degrees of freedom.

® From the problem, establish D, and Q.

Structure Stiffness Matrix

¢ For each member determine A, and A, and the member stiffness matrix
using Eq. 14-16.

® Assemble these matrices to form the stiffness matrix for the entire truss

as explained in Sec. 14-5. As a partial check of the calculations, the
member and structure stiffness matrices should be symmetric.

Displacements and Loads

® Partition the structure stiffness matrix as indicated by Eq. 14-18.

® Determine the unknown joint displacements D, using Eq. 14-21, the
support reactions Q,, using Eq. 14-22, and each member force qy using
Eq. 14-23.
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EXAMPLE |14.3

Fig.14-9

4 ft

Determine the force in each member of the two-member truss shown
in Fig. 14-9a. AE is constant.

SOLUTION

Notation. The origin of x, y and the numbering of the joints and
members are shown in Fig. 14-9b. Also, the near and far ends of each
member are identified by arrows, and code numbers are used at each
joint. By inspection it is seen that the known external displacements
are D3 = Dy = Ds = Dg = 0. Also, the known external loads are
0, = 0,0, = —2k. Hence,

013

014 01
D, = 0ls Q [_2]

06

Structure Stiffness Matrix. Using the same notation as used here,
this matrix has been developed in Example 14-1.

Displacements and Loads. Writing Eq. 14-17, Q = KD, for the
truss we have

0405  0.096 | —0333 0 -0.072 -0.09 |[ D,
0.09 0128 i 0 0 —0.09 —0.128 | D,
-0333 0 0333 0 0 0 0
AE 0 0 0 0 0 0 0 @
—0.072 —0.09 i 0 0 0072 00%1] 0
| —0.096 —0.128 i 0 0 009% 0128 0 |

From this equation we can now identify K;; and thereby determine
D,,. It is seen that the matrix multiplication, like Eq. 14-19, yields

[ 0] — AE [0.405 0.096]{D1} N [0]
-2 0.096 0.128]| D, 0
Here it is easy to solve by a direct expansion,

0 = AE(0.405D, + 0.096D,)

~2 = AE(0.096D; + 0.128D,)

Physically these equations represent XF, = 0 and 2F, = 0 applied
to joint @. Solving, we get

4.505 —19.003
_4s0s 0 ~19.003

Dy =% 27 AE
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By inspection of Fig. 14-9b, one would indeed expect a rightward
and downward displacement to occur at joint @ as indicated by the
positive and negative signs of these answers.

Using these results, the support reactions are now obtained from

Eq. (1), written in the form of Eq. 14-20 (or Eq. 14-22) as
0; —0.333 0 0
(N _ AR 0 0 1{ 4.505} 0
Os —0.072 —0.096 | AE [ —19.003 0
Os —0.096 —0.128 0
Expanding and solving for the reactions,
0; = —0.333(4.505) = —1.5k
0,=0
Qs = —0.072(4.505) — 0.096(—19.003) = 1.5k v
Q¢ = —0.096(4.505) — 0.128(—19.003) = 2.0k 2k

(®)

The force in each member is found from Eq. 14-23. Using the data
for A, and A, in Example 14-1, we have

Member 1: A, =1,A,=0,L = 31t

Ly sy 450571
g[_l 0 o}i ~19.003 |2
@ =3 AE| 0 |3
0 4
1
=3 [-4.505] = —-1.5k Ans.
Member 2: A, = 0.6,1, = 0.8, L = 5ft
. S s 45051
~ AL 06 —08 06 08] | 072
©= s © P U UEl 0 s
0 6
1
= S [-0.6(4.505) ~ 0.8(~19.003)] = 25k Ans.

These answers can of course be verified by equilibrium, applied at
joint @.
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EXAMPLE [14.4

2

10 ft

k
—

4k

|

10 ft

AE

—0.035

| —0.035

0.035
0.135

-0.1

—0.035
—0.035

\S e an]

Determine the support reactions and the force in member 2 of the
truss shown in Fig. 14-10a. AE is constant.

SOLUTION

Notation. The joints and members are numbered and the origin of
the x, y axes is established at @, Fig. 14-10b. Also, arrows are used to
reference the near and far ends of each member. Using the code
numbers, where the lowest numbers denote the unconstrained degrees
of freedom, Fig. 14-10b, we have

071
076 012
D,=|0]7 Q.=| 213
08 —4 |4
0]s

Structure Stiffness Matrix. This matrix has been determined in
Example 14-2 using the same notation as in Fig. 14-10b.

Displacements and Loads. For this problem Q = KD is

0 0 0 -0.1 -0.035 —0.035 |[ D,
0 —0.1 0 0 —0.035 —0.035 || D,
0.135 —-0.035 0.035 -0.035 -0.1 0 Dy
—0.035 0.135  —0.035 0.035 0 0 D, )
0.035 -0.035 0.135 —0.035 0 -0.1 Ds
—0.035 0.035 —0.035 0.135 0 0 0
-0.1 0 0 0 0.135 00351 0
0 0 -0.1 0 0.035 0135 0
Multiplying so as to formulate the unknown displacement
equation 14-18, we get
0.135 0.035 0 0 0 D, 0
0.035 0.135 0 —0.1 0 D, 0
=AE| 0O 0 0.135 -0.035 0035 || D; | +|0
0 —0.1 —0.035 0.135 —0.035 || Dy 0
0 0 0.035 —-0.035 0.135 || Ds 0
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Expanding and solving the equations for the displacements yields

D, 17.94

D, L | 6920

Dy |=—| —2.06
AE

D, —87.14

Ds —22.06

Developing Eq. 14-20 from Eq. (1) using the calculated results, we

have
17.94
O¢ -0.1 0 —0.035 0.035 -0.035 1 —69.20 0
0; | = AE| —0.035 -0.035 -0.1 0 0 AE =206 |+ |0
Oy —0.035 —0.035 0 0 -0.1 —87.14 0
—22.06
Expanding and computing the support reactions yields
Qs = 4.0k Ans.
0, =20k Ans.
0Oz =40k Ans.

The negative sign for Q¢ indicates that the rocker support reaction
acts in the negative x direction. The force in member 2 is found from
Eq. 14-23, where from Example 14-2, A, = 0.707, A, = 0.707,
L = 10V2 ft. Thus,

17.94
AE 1| —6920
0 =-2E 120707 —0707 0707 0.707]——
10V2 AE| 0
0

=256k Ans.
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EXAMPLE [14.5

I @
3m @
®
4 m
(a)
o, o 1

CHAPTER 14 TRUSS ANALYSIS USING THE STIFFNESS METHOD

Determine the force in member 2 of the assembly in Fig. 14-11a if the
support at joint @ settles downward 25 mm. Take AE = 8(10°) kN.

SOLUTION

Notation. For convenience the origin of the global coordinates in
Fig. 14-11b is established at joint @, and as usual the lowest code num-
bers are used to reference the unconstrained degrees of freedom.
Thus,

0 3
—0.025 |4
0 5 071
D, = =
S
0 7
0 8

Structure Stiffness Matrix. Using Eq. 14-16, we have

Member 1: A, = 0,A, = 1, L = 3m, so that

3 4 1 2

0 0 0 0 3
k, = AE| O 0.333 0 —0333|4

0 0 0 0 1

0 —0333 0 0.333 |2

Member 2: A, = —0.8,A, = —0.6, L = 5m, so that

1 2 5 6
0.128 0.096 —0.128 —0.096
k, = AE | 0.096 0.072  —0.096 —0.072
—0.128 —0.096 0.128 0.096
—0.096 —0.072 0.096 0.072

Member 3: A, = 1,1, = 0, L = 4m, so that

AN N =

7 8 1 2
025 0 -025 017
ki=AE| 0 0 0 08
—025 0 025 0|1
0 0 0 0]2

By assembling these matrices, the structure stiffness matrix becomes

1 2 3 4 5 6 7 8
[ 0378 009 0 0 —0.128 —0.096 -025 01
0.096 0405 0 —0333 —0.096 -0.072 0 0|2
0 0 0 0 0 0 0 013
K=AE| 0 -0333 0 0333 0 0 0 0|4
—0.128 —0.09% 0 0 0128 009 0 0|5
-0.096 —0072 0 0 0.096 0072 0 016
-0.25 0 0 0 0 0 025 017
L0 0 0 0 0 0 0 08
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Displacements and Loads. Here Q = KD yields

0] [ 0378 0090 0 —0.128 —0.096 —025 0] D,
0 0.096 04050 -0333 -0.09 —0072 0 0| b,
0, 0 0 00 0 0 0 ol 0o~
Q| _ 4| O -0333i0 0333 0 0 0 0| —0.025
0s —-0.128 —0.09 0 0 0128 009 0 0l o
Os —0.096 —0072i0 0 0.096 0072 0 ol o
0 -0.25 0 0 0 0 0 025 0 0
| Os | L 0 0 0 0 0 0 0 ojL o |

Developing the solution for the displacements, Eq. 14-19, we have

0

—0.025
{O}:A {0.378 0.096“D1}+AE{0 0 -0.128 —0.096 -025 0 0
0 0.096 0.405]D, 0 -0333 -0.096 -—0.072 0 0 0

0

0
which yields

0 = AE[(0.378D; + 0.096D,) + 0]
0 = AE[(0.096D; + 0.405D,) + 0.00833]
Solving these equations simultaneously gives
Dy = 0.00556 m
D, = —0.021875 m

Although the support reactions do not have to be calculated, if needed
they can be found from the expansion defined by Eq. 14-20. Using
Eq. 14-23 to determine the force in member 2 yields

Member 2: A, = =08, A, = —0.6, L = 5m, AE = 8(10°) kN, so

that
0.00556
8(10° —0.021875
q = g (08 0.6 -08 —0.6]
5 0
0
8(10°
= (5) (0.00444 — 0.0131) = —13.9kN Ans. ILIKN (2)
S,
Using the same procedure, show that the force in member 1 is -
g1 = 834 kN and in member 3, g3 = 11.1 kN. The results are shown 139N ot kN

on the free-body diagram of joint @, Fig. 14-11¢, which can be checked
to be in equilibrium. (©)
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14.7 Nodal Coordinates

On occasion a truss can be supported by a roller placed on an incline,
and when this occurs the constraint of zero deflection at the support
(node) cannot be directly defined using a single horizontal and vertical
global coordinate system. For example, consider the truss in Fig. 14-12a.
The condition of zero displacement at node @ is defined only along the
y" axis, and because the roller can displace along the x” axis this node
will have displacement components along both global coordinate axes, x,
y. For this reason we cannot include the zero displacement condition at
this node when writing the global stiffness equation for the truss using
x, y axes without making some modifications to the matrix analysis
procedure.

To solve this problem, so that it can easily be incorporated into a
computer analysis, we will use a set of nodal coordinates x", y" located
at the inclined support. These axes are oriented such that the reactions
and support displacements are along each of the coordinate axes,
Fig. 14-12a. In order to determine the global stiffness equation for the
truss, it then becomes necessary to develop force and displacement
transformation matrices for each of the connecting members at this
support so that the results can be summed within the same global x, y
coordinate system. To show how this is done, consider truss member 1
in Fig. 14-12b, having a global coordinate system x, y at the near node

(Y, and a nodal coordinate system x”, y” at the far node F). When

displacements D occur so that they have components along each of these
axes as shown in Fig. 14-12¢, the displacements d in the x’' direction
along the ends of the member become

dy = Dyycos 0, + Dyycos b,

dp = Dpycos 0, + Dpyrcos 6y

Fig. 14-12
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These equations can be written in matrix form as y

’ "

y y" local
coordinates

DNx
[d,q [,\x Ay 0 0] Dyy
dF 0 0 /\x” )\y” DFX”

”

nodal *

Dp, coordinates
y S : .
lobal coordinat
Likewise, forces q at the near and far ends of the member, Fig. 14-12d, g(]; A coordimates
have components Q along the global axes of
QNx = gn COS 0): QNy = {gn COS By
QFx” = {F COS ex” QFy” = (F COs Gy”
which can be expressed as
QNx Ax 0
QNy _ Ay 0 |:qN:|
Ory 0 Ay |LgrF y Y
QFy” 0 Ayr D" //\g

The displacement and force transformation matrices in the above
equations are used to develop the member stiffness matrix for this Dy,
situation. Applying Eq. 14-15, we have ‘

, / 5Nx (global
k = T'k'T Dy, cos 6, coordinates
v o ©
Ko | A 0 AE{ 1 —1}[)& Ay 0 0}
0 Ae| L [—1 100 0 Ay /\y,,
0 Ay

Performing the matrix operations yields,

23 N W W
_ £ )\X/\y /\i _)\y)\x// —)\y)\y// (14_24)
L | XAy = A A A2, W

Ay =AA Ay A5

k

This stiffness matrix is then used for each member that is connected to
an inclined roller support, and the process of assembling the matrices to
form the structure stiffness matrix follows the standard procedure. The
following example problem illustrates its application. (C))
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EXAMPLE [14.6

@D 30kN

3m

Determine the support reactions for the truss shown in Fig. 14-13a.

SOLUTION

Notation. Since the roller support at @ is on an incline, we must use
nodal coordinates at this node. The joints and members are numbered
and the global x, y axes are established at node @, Fig. 14-13b. Notice
that the code numbers 3 and 4 are along the x”, y” axes in order to use
the condition that D, = 0.

Member Stiffness Matrices. The stiffness matrices for members 1
and 2 must be developed using Eq. 14-24 since these members have
code numbers in the direction of global and nodal axes. The stiffness
matrix for member 3 is determined in the usual manner.

Member 1. Fig. 14-13¢, A, = 1, Ay =0, Ay = 0.707, Ay = —0.707

5 6 3 4
0.25 0 —0.17675 0.17675 | 5
0 0 0 0 6
ki = AE —0.17675 0 0.125 —0.125 3
0.17675 0 —0.125 0.125 4

Member 2. Fg 14-13d,A, = 0,A, = —1,A, = —0.707, A,y = —0.707

1

0 0 0 0

0 0.3333 —0.2357 —0.2357
0 —0.2357 0.1667 0.1667
0 —0.2357 0.1667 0.1667

Kk, = AE

B W N =

Member 3. A, = 0.8, A, = 0.6

y:

5 6 1 2
0.128 0.096 —0.128 —0.096
ks = AE 0.096 0.072  —=0.096 —0.072
—0.128 —0.096 0.128 0.096
—0.096 —0.072 0.096 0.072

NS e V)
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Structure Stiffness Matrix. Assembling these matrices to determine
the structure stiffness matrix, we have

[30] 0128  0.096 0 0 —-0.128 —0.09 |[ D, |
0 0.096 04053 —02357 | —02357 —0096  —0.072 || D,
U IS —-0.2357  0.2917 0.0417 —0.17675 0 Dy )
0, 0 —-0.2357  0.0417 0.2917 0.17675 0 0
05 -0.128 —0.096 —0.17675 i 017675  0.378 0.09 || 0
| Os | | —0.096 —0.072 0 0 0.096 0.072 || 0 |

Carrying out the matrix multiplication of the upper partitioned matrices,
the three unknown displacements D are determined from solving the
resulting simultaneous equations, i.e.,

352.5
D, =
V" AE
—157.5
D =
2 AE
—1273
D =
3 AE

The unknown reactions Q are obtained from the multiplication of
the lower partitioned matrices in Eq. (1). Using the computed
displacements, we have,

Q, = 0(352.5) — 0.2357(—157.5) + 0.0417(—127.3)

= 31.8 kN Ans.
Qs = —0.128(352.5) — 0.096(—157.5) — 0.17675 (—127.3)

= —7.5kN Ans.
06 = —0.096(352.5) — 0.072(—157.5) + 0(—127.3)

—22.5kN Ans.
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14.8 Trusses Having Thermal Changes
and Fabrication Errors

If some of the members of the truss are subjected to an increase or
decrease in length due to thermal changes or fabrication errors, then it is
necessary to use the method of superposition to obtain the solution. This
requires three steps. First, the fixed-end forces necessary to prevent
movement of the nodes as caused by temperature or fabrication are
calculated. Second, the equal but opposite forces are placed on the truss
at the nodes and the displacements of the nodes are calculated using
the matrix analysis. Finally, the actual forces in the members and the
reactions on the truss are determined by superposing these two results.
This procedure, of course, is only necessary if the truss is statically
indeterminate. If the truss is statically determinate, the displacements at
the nodes can be found by this method; however, the temperature
changes and fabrication errors will not affect the reactions and the
member forces since the truss is free to adjust to these changes of length.

Thermal Effects. If a truss member of length L is subjected to a
temperature increase AT, the member will undergo an increase in length
of AL = aATL, where « is the coefficient of thermal expansion. A
compressive force g, applied to the member will cause a decrease in
the member’s length of AL’ = qoL/AE. If we equate these two
displacements, then g, = AEaAT. This force will hold the nodes of the
member fixed as shown in Fig. 14-14, and so we have

(qn)o = AEaAT

(qr)o = —AEaAT
Realize that if a temperature decrease occurs, then A7 becomes negative
and these forces reverse direction to hold the member in equilibrium.

We can transform these two forces into global coordinates using
Eq. 14-10, which yields

(QNx)O Ax 0 Ax

(QNy)O — /\y 0 |: 1] — /\y _
O 0 [AE@AT| || = AEAT| | (14-25)
(QFy)O 0 )‘y _)\y

Fabrication Errors. If a truss member is made too long by an
amount AL before it is fitted into a truss, then the force g, needed to
keep the member at its design length L is gy = AEAL/L, and so for the
member in Fig. 14-14, we have

_ AEAL

(an)o I
AEAL

Fig. 14-14 (@r)o= =7




14.8 TRuUsSES HAVING THERMAL CHANGES AND FABRICATION ERRORS 565

If the member is originally too short, then AL becomes negative and
these forces will reverse.
In global coordinates, these forces are

(Onx)o Ay
(Onyv)o _ AEAL A
Qo |~ L | -n (14-26)
(Ory)o —A

y

Matrix Analysis. 1In the general case, with the truss subjected to
applied forces, temperature changes, and fabrication errors, the initial
force-displacement relationship for the truss then becomes

Q=KD + Qq (14-27)

Here Qq is a column matrix for the entire truss of the initial fixed-end
forces caused by the temperature changes and fabrication errors of the
members defined in Egs. 14-25 and 14-26. We can partition this equation
in the following form

o] o2 [0

LQ, Ko | Ky Dy (Qu)o
Carrying out the multiplication, we obtain
Qi = KiuD, + KipDy + (Qy)o (14-28)
Q. = KoiD, + KDy + (Qu)o (14-29)

According to the superposition procedure described above, the unknown
displacements D, are determined from the first equation by subtracting
K,D, and (Qy), from both sides and then solving for D,,. This yields

D, = Ki1(Qx — KuD; — (Qyx)o)

Once these nodal displacements are obtained, the member forces are
then determined by superposition, i.e.,

q=k'TD + q

If this equation is expanded to determine the force at the far end of the
member, we obtain

DNx
AE D
ar = [A A A AN+ (gr)e (14-30)
L Dpg,
DFy

This result is similar to Eq. 14-23, except here we have the additional
term (gr)o which represents the initial fixed-end member force due to
temperature changes and/or fabrication error as defined previously. Re-
alize that if the computed result from this equation is negative, the mem-
ber will be in compression.

The following two examples illustrate application of this procedure.
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EXAMPLE |14.7

Determine the force in members 1 and 2 of the pin-connected assembly
of Fig. 14-15 if member 2 was made 0.01 m too short before it was fitted
into place. Take AE = 8(10°) kN.

8 2
14 o T@Z T@_,l
e
y
3m | @ T
A
| la
- X ~ 53
o
\ 4m 1
Fig. 14-15
SOLUTION
Since the member is short, then AL = —0.01 m, and therefore

applying Eq. 14-26 to member 2, with A, = —0.8, A, = —0.6, we have

(O1)o -0.8 0.0016 |1
(02)o | AE(-001)| —0.6 | Ap| 000122
(Os)o 5 0.8 —0.0016 |5
(O6)o 0.6 —-0.0012 | 6

The structure stiffness matrix for this assembly has been established
in Example 14-5. Applying Eq. 14-27, we have

0 ] 0378  0.0% ! 0 0 —-0.128 —0.096 —025 0][ D | 0.0016

0 0.096 0405 i 0 —0333 —0.09 -0.072 0 0| D, 0.0012

0, 0 0 0 0 0 0 0 oo | 0o

0, 0 -0333 0 0 0333 0 0 0 0/l 0 0

Os AE) 0128 0096 1 0 0 0.128  0.096 0 oll o [T4E| —00016 | Y
Os -0.096 0072 0 0 0.09 0072 0 0/l 0 -0.0012

0, -0.25 0 0 0 0 0 025 0| 0 0

| Os | L0 0 0 0 0 0 0 0L o0 0 ]
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Partitioning the matrices as shown and carrying out the multiplication
to obtain the equations for the unknown displacements yields

{O}ZAE[O.SJS 0.096}[D1]+AE{0 0 —-0.128 —0.096 —0.25 0]

{0.0016}
+ AE
0 0.096 0.405]| D, 0 —-0333 -0.096 -0.072 0 0

0.0012

o O O O o O

which gives

0 = AE[0.378D, + 0.096D,] + AE[0] + AE[0.0016]
0 = AE[0.096D, + 0.405D,] + AE[0] + AE[0.0012]

Solving these equations simultaneously,

—0.003704 m
—0.002084 m

D,
D,

Although not needed, the reactions Q can be found from the expan-
sion of Eq. (1) following the format of Eq. 14-29.

In order to determine the force in members 1 and 2 we must apply
Eq. 14-30, in which case we have

Member 1. A, = 0,1, = 1, L = 3m, AE = 8(10°) kN, so that

0
8(10%) 0
= - +
4 3 0 =101 h0s704 | T 1O
~0.002084
q; = —5.56 kN Ans.

Member 2. A, = =08, A, = 0.6, L = 5m, AE = 8(10°) kN, so

—0.003704
8(10° —0.002084 8(10%) (—0.01
g = 810) [08 06 —-08 —0.6] _ 8a0) (-001)
5 0 5
0

g = 926 kN Ans.
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EXAMPLE |14.8

Member 2 of the truss shown in Fig. 14-16 is subjected to an increase
in temperature of 150°F. Determine the force developed in member 2.
Take a = 6.5(107°)/°F, E = 29(10°) Ib/in%. Each member has a cross-
sectional area of A = 0.75 in’.

CHAPTER 14 TRUSS ANALYSIS USING THE STIFFNESS METHOD

y
|
I T
— 7
€
10 it T T 6
2 \<5> 5
L r
o 1 @ 6
| 10 £t }
Fig. 14-16

SOLUTION
Since there is a temperature increase, AT = +150°F. Applying
Eq. 14-25 to member 2, where A, = 0.7071, A, = 0.7071, we have

= AE

= AE(6.5) (10°%) (150)

0.7071

0.7071
—0.7071

—0.7071

= AE

0.000689325
0.000689325
—0.000689325
—0.000689325

[esBEEN I NS R

The stiffness matrix for this truss has been developed in Example 14-2.

[ 0135 0035 0 0 0 -0.1 —0.035 —0.035]
0035 0135 0 -0.1 0 0 —0.035 —0.035
0 0 0.135 —0.035 0035 —0.035 —0.1 0
0 -0.1 —-0.035 0135 —0.035: 0035 0 0
0 0 0.035 —0.035 0135 —0.035 0 -0.1
-0.1 0 —-0.035 0035 -0.035| 0135 0 0
—0.035 —0.035 —0.1 0 0 0 0.135  0.035
| —0.035 —0.035 0 0 —0.1 0 0.035  0.135 |

+ AE

[ 0.000689325]
0.000689325

—0.000689325

| —0.000689325 |

O N O Lt B LN

1
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Expanding to determine the equations of the unknown displacements,
and solving these equations simultaneously, yields

D, = —0.002027 ft
D, = —0.01187 ft
D; = —0.002027 ft
D, = —0.009848 ft
Ds = —0.002027 ft

Using Eq. 14-30 to determine the force in member 2, we have

—0.002027
0.75[29(10° —0.01187
4 = O73[29(100)] [-0.707 —0.707 0.707 0.707] — 0.75[29(10%)][6.5(107%)](150)
10V2 0
0
= —60931b = —6.09k Ans.

Note that the temperature increase of member 2 will not cause any
reactions on the truss since externally the truss is statically determinate.
To show this, consider the matrix expansion of Eq. (1) for determining
the reactions. Using the results for the displacements, we have

Qs = AE[—0.1(—0.002027) + 0 — 0.035(—0.002027)

+ 0.035(—0.009848) — 0.035(—0.002027)] + AE[0] = 0

Q; = AE[—0.035(—0.002027) — 0.035(—0.01187)

— 0.1(=0.002027) + 0 + 0] + AE[—0.000689325] = 0

Qs = AE[—0.035(—0.002027) — 0.035(—0.01187) + 0

+ 0 — 0.1(—0.002027)] + AE[—0.000689325] = 0




570

CHAPTER 14 TRUSS ANALYSIS USING THE STIFFNESS METHOD

YF
Fig. 14-17

14.9 Space-Truss Analysis

The analysis of both statically determinate and indeterminate space trusses
can be performed by using the same procedure discussed previously. To
account for the three-dimensional aspects of the problem, however,
additional elements must be included in the transformation matrix T. In
this regard, consider the truss member shown in Fig. 14-17. The stiffness
matrix for the member defined in terms of the local coordinate x’ is given
by Eq. 144. Furthermore, by inspection of Fig. 14-17, the direction cosines
between the global and local coordinates can be found using equations
analogous to Eqgs. 14-5 and 146, that is,

A, =cosb, = %
Xp — XN
= (14-31)
\/(XF —xn)? + (v — yn)? + (2 — 2n)?
Ay = cos b, = YE_IN Z YN
YF — YN
= (14-32)
\/(XF —xn)?+ (vr — yn)* + (2 — 2n)?
A, =cosf, = r Z sl
- LN _ (1433

\/(XF —xn)? + (yp — yn)* + (2F — 2v)

As a result of the third dimension, the transformation matrix, Eq. 14-9,
becomes

0]
Ay 0

Ko | A O AE[ 1 —1][/\x Ay A, 0 0 0
0 A L [-1 1Jlo 0 0 A A, A
0 A
_0 AZ_
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Carrying out the matrix multiplication yields the symmetric matrix

N, N, N, F, F, F,
A2 A, A A AL, AN,
2 2
B MA A M, =AA =X MA, [N,
k=" AAe  AA, A2 AN AN, A [N, (14-34)
-2 “AA, AN, A XAy, A |y
2 2
N T VD ¥ W X MA, | F,
W Ao AN X2 F,

This equation represents the member stiffness matrix expressed in
global coordinates. The code numbers along the rows and columns reference
the x, y, z directions at the near end, N, N,, N, followed by those at
the farend, F,, F, F.
For computer programming, it is generally more efficient to use
Eq. 14-34 than to carry out the matrix multiplication T’k'T for each
member. Computer storage space is saved if the “structure” stiffness
matrix K is first initialized with all zero elements; then as the elements
of each member stiffness matrix are generated, they are placed directly
into their respective positions in K. After the structure stiffness matrix ; ) :
has been developed, the same procedure outlined in Sec. 14-6 can be hangar is constructed entirely of trusses in
.’ o . . order to reduce significantly the weight of
followed to determine the joint displacements, support reactions, and  the structure. (Courtesy of Bethlehem Steel
internal member forces. Corporation)

The structural framework of this aircraft

CHAPTER REVIEW

The stiffness method is the preferred method for analyzing structures using a computer. It first requires identifying the
number of structural elements and their nodes. The global coordinates for the entire structure are then established, and
each member’s local coordinate system is located so that its origin is at a selected near end, such that the positive x" axis
extends towards the far end.

Formulation of the method first requires that each member stiffness matrix k’ be constructed. It relates the loads at the
ends of the member, q, to their displacements, d, where q = k'd. Then, using the transformation matrix T, the local
displacements d are related to the global displacements D, where d = TD. Also, the local forces q are transformed
into the global forces Q using the transformation matrix T, i.e., Q = TTq. When these matrices are combined, one
obtains the member’s stiffness matrix K in global coordinates, k = T'k'T. Assembling all the member stiffness matrices
yields the stiffness matrix K for the entire structure.

The displacements and loads on the structure are then obtained by partitioning Q = KD, such that the unknown
displacements are obtained from D, = [K;;] 'Qy, provided the supports do not displace. Finally, the support reactions
are obtained from Q, = K,;, D,, and each member force is found from q = k'TD.
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“lrroplews

14-1. Determine the stiffness matrix K for the assembly.
Take A = 0.5in? and E = 29(10%) ksi for each member.

14-2. Determine the horizontal and vertical displacements
at joint ® of the assembly in Prob. 14-1.

14-3. Determine the force in each member of the assem-
bly in Prob. 14-1.

Probs. 14-1/14-2/14-3

*14-4. Determine the stiffness matrix K for the truss. Take
A = 0.75in% E = 29(10%) ksi.

14-5. Determine the horizontal displacement of joint @
and the force in member [2]. Take A = 0.75in%
E = 29(10°) ksi.

14-6. Determine the force in member if its temperature
is increased by 100°F. Take A = 0.75in% E = 29(10°) ksi,
a = 6.5(107%)/°F.

Probs. 14-4/14-5/14-6

14-7. Determine the stiffness matrix K for the truss. Take
A = 0.0015m? and E = 200 GPa for each member.

*14-8. Determine the vertical displacement at joint @
and the force in member |5 |. Take A = 0.0015 m? and
E = 200 GPa.

\ 2m ‘ 2 m
| 4
A10

o {

Probs. 14-7/14-8

14-9. Determine the stiffness matrix K for the truss. Take
A = 0.0015 m? and E = 200 GPa for each member.

14-10. Determine the force in member [5]. Take
A = 0.0015m? and E = 200 GPa for each member.

14-11. Determine the vertical displacement of node
@ if member [ 6 | was 10 mm too long before it was fitted
into the truss. For the solution, remove the 20-k load. Take
A = 0.0015m? and E = 200 GPa for each member.

2
= 1
-— A ©) ]
/ 20 kKN
1 3m
4 m
Probs. 14-9/14-10/14-11
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*14-12. Determine the stiffness matrix K for the truss. 14-17. Use a computer program and determine the
Take A = 2in% E = 29(10°) ksi. reactions on the truss and the force in each member. AE

. . . - is constant.
14-13. Determine the horizontal displacement of joint @

and the force in member [ 5 |. Take A = 2in% E = 29(10%)
ksi. Neglect the short link at @.

14-14. Determine the force in member if this member
was 0.025 in. too short before it was fitted onto the truss. Take
A =2in% E = 29(10°) ksi. Neglect the short link at @.

8 ft
Probs. 14-12/14-13/14-14 Prob. 14-17
14-15. Determine the stiffness matrix K for the truss. AE
is constant. 14-18. Use a computer program and determine the
reactions on the truss and the force in each member. AE
*14-16. Determine the vertical displacement of joint @ is constant.

and the support reactions. AE is constant.

4kN )

F;Zm

Probs. 14-15/14-16 Prob. 14-18






Beam Analysis Using
the Stiffness Method

The concepts presented in the previous chapter will be extended here
and applied to the analysis of beams. It will be shown that once the
member stiffness matrix and the transformation matrix have been
developed, the procedure for application is exactly the same as that
for trusses. Special consideration will be given to cases of differential
settlement and temperature.

15.1 Preliminary Remarks

Before we show how the stiffness method applies to beams, we will first
discuss some preliminary concepts and definitions related to these
members.

Member and Node Identification. In order to apply the
stiffness method to beams, we must first determine how to subdivide the
beam into its component finite elements. In general, each element must
be free from load and have a prismatic cross section. For this reason the
nodes of each element are located at a support or at points where
members are connected together, where an external force is applied,
where the cross-sectional area suddenly changes, or where the vertical or
rotational displacement at a point is to be determined. For example,
consider the beam in Fig. 15-1a. Using the same scheme as that for
trusses, four nodes are specified numerically within a circle, and the three
elements are identified numerically within a square. Also, notice that the
“near” and “far” ends of each element are identified by the arrows written
alongside each element.
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CHAPTER 15
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BEAM ANALYSIS USING THE STIFFNESS METHOD

P
12 4 6
ft3 5
g\\ '\\
H
T A B o
(a)
D,
D, D,
D; Ds
(b)
Fig. 15-3

Global and Member Coordinates. The global coordinate
system will be identified using x, y, z axes that generally have their origin
at a node and are positioned so that the nodes at other points on the
beam all have positive coordinates, Fig. 15-1a. The local or member x’,
y', 7' coordinates have their origin at the “near” end of each element,
and the positive x' axis is directed towards the “far” end. Figure 15-1b
shows these coordinates for element 2. In both cases we have used a
right-handed coordinate system, so that if the fingers of the right hand
are curled from the x (x") axis towards the y (y') axis, the thumb points
in the positive direction of the z (z’) axis, which is directed out of the
page. Notice that for each beam element the x and x' axes will be
collinear and the global and member coordinates will all be parallel.
Therefore, unlike the case for trusses, here we will not need to develop
transformation matrices between these coordinate systems.

Kinematic Indeterminacy. Once the elements and nodes have
been identified, and the global coordinate system has been established, the
degrees of freedom for the beam and its kinematic determinacy can be
determined. If we consider the effects of both bending and shear, then each
node on a beam can have two degrees of freedom, namely, a vertical
displacement and a rotation. As in the case of trusses, these linear and
rotational displacements will be identified by code numbers. The lowest
code numbers will be used to identify the unknown displacements
(unconstrained degrees of freedom), and the highest numbers are used to
identify the known displacements (constrained degrees of freedom). Recall
that the reason for choosing this method of identification has to do with the
convenience of later partitioning the structure stiffness matrix, so that the
unknown displacements can be found in the most direct manner.

To show an example of code-number labeling, consider again the con-
tinuous beam in Fig. 15-1a. Here the beam is kinematically indeterminate
to the fourth degree. There are eight degrees of freedom, for which code
numbers 1 through 4 represent the unknown displacements, and numbers
5 through 8 represent the known displacements, which in this case are all
zero. As another example, the beam in Fig. 15-2a can be subdivided into
three elements and four nodes. In particular, notice that the internal hinge
at node 3 deflects the same for both elements 2 and 3; however, the
rotation at the end of each element is different. For this reason three code
numbers are used to show these deflections. Here there are nine degrees
of freedom, five of which are unknown, as shown in Fig. 15-2b, and four
known; again they are all zero. Finally, consider the slider mechanism
used on the beam in Fig. 15-3a. Here the deflection of the beam is shown
in Fig. 15-3b, and so there are five unknown deflection components
labeled with the lowest code numbers. The beam is kinematically
indeterminate to the fifth degree.

Development of the stiffness method for beams follows a similar
procedure as that used for trusses. First we must establish the stiffness
matrix for each element, and then these matrices are combined to
form the beam or structure stiffness matrix. Using the structure
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matrix equation, we can then proceed to determine the unknown
displacements at the nodes and from this determine the reactions on
the beam and the internal shear and moment at the nodes.

15.2 Beam-Member Stiffness Matrix

In this section we will develop the stiffness matrix for a beam element or
member having a constant cross-sectional area and referenced from the
local x’, y’, 7z’ coordinate system, Fig. 15—4. The origin of the coordinates
is placed at the “near” end N, and the positive x’ axis extends toward the
“far” end F. There are two reactions at each end of the element,
consisting of shear forces gy, and gr, and bending moments gy, and
qry- These loadings all act in the positive coordinate directions.
In particular, the moments gy, and gp, are positive counterclockwise,
since by the right-hand rule the moment vectors are then directed along
the positive z' axis, which is out of the page.

Linear and angular displacements associated with these loadings also
follow this same positive sign convention. We will now impose each of
these displacements separately and then determine the loadings acting
on the member caused by each displacement.

’

y

qny dny qry dpy Gre dr
Z Z

ol | S—

positive sign convention

Fig. 15-4

y’ Displacements. When a positive displacement d Ny 1s imposed
while other possible displacements are prevented, the resulting shear
forces and bending moments that are created are shown in Fig. 15-5a.
In particular, the moment has been developed in Sec. 11-2 as Eq. 11-5.
Likewise, when df, is imposed, the required shear forces and bending
moments are given in Fig. 15-5b.

o = 2EL
= SEL ;. S A
< 2 T ooz
= I
12E1 Y 6EI
aNy = B dpy sz'_7d1‘y

y' displacements

(a) (b)
Fig. 15-5
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281,

#ﬁ;

5 dnz

Fig. 15-6

z’ Rotations. If a positive rotation dy, is imposed while all other
possible displacements are prevented, the required shear forces and
moments necessary for the deformation are shown in Fig. 15-6a.
In particular, the moment results have been developed in Sec. 11-2 as
Egs. 11-1 and 11-2. Likewise, when dy, is imposed, the resultant
loadings are shown in Fig. 15-6b.

By superposition, if the above results in Figs. 15-5 and 15-6 are added,
the resulting four load-displacement relations for the member can be
expressed in matrix form as

Ny N, Fy F,
12E1 6E1 _ 12E1 6E1 d
any 13 12 I3 12 Ny'
6ﬂ 4E1 _ 6E1 2E1 d
qNz ~ 12 I 12 I NZ' (15-1)
| _12EI _6EI  12EI _6EI || ,
qry IE 12 IE 12 Fy
6EI 2E1 6E1 4E1
(|| T I 2 Ll sz'_

These equations can also be written in abbreviated form as

q = kd (15-2)
The symmetric matrix k in Eq. 15-1 is referred to as the member stiffness
matrix. The 16 influence coefficients k;; that comprise it account for the
shear-force and bending-moment displacements of the member. Physically
these coefficients represent the load on the member when the member
undergoes a specified unit displacement. For example, if dy,» = 1, Fig. 15-5a,
while all other displacements are zero, the member will be subjected
only to the four loadings indicated in the first column of the k matrix. In
a similar manner, the other columns of the k matrix are the member
loadings for unit displacements identified by the degree-of-freedom code
numbers listed above the columns. From the development, both equilibrium
and compatibility of displacements have been satisfied. Also, it should be
noted that this matrix is the same in both the local and global coordinates
since the x', y’, 7’ axes are parallel to x, y, z and, therefore, transformation
matrices are not needed between the coordinates.
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15.3 Beam-Structure Stiffness Matrix

Once all the member stiffness matrices have been found, we must
assemble them into the structure stiffness matrix K. This process depends
on first knowing the location of each element in the member stiffness
matrix. Here the rows and columns of each k matrix (Eq. 15-1) are
identified by the two code numbers at the near end of the member
(Ny, N) followed by those at the far end (Fy, F,). Therefore, when
assembling the matrices, each element must be placed in the same location
of the K matrix. In this way, K will have an order that will be equal to the
highest code number assigned to the beam, since this represents the total
number of degrees of freedom. Also, where several members are
connected to a node, their member stiffness influence coefficients will
have the same position in the K matrix and therefore must be
algebraically added together to determine the nodal stiffness influence
coefficient for the structure. This is necessary since each coefficient
represents the nodal resistance of the structure in a particular direction
(y' or z') when a unit displacement (y’ or z') occurs either at the same
or at another node. For example, K,; represents the load in the direction
and at the location of code number “2” when a unit displacement occurs
in the direction and at the location of code number “3.”

15.4 Application of the Stiffness Method
for Beam Analysis

After the structure stiffness matrix is determined, the loads at the nodes
of the beam can be related to the displacements using the structure
stiffness equation

Q =KD

Here Q and D are column matrices that represent both the known and
unknown loads and displacements. Partitioning the stiffness matrix into
the known and unknown elements of load and displacement, we have

[_Q_ze_} _ {_Iﬁ.l._,%..._lil.%ﬂ_gﬁ.}
Q, Ky | Ky LDy

which when expanded yields the two equations
Qr = KiiD, + KppDy (15-3)
Q. = KyD, + KpD; (15-4)

The unknown displacements D, are determined from the first of these
equations. Using these values, the support reactions Q,, are computed for
the second equation.
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supported element
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Fig. 15-7

Intermediate Loadings. For application, it is important that the
elements of the beam be free of loading along its length. This is necessary
since the stiffness matrix for each element was developed for loadings
applied only at its ends. (See Fig. 15-4.) Oftentimes, however, beams will
support a distributed loading, and this condition will require modification
in order to perform the matrix analysis.

To handle this case, we will use the principle of superposition in a
manner similar to that used for trusses discussed in Sec. 14-8. To show
its application, consider the beam element of length L in Fig. 15-7a,
which is subjected to the uniform distributed load w. First we will apply
fixed-end moments and reactions to the element, which will be used in
the stiffness method, Fig. 15-7b. We will refer to these loadings as a
column matrix —qq. Then the distributed loading and its reactions q are
applied, Fig. 15-7c. The actual loading within the beam is determined
by adding these two results. The fixed-end reactions for other cases of
loading are given on the inside back cover. In addition to solving problems
involving lateral loadings such as this, we can also use this method to solve
problems involving temperature changes or fabrication errors.

Member Forces. The shear and moment at the ends of each beam
element can be determined using Eq. 15-2 and adding on any fixed-end
reactions qq if the element is subjected to an intermediate loading.

‘We have
q = kd + o (15—5)

If the results are negative, it indicates that the loading acts in the opposite
direction to that shown in Fig. 15-4.
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Procedure for Analysis

The following method provides a means of determining the
displacements, support reactions, and internal loadings for the
members or finite elements of a statically determinate or statically
indeterminate beam.

Notation

® Divide the beam into finite elements and arbitrarily identify each
element and its nodes. Use a number written in a circle for a node
and a number written in a square for a member. Usually an element
extends between points of support, points of concentrated loads,
and joints, or to points where internal loadings or displacements are
to be determined. Also, E and [ for the elements must be constants.

® Specify the near and far ends of each element symbolically by
directing an arrow along the element, with the head directed
toward the far end.

® At each nodal point specify numerically the y and z code
numbers. In all cases use the lowest code numbers to identify all
the unconstrained degrees of freedom, followed by the remaining
or highest numbers to identify the degrees of freedom that are
constrained.

® From the problem, establish the known displacements D, and
known external loads Q. Include any reversed fixed-end loadings
if an element supports an intermediate load.

Structure Stiffness Matrix

® Apply Eq. 15-1 to determine the stiffness matrix for each element
expressed in global coordinates.

® After each member stiffness matrix is determined, and the rows
and columns are identified with the appropriate code numbers,
assemble the matrices to determine the structure stiffness matrix K.
As a partial check, the member and structure stiffness matrices
should all be symmetric.

Displacements and Loads

® Partition the structure stiffness equation and carry out the
matrix multiplication in order to determine the unknown
displacements D, and support reactions Q,,.

® The internal shear and moment q at the ends of each beam
element can be determined from Eq. 15-5, accounting for the
additional fixed-end loadings.
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EXAMPLE [15.1

k, = EI

Determine the reactions at the supports of the beam shown in
Fig. 15-8a. EI is constant.

@
Fig.15-8

SOLUTION

Notation. The beam has two elements and three nodes, which are
identified in Fig. 15-8b. The code numbers 1 through 6 are indicated
such that the lowest numbers 1-4 identify the unconstrained degrees of
freedom.

The known load and displacement matrices are

01
-5 2 015
Sl Dk_[0]6
0|4
5 kN

6 zd

4 3 1

AN A

| ——
0 o= [ 0

—>»

(b)

Member Stiffness Matrices. Each of the two member stiffness
matrices is determined from Eq. 15-1. Note carefully how the code
numbers for each column and row are established.

1.5 1.5 -15 1.5
1.5 2 -1.5 1
-1.5 -15 1.5 -15
1.5 1 -1.5 2

15 15 -15 15
K=FEI| 15 2 -15 1
-15 -15 15 -15
5 1 -15 2

W U A~
— N W W




15.4  APPLICATION OF THE STIFFNESS METHOD FOR BEAM ANALYSIS 583

Displacements and Loads. We can now assemble these elements into
the structure stiffness matrix. For example, element K;; = 0 + 2 = 2,
K55 = 1.5 + 1.5 = 3, etc. Thus,

Q =KD
1 2 3 4 5 6

0 | 2 —15 1 0 1.5 0 |[ D]
-5 -15 15 -15 0 i-15 0 || D,
0|=EIl 1 -15 1 0 1.5 || Ds
0 0 0 1 2 1 -15 15| D,
0s 15 -15 0 —-15: 3 —151| 0
O L0 0 15 151 -15 15] 0 |

The matrices are partitioned as shown. Carrying out the multiplication
for the first four rows, we have

O:2D1_15D2+D3+0

5
7= ~1SD; + 15D, = 1.5D; + 0
0= D, — 15D, + 4D; + D,

Solving,
p, =35

Using these results, and multiplying the last two rows, gives

16.67 26.67 3.33
=15EI\ —— )| — 15EI| ——— ) + 0 — 15EI{ —
s 5( EI) 5( EI) 0 5(151)
= 10 kN Ans.
6.67 3.33
=0+0+1. -— |+ 1 =
Qs=0+0 15E1< EI) 15E1( EI)

—5kN Ans.
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EXAMPLE |15.2

i ) Determine the internal shear and moment in member 1 of the
' ‘ m, ¢compound beam shown in Fig. 15-9a. ET is constant.
1 L | L 1 SOLUTION
@ Notation. When the beam deflects, the internal pin will allow a
single deflection, however, the slope of each connected member will
be different. Also, a slope at the roller will occur. These four unknown
degrees of freedom are labeled with the code numbers 1,2, 3, and 4,
Fig. 15-9b.
6 3 5
17 L2 TS)
.4_®/ _\g @\‘ Vi _@» @1 M, 0 1 015
2
\ L \ L 1 Q. = 8 3 D,=|016
Fig. 15-9
Member Stiffness Matrices. Applying Eq. 15-1 to each member,
in accordance with the code numbers shown in Fig. 15-9b, we have
6 7 3 1 3 2 5 4
2 6 12 6] 2 6 12 6]
o oo o2|° o o’
6 4 6 2 6 4 6 2
2oL 2oL’ 2 L 2 L|°
k, = EI k, = EI
12 6 12 6 12 6 12 6
o o’ o o)’
6 2 6 4| 6 2 6 4,
. L L L? L | L L? L 7 L |
Displacements and Loads. The structure stiffness matrix is formed
by assembling the elements of the member stiffness matrices. Applying
the structure matrix equation, we have
Q =KD
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1 2 3 4 5 6 7
[ | [ 4 6 6 2 1[,]
1 — -— — = D |1
0 7 0 P 0 0 I 7 1
4 6 2 6
2 0 0 — — — i—-—— 0 0 D, |2
L 1> L |1 ?
6 6 24 6 12 12 6
0 VR R R - Rl | Rl
2 6 4 6
6 12 6 12
5| Os 0 2 T T2l 0 0 0|5
6 12 12 6
6 | O I 0 N 0 0 IE Iz 0|6
2 6 6 4
7»Q7_ 7 0 N 0 0 I Z<»0<7
Multiplying the first four rows to determine the displacement yields
4 6
0= le PDS
4 6 2
0= ZDZ + 2D3 + ZD4
6 6 4 6
0= _72D1 + PDZ + L3D3 + L2D4
2 6 4
-M, ZDZ + PD3 + ZD4
So that
D = M,L
' 2E1
D. — ML
> 6EI
D - M,yL?
> 3EI
D, — _2M,L
Y 3EI
Using these results, the reaction Qs is obtained from the multiplication
of the fifth row.
0. — _6EI( M0L> B 12E1{M0L2> _6EI( 2M0L)
12\ 6EI L3 \ 3EI 2\ 3EI
0. - Mo e
5T ns.
This result can be easily checked by statics applied to member [2].
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EXAMPLE |15.3

The beam in Fig. 15-10a is subjected to the two couple moments. If
the center support @ settles 1.5 mm, determine the reactions at the
supports. Assume the roller supports at @ and ® can pull down or
push up on the beam. Take E = 200 GPa and I = 22(107%) m*.

4kN-m 4kN-m
N 7/
@
\ - °
| 2m | 2m |
(a)
Fig. 15-10

SOLUTION

Notation. The beam has two elements and three unknown degrees of
freedom. These are labeled with the lowest code numbers, Fig. 15-10b.
Here the known load and displacement matrices are

4|1 0 4
Q= 0|2 D, =| —0.0015 |5
—4 |3 0 6
6 5 4
oom 2 awum )
! 2m ! 2m !

(b)

Member Stiffness Matrices. The member stiffness matrices are
determined using Eq. 15-1 in accordance with the code numbers and
member directions shown in Fig. 15-10b. We have,
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6 35 2
15 15 -15 15]6
K=El| 15 2 -15 1 |3
-15 -15 15 -15]5
5 1 -15 2 |2
5 2 4 1
15 15 -15 15]5
K,=FEI| 15 2 -15 1 |2
~15 -15 15 -15]|4
15 1 -15 2 |1

Displacements and Loads. Assembling the structure stiffness
matrix and writing the stiffness equation for the structure, yields

1 2 3 4 5 6
4] 2 1 0 {-15 15 o0 |[ D ]
0 1 4 1 i-15 0 1.5 D,
4|l =F1| 0 1 2 0 -15 15 D,
o) -15 -15 0 1.5 -15 0 0
0s 15 0 -15:-15 3 —15 || —0.0015
L Qs .0 5 15§ 0 -15 15] o

Solving for the unknown displacements,

4

=7 = 2D+ Dy + 0D; = 15(0) + 1.5(—0.0015) + 0
0= 1D, + 4D, + 1D; — 1.5(0) + 0 + 0

—4

—7 = 0D + 1D, +2D5 + 0 = 1.5(~0.0015) + 0

Substituting EI = 200(10°)(22)(107°), and solving,
D, = 0.001580rad, D, =0, D;= —0.001580 rad

Using these results, the support reactions are therefore

0, = 200(10%)22(107%)[-1.5(0.001580) — 1.5(0) + 0 + 1.5(0) — 1.5(—0.0015) + 0] = —0.525 kN

Qs = 200(10%)22(1076)[1.5(0.001580) + 0 — 1.5(—0.001580) — 1.5(0) + 3(—0.0015) — 1.5(0)] = 1.05 kN Ans.

Qg = 200(10)22(1076)[0 + 1.5(0) + 1.5(—0.001580) + 0 — 1.5(—0.0015) + 1.5(0)] = —0.525 kN

Ans.

Ans.
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EXAMPLE [15.4

Determine the moment developed at support A of the beam shown in
Fig. 15-11a. Assume the roller supports can pull down or push up on
the beam. Take E = 29(10°) ksi, I = 510 in*.

SOLUTION

Notation. Here the beam has two unconstrained degrees of
freedom, identified by the code numbers 1 and 2.

The matrix analysis requires that the external loading be applied at
the nodes, and therefore the distributed and concentrated loads are
replaced by their equivalent fixed-end moments, which are determined
from the table on the inside back cover. (See Example 11-2.) Note that
no external loads are placed at @ and no external vertical forces are
placed at @ since the reactions at code numbers 3, 4 and 5 are to be
unknowns in the load matrix. Using superposition, the results of the
matrix analysis for the loading in Fig. 15-11b will later be modified
by the loads shown in Fig. 15-11¢c. From Fig. 15-11b, the known
displacement and load matrices are

‘ e

12k

‘ 24 ft ‘

ftaf D,=|0|5 Q= [11(;‘(;18];
(a) 0|6
Member Stiffness Matrices. Each of the two member stiffness
matrices is determined from Eq. 15-1.
Member 1:
12E1  12(29)(10%)(510
4 5 6 = (29)( )(3 ) = 7.430
L [24(12)]
6EI  6(29)(10%)(510
® 2 JE ( [34(1(12))(]2 !~ 109
96 k-ft — 12 k-ft = 1008 k - in. ft = i
in 12 k-ft = 144 k-in. AE] - 4(29)(103)(510) -
beam to be analyzed by stiffness method L 24(12) = 205417
(b)
2EI  2(29)(10°)(510)
= = 102 708
L 24(12)
4 3 5 2
7.430 1069.9 —7.430 10699 |4
2ak Mk k| = 1069.9 205417 —1069.9 102708 | 3
2k/ft 6kl12k 6k
4 A —7.430 —1069.9 7.430 —-1069.9 |5
: 1069.9 102708 —1069.9 205417 | 2

C

U 06kt — 1152 k-in~ =B\ [ ==  Member 2:
mn 12k -ft =144 k -in. 12EI 12(29)(103)(510)
beam subjected to actual load and 3 = 3 = 200.602
fixed-supported reactions L [8(132)]
(0) 6EI  6(29)(10°)(510
= (29)(107)(510) = 962891

Fig. 15-11 L [8(12))
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3
41 _ 4(29)(10°)(510) _ 616 250
L 8(12)
3
2E1 _ 2@9)A0)(510) oo
L 8(12)
5 2 6 1
200.602 962891 —200.602 962891 |5
k, = | 962891 616250 —962891 308125 |2
—200.602 —962891  200.602 —962891 |6
9628.91 308125 —962891 616250 |1
Displacements and Loads. We require
Q =KD
1 2 3 4 5 6
[ 144| [ 616250 308125 0 0 962891 —962891| [ Dy |
1008 308125 821667 | 102708  1069.9  8559.01 —9628.91 D,
05 0 102708 | 205417 10699 -1069.9 0 0
0, 0 1069.9 | 1069.9 7430  —7.430 0 0
0Os 962891  8559.01 | ~1069.9  ~7.430 208.03  —200.602 0
| Os | | 962891 —9628.91 i 0 0 —200.602 200602 | | 0 |

Solving in the usual manner,
144 = 616 250D, + 308 125D,

1008 = 308 125D, + 821 667D,
D, = —0.4673(1073) in.
D, = 1.40203(1073) in.

Thus,
0O; =0+ 102 708(1.40203)(10_3) =144 k-in. = 12k - ft

The actual moment at A must include the fixed-supported reaction of
+96 k - ft shown in Fig. 15-11c, along with the calculated result for Q.
Thus,

Map =12k-ft + 96 k- ft = 108 k - ft} Ans.

This result compares with that determined in Example 11-2.

Although not required here, we can determine the internal moment
and shear at B by considering, for example, member 1, node 2,
Fig. 15-11b. The result requires expanding

q = kid + (qo);

4 3 5 2
q4 7.430 1069.9  —7.430 1069.9 0 24
g3 | _ | 1069.9 205417 —1069.9 1027038 0 (107 + 1152
qs —7.430 —1069.9 7430  —1069.9 0 24

q> 1069.9 102708 —1069.9 205417 1.40203 —1152




590

CHAPTER 15

BEAM ANALYSIS USING THE STIFFNESS METHOD

EXAMPLE [15.5

Determine the deflection at @ and the reactions on the beam shown
in Fig. 15-12a. EI is constant.

"

Fig. 15-12

SOLUTION

Notation. The beam is divided into two elements and the nodes and
members are identified along with the directions from the near to far
ends, Fig. 15-12b. The unknown deflections are shown in Fig. 15-12c.
In particular, notice that a rotational displacement D, does not occur
because of the roller constraint.

(®)

Member Stiffness Matrices. Since EI is constant and the members
are of equal length, the member stiffness matrices are identical. Using
the code numbers to identify each column and row in accordance with
Eq. 15-1 and Fig. 15-12b, we have

3 4 1 2

15 15 -15 1513
K = EI 15 2 -15 4
-15 —-15 15 —-15/|1
15 1  -15 12
1 2 5 6
1.5 15 -15 15]1
K, = EI 15 2 -15 1 |2
-15 —-15 15 -15]5
15 1 -15 2 |6
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Displacements and Loads. Assembling the member stiffness
matrices into the structure stiffness matrix, and applying the structure
stiffness matrix equation, we have

O -15
0O | |15

Q =KD
1 2 3 4 5 6
[ —pP ] 3 0 -15{-15 -15 15][ D]
0 0 4 150 1 -15 1 || D,
U B e E R P N 15 0 0 || Ds
0, -15 1 150 2 0 0
~1.
1

0
5 0 0 1.5 =151 0
0 { 0 -15 0

Solving for the displacements yields

P
- E = 3D1 + 0D2 - 15D3

0 = 0D, + 4D, + 1.5D;

1.667P

D, - _ 1667
EI

P
D, = —
2 EI

2.667P
D; = — £l Ans.

Note that the signs of the results match the directions of the
deflections shown in Fig. 15-12¢. Using these results, the reactions
therefore are

0, = —1.5EI(— 1.667P > + 1EI<£I> + 1.5EI<— 2.667P )

El El
= —0.5P Ans.
1.667P P 2.667P
= -1 - -1 + 0 -
Os 1 5EI< El ) 1 5EI<EI> O( El )
=P Ans.
1.667P P 2.667P
= 1.5EI( — + 1EIl — | + -
Q =15 ( EI > <E1> O( EI >

—-1.5P Ans.
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“lrroplews

15-1. Determine the moments at @ and ®. Assume @ is a
roller and @ and ® are fixed. EI is constant.

15-2. Determine the moments at @ and ® if the support @
moves upward 5 mm. Assume @ is a roller and @ and ® are
fixed. EI = 60(10°) N - m?.

Probs. 15-1/15-2

15-3. Determine the reactions at the supports. Assume
the rollers can either push or pull on the beam. EI is
constant.

[=)}
~
w

1 2
g L Al ey
12m 8 m
Prob. 15-3

*15-4. Determine the reactions at the supports. Assume @
is a pin and @ and @ are rollers that can either push or pull
on the beam. E/ is constant.

3k

I ER ER S ¥
)

2
E\ il
©) 1) [® @

— b

l 10 ft l 10 ft l 10 ft |

Prob. 15-4

15-5. Determine the support reactions. Assume @ and @
are rollers and @ is a pin. E/ is constant.

15kN/m 5 4

90 L Io 3 Io
| |

Prob. 15-5

15-6. Determine the reactions at the supports. Assume @
is fixed @ and ® are rollers. E is constant.

> 4 10kN/m 3
6 1]
Py y y LN\ 2R v 7>2
: [1] 2 2] ©)
o L , 2 ,
' 6m 8m
Prob. 15-6

15-7. Determine the reactions at the supports. Assume
@ and @ are fixed and @ is a roller. EI is constant.

3
‘ 9kN/m ‘ I

Prob. 15-7
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*15-8. Determine the reactions at the supports. EI is 15-11. Determine the reactions at the supports. There is a
constant.

smooth slider at ®. EI is constant.

b 4m

Prob. 15-11
Prob. 15-8

15-9. Determine the moments at @ and ®. EI is constant.

*15-12. Use a computer program to determine the reactions
Assume @, @, and @ are rollers and @ is pinned.

on the beam. Assume A is fixed. £/ is constant.

12k
4k /ft

| |
20t 15 ft———f— 8 ft 8 ft—

3
v
- o E E D
@ —» @ @ Ly A b “
12m l 12m

Prob. 15-12
Prob. 15-9

15-10. Determine the reactions at the supports. Assume @

15-13. Use a computer program to determine the reactions
is pinned and @ and ® are rollers. E is constant.

on the beam. Assume A and D are pins and B and C are
rollers. E is constant.

41t } 8 ft } 8 ft Y-

20 ft

Prob. 15-10 Prob. 15-13






Plane Frame Analysis
Using the Stiffness
Method

The concepts presented in the previous chapters on trusses and
beams will be extended in this chapter and applied to the analysis of
frames. It will be shown that the procedure for the solution is similar to
that for beams, but will require the use of transformation matrices
since frame members are oriented in different directions.

16.1 Frame-Member Stiffness Matrix

In this section we will develop the stiffness matrix for a prismatic frame
member referenced from the local x’, y’, z' coordinate system,
Fig. 16-1. Here the member is subjected to axial loads gy, qr.» shear
loads gy, qFy, and bending moments gy, g, at its near and far ends,
respectively. These loadings all act in the positive coordinate directions
along with their associated displacements. As in the case of beams,
the moments gy, and g, are positive counterclockwise, since by the
right-hand rule the moment vectors are then directed along the positive
z' axis, which is out of the page.

We have considered each of the load-displacement relationships caused
by these loadings in the previous chapters. The axial load was discussed in
reference to Fig. 14-2, the shear load in reference to Fig. 15-5, and the
bending moment in reference to Fig. 15-6. By superposition, if these

595
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This pedestrian bridge takes the form of a
“Vendreel truss.” Strictly not a truss since
the diagonals are absent, it forms a statically
indeterminate box framework, which can be
analyzed using the stiffness method.

qry dry
qry dry < Z/

qFx de’

’

y

/
qu' dNy’

dnvdne” qnzdyy
positive sign convention

Fig. 16-1

results are added, the resulting six load-displacement relations for the
member can be expressed in matrix form as

Ny Ny N. Fy Fy F,
- 4 [ AE AE 1= =
Ny U U D : dyy
12E1 6EI  12E1 6EI
anv| | O r o ° 2| |
6EI 4EI 6EI 2EI
an:| | O T . Y T ||
| AE AE
are T 0 0 -z ¢ 0 Ay
_12EI 6EI 12EI  6EI
ary 0 B O © ||
6EI 2E1 6EI 4EI
lar| | O = Tz Y T |l
(16-1)
or in abbreviated form as
q=kd (16-2)

The member stiffness matrix k' consists of thirty-six influence coefficients
that physically represent the load on the member when the member
undergoes a specified unit displacement. Specifically, each column in the
matrix represents the member loadings for unit displacements identified
by the degree-of-freedom coding listed above the columns. From the
assembly, both equilibrium and compatibility of displacements have
been satisfied.
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16.2 Displacement and Force
Transformation Matrices

As in the case for trusses, we must be able to transform the internal
member loads q and deformations d from local x’, y’, z’ coordinates to
global x, y, z coordinates. For this reason transformation matrices are
needed.

Displacement Transformation Matrix. Consider the frame
member shown in Fig. 16-2a. Here it is seen that a global coordinate
displacement D, creates local coordinate displacements
dyy = Dy, cos 8, dyy = =Dy, cos 6,
Likewise, a global coordinate displacement Dy, Fig. 16-2b, creates local
coordinate displacements of
dyy = Dyycos 6, dyy = Dy cos 6,

Finally, since the z’ and z axes are coincident, that is, directed out of the
page, a rotation Dy, about z causes a corresponding rotation d, about
z'. Thus,

sz’ = DNz

In a similar manner, if global displacements D, in the x direction, D,
in the y direction, and a rotation Dy, are imposed on the far end of the
member, the resulting transformation equations are, respectively,

dp, = Dp,cos 6, dpy = —Dp,cos 0,

dpy = Dpycos b, dpy = Dpycos 6,

dny = Dy cos 0,

sz' =D Fz (b)
Letting A, = cos 0, A, = cos 6, represent the direction cosines of the Fig. 16-2
member, we can write the superposition of displacements in matrix
form as
fdye ] [ A A, 0 0 0 0] Dy, |
dyy —A, Ay 0 0 0 0 || Dny
dyy 0 0 1 0 0 0f D
Nz _ Nz (16—3)
dry 0 0 0 Ay Ay 0 || Dry
dry 0 0 0 —a, Ay 0 || Dpy
L dry | | O 0 0 0 0 1 || Dp, |
or
d=TD (16-4)

By inspection, T transforms the six global x, y, z displacements D into
the six local x', y’, z' displacements d. Hence T is referred to as the
displacement transformation matrix.
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Force Transformation Matrix. If we now apply each component of
load to the near end of the member, we can determine how to transform the load
components from local to global coordinates. Applying gy, Fig. 16-3a, it can be
seen that

QNx = Ny COS 0x QNy = Ny COS 0y

If g, is applied, Fig. 16-3b, then its components are

QNX = {nyx COS Ox

QNx = TGNy COS oy QNy = {nNy COS 0,

e Finally, since gy is collinear with Qy,, we have
(a)
, On: = anz
y /x
y In a similar manner, end loads of gry, gy, qr, Will yield the following
respective components:
qu'
One = ~qny C0;9); y B x QFx = {Fy COS ex QFy = {Fx COS gy
QNy = 4Ny COS 0x
QFx = TqFy COS Oy QFy = {Fy COS 0,
(b) OF: = qrz
Fig. 16-3
These equations, assembled in matrix form with A, = cos 0, A, = cos 0,,
yield
On| [ A& =4 0 0 0 0][qne]
QNy /\y /\x 0 0 0 0 qu'
0 0 1 0 0 0 ’
One | _ vz (16-5)
QFx 0 0 0 )\x _)‘y 0 qrx
QFy 0 0 0 /\y )\x 0 qu,
L Ok L O 0 0 0 0 1]Lgrz ]
or
Q=Tq (16-6)

Here, as stated, T transforms the six member loads expressed in local
coordinates into the six loadings expressed in global coordinates.
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16.3 Frame-Member Global Stiffness Matrix

The results of the previous section will now be combined in order to
determine the stiffness matrix for a member that relates the global
loadings Q to the global displacements D. To do this, substitute Eq. 164
(d = TD) into Eq. 16-2 (q = k’d). We have

(16-7)

q=Kk'TD

Here the member forces q are related to the global displacements D.
Substituting this result into Eq. 16-6 (Q = T’q) yields the final result,

Q = T'’k'TD (16-8)
or
Q =kD
where
k = T'k'T (16-9)

Here k represents the global stiffness matrix for the member. We can
obtain its value in generalized form using Eqgs. 16-5, 161, and 16-3 and
performing the matrix operations. This yields the final result,
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N, N, N, F, F, F,
AE ,  12EI , AE  12EI 6EI AE , 12EI , AE  12EI 6EI |
Ty T M Ty T\t ey T\ T TE MY TN
AE 12E1 AE 2 12E1 2 6EI AE 12E1 AE 2 12E1 2 6EI
T o) \hrTEs) s S\ oM T\ h s || Y
6El 6EI1 4E1 6EI 6EI 2EI
Y ™ T Yy T A R
k =
AE 2 12EI 2 AE 12EI 6EI AE 2 12EI 2 AE 12EI 6EI
Ty T\ oM Ty TRt Ty T DM Ty || R
AE 12EI AE ,  12EI , 6EI AE 12E1 AE ,  12E] 6EI
B L T s T B R A e T 7 T2 e B R [
6EI 6EI 2EI 6EI 6EI 4EI
L Y o T Y T T "
(16-10)

Note that this 6 X 6 matrix is symmetric. Furthermore, the location of
each element is associated with the coding at the near end, N,, Ny, N,
followed by that of the far end, F, F,, F,, which is listed at the top of the
columns and along the rows. Like the k' matrix, each column of the k
matrix represents the coordinate loads on the member at the nodes that
are necessary to resist a unit displacement in the direction defined by the
coding of the column. For example, the first column of k represents the
global coordinate loadings at the near and far ends caused by a unit
displacement at the near end in the x direction, that is, Dy,.




600

CHAPTER 16

PLANE FRAME ANALYSIS USING THE STIFFNESS METHOD

16.4 Application of the Stiffness Method
for Frame Analysis

Once the member stiffness matrices are established, they may be assembled
into the structure stiffness matrix in the usual manner. By writing the
structure matrix equation, the displacements at the unconstrained nodes
can be determined, followed by the reactions and internal loadings at the
nodes. Lateral loads acting on a member, fabrication errors, temperature
changes, inclined supports, and internal supports are handled in the same
manner as was outlined for trusses and beams.

Procedure for Analysis

The following method provides a means of finding the displacements,
support reactions, and internal loadings for members of statically
determinate and indeterminate frames.

Notation

® Divide the structure into finite elements and arbitrarily identify each
element and its nodes. Elements usually extend between points of
support, points of concentrated loads, corners or joints, or to points
where internal loadings or displacements are to be determined.

® Establish the x, y, z, global coordinate system, usually for convenience
with the origin located at a nodal point on one of the elements and the
axes located such that all the nodes have positive coordinates.

® At each nodal point of the frame, specify numerically the three x,
¥, z coding components. In all cases use the lowest code numbers
to identify all the unconstrained degrees of freedom, followed by
the remaining or highest code numbers to identify the constrained
degrees of freedom.

® From the problem, establish the known displacements D, and
known external loads Q. When establishing Q, be sure to include
any reversed fixed-end loadings if an element supports an
intermediate load.

Structure Stiffness Matrix

® Apply Eq.16-10 to determine the stiffness matrix for each element
expressed in global coordinates. In particular, the direction cosines
A and A, are determined from the x, y coordinates of the ends of
the element, Egs. 14-5 and 14-6.

® After each member stiffness matrix is written, and the six rows
and columns are identified with the near and far code numbers,
merge the matrices to form the structure stiffness matrix K. As a
partial check, the element and structure stiffness matrices should
all be symmetric.
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Displacements and Loads
® Partition the stiffness matrix as indicated by Eq. 14-18. Expansion
then leads to
Q, = KD, + KppDy
Q. = Ky D, + KDy
The unknown displacements D,, are determined from the first of
these equations. Using these values, the support reactions Q, are
computed from the second equation. Finally, the internal loadings

q at the ends of the members can be computed from Eq. 16-7,
namely

q = kK'TD
If the results of any of the unknowns are calculated as negative

quantities, it indicates they act in the negative coordinate
directions.

EXAMPLE [16.1 u

Determine the loadings at the joints of the two-member frame shown

in Fig. 16-4a. Take I = 500in*, A = 10in?, and E = 29(10%) ksi for 20—/
both members. -
SOLUTION 20 ft

Notation. By inspection, the frame has two elements and three

nodes, which are identified as shown in Fig. 16-4b. The origin of

the global coordinate system is located at @. The code numbers at the

nodes are specified with the unconstrained degrees of freedom

numbered first. From the constraints at @ and ®, and the applied @)
loading, we have

076 511

0l7 012

Dk: Qk: 013
018

0l9 0|4

015

Structure Stiffness Matrix. The following terms are common to both
element stiffness matrices:

AE  10[29(10%)]

L= o) - 1208.3 k/in.
12EI 12[29(10°)(500)] 126 X/i (®) Y
- poap 2 /in. Fig. 164




602 CHAPTER 16 PLANE FRAME ANALYSIS USING THE STIFFNESS METHOD

EXAMPLE |16.1 (Continued)

6EI _ 6[29(10%)(500)]

0 - = 15104k
L [20(12)]
AET  4[29(10°)(500)]
= = 241.7(10%) k - in.
L 20(12) 7107 k-in
2E1  2[29(10°)(500)] 3
7 - 20(12) = 120.83(10°) k - in.
Member 1:
20 — 0 0-0
= = 1 = =
A 20 ST

Substituting the data into Eq. 16-10, we have

4 6 5 1 2 3
12083 0 0 —-1208.3 0 0 14
0 12.6 1510.4 0 -12.6 15104 |6
k; = 0 15104 241.7(10°%) 0 —1510.4 120.83(10%) | 5
—1208.3 0 0 1208.3 0 0 1
0 -12.6  —1510.4 0 12.6 —-15104 |2
0 1510.4  120.83(10%) 0 —-1510.4  241.7(10°) | 3

The rows and columns of this 6 X 6 matrix are identified by the three
x,y, z code numbers, first at the near end and followed by the far end,
that is, 4, 6, 5, 1, 2, 3, respectively, Fig. 16-4b. This is done for later
assembly of the elements.

Member 2:
20 — 20 -20 -0
= =0 Ay =——"=

M 20 y 20 1
Substituting the data into Eq. 16-10 yields

1 2 3 7 8 9
[ 12.6 0 1510.4 -12.6 0 15104 |1
0 1208.3 0 0 —1208.3 0 2
k, = | 1510.4 0 241.7(10°)  —1510.4 0 120.83(10%) | 3
-12.6 0 —1510.4 12.6 0 -15104 |7
0 —-1208.3 0 0 1208.3 0 8
| 1510.4 0 120.83(10%) —1510.4 0 241.7(10°) |9

As usual, column and row identification is referenced by the three code
numbers in x, y, z sequence for the near and far ends, respectively, that
is, 1,2,3,then 7, 8,9, Fig. 16-4b.




16.4  APPLICATION OF THE STIFFNESS METHOD FOR FRAME ANALYSIS

603

The structure stiffness matrix is determined by assembling k; and
k,. The result, shown partitioned, as Q = KD, is

1 2 3 4 5 .6 7 8 9
5] [ 12209 0 15104 ~12083 0 Lo ~12:6 0 15104 | D]
0 0 12209 —15104 0 ~15104 D126 0 —1208.3 0 D,
0 15104 —15104 483.3(10%) 0 12083(10%) | 15104  —15104 0 120.83(10°) | | D5
0 -1208.3 0 0 12083 0 Lo 0 0 0 Dy
o 0 ~15104 120.83(10%) 0 241.7(10°) 1510.4 0 0 0 Ds | (1)
o | | o6 104 0 1si04 G126 o o o 0
0, -12.6 0 -15104 0 0 ] 12,6 0 -1510.4 0
0Oy 0 ~12083 0 0 0 S0 0 12083 0 0
| Q| | 15104 0 120.83(10%) 0 0 oo ~1510.4 0 241.7(10°) || 0|

Displacements and Loads. Expanding to determine the displacements

yields
5 1220.9 0 15104 —1208.3 0l D 0
0 0 12209 —1510.4 0 —-15104 || D, 0
0|=| 15104 —15104  483.3(10%) 0 120.83(10°) || D5 |+ |0
0 —1208.3 0 0 12083 0 || Dy 0
0 0 —15104 120.83(10°) 0  241.7(10°) || Ds 0
Solving, we obtain
D, 0.696 in.
D, —1.55(107%) in.
Dy | = | —2.488(107%) rad
D, 0.696 in.
Ds 1.234(107°) rad
Using these results, the support reactions are determined from Eq. (1)
as follows:
1 2 3 4 5
Qs 0 ~12.6 15104 0 15104 0.696 0 -1.87k
0, | —126 0 -15104 0 0 -1.55(1073) 0 -5.00 k
05 0 —12083 0 0 0 —2.488(107%) 0 1.87k
Q9 1510.4 0 120.83(10°%) 0 0 0.696 0 750 k - in.

1.234(1072)

Ans.
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EXAMPLE |16.1 (Continued)

4

1208.3
0
0
—1208.3
0
0

q; = kTD=

6

0
12.6
1510.4

0
—12.6
1510.4

The internal loadings at node @ can be determined by applying
Eq. 16-7 to member 1. Here kj is defined by Eq. 16-1 and T, by
Eq. 16-3. Thus,

5 1 2 3

0 —1208.3 0 0 100000 0.696 4
1510.4 0 -12.6 15104 010000 0 6
241.7(10%) 0 —15104 120.83(10% (|0 0 1 0 0 0 1.234(1073) | 5

0 1208.3 0 0 000100 0.696 1
-1510.4 0 126 —15104 0000 1 0|]-1550107% |2
120.83(10%) 0 —15104 241.7(10°) |0 0 0 0 0 1 || —2.488(107%) |3

Note the appropriate arrangement of the elements in the matrices as
indicated by the code numbers alongside the columns and rows.
Solving yields

fgs] [ O ]
qe —-1.87k
qs 0
= Ans.
q1 0
q> 1.87k
Lgs] [ —450k-in. |

The above results are shown in Fig. 16-4c¢. The directions of these
vectors are in accordance with the positive directions defined in
Fig. 16-1. Furthermore, the origin of the local x', y’, 7’ axes is at the
near end of the member. In a similar manner, the free-body diagram
of member 2 is shown in Fig. 16-4d.

1.87k
— y’

y'

‘ 1.87k

—— LR L

l 450k -in. 18Tk 750 k - in.
1.87k )

X
(© (d)

Fig. 164
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EXAMPLE [16.2

605

Determine the loadings at the ends of each member of the frame shown
in Fig. 16-5a. Take I = 600in*, A = 12in% and E = 29(10°) ksi for
each member.

SOLUTION

Notation. To perform a matrix analysis, the distributed loading
acting on the horizontal member will be replaced by equivalent end
moments and shears computed from statics and the table listed on the
inside back cover. (Note that no external force of 30 k or moment of
1200 k - in. is placed at @ since the reactions at code numbers 8 and 9
are to be unknowns in the load matrix.) Then using superposition, the
results obtained for the frame in Fig. 16-5b will be modified for this
member by the loads shown in Fig. 16-5c.

As shown in Fig. 16-5b, the nodes and members are numbered and
the origin of the global coordinate system is placed at node @. As
usual, the code numbers are specified with numbers assigned first to
the unconstrained degrees of freedom. Thus,

04
g g 071
Dk = 0l7 Qk = -30 |2
-1200 |3
0|8
109
Structure Stiffness Matrix
Member 1:
AE  12[29(10%)] )
L~ 50 = 1160 k/in.
12EI  12[29(10%)]600
= 25 )]3 = 7.73 k/in.
L [25(12)]
6EI  6[29(10%)]600
= 291 )]2 = 1160 k
L [25(12)]
4ET  4[29(10%)]600 S
L~ 51 = 232(10°) k - in.
2E1  2[29(10%)]600
= = 116(10*) k - in.
L 25(12) 6(10%) k-in
20 -0 15-0
Ay = 5 =08 A, = 5 = 0.6

3k/ft

S E—

151 ft 20 ft—

“\ 20 ft

(a)
Fig. 16-5

X

(b)

3k/ft
30k 30k

et

L)@ = 100 k- 2000 00 k-ft
(1200k-in) (1200 k-in.)

(c)
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EXAMPLE |16.2 (Continued)

Applying Eq. 16-10, we have
4 5 6 1 2 3
[ 74518  553.09 —696 —74518 —553.09 —696 |4
553.09 42255 928 —553.09 —422.55 928 5
K — | 69 928 232(10°) 696 —-928 116(10°) | 6
! —74518 —553.09 696 74518  553.09 696 1
—553.09 —422.55 —928 553.09 42255 —928 2
| —696 928 116(10°) 696 —-928 232(10%) | 3
Member 2:
AE  12[29(10°)] .
L = 2002) = 1450 k/in.
12EI  12[29(10°)]600
= 2 )]3 = 15.10 k/in.
L [20(12)]
6EI  6[29(10%)]600
= 2 )]2 = 1812.50 k
L [20(12)]
4EI  4[29(10%)]600 o
L~ 20(2) =2.90(10%) k - in.
2EI  2[29(10%)]600
= = 1.45(10°) k - in.
L [20(12)] 5107 k-in
40 — 20 15— 15
= = 1 = =
M 20 A 20 0
Thus, Eq. 16-10 becomes
1 2 3 7 8 9
[ 1450 0 0 —1450 0 0o |1
0 1510  1812.50 0 -15.10 181250 |2
k, = 0 1812.50  290(10°) 0 —1812.50  145(10°) | 3
—1450 0 0 1450 0 0 7
0 -1510 181250 0O 1510  —1812.50 | 8
0 1812.50  145(10°) 0 —1812.50  290(10°%) | 9
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The structure stiffness matrix, included in Q = KD, becomes

1 2 3 4 5 6 7 8 9
T o] [ 219518 553.09 696 L4518 —553.09 696 —1450 0 o |[b]
-30 553.09 437.65 8845 1 —553.00 42255 98 0 ~15.10 1812.50 D,
~1200 696 8845 522(10%) 1 —696 928 116(10%) 0 —1812.50 14510% || Ds
""" 0. Tlasas T Dsss00 696 1 masas Usszo0 —ev oo T o
05 | =| —553.09 —422.55 928 L 553.09 42255 928 0 0 0 o [(1)
0 696 —928 16(10°  § —696 928 232(10%) 0 0 0 0
0, —1450 0 0 ' 0 0 0 1450 0 0 0
04 0 -1s10 181250 0 0 0 0 1510  —1812.50 0
L ol L 0 1812.50 14510%) 0 0 0 0 —181250 290(10% || 0 _|

Displacements and Loads. Expanding to determine the displacements,

and solving, we have
0 2195.18 553.09 696 D, 0
=30 | = | 553.09 437.65 884.5 D, | +]|0
—1200 696 884.5  522(10%) || Ds 0
D, 0.0247 in.
D, | =| —0.0954 in.
Dy —0.00217 rad

Using these results, the support reactions are determined from
Eq. (1) as follows:

[0, ] [-74518 —553.09 —696 | 0] 3585k
Os ~553.09 —422.55 928 0 24.63 k
R 0.0247 .
O | 696 —928  116(10°) || _ oc, | L | 0| _ | ~14599Kk-in.
0, ~1450 0 0 0‘ 00217 0 3585k
Os 0 —1510 —1812.50 ‘ 0 537k
Qo] L 0 181250  145(10°) | 0] | —487.60k-in. |
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EXAMPLE |16.2 (Continued)

The internal loadings can be determined from Eq. 16-7 applied to
members 1 and 2. In the case of member 1, q = kT D, where k] is
determined from Eq. 16-1, and T; from Eq. 16-3. Thus,

4 5 6 1 2 3
g4 | 1160 0 0 —1160 0 ol 08 06 0 0 0o ol o 14
qs 0 7.73 1160 0 =773 1160 || =06 0.8 O 0 0 0 0 5
qs | _ 0 1160 232(103) 0 —1160 116(103) 0 0 1 0 0 0 0 6
q1 “ | —1160 0 0 1160 0 0 0 0 0 08 06 0 0.0247 |1
q> 0 -7.73 —1160 0 7.73 —1160 0 0 0 —-06 08 0] —0.0954 |2
Las] L 0 1160 116(10%) 0 —1160 232(10%) J| 0 0 0 0 0 1] —0.00217 3
Here the code numbers indicate the rows and columns for the near
x and far ends of the member, respectively, that is, 4, 5, 6, then 1, 2, 3,
" Fig. 16-5b. Thus,
1.81k X 435k
\ 398 k-in. - A
y' qs 435k
\ as ~181k
146 k -in. —146 k + in.

}<\* % | = Ans.

qi —43.5k

435k 1.81k
(d) | g5 | =398k «in. |
These results are shown in Fig. 16-5d.

A similar analysis is performed for member 2. The results are shown
at the left in Fig. 16-5e. For this member we must superimpose the
loadings of Fig. 16-5¢, so that the final results for member 2 are shown
to the right.

3k/ft 3k/ft
8023 k- in. 5.37k 30k lllllll 30k 246k 354k
3585k lH— (et 585k
3585k 35 85k
537k 487.6 k-in. 1200 k -in. 1200 k -in. 398 k -in. 1688 k -in.

(e)
Fig. 16-5
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“lrroplews

16-1. Determine the structure stiffness matrix K for *16-4. Determine the support reactions at @ and ®.
the frame. Assume @ and @ are fixed. Take E = 200 GPa, Take E = 200 MPa, I = 300(10°) mm*, A = 21(10°) mm?
I =300(10%) mm*, A = 10(10*) mm? for each member. for each member.

16-2. Determine the support reactions at the fixed
supports @ and ®. Take E = 200 GPa, I = 300(10°) mm®*,
A = 10(10*) mm? for each member.

INRRNARNRRY
i

Prob. 164
Probs. 16-1/16-2

16-5. Determine the structure stiffness matrix K for the frame.
16-3. Determine the structure stiffness matrix K for Take E = 200 GPa, I = 350(106) mm?, A = 15(103) mm?
the frame. Assume @ is pinned and @ is fixed. Take for each member. Joints at @ and @ are pins.
E =200MPa, I = 300(10°) mm*, A = 21(10°) mm? for
each member.

9 60 kKN 2
0.1 I
oS 3
P ~\ — '\ 1
B ol %
f~—2m | 2 m

Prob. 16-3 Prob. 16-5
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16-6. Determine the support reactions at pins @ and ®.
Take E = 200 GPa, I = 350(10°) mm*, A = 15(10°) mm?
for each member.

9 60 kN 2

Prob. 16-6

16-7. Determine the structure stiffness matrix K for
the frame. Take E = 29(10°) ksi, I = 650in*, A = 20 in?
for each member.

4 k<—® S
—_—

12 ft
10 ft

Prob. 16-7

PLANE FRAME ANALYSIS USING THE STIFFNESS METHOD

%16-8. Determine the components of displacement at @.
Take E = 29(10%)ksi, I = 650in*, A = 20in®> for each
member.

T
6k
3
sr< e
12 ft
10 ft
Prob. 16-8

16-9. Determine the stiffness matrix K for the frame. Take
E = 29(10%) ksi, I = 300in*, A = 10 in? for each member.

16-10. Determine the support reactions at @ and ®. Take
E = 29(10%) ksi, I = 300 in*, A = 10 in? for each member.

Probs. 16-9/16-10
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16-11. Determine the structure stiffness matrix K for the
frame. Take E = 29(10°) ksi, I = 700in*, A = 20in® for
each member.

Prob. 16-11

*16-12. Determine the support reactions at the pins @
and ®@. Take E = 29(10°) ksi, I = 700in*, A = 20 in? for
each member.

Prob. 16-12

16-13. Use a computer program to determine the reactions
on the frame. AE and EI are constant.

611

L5k/ft
v Y
15k >
O\
20 ft
S B D o
ol sy al sy
l 24 ft l
Prob. 16-13

16-14. Use a computer program to determine the reactions
on the frame. Assume A, B, D, and F are pins. AE and EI

are constant.

8 kN

Prob. 16-14




ARENEI Matrix Algebra for
Structural Analysis

A.1 Basic Definitions and Types
of Matrices

With the accessibility of desk top computers, application of matrix algebra
for the analysis of structures has become widespread. Matrix algebra
provides an appropriate tool for this analysis, since it is relatively easy to
formulate the solution in a concise form and then perform the actual
matrix manipulations using a computer. For this reason it is important
that the structural engineer be familiar with the fundamental operations
of this type of mathematics.

Matrix. A matrix is a rectangular arrangement of numbers having m
rows and »n columns. The numbers, which are called elements, are assembled
within brackets. For example, the A matrix is written as:

an d aip
A=| %t 2 o
A (%) An

Such a matrix is said to have an order of m X n (m by n). Notice that the
first subscript for an element denotes its row position and the second
subscript denotes its column position. In general, then, g;; is the element
located in the ith row and jth column.

Row Matrix. If the matrix consists only of elements in a single row,
itis called a row matrix. For example,a 1 X n row matrix is written as

A=la a - a]
Here only a single subscript is used to denote an element, since the row

subscript is always understood to be equal to 1, thatis,a; = a1, a, = ayy,
and so on.

612



A.1 Basic DEFINITIONS AND TYPES OF MATRICES

Column Matrix. A matrix with elements stacked in a single column
is called a column matrix. The m X 1 column matrix is

Here the subscript notation symbolizes a; = a1, a, = a1, and so on.

Square Matrix. When the number of rows in a matrix equals the
number of columns, the matrix is referred to as a square matrix. An
n X nsquare matrix would be

apy ap o Iy
A= | P G2 o
Ayl Ap T Ayn

Diagonal Matrix. When all the elements of a square matrix are
zero except along the main diagonal, running down from left to right, the
matrix is called a diagonal matrix. For example,

ar 0 0
A = 0 any 0
0 0 ass

Unit or Identity Matrix. The unit or identity matrix is a diagonal
matrix with all the diagonal elements equal to unity. For example,

1
I=]0
0

S = O

0
0
1

Symmetric Matrix. A square matrix is symmetric provided
a;j = a;;. For example,

613
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A.2 Matrix Operations

Equality of Matrices. Matrices A and B are said to be equal if
they are of the same order and each of their corresponding elements are
equal, that is, a;; = b;;. For example, if

2 6 2 6
A‘L —3] B_[4 —3}
then A = B.

Addition and Subtraction of Matrices. Two matrices can be
added together or subtracted from one another if they are of the same
order. The result is obtained by adding or subtracting the corresponding
elements. For example, if

then

1 15 1 -1
A+ B-= A—-B=
{ } [1 —5}

Multiplication by a Scalar. When a matrix is multiplied by a
scalar, each element of the matrix is multiplied by the scalar. For
example, if

then

RS

Matrix Multiplication. Two matrices A and B can be multiplied
together only if they are conformable. This condition is satisfied if the
number of columns in A equals the number of rows in B. For example, if

a;;  ap by by b3
A= [ } B - [ } At
az;  dxp by by by ( )

then AB can be determined since A has two columns and B has two rows.
Notice, however, that BA is not possible. Why?



If matrix A having an order of (m X n) is multiplied by matrix B
having an order of (n X g) it will yield a matrix C having an order of
(m X q), that is,

A B = C

(m X n)(nxq)  (mXq)

The elements of matrix C are found using the elements a;; of A and b;;
of B as follows:

Cij = kZlaikbkj (A—Z)

The methodology of this formula can be explained by a few simple
examples. Consider

By inspection, the product C = AB is possible since the matrices are
conformable, that is, A has three columns and B has three rows. By
Eq. A-2, the multiplication will yield matrix C having two rows and one
column. The results are obtained as follows:

c11: Multiply the elements in the first row of A by corresponding elements
in the column of B and add the results; that is,

cii = ¢ = 2(2) + 4(6) + 3(7) = 49

¢>1: Multiply the elements in the second row of A by corresponding
elements in the column of B and add the results; that is,

Cryp = C = _1(2) + 6(6) + 1(7) =41

Thus

s

A2

MATRIX OPERATIONS
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As a second example, consider

5 3
ae| 3] w-2 7
-2 8

Here again the product C = AB can be found since A has two columns
and B has two rows. The resulting matrix C will have three rows and two
columns. The elements are obtained as follows:

cit =52) +3(-3) =1 (first row of A times first column of B)

crp = 5(7) +3(4) = 47 (first row of A times second column of B)
1 =4(2) +1(=-3) =5 (second row of A times first column of B)
cn =4(7) + 1(4) = 32 (second row of A times second column of B)
31 = —2(2) + 8(=3) = —28 (third row of A times first column of B)

3 = —2(7) + 8(4) =18 (third row of A times second column of B)

The scheme for multiplication follows application of Eq. A-2. Thus,

1 47
C= 5 32
—28 18

Notice also that BA does not exist, since written in this manner the
matrices are nonconformable.
The following rules apply to matrix multiplication.

1. In general the product of two matrices is not commutative:
AB # BA (A-3)
2. The distributive law is valid:
A(B + C) = AB + AC (A-4)
3. The associative law is valid:

A(BC) = (AB)C (A-5)

Transposed Matrix. A matrix may be transposed by interchanging
its rows and columns. For example, if

apy dp 413
A=|ay an a3 B =[b b, by



Then
app  dzp az b,
AT = B =|b
app  dyp a4z 2
a3 dyz  azz bs

Notice that AB is nonconformable and so the product does not exist.
(A has three columns and B has one row.) Alternatively, multiplication
AB is possible since here the matrices are conformable (A has three
columns and B has three rows). The following properties for transposed
matrices hold:

(A +B) =AT + BT (A-6)
(kA)T = kAT (A-7)
(AB)" = BTAT (A-8)

This last identity will be illustrated by example. If

6 2 4 3
A‘[l —3} B_{z 5}
Then, by Eq. A-8,

(I HE B
(2 22 3
Bl

Matrix Partitioning. A matrix can be subdivided into submatrices
by partitioning. For example,

ap b app aiz dyy

A = | 5o O e _|An Ap
= | a1 i A 4y Gy | T A A

: 21 22

Here the submatrices are
Ay = [a] Ap =lap a3 ayl

_ |9 _ |G 43 Ay
Ay = [ } Ay = {
azy azp  dsz  Azg

A.2  MATRIX OPERATIONS
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618 APPENDIX A MATRIX ALGEBRA FOR STRUCTURAL ANALYSIS

The rules of matrix algebra apply to partitioned matrices provided the
partitioning is conformable. For example, corresponding submatrices of A
and B can be added or subtracted provided they have an equal number of
rows and columns. Likewise, matrix multiplication is possible provided
the respective number of columns and rows of both A and B and their
submatrices are equal. For instance, if

4 11 -1 2 -1
A=|-2 0:-5 B=10 38
6 3. 8 7 4

then the product AB exists, since the number of columns of A equals the
number of rows of B (three). Likewise, the partitioned matrices are
conformable for multiplication since A is partitioned into two columns
and B is partitioned into two rows, that is,

Ap Alz]{Bn} _ {Aan + Alszl}

.
A21 A22 BZ] A21B11 + A22B21

Multiplication of the submatrices yields
4 112 -1 8 4
AuB = [—2 OMO 8} - {—4 2}

o= a- 50 S)

2 -1
Ay By = [6 3]{0 8} =[12 18]
AyBy = [8][7 4] = [56 32]
[ 8 4} [ =7 —4}
+ 1 0
4 2] |- )
AB = 3 0 =| -39 -18
12 18] +[56 32 68 50

A.3 Determinants

In the next section we will discuss how to invert a matrix. Since this
operation requires an evaluation of the determinant of the matrix, we will
now discuss some of the basic properties of determinants.

A determinant is a square array of numbers enclosed within vertical
bars. For example, an nth-order determinant, having n rows and n
columns, is

apy ap o Iy

|A| = a1 ax @on (A-9)

apy Ap T App



Evaluation of this determinant leads to a single numerical value which
can be determined using Laplace’s expansion. This method makes use of
the determinant’s minors and cofactors. Specifically, each element g;; of a
determinant of nth order has a minor M;; which is a determinant of order
n — 1. This determinant (minor) remains when the ith row and jth column
in which the g;; element is contained is canceled out. If the minor is
multiplied by (—1)""/ it is called the cofactor of a;; and is denoted as

Cy = (-1)"M, (A-10)
For example, consider the third-order determinant

ap  app dp
ayy 4y a3
azy  dsp  azz

The cofactors for the elements in the first row are

a a a a
_ 1+1|422  G23| _ |G 423
Ciy = (-1 =
a3z asz az  asz
a a a a
_ 14221 d23| _ 21 a3
Cp= (-1 -
asp  asz as;  as3
a a a a
_ 1+3]921 2| _ |92 22
Ci=(-1) =
azp  as azp  as

Laplace’s expansion for a determinant of order n, Eq. A-9, states that
the numerical value represented by the determinant is equal to the sum
of the products of the elements of any row or column and their respective
cofactors, i.e.,

D= dl‘lcil + Cll‘zciz + -0+ aincm (l = 1,2,..., or l’l)
or (A-11)
D=a1jC1j+a2jC2j+ +(ln]Cn] (j=1,2,...,0rn)
For application, it is seen that due to the cofactors the number D is defined
in terms of n determinants (cofactors) of order n — 1 each. These
determinants can each be reevaluated using the same formula, whereby
one must then evaluate (n — 1) determinants of order (n — 2), and so
on. The process of evaluation continues until the remaining determinants
to be evaluated reduce to the second order, whereby the cofactors of the

elements are single elements of D. Consider, for example, the following
second-order determinant

35

P ‘ -1 2‘

We can evaluate D along the top row of elements, which yields
D =3(-D"2) + 5(-D)"(-1) =11

Or, for example, using the second column of elements, we have

D =5(—1)"2(=1) + 2(—-1)**?(3) = 11

A.3  DETERMINANTS
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Rather than using Eqgs. A-11, it is perhaps easier to realize that the
evaluation of a second-order determinant can be performed by
multiplying the elements of the diagonal, from top left down to right, and
subtract from this the product of the elements from top right down to
left, 1.e., follow the arrow,

D=‘>@‘=3(2)—5(—1)=11

Consider next the third-order determinant

1 3 -1
ID|=1] 4 2 6
-1 0 2

Using Eq. A-11, we can evaluate | D| using the elements either along the
top row or the first column, that is

oy e d frencom]
=1(4 —0) —3(8+6) — 1(0 +2) = —40
D = 1(-1)!*! é g’ A1) g _;‘ FEDEDT ; _é‘

=1(4 —0) — 4(6 — 0) — 1(18 + 2) = —40

As an exercise try to evaluate |D| using the elements along the second row.

A.4 Inverse of a Matrix
Consider the following set of three linear equations:

ap Xy + apx, + apx; = ¢
Ay X1 + apx, + apx; = ¢

asz1x; t+ apx; + azxz = ¢
which can be written in matrix form as

apn app a3 || X1 1
Cy (A—12)

azy  dsp  azz || X3 3

Ax = C (A-13)



One would think that a solution for x could be determined by dividing C
by A; however, division is not possible in matrix algebra. Instead, one
multiplies by the inverse of the matrix. The inverse of the matrix A is
another matrix of the same order and symbolically written as A™!. It has
the following property,

AAT=ATTA =1

where I is an identity matrix. Multiplying both sides of Eq. A-13 by A,
we obtain

A'Ax = A7IC
Since A'Ax = Ix = x, we have

x=A"C (A-14)

Provided A™! can be obtained, a solution for x is possible.

For hand calculation the method used to formulate A~ can be
developed using Cramer’s rule. The development will not be given here;
instead, only the results are given.* In this regard, the elements in the
matrices of Eq. A—14 can be written as

x=A"lC
Xq 1 Ci Cy Cy 1
X2 | = m Cp Cn Cun|la (A-15)
X3 Ciz Cyp Cxlc

Here | A| is an evaluation of the determinant of the coefficient matrix A,
which is determined using the Laplace expansion discussed in Sec. A.3.
The square matrix containing the cofactors Cy; is called the adjoint matrix.
By comparison it can be seen that the inverse matrix A™! is obtained from
A by first replacing each element a;; by its cofactor C;j, then transposing
the resulting matrix, yielding the adjoint matrix, and finally multiplying the
adjoint matrix by 1/[Al.

To illustrate how to obtain A™' numerically, we will consider the
solution of the following set of linear equations:

X1 — X + X3 = -1
—X1 + X2 + X3 = -1 (A—16)

x1+2x2—2x3= 5

Here
1 -1 1
A=|-1 1 1
1 2 =2

*See Kreyszig, E., Advanced Engineering Mathematics, John Wiley & Sons, Inc., New York.

A4

INVERSE OF A MATRIX
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The cofactor matrix for A is

1 1 |-t 1 -1 1
-2 1 =2 1
-1 1 1 -1
C=1-1,2 = —2| 2
-1 1 1 -1
! -1 -1 i

Evaluating the determinants and taking the transpose, the adjoint

matrix is
—4 0o -2
cl=|-1 -3 =2
-3 -3 0
Since
1 -1 1
A=1|-1 1 1({=-6
1 -2
The inverse of A is, therefore,
1 —4 0 -2
Al = e 71 3 2
-3 -3 0
Solution of Eqs. A-16 yields
X1 1 -4 0 -2 —1
X, | = s -1 -3 =21 -1
X3 -3 -3 0 5
x = —[(=4)(~1) + 0(=1) + (=2)(5)] = 1
X3 = —[(=1)(=1) + (=3)(=1) + (=2)(5)] = 1
x3 = —[(=3)(=1) + (=3)(=1) + (0)(5)] = ~1

Obviously, the numerical calculations are quite expanded for larger
sets of equations. For this reason, computers are used in structural
analysis to determine the inverse of matrices.



A.5 THE GAUSS METHOD FOR SOLVING SIMULTANEOUS EQUATIONS

A.5 The Gauss Method for Solving
Simultaneous Equations

When many simultaneous linear equations have to be solved, the Gauss
elimination method may be used because of its numerical efficiency.
Application of this method requires solving one of a set of n equations
for an unknown, say x, in terms of all the other unknowns, x,, x3, ..., Xx,.
Substituting this so-called pivotal equation into the remaining equations
leaves a set of n — 1 equations with n — 1 unknowns. Repeating the
process by solving one of these equations for x, in terms of the n — 2
remaining unknowns x3, Xy, ..., X, forms the second pivotal equation.
This equation is then substituted into the other equations, leaving a set
of n — 3 equations with n — 3 unknowns. The process is repeated until
one is left with a pivotal equation having one unknown, which is then
solved. The other unknowns are then determined by successive back
substitution into the other pivotal equations. To improve the accuracy of
solution, when developing each pivotal equation one should always select
the equation of the set having the /argest numerical coefficient for the
unknown one is trying to eliminate. The process will now be illustrated by
an example.
Solve the following set of equations using Gauss elimination:

_2)(1 + 8X2 + ZX3 =2 (A—17)
2x1 - X + X3 = 2 (A—18)
4X1 - SXZ + 3X3 =4 (A—19)

We will begin by eliminating x;. The largest coefficient of x; is in
Eq. A-19; hence, we will take it to be the pivotal equation. Solving for x;,
we have

x;1 =1+ 1.25x, — 0.75x; (A-20)

Substituting into Egs. A-17 and A-18 and simplifying yields
2.75x, + 1.75x3 = 2 (A-21)
1.5x, = 05x3 =0 (A-22)

Next we eliminate x,. Choosing Eq. A-21 for the pivotal equation since
the coefficient of x, is largest here, we have

X, = 0.727 — 0.636x; (A-23)

Substituting this equation into Eq. A-22 and simplifying yields the final
pivotal equation, which can be solved for x3. This yields x3 = 0.75.
Substituting this value into the pivotal Eq. A-23 gives x, = 0.25. Finally,
from pivotal Eq. A-20 we get x; = 0.75.
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“lrroplews

3 6 -1 2
A-1. IfA=1|2 7 |and B = 5 8 |,determine
4 =2 -2 1

2A — Band A + 3B.

3 5 2 6 4 -3
A-2. IfA=|4 3 l|andB=|3 2 -2,
1 -1 7 51 6

determine 3A — 2B and A — 2B.

A-3. IfA=[2 5]andB = B :ﬂ,determine AB.

2
*A-4., IfA = B ﬂ and B = {2 _J,determine AB.

2
A-5. IfA=| -5 |andB=[4 6 —5],determine AB.
6
2 -1
A-6. If A=|5|andB = 4 |, show that
6 4

(A +B)" = A" + B,

2 3 6
A-7. IfA = 5 9 2 | determine A + AT.
-1 0 2
(2 5 . T
A-8. IfA = g 1 ,determine AA".
2 8 . T
A-9. IfA = 4 s ,determine AA".
5]
A-10. IfA=[ > 0}andB= 0|,
-1 3 4
determine AB. S
5]
A-11. IfA = {2 > _1} andB=| 5|
3 2 5 1
determine AB. -

6 5 -1 2 -1 -1
*A-12. If A=|0 3 2land B=|3 2 5,

2 1 4 2 4 6
determine AB.

A-13. Show that the distributive law is valid, i.e.,

4 2 -1 2
A(B+C)=AB+ACifA={ },B= -1,
3 5 6 0
4
C=|2]
1
A-14. Show that the associative law is valid, i.e.,
2 51 !
A(BC) = (AB)C,if A = [ },B =] -1,
-5 6 0
4
cC=[2 -1 3]
4 3 5 7 2
A-15. Evaluate the determinants 1 6‘ and| 1 8 2
-1 4 0

2
*A-16. If A = [ > ] determine A%

4 -1
3 5 7
A-17. IfA=|4 -1 2 | determine A~
0 3 1
A-18. Solve the equations 4x; + x, + x3 = —1,

—5x1 +4x, + 3x3 =4, x; —2x, + x3 =2 using the
matrix equation x = A"!C.

A-19. Solve the equations in Prob. A-18 using the Gauss
elimination method.

*A-20. Solve the equations x; + 2x, — 2x3 =5,
X1 — Xyt x3=—1, x; — x, — x3 =1 using the matrix
equationx = A"!C.

A-21. Solve the equations in Prob. A-20 using the Gauss
elimination method.



APPENDIX

General Procedure
for Using Structural
Analysis Software

Popular structural analysis software programs currently available, such as
STAAD, RISA, SAP, etc. are all based on the stiffness method of matrix
analysis, described in Chapters 13 through 15.* Although each program has
a slightly different interface, they all require the operator to input data
related to the structure.

A general procedure for using any of these programs is outlined below.

Preliminary Steps. Before using any program it is first necessary

to numerically identify the members and joints, called nodes, of the

structure and establish both global and local coordinate systems in order

to specify the structure’s geometry and loading. To do this, you may want

to make a sketch of the structure and specify each member with a

number enclosed within a square, and use a number enclosed within a

circle to identify the nodes. In some programs, the “near” and “far” ends

of the member must be identified. This is done using an arrow written

along the member, with the head of the arrow directed toward the far

end. Member, node, and “direction” identification for a plane truss,

beam, and plane frame are shown in Figs. B-1, B-2, and B-3. In Fig. B-1, X

node @ is at the “near end” of member [4] and node ® is at its “far end.” &)

These assignments can all be done arbitrarily. Notice, however, that the

nodes on the truss are always at the joints, since this is where the loads

are applied and the displacements and member forces are to be N

determined. For beams and frames, the nodes are at the supports, at a

corner or joint, at an internal pin, or at a point where the linear or

rotational displacement is to be determined, Fig. B-2 and B-3. @
Since loads and displacements are vector quantities, it is necessary to '

establish a coordinate system in order to specify their correct sense of

direction. Here we must use two types of coordinate systems.

Fig. B-1

Global Coordinates. A single global or structure coordinate
system, using right-handed x, y, z axes, is used to specify the location of
each node relative to the origin, and to identify the sense of each of the
external load and displacement components at the nodes. It is convenient
to locate the origin at a node so that all the other nodes have positive
coordinates. See each figure.

*A more complete coverage of this method including the effects of torsion in three-
dimensional frames, is given in books related to matrix analysis. 625
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Local Coordinates. A local or member coordinate system is used
to specify the location and direction of external loadings acting on beam
and frame members and for any structure, to provide a means of
interperting the computed results of internal loadings acting at the nodes
of each member. This system can be identified using right-handed x’, y’,
z' axes with the origin at the “near” node and the x’ axis extending along
the member toward the “far” node. An example for truss member 4 and
frame member 3 is shown in Figs. B-1 and B-3, respectively.

Program Operation. When any program is excuted a menu
should appear which allows various selections for inputing the data and
getting the results. The following explains the items used for input data.
For any problem, be sure to use a consistent set of units for numerical
quantities.

General Structure Information.  This item should generally be
selected first in order to assign a problem title and identify the type of
structure to be analyzed-truss, beam, or frame.

Node Data. Enter, in turn, each node number and its far and near
end global coordinates.

Member Data. Enter,in turn, each member number, the near and
far node numbers, and the member properties, £ (modulus of elasticity),
A (cross-sectional area), and/or / (moment of inertia and/or the polar
moment of inertia or other suitable torsional constant required for
three-dimensional frames*). If these member properties are unknown
then provided the structure is statically determinate, these values can be
set equal to one. If the structure is statically indeterminate then these
must be no support settlement, and the members must have the same
cross section and be made from the same material. The computed results

*Quite often a selected structural shape, e.g., a wide-flange or W shape, can be made
when the program has a database of its geometric properties.
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will then give the correct reactions and internal forces, but not the
correct displacements.

If an internal hinge or pin connects two members of a beam or frame,
then the release of moment must be specified at that node. For example,
member 3 of the frame in Fig. B-3 has a pin at the far node, 4. In a like
manner, this pin can also be identified at the near node of member 4.

Suppo rt Data. Enter, in turn, each node located at a support, and
specify the called for global coordinate directions in which restraint
occurs. For example, since node 5 of the frame in Fig. B-3 is a fixed
support, a zero is entered for the x, y, and z (rotational) directions;
however if this support settles downward 0.003 m then the value entered
for y would be —0.003.

Load Data. Loads are specified either at nodes, or on members.
Enter the algebraic values of nodal loadings relative to the global
coordinates. For example, for the truss in Fig. B-1 the loading at node 2
is in the y direction and has a value of —200. For beam and frame
members the loadings and their location are referenced using the local
coordinates. For example, the distributed loading on member 2 of the
frame in Fig. B-3 is specified with an intensity of —400 N/m located
0.75 m from the near node 2 and —400 N/m located 3 m from this node.

Results. Once all the data is entered, then the problem can be
solved. One obtains the external reactions on the structure and the
displacements and internal loadings at each node. As a partial check of
the results a statics check is often given at each of the nodes. It is very
important that you never fully trust the results obtained. Instead, it
would be wise to perform an intuitive structural analysis to further check
the output. After all, the structural engineer must take full responsibility
for both the modeling and computing of final results.




Fundamental Problems
Partial Solutions and Answers

Chapter 2
F2-1. (+3M, = 0; 60 — Fpe(2)(4) =0 Fge =250 kN
(+SMp = 0; 60 — A (4) =0 A, =150kN Ans
) A, —250(2)=0 A, =200kN Ans
B,=C,=250(%) =200kN B, =C,=250(}) = 150 kN Ans
20
F2-2. (+3M,=0; Fpe sin 45°(4) — 10(4)(2) = 0 Fge =
{ a =0 e sin 45°(4) (4)(2) T
(+SMp = 0; 10(4)(2) — A,(4) =0 A, = 20.0 kN Ans
+ -0 _ oy — _ !
X SF, A, (sin . 50)(008 45°) =0 A, = 20.0 kN Ans
=C, = (Sm i 50) (cos 45°) = 20.0 kN Ans
= = ( 450) (sin 45°) = 20.0 kN Ans
5
F2-3. (+3M,=0; Fpesin60°(4) = 10(2)(1) =0 Fge = -~ kN
(+SMp = 0; 10(2)(3) — A,(4) =0 A, =150kN Ans
5
+ = () oy __ — — )
HESF, =0; (Sin 600)(005 60°) — A, =0 A, =289kN Ans
B, =C, = ( > )(cos 60°) = 2.89 kN Ans
X o sin 60° ’ )
B,=C —(L)(inw’)—soom Ans
y y sin 60° S . ns
F2-4. Member AC
(+SM¢ = 0; 10(3) = No(4) =0 N, = 7.50kN Ans
(+SM, = 0; Cy(4) —10(1) =0 C,=250kN
Member BC
N SF. =0 B, =0 Ans
+13F, =0; B, —250 —8(2) =0 B,=185kN Ans

+SMy = 0; 250(2) + 8(2)(1) — Mg =0 Mpy=210kN-m Ans
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F2-5. (+3ZM, =0; Fpe(3)(4) + Fpe(2)(3) —300(2) =0 Fpe = 1251b

XESF, =0, A, —125(3) =0 A, =1001b Ans
+13F, = 0; A, +125(2) =300 =0 A, =225Ib Ans
B, =C,=125%) = 1001b Ans
B,=C,=125(%) = 7501b Ans
F2-6. (+ZM¢ = 0; 6(2) +2(2) — Ns(4) =0 N, = 400kN Ans
X SF, =0, C,—2=0 C,=200kN Ans
+13F, = 0 C,+400-6=0 C,=200kN Ans
F2-7.
8kN 8kN
B,
305 -
3 m——‘
A,
Member AB
+EM, = 0; By(4) — By(3) —3(5)(25) =0
Member BCD
+ZMp = 0; 8(2) + 8(4) — B.(4) — B,(6) =0
B, = 1025kN B, = 1.167kN = 1.17kN Ans
Member AB
K SF, =0 —A, +3(5)3%) - 1025=0 A, =175kN Ans
+13F, =0 A, = (3)(5)(3) - 1167 =0 A, = 10.167kN = 10.2kN Ans
Member BCD
XESF, =0, 1025 - D, =0 D, =1025kN Ans

+12F, = 0; Dy, +1167-8-8=0 D,=1483kN =148kN  Ans
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F2-8.

4 kN —
Member AB

(+tEM, = 0;

(tZMp = 0;
Member BC

X SF, =0,

(tZMc = 0;

(tZMp = 0;
Member AB

+13F, = 0;
Member CD

X SF, =0,

+T2Fy =0

4(3) — A\(6) =
200-C, =0
y(6) =0
Cy(6) = 6(2) —6(4) =0
A, —6.00 =
200-D,=0
Dy, —6.00 =0

M, — 2.00(6) = 0

B, = 2.00kN
A, = 2.00kN
C, = 2.00kN
B, = 6.00 kN
C, = 6.00kN
A, = 6.00 kN
D, = 2.00kN
D, = 6.00 kN

Mp=120kN-m

Ans
Ans

Ans
Ans

Ans

Ans

Ans

Ans
Ans



F2-9.
B,

0.5(6) k—
Member AB

(tZM 4 =0

(tZMp = 0;
Member BC

(tZMc = 0;

(tZMp = 0;

K IF, =0
Member AB

+12F, = 0;
Member CD

XESF, =0

+12F, = 0;

2(8) k

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

4 ft 4 ft

B.(6) — 0.5(6)(3) = 0
0.5(6)(3) — A,(6) = 0
2(8)(4) — By(8) =0
C,(8) —2(8)(4) = 0
150 - C, =0

A, — 800 =0

150 = D, = 0

D, —8.00 =0

Mp —1.50(4) = 0

B, =150k
A, =150k
B, = 800k
C, =800k
C, =150k
A, =800k
D, = 150k
D, = 8.00k
My = 6.00k-ft

Ans
Ans

Ans
Ans
Ans

Ans

Ans
Ans
Ans
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F2-10.
By
A
Ay
Member BC
Member AB
X SF, =0,
+12F, = 0;
Member BC
K IF, =0
Member CD
X SF, =0,
+T2Fy =0

1.5 (6) kN

C,(6) — 8(2) — 8(4) — 6(6) = 0
8(2) + 8(4) + 6(6) — By(6) =0
B. =0
A, =0

A, — 140 =
C,=0

D, - 1.5(6) = 0
D, — 140 = 0
1.5(6)(3) — Mp =0

C, = 140kN
B, = 140kN
A, = 140kN
D, = 9.00 kN
D, = 140kN

Mp=270kN-m

Ans
Ans

Ans
Ans
Ans

Ans

Ans
Ans
Ans



F3-1.

Joint B

F3-2.

Joint C

F3-3.

Joint D

Joint C

Joint B

Fpc
45°

Fpa

y 6 kKN

C

14.14 kN

8.485 kN

10 kN

K SF, =0
+13F, = 0;
X SF, =0
+12F, = 0;
+12F, = 0;
K IF, =0
LE3F =0
+T2Fy =0
K 3F, =0
+13F, = 0;
VSF, = 0;
NF2F, = 0;

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

40 — Fep(3) =0
50.03) — Fey =0

Fep = 50.0kN (C)
Feu = 30.0kN (T)

50.0(2) — Fpa =0
Nz —35003) =0

Fpa = 40.0kN (T)
Ng = 30.0kN

Fpesinds® —6 =0 Fpe = 8.485kN (T) = 8.49 kN (T)

Fpy — 8485c0s45° =0 Fpy = 6.00kN (C)

8.485c0s45° — Fep =0  Fep = 6.00kN (T)

Fcy — 8485sin45° =0 Fcy = 6.00kN (C)

10 — Fcpcos 45° =
Fep — 14.14sin45° = 0

Fep = 1414kN (T) = 14.1kN (T)
Fcg = 10.0kN (C)

1414’7FDA:O
FDB:()

Fpa = 14.14kN (T) = 14.1 kN (T)

633

Ans
Ans

Ans

Ans
Ans

Ans
Ans

Ans
Ans

Ans
Ans
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Joint B
10 kN
B
Fpa
Np
F3-4. Joint D
2k |p  Fpe
—_—
Y Fpa
Joint C
2 C
/|
FCA 3 Y FCB
Joint A
F3-5. Joint D
Fpc
Fpa
Joint C

i>EFx: ;
+T2Fy=0;
K IF, =0
+13F, = 0;
X SF, =0,
+T2Fy=0;
X SF, =0
+T2Fy: ;
K SF, =0
+T2Fy: ;

Fcp

FBA:()
Nz —100=0
FDC_2:0
Fpa=0

Fea)—2=0
3333(3) = Fep =0

Fup—33333) =0
Ny—33333)=0
FDC = 0
FDA = 0

8 cos 60° — F 4 cos 45°

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

Np = 10.0kN

Fpe = 2.00k (T)

Fea =3333k (C) = 333k (C)
Fep = 2667k (T) = 2.67k (T)

F a5 = 2.00k (T)
N, = 2.667k

Ans

Ans
Ans

Ans
Ans

Ans

Ans
Ans

0 Fep=565TkN (T) = 5.66 kN (T) Ans
— 5.657sin45° — 8sin 60° = 0 Fcp = 10.93kN (C) = 10.9kN (C) Ans
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Joint B
1093kN B 3F, =0; Faz=0 Ans
+T2Fy=0; Np = 10.93 kN

Np

F3-6.  Entire truss
(+EZM,4 =0 Ey(8) — 600(2) — 800(4) — 600(6) =0 E, = 1000 N

Joint £
+T2Fy =0; 1000 — Fppsin45° =0 Fgp = 141421 N (C) = 1.41 kN (C) Ans
5 SF, =0 141421 cos 45° — Fgp =0  Fpp = 1000N (T) = 1.00 kN (T) Ans
1000 N
Joint F
5 2F, =0 Frg — 141421 cos 45° = Frg = 1000N (C) = 1.00kN (C) Ans
+T2Fy =0; 1414.21sin45° — Frp =0 Fpp = 1000N (T) = 1.00kN (T) Ans
141421 N
Joint D
+T2Fy =0; 1000 — 600 — Fpg;sind5° =0 Fpg = 565.69N (C) = 566 N (C) Ans
5 SF,=0; 1000 + 565.69 cos45° — Fpc =0 Fpc=1400N (T) = 1.40kN (T) Ans
Joint C

+T2Fy =0 Fcg —800 =0 Fcg = 800N (T) Ans
Due to symmetry,

Fpc = Fpc = 140kN (T) Fpg = Fpg =566 N (C) Fys = Frg = 1.00kN (C) Ans
800 N Fup= Fpp=100kN (T) Fuy = Fgp = 141kN (C) Fyp = Fgp = 100kN (T) Ans



636

F3-7.

F3-8.

Joint H

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

For the entire truss

Fpug(5) —=3(5) =0
Fpce(5) + 2(5) — 3.00(10) = 0

FEME =0, 2(5) + 2(10) + 2(15) — A,(20) = 0
K IF, =0
For the left segment
+12F, = 0; 3.00 — 2 — Fpgsin 45°
L‘f’EMG = O,
2.0k
5 ft 5 ft
\4 Fuc |G
A o
7
//
30k /~ 51t
’ Fpg,”
45°
B “Fac

For the entire truss
K SF, =0
For the left segment

A, =3.00k

Fye = 400k (T)

600(16) + 600(12) + 600(8) + 600(4) — A,(16) =0 A, = 15001b

A =0

Fpi(3) + 600(4) + 600(8) — 1500(8) = 0  Fyy; = 1600 1b (C)
Fpe(3) + 600(4) — 1500(4) = 0 Fye = 12001b (T)

600 Ib 600 Ib
Y 1y
<« F,;
V N
F
31t FA
N
N
N
| .
» ————%(C
A [ ‘
4t 41t |
1500 1b
600 Ib L3F, =0
+TEFy =0

1600 1b l Frc
—_——

T

Fuc

Fuc — 600 =0 Fpye=6001b (C)

Ans
Ans
Ans

Ans

Ans
Ans
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F3-9. For the entire truss
(+tEM, =0 Nc(4) —8(2) —6(2) =0 N¢ = 7.00kN
Consider the right segment
+13F, =0; 7.00 — Fgpsind5° =0 Fgp = 9.899kN (T) = 9.90kN (T) Ans
(+EMp = 0; 7.00(2) — 6(2) — Fgp(2) =0 Fgp = 1.00kN (C) Ans
(+tZMp = 0; 0—Fpe(2) =0 Fpc=0 Ans

F
2L, D oy 6.00kN

45°

7.00 kN

F3-10. For the entire truss
(+EM 4 =0; Ng(32) —400(8) — 400(16) — 400(24) — 400(32) =0 Ng = 10001b
Consider the right segment

(+SMp = 0; 400(8) — Fer(2)(16)

0 Fcp=333331b(C) =3331b(C) Ans

+SM¢ = 0; 1000(16) — 400(16) — 400(8) — F#(2)(16) =0 Fgr = 666.671b (C) = 6671b (C)  Ans
+SMp = 0; 1000(8) — 400(8) — Fep(6) =0 Fep = 8001b (T) Ans

F
ST 400 1b

N
P

8 ft 8 ft

1000 1b
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F3-11. For the entire truss
(+EZM,4 =0 Np(6) —2(6) —4(3) =0 Np=4.00kN

Consider the right segment

+13F, = 0; 400 — 2 — Fpesinds® =0 Fpe = 2828 kN (C) = 2.83kN (C) Ans
+SMy = 0; 400(3) = 2(3) — Fpe(15) =0 Fye = 4.00kN (T) Ans
+SM¢ = 0 4.00(15) — 2(1.5) — Fpp(15) =0 Fpp = 2.00kN (C) Ans
2 kN
3m
F Frp 4
.« ———— >
\\
\\
1.5m Frc
"
Fpc ¢
A
1.5 m——
4 kN

F3-12. For the entire truss

(+FIM, = 0; Ng(16) — 500(4) — 500(8) — 500(12) =0 Ng = 7501b

Consider the right segment

(+tEMp = 0; 750(4) — Fep(3) =0 Fep = 10001b (T) Ans

(+3Mc = 0; 750(8) — 500(4) — FGF( )(16) =0 Fgp=1030.781b = 1.03k (C) Ans
V17

(+=M, = 0; Fer(2)(16) + 500(12) — 750(8) = 0 Fep = 0 Ans

500 Ib 750 1b



F4-1.

F4-2.

F4-3.

F4-4.

F4-5.

(t=ZM,4 = 0;
Segment CB
K IF, =0
+12F, =0;
(+tEMc = 0;
(+tEM, = 0;
Segment CB
K SF, =0
+12F, = 0;
(tZMc = 0;
(tZMp = 0;
LSF, =0
Segment AC
LSF, =0
+12F, = 0;

L‘f’EMC = 0;

(tZMp = 0;
X SF, =0
Segment AC
X SF, =0
+13F, = 0;
(ZMc =0
Reactions
(t+tEM, = 0;
K SF, =0
+12F, = 0;
Segment AC
K IF, =0
+T2Fy =0
(+tEMc = 0;

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

B,(2) +20 — 10(4) =0 B, = 10.0kN

Nc

Ve + 10 — 10

~Me + 10(1) — 10(3)

B,(3) — 4(1.5)(0.75) — 8(1.5)(2.25)

N¢

Ve + 105 — 8(1.5)

10.5(1.5) — 8(1.5)(0.75) — M
SO)O)3) — A,(6)

Ay

N¢

9.00 — %(3)(1.5) - Ve
Mc + %(3)(1.5)(0.5) ~9.00(1.5)

300(3)(1.5) — %(300)(3)(1) - A,(3)

Ay

N¢
300 — 300(1.5) — V¢
M + 300(1.5)(0.75) — 300(1.5)

Fpsin 45°(3) — 5(6)(3)
4243 cos 45° — A,
42.435in45° — 5(6) — A,
N¢ — 300
—5(1.5) — V¢

M + 5(1.5)(0.75)

0
0
0

VC:O

M¢c = —20kN-m

B, = 105kN

Ve = 1.50kN

Mc = 6.75kN-m

A, = 9.00 kN

Ve = 675kN

Mc = 124kN-m

A, =3001b
Ve=—1501b
Me = 112.51b
Fp = 4243 kN
A, = 30.0kN
A, =0

Ne¢ = 30.0kN
Ve = —7.50kN

Mc = —5.625kN-

Ans
Ans
Ans

Ans
Ans
Ans

Ans

Ans

Ans

Ans
Ans
Ans

Ans
Ans
Ans
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F4-6.

F4-17.

F4-8.

F4-9.

F4-10.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

Reactions

(t=ZM,4 = 0;
Segment CB
K SF, =0
+12F, = 0;
(tZMc = 0;

Left segment

+12F, = 0;
Reaction

Left segment

B,(15) — 150(9)(10.5) — 600(6) — 800(3) = 0 B, = 13451b

NC =0
Ve + 1345 — 150(6) =0 Ve = —4451b
1345(6) — 150(6)(3) — Mc = 0 M¢ = 5370 1b-ft = 5.37 k- ft

-6 — f(l?gx)(x) -V=0 V={-3x2-6kN
M+ l<§x>(x)(f) +6x=0 M={-x*—6x}kN-m

1
5(12)(6)(2) —Ay6)=0 A, =12.0kN

12.0 — 1(12 )(x) -V=0 V={120-x*} kN
1/12 x 1
+ o= =) - 120x = ={120x — _x° .
M 2(6x)(x)(3) 1206 =0 M {120x 3 }kN m

0 B, =240kN
8(4)(2) — A,(8) =0 A, =800kN

0 = x < 4 m left segment

+12F, = 0;
Reactions
+12F, = 0;

800 -V =0 V={8kN
M —800x=0 M= {8x}kN-m

4m < x < 8mright segment

+12F, = 0;

(tZMp =0, 24.0(8— x)— 8(8 — x)(

0=x<2m
+T2Fy =0

2m < x=4m

+13F, = 0;

V +240-808—x)=0 V ={40 — 8x} kN

V=0
M+20=0 M= -20kN'm

~5(x —2) =V =0 V=1{10-5x}kN

x—2

8_
2x)—M= M = {—4x* + 40x — 64} kN -m

Ans
Ans
Ans

Ans

Ans

Ans

Ans

Ans
Ans

Ans

Ans

Ans
Ans

Ans

M + 5(x — 2)(7) +15+20=0 M= {—%xz + 10x — 45} kKN-m Ans
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F4-11. Reactions

+13F, = 0; A, —5(2)—-15=0 A, =250kN

(+IM, = 0; M, —5(2)(1) —15(4) =0 M, = 70.0kN-m

0 = x < 2 m left segment

+12F, = 0; 250 -5x—V =0 V=1{25-5x}kN

5

(+tEMp = 0; M + 5x<%) +70.0 —25.0x=0 M = {_Exz + 25x — 70} kN -m

2m < x = 4 mright segment

+12F, = 0; V-15=0 V =15kN

(+tZMp =0 -M —15(4-—x)=0 M = {15x — 60} kN-m
F4-12. Support reactions

(+EM, = 0; B,(24) — 2(12)(6) — 18(12) =0 B, = 150k

(+SMy = 0; 18(12) + 2(12)(18) — A,(24) =0 A, =270k

0 = x < 12 ft left segment

+13F, = 0; 270 —2x =V =0 V ={27 - 2x}k

+3M, = 0; M +2x(§> —270x=0 M ={-x>+27x} k-t

12 ft < x = 24 ft right segment

+13F, =0; V+150=0 V ={-15k}

(tZMp = 0; 15024 —x) =M =0 M = {-15x + 360} k- ft
F4-13.

V (kN) M (kN -m)

2 4
11 0 1 +—x (m)
D
-6
0 : x (m)
2 4
—28
F4-14.
V (kN) M (kN -m)
8.5
| 0.5
0 1 +—x (m)
4 6 8

-6

Ans

Ans

Ans

Ans

Ans

Ans

Ans

Ans
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F4-15.

V (k)

x (ft)

F4-16.

1% (k)

512

x (ft)

—27

F4-17.

V (kN)

F4-19.

V (kN)

12

2 l\‘ x (m)

x (ft)

M (k- ft)
30 V30 19
—70
M (k- ft)

V\
x (ft)

M (kN-m)

0.5
1.5 3.5 5
0 x (m)
2.5
-1.5 -1.5

105 12

M (kN-m)

\/6.75\
0 : +—x (m)
45 9

M (KN-m)

4 6
1 +—x (m)
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F4-20.

V (k) M (k- ft)
24

6 12
0 — x (ft) 0 ; — x (ft)
\J | 6 12
6

o
=
hS

a
o

F6-3.

10
o]
>}

10
®

-
a

F6-4.

643
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Fo6-5.
A, Ve M,

B E }\ c E /\ E
D’\ ; N D l\‘ : " D : : "
‘ A < ‘ A N VA c z\l
F6-6
A, Vi M,

-0.5
(M) mter = 80) + |36 =20 |19) + S0 @) + [ 36 - 200 |@)
= 13.0kN-m

(V) max (1) = 8(0.5) + [%(2)(0.5)}(1.5) + Bm - 4)(0.5)}(1.5)

+ B(z)(o.sﬂ(z) + B(zt - 2)(—0-5)}(2) + B(6 - 4)(0-5)}(2)

= 6.50 kN

Ans

Ans
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F8-1.

-3
1 1
a) (Cy)max(r) = 6(2) + {5(9 - 3)(2)}(2) + {5(9 - 3)(2)}(4) = 48 kN Ans
D) (M) = 60-3) + | 36 - 0)(-3)|) + | 36 - 0= [0 + [ S0 - 093) )
= —54kN-m Ans
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F8-2. F8-3.




F8-4.

F8-5.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

L
For0 = x < —
or X <3
P
M, = PR
7 dzvl - £
g 21
d’l)l P
El—=-"x1+C 1
dx, 4x1 1 (1)
P,
EI v = EX] + C]X] + CZ (2)
L
For - <x, =L
2
P PL P
My =AL—x)=—"—7%
dv, PL P
I—F=— -7
dX2 2 2
d7)2 PL P
ITXQZTXZ_ZX%-FCS (3)
PL P
Elv, = Tx% - Ex% + Csx, + Cy (4)
vp=0 at x;=0. FromEq(2), C, =0
dv, L PL?
TM =0 at x = E From Eq (1), C; = —?
dv, L 3PL?
dixz =0 at x =7 From Eq (3), C; = — 16
PL?
v, =0 at x,=L. FromEq4), C;= 8
_ P, 2
v = 48E1(4x1 3L7) Ans
P
vy = @(—4)@ + 12Lx3 — 9L%x, + L?) Ans
M = Px — PL
2
ETCY — pr - pL
dx
dv P
El = Ex2 — PLx + C, (1)
P PL
Elv = gx3 - 7}62 +Cix + Cy (2)
@—0 at x=0. FromEq(1l), C; =0
dx ' EAAE
v=0 at x=0. FromEq((2), C,=0
P
v o (x* — 3Lx) Ans

T 6EI
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F8-6.

F8-7.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

dz?) Mo
El 5= My =
d’l} MO >
- %2
EI dx Mx " Cy

M, M,

Elv=—x*-"xX+Cx +C, 1)

2 6L
v=0 at

v=0 at

M, 3 2 2
= f— + —
v 6EIL( x> + 3Lx" — 2L%x)

My, M, ,

x = 0. From Eq (1),

x = L. From Eq (1),

C2 =0
ML
3

CIZ_

M

@

®)

EIU2 = X3 — X3 + C3X2 + C4 (4)

2 6L
vy =0 at

'1)2:0 at

dv, _ dv

‘ L
= a X1 = Xop = .
dX] de ! 2 2

x; = 0. From Eq (2),

x, = L. From Eq (4),

From Eqs (2) and (4),

C2:0

M,L?
O = C3L + C4 +

From Egs (1) and (3),

C17C3:

ClL - C3L - 2C4 =

Ans

®)

ML .
) (6)
M,L?

4

™)



F8-8.

F8-9.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

Solving Egs (5), (6) and (7)

. _ M,L? c. 1ML ML
‘T8 T 24 LY
M,
v = 24E1L(_4X? + szl)
M, 3 2 2 3
Vy = 24EIL(_4x2 + 12Lx5 — 11L°x, + 3L°)
LZ
M=f%x2+wfoWT
d*v W, wlL?
= = + P —
Eldx2 2x wlLx >
dv w wL wil?
El —=—-——xX+—x*-—x+C (1
dx - e T Tyt a )
L L?
Elv= f%x“ + %x3 - Wsz +Cix +C, (2)
dv

— =0 at x=0. FromEq(1l), C;=0

v=0 at x=0. FromEq(?), C,=0
w

_ A 3 g72.2
v 24EI( X 4Lx 6L"x%)
Wo 3
M=—-——
6L"
d“v Wy
El-—=-—x
dx? 6L
dv Wo 4
i
dx ~ et TE (M)
Elv=— W0x5+Cx+C (2)
120L ! ’
dU I'V()L/3
E:O at x=L. FromEq(l), C; = o
W0L4
v=0 at x=L. FromEq(Q), C, = — 20
w
v = O (x5 + 5L% — 4L%)

120EIL

Ans

Ans

Ans

Ans
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F8-10.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

Sx

x (m)
P —18 kN'm
" —18kN-m
tan A El
1/—-18kN-m 27 kN - m?
= =|H{— e An;
OA |9A/B| ‘2( El )(3 m)‘ El ns
1/-18kN-m 2 54 kN - m?
AA = |tA/B| = H:E (T)(S l’n)”:g (3 rn)” = Tl Ans
F8-11.
2
v, 3 GBm) ——
M,
(1 =
LS KN \/ 18 kN-m
1 ‘m - 7
(5 )em ET
1/18 kN -m 27 kN -m?
+ — () [ — —
T1SF,=0; V) 2( £l )(Sm) 0 04 £ 1% Ans
1/18kN-m 2
+ — . 7 ’ _— . —
by -0 - (L) 2 ]
) S4kN-m®  54kN-m?
My=A,=~ El = £l ! Ans
F8-12.
M
tan B EI SKN-m
O EI
f Ap =ty
o tan A x (m)
8kN-m 32 kN -m?
03 = |BB/A| = (T)Mm) = T A Ans
8kN-m 1 64 kKN -m?>
Ap = ltpal = KT)Mm)ME(“m)} = TT

Ans
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F8-13.

(SkII;II-m )(4m)

8kN-m , 32 kN-m?

+T2Fy—0, <T>(4m)*‘/3—0 OB—TA Ans
8kN - 64 kN - m®

+SMy = 0; M}y — KTH’>(4 m)}(z m)=0 Mpy=A,= TmT Ans

F8-14.

tan A -
1/5kN-m 12 15kN-m?
‘54 = {5 (T)“ m) {5 <3m>} ST B
1/25kN-m 2 2.5kN-m 1
_ 4.6875kN-m’
- EI
oL (15kN-m3) _ 75kN-m’
) EI ©EI
ltgal  15kN-m¥/EI -m?
- /Al _ / _ SkN-m < Ans
Lug 3m EI
) 75kN-m®  4.6875kN-m®> 281 kN-m’
AC = A - tC/A = - = l

EI EI El Ans
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F8-15.
SkN m
A (3m)
2( ) 0.5m A 1(25kNm)(15 m)
VIC
M,C
- CT g |
1m Tm + ‘ 1.5m *
5 kN-m? 2.5 kN-m? 2.5kN-m*
El El EI
. SkN-m? , SkN-m?> SkN-m?’
+12F, = 0; fVAfT—O 0=V, =— AT N Ans
1/25kN- 2.5 kN - m?
+SM = 0; {5 (Tm)u.s m)](O.S m) — (Tm)u.s m) — M'c =0
2.8125kN-m® 2.81kN-m?
Ac=Mc =— El = El l Ans
F8-16.
M
EI 12 kN-m
EI
} } } x(m)
0 3
1/12kN-m 18 kN + m?
OA = BC/A = E(T>(3 m) = T N Ans

1/12kN-m 1 18 kKN - m?

on= 3 (e m | Jem | - BE
18 kN - m? 54 kN-m’
A" =0,Lac = (T)@ m)=—p

54kN-m’ 18kN-m’ _ 361<N-m3l

AC = A’ - tC/A = EI EI EI Ans

F8-17.

1,12 kN m 1,12 kN m

5 () 6m) (Y G m)

c
M'c
3m
' v |

18 kN-m? 18 kN-m? 18 kN-m?

EI El El



FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS 653
18 kN - m? 18kN-m?> 18kN-m?
+ =0 -V, - - " = — = — = N -
TEFy O, VA El A A El El Ans
18 kN - m? 1/12kN-m
+ == - ! + — —_ - —F =
(FEMc=0; M¢ ( £l )(Sm) {2( £l )(3m)}(1m) 0
36kN-m*> 36kN-m?
! = = — = Ans
MC AC El El l ns
F8-18.
1 /8kN-m 8kN-m 24 kN -m?
1/8kN-m 1 8kN-m 3733 kN -m?
24 kN - m? 96 kN - m’
AN=0,L,=|"——]4m)="—"————
04L ac < El )( m) El
96kN-m?> 37.33kN-m® 58.7kN-m?
— r_ — — = Ans
Ac =4~ EI EI T "
F8-19.
8 kN- 8 kN- 48 kN- 1 SkNm SkNm
(BN (g 4 L (BERmy (g gy - BINT () em) (S5 )em
u A
<1 m—|
2.667 m —
>§ Vi
b
+ 4m ‘ 4m + * 4m 1
24 kN-m? 24 kN-m? 24 kN-m?
EI EI EI
24 kKN - m? 24 kKN - m?
+T2Fy=0; _V/A_T: BA: :4 :TY Ans
24 kN -m? 1 /8kN-m 8kN-m
+ = (): L+ — - - — . _ — =
(tZEMc=0; M¢ < Zl )(4m) [2( El )(2m)}(2667m) < El )(Zm)(lm) 0
.3
Ae = My = 58.7kN-m l s

El
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654
F8-20.
M
EI
tan A : +—x (m)
| /GB/A /2
Ipia
18 kN-m
B
tan B El
1 18 kN -m 18 kN -m
= S e =221 s
03 |GB/A| ’2 ( El )(2 m)‘ El Ans
1 18 kN -m 60 kKN *m
= = — + — —
Ap |fB/A| H( El )(Zm)MZm (2 )” El l
F8-21.
&%(Zm)a 2m [
B
M’
ld
\
1 /18 kN-m
7( El )(Zm)
1/18kN-m
+ -0 Vv, - - == =
TSF,=0; -V 2( £l )(Zm) 0
18kN-m? 18kN-m?
0p = — £l = El N Ans
1 /18kN-m 2
+ =0: | —— - + =
(tZMp=0;, Mp [2< Zl >(2m)M3(2m) Zm} 0
60kN-m® 60 kN-m?
— L ml Ans

M = Ap = EI EI
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F9-1. 2
Member n (Ib) N (Ib) L (ft) nNL (b - ft)
AB -1.667 -250 10 4166.67
AC 1 150 6 900.00
BC 1.333 200 8 2133.33
> 7200
Thus,
nNL 7200 1b2-ft
1lb A, = =
brd = 2L AE
7200 1b - ft
Ap, = AE l Ans
F9-2. SN SN
AB -1.667P  -1.667 -250 10 4166.67
AC P 1 150 6 900.00
BC 1.333P 1.333 200 8 2133.33
> 7200
SN\ L 7200 1b - ft
A, — oN) L _ 7200lb-1t An
By 2N(ap)AE AE l m
F9-3. 5
Member n (kN) N (kN) L (m) nNL (kN?-m)
AB 1 -4.041 2 —-8.0829
AC 0 8.0829 2 0
BC 0 -8.0829 2 0
CD 0 8.0829 1 0
> —8.0829
Thus,
nNL 8.0829 kN?-m
1kN-AAh—2AE =- E
808kN'm 8.08kN-m
Ay, =— AE = AE — Ans
F9-4.
SN SN
Member N (kN) — N(P=0)(kN) L(m) N(*)L (kN-m)
oP 6P
AB P —4.041 1 -4.041 2 -8.083
AC 8.083 0 8.083 2 0
BC -8.083 0 -8.083 2 0
CD 8.083 0 8.083 1 0
> —8.083
6N\ L 8.083kN-m  8.08kN-m
Aa, = EN(TP)E Y Y Ans



656 FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

F9-5. 2
Member n (kN) N (kN) L nNL (kN<-m)
AB 0 0 3 0
AC 1.414 8.485 3\V2 50.91
BC -1 -6 3 18.00
AD 0 -6 3 0
CcD -1 0 3 0
S 68.91
nNL 6891 kN?-m
1kN-A, = =
0, = 2 AE AE
68.9 kN -m
AD;, = T_) Ans
F9-6. SN SN
Member N (kN) — N (P = 0) (kN) L (m) N (*)L (kN-m)
5P 5P
AB 0 0 0 3 0
AC V2P +6) V2 6\V2 3V2 50.91
BC -(P+6) -1 -6 3 18.00
AD -6 0 -6 3 0
CcD -P -1 0 3 0
T 68.91
SN\ L
A, = EN(STD)E
68.9 kN -m
_ N Ans
AE
F9-7.
Member n (kN) N (kN) L (m) nNL (kN2 -m)
AB 0.375 18.75 3 21.09
BC 0.375 18.75 3 21.09
AD ~0.625 -31.25 5 97.66
CcD ~0.625 -31.25 5 97.66
BD 0 50 4 0
32375
nNL 237.5kN?-m
1kN-A, = =
0.~ 2 AE AE
237.5kN-m
= 7i Ai’lS

Dy AE
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F9-8. SN 5N
Member N (kN) — N (P = 0) (kN) L (m) N (—)L (kN - m)
5P 5P
AB ip + 1875 0.375 1875 3 21.09
BC 2P + 1875 0.375 1875 3 21.09
AD —(3P + 31.25) -0.625 -31.25 5 97.66
CD —(3P + 31.25) -0.625 -31.25 5 97.66
BD 50 0 50 4 0
32375
SN\ L  2375kN-m
3o, = SNy ) = g Ans
F9-9. 5
Member n (kN) N (kN) L (m) nNL (kN%-m)
AB 0 -6 15 0
BC 0 -6 15 0
BD 1 0 2 0
CD 0 10 2.5 0
AD -125 -10 2.5 31.25
DE 0.75 12 15 135
S 44.75
nNL 4475kN?-m
1kN-Ap = =
DYy AE
_ 4475KN-m Ans
B, = AE ns
F9-10. SN SN
Member N (kN) = N (P =0) (kN) L (m) N(*)L (kN-m)
5P 5P
AB -6 0 -6 1.5 0
BC -6 0 -6 1.5 0
BD P 1 0 2 0
CD 10 0 10 2.5 0
AD ~(1.25P + 10) -125 -10 2.5 31.25
DE 0.75P + 12 0.75 12 1.5 135
S 44.75
SN\ L  4475kN-m
Ag, = e T Ans
B, EN( 6p)AE AE "
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FO-11. 5
Member n (kN) N (kN) L (m) nNL (kN%-m)
AB 0.5 50 2 50.00
DE 0.5 50 2 50.00
BC 0.5 50 2 50.00
CD 0.5 50 2 50.00
AH ~0.7071 ~70.71 2V2 141.42
EF ~0.7071 ~70.71 2V2 141.42
BH 0 30 2 0
DF 0 30 2 0
CH 0.7071 28.28 22 56.57
CF 0.7071 28.28 22 56.57
CG 0 0 2 0
GH -1 ~70 2 140.00
FG -1 ~70 2 140.00
= 878.98
nNL 87598 kN?-m
1kN—ACv—2AE = E
876 kN -m
Ac, = T‘L Ans
F9-12.
SN SN
Member N (kN) —— N (P = 40 kN) L (m) N (*)L (kN *m)
5P 5P
AB 0.5P + 30 0.5 50 2 50.00
DE 0.5P + 30 0.5 50 2 50.00
BC 0.5P + 30 0.5 50 2 50.00
CD 0.5P + 30 0.5 50 2 50.00
AH —(0.7071P + 42.43) ~0.7071 ~70.71 2V2 141.42
EF —(0.7071P + 42.43) ~0.7071 ~70.71 2V2 141.42
BH 30 0 30 2 0
DF 30 0 30 2 0
CH 0.7071P 0.7071 28.28 2V2 56.57
CF 0.7071P 0.7071 28.28 2V2 56.57
CG 0 0 0 2 0
GH —(P + 30) -1 ~70 2 140.00
FG —(P + 30) -1 -70 2 140.00
= 875.98
SN\ L  875.98kN-m
A = OV £ _ o/.JoRINTI
c.= XN ( sP >AE AE
AC _ 876 kN - ml Ans

v

AE



F9-13.

F9-14.

F9-15.

F9-16.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

For the slope,

2 3m
myM (—=1)(—30x) 135 kN2 -m®
1kN-m-6, = dx = dx =
m°%a /0 El “* /0 el EI
135 kN - m?
HA:?’SEilmy Ans

For the displacement,

L 3m
M —x)(—30x 270 kN2 - m>
1kN-AA_=/m—dx=/ (70)(=30x) | _ 270kN’-m
v o EI o EI EI
270 kN - m*
Ay, = 70 El h l Ans
oM
For the slope, M = —30x — M'. Then, Y —1.Set M' = 0. Then, M = (—30x) kN -m.
L 3m
oM \d —30x)(—1)dx  135kN-m?
0, = / M< )l = / ( /1) = = 14 Ans
0 oM' JEI 0 El El
. oM
For the displacement, M = —Px. Thenﬁ = —x.
Set P = 30 kN.Then M = (—30x) kN -m.
A, = LM(GM)dx _ [M(E300(C0dx  270kNm’
A oP JEI — J, El B El
For the slope,my = 1kN-mand M = 4kN-m.
L 3m
M (4)dx 12 kN?-m?
1kN-m-0, = | 220 = (H))dx _ o
o EI o EI EI
12 kN - m?
04 = T E EN Ans
For the displacement,m = x kN-mand M = 4kN-m.
L 3m
M x(4)dx 18 kN?-m3
1kN-A, = [ 2%y = @dx_ o
v o EI 0 EI EI
18 kN -m?
Ay = Bl 7 Ans
oM
For the slope, M = M'.Then — = 1.
or the slope en oM
Set M' = 4kN-m.Then M = 4kN-m.
L 3m
oM \d 4(1)dx  12kN-m?
0, = M< )i = Q) = o 1N Ans
0 oM' JEI 0 EI EI

oM
For the displacement, M = (Px + 4) kN -m. Then P

Set P =0.Then M = 4kN-m.

L 3m
M 4(x)dx 18 kN -m3
AA:/M(a )dx:/ (dx _ 18KN 'y Ans
v o oP JEI 0 EI EI

659
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F9-17. For the slope, ny = —1kN-mand M = (—x*) kN -m.
L 3m 3
_ [TmeM (=D(=x) ~ 2025kN?-m?
1kNm63—1 Eldx_/o Bl dx = £l

_ 2025kN-m?
i EI
For the displacement, m = (—x) kN-m and M = (—x*)kN-m.

L 3m(—x)(—x3 2,3
lkN-ABU=/ dex=/ (—x)( )dx:48.6kN m
0 0

N Ans

El El EI
48.6 kN - m’
— Ans
Ap, El l ns
, 3 oM
F9-18. For the slope, M = —(M' + x°) kN -m. Then oM —1.
Set M’ = 0. Then M = (—x*) kN -m.
L 3m 3
aM \d —x°)(=1)dx  2025kN-m?
Op = M( )i = ( 1) = = N Ans
o oM' JEI 0 EI El
For the displacement, M = —(Px + x*)kN-m.
oM
Then87 = —x.Set P = 0,then M = (—x*)kN-m.
L 3m 3
sM\d —x°)(—x)dx 486 kN -m’
Ap = / M(*)fx = / ( )(=x) = m } Ans
’ 0 aP JEI 0 El El
F9-19. For the slope, ny = (1 — 0.125x) kN-m and M = (32x — 4x*) kN - m.
L 8m 2
M 1 — 0.125x)(32x — 4x ) 2,3
LkNemea, = [ Mg o ( ) ) 4y = 17067 KN?-m
o EI 0 El EI
171 kN - m?
04 = 7E71m N Ans
For the displacement, m = (0.5x) kN-m and M = (32x — 4x%) kN -m.
4m 2
M 0.5x(32x — 4x 426.67 kN2 - m3
1kN-Ac = [ g =2 ( ) i = o
v EI o El El
427 kN -m’
ACU = %l« /\}'ZS
’ ’ 2 oM
F9-20. For theslope, M = M' — 0.125M'x + 32x — 4x°. Then oM 1 — 0.125x.
Set M' = 0,then M = (32x — 4x*) kN -m.
L 8m 2
oM\ d 32x — 4x7)(1 — 0.125x
o [ g [
0 oM’ ) EI o EI
170.67kN-m* _ 171 kN-m?
= = N Ans

El El
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oM
For the displacement, M = 0.5Px + 32x — 4x°. Thenﬁ = 0.5x.Set P = 0,then M = (32x — 4x?) kN -m.

4m (32x — 4x2)(0.5x)dx
e [0y [ B2 40050
, aP) EI "), El

_ 42667kN-m’  427kN-m’ l

Ans
El EI
F9-21. For the slope, (mg); = 0, (my), = —1kN-m, M; = (—=12x;) kN-m,
and M, = —12(x, + 2) kN -m.
L 2m _ 2m [ _ —
oM 0(~12x)) / (~1)[~12(x; +2)]
1kN-m- 6 = dx = ————dx + d
mC[EIxAEIxO El *
72 kN? - m*
1KN m-fp = —————
m 6C El
2 kN -m?
Oc = 7Tm 14 Ans
For the displacement, my = 0, m, = —x,, M; = (—12x;) KN -m,
and M, = —12(x, + 2) kN -m.
L 2m 2m
mM 0(—12x,) (—x2)[-12(x, + 2)]
1kN-A¢c = 7dx=/ 7dx+/ d
< b EI 0 El 0 EI g
80 kN? - m’
1kN-A¢ = ——
@ EI
80 kN - m’
Ac, = =z ) Ans
F9-22. For the slope, M| = (—12x;) kKN-m,and M, = —12(x, + 2) — M'.
aM, M, ,
Thus,m = Oandm =—-1.SetM' =0, My = —12(x, + 2).
L 2m 2
oM —12x,(0 —12(x, + 2)](—1
oo [u(B0) mdﬁ/[ (12 + 2]
b \aM'JEI ~ J, EI A EI
72 kN -
- erm 12 Ans
El
For the displacement, M| = (—12x;) kN-m and M, = —12(x, + 2) — Px,.
aM, aM,
Thus,aT = Oandﬁ = —x.SetP =0, My = —12(x, + 2) kN-m.
L 2m 2m
M —12x1)(0 —12(xy + 2)](—x
AC=/M(L>E=/ ( 1)()dx+/ [—12(x; + 2)]( Z)dx
A aP JEI ), EI ) EI

80 kN - m? !
EIl
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F9-23.

F9-24.

F10-1.

FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS
[
M] = O.SX], M2 = O.SXZ, M] = 24)(] - gxl kN +-m

1
and M, = (48x2 - 6x3 + gx%) kN - m.

1
(O.le)(24x1 - —xi

1
(0.5x2)(48x2 —6x3 + gx%)

L 6 6m
mM m 6 )
1kN-Ap = ——dx = dx; + d
= A El “* A EI 1 A EI 2
1620 kN? - m?
EI
1620 kN +m?
ACU = T l Ans
1 3 2 1 3
Ml = O'prl + 24)61 - gxl, M2 = 0.5PX2 + 48)(72 - 6](2 + g){fz.
Th M, _ 0.5 M _ 0.5
en 9P = U.DXxq, 9P = U.D0Xx5.
1 3 2 1 3
Set P = 0, Ml = 24)(1 - gxl kN +m and M2 = 48)(2 - 6X2 + EXZ kN +m
1 3 2 1 3
L aM d_x 6m 24)(1 - gxl (05)(1) 6m 48X2 - 6)(2 + gXZ (05)(2)
A = Ml— ) — = d + d
Co A (8P> El A EI . A El e
1620 kN - m?
— 620 m l Ans
EI
Superposition
Px? 40(2%) 266.67 kN - m®
Ap=—-""0BL —x)=—-"[34)-2]= "~
5= oprCL = %) = g B4 — 2] EI l
L2y 8 2667w’ '
BB 3EI  24EI  24EI El
Agp=A'p + B,fps
266.67 kN - m? 2.667 m3)
+ =- +
(+1) 0 EI B y< EI
By = 100 kN Ans
Equilibrium
X SF, =0 A, =0 Ans
+13F, =0; 100 —40 — A, =0 A, = 60kN Ans
(+SM, = 0; 100(2) — 40(4) — M, =0 M, =40kN-m Ans
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F10-2. Superposition

T Y
A’B:/ = dx=/ dx = 20
0 0

EI EI X306 Y
L L
mm (=x)(—x) L}
= ——dx = - Cdy = —
/s /0 El " /0 TR T
Ap = Ap + B,fps
Wc,[44 L3 ) W()L W()L
+ = + — =——— = s
(D) 0 =305 By(sEl B, 0 10 | Ans
Equilibrium
T3 =0 A=
WoL 2WOL
+13F, = 0 Ay = Swol + = == 0 v =g Ans
+IM, = 0; My o+ 2L (1 L)(é) S0 om, = Ans
{ a=0; A 10() >Wo 3) = T ns
F10-3. Superposition
wL*  10(6") 1620 kN-m? 1620(10°) N - m’
= = = = = 0.027ml
8EI  8EI El [200(10*) N/m?][300(10~®) m*)
L’ 6>  72m’ 72 m?
=—=—= = =12(10"%)m/NT
Te8 =351~ 3E1 T EI [200(10°) N/m2][300(10~°) m*] (10
Ap = Ap + B,fpp
(+1) 5(107%)m = 0.027m + B,[—1.2(10"%) m/N]
B, = 18.33(10°) N = 1833 kN = 18.3 kN Ans
Equilibrium
i>§]FX=O; A, =0 Ans
+13F, =0 A, +1833-60=0 A, =41.67kN = 41.7kN Ans
(+ZM, = 0; M, + 1833(6) — 60(3) = 0 M, = 70.0kN-m Ans
F10-4. Superposition
Mx M(L) M,L?
Ng = ——(Lic—x)=— (L) - L*] = ——
B = GEIL A T ) = ey 2 = Y
L?qc (2L)3 L3
BB = =

48EI ~ 48EI  6EI
Ap=Ap+ B,fps

ML’ < L} ) _ 3M,
(+hHo= AE] + B, 6EI B, = oL Ans
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FUNDAMENTAL PROBLEMS PARTIAL SOLUTIONS AND ANSWERS

Equilibrium
K IF, =0 A, =0 Ans
3M, M,
(tZMy, = 0; _Cy(ZL) + I(L) - My=0 Cy = E Ans
3M, M, 5M,
+ = (- _— - = = = — Ans
TSF, =0 T A= ns
F10-5. Superposition
Pbx 50(2)(4) 366.67 kN - m’
A/ — L2 7b272: 82722742:
B = GEIL e A *) = EI(s) ¢ ) EI l
L3¢ 8 10.667 m*
BB = = = T
48EI  48EI EI
Ap = Ap + B,fps
366.67 kN - m® 10.667 m3)
+ = - +
(+1) 0 El B Y( EI
B, = 34.375kN = 34.4 kN Ans
Equilibrium
(t=M, = 0; 34.375(4) — 50(2) — C,(8) = 0 C, = 4.6875kN = 4.69 kN Ans
+13F, = 0; A, +34375 - 50 — 46875 =0 A, = 20.3125kN = 20.3kN Ans
X SF, =0, A =0 Ans
SwL? 5(10)(12%) 2700 kN - m3 2700(10°) N+ m?
F10-6. Ay = o AC _ (10)(z) _ m_ (109 = 0.045m |
384E1 384E1 El [200(10%) N/m?][300(107%) m*]
L3¢ 122 36m’ 36 m®
= = = = = 0.6(107°) m/N 1
Tes = 48kl = W8EI  EI [200(10°) N/m?][300(10~%) m*] (107)
Ap = A + B,fps
(+1)5(107%) m = 0.045m + B,[-0.6(10 *)m/N] B, = 66.67(10°) N = 66.7 kN Ans
Equilibrium
(+=M, = 0; C,(12) + 66.67(6) — 120(6) =0  C, = 26.67 kN = 26.7kN Ans
+13F, = 0 A, + 2667 + 6667 —120 =0 A, = 26.67kN = 26.7kN Ans

KESF, =0 A, =0 Ans



Answers to Selected Problems

Chapter 1

1-1. F =483k

1-2. F =246k

1-3. w = 521 Ib/ft

1-5. F =173kN

1-6. w = 468 Ib/ft

1-7. 620 kN/m

1-9.  w = 240 Ib/ft

1-10. Total dead load = 106 lb/ft?

1-11. F, =945k

1-13. L = 1.70 kN/m?

1-14. L = 3.02 kN/m?

1-15.  py_15 = 27.8 psf
P2 = 29.1 psf
P>s = 30.1 pst
P30 = 31.1 psf

1-17. Windward:
Po-15 = 20.9 pst
Do = 21.8 pst
Leeward:
p = —154 pst

1-18. p = —18.6 psf

1-19. F = 81.3kN

1-21.  p; = 0.816 kN/m?

1-22.  p; = 361b/ft?
Chapter 2
2-1.  on BE = 142kN/m;on FED, E, = 35.6 kN
2-2.  on BE trapezodial load, peak 21.4 kN/m
on FED triangular loadings, peaks 10.7 kN/m,
with concentrated force of 26.7 kN at E.
2-3. on EF, 0.9 k/ft; on ABCDE 3 forces of 13.5 k
2-5. on BF = 0.675 k/ft,
on ABCDE 3 forces of 6.75 k
2-6. on BG = 230 1b/ft,
on ABCD 2 forces of 1725 1b
2-7. on BG = 368 Ib/ft peak triangular
on ABCD with 2 forces of 736 1b, 184 1b/ft peak
triangular
2-9.  on BE trapezoidal loading, peak 4.125 k/ft,

on FED triangular loads, peaks 2.06 k/ft
and E, = 129k

2-10.

2-11.

2-13.

2-14.

2-15.

2-17.

2-18.

2-19.

2-21.

2-22.

2-23.

on BE 2.20 k/ft,

on FED force of 13.2 k
Indeterminate to 2°

. Unstable

Statically determinate

. Statically determinate
Unstable

Statically determinate

. Statically indeterminate to 1°
Statically indeterminate to 1°
Unstable

. Stable and statically determinate

cTEPOoTEORL T

second degree
Unstable

B

Stable and statically indeterminate to the

b. Stable and statically indeterminate to the

first degree
¢. Unstable
Unstable

TP

sixth degree
c. Stable and statically determinate
d. Unstable

B, = 48.0kN
A, = 16.0kN
A, = 10.0kN
Fy =110k
A, =953k
A, =500k
N, = 12kN
B, =0

B, = 30kN
My = 84kN-m
Ny =400k
Np = 6.00k
Ny =150k
A, =700k
A, =0

N, =959k
C, =920k
Ny =854k
C, =293k

. Stable and statically indeterminate to the
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2-25.

2-26.

2-27.

2-29.

2-30.

2-31.

2-33.

2-34.

2-35.

2-37.

2-38.

2-39.

2-41.

ANSWERS TO SELECTED PROBLEMS

C =9481b
A, = 4741b
A, =3981b
B, = 5.12kN
A, = 147kN
B, = 20.0kN
C,=0
B, = 750 kN
M4 =450kN-m
A, =750kN
A, =0
A, = 400kN
Mg = 63.0kN-m
B, = 17.0kN
B, =
A, = 2.00kN
B, = 12.0kN
B, =
Mg =32.0kN-m

2P
wy = —

L

4P

Wy = I
wy = 83.3 Ib/ft
wy = 167 Ib/ft
A, = 30.0kN
A, = 6.67kN
C, = 10.0kN
C, = 6.67TkN
Na=112k
B, =970k
B, =410k
B, = 16.6k
A, =290k
A, =170k
A, =300N
A, = 300N
C, =300N
C, =300N
T =3501b
A, =7001b
A, = 188k
D, =170k
D, =170k
Fgr = 153k
Fep =3501b
A, =35221b

A, = 147k

2-42.

2-43.

3-1.

3-2.

3-3.

3-5.

3-6.

3-7.

= 6781b
=197k
= 45.0kN
45.0 kN
= 7.00 kN
83.0kN
= 45.0kN
= 7.00 kN
=248k
=221k
=816k
=319k

=

\<Q XU 9\53 e
Il

ST
< ==

=

<

=

[SHON I

<

Chapter 3

. Unstable

. Statically indeterminate to 1°
Statically determinate

. Statically determinate
Statically determinate

. Statically determinate
Unstable.

Internally and externally stable (to 2°)
. Internally and externally stable (to 1°)
. Internally and externally stable (to 1°)
Fep =7801b (C)

Fcp =7201b (T)

Fpp=0

Fpr =7801b (C)

Fpr =2971b (T)
Fpa=17221b(T)

Fay =447k (C)

F, p =400k (T)

Fpe =400k (T)

Fpy =0

Fuc =224k (C)

Fug =224k (C)

Frg =10

Frp =15k (C)

Fgp =224k (C)

Fe =0

Frpc =224k (T)
Frp=35k(C)

Fpc=0

Fpc = 924kN (T)

Fpr = 462kN (C)

Fcp = 9.24kN (C)

Fcp = 924 kN (T)

Fpr = 9.24kN (C)

1

pET PO TERET



3-9.

3-10.

3-11.

3-13.

3-14.

Fya = 924 kN (T)
Fry = 462kN (C)
Fur = 333k (T)
Fup = 2.67k (C)
Fgr = 9.00k (C)
Fye = 267k (C)
Fre = 5.00k (T)
Frp = 133k (C)
Fer = 3.00k (C)
Fep = 133k (T)
Fpp = 167k (C)
Fer = 11.7k (C)
Frp = 8875k (T)
Fpp=0

Fpe = 8875k (T)
Fay = 215k (C)
Fap = 1375k (T)
Faiy =0

Fpe = 1375k (T)
Fre = 404k (C)
Fre = 767k (C)
Fge = 3.00k (C)
Foy = 167k (C)
Fey = 586k (T)
Frp = 833kN (T)
Fep = 6.67kN (C)
Fpe = 6.67kN (C)
Fep = SKN(T)
For = 20kN (T)
Foa = 15kN (T)
F 47 = 180kN (C)
F 45 = 10.0kN (C)
Fpr = 417kN (C)
Frg = 7.50kN (T)
Frp = 12.5kN (T)
Fpr = 163kN (C)
Fpe = 840 kN (T)
Fry = 885kN (C)
Fre = 620kN (C)
Fer = 8.77kN (T)
Fep = 220 kN (T)
Fg = 311kN (T)
Fyr = 620kN (C)
Fry = 620kN (T)
Fax = 92.9kN (C)
F 5 = 41.1kN (T)
Fxp = 4.00kN (C)
Fy; = 42.9kN (C)

3-15.

3-17.

3-18.

3-19.

3-21.

3-22.

3-23.

3-25.

ANSWERS TO SELECTED PROBLEMS

Fp; = 7.94 kN (T)
Fpe = 343 kN (T)
Fj; = 35.7kN (C)
Fje = 6.00kN (C)
Fer = 9.11kN (T)
Fep = 274kN (T)
F = 35.7kN (C)
Fyp = 6.00kN (C)
Fyp = 7.94kN (T)
Fue = 42.9kN (C)
Frp = 343 kN (T)
Fip = 9.11kN (T)
Frg = 42.9kN (C)
Fgr = 4.00kN (C)
Frp = 41.1kN (T)

Fan = Frp = 25kN (C)
Fap = Fpp = 20kN (T)
Fep = 20kN (T)
Fgy = Fpr = 10kN (T)
16.7kN (C)
Fuc = Fep = 833kN (C)

Fpe

Fuc = Fgr

FAB = FDC = 3.46 kN (C)

Fgp = Fpc =0

FBF = FCF = 2.31 kN (C)

Fpe = 231kN (C)
Fpe = 117k (T)
Frg = 16.6k (C)
Fre = 4.86 k (T)
Fep = 2.00k (T)
Fyn = 250k (T)
Fix = 4.03k (C)

667

Members KN, NL, MB, BL, CL, 10, OH, GE,

EH, HD are zero force members.

Fep = 6.67kN (T)
For = 125kN (C)
Foe =0

Fye = 8.00kN (T)
Fue = 10.1 kN (C)
Fpe = 1.80KN (T)
For = 178 kN (T)
Fep = 223kN (C)
Fep=0

Fiy = 6.00kN (T)
Fip = 424 kN (T)
Fep = 10.1 kN (C)
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3-26.

3-27.

3-29.

3-30.

3-31.

3-33.

3-34.

ANSWERS TO SELECTED PROBLEMS

F;; = 9.00kN (T)
Fic = 6.00kN (C)
Fcp = 10.1 kN (C)
Fy; = 115kN (C)
Fc; = 27.0kN (T)
Fcp = 97.5kN (T)
Fap=20

F, =150k (C)
Fgp = 0.707 k (T)
0.500 k (C)
Fg; = 0.707k (C)
F;; = 0.707k (T)
Frx = 0500k (C)
Fix = 0.707k (C)
F;r=0.707k (T)
Fpr =212k (T)
Fpe =100k (C)
Frc = 0.707 k (T)
Fry =212k (T)
Fyy = 0.707k (T)
Fyg; =150k (C)
F;p =212k (T)
Fep=20

Fpr = 0500k (C)
Fcr = 0.707k (C)
Fyp = 0707k (T)
F;p =150k (C)
Fap = Fpe =0
Fr = Fpc = 400kN (C)
Frp = Fcp = 894 kN (T)
Frg = Fcp = 11.3kN (C)
Frp = 16.0kN (C)
Frr = 1.15kKN (T)
Frp = 346kN (C)
Fgy = 1L15KN (T)

~

Q

Q
I

Fer = 141KN (C)

Fep = 473kN (C)

Fyr = LISKN (T)

F 45 = 646 kN (T)

Fuc = Fap = L50kN (C)
Fye = Fgp = 3.70kN (C)
Fyp = 480 kN (T)

Fye = Fpp = 1.34kN (C)
F 5 = 24kN (C)

Fac = Far = LOLKN (T)

335 Fpp=0
Frp=0
3-37.  F,z = 400kN (T)
Fyr = 5.66 kN (T)
Fgp = 2.00kN (C)
3-38. Fpe = L.ISKN (C)
Fpr = 416 kKN (C)
Fpr = 416 kN (T)
339, Fep=0
Fep = 231 kN (T)
Frp = 346 kN (T)
Chapter 4
1. No=0
Ve = 0.667 kN
M¢ = 0.667kN-m
Np=0
Vp = —533kN
Mp=—933kN-m
42. No=0
Ve =333k
M = 583 k- ft
Np=0
Vp=—667k
Mp=91.7k-ft
43 N,=0
vV, =4501b
M, = —1.125k-ft
Np=0
V= 8501b
Mg = —6325k-ft
Ve=0
Ne = —1.20 kip
My = —8.125k - ft
4-5. w = 100 N/m
46. No=0
Ve = —0.75kN
My = —0375kN+-m
Np=0
Vp=125kN
Mp = 1.875kN-m
47. Ne=0
Ve = 1.75kN

Fac=Fap=Fpp=Fpc=Fcp=0

Mc = 850kN-m



4-9.

4-10.

4-11.

4-13.

4-14.

4-15.

4-17.

4-18.

4-19.

Ne=0
Ve =125kN
M¢ = 3.50kN-m
Ne=0

Ve =—-0870k
M =112k -ft
Np=0

Vp = 0930k
Mp = 11.0k-ft
Np=0

Ve = 0450k

Mg = —0.675k-ft
0=x<1m,V = 450kN

M = {4.50x} kN -m

Im < x <3m,V = 0.500 kN
M = {0.5x + 4} KkN-m
3m<x=4m,V = —550kN
M = {=5.50x + 22} kN-m

M
M:Tox

<x=LVvV="2
a<x=1, =7

0=<x<2m,V =375kN
M = (3.75x} kN -m

2m < x <4m,V = —325kN
M = {—3.25x + 14} kN-m
4m < x < 8m,

V = —3.25kN,

M = {—3.25x + 26} kN-m
0=x<1m,V =—4kN

M = {—4x} kN-m
Im<x<2m,V=-12kN
M = {—12x + 8} kN-m

2m < x=3m,V = -20kN
M = {—20x + 24} kN-m
0=x<6ft,V =1{30-2xk
M = {—x* + 30x — 216} k- ft
6ft<x=10ft,V =800k
M = {8x — 120} k- ft
0=x<4ft,V =-2501b
M = {—250x} Ib-ft

4ft < x < 10ft,V = {1050 — 150x} Ib
M = {—75x* + 1050x — 4000} Ib - ft

10ft < x = 14ft,V = 2501b
M = {250x — 3500} Ib- ft

4-21.

4-22.

4-23.

4-25.

4-26.

4-27.

4-29.

4-30.

4-31.

4-33.

4-34.

4-35.

4-37.

4-38.

4-39.

4-41.

4-42.

4-43.

4-45.

4-46.

4-47.

4-49.

%

M = {~333x> — 800x — 1200} Ib-ft

V = {0.444x> — 8x + 36} kN
M = {0.148x> — 4x* + 36x — 108} kN -m
Vinax = —3861b
M. = —2400 1b - ft
Vinax = —4.89 kN
M. = —20kN-m
Vimax = 10.1k
My = —60 k- ft
Vinax = —3.04k
Moy = 11.6k - ft
Vimax = —1.25kN
M = 0.521 kN
Vimax = —5101b
M. = 2401 1b- ft
Vmax = _%

2
Mmax = 9;‘2215
Vimax = —186 kN
M. = 224kN-m
Vinax = £1200 1b
M. = 6400 b - ft
Vinax = —3.80 k
M = —552k-ft
Vinax = 24.5 kN
My = 345kN-m
Vimax = 83 kN
M = —180 kN -m
Vimax = —11.8k
My = —87.6k-ft
Viax = 12k
My = —90 k- ft
Vimax = 20.0k
M, = —144 k- ft
Vinax = =36k
M = 162k - ft
Vinax = 13.3kN
Moy = 26.7kN-m
Vinax = —14.5kN
Mo = 52.5kN-m
Viax = 222k
My = 155k - ft
Viax = 12k
My = —90 k- ft

ANSWERS TO SELECTED PROBLEMS

= {—10x* — 800} Ib
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ANSWERS TO SELECTED PROBLEMS

Chapter 5
5-1. Fpc=4671b Fy,=830lb Fcp=881lb
[ =202ft
5-2. T = 6.41kN
yp = 243m
5-3. Ty =1.60kN
Tep = 3.72kN
T 5 = 2.99 kN
yp = 2.10m
55 P=7141b
56. P;=250kN
P, = 625kN
Fax = 12.5kN
5-7. y = 0.0356x>
To =703k
Tp =103k
59. T = 400 kN
Tax = 431 kN
5-10. w = 51.91b/ft
5-11. T = 144k
Toin = 13.0k
5-13.  Tphu = 109k
5-14. T, = 100k
Toax = 117k
Thanger =10k
5-15. Vo = £5k
Moy = 625k - ft
5-17. Tpin = 625 MN
T max = 6.93 MN
5-18. y = (38.5x% + 577x)(10%) m
Trmax = 5.20kN
5-19. T,=70kN
Tp=Tp=875kN
Thanger = 1.31 kN
521. A, =0
C, = 9.55kN
A, = 155kN
T = 432kN
5-22. Fp=6.77k
F, =108k
Fe= 117k
523. Mp=108kN-m
5-25. B, =467k B, =500k
A, =467k, A, =950k
C,=46.7k,C, =8k
5-26. hy = 43.75ft
hy = 75.00 ft
hy = 93.75 ft

5-27. B, =0216k B, = 272k
A, =272k A, =378k
C, =0276k,C, = 0216 k

529. A, =3k
D, = 806k
A, =194k
Tap = 408k

Chapter 6

6-15. (M()pax = 142kN-m
(VC)max = 20kN
617, (Bymaxs) = 124Kk
(M g)max() = —37.5k -t
6-18.  (M()max(+) = 1125kt
(By)max(+) = 2475k
6-19.  (Ay)max(s) = 701Kk
(MC)max(+) = 151k-ft
(VA+)max(+) =401k
6-21.  (Mp)ymay = —4 k-1t
6-22. (M )may = —86.4K-ft
(VD)max =540k
6-23.  (By)max(+) = 8T.6kN
(MC)max(+) = 720kN-m
(VC)max(f) = —23.6 kN
6-25.  (Ay)max(s) = 205k
(M E)max(+) = 5125 k- ft
(VC+)max(+) =33.0k
6-26. (VBC)max(+) = 7.15kN
(MG)max(f) = —9.81kN-m
6-27. (VBC)max(+) = 17.8 kN
(MG)max(+) = 46.7 kKN -m
6-30.  (V 4p)max = 273k
(M p)max = 6125k - ft
6-31. (VBC)max =7k
(M) max = 105k - ft
6-33.  (Vppma() = —52.9k
(MC)max(f) = —118k-ft
6-34.  (Vpp)max(s) = 507k
(MH)max(+) =192k -ft
6-35.  (Vep)max-) = =6k
6-37. (VBC)max(f) = —8.21kN
(M g)max(+) = 123kN-m
6-57. (FCD)max(+) =120k (T)
6-58. (FCF)max(+) =754k (T)
6-59.  (M()max = 44.1kN-m
6-61.  (Vp)max = 146k
6-62. (Mc)max(+) = 20.0kN-m
6-63. (MC)max(+) = 16.8k-ft



6-65. (M()max(+) = 34.0kN-m
6-66. (M()max(+) = 4375k - ft
6-67. (Fpc)max = 2.37k (T)
6-69. M, = 67.8kN-m
6-70. M, = 645kN-m
6-71. V. = 10kN
M = —39kN-m
6-73. M, = 555k-ft
6-74. Vabs = 67.5kN
6-75. M. = 164 kN-m
6-77. M, =972k -1t
6-78. M, = 130 k-ft
6-79. Vabs =125k
6-81. M, =105k ft
Chapter 7
7-1. Fap = Fpp =141 kN (C)
Frr =10.0 kN (C)
F 5 = 10.0 kN (T)
Fcp = Fpp =141 kN (C)
Fpr = 10.0 kN (C)
Fpe =10.0 kN (T)
F o = 60.0 kN (C)
Fpr =20.0 kN (C)
Fcp = 30.0 kN (C)
7-2. Fap=Fc=0
Fpr =283kN (T)
Frr =120.0 kN (C)
Fap=0
Fpp = 283 kN (T)
Fpr =20.0kN (C)
Fpc=0
F ap = 70.0kN (C)
Fpr = 40.0kN (C)
Fcp = 40.0kN (C)
7-3.  Fpp =589 k(T)

F a6 = 589k (C)
Fap =917k (T)
Fay = 142k (C)
Fye = 417k (C)
Foe = 118 k (C)
Fpr = 118 k (T)
For = 1.5 k (C)

Fgp = 5.0 k (C)

Fpe = 125 k (T)
Fre = 825k (T)
Fpr = 825 k (C)

7-5.

7-6.

7-7.

ANSWERS TO SELECTED PROBLEMS

Fep =583 k(T)
Frp =158 k (C)
Frr = 0.833%k (C)
Frc =50k (C)
Fuc =121k (C)
Fpyg = 121k (T)
Fap =767k (T)
Fgr = 9.67k (C)
Fgr = 0417k (C)
Feg = 0417k (T)
Frg = 19.7k (C)
Fgc = 17.7k (T)
Fpr = 1125k (C)
Fcp = 1125k (T)
Frr =110k (C)
Fcp = 9.00k (T)
F g = 1425k (C)
Fgs = 7.00k (C)
Fpr = 1375k (C)
Fac = Fpr=Fpr=0
Fcp =225k (T)
Fpr =205k (C)
Fgy =242k (T)
Fgr = 193k (C)
F,p =200k (C)
Fcg = 0833k (T)
Frg =20.0k (C)
Fgc =173k (T)
Frr = 20.0kN (C)
Fep=20

Fag =215k (C)
Fps =145k (C)
Fcrp =140k (C)
Fpr =205k (C)
Frc = 3.33kN (T)
Fgp = 333 kN (C)
Frp = 2.67TkN (T)
Fpc = 2.67kN (C)
Fcp = 2.00kN (T)
Frp = 10.0kN (T)
F g = 10.0kN (C)
Frr = 133kN (T)
F 5 = 13.3kN (C)
Fgr = 4.00kN (T)
F 4r = 6.00 kN (T)
Fpg = 248k (C)
Fcp =248k (T)
Frg =325k (C)
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7-10.

7-11.

7-13.

7-14.

7-15.

7-17.

7-18.

7-19.

ANSWERS TO SELECTED PROBLEMS

Fcp =325k (T)
F,c =389k (C)
Fpe =389k (T)
Fpe = 775k (T)
7.75k (C)
Frrp =212k (C)
Fpr = 1.50k (T)
Fpr = 0250k (C)
Fcg = 1.00k (C)
F, 5 =275k (T)
Fps=Fac=0
Fep =495k (T)
1.50k (T)
Frg = 5.00k (C)
Fpc = 778k (T)
Fpc = 5.00k (T)
F 6 =105k (C)
Frrp =212k (C)
Fpr = 1.50k (T)
Fpr =2.00k (C)
Feg = 550k (C)
Fap=20

Fpr = 6.67kN (T)
Fcp = 6.67kN (C)
Fcp = 533kN (C)
F ,c = 15.0kN (T)
Fgr = 15.0kN (C)
Frr = 533kN (T)
Fpe = 22.7kN (C)
Far = 2277kN (T)
Fpr = 4.00kN (C)
Fcr = 5.00 kN (C)
F 45 = 9.00kN (T)
M, =486 kN-m
Mp = 378kN-m

My = 405k - ft
Mp=1720k-ft

M4 = 403kN-m

M; = 9.00k-ft

M, = 2025k - ft

My = 27.0k-ft

A, =0;B, =0C, =0

A, =12k; B, = 16k;C, = 4k
M, =162k-ft; My = 9k -ft; Mc = 7.2k ft

Pinned:
A, = 6.00 kN

7-21.
7-22.
7-23.

7-25.

7-26.

7-27.

A, = 18.0kN

B, = 6.00 kN

B, = 18.0kN
Fixed:

A, = 6.00 kN

Ay, = 9.00kN
M, = 18.0kN-m
B, = 6.00 kN

B, = 9.00 kN

My =18.0kN-m

Fep = 1.06k (T)
A, = 150k

A, = 1875k
M, = 9.00k-ft
B, =150k

B, = 1875k
My =9.00k-ft

Fpe = 3.125k (C)
Fep = 2.00k (T)

Fre = 1.00k (C)

Fpr = 3125k (T)
Fpr = 3.00k (C)

Fre = 27.5kN (T)
Frr = 24.0kN (C)
Feg = 4.00 kN (C)
Fer = 27.5kN (C)
Fpr = 20.0kN (T)
Frg = 15.0kN (T)
Feg = 4.00 kN (C)
Frr = 140kN (C)
Fer = 15.0kN (C)
Fpr = 10.0kN (T)

A, = 10.0kN
A, = 140kN
M, =300kN-m
B, = 10.0kN
B, = 14.0kN

My = 30.0kN-m
Fry = 17.5kN (C)
Fpr = 165kN (C)
Fey = 17.0kN (T)
Fry = 17.5kN (T)
Fy; = 4.00kN (C)
Fz = 17.5kN (C)



7-29. A, =200k
A, = 1125k
M, =120k-ft
B, =200k
B, = 1125k
Mg = 12.0k-ft
Fex = 1.875k (C)
Fgr=0
Fyx = 0500k (C)
7-30. A, =200k
A, = 1875k
B, = 2.00k
B, = 1875k
Fgx = 3125k (C)
For =0
Fx = 0.500 k (T)
7-31. Frs =0
Fry = 0.500k (T)
Fry = 3125k (C)
7-33.  Fpg = 4.02kN (C)
Fyy = 529KkN (T)
Fy, = 543kN (C)
7-34. Fy = 252kN (C)
Fx. = 1.86 kN (T)
Fyy = 2.99kN (C)
Chapter 8
Pa(a — L)
8-1. 4= TRl
Px
v = 6El[x1 + 3a(a — L)]
- I[3x2<x2 L)+ )
2
Ymax = 24E12 3L
B2 0=
%
¢~ T6EI 3
8-3. vg = — 141;]’;[
85 v = m( x} + daxi — 6a°x
3
v3 = 2‘:21(4)@ +a —4L)

8-6.

8-7.

8-9.

8-10.

8-11.

8-13.

8-14.
8-15.

8-17.

8-18.

8-19.

8-21.

8-22.
8-23.

8-25.

ANSWERS TO SELECTED PROBLEMS 673

3

g, — W&
B 6EI
VB = 24E1(” — 40
L4

(Vmax = ————

N 18VBEL

. 5W0L3
AT 192k

401.%x* — 16x* — 25L°
960E1L( x o )
_ W0L4

Ymax = 0ET
9. = — Twa®
B 6EI
» walxl(2 2 _ 9ax))

= X1 — Jax
UV 1E !
o= — Twa®
¢ 12EI
vy = ﬁ( x4+ 8ax3 — 24a’x3 + 4a’x; — a*)

65 = 0.00268 rad Y
Apax = 0322 in. |
65 = 0.00268 rad Y
A = 0322 in.

. 12
- 3937.5 k-1
EI
50,625k - ft® !
¢ EI
a=015L
a=0.153L
L
P
3
p Pa*
¢ 4EI
Ac 4E1T
A
Oc = 4EI
Ac = 4151T
0c = 0.00171 rad Y
Ac = 3.86 mm |
a=0152L
a=015L
18 kKN - m?
==X
05 EIl
90 kKN -m’>
Ap =2

El
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ANSWERS TO SELECTED PROBLEMS

2
826. 04 = ZI;“I
9Pa’
A, =
¢ 4151l
7Pd?
827. 0, = 4E"1 v
9Pa’
Ac=JEr
P
8-29. F=—
4
5Pd?
8-30. 05 = o
3P’
A —
¢ 4151l
5Pd?
831 05 = 5.
_3rd’ !
¢ 4EI
M,L
833 0, = 5,
0.00802M ,L?
Amax = Tl
3Pa?
834. 6 = E;’ N
_ 25Pd’ |
€7 6EI
P 2
835 6, = 3E;’ N
25 Pd’
A~ =
¢ 6EI l
75 kN - m?
837. 0, = Tm 14
169 kN - m®
Ae=—T
1008 k - ft2
8-38. 0, = % <
10,368k - ft’ .
b EI
.12
8-39. 0 = 7100521; LA
10,368k - ft’ .
b EI
Chapter 9
9-1. A, =0536mml
9-2. A, =0536mml
9-3. Az =338mml
9-5.  Ap =295mml

9-6.
9-17.
9-9.

9-10.
9-11.

9-13.

9-14.

9-15.
9-17.
9-18.
9-19.

9-21.

9-22.

9-23.

9-25.

9-26.

9-217.
9-29.

9-30.

9-31.

9-33.

9-34.

9-35.

Ag, =295mml
199 kN -m
A _ o~
b AE l
Ap = 0.0392in.|
Ap, = 0.0392in.|
A, = 0.0582in.}
170k - ft
AT R
A, o 1T0K-ft
D AE
Ac, = 491mml

A, = 0.0341in.}
A, = 0.0341in.]

Ay = 0.507in.T
_ PL? !
€ 48EI
o — PL?
B 16EI
_PL l
€ 48EI
o — PL?
B 16EI
2Pd
A~ =
¢ 3EI l
0. = 5Pa*
¢ 6EI
6. = 5Pa*
€ 6EI
Pd?
04 = k1
0 = 0.00156 rad N
Ac = 0.145in.!
0 = 0.00156 rad N
Ac = 0.145in.|
0c = 0.00670 X
Ac = 0282in. |
3150 N - m?
=720 X
B EI
_ 6637.5N-m? !
B EI
—)
= SONm o
EI
6637.5N-m’
Ap=—-""° "
B El !

05 = 0.00448 rad A
Ag = 0.455in.



9-37. 65 = 0.00448 rad A
Ap = 0469 in.|
9-38 _ oLt
% S0 T 120ET
039, a. - oL
7 5S¢ T 120EI
9 kN -m?
941 0,=——V
4 EIl
_ 22.95kN-m’ !
A EI
1397 k - ft?
942, Ap=-—""———
b EIl !
1397 k - ft?
943, Ap=—""——"
b El l
440 k - 6
9-45. (Ap), = Tl
SwlL?
9-46. A, = SET
wL?*
9-47. Ap = Bl
1148 k - ft?
9-49, ACh = T(_
1148 k - ft
9-50. ACh = T(_
9-51.  (A¢), = 2.81mm}
9-53. (A¢), = 2.81mm}
9-54. 0, = 0.414(107) rad
9-55. 0, = 0.414(107%) rad
9-57.  (A¢), = 0.0401 in. —
79.1 k - ft?
9-58. (Ac)h = T_)
79.1 k - ft?
9-59, (AC)h = T—)
417k - £t
9-61. (Ac), = Ti
Chapter 10
10-1. A, =0
2W()L
y = 5
_ WoL
Y710
M _ W0L2
47 15
10-2. C, =
C, = 14.625k
B, =30.75k
A, = 2625k

10-3.

10-5.

10-6.

10-7.

10-9.
10-10.

10-11.

10-13.

10-14.

10-15.

10-17.

ANSWERS TO SELECTED PROBLEMS

A, =0
57TwL
A= g
TwL
By = g
Owl?
A7 08
_3r
Yoo
A, =0
vyt
B, =377k
A, =0
A, =171k
C, =171k
Ap = 1.50 mm
2640 k - ft3
Ae=""F;
B,=751b
A, =0
A, =751b
M, =2001b-ft
B, =720k
A, = 0900k
A, =
C, = 0.900 k
C, =375k
A, = 2175k
C, = 424k
A, =296k
C, = 1875k
A, =3.00k
A, =3.125k
M, =625k ft
A, =435k
C,=0
C, =565k
Mc = 104k-ft
C, = 39.0kN
A, = 33.0kN
A, = 240kN

M, =450kN-m

675
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10-18.

10-19.

10-21.

10-22.

10-23.

10-25.

10-26.

10-27.
10-29.

10-30.

10-31.

ANSWERS TO SELECTED PROBLEMS

A, = -150k
D, =2k

D, =150k

Mp =195k ft
D, = —227k

D, =225k

A, =225k

A, =227k

D, = 541k

A, =259k

D, = 465k

A, = 465k

B, = 2.65kN

A, = 2.65kN
B,=0

A, =0

B, = 1.53kN

A, = 1.53kN

B, = 7.50 kN

A, = 150kN

F oz = 0.667k (C)
Fgp = 0.667k (T)
Fge=0

Fep = 3.06k (C)

Fuc =823k (C)
Fpc = 658k (T)
Fpg = 510k (T)
Fap = 10.1k (C)
Fpa = 494k (T)
F4c = 791kN (C)
F.p = 854kN (C)
F,p = 6.04kN (T)
F 45 = 6.04kN (T)
Fep = 141kN (T)
Fep = 10.0kN (C)
Fpr = 5.61 kN (T)
Fpp = 140kN (C)
Fpg = 3.96 kN (C)
Fac = 141k (T)

Fpe = Fep = 0414k (T)
FAD = FAB = 0.4141( (T)

Fps = 0.586 k (C)

10-33. Fpp = 192kN
Fep = 53.4kN
10-34. Fpp = 228k (C)
Fap = 184Kk (T)
Fpe = 163k (T)
10-35. Fpe = 28.1k (T)
10-37. C, =0
P
C, =3
10-38. Fp = 7.48 kip
10-39. F,. =280k
10-45. C, = 0241k
Chapter 11
11-1. M, = —-462k-ft
My = —8.76k-ft
Me = —10.6k- ft
11-2. M= —102k-ft
Mgy = 84k-ft
Mpge = —84k-ft
Mg = 48 k- ft
11-3. M= —185kN-m
Mcp = 20.4kN-m
Mg, =1925kN-m
Mge = —1925kN-m
11-5. M,z = 409kN-m
Mp, = 8.18kN-m
Mpye = —8.18kN-m
Mep = 818kN-m
Mep = —818kN-m
Mpe = —4.09kN-m
11-6. M, = —49.5k - ft
Mgy =135k ft
Mpe = —135k-ft
Mcp = 9k-ft
Mcp = —9k-ft
Mpe = 405k - ft
11-7. My, = 4125kN-m
Mpe = —4125kN-m
11-9. M,z = —167k-ft
Mp, = 66.0 k- ft

MBC = —066.0 k- ft
MCB = 2.61k-ft
MCD = _261 k N ft



11-10. M, = —10.5k-ft
My, = 24k ft
11-11. M, = —24.5k-ft
My, = —0.923 k- ft
Mpe = 0.923 k- ft
Mcg = 272Kk ft
Mep = —272k-ft
11-13. My = —126k-ft
Mg,y =T2k-ft
Mpge = —72Kk-ft
Mg = =36 k- ft
11-14. M,z = —42.9k-ft
Mg = 167 k- ft
11-15. M,z = —1.98kN-m
My, = 0.540 kN - m
Mpge = —0.540 kN -m
11-17. My = —2.11k-ft
Mgy = 408Kk - ft
Mpe = —40.8 k- ft
11-18. My, = 69.8kN-m
My = —349kN-m
Mgp = —349kN-m
11-19. Mpe = —13.4k-ft
Mcp = 134Kk - ft
Mp, = 13.4k-ft
Mg = —13.4Kk-ft
11-21. Mpc = 64.0kN-m
Mcp = 80.0kN-m
Mp, = —64.0kN-m
Mcg = —80.0kN+m
11-22. Myp = —259kN-m
Mp, = —332kN-m
Mpe = 332kN-m
Mcp = 632kN-m
Mpe = —9.43kN-m
Mcg = —6.32kN-m
11-23. M,y = 254k-ft
Mpe = =567k - ft
Chapter 12
12-1. My = Mc = —840k-ft
12-2. M, = —230k-ft

—187 k- ft
—122 k- ft

Mp
Mc

ANSWERS TO SELECTED PROBLEMS

12-7. A =0
A, = 33kN
B, = 33kN
M, =30kN-m
C, = 6kN
12-14. M, = —230k-ft
My, = 19.4Kk-ft
Mpe = —19.4k-ft
Meg =0
12-15. A, =293k
A, = 96.0k
M, = 146 k- ft
D, =293k
D, =960k
M, = 146 k - ft
12-19. M, = 20.6 kN-m
My = —411kN-m
Mg = —411kN-m
M, = 20.6kN-m
12-22. M, = 128k-ft
My, = 218k - ft
Mg = =218k - ft
Mg = 175k - ft
Mep = —175k - ft
Mpe = =557k - ft
12-23. My, = —104k-ft
Mo = 104k - ft
Mep = 196 k- ft
Mcp = —196 k - ft
Myp=Mpc=0
12-25. My, = 24.0k-ft
Mge = —24.0k -t
Meg = —24.0k-ft
Mep = 240Kk ft
12-26. Mp, = 142k~ ft
Mpe = —142 k- ft
Mep = —7.54k - ft
Mep = 754k ft
Chapter 13
13-1. M, = —348k-ft

MBA =301 k-ft
MBC = _301k‘ft
MCB = 348k‘ft
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13-2.

13-3.

13-5.

13-6.

13-7.

13-9.

13-10.

ANSWERS TO SELECTED PROBLEMS

M pp
Mp,

Mpc =

Mcp

= —348 k- ft
=301 k-ft
—301 k- ft
= 348 k- ft

= 37.6k-ft
= 751k-ft
= —751k-ft
= 369 k- ft
=0

= 604 k- ft
— —610k-ft
= 553k-ft
=277k ft
= 610k - ft

= —604 k- ft
= —553k-ft
— —277k-ft
=0

=0

= 604 k- ft
= —610k- ft
= 553k-ft
= 277k-ft
= 610k - ft

= —604 k- ft
— —5.53k-ft
= —277k-ft
=0

= 175k-ft
= 351k-ft
= —351k-ft
— 351k-ft
= —351k-ft
= —175k-ft
283k - ft
—283k-ft
283k - ft
= —283k-ft
= Mcp=0
283k - ft
—283k-ft
= 283k-ft

Mpe = —283 k- ft
Myp=Mcp=0

13-11. M¢cp = Mg, = 180k - ft
Mcep = Mpr = 94.6k-ft
Mcp = Mpe = =274 k- ft
Mpc = Mgp = 473 k-ft

Chapter 14
14-1.
[ 510.72 0 —201.39 0 -—154.67 -—116
0 174 0 0 -116 —87.0
—201.39 0 20139 0 0 0
K 0 0 0 0 0 0
—154.67 —116 0 0 154.67 116
—116 —87.0 0 0 116 87.0
—154.67 116 0 0 0 0
116 —87.0 0 0 0 0
142. D =0
D, = —0.0230 in.
14-3. ¢, =333k (C)
g2 =0
g3 = 333k (T)
14-5. D, = —0.00172 in.
¢ = 12.71b (C)
14-6. ¢, = 657k (C)
147, K-

[0 203.033 —53.033 —53.033 53.033 —150 0 0
—53.033 53.033 53.033 —53.033 0 0 0
—53.033 53.033 256.066 0 0 0 —53.033
53.033 —53.033 0 256.066 0 —150 —53.033
—150 0 0 0 300 0 —150

0 0 0 —150 0 150 0
0 0 —53.033 —53.033 =150 0  203.033
0 0 —53.033 —53.033 0 0 53.033
0 0 —150 0 0 0 0

L 0 0 0 0 0 0 0
149, k-

(1134 288 -75 0 —38.4 —288 0 0
28.8 21.6 0 0 —28.8 -21.6 0 0
=75 0 150 0 0 0 0 0

0 0 0 100 0 —100 0 0
—384 —-288 0 0 151.8 0 0 =75
-288 -216 O —100 0 143.2 0 0

0 0 0 0 0 0 100 0

0 0 0 0 =75 0 0 75

0 0 =75 0 —384 288 0 0

L 0 0 0 0 288 —21.6 —-100 O

—154.67 116 |

116  —87.0

0 0
0 0
0 0
0 0
15467 —116

-116  87.0 |

0 0 0]

0 0 0
—53.033 =150 0
53033 0 0

0 0 0 5

0 0 0 (10%)
53033 0 0
53.033 0 0

0 150 0

0 0 04

0 0 ]

0 0

=75 0

0 0

—384 288 o
288 —21.6 (10%)

0 —100

0 0
113.4 288
—28.8 121.6




ANSWERS TO SELECTED PROBLEMS 679

14-10. qs = 33.3 kN Chapter 16
14-11. D¢ = 0.0133 m -
51129 0 225 —1125 0 225 —-500 O 0
14-13. Ds = 0.00546 m 0 51125 225 0 -500 0 0 ~—1125 —22.5
gs = 1.64% (C) 25 -225 120 -225 0 30 0 225 30
—1125 0 -225 1125 0 -225 0 0 0
14-14. g3 = 355k (T) 16-1. kK=| 0o -50 o0 0 50 0 0 0 0 |10
14-15. 25 0 30 25 0 60 0 0 0
-500 0 0 0 0 0 500 0 0
0 -1125 225 0 0 0 0 1125 225
0.40533  0.096  0.01697 —0.11879 —0.33333 0 L 0 -225 30 0 0 0 0 225 60 |
_ 0.096 0128  0.02263 —0.15839 0 0
K = AE — N
001697 0.02263 0129  —0.153 0 0.17678 16-2. Ry =321kN
~0.11879 —0.15839 —0.153  0.321 0 ~0.17678 Rs = 21.6 kN T
70.303 333 g 01;)678 -0 107678 0‘3?)333 025 Re=2.72kN-m
’ ’ ’ R; = 6.79 kN —
Ry = 264kN 1T
Chapter 15 Ry = 19.6kN-m
15-1. M; =90kN-m 16-3.
Ms = 22.5kN-m [ 851250 0 22500 22500 —11250 O —440000 0 0
15-2. M; =275kN-m 0 1055760 —14400 0 0 —1050000 0  —5760 —14400
M; = 116 kN -m 22500 —14400 108000 30000 —22500 0 0 14400 24000
22500 0 30000 60000 —22500 0 0 0 0
15-3. R; =7.85kN K =| —11250 0 —22500 —22500 11250 0 0 0 0
R, = 402 kN 0 —1050000 0 0 0 1050000 0 0 0
Rs = 86.6 kN +m —840000 0 0 0 0 0 140000 0 0
0 5760 14400 0 0 0 0 5760 14400
Rs = 39.6 kN | 0 14400 24000 0 0 0 0 14400 48000 |
15-5. R, = 1.93kN
4 16-5.
Rs = 345kN -
_ 763.125 0 2625 2625 0 -13125 0 =750 0
Rs = 124 kN 0 763125 -2625 0 2625 0 =750 0 —13.125
15-6. R; = 32.25kN 2625 —2625 140 35 35 2625 0 0 2625
R, = 85.75kN 2625 0 35 70 0 2625 0 0 0
_ = 0 —2625 35 0 70 0 0 0 2625 |(10%)
Rs = 22.0kN —13125 0 —2625 —2625 0 13175 0 0 0
Rs = 140kN-m 0 -750 0 0 0 0 750 0 0
15-7. R, = 41.4kN ~750 0 0 0 0 0 0 750 0
0 —13.125 2625 0 2625 0 0 0 13.125
R; = 7.725 kN -
Ry =230kN -m 16-6. Rz = 5.54kN
Rs = 289 kN R; = 355kN
Rs = 30.8 kN -m Rg = 5.54 kN
15-9. M, = M3 =442kN-m Ry = 245kN
15-10. Q, =255k 16-7.
Qs =210k [ 4833.33 0 0 —4833.33 0 0 0 0 0
Os =255k 0 130.90  7854.17 0 -130.90  7854.17 0 0 0
15-11. R, = 80kN-m 0 7854.17 62833333 0 —7854.17 324166.67 0 0 0
_ 483333 0 0 4909.01 0 545428  —75.75 0 545428
R; = 120kN K= 0 ~130.90 —7854.17 0 415868  —7854.17 0 —4027.78 0
R, = 160 kN - m 0 7854.17 314166.67 545428 —7854.17 1151964.64 —545428 0 261805.55
0 0 0 ~75.75 0 545428  75.75 0 —5454.28
0 0 0 0 —4027.78 0 0 4027.78 0
Lo 0 0 5454.28 0 261805.55 —5454.28 0 52361111 |
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1268.75 0 3625 0 3625 —1208.33 0 —60.4167 0
0 242422 906.25 906.25 0 0 —7.5521 0 —2416.67
3625 906.25 435000 72500 145000 0 —906.25 —3625 0
0 906.25 72500 145000 0 0 —9060.25 0 0
16-9. K = 3625 0 145000 0 290000 0 0 —3625 0
—1208.33 0 0 0 0 1208.33 0 0 0
0 —7.5521 —906.25 —906.25 0 0 7.5521 0 0
—60.4167 0 —-3625 0 —3625 0 0 60.4167 0
L 0 —2416.67 0 0 0 0 0 0 2416.67 |
16-10. R, = 20k
Rg = 0
Ry =20k
[ 2048.31 0 —3304.04 —3304.04 0 —34.4170 0 —2013.89 0 ]
0 3031.03 —1468.46 0 —1468.46 0 —3020.83 0 —10.1976
—3304.04 —1468.46 704861 211458 140972 3304.04 0 0 1468.46
—3304.04 0 211458 422917 0 3304.04 0 0 0
16-11. K = 0 —1468.46 140972 0 2819.44 0 0 0 0
—34.4170 0 3304.04  3304.04 0 34.4170 0 0 0
0 —3020.83 0 0 0 0 3020.83 0 0
—2013.89 0 0 0 0 0 0 2013.89 0
L 0 —10.1976  1468.46 0 1468.46 0 0 0 10.1976 |
Appendix
B 10
710 A-10. AB = [ }
A-l. 2A-B=|-1 6 -5
- 30
L1005 A-11. AB = [ }
0 12 1
A+3B=| 17 31 A-15. |A| =27
L2 1 [B] = —30
-3 70 1 =7 16
A-2. 3A-2B=| 6 5 7 A-17. Al = 5 -4 3
-7 =59 12 -9
9 734 A8 x = -2
A-2B=|-2 -1 5 g
-9 -3 -5 n=—y
A-3. AB=[18 -12] 4
12 -10 BTy
_|_ _ 4
A-5. AB=|-20 -30 25 A-19. x, = —+
24 36 -30 g
A-6. (A+B7'=[1 9 10]=A" + B %=y
4 8 5 4
A-7. A+AT=[8 18 2 73
5 2 4 A-21. x; =1
68 38 n=1
A-9. AT = _
{38 26} *3 1



Index

A
Absolute maximum shear (V) and moment (M),
250-254,261
Allowable-stress design (ASD), 26
American Association of State and Highway
Transportation Officials (AASHTO), 9, 15-16
American Concrete Institute (ACI), 9,41
American Forest and Paper Association (AFPA), 9
American Institute of Steel Construction (AISC), 9, 35
American Railroad Engineers Association
(AREA), 9,15
American Society of Civil Engineers (ASCE), 9
Angular displacement (6), 454-455
Antisymmetric loads, 430, 502, 530
Approximate methods of analysis, 262-297
assumptions for, 264,270-271, 283, 289
building frames, 270-272, 282-293,296
cantilever method for, 288-293, 297
lateral loads, 282-293, 297
portal frames, 273-274, 282-287,297
portal method for, 282-287,297
statically indeterminate structures, 262297
trusses, 264-267,273-277,296-297
vertical loads, 270-272, 296
Arches, 7,31, 194-203
compressive forces and, 194-203
fixed, 194
funicular, 194
parabolic shape of, 194
structural uses of, 7,31, 194
three-hinged, 194-200, 203
tied, 194
two-hinged, 194
Axial forces (N), rotational displacement (deflections) and,
303,344,375

B

Ball-and-socket connections, 120-121

Bays, 80

Beam column, 6, 31

Beams, 4-5, 31, 34-39, 50, 132-159, 168-172, 178-179,
213-231,240-254,260-261,298-339, 364-386, 393,
403-410, 435-438, 452-453, 459-466, 491-505,
528-533,574-593

antisymmetric loading, 502, 530

axial loads (N), 375

bending, 303, 305-313, 338

cantilevered, 169, 250, 261

Castigliano’s theorem for, 381-386, 393

concentrated forces (loads) and, 213-214, 240-254,
260-261

concrete, 5

conjugate-beam method for, 326-333, 339

deflection and, 205, 216-223, 260, 298-339,
364-386, 393

degrees of freedom, 452-453, 459

displacement method of analysis, 459-466, 491-505,
528-533

distributed loads and, 150-151, 213-214, 260

double integration method for, 307-313, 338

fixed-end moments (FEM), 491-495

flanges, 4

floor joists, 38-39

force method of analysis, 403-410, 435438

girders, 4-5, 38,228-231, 261

idealized structures, 38-39

identification of members and nodes for, 575

influence lines for, 213-231, 240-254, 260261,
435438

internal bending (M), 303, 305-308

internal loadings in, 132-159, 168-172,178-179

kinematic indeterminacy and, 576-577

laminated, 5

load-displacement relations, 577-578

member stiffness matrix (k), 577-578

moment diagrams for, 168-172

moment distribution, 491-505, 528-533

moment-area theorems for, 316-325, 339

Miiller-Breslau principle for, 216-223, 260

nonprismatic, 528-533

pin-supported ends, 34-37, 50, 500, 528

procedures for analysis of, 134, 140, 153, 308, 318, 328,
366, 382,459, 495, 581

relative joint translation, 531

rotational displacement of, 364-386, 393

shear and moment diagrams for, 150-159, 178-179

shear and moment functions of, 139-143, 179

shear loads (V'), 375
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Beams (continued)
simply supported, 250-253, 261
slope-displacement equations, 459-466
specific points, forces at, 133-138, 178
statically indeterminate, 403410, 435438, 452453,
459-466,491-505,528-533
stiffness factor (K), 488, 500-505
stiffness matrices, 576-579
stiffness method of analysis, 574-593
strain energy and, 375-380
structural use of, 4-5, 31
structure stiffness matrix (K), 579
symmetric, 501-503, 529-530
symmetric (member) stiffness matrix, 578
symmetric loading, 501, 503
temperature (7)) effects on, 376-377
uniform distributed loads and, 213-214, 260
virtual work, method of, 364-380, 393
webs, 4
Bending moments (M), 133-138, 178, 303, 305-313,
338,344
deflection from, 303, 305-313, 338, 344
double integration method and, 307-313, 338
elastic-beam theory for, 305-306, 338
force (M), 133-138, 178
internal loads and, 133-138, 178
strain energy (U,) and, 344
Bents, 80
Betti’s law, 403
Boundary conditions, double integration method, 307
Bowstring truss, 80-81
Bracing struts, 4
Bridges, 15-16, 82-83,232-235, 240-254,261.
See also Portal frames; Trusses
absolute maximum shear (V) and moment (M),
250-254,261
concentrated loads, series of, 240-254, 261
deck, 82
floor beams, 82
highway, 15
impact load factor (1), 16
influence lines for, 232-235, 240-254, 261
live loads and, 15-16, 232235, 240-254, 261
moments (M) and, 244-245,250-254,261
portals, 82
railroad, 15
shear (V) and, 240-243, 250-254, 261

stringers, 82
sway bracing, 82
trusses, 82-83,232-235,261

Building codes (general), 9

Building design, 12-14, 16-26,228-231, 261, 270-272,

282-293,296-297

cantilever method for, 288-293,297
deflection and, 270-272, 282283, 296-297
frames, 270-272, 282-293, 296
influence lines for, 228-231, 261
lateral loads and, 282-293, 297
live loads and, 12-14, 16-26,228-231, 261
portal method for, 282-287,297
supports and, 282-283, 289, 296-297
vertical loads and, 270-272, 296

By inspection, 53, 95

C
Cables, 7,31,37,181-193,203
catanary curve of, 185
concentrated loads and, 182-183, 203
equilibrium equations for, 182-185
flexibility of, 182,203
parabolic shape of, 185
sag, 182
structural uses of, 7,31, 181
support connections, 37, 181-193
uniform distributed loads and, 184-189, 203
Camber, 349
Cantilever method, lateral load analysis,
288-293,297
Cantilevered beams, 169, 250, 261
Carry-over factor (COF), 490, 524-525
Castigliano’s theorem, 355-360, 381-386, 393
beams, 381-386, 393
couple moment (M') for, 381-382, 384
deflection (rotational displacement) and, 355-360,
381-386, 393
external force (P) for,355-362,381-383
external work and (U,), 355,392
frames, 381-386, 393
internal force (N) for, 356-362
internal moments (M) for, 381-386
procedures of analysis using, 357, 382
strain energy (U,) and, 355-356, 392
trusses, 356-360, 390
Catanary curve, 185



Circular members, torsional displacement of, 376
Column matrix, 613
Columns, 6, 31
Compatibility, 48, 397-407
equations, 48, 398-401
force method of analysis, 397-401
requirements for, 397
statically determinate structures, 48
statically indeterminate structures, 397-401
Complex trusses, 86, 116-119, 130
Composite structures, force method of analysis for,
425-427
Compound trusses, 86—-87,110-112, 130
Compressive force (C), 84, 94-95,104-105, 130,
194-203
Concentrated loads, 182-183, 203, 213-214, 240-254,
260-261
absolute maximum shear and moment at,
250-254,261
arch structures, 194-203
method of sections and, 104-105
truss members, 84, 94-95,104-105, 130
beams, 213-214, 240-249, 260-261
cables, 182-183,203
influence lines and, 213-214, 240-254,260-261
moment (M) at, 244-245,261
shear (V) at, 240-243,261
series of, 240-249, 261
Concrete beams, 5
Conjugate-beam method of analysis, 326-333, 339,
454-457
angular displacement (0), 454455
deflections, 326-333, 339
fixed-end moments (FEM), 456-457
linear displacement (A), 455
procedure for analysis using, 328
slope-deflection equations using, 454457
supports for, 326-327
zero displacement and moments, 327, 454
Conservation of energy principle, 341,392
Continuity conditions, double integration
method, 307
Coordinate systems, 540, 543-545, 560-563, 570, 576,
597-598, 625-626
global (structure), 540, 576, 625
member (local), 540, 576, 626
nodal, 560-563

INDEX

structural software analysis and, 625-626

stiffness method use of, 540, 560-563, 576
transformation matrices for, 543-545, 570, 597-598
trusses, 540, 543-545, 570

Coplanar trusses, 85-94. See also Trusses
Couple moment (M), 381-382, 384
Cross bracing, trusses, 264-267
Curvature (p), 305-306

D

Dead loads, 10-12, 31, 205-206
Deck, bridge loads and, 82
Deflection, 205, 216-223, 260, 270-277, 282-283, 296297,

298-339,341-393
axial forces (N) and, 303, 344,375
beams, 205, 216223, 260, 298-339, 364-386, 393
bending (M), 303, 305-313, 338, 344
building frames and, 270-272, 282-283,296-297
Castigliano’s theorem for, 355-360, 381-386, 393
circular members, 376
conjugate-beam method for, 326-333, 339
conservation of energy principle, 341,392
curvature (p), 305-306
diagrams (M/EI),299-303, 316-325, 338-339
double integration method for, 307-313, 338
elastic-beam theory for, 305-306

683

elastic curve for, 299-303, 307-313, 316-325, 338-339

energy methods for, 341-393

external work (U,) and, 341-344, 392

frames, 270-275, 282-283,296-297, 300-303,
364-386,393

inflection point, 304, 338

influence lines and, 205, 216-223, 260

internal bending (M) and, 303, 305-308

lateral loads and, 282-283,297

linear elastic material response, 355-356, 375-376

live loads and, 205, 216-223, 260

moment-area theorems for, 316-325, 339

Miiller-Breslau principle for, 216-223, 260

portal structures, 273-277,297

principle of virtual work for, 346-348

principle of work and energy for, 345

procedures for analysis of, 308, 318, 328, 350,
357,366, 382

rotational (displacement), 341-393

shear (V) and, 375

sign convention for, 304, 307,316-317
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Deflection (continued)
slope and, 300-301, 307-308, 316
statically indeterminate structures, 270-277,296
strain energy (U,) and, 341, 344, 375-380, 392
supports and, 300-303, 326-333, 339
temperature (7) and, 349, 376-377
torsion (7)) and, 376
trusses, 275-277,297, 300, 348-360, 376-377,
392-393
vertical loads and, 270-272, 296
virtual work, method of, 346-354, 364-380,
392-393
work and, 341-393
Degrees of freedom, 452-453, 459, 485
Design codes, 9
Design wind pressure, 18-22
Determinacy, 48-54, 69, 87,120, 130
compatibility equations for, 48
equations of equilibrium and, 48-51, 69
space trusses, 120
stability and, 48-54, 69
statically determinate, 48
statically indeterminate, 48
trusses, 87, 120, 130
Determinants for matrices, 618-620
Diagonal matrix, 613
Displacement method of analysis, 397, 450485,
486-521, 522-537
beams, 452-453, 459-466, 491-505, 529-533
carry-over factor (COF), 490, 524-525
degrees of freedom, 452453, 452-453, 459, 485
distribution factor (DF), 489, 491
fixed-end moments (FEM), 456458, 485, 491-495,
524-525,531,534-535
frames, 452453, 459, 469-481, 495, 508-517
moment distribution for, 486-521, 528-533
nonprismatic members, 522-537
pin-supported ends, 458, 485, 528
procedures for, 451-453, 459, 487-490, 495
relative joint translation, 531, 534-535
sidesway and, 469-481, 485, 508-517
sign convention for, 453,459, 488
slope-deflection equations for, 450-485, 534-535

statically indeterminate structures, 450-485, 486-521,

522-537
stiffness factors, 457-458, 488-490, 500-505, 524-525
Displacement transformation matrix (T), 544, 597

Displacement (v), 326-328, 341-393, 397-398,

402-403, 448, 450-485, 486-521, 542-543, 577-578,
595-596. See also Deflections; Energy methods

angular (0), 454-455

beams, 452453, 459-466, 491-505, 577-578

conjugate-beam method and, 326-328

degrees of freedom, 452-453, 452-453, 459, 485

deflection and, 326-328

equilibrium equations for, 397,459

frames, 452453, 459, 469-481, 495, 508-517

linear (A), 453, 455

load-displacement relations, 542-543, 577-578,
595-596

Maxwell’s theorem of reciprocal, 402-403, 448

moment distribution for, 486-521

nodes, 452-453, 459

rotational (deflection), 341-393

sign convention for, 453, 459, 488

slope-deflection equations for, 450-485

statically determinate structures, 341-393

statically indeterminate structures, 397-398, 402-403,
448, 450-485

stiffness factors, 457-458, 488-490, 500-505

stiffness matrices for, 542-543, 577-578, 595-596

strain energy (U,) and, 341, 344-345, 355-356,
375-380,392

virtual work for, 346-354, 364-380, 392-393

zero, 327

Distributed loads, 150-151, 184-189, 203, 213-214, 260.

See also Uniform loads
beams, 213-214, 260
cables, 184-189, 203
uniform, 184-189, 203, 213-214, 260
influence lines and, 213-214, 260
shear and moment diagrams and, 150-151

Distribution factor (DF), 489,491
Double integration method, 307-313, 338
Dynamic analysis, earthquake loads, 25

Earthquake loads, 24-25
Elastic-beam theory, 305-306
Elastic curve, 299-303, 307-313, 316-325, 228-339

center of curvature (O"), 305

deflections and, 299-303, 316-325, 339
double integration method for, 307-313, 338
elastic-beam theory and, 305-306
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flexural rigidity (EI), 305-306 portals, 274-275,297
moment-area theorems for, 316-325, 339 trusses, 275,297
radius of curvature (p), 305-306 Fixed-end moments (FEM), 456-458, 485, 491-495,
slope and, 300-301, 307-308, 316 524-525,531,534-535
tangent deviations, 317 moment distribution of, 488, 491495, 531
Elements of a matrix, 612 nonprismatic members, 524-525, 534-535
Energy methods of analysis, 341-393 relative joint translation and, 531, 534-535
Castigliano’s theorem, 355-360, 381-386, 393 slope-deflection equations and, 456—458, 485, 534-535
conservation of energy principle, 341,392 Flanges, 4
deflections, 341-393 Flexibility matrix, 428-429
external work (Ue), 341-344,355,392 Flexibility of cables, 182,203
force (F) and, 342-343 Flexural rigidity (ET), 305-306
principle of work and, 346-348, 392 Floors, 3845, 68, 82,228-231, 261
rotational displacements, 341-393 beams, 82
strain energy (U,), 341, 344-345, 355-356, 375-380, 392 framing plans, 38-39
virtual work, 346-354, 364-380, 392-393 girders, 38,228-231, 261
work and, 341-393 idealized structures, 38-45
Envelope of maximum influence line values, 251 influence lines for, 228-231, 261
Equality of matrices, 614 joists, 38-39
Equilibrium, 47-51, 59-67, 69, 182-185, 398-401, 459 one-way slab (system), 40-41, 68
cable analysis and, 182-185 panel points, 228-229
determinacy and, 48-51, 69 tributary loadings, 4043, 68
displacement and, 397, 459 truss bridges, 82
equations of, 47-51, 59-67, 69, 182-185, 398-401, 459 two-way slab (system), 42-43, 68
force method of analysis and, 397-401 Force (F),36-37, 84,94-95,104-105, 122-123, 130,
free-body diagrams for, 47-51, 59-60 194-203, 303, 305-313, 338, 342-344,355-362, 375,
requirements of, 397 381-383. See also Loads; Shear force
statically determinate applications, 59-67 arch structures, 194-203
unknowns, 397 axial (N) of, 303, 344, 375
External stability, trusses, 87, 120, 131 bending (M), 303, 305-313, 338, 344
External virtual work, 348, 364 by inspection, 95
External work (U,), 341-344, 392 compressive (C), 84,94-95,104-105, 130, 194-203
deflection (rotational displacement) and, 303,
F 305-313, 338, 342-344,355-362, 375, 381-383
Fabrication errors, 349,392, 564-567 external force (P),355-362,381-383
deflection and, 349, 392 internal force (N), 356-362
force transformation matrix (Q) for, 564-565 magnitude, 94-95
stiffness method analysis for, 564-567 support reactions, 36-37
trusses, 349, 392, 564-567 tensile (7), 84, 94-95, 104-105, 130
Fan truss, 80-81 truss analysis and, 84, 94-95, 104-105, 122-123, 130
Fink truss, 80-81 virtual work and, 375
Fixed arches, 194 work and, 342-343
Fixed loads, see Dead loads X,y, z components, 122
Fixed supports, 34-39, 274-275, 282-283, 289, 297 zero-force truss members, 98-99, 122-123
frames, 274, 282-283, 289, 297 Force method of analysis, 394-449
joint connections, 34-39 antisymmetric loads, 430

lateral loads, 282-283, 289, 297 beams, 403-410, 435438
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Force method of analysis (continued)

Betti’s law, 403

comparison of determinacy, 396-397

compatibility and, 48, 397-407

composite structures, 425427

displacements and, 397-398, 428

equilibrium and, 397-401

flexibility matrix, 428-429

frames, 411-415, 439-445

influence lines for, 435-445, 449

Maxwell’s theorem of reciprocal displacements,
402-403, 448

principle of superposition for, 400-401

procedures for analysis of, 401, 438

statically indeterminate structures, 394-449

symmetric structures, 429-430, 449

trusses, 422-425

Force transformation matrix (Q), 545, 564-569, 598

Frames, 8, 31, 163-167, 270-274,282-293, 296297,

364-386,393, 411-415, 439-445, 452453, 459,
469-481, 495, 508-517,594-611

approximate analysis of, 270-274, 282-293,296-297

axial loads (N), 375

building, 270-272, 282-293, 296-297

cantilever method for, 288-293,297

Castigliano’s theorem for, 381-386, 393

deflections and, 270-274, 282-283,297, 364-386, 393

degrees of freedom, 452453, 459

displacement method of analysis, 452-453, 459,
469-481, 495, 508-517

displacement transformation matrix (T), 597

fixed-supported, 274, 282-283, 289,297

force transformation matrix (Q), 598

forced method of analysis, 411-415, 439-445

global (member) stiffness matrix (k), 599

hinges, 282-283, 289,297

inflection points, 274-275, 282,297

influence lines and, 439-445

load-displacement relation for, 595-596

member stiffness matrix (k), 595-596, 599

moment distribution, 495, 508-517

multistory, 510-511

no sidesway of, 469-473, 508-509

partial fixity supports, 274,297

pin-supported, 273,297

portal method for, 282-287,297

portals, 273-274,297

procedure, 600-601
procedures for analysis of, 366, 382, 459, 495
rotational displacement of, 364-386, 393
shear and moment diagrams for, 163-167
sidesway of, 474-481, 510-517
stiffness method of analysis, 594-611
slope-displacement equations, 459, 469-481
stiffness matrices, 595-596, 599-600
strain energy and, 375-380
structural use of, 8, 31
structure stiffness matrix (K), 600
symmetric (member) stiffness matrix, 599
temperature (7) effects on, 376-377
transformation matrices for, 597-598
vertical loads on, 270-272, 296
virtual work, method of, 364-380, 393
Framing plans, 38-39
Free-body diagrams, 47-51, 59-60
Funicular arches, 194

G
Gauss method for simultaneous solutions, 623
Girders, 4-5, 38,228-231, 261

idealized structures, 38

influence lines for, 228-231, 261

plate, 4-5

structural use of, 4-5
Global (member) stiffness matrix (k), 546-547, 599
Global (structure) coordinates, 540, 576, 625

H

Highway bridges, 15

Hinges, 282-283, 289,297,437
Howe truss, 80-83

Hydrostatic pressure effects, 25

|

Idealized structures, 3345, 68
framing plans, 38-39
joints, 34-37
models, 38-45
one-way systems, 40-41
support connections for, 34-37, 68
tributary loadings, 40-43, 68
two-way system, 4243

Identity matrix, 613

Impact load factor (1), 16



Inflection points, 274-275, 282,297,301, 338
Influence area, live loads, 13
Influence lines, 204-261, 435-445, 449
absolute maximum shear (V) and moment (M),
250-254,261
beams, 213-231, 240-254,260-261, 435-438
bridge design and, 240-254,261
building design and, 228-231, 261
concentrated forces (loads) and, 213-214, 240-254,
260-261
construction of, 205-212
curve reactions for, 435-436, 449
deflection and, 205, 216-223, 260
envelope of maximum values, 251
equations, 206-212
floor girders, 228-231, 261
frames, 215, 439-445
live loads and, 204-261
maximum at a point, 240-249
Maxwell’s theorem of reciprocal displacements for,
435437
moments (M) and, 216-219, 221-223,244-245,
250-254,261, 437
Miiller-Breslau principle for, 216-223, 260
pin or hinge for, 437
procedures for analysis of, 206, 438
qualitative, 216-223, 438-445
quantitative, 438
series of concentrated loads, 240-249, 261
shear (V) and, 216-220, 240-243,250-254, 261,436
shear and moment diagrams compared to, 205-206
sliding devices for, 436
statically determinate structures, 204-261
statically indeterminate structures, 435445, 449
trusses, 232-235, 261
uniform distributed loads and, 213-214, 260
unit load positions for, 206-212, 260-261
Integration for virtual work, 364-365
Internal loads, 47, 132-179, 303, 305-308
beams, 132-159, 178-179
bending moment force (M), 133-138, 178, 303,
305-308
deflections and, 303, 305-308
distributed loads and, 150-151
frames, 163-167
method of sections for, 47, 133-138, 178
method of superposition for, 168-172
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moment diagrams for, 168-172
normal force (N) and, 133-135, 178
procedures for analysis of, 135, 140, 153
shear and moment diagrams for, 150-159, 178-179
shear and moment functions of, 139-143, 178-179
shear force (V) and, 133-138, 178
sign convention for, 134
specific points, forces at, 133-138, 178
structural members, 132-179
superposition, method of for, 168-172
Internal stability, trusses, 88-89, 120, 131
Internal virtual work, 364-365
Inverse of a matrix, 620-622

J
Joints, 34-39, 50, 59-67, 68, 84, 94-97, 123, 130-131,
489,531, 534-535

compressive force (C) applied to, 84, 130
equilibrium equations applied to, 59-67
fixed-connected, 34-39
fixed-end moments (FEM) and, 531, 534-535
force (F) reactions, 36-37
idealized structures, 33-39, 68
member stresses and, 84
method of, 94-97,123,131
nonprismatic members, 531, 534-535
pin-connected, 34-37, 50, 59-61, 84, 130
relative joint translation, 531, 534-535
roller-connected, 34-37
stiffness factor (K), 489
support connections for, 34-37, 68
tensile force (7)) applied to, 84, 130
truss analysis and, 84, 94-97, 13, 130-131

K
Kinematic indeterminacy, 541, 576-577

L

Laminated beams, 5

Lateral loads, 282-293, 297
approximate analysis for, 282-293,297
building frames, 282-293,297
cantilever method for, 288-293,297
deflection by, 282-283,297
fixed supports for, 282-283, 289, 297
portal method for, 282-287,297

Line of action, 94
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Linear displacement (A), 453,455 snow, 22-24
Linear elastic material response, 355-356, 375-376 soil pressure effects, 25
Live loads, 12-26, 31, 204-261 structural members, in, 132-179
bridge design and, 15-16, 240-254, 261 structures and, 2-31
building design and, 12-14, 16-26,228-231, 261 symmetric, 501, 503, 529
earthquake loads, 24-25 tributary, 4043, 68
hydrostatic and soil pressure effects, 25 uniform, 14-15, 184-189, 203, 213-214, 260
impact factor, 16 unit, 206-212, 260-261
impact loads, 16 vertical, 270-272,296
influence area, 13 wind, 16-22
influence lines for, 204-261
natural, 26 M
reduced, equation for, 13-14 Magnitude, 94-95
snow loads, 23-24 Matrices, 428-429, 540-551, 570-571, 577-579, 597-599,
uniform, 12-14 612-624.
wind loads, 16-22 addition and subtraction of, 614
Load and resistance factor design (LRFD), 26 algebra using, 612-624
Load data, structural software analysis, 627 column, 613
Load-displacement relations, 542-543, 577-578, determinants for, 618-620
595-596 diagonal, 613
Loads, 2-31,40-43, 47, 68,132-179, 181-183, 203, displacement transformation (T), 544, 597
204-261,270-272,282-293,296-297, 430, 501-503, elements, 612
523-527,529-530 equality of, 614
antisymmetric, 430, 502, 530 flexibility, 428-429
building codes (general), 9 force transformation (Q ), 545, 564-569, 598
building design and, 12-14, 16-26,270-272,296 Gauss method for simultaneous solutions, 623
cable structures, 181-193,203 identity, 613
concentrated force, 182-183,203,213-214, 240-249, inverse of, 620-622
260-261 load-displacement relations and, 542-543, 577-578,
dead, 10-12, 31,205-206 595-596
design codes, 9 multiplication of, 614-616
distributed, 150-151, 184-189, 203 order of, 612
earthquake, 23-25 partitioning, 617-618
fixed, 205-206 row, 612
highway bridges, 15 scalars and, 614
hydrostatic pressure effects, 25 square, 613
idealized structures, 4043, 68 stiffness, 540-543, 546-551, 570-571, 577-579, 599
impact factor (1), 16 symmetric, 578,599, 613
influence lines for, 204-261 transformation, 543-545, 570, 597-598
internal, 47, 132-179 transposed, 616-617
lateral, 282-293,297 unit, 613
live, 12-26, 31, 204-261 Matrix analysis, 539, 565. See also Stiffness method of
natural, 26 analysis
nonprismatic members, 523-527, 529-530 Maxwell’s theorem of reciprocal displacements, 402—403,
Portland Cement Association publications for, 525-527 435437, 448
railroad bridges, 15 Member (local) coordinates, 540, 576, 627

series of, 244-245,261 Member data, structural software analysis, 626-627



Member stiffness matrix (k), 541-543, 546-551, 577-578,
595-596, 599
beams, 577-578
frames, 595-596, 599
trusses, 541-543, 546-551
Method of joints, 94-97, 123,131
Method of least work, see Castigliano’s theorem
Method of sections, 104-109, 123, 131, 133
internal loads, 47, 133-138, 178
procedures for analysis using, 106, 123, 135
space trusses, 123
structural members, 133-138, 178
trusses, 104-109, 123,131, 133
Moment-area theorems, 316-325, 339
Moment diagrams, 168-172
Moment distribution, 486521, 528-533
beams, 491-505, 528-533
carry-over factor, 490
displacement method of analysis, 486521, 528-533
distribution factor (DF), 489, 491
fixed-end moments (FEM), 491-495
frames, 495, 508-517
nonprismatic members, 528-533
pin-supported members, 528-529
procedures for analysis using, 487-490, 495
relative joint translation, 531
sidesway and, 508-517
sign convention for, 459, 488
stiffness factors, 488490, 500-505
symmetric beams, 501-503, 529-530
Moments (M), 4-5, 133-138, 178, 216-219,221-223,
244-245,250-254,260-261, 326-328, 343-344,
381-386, 437, 456-458, 485
absolute maximum, 250-254, 261
applied, 4-5
bending (M), 133-138, 178, 344
cantilevered beams, 250, 261
Castigliano’s theorem and, 381-386
concentrated loads and, 244-245,250-254, 261
conjugate-beam method and, 326-328
couple (M"), 381-382
deflection and, 326-328, 343-344, 381-386
envelope of maximum influence line values, 251
external work (U,) of, 343,392
fixed-end (FEM), 456-458, 485
influence lines and, 216-219, 221-223, 244-245,
250-254,260-261, 437
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internal loads and, 133-138, 178, 381-386
live loads and, 216-219, 221-223, 244-245, 250-254,
260-261
Miiller-Breslau principle for, 216-219, 260
series of concentrated loads, 244-245, 261
simply supported beams, 250-251, 261
slope-deflection equations, 456458, 485
strain energy (U,) from, 344
zero, 327
Moving loads, see Live loads
Miiller-Breslau principle, 216-223, 260

N

Nodal coordinates, 560-563

Node data, structural software analysis, 626

Nodes, 452-453, 459, 540, 575

Nonprismatic members, 522-537
antisymmetric loads, 530
beams, 528-533
carry-over factor (COF), 524-525
displacement method of analysis, 522-537
fixed-end moments (FEM), 524-525, 531, 534-535
loading properties of, 523-527
moment distribution for, 528533
pin-supported ends, 528
relative joint translation, 531, 534-535
slope-deflection equations for, 534-535
stiffness factor (K), 524-525
symmetric beams, 529-530
symmetric loads, 529

P
Panel points, 228-229
Parabolic shapes, 185, 194
Partitioning, matrices, 617-618
Pin supports, 34-37, 50, 59-61, 84, 130, 273,275,297, 437,
458, 485,500, 528
beam connections, 34-37, 50, 500, 528
determinacy of, 50
displacement analysis and, 458, 485, 500, 528
end spans, 458, 485
equations of equilibrium for, 59-60
force reactions (F), 36-37
frames, 273,297
idealized structures, 34-37
influence lines and, 437
joint connections, 34-37, 50, 59-61, 84, 130
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Pin supports (continued)
moment distribution, 500, 528
nonprismatic members, 528
portals, 273,275,297
slope-deflection equations for, 458, 845
statically determinate structures, 50, 59-61
statically indeterminate structures, 273,275,297,
437,458, 485,500, 528
stiffness factors for, 458, 500
trusses, 84, 130,275,297
Planar trusses, 6
Portal method for analysis, 282-287,297
Portals, 82,273-277,282-287,297
deflection of, 270-277,296-297
fixed-supported, 274,275,297
frames, 273-274,282-287,297
lateral load analysis, 282-287,297
partial fixity, 274
pin-supported, 273,275,297
stability of, 82
trusses, 82,275-277,297
Portland Cement Association, 525-527
Pratt truss, 80-83
Primary stress, 84
Principle of virtual work, 346-348, 392
Principle of work and energy, 345
Purlins, 80

Q
Qualitative influence lines, 216-223, 438-445
Quantitative influence lines, 438

R
Radius of curvature (p), 305-306
Railroad bridges, 15
Reduced live loads, equation for, 13-14
Relative joint translation, 531, 534-535
Relative-stiffness factor (K,), 490
Roller-connected joints, 34-37, 120-121,
216-217

Roofs, 23-24, 40-45

idealized structures, 4045

snow loads, 23-24

tributary loads, 40-43
Rotation (i), pin-supported end spans, 457

Rotational displacement, 341-393. See also Deflection

Row matrix, 612

S
Sag, cables, 182
Sawtooth truss, 80-81
Scalars, matrix multiplication and, 614
Scissors truss, 80-81
Secondary stress, 84
Sections, method of analysis, 104-109, 131
Shear and moment diagrams, 150-159, 163-167, 178-179,
205-206
beams, 150-159, 178-179
dead loads and, 205-206
distributed loads and, 150-151
frames, 163-167
internal loads and, 150-159, 163-167, 178-179
Shear and moment functions, 139-143,178-179
Shear force (V),4-5, 133-138, 178, 216-220, 240243,
250-254,261, 375,436
absolute maximum, 250-254, 261
applied, 4-5
cantilevered beams, 250, 261
concentrated loads and, 240-243, 250-254, 261
envelope of maximum influence line values, 251
influence lines and, 216-220, 240-243,250-254,
261,436
internal loads and, 133-138, 178
live loads and, 216-220, 260
Miiller-Breslau principle for, 216-220, 260
rotational displacement (deflections) and, 375
series of concentrated loads, 240-243, 261
simply supported beams, 250-251, 261
virtual strain energy caused by, 375
Shells, surface structures, 8
Sidesway, 469-481, 485, 508-517
displacement method of analysis for, 469-481, 485,
508-517
frames without, 469-473, 508-509
frames with, 474-481,510-517
moment distribution for, 508-517
slope-deflection equations for, 469-480
Simple trusses, 85, 130
Slabs, tributary loads and, 4043, 68
Sliding devices, 436
Slope-deflection equations, 450485, 534-535
angular displacement (6), 454455
beams, 459-466
conjugate-beam method for, 454—457
displacement method of analysis using, 450-485, 534-535



fixed-end moments (FEM), 456458, 485, 534-535
frames, 469-481
linear displacement (A), 453,455
member stiffness (k), 457
nonprismatic members, 534-535
pin-supported end spans, 458, 485
principle of superposition for, 453
procedure for analysis using, 459
relative joint translation, 534-535
sidesway and, 469481, 485
sign convention for, 453
span rotation (i), 457
statically indeterminate structures, 450-485
stiffness factor (k), 457-458
Slopes, deflection and, 300-301, 307-308, 316
Snow loads, 23-24
Software analysis, procedure for, 625-627
Soil pressure effects on structures, 25
Space trusses, 6, 120-126, 570-571
design assumptions for, 120
determinacy of, 120
procedure for analysis, 123
stability of, 120
stiffness method of analysis, 570-571
supports for, 120-121
transformation matrices for, 570
x,y, z force components of, 122
zero-force members in, 122-123
Span rotation (i), 457
Span stiffness factor (k), 457-458
Square matrix, 613
Stability, 48-54, 69, 82, 87-91, 120, 131
by inspection, 53
determinacy and, 48-54, 69
equations of equilibrium and, 48-51
external, 87,120, 131
improper constraints and, 52-53
internal, 88-89, 120, 131
partial constraints and, 52
space trusses, 120
support reactions, 52
trusses, 82, 87-91, 120, 131
Static analysis, earthquake loads, 25
Statically determinate structures, 32-77, 79-131,
212-261,396-397
analysis, 79-131
beams, 49
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determinacy of, 48-54

equilibrium equations applied to, 59-67

frames, 51

idealized, analysis of, 33—45, 68

improper constraints for, 52-53

influence lines for, 204-261

partial constraints for, 52

pin-connected, 50, 59-61

procedures for analysis of, 61,206

stability of, 48-54

statically indeterminate structures compared to,
396-397

trusses, 79-131

Statically indeterminate structures, 48-51,262-297,

394-449, 450-485, 486-521, 522-537

approximate methods of analysis, 262-297

beams, 403410, 452-453, 435-438, 459-466, 491-505,
528-533

Betti’s law, 403

building frames, 270-272, 282-293, 296

cantilever method for, 288-293,297

composite structures, 425-427

deflection of, 270-277, 282283, 296-297

degrees of freedom, 452-453, 459, 485

determinacy of, 48-51, 395, 452-453

displacement method of analysis, 450-485, 486-521,
522-537

force method of analysis, 394-449

frames, 270-274,282-293,296-297, 411-415, 439445,
452-453, 459, 469-481, 495, 508-517

inflection points, 274-275, 282,297

influence lines for, 435-445, 449

lateral loads, 282-293, 297

Maxwell’s theorem of reciprocal displacements,
402-403, 448

moment distribution for, 486-521, 528-533

nonprismatic members, 522-537

portal method for, 282-287,297

portals, 273-277,282-287,297

procedures for analysis of, 401, 438, 459

sidesway and, 469-481

slope-deflection equations for, 450-485, 534-535

statically determinate structures compared to, 396-397

supports and, 273-277,282-283, 289, 296-297

symmetric structures, 429-430, 449

trusses, 264-267,275-277,296-297, 422425

vertical loads, 270-272, 296
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Stiffness factors, 457-458, 488490, 500-505, 524-525
antisymmetric loading, 502
beam member (K), 488, 500-505
joint, 489
modification, 500-505
moment distribution and, 488-490, 500-505
nonprismatic members, 524-525
pin-supported ends, 458, 500
relative (K,), 490
slope-deflection equations, 457—458
span (k),457-458
symmetric beams, 501-503
symmetric loading, 501, 503
total (K,), 489

Stiffness matrices, 540-543, 546-551, 570-571, 577-579, 599

beams, 576-579
frames, 595-596, 599-600
global (member), 546-547, 599
kinematic indeterminacy, 541, 576-577
load-displacement relations and, 542-543, 577-578,
595-596

member (k), 541-543, 546-551, 577-578, 595-596, 599
structure (K), 540, 547-551, 579, 600
symmetric, 578, 581
trusses, 540-543, 546-551

Stiffness method of analysis, 538-573, 574-593, 594-611
applications of, 552-559, 579-591, 600-608
beams, 574-593
coordinate systems, 540, 543-545, 560-563, 576
displacement transformation matrix (T), 544, 597
fabrication errors and, 564-567
force transformation matrix (Q), 545, 564-569, 598
frames, 594-611
global (member) stiffness matrix (k), 546-547, 599
global (structure) coordinates, 540, 576
identification of members and nodes for, 540, 575
kinematic indeterminacy, 541, 576-577
matrix analysis, 539, 565
member (local) coordinates, 540, 576

member stiffness matrix (k), 541-543, 546-551, 577-578,

595-596, 599
nodal coordinates, 560-563
nodes, 540, 575
procedures for analysis using, 553, 581, 600-601
space trusses, 570-571
stiffness matrices, 540, 542-543, 546-559, 570-571,
576-579, 595-596, 599-600

structure stiffness equation, 552
structure stiffness matrix (K), 540, 547-551, 579, 600
symmetric (member) stiffness matrix, 578, 599
thermal (temperature) effects and, 564-565, 568-569
transformation matrices for, 543-545, 570, 597-598
trusses, 538-573
Strain energy (U,), 341, 344-345,355-356, 375-380, 392
axial force (N) of, 344, 375
bending moment (M) from, 344
Castigliano’s theorem for, 365-366, 393
circular members, 376
deflection and, 341, 344, 375-380, 392
principle of work and energy using, 345
shear (V) and, 375
temperature (7) changes and, 376-377
torsion (7)) and, 375
virtual work and, 375-380
Stresses, joint members and, 84
Stringers, bridge loads and, 82
Structural members, see Beams; Nonprismatic members
Structure stiffness equation, 552
Structure stiffness matrix (K), 540, 547-551, 579, 600
Structures, 2-31, 32-77,79-131, 132-179, 180-203,
204-261,262-297,394-449, 450-485, 486-521,
522-537,538-573, 574-593, 594-611, 625-627
allowable-stress design (ASD), 26
analysis of, 3-4,79-131, 132-179, 180-203
approximate methods of analysis, 262-297
arches, 7,31, 194-203
beams, 4-5, 31, 38-39, 132-179
building codes (general), 9
cables, 7,31, 181-193, 203
classification of, 4-8
columns, 6, 31
compatibility equations for, 48
composite, 425-427
design of, 9,26
determinacy of, 48-54, 69
displacement method of analysis, 397, 450485,
486-521, 522-537
elements for, 4-6
equilibrium, equations of, 47-51, 59-67, 69
force method of analysis, 394-449
frames, 8, 31
free-body diagrams for, 47-51, 59-60
girders, 4-5, 38
idealized, 3345, 68



improper constraints for, 52-53
influence lines for, 204-261
internal loadings in members, 132-179
load and resistance factor design (LRFD), 26
loads and, 2-31, 132-179, 204-261
nonprismatic members, 397, 450485, 486521,
522-537
partial constraints for, 52
procedure for analysis of, 61
software analysis, 625-627
stability of, 48-54, 69
statically determinate, 32-77,79-131,204-261
statically indeterminate, 48-51,262-297,394-449,
450-485, 486521, 522-537
stiffness method of analysis, 538-573, 574-593,
594-611
superposition, principle of, 46, 69
support connections for, 34-37, 68
surface, 8
symmetric, 429-430, 449
systems, types of, 6-6
thin-plate (shell), 8
tie rods, 4, 31
tributary loadings, 40-43, 68
trusses, 6-7,31,79-131
Subdivided trusses, 82
Substitute members, method of analysis, 116-119
Superposition, 46, 69, 168-172, 400-401
beams, 168-172
force method of analysis using, 400-401

moment diagrams constructed by method of, 168-172

principle of, 46, 69, 400-401
Support connections, 34-37, 68, 120-121, 181-193,
273-277,282-283,289,297,300-303, 326-333, 339
ball-and-sockets, 120-121
cables, 37, 181-193
conjugate-beam method and, 326-333, 339
deflection and, 300-303, 326-333, 339
fixed, 34-37,274,275, 282-283, 289,297
force (F) reactions, 52
frames, 273-275,282-283, 289,297
hinges, 282-283, 289, 297
idealized structures, 34-37
joints, 34-37, 68
partial fixity, 274
pinned, 34-37, 68, 84,130, 273,275,297
portals, 273-277,297

INDEX

roller-connected joints, 34-37, 120-121
short links, 36,121
space trusses, 120-121
statically indeterminate structures, 273-277, 282-283,
289,296-297
trusses, 84, 120-121, 130, 275,297
Support data, structural software analysis, 627
Surface structures, 8
Sway bracing, truss stability, 82
Symmetric matrices, 578, 599
Symmetric structures, 429-430, 449, 501-503, 529-530
antisymmetric loads, 430, 502, 530
beams, 501-503, 529-530
displacement method of analysis, 501-503, 529-530
force method of analysis, 429-430, 449
loads, 501, 503, 529
nonprismatic members, 529-530

T
Temperature (7"), 349, 376-377, 564-565, 568-569
effects on trusses, 349, 376-377, 564-565, 568-569
force transformation matrix (Q) for, 564-565
rotational displacement (deflections) and, 349,
376-377
stiffness method analysis for, 564-565, 568-569
Tensile force (T), 4, 84, 94-95,104-105, 130
Thin-plate structures, 8
Three-hinged arches, 80-81, 194-200, 203
Tie rods, 4,31
Tied arches, 194
Torsional displacement, circular members, 376
Total stiffness factor (K,), 489
Transformation matrices, 543-545, 570, 597-598
displacement (T), 544,597
force (Q), 545, 564-569, 598
frames, 597-598
trusses, 543-545,570
Transposed matrix, 616-617
Tributary loads, 4043, 68
one-way slab (system), 40-41, 68
two-way slab (system), 42-43, 68
Trusses, 6-7,31,79-131, 232-235, 261, 264-267,275-2717,
296-297, 300, 348-360, 376-377,392-393, 422425,
538-573
approximate analysis of, 264-267,273-277,296-297
bridge, 82-83
camber of, 349
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Trusses (continued)

Castigliano’s theorem for, 356-360, 390

classification of, 85-94

complex, 86, 116-119, 130

compound, 86-87, 110-112, 130

coordinate systems, 540, 543-545, 560-563, 570

coplanar, 85-94

cross bracing for, 264-267

deflections of, 275-277,297, 300, 348-360, 376-377,
392-393

design assumptions for, 84, 120, 130

determinacy of, 87, 120, 130

displacement transformation matrix (T) for, 544

external loading and, 348

fabrication errors, 349, 392, 564-567

fixed connections, 275,297

force method of analysis, 422-425

force transformation matrix (Q) for, 545, 564-569

global (member) stiffness matrix (k), 546-547

gusset plate, 79

identification of members and nodes for, 540

influence lines for, 232-235, 261

joint loadings, 84, 130

kinematic indeterminacy, 541

load-displacement relations, 542-543

member stiffness matrix (k), 541-543, 546-551

method of joints for, 94-97, 123,131

method of sections for, 104-109, 123, 131

method of substitute members for, 116-119

nodal coordinates, 560-563

nodes, 540

pin connections, 84, 130, 275,297

planar, 6,79

portals of, 275-277,297

procedures for analysis of, 95,106, 116-117, 123,
350,357,553

roof, 80-81

rotational displacement of, 300, 348-360, 376-377,
392-393

simple, 85, 130

space, 6, 120-126, 570-571

stability of, 82, 87-91, 120, 131

statically determinate, 79-131

statically indeterminate, 264-267,275-277,296-297,

422-425

stiffness matrices for, 540, 542-543, 546-559, 570-571

stiffness method of analysis, 538-573

structural use of, 6-7, 31,79

structure stiffness matrix (K), 540, 547-551

supports for, 275-277,297

temperature (thermal) effects on, 349,392, 564-565,

568-569

transformation matrices for, 543-545, 570

types of, 80-83

vertical components, 264

virtual work, method of for, 346-354,392

zero-force members, 98-99, 122-123, 264
Two-hinged arches, 194

U
Uniform loads 12-14, 184-189, 203, 213-214, 260
beams, 213-214, 260
cables and, 184-189, 203
distributed, 184-189, 203, 213-214, 260
influence lines and, 213-214, 260
live, 12-14,213-214, 260
Unit loads, influence lines and, 206212, 260-261
Unit matrix, 613

\%
Vertical components, trusses, 264
Vertical loads, building frame analysis and, 270-272, 296
Virtual work, 346-354, 364-380, 392-393
axial force (N) and, 375
beams, 364-380, 393
deflection (rotational displacement) and, 346-354,
364-374,392
external, 348,364,392
fabrication errors and, 349,392
frames, 364-380, 393
integration for, 364-365
internal, 364-365
principle of, 346-348, 392
procedures for analysis using, 350, 366
shear (V) and, 375
strain energy and, 375-380
temperature (7) and, 349,392
temperature changes and, 376-377
torsion (7)) and, 375
truss displacements and, 348-354, 392

w
Warren truss, 80-83
Webs, 4



Wind loads, 16-22

Work, 341-393
Castigliano’s theorem for, 355-360, 381-386, 393
conservation of energy principle, 341, 392
deflection (rotational displacement) and, 341-393
external (U, ), 341-344, 355,392
force (F) and, 342-343
moment (M) of, 343
principle of energy and, 345
principle of virtual, 346-348

INDEX

strain energy (U,) and, 341, 344, 355-356,
375-380, 392
virtual, 346-354,364-374,392

X

X, y, z force components, space trusses, 122

Z
Zero displacement and moments, 327
Zero-force truss members, 98-99, 122-123
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Geometric Properties of Areas
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