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PREFACE 

As we have prepared an updated edition our first priorities 

are to preserve, and to enhance, the qualities that have made 

previous editions so successful. In particular, we adopt the 

viewpoint of an applied mathematician with diverse interests 

in differential equations, ranging from quite theoretical to 

intensely practical-and usually a combination of both. Three 

pillars of our presentation of the material are methods of 

solution, analysis of solutions, and approximations of solu- 

tions. Regardless of the specific viewpoint adopted, we have 

sought to ensure the exposition is simultaneously correct and 

complete, but not needlessly abstract. 

The intended audience is undergraduate STEM students 

whose degree program includes an introductory course in 

differential equations during the first two years. The essential 

prerequisite is a working knowledge of calculus, typically 

a two- or three-semester course sequence or an equivalent. 

While a basic familiarity with matrices is helpful, Sections 6.2 

and 6.3 provide an overview of the essential linear algebra 

ideas needed for the parts of the book that deal with systems 

of differential equations (the remainder of Chapter 6, Section 

8.5, and Chapter 9). 

A strength of this book is its appropriateness in a wide 

variety of instructional settings. In particular, it allows instruc- 

tors flexibility in the selection of and the ordering of topics 

and in the use of technology. The essential core material is 

Chapter 1, Sections 2.1 through 2.5, and Sections 3.1 through 

3.5. After completing these sections, the selection of additional 

topics, and the order and depth of coverage are generally at 

the discretion of the instructor. Chapters 4 through 11 are 

essentially independent of each other, except that Chapter 6 

should precede Chapter 9, and Chapter 10 should precede 

Chapter 11. 

A particularly appealing aspect of differential equations 

-is that even the simplest differential equations have a direct 

_ correspondence to realistic physical phenomena: exponential 

growth and decay, spring-mass systems, electrical circuits, 

competitive species, infectious diseases, and wave propaga- 

tion. More complex natural processes can often be understood 

by combining and building upon simpler and more basic 

models. A thorough knowledge of these basic models, the 

differential equations that describe them, and their solutions - 

either explicit solutions or qualitative properties of the 

solution - is the first and most indispensable step toward ana- 

lyzing the solutions of more complex and realistic problems. 

The modeling process is detailed in Chapter 1 and Section 

2.3. Careful constructions of models appear also in Sections 

2.5, 3.7, 9.4, 9.5, and Appendices A and B of Chapter 10. 

Various problem sets throughout the book include problems 

that involve modeling to formulate an appropriate differential 

equation, and then to solve the differential equation or to 

determine some qualitative properties of its solution. The pri- 

mary purposes of these applied problems are to provide stu- 

dents with hands-on experience in the formulation of physical 

situations in terms of differential equations, and to convince 

them that differential equations arise naturally in a wide vari- 

ety of real-world applications. 

Another important concept emphasized repeatedly 

throughout the book is the transportability of mathematical 

knowledge. While a specific solution method applies to only 

a particular class of differential equations, it can be used in 

any application in which that particular type of differential 

equation arises. Once this point is made in a convincing 

manner, we believe that it is unnecessary to provide specific 

applications of every method of solution or type of equation 

that we consider. This decision helps to keep this book to a 

reasonable size, and allows us to keep the primary emphasis 

on the development of more solution methods for additional 

types of differential equations. 

From a student’s point of view, the problems that are 

assigned as homework and that appear on examinations 

define the course. We believe that the most outstanding feature 

of this book is the number, and above all the variety and range, 

of the problems that it contains. Many problems are entirely 

straightforward, but many others are more challenging, and 

some are fairly open-ended and can even serve as the basis 

for independent student projects. More than 1600 problems 

included in the book are still far more problems than any 

instructor can use in any given course, and this provides 

instructors with a multitude of choices in tailoring their course 

to meet their own goals and the needs of their students. The 

answers to almost all of these problems can be found in the 

pages at the back of the book; full solutions are available in 

the Instructor’s Solution Manual. 

While we make numerous references to the use of technol- 

ogy, we do so without limiting instructor freedom to use as 

much, or as little, technology as they desire. Appropriate tech- 

nologies include advanced graphing calculators (TI Nspire), 

a spreadsheet (Excel), web-based resources (applets), com- 

puter algebra systems, (Maple, Mathematica, Sage), scientific 

computation systems (MATLAB), or traditional programming 

(FORTRAN, Javascript, Python). Problems marked with a @ 
are ones we believe are best approached with a graphical tool; 

those marked with a @ are best solved with the use of a numer- 

ical tool. Instructors should consider setting their own policies, 

consistent with their interests and intents about student use of 

technology when completing assigned problems. 

Many problems in this book are best solved through a 

combination of analytic, graphic, and numeric methods. 

ix 



x Preface 

Pencil-and-paper methods are used to develop a model that is 

best solved (or analyzed) using a symbolic or graphic tool. The 

quantitative results and graphs, frequently produced using 

computer-based resources, serve to illustrate and to clarify 

conclusions that might not be readily apparent from a compli- 

cated explicit solution formula. Conversely, the implementa- 

tion of an efficient numerical method to obtain an approximate 

solution typically requires a good deal of preliminary analysis - 

to determine qualitative features of the solution as a guide 

to computation, to investigate limiting or special cases, or to 

discover ranges of the variables or parameters that require an 

appropriate combination of both analytic and numeric compu- 

tation. Good judgment may well be required to determine the 

best choice of solution methods in each particular case. Within 

this context we point out that problems that request a “sketch” 

are generally intended to be completed without the use of any 

technology (except your writing device). 

We believe that it is important for students to understand 

that (except perhaps in courses on differential equations) the 

goal of solving a differential equation is seldom simply to 

obtain the solution. Rather, we seek the solution in order 

to obtain insight into the behavior of the process that the 

equation purports to model. In other words, the solution is 

not an end in itself. Thus, we have included in the text a 

great many problems, as well as some examples, that call for 

conclusions to be drawn about the solution. Sometimes this 

takes the form of finding the value of the independent variable 

at which the solution has a certain property, or determining 

the long-term behavior of the solution. Other problems ask for 

the effect of variations in a parameter, or for the determination 

of all values of a parameter at which the solution experiences 

a substantial change. Such problems typicallly arise in the 

applications of differential equations, and, depending on the 

goals of the course, an instructor has the option of assigning 

as few or as many of these problems as desired. 

Readers familiar with the preceding edition will observe 

that the general structure of the book is unchanged. The minor 

revisions that we have made in this edition are in many cases 

the result of suggestions from users of earlier editions. These 

include a few new topics, enhanced coverage of the existing 

concepts in some of the chapters and a new appendix on 

special functions. The goals are to improve the clarity and 

readability of our presentation of basic material about differ- 

ential equations and their applications. The updated design 

provides an easy to navigate, student friendly reference. 

I have found differential equations to be a never-ending 

source of interesting, and sometimes surprising, mathematical 

results and explanations of physical phenomena. I hope that 

users of this book, both students and instructors, will share 

this enthusiasm for the subject. 

Douglas B. Meade 

Columbia, SC 

29 August 2021 

SUPPLEMENTAL RESOURCES FOR 

INSTRUCTORS AND STUDENTS 

An Instructor’s Solutions Manual includes solutions to all of 

the problems in the text. 

¢ PowerPoint slides of important definitions, examples, 

and theorems from the book, as well as graphics for 

presentation in lectures or for study and note taking. 

These documents are now fully accessible. 

¢ Chapter Review Sheets, which enable students to test 

their knowledge of key concepts. For further review, 

diagnostic feedback is provided that refers to pertinent 

sections in the text. 

e Mathematica, Maple, and MATLAB data files for 

selected problems in the text providing opportunities for 

further exploration of important concepts. 

e Projects that deal with extended problems normally not 

included among traditional topics in differential equa- 

tions, many involving applications from a variety of dis- 

ciplines. These vary in length and complexity, and they 

can be assigned as individual homework or as group 

assignments. 

e TestGen computerized test bank authored with a variety 

of algorithmically generated questions. 

A series of supplemental guidebooks, also published by John 

Wiley & Sons, can be used with Boyce/DiPrima/Meade in 

order to incorporate computing technologies into the course. 

These books emphasize numerical methods and graphical 

analysis, showing how these methods enable us to interpret 

solutions of ordinary differential equations (ODEs) in the real 

world. The following guidebook was written specifically for 

Matlab (use small-cap font as done elsewhere) but the ODE 

subject matter also applies to Maple, Mathematica, and other 

computer algebra systems. 

¢ Hunt, Lipsman, Osborn, and Rosenberg, Differential 

Equations with MATLAB, 3rd ed., 2012, ISBN 978-1-118- 

37680-5 

A good general introduction to Maple that also discusses 
ODEs is 

e Meade, Douglas B., May, Michael, Cheung, C-K., and 

Keough, G.E., Getting Started with Maple, 3rd ed., 2009, 

ISBN 978-0470455548. 
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INTRODUCTION 

In this first chapter we provide a foundation for your study of differential equations in 
several different ways. First, we use two problems to illustrate some of the basic ideas 
that we will return to, and elaborate upon, frequently throughout the remainder of the 
book. Later, to provide organizational structure for the book, we indicate several ways of 
classifying differential equations. 

The study of differential equations has attracted the attention of many of the world’s 

greatest mathematicians during the past three centuries. On the other hand, it is important 

to recognize that differential equations remains a dynamic field of inquiry today, with 

many interesting open questions. We outline some of the major trends in the historical 

development of the subject and mention a few of the outstanding mathematicians who have 

contributed to it. Additional biographical information about some of these contributors will 

be highlighted at appropriate times in later chapters. 

1.1 | SOME BASIC MATHEMATICAL MODELS 

Before embarking on a serious study of differential equations (for example, by reading this 

book or major portions of it), you should have some idea of the possible benefits to be 

gained by doing so. For some students the intrinsic interest of the subject itself is enough 

motivation, but for most it is the likelihood of important applications to other fields that 

makes the undertaking worthwhile. 

Many of the principles, or laws, underlying the behavior of the natural world are state- 

ments or relations involving rates at which things happen. When expressed in mathematical 

terms, the relations are equations and the rates are derivatives. Equations containing deriva- 

tives are differential equations. Therefore, to understand and to investigate problems 

involving the motion of fluids, the flow of current in electric circuits, the dissipation of heat 

in solid objects, the propagation and detection of seismic waves, or the increase or decrease 

of populations, among many others, it is necessary to know something about differential 

equations. 

A differential equation that describes some physical process is often called a mathe- 

matical model of the process, and many such models are discussed throughout this book. 

In this section we begin with two models leading to equations that are easy to solve. It is 

noteworthy that even the simplest differential equations provide useful models of important 

physical processes. 

EXAMPLE 1.1.1 A Falling Object 

Suppose that an object is falling in the atmosphere near sea level. Formulate a differential equation 

that describes the motion. 

Solution: 

We begin by introducing letters to represent various quantities that may be of interest in this 

problem. The motion takes place during a certain time interval, so let us use f to denote time. 

Also, let us use v to represent the velocity of the falling object. The velocity will presumably change 

with time, so we think of v as a function of t; in other words, t is the independent variable and v 

is the dependent variable. The choice of units of measurement is somewhat arbitrary, and there 

is nothing in the statement of the problem to suggest appropriate units, so we are free to make 

any choice that seems reasonable. To be specific, let us measure time t in seconds and velocity v 
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in meters/second. Further, we will assume that v is positive in the downward direction—that is, 

when the object is falling. 

The physical law that governs the motion of objects is Newton’s second law, which states that 

the mass of the object times its acceleration is equal to the net force on the object. In mathematical 

terms this law is expressed by the equation 

F = ma, (1) 

where m is the mass of the object, a is its acceleration, and F is the net force exerted on the object. To 

keep our units consistent, we will measure m in kilograms, a in meters/ second’, and F in newtons. 

Of course, a is related to v by a = dv/dt, so we can rewrite equation (1) in the form 

F=m—. (2) 

Next, consider the forces that act on the object as it falls. Gravity exerts a force equal to the 

weight of the object, or mg, where g is the acceleration due to gravity. In the units we have chosen, g 

has been determined experimentally to be approximately equal to 9.8 m/s” near the earth’s surface. 

There is also a force due to air resistance, or drag, that is more difficult to model. This is not the 

place for an extended discussion of the drag force; suffice it to say that it is often assumed that the 

drag is proportional to the velocity, and we will make that assumption here. Thus the drag force 

has the magnitude yv, where y is a constant called the drag coefficient. The numerical value of the 

drag coefficient varies widely from one object to another; smooth streamlined objects have much 

smaller drag coefficients than rough blunt ones. The physical units for y are mass/time, or kg/s for 

this problem; if these units seem peculiar, remember that yv must have the units of force, namely, 

kg - m/s?. 
In writing an expression for the net force F, we need to remember that gravity always acts in 

the downward (positive) direction, whereas, for a falling object, drag acts in the upward (negative) 

direction, as shown in Figure 1.1.1. Thus 

F=mg—yv (3) 

and equation (2) then becomes 

dv 
are = mg—yv. (4) 

Differential equation (4) is a mathematical model for the velocity v of an object falling in the 

atmosphere near sea level. Note that the model contains the three constants m, g, and y. The 

constants m and y depend very much on the particular object that is falling, and they are usually 

different for different objects. It is common to refer to them as parameters, since they may take on 

a range of values during the course of an experiment. On the other hand, g is a physical constant, 

whose value is the same for all objects. 

yw 

Om 

mg 

| FIGURE 1.1.1 | Free-body diagram of the forces on a falling object. 

To solve equation (4), we need to find a function v = v(t) that satisfies the equation. It is 
not hard to do this, and we will show you how in the next section. For the present, however, 
let us see what we can learn about solutions without actually finding any of them. Our task 
is simplified slightly if we assign numerical values to mand y, but the procedure is the same 



1.1 Some Basic Mathematical Models 3 | 

regardless of which values we choose. So, let us suppose that m = 10 kg and y = 2 kg/s. Then 

equation (4) can be rewritten as 

— =9.8—-. (5) 

EXAMPLE 1.1.2 A Falling Object (continued) 

Investigate the behavior of solutions of equation (5) without solving the differential equation. 

Solution: 

First let us consider what information can be obtained directly from the differential equation itself. 

Suppose that the velocity v has a certain given value. Then, by evaluating the right-hand side of 

differential equation (5), we can find the corresponding value of dv/dt. For instance, if v = 40, then 

dv/dt = 1.8. This means that the slope of a solution v = v(t) has the value 1.8 at any point where 

v = 40. We can display this information graphically in the tv-plane by drawing short line segments 

with slope 1.8 at several points on the line v = 40. (See Figure 1.1.2(a)). Similarly, when v = 50, 

then dv/dt = —0.2, and when v = 60, then dv/dt = —2.2, so we draw line segments with slope —0.2 at 

several points on the line v = 50 (see Figure 1.1.2(b)) and line segments with slope —2.2 at several 

points on the line v = 60 (See Figure 1.1.2(c)). Proceeding in the same way with other values of 

v we create what is called a direction field, or a slope field. The direction field for differential 

equation (5) is shown in Figure 1.1.3. 

All slopes 1.8 All slopes -0.2 All slopes -2.2 

Assembling a direction field for equation (5): dv/dt = 9.8 — v/5. (a) when v = 40, 

dv/dt = 1.8, (b) when v = 50, dv/dt = —0.2, and (c) when v = 60, dv/dt = —2.2. 
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Direction field and equilibrium solution for equation (5): dv/dt = 

9.8—v/5. 

Remember that a solution of equation (5) is a function v = v(t) whose graph is a curve in the 

tv-plane. The importance of Figure 1.1.3 is that each line segment is a tangent line to one of these 
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solution curves. Thus, even though we have not found any solutions, and no graphs of solutions 

appear in the figure, we can nonetheless draw some qualitative conclusions about the behavior 

of solutions. For instance, if v is less than a certain critical value, then all the line segments have 

positive slopes, and the speed of the falling object increases as it falls. On the other hand, if v is 

greater than the critical value, then the line segments have negative slopes, and the falling object 

slows down asit falls. What is this critical value of v that separates objects whose speed is increasing 

from those whose speed is decreasing? Referring again to equation (5), we ask what value of v will 

cause dv/dt to be zero. The answer is v = (5)(9.8) = 49 m/s. 

In fact, the constant function v(t) = 49 is a solution of equation (5). To verify this statement, 

substitute v(t) = 49 into equation (5) and observe that each side of the equation is zero. Because 

it does not change with time, the solution v(t) = 49 is called an equilibrium solution. It is the 

solution that corresponds to a perfect balance between gravity and drag. In Figure 1.1.3 we show 

the equilibrium solution v(t) = 49 superimposed on the direction field. From this figure we can 

draw another conclusion, namely, that all other solutions seem to be converging to the equilibrium 

solution as t increases. Thus, in this context, the equilibrium solution is often called the terminal 

velocity. 

The approach illustrated in Example 1.1.2 can be applied equally well to the more general 

differential equation (4), where the parameters m and y are unspecified positive numbers. 

The results are essentially identical to those of Example 1.1.2. The equilibrium solution of 

equation (4) is the constant solution v(t) = mg/y. Solutions below the equilibrium solution 

increase with time, and those above it decrease with time. As a result, we conclude that all 

solutions approach the equilibrium solution as t becomes large. 

> Direction Fields. Direction fields are valuable tools in studying the solutions of 

differential equations of the form 

Ovi 
ap (6) 

where f is a given function of the two variables t and y, sometimes referred to as the rate 

function. A direction field for equations of the form (6) can be constructed by evaluating f 

at each point of a rectangular grid. At each point of the grid, a short line segment is drawn 

whose slope is the value of f at that point. Thus each line segment is tangent to the graph 

of the solution passing through that point. A direction field drawn on a fairly fine grid gives 

a good picture of the overall behavior of solutions of a differential equation. Usually a grid 

consisting of a few hundred points is sufficient. The construction of a direction field is often 

a useful first step in the investigation of a differential equation. 

Two observations are worth particular mention. First, in constructing a direction field, 

we do not have to solve equation (6); we just have to evaluate the given function f(t, y) many 

times. Thus direction fields can be readily constructed even for equations that may be quite 
difficult to solve. Second, repeated evaluation of a given function and drawing a direction 
field are tasks for which a computer or other computational or graphical aid are well suited. 
All the direction fields shown in this book, such as the one in Figures 1.1.2 and 1.1.3 were 

computer generated. 

> Field Mice and Owls. Now let us look at another, quite different example. Consider a 
population of field mice that inhabit a certain rural area. In the absence of predators we 
assume that the mouse population increases at a rate proportional to the current population. 
This assumption is not a well-established physical law (as Newton’s law of motion is in 
Example 1.1.1), but it is a common initial hypothesis! in a study of population growth. 

‘A better model of population growth is discussed in Section 2.5. 
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If we denote time by t and the mouse population at time t by p(t), then the assumption 
about population growth can be expressed by the equation 

Opa 
PS (7) 

where the proportionality factor r is called the rate constant or growth rate. To be 
specific, suppose that time is measured in months and that the rate constant r has the value 
0.5/month. Then the two terms in equation (7) have the units of mice/month. 

Now let us add to the problem by supposing that several owls live in the same neigh- 
borhood and that they kill 15 field mice per day. To incorporate this information into the 
model, we must add another term to the differential equation (7), so that it becomes 

dp _p 
— = — — 450. 8 
dt 2 Oy 

Observe that the predation term is —450 rather than —15 because time is measured in 

months, so the monthly predation rate is needed. 

EXAMPLE 1.1.3 

Investigate the solutions of differential equation (8) graphically. 

Solution: 

A direction field for equation (8) is shown in Figure 1.1.4. For sufficiently large values of p it can 

be seen from the figure, or directly from equation (8) itself, that dp/dt is positive, so that solutions 

increase. On the other hand, if p is small, then dp/dt is negative and solutions decrease. Again, 

the critical value of p that separates solutions that increase from those that decrease is the value 

of p for which dp/dt is zero. By setting dp/dt equal to zero in equation (8) and then solving for p, 

we find the equilibrium solution p(t) = 900, for which the growth term and the predation term in 

equation (8) are exactly balanced. The equilibrium solution is also shown in Figure 1.1.4. 

95 

EVANS NANA EVA VANA NAS VVAVANANSS PASS PVVVANANAN E\X\ANNAN WA \A XS VANS VANSA FAA VAVASAS PV VAN VS NAS 
900 

PLETHEELAT | ALIFE ALE | ELTSFEL E] | LIES PEDAL | PALA LIE | 
SEV/IIS IIIT | MEVS///1 111 | wh////// 11] | BLY////1/11 | alV////1 111 | 

Direction field (red) and equilibrium solution (blue) for 

equation (8): dp/dt = p/2 — 450. 

Comparing Examples 1.1.2 and 1.1.3, we note that in both cases the equilibrium solution 

separates increasing from decreasing solutions. In Example 1.1.2 other solutions converge 

to, or are attracted by, the equilibrium solution, so that after the object falls long enough, 

an observer will see it moving at very nearly the equilibrium velocity. On the other hand, in 

Example 1.1.3 other solutions diverge from, or are repelled by, the equilibrium solution. 
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Solutions behave very differently depending on whether they start above or below the 

equilibrium solution. As time passes, an observer might see populations either much larger 

or much smaller than the equilibrium population, but the equilibrium solution itself will 

not, in practice, be observed. In both problems, however, the equilibrium solution is very 

important in understanding how solutions of the given differential equation behave. 

A more general version of equation (8) is 

=rp—k, (9) 

where the growth rate r and the predation rate k are positive constants that are otherwise 

unspecified. Solutions of this more general equation are very similar to those of equation 

(8). The equilibrium solution of equation (9) is p(t) = k/r. Solutions above the equilibrium 

solution increase, while those below it decrease. 
You should keep in mind that both of the models discussed in this section have their 

limitations. The model (5) of the falling object is valid only as long as the object is falling 

freely, without encountering any obstacles. If the velocity is large enough, the assumption 

that the frictional resistance is linearly proportional to the velocity has to be replaced with 

a nonlinear approximation (see Problem 21). The population model (8) eventually predicts 

negative numbers of mice (if p < 900) or enormously large numbers (if p > 900). Both of 

these predictions are unrealistic, so this model becomes unacceptable after a fairly short 

time interval. 

> Constructing Mathematical Models. In applying differential equations to any of the 

numerous fields in which they are useful, it is necessary first to formulate the appropriate 

differential equation that describes, or models, the problem being investigated. In this 

section we have looked at two examples of this modeling process, one drawn from physics 

and the other from ecology. In constructing future mathematical models yourself, you 

should recognize that each problem is different, and that successful modeling cannot be 

reduced to the observance of a set of prescribed rules. Indeed, constructing a satisfactory 

model is sometimes the most difficult part of the problem. Nevertheless, it may be helpful 

to list some steps that are often part of the process: 

1. Identify the independent and dependent variables and assign letters to represent them. 

Often the independent variable is time. 

2. Choose the units of measurement for each variable. In a sense the choice of units is 

arbitrary, but some choices may be much more convenient than others. For example, 

we chose to measure time in seconds for the falling-object problem and in months for 

the population problem. 

3. Articulate the basic principle that underlies or governs the problem you are investigat- 

ing. This may be a widely recognized physical law, such as Newton’s law of motion, or 

it may be a more speculative assumption that may be based on your own experience or 

observations. In any case, this step is likely not to be a purely mathematical one, but 

will require you to be familiar with the field in which the problem originates. 

4. Express the principle or law in step 3 in terms of the variables you chose in step 1. This 
may be easier said than done. It may require the introduction of physical constants 
or parameters (such as the drag coefficient in Example 1.1.1) and the determination 
of appropriate values for them. Or it may involve the use of auxiliary or intermediate 
variables that must then be related to the primary variables. 

5. Ifthe units agree, then your equation at least is dimensionally consistent, although it 
may have other shortcomings that this test does not reveal. 

6. In the problems considered here, the result of step 4 is a single differential equation, 
which constitutes the desired mathematical model. Keep in mind, though, that in more 
complex problems the resulting mathematical model may be much more complicated, 
perhaps involving a system of several differential equations, for example. 



1.1 Some Basic Mathematical Models 

> Historical Background, Part I: Newton, Leibniz, andthe Bernoullis. Without knowing 
something about differential equations and methods of solving them, it is difficult to 
appreciate the history of this important branch of mathematics. Further, the development of 
differential equations is intimately interwoven with the general development of mathemat- 
ics and cannot be separated from it. Nevertheless, to provide some historical perspective, 
we indicate here some of the major trends in the history of the subject and identify the most 
prominent early contributors. The rest of the historical background in this section focuses 
on the earliest contributors from the seventeenth century. The story continues at the end 
of Section 1.2 with an overview of the contributions of Euler and other eighteenth-century 
(and early-nineteenth-century) mathematicians. More recent advances, including the use 
of computers and other technologies, are summarized at the end of Section 1.3. Additional 

historical information is contained in footnotes scattered throughout the book and in the 
references listed at the end of the chapter. 

The subject of differential equations originated in the study of calculus by Isaac 

Newton (1643-1727) and Gottfried Wilhelm Leibniz (1646-1716) in the seventeenth 

century. Newton grew up in the English countryside, was educated at Trinity College, 

Cambridge, and became Lucasian Professor of Mathematics there in 1669. His epochal 

discoveries of calculus and of the fundamental laws of mechanics date to 1665. They were 

circulated privately among his friends, but Newton was extremely sensitive to criticism 

and did not begin to publish his results until 1687 with the appearance of his most famous 

book Philosophiae Naturalis Principia Mathematica. Although Newton did relatively little 

work in differential equations as such, his development of the calculus and elucidation of 

the basic principles of mechanics provided a basis for their applications in the eighteenth 

century, most notably by Euler (see Historical Background, Part IJ in Section 1.2). Newton 

identified three forms of first-order differential equations: dy/dx = f(x), dy/dx = f(y), and 

dy/dx = f(x, y). For the latter equation he developed a method of solution using infinite 

series when f(x, y) is a polynomial in x and y. Newton’s active research in mathematics 

ended in the early 1690s, except for the solution of occasional “challenge problems” and 

the revision and publication of results obtained much earlier. He was appointed Warden of 

the British Mint in 1696 and resigned his professorship a few years later. He was knighted 

in 1705 and, upon his death in 1727, became the first scientist buried inWestminster Abbey. 

Leibniz was born in Leipzig, Germany, and completed his doctorate in philosophy at the 

age of 20 at the University of Altdorf. Throughout his life he engaged in scholarly work in 

several different fields. He was mainly self-taught in mathematics, since his interest in this 

subject developed when he was in his twenties. Leibniz arrived at the fundamental results 

of calculus independently, although a little later than Newton, but was the first to publish 

them, in 1684. Leibniz was very conscious of the power of good mathematical notation 

and was responsible for the notation dy/dx for the derivative and for the integral sign. 

He discovered the method of separation of variables (Section 2.2) in 1691, the reduction 

of homogeneous equations to separable ones (Section 2.2, Problem 30) in 1691, and the 

- procedure for solving first-order linear equations (Section 2.1) in 1694. He spent his life as 

ambassador and adviser to several German royal families, which permitted him to travel 

widely and to carry on an extensive correspondence with other mathematicians, especially 

the Bernoulli brothers. In the course of this correspondence many problems in differential 

equations were solved during the latter part of the seventeenth century. 

The Bernoulli brothers, Jakob (1654-1705) and Johann (1667-1748), of Basel, 

Switzerland did much to develop methods of solving differential equations and to extend 

the range of their applications. Jakob became professor of mathematics at Basel in 1687, 

and Johann was appointed to the same position upon his brother’s death in 1705. Both 

men were quarrelsome, jealous, and frequently embroiled in disputes, especially with 

each other. Nevertheless, both also made significant contributions to several areas of 

mathematics. With the aid of calculus, they solved a number of problems in mechanics 

by formulating them as differential equations. For example, Jakob Bernoulli solved the 

differential equation y’ = a?/ (by — a?) (see Problem 9 in Section 2.2) in 1690 and, in the 

same paper, first used the term “integral” in the modern sense. In 1694 Johann 

Bernoulli was able to solve the equation dy/dx = y/(ax) (see Problem 10 in Section 2.2). 
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One problem that both brothers solved, and that led to much friction between them, was the 

brachistochrone problem (see Problem 24 of Section 2.3). The brachistochrone problem 

was also solved by Leibniz, Newton, and the Marquis de l’H6pital. It is said, perhaps 

apocryphally, that Newton learned of the problem late in the afternoon of a tiring day at 

the Mint and solved it that evening after dinner. He published the solution anonymously, 

but upon seeing it, Johann Bernoulli exclaimed, “Ah, I know the lion by his paw.” 

Daniel Bernoulli (1700-1782), son of Johann, migrated to St. Petersburg, Russia, as a 

young man to join the newly established St. Petersburg Academy, but returned to Basel in 

1733 as professor of botany and, later, of physics. His interests were primarily in partial 

differential equations and their applications. For instance, it is his name that is associated 

with the Bernoulli equation in fluid mechanics. He was also the first to encounter the 

functions that a century later became known as Bessel functions (Section 5.8). 

Problems 

In each of Problems 1 through 4, draw a direction field for the given 

differential equation. Based on the direction field, determine the 

behavior of y as t > oo. If this behavior depends on the initial value 

of y at t = 0, describe the dependency. 

2. Oy’ =2y-4 

4. @y' =4y-2 

1. @y =3-y 

3. @y’=-1-4y 

In each of Problems 5 and 6, write down a differential equation of 

the form dy/dt = ay + b whose solutions have the required behavior 

ast —> o. 

5. All solutions approach y = 2/3. 

6. All other solutions diverge from y = 3. 

In each of Problems 7 through 10, (a) draw a direction field for 

the given differential equation and (b) use this direction field to 

determine the behavior of y as t > oo. If this behavior depends on 

the initial value of y at t = 0, describe this dependency. Note that in 

these problems the equations are not of the form y’ = ay + b, and the 

behavior of their solutions is somewhat more complicated than for 

the equations in the text. 

8. Gy’ =-y(4-y) 
10. @y’=yy-1)? 

7. Oy’ =y(4-y) 
9. Gy =y' 

Consider the following list of differential equations, some of which 

produced the direction fields shown in Figures 1.1.5 through 1.1.10. 

In each of Problems 11 through 16, identify the differential equation 

that corresponds to the given direction field. 

a. y =2y-1 b. y=1+y 

c. y =y-2 d. y =yQ +3) 

e. y' = yy - 3) f. y' =1+2y 

Sy) SH=s=y h. y’ =y2-y) 
i. y' =1-2y je yo =2-y 

11. The direction field of Figure 1.1.5. 
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| FIGURE 1.1.5 | Problem 11. 

12. The direction field of Figure 1.1.6. 
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FIGURE 1.1.6 Problem 12. 

13. The direction field of Figure 1.1.7. 
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Problem 13. 
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14. The direction field of Figure 1.1.8. 
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FIGURE 1.1.8 By oupes 

15. The direction field of Figure 1.1.9. 
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FIGURE 1.1.9 [Buce))loom ce 

16. The direction field of Figure 1.1.10. 
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Problem 16 
17. A pond initially contains 1,000,000 gal of water and an unknown 

18. 

19. 

20. 

21. 

a. Write a differential equation for the amount of chemical in 

the pond at any time. 

b. How much of the chemical will be in the pond after a very 

long time? Does this limiting amount depend on the amount 

that was present initially? 

A spherical raindrop evaporates at a rate proportional to its 

surface area. Write a differential equation for the volume of the 

raindrop as a function of time. 

Newton’s law of cooling states that the temperature of an object 

changes at a rate proportional to the difference between the 

temperature of the object itself and the temperature of its sur- 

roundings (the ambient air temperature in most cases). Suppose 

that the ambient temperature is 70°F and that the rate constant 

is 0.05 (min)~!. Write a differential equation for the temperature 

of the object at any time. Note that the differential equation is the 

same whether the temperature of the object is above or below the 

ambient temperature. 

A certain drug is being administered intravenously to a hos- 

pital patient. Fluid containing 5 mg/cm? of the drug enters 

the patient’s bloodstream at a rate of 100 cm*/h. The drug is 

absorbed by body tissues or otherwise leaves the bloodstream at 

a rate proportional to the amount present, with a rate constant 

of 0.4/h. 

a. Assuming that the drug is always uniformly distributed 

throughout the bloodstream, write a differential equation for 

the amount of the drug that is present in the bloodstream at 

any time. 

b. How much of the drug is present in the bloodstream after a 

long time? 

@ For small, slowly falling objects, the assumption made in the 

text that the drag force is proportional to the velocity is a good 

one. For larger, more rapidly falling objects, it is more accurate 

to assume that the drag force is proportional to the square of the 

velocity.” 
a. Write a differential equation for the velocity ofa falling object 

of mass m if the magnitude of the drag force is proportional 

to the square of the velocity and its direction is opposite to 

that of the velocity. 

b. Determine the limiting velocity after a long time. 

c. If m = 10 kg, find the drag coefficient so that the limiting 

velocity is 49 m/s. 

d. @Using the data in part c, drawa direction field and compare 

it with Figure 1.1.3. 

In each of Problems 22 through 25, (a) draw a direction field for 

the given differential equation and (b) use this direction field to 

determine the behavior of y as t > ov. If this behavior depends on 

the initial value of y at t = 0, describe this dependency. Note that the amount of an undesirable chemical. Water containing 0.01 

grams of this chemical per gallon flows into the pond at a rate of 

300 gal/h. The mixture flows out at the same rate, so the amount 

of water in the pond remains constant. Assume that the chemical 

is uniformly distributed throughout the pond. 

right-hand sides of these equations depend on ¢ as well as y; therefore, 

their solutions can exhibit more complicated behavior than those in 

the text. 

22.@y' =-24+t-y 

24. @y' =sint+1+y 

See Lyle N. Long and Howard Weiss, “The Velocity Dependence of Aerodynamic Drag: A Primer for 

Mathematicians,” American Mathematical Monthly 106 (1999), 2, pp. 127-135. 

23.@y' =e*+y 

eel 3 1, 25. Oy’ = zy y 3! 
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1.2 | SOLUTIONS OF SOME DIFFERENTIAL EQUATIONS 

In the preceding section we derived the differential equations 

dv 
pet oe 1 ma mg —yv (1) 

and 

dp 
ee ec 24 FF rp—k. (2) 

Equation (1) models a falling object, and equation (2) models a population of field mice 

preyed on by owls. Both of these equations are of the general form 

we =ay-— 3 ape b, (3) 

where a and b are given constants. We were able to draw some important qualitative 

conclusions about the behavior of solutions of equations (1) and (2) by considering the 

associated direction fields. To answer questions of a quantitative nature, however, we need 

to find the solutions themselves, and we now investigate how to do that. 

EXAMPLE 1.2.1 Field Mice and Owls (continued) 

Consider the equation 

dp a 7 05P ~ 450; (4) 

which describes the interaction of certain populations of field mice and owls (see equation (8) of 

Section 1.1). Find solutions of this equation. 

Solution: 

To solve equation (4), we need to find functions p(t) that, when substituted into the equation, 

reduce it to an obvious identity. Here is one way to proceed. First, rewrite equation (4) in the form 

dp p-—900 

or, if p £ 900, 

dp/dt _1 

p-900 2° (6) 

By the chain rule the left-hand side of equation (6) is the derivative of In |p — 900| with respect to 
t, so we have 

d 1 
pn IP — 900! = 5. (7) 

Then, by integrating both sides of equation (7), we obtain 

t In |p - 900| = 5 + C, (8) 

where C is an arbitrary constant of integration. Therefore, by taking the exponential of both sides 
of equation (8), we find that 

|p ey 900} es et/2+C oe eK et/2. (9) 
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or 

p—900 = +ee!/2, (10) 

and finally 

Pp = 900 + ce!/2, (11) 

where c = +e° is also an arbitrary (nonzero) constant. Note that the constant function P = 900 is 
also a solution of equation (5) and that it is contained in the expression (11) if we allow c to take 
the value zero. Graphs of equation (11) for several values of c are shown in Figure 1.2.1. 

pan ae oO (je) 

AVVAAVVAAAAAS 

VAVALVAAVAVAAN ANS VAR VAVANAVAVANAAA VALVAAVAAAAAAA ANAS VVVAVAVAN AAAS VVAVAAAASAAANAASS 
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WAVVAWAV AANA VEVALAANVANAANA SANS 

VAVAVQAANAA Avan AVVVAAAAAN ANAS AVVAVAVANAN AAAS WV AAVAAQ ANA AAS 
AVVALVRAAAN ANS 

VUVLVAVAN Naas 
AV AAAALAAAANQR AAS VVVVANANV AAAS VVAAAVASANAAN AS AVAVAAAAANANANS 

VVALAVLALAAAANAAN AVAL VANQAAAAAAANS AVAL ARAAN ANAS AVVVAVAA ANNAN 
1000 

VAVAANAAANA AAA VVVQVAAAVAA NVA VAUD AANA AS AVVAVAAAM ANNAN AVAVAVAAAA AAAS VV LAVA AAS AVAVUNAVANAANQ ANY AVVAVAAVANVAN AS AVAVAVVANAAANAAAY VVVAVANANAAANAAS \ — 
ee 

_——— — — 
ee ee \ \\ \ WN 
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HitN Hitt Hy Hitt i I | ~ 
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Graphs of p = 900 + ce’ for several values of c. Each blue curve is 

a solution of dp/dt = 0.5p — 450. 

Note that they have the character inferred from the direction field in Figure 1.1.4. For instance, 

solutions lying on either side of the equilibrium solution p = 900 tend to diverge from that solution. 

; In Example 1.2.1 we found infinitely many solutions of the differential equation (4), 

corresponding to the infinitely many values that the arbitrary constant c in equation (11) 

might have. This is typical of what happens when you solve a differential equation. The 

solution process involves an integration, which brings with it an arbitrary constant, whose 

possible values generate an infinite family of solutions. 

Frequently, we want to focus our attention on a single member of the infinite family of 

solutions by specifying the value of the arbitrary constant. Most often, we do this indirectly 

by specifying instead a point that must lie on the graph of the solution. For example, to 

determine the constant c in equation (11), we could require that the population have a 

given value at a certain time, such as the value 850 at time t = 0. In other words, the graph 

of the solution must pass through the point (0, 850). Symbolically, we can express this 

condition as 

p(0) = 850. (12) 

Then, substituting t = 0 and p = 850 into equation (11), we obtain 

850 = 900 + c. 

Hence c = —50, and by inserting this value into equation (11), we obtain the desired solution, 

namely, 

p = 900 — 50e!/2. (13) 
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The additional condition (12) that we used to determine c is an example of an initial 

condition. The differential equation (4) together with the initial condition (12) forms an 

initial value problem. : 

Now consider the more general problem consisting of the differential equation (3) 

and the initial condition 

y(0) = yo; (14) 

where yo is an arbitrary initial value. We can solve this problem by the same method as in 

Example 1.2.1. Ifa # 0 and y # b/a, then we can rewrite equation (3) as 

Di =a (15) 
NG 

By integrating both sides, we find that 

b In|y(t)- 2| = ar +¢, (16) 

where C is an arbitrary constant. Then, taking the exponential of both sides of equation (16) 

and solving for y, we obtain 

Viy= 2 + cet, (17) 

where c = +e is also an arbitrary constant. Observe that c = 0 corresponds to the equili- 

brium solution y(t) = b/a. Finally, the initial condition (14) requires that c = yp — (b/a), so 

the solution of the initial value problem (3), (14) is 

y= 2 +(s- 2), (18) 

For a # 0 the expression (17) contains all possible solutions of equation (3) and is called 

the general solution.* The geometric representation of the general solution (17) is an 

infinite family of curves called integral curves. Each integral curve is associated with 

a particular value of c and is the graph of the solution corresponding to that value of c. 

Satisfying an initial condition amounts to identifying the integral curve that passes through 

the given initial point. 

To relate the solution (18) to equation (2), which models the field mouse population, we 

need only replace a by the growth rate r and replace b by the predation rate k; we assume 

that r> 0Oandk > 0. Then the solution (18) becomes 

pW)==+(po- <)ert, (19) 

where Ppp is the initial population of field mice. The solution (19) confirms the conclusions 
reached on the basis of the direction field and Example 1.2.1. If pp = k/r, then from equation 
(19) it follows that p(t) = k/r for all t; this is the constant, or equilibrium, solution. If Po # 
k/r, then the behavior of the solution depends on the sign of the coefficient py — (k/r) of 
the exponential term in equation (19). If py > k/r, then p grows exponentially with time t; if 
Po < k/r, then p decreases and becomes zero (at a finite time), corresponding to extinction 

*Ifa = 0, then the solution of equation (3) is not given by equation (17). We leave it to you to find the general 
solution in this case. 
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of the field mouse population. Negative values of p, while possible for the expression (19), 
make no sense in the context of this particular problem. | 

To put the falling-object equation (1) in the form (3), we must identify a with —y/m and 
b with —g. Observe that assuming y > 0 and m > 0 implies that a < 0 and b < 0. Making 
these substitutions in the solution (18), we obtain 

HO) sellin a a (20) 

where vo is the initial velocity. Again, this solution confirms the conclusions reached in 
Section 1.1 on the basis of a direction field. There is an equilibrium, or constant, solution 

v(t) = mg/y, and all other solutions tend to approach this equilibrium solution. The speed 

of convergence to the equilibrium solution is determined by the exponent —y/m. Thus, for 

a given mass m, the velocity approaches the equilibrium value more rapidly as the drag 

coefficient y increases. 

EXAMPLE 1.2.2 A Falling Object (continued) 

Suppose that, as in Example 1.1.2, we consider a falling object of mass m = 10 kg and drag 

coefficient y = 2 kg/s. Then the equation of motion (1) becomes 

dv v 
a 9.8 — 5° (21) 

Suppose this object is dropped from a height of 300 m. Find its velocity at any time t. How long will 

it take to fall to the ground, and how fast will it be moving at the time of impact? 

Solution: 

The first step is to state an appropriate initial condition for equation (21). The word “dropped” in 

the statement of the problem suggests that the object starts from rest, that is, its initial velocity is 

zero, SO we will use the initial condition 

v(0) = 0. (22) 

The solution of equation (21) can be found by substituting the values of the coefficients into 

the solution (20), but we will proceed instead to solve equation (21) directly. First, rewrite the 

equation as 

ie a 
By integrating both sides, we obtain 

In |v(t) — 49] = =: +c, (24) 

and then the general solution of equation (21) is 

v(t) = 49 + ce", (25) 

where the constant c is arbitrary. To determine the particular value of c that corresponds to the 

initial condition (22) we substitute t = 0 and v = 0 into equation (25), with the result that c = —49. 

Then the solution of the initial value problem (21), (22) is 

v(t) =49(1-e7'). (26) 

Equation (26) gives the velocity of the falling object at any positive time after being dropped—until 

it hits the ground, of course. 
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Graphs of the solution (25) for several values of c are shown in Figure 1.2.2, with the 

solution (26) shown by the green curve. It is evident that, regardless of the initial velocity of 

the object, all solutions tend to approach the equilibrium solution v(t) = 49. This confirms the 

conclusions we reached in Section 1.1 on the basis of the direction fields in Figures 1.1.2 and 1.1.3. 

100 

60 

40 (10.51, 43.01) 

20 vy = 49 (1 —e-#/5) 

2 4 6 8 10 12 

| FIGURE 1.2.2 | Graphs of the solution (25), v = 49 + ce~”’, for several values of c. 

The green curve corresponds to the initial condition v(0) = 0. The point (10.51, 43.01) 

shows the velocity when the object hits the ground. 

To find the velocity of the object when it hits the ground, we need to know the time at which 

impact occurs. In other words, we need to determine how long it takes the object to fall 300 m. To 

do this, we note that the distance x the object has fallen is related to its velocity v by the differential 

equation v = dx/dt, or 

dx = 49 (1 — e-#/5). (27) 

Consequently, by integrating both sides of equation (27) with respect to t, we have 

xX = 49t + 245e7'/5 + k, (28) 

where k is an arbitrary constant of integration. The object starts to fall when t = 0, so we know that 

x = 0 when t = 0. From equation (28) it follows that k = —245, so the distance the object has fallen 

at time ¢ is given by 

x = 49t + 245e—#/5 — 245, (29) 

Let T be the time at which the object hits the ground; then x = 300 when t = T. By substituting 

these values in equation (29), we obtain the equation 

49T + 245e-7/5 — 245 = 300. (30) 

The value of T satisfying equation (30) can be approximated by a numerical process* using 

a calculator or other computational tool, with the result that T = 10.51s. At this time, the 

corresponding velocity vy is found from equation (26) to be vr & 43.01 m/s. The point (10.51, 43.01) 

is also shown in Figure 1.2.2. 
nese 

“A computer algebra system provides this capability; many calculators also have built-in routines for solving 
such equations. 
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> Further Remarks on Mathematical Modeling. Up to this point we have related our 
discussion of differential equations to mathematical models of a falling object and of a 
hypothetical relation between field mice and owls. The derivation of these models may 
have been plausible, and possibly even convincing, but you should remember that the 
ultimate test of any mathematical model is whether its predictions agree with observations 
or experimental results. We have no actual observations or experimental results to use for 
comparison purposes here, but there are several sources of possible discrepancies. 

In the case of the falling object, the underlying physical principle (Newton’s laws of 
motion) is well established and widely applicable. However, the assumption that the drag 
force is proportional to the velocity is less certain. Even if this assumption is correct, the 
determination of the drag coefficient y by direct measurement presents difficulties. Indeed, 
sometimes one finds the drag coefficient indirectly—for example, by measuring the time of 
fall from a given height and then calculating the value of y that predicts this observed time. 

The model of the field mouse population is subject to various uncertainties. The 

determination of the growth rate r and the predation rate k depends on observations of 

actual populations, which may be subject to considerable variation. The assumption that 

r and k are constants may also be questionable. For example, a constant predation rate 

becomes harder to sustain as the field mouse population becomes smaller. Further, the 

model predicts that a population above the equilibrium value will grow exponentially larger 

and larger. This seems at variance with the behavior of actual populations; see the further 

discussion of population dynamics in Section 2.5. 

If the differences between actual observations and a mathematical model’s predictions 

are too great, then you need to consider refining the model, making more careful observa- 

tions, or perhaps both. There is almost always a tradeoff between accuracy and simplicity. 

Both are desirable, but a gain in one usually involves a loss in the other. However, even 

if a mathematical model is incomplete or somewhat inaccurate, it may nevertheless be 

useful in explaining qualitative features of the problem under investigation. It may also 

give satisfactory results under some circumstances but not others. Thus you should always 

use good judgment and common sense in constructing mathematical models and in using 

their predictions. 

> Historical Background, Part il: Euler, Lagrange, and Laplace. The greatest math- 

ematician of the eighteenth century, Leonhard Euler (1707-1783), grew up near Basel, 

Switzerland and was a student of Johann Bernoulli. He followed his friend Daniel 

Bernoulli to St. Petersburg in 1727. For the remainder of his life he was associated with the 

St. Petersburg Academy (1727-1741 and 1766-1783) and the Berlin Academy (1741-1766). 

Losing sight in his right eye in 1738, and in his left eye in 1766, did not stop Euler from 

being one of the most prolific mathematicians of all time. In addition to publishing more 

than 500 books and papers during his life, an additional 400 have appeared posthumously. 

Of particular interest here is Euler’s formulation of problems in mechanics in mathemat- 

ical language and his development of methods of solving these mathematical problems. 

Lagrange said of Euler’s work in mechanics, “The first great work in which analysis is 

applied to the science of movement.” Among other things, Euler identified the condition 

for exactness of first-order differential equations (Section 2.6) in 1734-1735, developed the 

theory of integrating factors (Section 2.6) in the same paper, and gave the general solution of 

homogeneous linear differential equations with constant coefficients (Sections 3.1, 3.3, 3.4, 

and 4.2) in 1743. He extended the latter results to nonhomogeneous differential equations 

in 1750-1751. Beginning about 1750, Euler made frequent use of power series (Chapter 5) 

in solving differential equations. He also proposed a numerical procedure (Sections 2.7 

and 8.1) in 1768-1769, made important contributions in partial differential equations, and 

gave the first systematic treatment of the calculus of variations. 

Joseph-Louis Lagrange (1736-1813) became professor of mathematics in his native 

Turin, Italy, at the age of 19. He succeeded Euler in the chair of mathematics at the 

Berlin Academy in 1766 and moved on to the Paris Academy in 1787. He is most famous 

for his monumental work Mécanique analytique, published in 1788, an elegant and 
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comprehensive treatise of Newtonian mechanics. With respect to elementary differential 

equations, Lagrange showed in 1762-1765 that the general solution of a homogeneous 

nth order linear differential equation is a linear combination of n independent solutions 

(Sections 3.2 and 4.1). Later, in 1774-1775, he offered a complete development of the 

method of variation of parameters (Sections 3.6 and 4.4). Lagrange is also known for 

fundamental work in partial differential equations and the calculus of variations. 

Pierre-Simon de Laplace (1749-1827) lived in Normandy, France, as a boy but arrived 

in Paris in 1768 and quickly made his mark in scientific circles, winning election to the 

Académie des Sciences in 1773. He was preeminent in the field of celestial mechanics; his 

greatest work, Traité de mécanique céleste, was published in five volumes between 1799 

and 1825. Laplace’s equation is fundamental in many branches of mathematical physics, 

and Laplace studied it extensively in connection with gravitational attraction. The Laplace 

transform (Chapter 7) is also named for him, although its usefulness in solving differential 

equations was not recognized until much later. 

By the end of the eighteenth century many elementary methods of solving ordinary 

differential equations had been discovered. In the nineteenth century interest turned more 

toward the investigation of theoretical questions of existence and uniqueness and to the 

development of less elementary methods such as those based on power series expansions 

(see Chapter 5). These methods find their natural setting in the complex plane. Conse- 

quently, they benefitted from, and to some extent stimulated, the more or less simultaneous 

development of the theory of complex analytic functions. Partial differential equations also 

began to be studied intensively, as their crucial role in mathematical physics became clear. 

In this connection a number of functions, arising as solutions of certain ordinary differential 

equations, occurred repeatedly and were studied exhaustively. Known collectively as higher 

transcendental functions, many of them are associated with the names of mathematicians, 

including Bessel (Section 5.8), Legendre (Section 5.4), Hermite (Section 5.3), Chebyshev 

(Section 5.4), Hankel, and many others. 

Problems 

1b Solve each of the following initial value problems and plot the b. Let Y(t) =y — y,; thus Y(f) is the deviation from the equilib- 

solutions for several values of yy. Then describe in a few words rium solution. Find the differential equation satisfied by Y(t). 

how the solutions resemble, and differ from, each other. 5. Undetermined Coefficients. Here is an alternative way to solve 
a. dy/dt =-y+5, the equation 
b. dy/dt = —2y +5, 

c. dy/dt = —2y + 10, =ay—b. (31) 

2. © Follow the instructions for Problem 1 for the following initial- 

value problems: a. Solve the simpler equation 

a. dy/dt =y-—5, 

b. dy/dt = 2y —5, 2 = ay. (32) 
c. dy/dt = 2y-—10, 

3. Consider the differential equation Call the solution y,(¢). 

b. Observe that the only difference between equations (31) and 
dy/dt = —ay +b, (32) is the constant —b in equation (31). Therefore, it may seem 

reasonable to assume that the solutions of these two equations 
where both a and b are positive numbers. also differ only by a constant. Test this assumption by trying 
a. Find the general solution of the differential equation. to find a constant k such that y = y,(t) + k is a solution of 

b. @ Sketch the solution for several different initial conditions. equation (31). 

c. Describe how the solutions change under each of the following c. Compare your solution from part b with the solution given in 
conditions: 

i. a increases. 

ii. b increases. 

the text in equation (17). 

Note: This method can also be used in some cases in which the 
constant b is replaced by a function g(t). It depends on whether 

iii. Botha and b increase, but the ratio b/a remains the same. you can guess the general form that the solution is likely to take. 
4. Consider the differential equation dy/dt = ay — b. 

a. Find the equilibrium solution y,. 

This method is described in detail in Section 3.5 in connection with 
second-order equations. 
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6. 

Ths 

10. 

11. 

42. 

Use the method of Problem 5 to solve the equation 

ees nts ay+b. 

The field mouse population in Example 1.2.1 satisfies the 
differential equation 

dp ap 7 05P — 450. 

a. Find the time at which the population becomes extinct if 

p(0) = 800. 

b. Find the time of extinction if p(0) = pp, where 0 < py < 900. 

c. @ Find the initial population py if the population is to 

become extinct in 1 year. 

. Consider a population p of field mice that grows at a rate propor- 

tional to the current population, so that dp/dt = rp. 

a. Find the rate constant r if the population doubles in 20 days. 

b. Find rif the population doubles in N days. 

. Consider the falling object of mass 10 kg in Example 1.2.2, but 

assume now that the drag force is proportional to the square of 

the velocity. 

a. If the limiting velocity is 49 m/s (the same as in 

Example 1.2.2), show that the equation of motion can be 

written as 

dv_ il 
ae a 

Also see Problem 21 of Section 1.1. 

b. If v(O) = 0, find an expression for v(t) at any time. 

c. © Plot your solution from part b and the solution (26) from 

Example 1.2.2 on the same axes. 

d. Based on your plots in part c, compare the effect of a quadratic 

drag force with that of a linear drag force. 

e. Find the distance x(t) that the object falls in time t. 

f. @ Find the time T it takes the object to fall 300 m. 

Radium-226 has a half-life of 1620 years. Find the time period 

during which a given amount of this material is reduced by 

one-third. 

The half-life of a radioactive material is the time required for an 

amount of this material to decay to one-half its original value. 

Show that for any radioactive material that decays according to 

the equation Q’ = —rQ, the half-life t and the decay rate r satisfy 

the equation rt = In (2). 

According to Newton’s law of cooling (see Problem 19 of 

Section 1.1), the temperature u(t) of an object satisfies the dif- 

ferential equation 

du 
dt = —k(u — 7.) 

13. 

14. 

where T is the constant ambient temperature and k is a positive 

constant. Suppose that the initial temperature of the object is 

Uu(O) = Up. 

a. Find the temperature of the object at any time. 

b. Let t be the time at which the initial temperature difference 

Up — T has been reduced by half. Find the relation between k 

and Tt. 

Consider an electric circuit containing a capacitor, resistor, and 

battery; see Figure 1.2.3. The charge Q(t) on the capacitor 

satisfies the equation> 

where R is the resistance, C is the capacitance, and V is the 

constant voltage supplied by the battery. 

R 

“ ) 

G 

fa(e{U) i eeeete The electric circuit of 

Problem 13. 

a. @ If Q(0) =0, find Q(t) at any time ¢t, and sketch the graph of 

Q versus t. 

b. Find the limiting value Q, that Q(t) approaches after a long 

time. 

c. © Suppose that Q(t,) = Q, and that at time t = ¢, the battery 

is removed and the circuit is closed again. Find Q(t) for t >t, 

and sketch its graph. 

@ A pond containing 1,000,000 gal of water is initially free of 

a certain undesirable chemical (see Problem 17 of Section 1.1). 

Water containing 0.01 g/gal of the chemical flows into the pond 

at a rate of 300 gal/h, and water also flows out of the pond at 

the same rate. Assume that the chemical is uniformly distributed 

throughout the pond. 

a. Let Q(t) be the amount of the chemical in the pond at time t¢. 

Write down an initial value problem for Q(t). 

b. Solve the problem in part a for Q(t). How much chemical is 

in the pond after 1 year? 

c. At the end of 1 year the source of the chemical in the pond is 

removed; thereafter pure water flows into the pond, and the 

mixture flows out at the same rate as before. Write down the 

initial value problem that describes this new situation. 

d. Solve the initial value problem in part c. How much chemical 

remains in the pond after 1 additional year (2 years from the 

beginning of the problem)? 

e. How long does it take for Q(t) to be reduced to 10 g? 

f. © Plot Q(#) versus t for 3 years. 

5This equation results from Kirchhoff’s laws, which are discussed in Section 3.7. 
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1.3 | CLASSIFICATION OF DIFFERENTIAL EQUATIONS 

The main purposes of this book are to discuss some of the properties of solutions of 

differential equations and to present some of the methods that have proved effective in 

finding solutions or, in some cases, in approximating them. To provide a framework for 

our presentation, we describe here several useful ways of classifying differential equations. 

Mastery of this vocabulary is essential to selecting appropriate solution methods and to 

describing properties of solutions of differential equations that you encounter later in this 

book—and in the real world. 

> Ordinary and Partial Differential Equations. One important classification is based on 

whether the unknown function depends on a single independent variable or on several 

independent variables. In the first case, only ordinary derivatives appear in the differential 

equation, and it is said to be an ordinary differential equation. In the second case, 

the derivatives are partial derivatives, and the equation is called a partial differential 

equation. 

All the differential equations discussed in the preceding two sections are ordinary 

differential equations. Another example of an ordinary differential equation is 

dO Cu dUG ans a 
see eR air G2) = E(t), (1) 

for the charge Q(t) on a capacitor in a circuit with capacitance C, resistance R, and 

inductance L; this equation is derived in Section 3.7. Typical examples of partial differential 

equations are the heat conduction equation 

a’u(x,t)  du(x,t) 2 ’ a ? 

ee a ae (2) 

and the wave equation 

929 HOt) PDes t) 3) 
Ox? at? 

Here, a? and a? are certain physical constants. Note that in both equations (2) and (3) 

the dependent variable u depends on the two independent variables x and t. The heat 

conduction equation describes the conduction of heat in a solid body, and the wave equation 

arises in a variety of problems involving wave motion in solids or fluids. 

> Systems of Differential Equations. Another classification of differential equations 

depends on the number of unknown functions that are involved. If there is a single function 

to be determined, then one differential equation is sufficient. However, if there are two or 

more unknown functions, then a system of differential equations is required. For example, 

the Lotka-Volterra, or predator-prey, equations are important in ecological modeling. They 
have the form 

dx 
Gp = OX 7 axY 

4 —— (4) 
aie Yryxy, 

where x(t) and y(t) are the respective populations of the prey and predator species. 
The positive constants a, a, c, and y are based on empirical observations and depend 
on the particular pair of species being studied. Systems of equations are discussed in 
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Chapters 6 and 9; in particular, the Lotka-Volterra equations are examined in Section OS. 
In some areas of application it is not unusual to encounter very large systems containing 
hundreds, or even many thousands, of differential equations. 

> Order. The order of a differential equation is the order of the highest derivative that 
appears in the equation. The equations in the preceding sections are all first-order equa- 
tions, whereas equation (1) is a second-order equation. Equations (2) and (3) are also 

second-order partial differential equations. More generally, the equation 

F (t,u(t),w’(2),...,uM(t)) = 0 (5) 

is an ordinary differential equation of the n' order. Equation (5) expresses a relation 

between the independent variable t and the values of the function u and its first n derivatives 

u’,u”,..., wu. It is convenient and customary in differential equations to write y for u(t), 
with y’,y”,...,y standing for u’(t), u”(t), ... , u(t). Thus equation (5) is written as 

F (t.y.y’s ‘ie yi) = 0, (6) 

For example, 

y" + ety” + yy! = ¢4 (7) 

is a third-order differential equation for y = u(t). Occasionally, other letters will be used 

instead of t and y for the independent and dependent variables; the meaning should be 

clear from the context. 

We assume that it is always possible to solve a given ordinary differential equation for 

the highest derivative, obtaining 

Ve yy aay nt): (8) 

This is mainly to avoid the ambiguity that may arise because a single equation of the 

form (6) may correspond to several equations of the form (8). For example, the equation 

(')’ + ty’ +4y =0 (9) 

leads to the two equations 

en fo y= —t+ = ag ‘plies t : my (10) 

» Degree. The degree of a differential equation is the exponent of the highest order 

derivative that appears in the equation. To be a bit more clear, we shall elaborate the general 

form of first order differential equation as 

F (ty, 0 3-57") = 0 (11) 

in which the highest exponent of y’ is m. So its degree is m. Similarly, consider the general 

form of second order differential equation 

F(t, YOY OV YOY OY) = 0 (12) 
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in which the highest exponent of y” is r. So its degree is r. For instance, consider the 

following differential equation: 

—_= +(2) +y@=0 (13) 

which is a fifth order differential equation. Basically, the degree is the power of highest 

order of the given differential equation. So the degree is 1. 

EXAMPLE 1.3.1 

Determine the order and degree of the following differential equation: 

Aa e 6 
(a) Ga +(2) + sin (y(t)) =0 

Su of ea ae aN 
(b) (33) +(3) +(2) + y(t)=0 

Solution: 

(a) In the given equation, the highest order of the derivative is 4 and its exponent is 2. Hence, the 

degree of the given fourth order differential equation is 2. 

(b) In the given equation, the highest order of the derivative is 3 and its exponent is 6. Thus, the 

order of the differential equation is 3 and degree is 6. 

> Linear and Nonlinear Equations. A crucial classification of differential equations is 

whether they are linear or nonlinear. The ordinary differential equation 

F (t.y.y’, + yy) = 

is said to be linear if F is a linear function of the variables y, y’, ... , y”; a similar defini- 

tion applies to partial differential equations. Thus the general linear ordinary differential 

equation of order n is 

ag(t)y™ + ay(thy"-Y + + + an(Oy = g(t). (14) 

Most of the equations you have seen thus far in this book are linear; examples are 

the equations in Sections 1.1 and 1.2 describing the falling object and the field mouse 

population. Similarly, in this section, equation (1) is a linear ordinary differential equation 

and equations (2) and (3) are linear partial differential equations. An equation that is not 

of the form (14) is a nonlinear equation. Equation (7) is nonlinear because of the term yy’. 

Similarly, each equation in the system (4) is nonlinear because of the terms that involve the 

product of the two unknown functions xy. 

A simple physical problem that leads to a nonlinear differential equation is the oscillat- 

ing pendulum. The angle @ = 6(t) that an oscillating pendulum of length L makes with the 

vertical direction (see Figure 1.3.1) satisfies the equation 

d?6 
ane 

gar 
+= sin(@) =0, 15 eeu (15) 

whose derivation is outlined in Problems 22 through 24. The presence of the term involving 
sin (6) makes equation (15) nonlinear. 

The mathematical theory and methods for solving linear equations are highly developed. 
In contrast, for nonlinear equations the theory is more complicated, and methods of 
solution are less satisfactory. In view of this, it is fortunate that many significant problems 
lead to linear ordinary differential equations or can be approximated by linear equations. 
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An oscillating pendulum. 

For example, for the pendulum, if the angle @ is small, then sin (6) ~ 6 and equation (15) 

can be approximated by the linear equation 

ak yh Sah (16) 

This process of approximating a nonlinear equation by a linear one is called linearization; 

it is an extremely valuable way to deal with nonlinear equations. Nevertheless, there 

are many physical phenomena that simply cannot be represented adequately by linear 

equations. To study these phenomena, it is essential to deal with nonlinear equations. 

In an elementary text it is natural to emphasize the simpler and more straightforward 

parts of the subject. Therefore, the greater part of this book is devoted to linear equations and 

various methods for solving them. However, Chapters 8 and 9, as well as parts of Chapter 2, 

are concerned with nonlinear equations. Whenever it is appropriate, we point out why 

nonlinear equations are, in general, more difficult and why many of the techniques that 

are useful in solving linear equations cannot be applied to nonlinear equations. 

» Solutions. A solution of the n" order ordinary differential equation (8) on the interval 

a<t< isa function ¢ such that ¢’, ¢”, ..., #™ exist and satisfy 

P(t) = f (t,6(0),¢'(O,-.. 6 YO) (17) 

for every tina <t<{. Unless stated otherwise, we assume that the function f of equation (8) 

is a real-valued function, and we are interested in obtaining real-valued solutions 

y= (Ct). . 
Recall that in Section 1.2 we found solutions of certain equations by a process of direct 

integration. For instance, we found that the equation 

d = = e — 450 (18) 

has the solution 

p(t) = 900 + ce!/?, (19) 

where c is an arbitrary constant. 

It is often not so easy to find solutions of differential equations. However, if you find a 

function that you think may be a solution of a given equation, it is usually relatively easy to 

determine whether the function is actually a solution: just substitute the function into the 

equation. 
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For example, in this way it is easy to show that the function y,(t) = cos(¢) is a solution of 

y"+y=0 (20) 

for all t. To confirm this, observe that y{(¢) = —sin(¢) and yj(t) = —cos(t); then it follows 

that y(t) + y(t) = 0. In the same way you can easily show that y2(t) = sin(t) is also a 

solution of equation (20). 

Of course, this does not constitute a satisfactory way to solve most differential equations, 

because there are far too many possible functions for you to have a good chance of finding 

the correct one by a random choice. Nevertheless, you should realize that you can verify 

whether any proposed solution is correct by substituting it into the differential equation. 

This can be a very useful check; it is one that you should make a habit of considering. 

> Some Important Questions. Although for the differential equations (18) and (20) we 

are able to verify that certain simple functions are solutions, in general we do not have 

such solutions readily available. Thus a fundamental question is the following: Does an 

equation of the form (8) always have a solution? The answer is “No.” Merely writing down 

an equation of the form (8) does not necessarily mean that there is a function y = ¢(t) that 

satisfies it. So, how can we tell whether some particular equation has a solution? This is the 

question of existence of a solution, and it is answered by theorems stating that under certain 

restrictions on the function f in equation (8), the equation always has solutions. This is 

not a purely theoretical concern for at least two reasons. If a problem has no solution, we 

would prefer to know that fact before investing time and effort in a vain attempt to solve the 

problem. Further, ifa sensible physical problem is modeled mathematically as a differential 

equation, then the equation should have a solution. If it does not, then presumably there 

is something wrong with the formulation. In this sense an engineer or scientist has some 

check on the validity of the mathematical model. 

If we assume that a given differential equation has at least one solution, then we may 

need to consider how many solutions it has, and what additional conditions must be 

specified to single out a particular solution. This is the question of uniqueness. In general, 

solutions of differential equations contain one or more arbitrary constants of integration, 

as does the solution (19) of equation (18). Equation (19) represents an infinity of functions 

corresponding to the infinity of possible choices of the constant c. As we saw in Section 1.2, 

if p is specified at some time t, this condition will determine a specific value for c; even so, we 

have not yet ruled out the possibility that there may be other solutions of equation (18) that 

also have the prescribed value of p at the prescribed time t¢. As in the question of existence 

of solutions, the issue of uniqueness has practical as well as theoretical implications. If we 

are fortunate enough to find a solution of a given problem, and if we know that the problem 

has a unique solution, then we can be sure that we have completely solved the problem. If 

there may be other solutions, then perhaps we should continue to search for them. 

A third important question is: Given a differential equation of the form (8), can we 

actually determine a solution, and if so, how? Note that if we find a solution of the 

given equation, we have at the same time answered the question of the existence of a 
solution. However, without knowledge of existence theory we might, for example, use a 
computer to find a numerical approximation to a “solution” that does not exist. On the 
other hand, even though we may know that a solution exists, it may be that the solution 
is not expressible in terms of the usual elementary functions—polynomial, trigonometric, 
exponential, logarithmic, and hyperbolic functions. Unfortunately, this is the situation 
for most differential equations. Thus, we discuss both elementary methods that can be 
used to obtain exact solutions of certain relatively simple problems, and also methods of 
a more general nature that can be used to find approximations to solutions of more difficult 
problems. 

> Technology Use in Differential Equations. Technology provides many extremely valu- 
able tools for the study of differential equations. For many years computers have been 
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used to execute numerical algorithms, such as those described in Section 2.7 and in 
Chapter 8, to construct numerical approximations to solutions of differential equations. 
These algorithms have been refined to an extremely high level of generality and efficiency. 
A few lines of computer code, written in a high-level programming language and executed 
(often within a fraction of a second) on a relatively inexpensive computer, tablet, or 
smartphone, suffice to approximate to a high degree of accuracy the solutions of a wide 
range of differential equations. More sophisticated routines are also readily available. These 
routines combine the ability to handle very large and complicated systems with numerous 
diagnostic features that alert the user to possible problems as they are encountered. 

The usual output from a numerical algorithm is a table of numbers, listing selected 
values of the independent variable and the corresponding values of the dependent variable. 
With appropriate software it is easy to display the solution of a differential equation graph- 

ically, whether the solution has been obtained numerically or as the result of an analytical 

procedure of some kind. Such a graphical display is often much more illuminating and 

helpful in understanding and interpreting the solution of a differential equation than a 

table of numbers or a complicated analytical formula. In the not so distant past, graphical 

representations of solutions of differential equations was possible only with the purchase 

of special-purpose software packages. Today, high quality web-based graphical tools are 

easily, and freely, accessible on a laptop computer, smartphone, or other portable device. 

Improvements in performance and access will continue to improve. The increased power 

and sophistication of modern smartphones, tablets, and other mobile devices have brought 

powerful computational and graphical capability within the reach of individual students. 

Several of our current favorite utilities are listed in the references at the end of this chapter. 

You should consider, in the light of your own circumstances, how best to take advantage of 

the available computing resources. You will surely find it enlightening to do so. 

Another aspect of computer use that is very relevant to the study of differential equations 

is the availability of extremely powerful and general software packages that can perform 

a wide variety of mathematical operations. Among these are Maple, Mathematica, and 

MATLAB, each of which can be used on various kinds of computational platforms ranging 

from smartphones to massively parallel computers. All three of these packages can execute 

extensive numerical computations and have versatile graphical facilities. For example, they 

can perform the analytical steps involved in solving many differential equations, often in 

response to a single command. Anyone who expects to deal with differential equations in 

more than a superficial way should become familiar with at least one of these products and 

explore the ways in which it can be used. 

For you, the student, these computing resources have an effect on how you should study 

differential equations. To become confident in using differential equations, it is essential to 

understand how the solution methods work, and this understanding is achieved, in part, by 

working out a sufficient number of examples in detail. However, eventually you should plan 

to utilize appropriate computational tools to complete many of the routine (often repetitive) 

details, while you focus on the proper formulation of the problem and on the interpretation ; 

of the solution. Our viewpoint is that you should always try to use the best methods and tools 

available for each task. In particular, you should strive to combine numerical, graphical, and 

analytical methods so as to attain maximum understanding of the behavior of the solution 

and of the underlying process that the problem models. You should also remember that 

some tasks can best be done with pencil and paper, while others require the use of some sort 

of computational technology. Good judgment, and experience, is often needed in selecting 

an effective combination. 

> Historical Background, Part Ill: Recent and Ongoing Advances. The numerous dif- 

ferential equations that resisted solution by analytical means led to the investigation of 

methods of numerical approximation (see Chapter 8). By 1900 fairly effective numerical 

integration methods had been devised, but their implementation was severely restricted by 

the need to execute the computations by hand or with very primitive computing equipment. 

Since World War II the development of increasingly powerful and versatile computers has 
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vastly enlarged the range of problems that can be investigated effectively by numerical 

methods. Extremely refined and robust numerical integrators were developed during the 

same period and now are readily available, even on smartphones and other mobile devices. 

These technological advances have brought the ability to solve a great many significant 

problems within the reach of individual students. 

Another characteristic of modern differential equations is the creation of geometric or 

topological methods, especially for nonlinear equations. The goal is to understand at least 

the qualitative behavior of solutions from a geometrical, as well as from an analytical, 

point of view. If more detailed information is needed, it can usually be obtained by using 

numerical approximations. An introduction to geometric methods appears in Chapter 9. We 

conclude this brief historical review with two examples that illustrate how computational 

and real-world experiences have motivated important analytical and theoretical discoveries. 

In 1834 John Scott Russell (1808-1882), a Scottish civil engineer, was conducting 

experiments to determine the most efficient design for canal boats when he noticed that 

“when the boat suddenly stopped” the water being pushed by the boat “accumulated round 

the prow of the vessel in a state of violent agitation, then suddenly leaving it [the boat] 

behind, [the water] rolled forward with great velocity, assuming the form of a large solitary 

elevation, a rounded, smooth and well-defined heap of water.”° Many mathematicians did 

not believe that the solitary traveling waves reported by Russell existed. These objections 

were silenced when the doctoral dissertation of Dutch mathematician Gustav de Vries 

(1866-1934) included a nonlinear partial differential equation model for water waves in a 

shallow canal. Today these equations are known as the Korteweg-de Vries (KdV) equations. 

Diederik Johannes Korteweg (1848-1941) was de Vries’s thesis advisor. Unknown to either 

Korteweg or de Vries, their Korteweg-de Vries model appeared as a footnote ten years earlier 

in French mathematician Joseph Valentin Boussinesq’s (1842-1929) 680-page treatise Essai 

sur la théorie des eaux courantes. The work of Boussinesq and of Korteweg and deVries 

remained largely unnoticed until two Americans, physicist Norman J. Zabusky (1929-) and 

mathematician Martin David Kruskal (1925-2006), used computer simulations to discover, 

in 1965, that all solutions of the KdV equations eventually consist of a finite set of localized 

traveling waves. Today, nearly 200 years after Russell’s observations and 50 years after 

the computational experiments of Zabusky and Kruskal, the study of “solitons” remains 

an active area of differential equations research. Other early contributors to nonlinear 

wave propagation include David Hilbert (German, 1862-1943), Richard Courant (German- 

American, 1888-1972), and John von Neumann (Hungarian-American, 1903-1957); we 

will encounter some of these ideas again in Chapter 9. 

Computational results were also an essential element in the discovery of “chaos theory”. 

In 1961, Edward Lorenz (1917-2008), an American mathematician and meteorologist at the 

Massachusetts Institute of Technology, was developing weather prediction models when he 

observed different results upon restarting a simulation in the middle of the time period 

using previously computed results. (Lorenz restarted the computation with three-digit 

approximate solutions, not the six-digit approximations that were stored in the computer.) 
In 1976 the Australian mathematician Sir Robert M. May (1938-) introduced and analyzed 
the logistic map, showing that there are special values of the problem’s parameter where 
the solutions undergo drastic changes. The common trait that small changes in the problem 
produce large changes in the solution is one of the defining characteristics of chaos. 
May’s logistic map is discussed in more detail in Section 2.9. Other classical examples 
of what we now recognize as “chaos” include the work by French mathematician Henri 
Poincaré (1854-1912) on planetary motion and the studies of turbulent fluid flow by Soviet 
mathematician Andrey Nikolaevich Kolmogorov (1903-1987), American mathematician 
Mitchell Feigenbaum (1944-), and many others. In addition to these and other classical 
examples of chaos, new examples continue to be found. 

°“Report on Waves,” in Proceedings of the Fourteenth Meeting of the British Association for the Advancement 
of Science, 1845, pp. 311-390, plus plates 47-57, http://www.macs.hw.ac.uk/~chris/Scott-Russell/ SR44.pdf 
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Solitons and chaos are just two of many examples where computers, and especially com- 
puter graphics, have given a new impetus to the study of systems of nonlinear differential 
equations. Other unexpected phenomena (Section 9.8), such as strange attractors (David 
Ruelle, Belgium, 1935-) and fractals (Benoit Mandelbrot, Poland, 1924-2010), have been 
discovered, are being intensively studied, and are leading to important new insights in a 
variety of applications. Although it is an old subject about which much is known, the study 
of differential equations in the twenty-first century remains a fertile source of fascinating 
and important unsolved problems. 

Problems 

In each of Problems 1 through 4, determine the order of the given 

differential equation; also state whether the equation is linear or 

nonlinear. 

d*y __dy dy 
— — = sj —_ 3 = Met dt iBUET + 3y = sint 2. dt +ty? =0 

ayo, a-y Gey EEUV een: 0: 
ay aie: ae +y=cost 4. ae dp te = sint 

In each of Problems 5 through 10, verify that each given function is 

a solution of the differential equation. 

SY SVS) MOSCA WO Sshim: 

6. y"+y'-6y=0; yQ=e*,  y(t)=e* 
fob sya ts oyaAt +2 

8. y+ (y’? +y =2sint + cost; y=sint 

9. y"y—y"y+yy'-30=0; y=2Vt 
t 

104 —2tyv =1;5) y= | eS ds+eh 
0 

In each of Problems 11 through 13, determine the values of r for 

which the given differential equation has solutions of the form 

Wee", 

11. y'+3y=0 
13. y” —3y"—y’+3y=0 

12. y" + 3y’-—4y=0 

In each of Problems 14 and 15, determine the values of r for 

which the given differential equation has solutions of the form 

Via tator b> .0) 

14. ty" + Sty’ + 3y=0 15. t?y" + 6ty’ +4y =0 

In each of Problems 16 through 18, determine the order of the given 

partial differential equation; also state whether the equation is linear 

or nonlinear. Partial derivatives are denoted by subscripts. 

16. Uyy +Uyy t+Uzz +Uy +Uy tu, +Uu=0 

17. Ugg + 4ubggyy + Uyyy = 0 

ent = (et Late 

In each of Problems 19 through 21, verify that each given function is 

a solution of the given partial differential equation. 

U(x, y) = In@? + y”) 

U(x, t) = 

19. Uy tuy=0, mW%y)= cos(t) cosh(y), 

20. a*uy, =U; Uy (x,t) = sinAx sin Aat, 
sin (x — at), A a real constant 

21. au, =U; uy (x,t) = cos (Ax) cos (Aat), 

Uz (x,t) = sin(x + at) 

22. Follow the steps indicated here to derive the equation of motion 

of a pendulum, equation (15) in the text. Assume that the rod is 

rigid and weightless, that the mass is a point mass, and that there 

is no friction or drag anywhere in the system. 

a. Assume that the mass is in an arbitrary displaced position, 

indicated by the angle 6. Draw a free-body diagram showing 

the forces acting on the mass. 

b. Apply Newton’s law of motion in the direction tangential to 

the circular arc on which the mass moves. Then the tensile 

force in the rod does not enter the equation. Observe that 

you need to find the component of the gravitational force in 

the tangential direction. Observe also that the linear accel- 

eration, as opposed to the angular acceleration, is Ld?@/dt?, 

where L is the length of the rod. 

c. Simplify the result from part b to obtain equation (15) in the 

text. 

23. Another way to derive the pendulum equation (15) is based on 

the principle of conservation of energy. 

a. Show that the kinetic energy T of the pendulum in motion is 

b. Show that the potential energy V of the pendulum, relative 

to its rest position, is 

V = mgL( —cos(@)). 

c. By the principle of conservation of energy, the total energy 

E = T + V is constant. Calculate dE/dt, set it equal 

to zero, and show that the resulting equation reduces to 

equation (15). 

24. A third derivation of the pendulum equation depends on the 

principle of angular momentum: The rate of change of angular 

momentum about any point is equal to the net external moment 

about the same point. 

a. Show that the angular momentum M, or moment of momen- 

tum, about the point of support is given by M = mL7d@/dt. 

b. Set dM/dt equal to the moment of the gravitational force, and 

show that the resulting equation reduces to equation (15). 

Note that positive moments are counterclockwise. 



Concept Questions 

. What is the slope of the solution to y’ = x — 2y when it passes 

Answers to Concept Questions 

C1.1. 

C1.2. 

C1.4. 

C1.7. 

References 
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through each of the following points? 
a. (—3,0) b. (—2,1) c. (—1,2) d. (0,3) 

. Describe, in a complete sentence, a slope field for a differential 

equation y’ = f (t, y). 

What is another name for a slope field? 

Do all mathematical models involve differential equations? 

When does a function y (x) is said to be a solution of the initial 

value problem? 

Describe two types of solution of a differential equation. 

Can there be more than one mathematical model for the same 

physical problem? 

he =O b. —3 c. 0 d. 3 

A slope field is a graphical representation of a differential 

equation that uses short segments to show the slope of solu- 

tions at different points in the (¢, y) plane. 

. Direction field, because it shows the direction solutions move, 

like the flow lines in stream 

No. While differential equations can be used to model a wide 

range of different problems, they are not the only types of 

models. (While not discussed in the text, other types of models 

include statistical models, discrete models, and dynamical 

systems. Many problems involve combinations of these, and 

other, areas of mathematics.) 

. A function y(x) which is differential on the domain of def- 

inition I (that is, an open interval I) and satisfies the given 

differential equation on J along with the initial condition is 

known as the solution of the initial value problem. 

. An ordinary differential equation corresponds to two types 

of solutions, namely, the general solution and the particular 

solution. General solution of an ordinary differential equation 

represents the family of curves satisfying the given differential 

equation, whereas the particular solution arises for the differ- 

ential equation along with the initial condition, simply saying, 

the initial value problem. 

Absolutely! Most mathematical models involve assumptions 

or other uncertainties. Good models are very explicit about 

these assumptions and often indicate or explore several 

Computer software for differential equations changes too fast for 

particulars to be given in a book such as this. A Google search 

for Maple, Mathematica, Sage, or MATLAB is a good way to begin 

if you need information about one of these computer algebra and 

numerical systems. 

There are many instructional books on computer algebra systems, 

such as the following: 

C1.8. Determine if each of the following statements is true or false. 

C1.9. 

C1.9. 

Explain each answer, particularly if it is false. 

a. Asthe order of a differential equation increases, it becomes 

harder to solve. 

b. Linear differential equations are easier to solve than non- 

linear differential equations. 

c. Models using partial differential equations are more accu- 

rate than models using ordinary differential equations. 

What are the three fundamental questions to ask about a 

differential equation? 

possibilities to determine the sensitivity of solutions to differ- 

ent assumptions. 

. a. False. The order describes the order of the highest deriva- 

tive that appears in the equation. Whether a differential 

equation is linear or nonlinear often makes a lot more 

difference about the difficulty solving a differential equa- 

tion. For example, it is easier to solve the second-order 

differential equation y’’ + y = 0 than it is to solve the first- 

order differential equation y’ = t? + y”. 

b. False. It is still a little early in the course to provide a 

definitive answer to this question. Just like a lot more is 

known about linear algebraic equations than nonlinear 

algebraic equations, we will see that there is a lot more 

theory and structure for linear differential equations than 

there is for nonlinear differential equations. 

c. False. The type of differential equation that appears in a 

mathematical model depends on the specific situation. If 

the problem has only one independent variable, say time or 

position (on a line), then an ordinary differential equation 

should work fine. If it is necessary to include both time and 

position (on a line) or if the position has more than one 

component, then a partial differential equation will most 

likely be more appropriate. 

Does the differential equation have a solution? Is the solution 

unique? (Could there be more than one solution?) Can the 

solution(s) be written down in closed form? 

Cheung, C.-K., Keough, G. E., Gross, R. H., and Landraitis, C., Getting 

Started with Mathematica (3rd ed.) (New York: Wiley, 2009). 

Meade, D. B., May, M., Cheung, C.-K., and Keough, G. E., Getting 

Started with Maple (3rd ed.) (New York: Wiley, 2009). 
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FIRST-ORDER DIFFERENTIAL 
EQUATIONS 

This chapter deals with differential equations of first order 

dy 
dt oo fi (t, ey ); (1) 

where f is a given function of two variables. Any differentiable function y = $(¢) that satisfies 

this equation for all t in some interval is called a solution, and our objective is to determine 

whether such functions exist and, if so, to develop methods for finding them. Unfortunately, 

for an arbitrary function f, there is no general method for solving the equation in terms of 

elementary functions. Instead, we will describe several methods, each of which is applicable 

to a certain subclass of first-order equations. 

The most important of these are linear equations (Section 2.1), separable equations 

(Section 2.2), and exact equations (Section 2.6). Other sections of this chapter describe 

some of the important applications of first-order differential equations, introduce the 

idea of approximating a solution by numerical computation, and discuss some theoretical 

questions related to the existence and uniqueness of solutions. The final section includes 

an example of chaotic solutions in the context of first-order difference equations, which 

have some important points of similarity with differential equations and are simpler to 

investigate. 

LINEAR DIFFERENTIAL EQUATIONS; METHOD OF 
INTEGRATING FACTORS 

If the function f in equation (1) depends linearly on the dependent variable y, then 

equation (1) is a first-order linear differential equation. In Sections 1.1 and 1.2 we discussed 

a restricted type of first-order linear differential equation in which the coefficients are 

constants. A typical example is 

— =—ay+b, (2) 

where a and b are given constants. Recall that an equation of this form describes the motion 
of an object falling in the atmosphere. 

Now we want to consider the most general first-order linear differential equation, which 
is obtained by replacing the coefficients a and b in equation (2) by arbitrary functions of t. 
We will usually write the general first-order linear differential equation in the standard 
form 

dy m 
apn (thy = g(0), (3) 

where p and g are given functions of the independent variable t. Sometimes it is more 
convenient to write the equation in the form 

d PO +QWy=G0, (4) 
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where P, Q, and G are given. Of course, as long as P(t) # 0, you can convert equation (4) to. 
equation (3) by dividing both sides of equation (4) by P(t). 

Tn some cases it is possible to solve a first-order linear differential equation immediately 
by integrating the equation, as in the next example. 

————————— eee 

EXAMPLE 2.1.1 

Solve the differential equation 

(5 + 3t?) a + 6ty = 2t. (5) 

Solution: 

The left-hand side of equation (5) is a linear combination of dy/dt and y, a combination that also 
appears in the rule from calculus for differentiating a product. In fact, 

dy d 
(5 + 3?) a ae ((5 + 3t7) y); 

it follows that equation (5) can be rewritten as 

£ (5 +3/)y) = 2. (6) 

Thus, even though y is unknown, we can integrate both sides of equation (6) with respect to f, 
thereby obtaining 

(5+ 3t?)y=t? +c, (7) 

where c is an arbitrary constant of integration. Solving for y, we find that 

te c 

MSS pepo 54 3p2 (8) 

This is the general solution of equation (5). 

Unfortunately, most first-order linear differential equations cannot be solved as illus- 

trated in Example 2.1.1 because their left-hand sides are not the derivative of the product of 

y and some other function. However, Leibniz discovered that if the differential equation 

is multiplied by a certain function p(t), then the equation is converted into one that is 

immediately integrable by using the product rule for derivatives, just as in Example 2.1.1. 

The function y(t) is called an integrating factor and our main task in this section is to 

determine how to find it for a given equation. We will show how this method works first for 

an example and then for the general first-order linear differential equation in the standard 

form (3). 

EXAMPLE 2.1.2 

Find the general solution of the differential equation 

i 
(hae AOE 
OP an 3y = act 4 (9) 

Draw some representative integral curves; that is, plot solutions corresponding to several values of 

the arbitrary constant c. Also find the particular solution whose graph contains the point (0, 1). 
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Solution: 

The first step is to multiply equation (9) by a function y(t), as yet undetermined; thus 

t 

wy 2 + Zu@y = Zu(oer. (10) 

The question now is whether we can choose 4 (t) so that the left-hand side of equation (10) is the 

derivative of the product u(t) y. For any differentiable function p(t) we have 

d “won=no e+ #9y (ax) 

Thus, the left-hand side of equation (10) and the right-hand side of equation (11) are identical, 

provided that we choose , (t) to satisfy 

et uO). (a2) 

Our search for an integrating factor will be successful if we can find a solution of equation 

(12). Perhaps you can readily identify a function that satisfies equation (12): What well known 

function from calculus has a derivative that is equal to one-half times the original function? More 

systematically, rewrite equation (12) as 

1 du(t) 2 
MOY Sato se 3 

which is equivalent to 

d 2 
oP In|“ (t)| = 3 (13) 

Then it follows that 

2 
In|u(O)| = zt +¢, 

or 

e(t) = ce#3, (14) 

The function y(t) given by equation (14) is an integrating factor for equation (9). Since we do 
not need the most general integrating factor, we will choose c to be 1 in equation (14) and use 
Ul (t) = e2t/3. 

Now we return to equation (9), multiply it by the integrating factor e“/?, and obtain 

oh) 2 1 2t/3 SOL (By ee TL OE Cie ee ca ap 3¢ ; (15) 

By the choice we have made of the integrating factor, the left-hand side of equation (15) is the 
derivative of e/3, so that equation (15) becomes 

d 1 = (e2#/3y) = BOE (16) 

By integrating both sides of equation (16), we obtain 

i et/3y = ee +¢, (17) 
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where cis an arbitrary constant. Finally, on solving equation (17) for y, we have the general solution — 
of equation (9), namely, 

7 
y — ree + ce~2t/3 (18) 

To find the solution passing through the point (0, 1), we set t = 0 and y = 1 in equation (18) 
obtaining 1 = 7/17 + c. Thus, c = 10/17, and the desired solution is 

> 

7 eg, 10 as y= 17° + 17° : (19) 

Figure 2.1.1 includes the graphs of equation (18) for several values of c with a direction field 
in the background. The solution satisfying y(0) = 1 is shown by the green curve. 
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i, EMM el LAA LE LOS AAP Ma he Mi lich lil heel 

5 2 1 
Direction field and integral curves of y’ + ta 3° /7; the green curve 

passes through the point (0, 1). 

. ’ Let us now extend the method of integrating factors to equations of the form 

dy 
— +ay = g(t), 20 ppg oe (20) 

where a is a given constant and g(t) is a given function. Proceeding as in Example 2.1.2, we 

find that the integrating factor p(t) must satisfy 

du 
wa 21 Fama a (21) 

rather than equation (12). Thus the integrating factor is y(t) = e”. Multiplying equation 

(20) by p(t), we obtain 
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or 

d Ohi N fehl (22) qe y) ee). 

By integrating both sides of equation (22), we find that 

ety [ews (t)dt +c, (23) 

where c is an arbitrary constant. For many simple functions g(t), we can evaluate the 

integral in equation (23) and express the solution y in terms of elementary functions, as in 

Example 2.1.2. However, for more complicated functions g(t), it is necessary to leave the 

solution in integral form. In this case 

t 
ye ov | e%o(s)ds+ce—%. (24) 

to 

Note that in equation (24) we have used s to denote the integration variable to distinguish 

it from the independent variable t, and we have chosen some convenient value tp as the 

lower limit of integration. (See Theorem 2.4.1.) The choice of tf) determines the specific 

value of the constant c but does not change the solution. For example, plugging t = fo into 

the solution formula (24) shows that c = y(tp Jeo. 

EXAMPLE 2.1.3 

Find the general solution of the differential equation 

dy e 
aE —5y=12-t (25) 

and plot the graphs of several solutions. Discuss the behavior of solutions as t > oo. 

Solution: 

Equation (25) is of the form (20) with a = —5; therefore, the integrating factor is u(t) = e~>. 

Multiplying the differential equation (25) by (t), we obtain 

en ay — 5e7*y = 12e-7F — et, 

or 

d —5t —5t —5t a (e7'y).= 128-7 —e-PFr, (26) 

Then, by integrating both sides of this equation, we have 

12 i 1 Sty = —5t —5t —5t e =-—e =t = y 5 at 5 e ae 35° ani Cs 

where we have used integration by parts on the last term in equation (26). Thus, the general 
solution of equation (25) is 

y= ok! + ty + cee (27) 
25555 : 

Figure 2.1.2 shows the direction field and graphs of the solution (27) for several values of c. 
The behavior of the solution for large values of t is determined by the term ce. If c # 0, then the 
solution grows exponentially large in magnitude, with the same sign as c itself. Thus, the solutions 
diverge as t becomes large. The boundary between solutions that ultimately grow positively and 
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those that ultimately grow negatively occurs when c = 0. If we substitute c = 0 into equation (27) ~ 
and then set t = 0, we find that y = —59/25 is the separation point on the y-axis. Note that for this 
Leer ree SOR lines we ; initial value, the solution is y = — 35 an 3 t; it grows positively, but linearly rather than exponentially. 
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Direction field and integral curves of y’ — 5y = 12—-t. 

Now we return to the general first-order linear differential equation (3) _ 

dy 2 
ae + p(t)y = g(t), 

where p and g are given functions. To determine an appropriate integrating factor, we 

multiply equation (3) by an as yet undetermined function y(t), obtaining 

uo? + pOuOy=HO8O. (28) 

Following the same line of development as in Example 2.1.2, we see that the left-hand side of 

equation (28) is the derivative of the product u(t)y, provided that y(t) satisfies the equation 

t HO = p(t) uO. (29) 
dt 

If we assume temporarily that p(t) is positive, then we have 

and consequently 

In |u(t)| = | pars k. 
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By choosing the arbitrary constant k to be zero, we obtain the simplest possible function for 

HL, namely, 

u(t) = exp |p (t) dt. (30) 

Note that u(t) is positive for all t, as we assumed. Returning to equation (28), we have 

° 31 HOY =HOSO. (31) 

Hence 

wOv=|u@g@ar+e, (32) 

where c is an arbitrary constant. Sometimes the integral in equation (32) can be evaluated 

in terms of elementary functions. However, in general this is not possible, so the general 

solution of equation (3) is 

1 fs 

ae ta ( |, ease}. | (33) 

where again ty is some convenient lower limit of integration. Observe that equation (33) 

involves two integrations, one to obtain s(t) from equation (30) and the other to determine 

y from equation (33). 

EXAMPLE 2.1.4 

Solve the initial value problem 

ty’ + 2y = 4¢?, (34) 

y(1) = 2. (35) 

Solution: 

In order to determine p(t) and g(t) correctly, we must first rewrite equation (34) in the standard 

form (3). Thus we have 

y+ 2y =a4t, (36) 

so p(t) = 2/t and g(t) = 4t. To solve equation (36), we first compute the integrating factor ju(t): 

u(t) = exp (| = at) = e7lalll = 72. 

On multiplying equation (36) by u(t) = t?, we obtain 

ty! + 2ty = (t2y) = 483, 

and therefore 

y= [ava =t*+¢, 



2.1 Linear Differential Equations; Method of Integrating Factors EG 

where c is an arbitrary constant. It follows that, for t > 0, 

EE eet 

is the general solution of equation (34). Integral curves of equation (34) for several values of c are 

shown in Figure 2.1.3. 

To satisfy the initial condition (35), set t = 1 and y = 2 in equation (37): 2=1+c¢,soc=1; thus 

yePts, t>0 (38) 

is the solution of the initial value problem (24), (25). This solution is shown by the green curve 

in Figure 2.1.3. Note that it becomes unbounded and is asymptotic to the positive y-axis as t > 0 

from the right. This is the effect of the infinite discontinuity in the coefficient p(t) at the origin. It 

is important to note that while the function y = ¢? + (1/t”) for t < 0 is part of the general solution 

of equation (34), it is not part of the solution of this initial value problem. 

This is the first example in which the solution fails to exist for some values of t. Again, this 

is due to the infinite discontinuity in p(t) at t = 0, which restricts the solution to the interval 

0<t<om. 

Looking again at Figure 2.1.3, we see that some solutions (those for which c > 0) are asymptotic 

to the positive y-axis as t > 0 from the right, while other solutions (for which c < 0) are asymptotic 

to the negative y-axis. If we generalize the initial condition (35) to 

y() = yo, (39) 

then c = yp — 1 and the solution (38) becomes 

oF yar4, t>0 (40) 

Note that when y, = 1, so c = 0, the solution is y = t?, which remains bounded and differentiable 

even at t = 0. (This is the red curve in Figure 2.1.3.) 

As in Example 2.1.3, this is another instance where there is a critical initial ‘wlan: namely, 

Yo = 1, that separates solutions that behave in one way from others that behave quite differently. 

by 

(1,2) 

| ~ 

—1 

Integral curves of the differential equation ty’ + 2y = At’; 

the black curve is the particular solution with (1) = 2. The red curve is the 

particular solution with y(1) = 1. 
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EXAMPLE 2.1.5 

Solve the initial value problem 

2y' +ty = 2, (41) 

y(0) =1. (42) 

Solution: 

To convert the differential equation (41) to the standard form (3), we must divide equation (41) 

by 2, obtaining 

y + 5) = 1, (43) 

Thus p(t) = t/2, and the integrating factor is y(t) = exp(t?/4). Then multiply equation (43) by (2), 

so that 

ebay selty Soe (44) 

The left-hand side of equation (44) is the derivative of e!’/*y, so by integrating both sides of 

equation (44), we obtain 

eb l4y = [erisae +c. (45) 

The integral on the right-hand side of equation (45) cannot be evaluated in terms of the usual 

elementary functions, so we leave the integral unevaluated. By choosing the lower limit of 

integration as the initial point t = 0, we can replace equation (45) by 

t 

eb l4y = | es’ /4ds5 +c, (46) 
0 

where c is an arbitrary constant. It then follows that the general solution y of equation (41) is 

given by 

t 

y= a e* /4ds5 + ce- 7/4, (47) 

0 

To determine the particular solution that satisfies the initial condition (42), set t= 0 and y= 1in 

equation (47): 

0 

I= | e~/4ds + ce? 
0 

=0+¢, 

sOiC=A; 

The main purpose of this example is to illustrate that sometimes the solution must be left 
in terms of an integral. This is usually at most a slight inconvenience, rather than a serious 
obstacle. For a given value of t, the integral in equation (47) is a definite integral and can be 
approximated to any desired degree of accuracy by using readily available numerical integrators, 
By repeating this process for many values of ¢ and plotting the results, you can obtain a graph of a 
solution. Alternatively, you can use a numerical approximation method, such as those discussed 
in Chapter 8, that proceed directly from the differential equation and need no expression for the 
solution. Software packages such as Maple, Mathematica, MATLAB, and Sage readily execute such 
procedures and produce graphs of solutions of differential equations. 
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Figure 2.1.4 displays graphs of the solution (47) for several values of c. The particular solution © 
satisfying the initial condition y(0) = 1 is shown in black. From the figure it may be plausible to 
conjecture that all solutions approach a limit as t > oo. The limit can also be found analytically 
(see Problem 22). 

Integral curves of 2y’ + ty = 2; the green curve is the particular 

solution satisfying the initial condition y(0) = 1. 

Problems 

In each of Problems 1 through 8: 

a. (9 Draw a direction field for the given differential equation. 

b. Based on an inspection of the direction field, describe how 

solutions behave for large t. 

c. Find the general solution of the given differential equation, and 

use it to determine how solutions behave as t > oo. 

-yVt+4y=t+e7 2. y' —4y= Pe 
2 

4. y'+ soe 4cos(3t), t>0 

t>0 

y +y=te'+2 

6 ty = = fen, 
8. 3y’+4y = 0? 

Vay Ae 
. y+ 2y = 4sin(5t) Nu WwW 

In each of Problems 9 through 12, find the solution of the given initial 

value problem. 

9. y —-y=4te#, y(O)=1 10. y'+3y=te*, y(1)=0 

11. y'+(3/thy=(cos t)/t?, y(a)=0, t>0 

q2. ty’ +¢+4)y=2t, ydn2)=1, t>0 

In each of Problems 13 and 14: 

a. © Draw a direction field for the given differential equation. 

How do solutions appear to behave as t becomes large? Does 

the behavior depend on the choice of the initial value a? Let 

dy be the value of a for which the transition from one type of 

behavior to another occurs. Estimate the value of ap. 

b. Solve the initial value problem and find the critical value ay 

exactly. 

c. Describe the behavior of the solution corresponding to the 

initial valuea dp. 

y@)=a 
y(0)=a 

13. y’ —2y = 2cost, 

14. 2y’-y=e'/4, 

In each of Problems 15 and 16: 

a. © Draw a direction field for the given differential equation. 

How do solutions appear to behave as t > 0? Does the 

behavior depend on the choice of the initial value a? Let ap 

be the critical value of a, that is, the initial value such that the 

solutions for a < dy and the solutions for a > ay have different 

behaviors as t > oo. Estimate the value of ap. 

b. Solve the initial value problem and find the critical value ag 

exactly. 

c. Describe the behavior of the solution corresponding to the 

initial value dp. 

15. ty’ +(t+1l)y=2te', y@)=a, t>0 

16. (cos(t)) y’ —(sin(t))y=e', yA)=a, 0<t<z 

17. © Consider the initial value problem 

Al 
y t+ oA 2cos(t), y(0)=-1. 

Find the coordinates of the first local maximum point of the 

solution for t > 0. 
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18. 

WO). 

20. 

21. 

22. 

23. 

@ Consider the initial value problem 

ACL ee ee bey 
yr sy =1—'5t, OE, 

Find the value of yy for which the solution touches, but does not 

cross, the t-axis. 

Consider the initial value problem 

y+ 5 =5+3cos(2t), y(O)=0. 

a. Find the solution of this initial value problem and describe 

its behavior for large t. 

b. @ Determine the value of t for which the solution first 
intersects the line y = 10. 

Find the value of y) for which the solution of the initial value 

problem 

y -y=1+3sin(t), yO)=y 

remains finite as t > oo. 

Consider the initial value problem 

y’ —2y = 3t+2e', y(0)=y. 

Find the value of yy that separates solutions that grow positively 

as t > co from those that grow negatively. How does the solution 

that corresponds to this critical value of yy) behave as t > 00? 

Show that all solutions of 2y’ + ty = 2 [equation (41) of the text] 

approach a limit as t > oo, and find the limiting value. 

Hint: Consider the general solution, equation (47). Show that the 

first term in the solution (47) is indeterminate with form 0 - oo. 

Then, use l’H6pital’s rule to compute the limit as t > oo. 

Show that if a and A are positive constants, and b is any real 

number, then every solution of the equation 

y' +ay = be~*# 

has the property that y > 0ast—> o. 

Hint: Consider the cases a = A and a # A separately. 

In each of Problems 24 through 27, construct a first-order linear 

differential equation whose solutions have the required behavior as 

t > oo. Then solve your equation and confirm that the solutions do 

indeed have the specified property. 

24. 

25. 

26. 

27. 

28. 

All solutions have the limit 3 as t > oo. 

All solutions are asymptotic to the line y = 1 — 2t ast > oo. 

All solutions are asymptotic to the line y = 3f + last > o. 

All solutions approach the curve y = 9—t? ast > oo. 

Variation of Parameters Consider the following method of 

solving the general linear equation of first order: 

y+p(thy=gt). (48) 

a. If g(t) = 0 for all t, show that the solution is 

y = Aexp (- | p(t) at), (49) 

where A is a constant. 

b. If g(t) is not everywhere zero, assume that the solution of 

equation (48) is of the form 

y = A(t)exp (- |e (t) dt), (50) 

where A is now a function of ¢. By substituting for y in the 

given differential equation, show that A(t) must satisfy the 

condition 

A’ (t) = g(t) exp (E (t) at) : (51) 

c. Find A(f) from equation (51). Then substitute for A(f) in 

equation (50) and determine y. Verify that the solution 

obtained in this manner agrees with that of equation (33) in 

the text. This technique is known as the method of variation 

of parameters; it is discussed in detail in Section 3.6 in 

connection with second-order linear equations. 

In each of Problems 29 and 30, use the method of Problem 28 to solve 

the given differential equation. 

29. y’ — 2y = t#e# 

30. y+ (=)y =2sin(2t), t>0 

2.2 | SEPARABLE DIFFERENTIAL EQUATIONS 

In Section 1.2 we used a process of direct integration to solve first-order linear differential 
equations of the form 

dy 
dt =ay+b, (1) 

where a and b are constants. We will now show that this process is actually applicable to a 
much larger class of nonlinear differential equations. 
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We will use x, rather than t, to denote the independent variable in this section for 
two reasons. In the first place, different letters are frequently used for the variables in a 
differential equation, and you should not become too accustomed to using a single pair. 
In particular, x often occurs as the independent variable. Further, we want to reserve t for 
another purpose later in the section. 

The general first-order differential equation is 

dy if 
fy). 2) 

Linear differential equations were considered in the preceding section, but if equation (2) 
is nonlinear, then there is no universally applicable method for solving the equation. Here, 

we consider a subclass of first-order equations that can be solved by direct integration. 

To identify this class of equations, we first rewrite equation (2) in the form 

d 
M (x,y) +N y) = =i) (3) 

It is always possible to do this by setting M(x, y) = —f(x, y) and N(x, y) = 1, but there may 

be other ways as well. When M is a function of x only and N is a function of y only, then 

equation (3) becomes 

dy 
M +N — = 0. 4 (x) +N O) = (4) 

Such an equation is said to be separable, because if it is written in the differential form 

M (x) dx + N (y) dy = 0, (5) 

then, if you wish, terms involving each variable may be placed on opposite sides of the 

equation. The differential form (5) is also more symmetric and tends to suppress the 

distinction between independent and dependent variables. 

A separable equation can be solved by integrating the functions M and N. We illustrate 

the process by an example and then discuss it in general for equation (4). 

EXAMPLE 2.2.1 

Show that the equation 

dy x 
saya 6 i ie (6) 

is separable, and then find an equation for its integral curves. 

Solution: 

If we write equation (6) as 

d =x? + (1-y?) = =0, (7) 

then it has the form (4) and is therefore separable. Recall from calculus that ify is a function of x, 

then by the chain rule, 

d d Cys cay Oy 
Be) ay 0) a dO ae 



40 | Chapter 2 / First-Order Differential Equations 

For example, if f(y) = y — y?/3, then 

d ry 2) a 
sly ;)=0 Y) Fe 

Thus the second term in equation (7) is the derivative with respect to x of y — y?/3, and the first 

term is the derivative of —x?/3. Thus equation (7) can be written as 

afew) od (Ore 
ae 3) ae. Sd 

or 

Therefore, by integrating (and multiplying the result by 3), we obtain 

—x3+3y-y =, (8) 

where c is an arbitrary constant. 

Equation (8) is an equation for the integral curves of equation (6). A direction field and several 

integral curves are shown in Figure 2.2.1. Any differentiable function y = ¢(x) that satisfies 

equation (8) is a solution of equation (6). An equation of the integral curve passing through a 

particular point (x9, yo) can be found by substituting x) and yp for x and y, respectively, in equation 

(8) and determining the corresponding value of c. 

ay 
Uf, 

— — eS ev YY 

—— — eM LY LY Y ——-——---vry// 
| K 

Teli 

LSS SSS eS SS 

NSS a ee, =f. ee RNS SS 

Direction field and integral curves of y’ = x2/(1 — y?). 

Essentially the same procedure can be followed for any separable equation. Returning 
to equation (4), let H, and H; be any antiderivatives of M and N, respectively. Thus 

Hi(x)=M(x), H3(y)=NQ), (9) 



2.2 Separable Differential Equations | 41 | 

and equation (4) becomes 

H} (x) + H5(y) a = 0, (10) 

Ify is regarded as a function of x, then according to the chain rule, 

Hee = =H (y) = = — 

Consequently, we can write equation (10) as 

d 5 Hi (&) + He (y)) = 0. (12) 

By integrating equation (12) with respect to x, we obtain 

Hy (x) + H2(y) =¢, (13) 

where c is an arbitrary constant. Any differentiable function y = ¢(x) that satisfies equation 

(13) is a solution of equation (4); in other words, equation (13) defines the solution implicitly 

rather than explicitly. In practice, equation (13) is usually obtained from equation (5) by 

integrating the first term with respect to x and the second term with respect to y. The 

justification for this is the argument that we have just given. 

The differential equation (4), and an initial condition 

y (Xo) = yo. (14) 

form an initial value problem. To solve this initial value problem, we must determine the 

appropriate value for the constant c in equation (13). We do this by setting x = x) and y= 

Yo in equation (13) with the result that 

c = Hj (Xo) + H2 (Wo). (15) 

Substituting this value of c in equation (13) and noting that 

ag 1, 

Hy (x) — Hy (%) = | M()ds, Hy()-HhOn)=| Nas 
XO Yo 

we obtain 

‘ x y 

| M (s)ds + N (s)ds = 0. (16) 

XO Yo 

Equation (16) is an implicit representation of the solution of the differential equation (4) 

that also satisfies the initial condition (14). Bear in mind that to determine an explicit for- 

mula for the solution, you need to solve equation (16) for y as a function of x. Unfortunately, 

it is often impossible to do this analytically; in such cases you can resort to numerical 

methods to find approximate values of y for given values of x. 

EXAMPLE 2.2.2 

Solve the initial value problem 

dy  3x*+4x+2 
ee a ee, 0) = -1, (17) = ACTA y (0) 

and determine the interval in which the solution exists. 
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Solution: 

The differential equation can be written as 

2(y — 1) dy = (3x? + 4x + 2) dx. 

Integrating the left-hand side with respect to y and the right-hand side with respect to x gives 

y*? —2y = x3 +2x*+2x +0, (18) 

where c is an arbitrary constant. To determine the solution satisfying the prescribed initial 

condition, we substitute x = 0 and y = —1 in equation (18), obtaining c = 3. Hence the solution 

of the initial value problem is given implicitly by 

y? — 2y = x3 + 2x? + 2x + 3. (19) 

To obtain the solution explicitly, we must solve equation (19) for y in terms of x. That is a simple 

matter in this case, since equation (19) is quadratic in y, and we obtain 

y=14Vx3 + 2x2 42x +4. (20) 

Equation (20) gives two solutions of the differential equation, only one of which, however, satisfies 

the given initial condition. This is the solution corresponding to the minus sign in equation (20), 

so we finally obtain 

y=$(x)=1—Vx3 + 2x2 +2x4+4 (21) 

as the solution of the initial value problem (15). Note that if we choose the plus sign by mistake 

in equation (20), then we obtain the solution of the same differential equation that satisfies the 

initial condition y(0) = 3. Finally, to determine the interval in which the solution (21) is valid, we 

must find the interval in which the quantity under the radical is positive. The only real zero of 

this expression is x = —2, so the desired interval is x > —2. Some integral curves of the differential 

equation are shown in Figure 2.2.2. The green curve passes through the point (0, —1) and thus is 

the solution of the initial value problem (15). Observe that the boundary of the interval of validity 

of the solution (21) is determined by the point (—2, 1) at which the tangent line is vertical. 

ey 
J 

Integral curves of y’ = (3x? + 4x + 2)/2(y — 1); the solution 
satisfying y(0) = —1 is shown in green and is valid for x > —2. 
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EXAMPLE 2.2.3 

Solve the separable differential equation 

dy 4x-x3 
dk 44y oe 

and draw graphs of several integral curves. Also find the solution passing through the point (0, 1) 

and determine its interval of validity. 

Solution: 

Rewriting equation (22) as 

(4 + y3) dy = (4x — x?) dx, 

integrating each side, multiplying by 4, and rearranging the terms, we obtain 

y* + 16y + x4 — 8x? =c, (23) 

where cis an arbitrary constant. Any differentiable function y = ¢(x) that satisfies equation (23) isa 

solution of the differential equation (22). Graphs of equation (23) for several values of c are shown 

in Figure 2.2.3. 

To find the particular solution passing through (0, 1), we set x = 0 and y = 1 in equation (23) 

with the result that c = 17. Thus the solution in question is given implicitly by 

y* + l6y + x4 — 8x? = 17. (24) 

It is shown by the green curve in Figure 2.2.3. The interval of validity of this solution extends on 

either side of the initial point as long as the function remains differentiable. From the figure we see 

that the interval ends when we reach points where the tangent line is vertical. It follows from the 

differential equation (22) that these are points where 4 + y? = 0, or y = (4)? & -1.5874. From 

equation (24) the corresponding values of x are x Y +3.3488. These points are marked on the graph 

in Figure 2.2.3. 

Integral curves of y’ = (4x — x?)/(4 + y?). The solution passing 

through (0, 1) is shown by the green curve. 
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Note 1: Sometimes a differential equation of the form (2): 

dy 
dx = if (x, y) 

has a constant solution y = yo. Such a solution is usually easy to find because if f® Yo) 

= (0 for some value yp and for all x, then the constant function y = Yo is a solution of the 

differential equation (2). For example, the equation 

dy 3) cos) (25) 

dx 1+2y2 

has the constant solution y = 3. Other solutions of this equation can be found by separating 

the variables and integrating. 

Note 2: The investigation of a first-order nonlinear differential equation can sometimes 

be facilitated by regarding both x and y as functions of a third variable t. Then 

dy  dy/dt 
ee 26 
dx  dx/dt (26) 

If the differential equation is 

dy _ F(x,y) pies ep NILE 27 
dx G(x,y)’ ey) 

then, by comparing numerators and denominators in equations (26) and (27), we obtain 

the system 

dx 
Safin G (x,y), 

dy _ 
7 ay ae (x,y). (28) 

d 

At first sight it may seem unlikely that a problem will be simplified by replacing a single 

equation by a pair of equations, but in fact, the system (28) may well be more amenable to 

investigation than the single equation (27). Chapter 9 is devoted to nonlinear systems of the 

form (28). 

Note 3: In Example 2.2.2 it was not difficult to solve explicitly for y as a function of x. 

However, this situation is exceptional, and often it will be better to leave the solution in 

implicit form, as in Examples 2.2.1 and 2.2.3. Thus, in the problems below and in other 

sections where nonlinear equations appear, the words “solve the following differential 

equation” mean to find the solution explicitly if it is convenient to do so, but otherwise 

to find an equation defining the solution implicitly. 

Problems 
In each of Problems 1 through 8, solve the given differential equation. c. Determine (at least approximately) the interval in which the 

aye solution is defined. 
ie ae 2. y'+y* cosx=0 

ee ee 3x? 9. y=(-2x)y, y(0)=-1/12 
3. y’ =sin’ (x) sin’ (2y) Ay WW = GEIS) 10. y= Soy epee 

Ee a 6. a 11. xdx+2ye*dy=0, y(0)=1/2 
x y ae? = 4 dy _ 2y ; dy _ —6x 12. dr/dé = 3r*/20, yet =) 

~ dx 3x --dxae ay 13. y' = 2xy? (44x02) 9 oa VO) 

14, y)=2x/1 +2 = 
In each of Problems 9 through 16: _ Mates SAO 

15. y’ = (5x? —e*)/By—7), y@0)=1 
a. Find the solution of the given initial value problem in explicit 

form. 

b. © Plot the graph of the solution. 

. sin (4x) dx + cos(5y) dy = 0, y (2/2) = 27/3 



Some of the results requested in Problems 17 through 22 can be 
obtained either by solving the given equations analytically or by 
plotting numerically generated approximations to the solutions. Try 
to form an opinion about the advantages and disadvantages of each 
approach. 

17. © Solve the initial value problem 

r (a+ 3xA) 

~ (3y2 = 12y)’ 
/ 

y yO 

and determine the interval in which the solution is valid. 

Hint: To find the interval of definition, look for points where the 

integral curve has a vertical tangent. 

18. © Solve the initial value problem 

, Bx 

igre rE y 

and determine the interval in which the solution is valid. 

Hint: To find the interval of definition, look for points where the 

integral curve has a vertical tangent. 

19. Solve the initial value problem 

y =3y+xy*, yO)=1 

and determine where the solution attains its minimum value. 

20. @ Solve the initial value problem 

y =2(1+x)(1+y’), y(0)=0 

and determine where the solution attains its minimum value. 

21. © Consider the initial value problem 

,_ ty(4— pas yy 
5 y (0) = yo. 

a. Determine how the behavior of the solution as f increases 

depends on the initial value yo. 

b. Suppose that y) = 0.5. Find the time T at which the solution 

first reaches the value 3.98. 

22. @ Consider the initial value problem 

7 tyG=y) 
=! > EG y (0) = Yo > 0. 

a. Determine how the solution behaves as t > oo. 

b. if yo = 2 find the time T at which the solution first reaches 

the value 3.99 

c. Find the range of intial values for which the solution lies in 

the interval 3.99 < y < 4.01 by the timet = 2. 

23. Solve the equation 

dy _ay+b 

where a, b, c, and d are constants. 
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24. Use separation of variables to solve the differential equation 

dQ 
Ge = 76a t+ 62), Q(0) = Q, 

where a, b, r, and Qy are constants. Determine how the solution 

behaves as t > co 

Homogeneous Equations. If the right-hand side of the equation 

dy/dx = f(x, y) can be expressed as a function of the ratio y/x only, 

then the equation is said to be homogeneous.! Such equations can 

always be transformed into separable equations by a change of the 

dependent variable. Problem 25 illustrates how to solve first-order 

homogeneous equations. 

25. @ Consider the equation 

dy y-—4x 
Fh gee (29) 

a. Show that equation (29) can be rewritten as 

dy (y/x)-4 
— =; 30 
dx 1-(y/x) ) 

thus equation (29) is homogeneous. 

b. Introduce a new dependent variable v so that v = y/x, or 

y = xv(x). Express dy/dx in terms of x, v, and dv/dx. 

c. Replace y and dy/dx in equation (30) by the expressions from 

part b that involve v and dv/dx. Show that the resulting 

differential equation is 

dv v-4 

or 

(31) 

Observe that equation (31) is separable. 

d. Solve equation (31), obtaining v implicitly in terms of x. 

e. Find the solution of equation (29) by replacing v by y/x in the 

solution in part d. 

f. Draw a direction field and some integral curves for equation 

(29). Recall that the right-hand side of equation (29) actually 

depends only on the ratio y/x. This means that integral curves 

have the same slope at all points on any given straight line 

through the origin, although the slope changes from one line 

to another. Therefore, the direction field and the integral 

curves are symmetric with respect to the origin. Is this sym- 

metry property evident from your plot? 

The method outlined in Problem 25 can be used for any homo- 

geneous equation. That is, the substitution y = xv(x) transforms a 

homogeneous equation into a separable equation. The latter equa- 

tion can be solved by direct integration, and then replacing v by y/x 

gives the solution to the original equation. In each of Problems 26 

through 31: 

ee ee ES ae 

The word “homogeneous” has different meanings in different mathematical contexts. The homogeneous 

equations considered here have nothing to do with the homogeneous equations that will occur in Chapter 3 

and elsewhere. 
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a. Show that the given equation is homogeneous. 28. a tbs): 
‘ . xX xX=-y 

b. Solve the differential equation. | Je (2b ee OG 

c. @ Draw a direction field and some integral curves. Are they dy sactthessis 

symmetric with respect to the origin? 30. aE ae 

2 og, HL ee ey ty pe dy _ 2x? +3y? gy ne B SVE 

axe x? phe Tem dx 4xy 

MODELING WITH FIRST-ORDER LINEAR DIFFERENTIAL 
EQUATIONS 

Differential equations are of interest to nonmathematicians primarily because of the 

possibility of using them to investigate a wide variety of problems in the physical, biological, 

and social sciences. One reason for this is that mathematical models and their solutions 

lead to equations relating the variables and parameters in the problem. These equations 

often enable you to make predictions about how the natural process will behave in various 

circumstances. It is often easy to vary parameters in the mathematical model over wide 

ranges, whereas this may be very time-consuming or expensive, if not impossible, in an 

experimental setting. Nevertheless, mathematical modeling and experiment or observa- 

tion are both critically important and have somewhat complementary roles in scientific 

investigations. Mathematical models are validated by comparison of their predictions with 

experimental results. On the other hand, mathematical analyses may suggest the most 

promising directions to explore experimentally, and they may indicate fairly precisely what 

experimental data will be most helpful. 

In Sections 1.1 and 1.2 we formulated and investigated a few simple mathematical 

models. We begin by recapitulating and expanding on some of the conclusions reached 

in those sections. Regardless of the specific field of application, there are three identifiable 

steps that are always present in the process of mathematical modeling. 

2.3 

> Step 1: Construction of the Model. In this step the physical situation is translated into 

mathematical terms, often using the steps listed at the end of Section 1.1. Perhaps most 

critical at this stage is to state clearly the physical principle(s) that are believed to govern 

the process. For example, it has been observed that in some circumstances heat passes 

from a warmer to a cooler body at a rate proportional to the temperature difference, that 

objects move about in accordance with Newton’s laws of motion, and that isolated insect 

populations grow at a rate proportional to the current population. Each of these statements 

involves a rate of change (derivative) and consequently, when expressed mathematically, 

leads to a differential equation. The differential equation is a mathematical model of the 

process. 

It is important to realize that the mathematical equations are almost always only an 
approximate description of the actual process. For example, bodies moving at speeds 
comparable to the speed of light are not governed by Newton’s laws, insect populations 
do not grow indefinitely as stated because of eventual lack of food or space, and heat 
transfer is affected by factors other than the temperature difference. Thus you should 
always be aware of the limitations of the model so that you will use it only when it is 
reasonable to believe that it is accurate. Alternatively, you can adopt the point of view 
that the mathematical equations exactly describe the operation of a simplified physical 
model, which has been constructed (or conceived of) so as to embody the most important 
features of the actual process. Sometimes, the process of mathematical modeling involves 
the conceptual replacement of a discrete process by a continuous one. For instance, the 
number of members in an insect population changes by discrete amounts; however, if the 
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population is large, it seems reasonable to consider it as a continuous variable and even to 
speak of its derivative. 

> Step 2: Analysis of the Model. Once the problem has been formulated mathematically, 
you are often faced with the problem of solving one or more differential equations or, failing 
that, of finding out as much as possible about the properties of the solution. It may happen 
that this mathematical problem is quite difficult, and if so, further approximations may 
be indicated at this stage to make the problem mathematically tractable. For example, a 
nonlinear equation may be approximated by a linear one, or a slowly varying coefficient 
may be replaced by a constant. Naturally, any such approximations must also be examined 
from the physical point of view to make sure that the simplified mathematical problem still 
reflects the essential features of the physical process under investigation. At the same time, 
an intimate knowledge of the physics of the problem may suggest reasonable mathematical 

approximations that will make the mathematical problem more amenable to analysis. 

This interplay of understanding of physical phenomena and knowledge of mathematical 

techniques and their limitations is characteristic of applied mathematics at its best, and it is 

indispensable in successfully constructing useful mathematical models of intricate physical 
processes. 

> Step 3: Comparison with Experiment or Observation. Finally, having obtained the 

solution (or at least some information about it), you must interpret this information in 

the context in which the problem arose. In particular, you should always check that the 

mathematical solution appears physically reasonable. If possible, calculate the values of 

the solution at selected points and compare them with experimentally observed values. Or 

ask whether the behavior of the solution after a long time is consistent with observations. 

Or examine the solutions corresponding to certain special values of parameters in the 

problem. Of course, the fact that the mathematical solution appears to be reasonable does 

not guarantee that it is correct. However, if the predictions of the mathematical model 

are seriously inconsistent with observations of the physical system it purports to describe, 

this suggests that errors have been made in solving the mathematical problem, that the 

mathematical model itself needs refinement, or that observations must be made with 

greater care. 

The examples in this section are typical of applications in which first-order differential 

equations arise. 

EXAMPLE 2.3.1 Mixing 

At time t = 0 a tank contains Qy |b of salt dissolved in 100 gal of water; see Figure 2.3.1. Assume 

that water containing lb of salt per gallon is entering the tank at a rate of r gal/min and that the 

well-stirred mixture is draining from the tank at the same rate. Set up the initial value problem that 

describes this flow process. Find the amount of salt Q(f) in the tank at any time, and also find the 

limiting amount Q, that is present after a very long time. If r = 3 and Qy = 2Q,, find the time T 

after which the salt level is within 2% of Q,. Also find the flow rate that is required if the value of 

T is not to exceed 45 min. 
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Solution: 

rgal/min, t |b/gal 

rgal/min 

| FIGURE 2.3.1 | The water tank in Example 2.3.1. 

We assume that salt is neither created nor destroyed in the tank. Therefore, variations in the 

amount of salt are due solely to the flows in and out of the tank. More precisely, the rate of change 

of salt in the tank, dQ/dt, is equal to the rate at which salt is flowing in minus the rate at which it 

is flowing out. In symbols, 

d 
= rate in — rate out. (1) 

The rate at which salt enters the tank is the concentration ip /gal times the flow rate r gal/min, 

or r/4 lb/min. To find the rate at which salt leaves the tank, we need to multiply the concentration 

of salt in the tank by the rate of outflow, r gal/min. Since the rates of flow in and out are equal, the 

volume of water in the tank remains constant at 100 gal, and since the mixture is “well-stirred,” 

the concentration throughout the tank is the same, namely, Q(t)/100 lb/gal. Therefore, the rate 

at which salt leaves the tank is rQ(t)/100 lb/min. Thus the differential equation governing this 

process is 

dQS=r rQ 

fa 400: pei?) 

The initial condition is 

Q(0) = Q. (3) 

Upon thinking about the problem physically, we might anticipate that eventually the mixture 
originally in the tank will be essentially replaced by the mixture flowing in, whose concentration 
is 1/4 lb/gal. Consequently, we might expect that ultimately the amount of salt in the tank would 
be very close to 25 lb. We can also find the limiting amount Q, = 25 by setting dQ/dt equal to zero 
in equation (2) and solving the resulting algebraic equation for Q. 

To solve the initial value problem (2), (3) analytically, note that equation (2) is linear. (It is also 
separable, see Problem 24 in Section 2.2) Rewriting the differential equation (2) in the standard 
form for a linear differential equation, we have 

SORES 6 Neste 

dt * 100 4° (4) 

Thus the integrating factor is e”/1° and the general solution is 

Q (t) =25+4 ce~Tt/100 : (5) 
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where c is an arbitrary constant. To satisfy the initial condition (3), we must choose c = Qy — 25. 
Therefore, the solution of the initial value problem (2), (3) is 

Q(t) = 25 + (Qo — 25) e771, (6) 

or 

Q(t) = 25 qd a (adage 4 Qye~F#/100. (7) 

From either form of the solution, (6) or (7), you can see that Q(t) > 25 (lb) as t > oo, so the limiting 
value Q, is 25, confirming our physical intuition. 

Further, Q(¢) approaches the limit more rapidly as r increases. In interpreting the solution (7), 
note that the second term on the right-hand side is the portion of the original salt that remains 
at time t, while the first term gives the amount of salt in the tank as a consequence of the flow 

processes. Plots of the solution for r = 3 and for several values of Q) are shown in Figure 2.3.2. 

Solutions of the initial value problem (2): dQ/dt = (r/4) — 

rQ/100, Q(0) = Qy for r = 3 and several values of Qo. 

Now suppose that r = 3 and Qy) = 2Q, = 50; then equation (6) becomes 

Q(t) = 25+ 25e°0 (8) 

_ Since 2% of 25 is 0.5, we wish to find the time T at which Q(t) has the value 25.5. Substituting 

t = T and Q = 25.5 in equation (8) and solving for T, we obtain 

if In (50) 

E 0.03 
= 130.4min. (9) 

To determine r so that T = 45, return to equation (6), set f = 45, Qo = 50, Q(t) = 25.5, and solve 

for r. The result is 

fiz ‘ In 50 & 8.69gal/ min . (10) 

Since this example is hypothetical, the validity of the model is not in question. If the flow rates 

are as stated, and if the concentration of salt in the tank is uniform, then the differential equation 

(1) is an accurate description of the flow process. Although this particular example has no special 

significance, models of this kind are often used in problems involving a pollutant in a lake, or a 

drug in an organ of the body, for example, rather than a tank of salt water. In such cases the flow 
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rates may not be easy to determine or may vary with time. Similarly, the concentration may be far 

from uniform in some cases. Finally, the rates of inflow and outflow may be different, which means 

that the variation of the amount of liquid in the problem must also be taken into account. 

ee ———————————— 
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EXAMPLE 2.3.2 Compound Interest 

Suppose that a sum of money, So, is deposited in a bank or money fund that pays interest at an 

annual rate r. The value S(t) of the investment at any time t depends on the frequency with which 

interest is compounded as well as on the interest rate. Financial institutions have various policies 

concerning compounding: some compound monthly, some weekly, and some even daily. Assume 

that compounding takes place continuously. Set up an initial value problem that describes the 

growth of the investment. 

Solution: 

The rate of change of the value of the investment is dS/dt, and this quantity is equal to the rate at 

which interest accrues, which is the interest rate r times the current value of the investment S(¢). 

Thus 

dS _ 
eres 11 
sree ay 

is the differential equation that governs the process. If we let t denote the time, in years, since the 

original deposit, the corresponding initial condition is 

S(0) = Sp: (12) 

Then the solution of the initial value problem (8) gives the balance S(¢) in the account at any time 

t. This initial value problem is readily solved, since the differential equation (11) is both linear and 

separable. Consequently, by solving equations (11) and (12), we find that 

S(t) = Soe”. (13) 

Thus a bank account with continuously compounding interest grows exponentially. 

The model in Example 2.3.2 is easily extended to situations involving deposits or 

withdrawals in addition to the accrual of interest, dividends, or annual capital gains. If we 

assume that the deposits or withdrawals take place at a constant rate k, then equation (11) 

is replaced by 

ds 
iF =rs+ k, 

or, in standard form, 

ds 
ape rS =k, (14) 

where k is positive for deposits and negative for withdrawals. 

Equation (14) is linear with the integrating factor e~”, so its general solution is 

Siac ’ 

Sloe 

where c is an arbitrary constant. To satisfy the initial condition (12), we must choose c = 
So + (k/r). Thus the solution of the initial value problem (10), (8) is 

S(t) = Spet + (e" —1). (15) 
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The first term in expression (15) is the part of S(t) that is due to the return accumulated on 
the initial amount Sp, and the second term is the part that is due to the deposit or withdrawal 
rate k. 

The advantage of stating the problem in this general way without specific values for So, 
r, or k lies in the generality of the resulting formula (15) for S(t). With this formula we can 
readily compare the results of different investment programs or different rates of return. 

For instance, suppose that one opens an individual retirement account (IRA) at age 25 
and makes annual investments of $2000 thereafter in a continuous manner. Assuming a 
rate of return of 8%, what will be the balance in the IRA at age 65? We have Sp = 0, r = 0.08, 

and k = $2000, and we wish to determine S(40). From equation (15) we have 

S (40) = 25,000 (e3:? — 1) = $588,313. (16) 

It is interesting to note that the total amount invested is $80,000, so the remaining amount 

of $508,313 results from the accumulated return on the investment. The balance after 40 

years is also fairly sensitive to the assumed rate. For instance, S(40) = $508,948 if r = 0.075 

and S(40) = $681,508 if r = 0.085. 

Let us now examine the assumptions that have gone into the model. First, we have 

assumed that the return is compounded continuously and that additional capital is invested 

continuously. Neither of these is true in an actual financial situation. We have also assumed 

that the return rate r is constant for the entire period involved, whereas in fact it is likely 

to fluctuate considerably. Although we cannot reliably predict future rates, we can use 

solution (15) to determine the approximate effect of different rate projections. It is also 

possible to consider r and k in equation (14) to be functions of t rather than constants; 

in that case, of course, the solution may be much more complicated than equation (15). 

The initial value problem (10), (8) and the solution (15) can also be used to analyze a 

number of other financial situations, including annuities, mortgages, and automobile loans. 

Let us now compare the results from the model with continuously compounded interest 

(and no other deposits or withdrawals) with the corresponding situation in which com- 

pounding occurs at finite time intervals. If interest is compounded once a year, then after t 

years 

S(t)=So +n). 

If interest is compounded twice a year, then at the end of 6 months the value of the 

investment is So(1 + (r/2)), and at the end of 1 year it is So(1 + (r/2))*. Thus, after t years, 

we have 

S(t) = So(1+ a. 

In general, if interest is compounded m times per year, then 

S(t) = (1+ a (17) 

The relation between formulas (13) and (17) is clarified if we recall from calculus that 

: TEN teserd lim So(1 # = = Sper. 

The same model applies equally well to more general investments in which dividends 

and perhaps capital gains can also accumulate, as well as interest. In recognition of this 

fact, we will from now on refer to r as the rate of return. 

Table 2.3.1 shows the effect of changing the frequency of compounding for a return rate 

r of 8%. The second and third columns are calculated from equation (17) for quarterly and 

daily compounding, respectively, and the fourth column is calculated from equation (13) 
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for continuous compounding. The results show that the frequency of compounding is not 

particularly important in most cases. For example, during a 10-year period the difference 

between quarterly and continuous compounding is $17.50 per $1000 invested, or less than 

$2/year. The difference would be somewhat greater for higher rates of return and less for 

lower rates. From the first row in the table, we see that for the return rate r = 8%, the 

annual yield for quarterly compounding is 8.24% and for daily or continuous compounding 

it is 8.33%. 

Growth of Capital at a Return Rate r = 8% for Several 

Modes of Compounding 

S(t)/S(t)) From Equation (17) 

TABLE 2.3.1 

Years m=4 m = 365 S(t)/S(t)) From Equation (13) 

1 1.0824 1.0833 1.0833 

2 deli; L735 LAT39 

5 1.4859 1.4918 1.4918 

10 2.2080 2.2203 2.2299 

20 4.8754 4.9522 4.9530 

30 10.7652 11.0203 11.0232 

40 23.7699 24.5239 24.5325 

EXAMPLE 2.3.3 Chemicals in a Pond 

Consider a pond that initially contains 14 million gallons of fresh water. Water containing an 

undesirable chemical flows into the pond at the rate of 7 million gallons per year, and the mixture 

in the pond flows out at the same rate. The concentration y (t) of chemical in the incoming water 

varies periodically with time according to the expression y(t) = 2 + sin(3t) g/gal. Construct 

a mathematical model of this flow process and determine the amount of chemical in the pond 

at any time. Plot the solution and describe in words the effect of the variation in the incoming 

concentration. 

Solution: 

Since the incoming and outgoing flows of water are the same, the amount of water in the pond 

remains constant at 14 x 10° gal. Let us denote time by t, measured in years, and the chemical by 

Q(t), measured in grams. This example is similar to Example 2.3.1, and the same inflow / outflow 
principle applies. Thus 

d : 
— = ratein — rat ; dt ‘a ate out 

where “rate in” and “rate out” refer to the rates at which the chemical flows into and out of the 

pond, respectively. The rate at which the chemical flows in is given by 

ratein = (7 x 10°) gal/yr (2 + sin (3t)) g/gal. (18) 

The concentration of chemical in the pond is (Q(t) / (14 x 10°)) g/gal, so the rate of flow out is 

rate out = (7 x 10°) gal/year (Q(t) / (14 x 10°)) g/gal = Q(t)/2g/yr. (19) 

Thus we obtain the differential equation 

ae = (7x 10°) (2 + sin (3t)) — a. (20) 

where each term has the units of g/yr. 
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To make the coefficients more manageable, it is convenient to introduce a new dependent 
variable defined by q(t) = Q(t)/10°, or Q(t) = 10°q(t). This means that g(t) is measured in ‘ 
millions of grams, or megagrams (metric tons). If we make this substitution in equation (20), then 
each term contains the factor 10°, which can be canceled. If we also transpose the term involving 
q(t) to the left-hand side of the equation, we finally have 

(fo Farce lost ae : ea ae 7 sin (3t). (21) 

Originally, there is no chemical in the pond, so the initial condition is 

q(0) =0. (22) 

Equation (21) is linear, and although the right-hand side is a function of time, the coefficient 

of q is a constant. Thus the integrating factor is e'/? . Multiplying equation (21) by this factor and 

integrating the resulting equation, we obtain the general solution 

iA q(t) = 28+ 37 sin (3t) — = cos(3t) + Cen! (23) 

The initial condition (22) requires that C = —1030/37, so the solution of the initial value problem 

(17), (18) is 

coat a 6 27103053 
q(t) = 28+ 37 sin (3t) 37 COs (3t) “37 e (24) 

A plot of the solution (24) is shown in Figure 2.3.3, along with the line gq = 28 (shown in black). The 

exponential term in the solution is important for small ¢, but it diminishes rapidly as ¢t increases. 

Later, the solution consists ofan oscillation, due to the sin(3t) and cos(3t) terms, about the constant 

level g = 28. Note that if the sin(32) term were not present in equation (21), then q = 28 would be 

the equilibrium solution of that equation. 

| | | | 
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Solution of the initial value problem (17), (18): dq/dt+q/2 = 14+ 

7 sin (3t), q(0) =0 
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Let us now consider the adequacy of the mathematical model itself for this problem. The model 

rests on several assumptions that have not yet been stated explicitly. In the first place, the amount of 

water in the pond is controlled entirely by the rates of flow in and out—none is lost by evaporation 

or by seepage into the ground, and none is gained by rainfall. The same is true of the chemical; it 

flows into and out of the pond, but none is absorbed by fish or other organisms living in the pond. 

In addition, we assume that the concentration of chemical in the pond is uniform throughout the 

pond. Whether the results obtained from the model are accurate depends strongly on the validity 

of these simplifying assumptions. 

EXAMPLE 2.3.4 Escape Velocity 

A body of constant mass m is projected away from the earth in a direction perpendicular to the 

earth’s surface with an initial velocity v). Assuming that there is no air resistance, but taking into 

account the variation of the earth’s gravitational field with distance, find an expression for the 

velocity during the ensuing motion. Also find the initial velocity that is required to lift the body to 

a given maximum altitude A,,,, above the surface of the earth, and find the least initial velocity for 

which the body will not return to the earth; the latter is the escape velocity. 

A body in the earth’s gravitational field is pulled 
towards the center of the earth. 

Solution: 

Let the positive x-axis point away from the center of the earth along the line of motion with x = 0 

lying on the earth’s surface; see Figure 2.3.4. The figure is drawn horizontally to remind you 

that gravity is directed toward the center of the earth, which is not necessarily downward from 

a perspective away from the earth’s surface. The gravitational force acting on the body (that is, its 

weight) is inversely proportional to the square of the distance from the center of the earth and is 

given by w(x) = —k/(x + R)’, where k is a constant, R is the radius of the earth, and the minus sign 

signifies that w (x) is directed in the negative x direction. We know that on the earth’s surface w (0) 

is given by —mg, where g is the acceleration due to gravity at sea level. Therefore, k = mgR? and 

mgR? 
w(x) =- ee, (25) 

(R+x) 

Since there are no other forces acting on the body, the equation of motion is 

avg sek (26) 
Gr Ray 

and the initial condition is 

V(0) = vo. (27) 

Unfortunately, equation (26) involves too many variables since it depends on t, x, and v. To 
remedy this situation, we can eliminate t from equation (26) by thinking of x, rather than t, as the 
independent variable. Then we can express dv/dt in terms of dv/dx by using the chain rule; hence 

dv dvdx dv 

dt” dx dt ‘dx’ 
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and equation (26) is replaced by 

dv gR2 
v—— = -———.. 
dx = (R+x) 

Equation (28) is separable but not linear, so by separating the variables and integrating, we obtain 

Me oa Ss ype (29) 

Since x = 0 when ¢ = 0, the initial condition (27) at t = 0 can be replaced by the condition that 
V = Vo when x = 0. Hence c = (2/2) — gR and 

2gR? 

R+x 
v= ty/ vo —2gR+ (30) 

Note that equation (30) gives the velocity as a function of altitude rather than as a function of time. 

The plus sign must be chosen if the body is rising, and the minus sign must be chosen if it is falling 

back to earth. 

To determine the maximum altitude A,,,, that the body reaches, we set v = 0 and x = Aj, in 

equation (30) and then solve for A,,,,, obtaining 

vaR 
= ——___., 31 

Solving equation (31) for vo, we find the initial velocity required to lift the body to the altitude A,,ax, 

namely, 

A 
Vo = 2gR mere 5 (32) 

max 

The escape velocity v, is then found by letting A,,,, — oo. Consequently, 

Ve = V2gR. (33) 

The numerical value of v, is approximately 6.9 mi/s, or 11.1 km/s. 

The preceding calculation of the escape velocity neglects the effect of air resistance, so the 

actual escape velocity (including the effect of air resistance) is somewhat higher. On the other 

hand, the effective escape velocity can be significantly reduced if the body is transported a 

considerable distance above sea level before being launched. Both gravitational and frictional 

forces are thereby reduced; air resistance, in particular, diminishes quite rapidly with increasing 

altitude. You should keep in mind also that it may well be impractical to impart too large an initial 

~ velocity instantaneously; space vehicles, for instance, receive their initial acceleration during a 

- period of a few minutes. 

Problems 

1. Consider a tank used in certain hydrodynamic experiments. the tank at any time ¢. Also find the limiting amount of salt in 

After one experiment the tank contains 300 L of a dye solution the tank as t>0o. 

with a concentration of 1 g/L. To prepare for the next experi- 3. A tank contains 200 gal of water and 100 oz of salt. Water 
ment, the tank is to be rinsed with fresh water flowing in at a rate 

of 2.5 L/ min, the well-stirred solution flowing out at the same 

rate. Find the time that will elapse before the concentration of 

dye in the tank reaches 2% of its original value. 

2. A tank initially contains 150 L of pure water. A mixture contain- 

ing a concentration of y g/L of salt enters the tank at a rate of 

3 L/ min, and the well-stirred mixture leaves the tank at the same 

rate. Find an expression in terms of y for the amount of salt in 

containing a salt concentration of - (1 + i sin (0) oz/gal flows 

into the tank at a rate of 3 gal/min, and the mixture in the tank 

flows out at the same rate. 

a. Find the amount of salt in the tank at any time. 

b. © Plot the solution for a time period long enough so that you 

see the ultimate behavior of the graph. 
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c. The long-time behavior of the solution is an oscillation about 

a certain constant level. What is this level? What is the 

amplitude of the oscillation? 

4. Suppose that a tank containing a certain liquid has an outlet near 

the bottom. Let h(t) be the height of the liquid surface above 

the outlet at time ¢. Torricelli’s? principle states that the outflow 

velocity v at the outlet is equal to the velocity of a particle falling 

freely (with no drag) from the height h. 

a. Show that v = +/2gh, where g is the acceleration due to 

gravity. 

b. By equating the rate of outflow to the rate of change of liquid 

in the tank, show that h(t) satisfies the equation 

A(h) st = —aav/2gh, (34) 

where A(h) is the area of the cross section of the tank at 

height h and a is the area of the outlet. The constant a 

is a contraction coefficient that accounts for the observed 

fact that the cross section of the (smooth) outflow stream is 

smaller than a. The value of a for water is about 0.6. 

c. Consider a water tank in the form of a right circular cylinder 

that is 4m high above the outlet. The radius of the tank is 

2 m, and the radius of the circular outlet is 0.1 m. If the tank 

is initially full of water, determine how long it takes to drain 

the tank down to the level of the outlet. 

. Suppose that a sum Sy, is invested at an annual rate of return r 

compounded continuously. 

a. Find the time T required for the original sum to double in 

value as a function of r. 

b. Determine T if r = 8%. 

c. Find the return rate that must be achieved if the initial 

investment is to double in 8 years. 

. A young person with no initial capital invests k dollars per year 

at an annual rate of return r. Assume that investments are made 

continuously and that the return is compounded continuously. 

a. Determine the sum S(t) accumulated at any time f. 

b. Ifr = 6%, determine k so that $1 million will be available for 

retirement in 40 years. 

c. If k = $2000/year, determine the return rate r that must be 

obtained to have $1 million available in 40 years. 

. A certain college graduate borrows $10000 to buy a car. The 

lender charges interest at an annual rate of 12%. Assuming 

that interest is compounded continuously and that the borrower 

makes payments continuously at a constant annual rate k, deter- 

mine the payment rate k that is required to pay off the loan in 

3 years. Also determine how much interest is paid during the 

3-year period. 

. A home buyer wishes to borrow $200,000 at an interest rate of 

6% to finance the purchase. Assume that interest is compounded 

continuously and that payments are also made continuously. 

10. 

11. 

a. Determine the monthly payment that is required to pay off 

the loan in 20 years; in 30 years. 

b. Determine the total interest paid during the term of the loan 

in each of the cases in part a. 

. An important tool in archeological research is radiocarbon dat- 

ing, developed by the American chemist Willard F. Libby.’ This 

is a means of determining the age of certain wood and plant 

remains, and hence of animal or human bones or artifacts found 

buried at the same levels. Radiocarbon dating is based on the 

fact that some wood or plant remains contain residual amounts 

of carbon-14, a radioactive isotope of carbon. This isotope is 

accumulated during the lifetime of the plant and begins to decay 

at its death. Since the half-life of carbon-14 is long (approxi- 

mately 5730 years),+ measurable amounts of carbon-14 remain 

after many thousands of years. If even a tiny fraction of the 

original amount of carbon-14 is still present, then by appropriate 

laboratory measurements the proportion of the original amount 

of carbon-14 that remains can be accurately determined. In other 

words, if Q(t) is the amount of carbon-14 at time t and Qj is 

the original amount, then the ratio Q(t)/Qy can be determined, 

as long as this quantity is not too small. Present measurement 

techniques permit the use of this method for time periods of 

50,000 years or more. 

a. Assuming that Q satisfies the differential equation Q’ = —rQ, 

determine the decay constant r for carbon-14. 

b. Find an expression for Q(f) at any time f, if Q(0) = Qo. 

c. Suppose that certain remains are discovered in which the 

current residual amount of carbon-14 is 20% of the original 

amount. Determine the age of these remains. 

@ Suppose that a certain population has a growth rate that 

varies with time and that this population satisfies the differential 

equation 

i aay i Ware y 
Ama (5 +sin() 5" 

a. If (0) = 1, find (or estimate) the time t at which the pop- 

ulation has doubled. Choose other initial conditions and 

determine whether the doubling time t depends on the initial 

population. 

b. Suppose that the growth rate is replaced by its average value 

1/10. Determine the doubling time 7 in this case. 

c. Suppose that the term sin(f) in the differential equation is 

replaced by (271); that is, the variation in the growth rate has 

a substantially higher frequency. What effect does this have 

on the doubling time t? 

d. Plot the solutions obtained in parts a, b, and c ona single set 

of axes. 

@ Suppose that a certain population satisfies the initial value 

problem 

dy/dt=r(t)y—k, y(0)=y0, 

Evangelista Torricelli (1608-1647), successor to Galileo as court mathematician in Florence, published this 
result in 1644. In addition to this work in fluid dynamics, he is also known for constructing the first mercury 
barometer and for making important contributions to geometry. 

*Willard F. Libby (1908-1980) was born in rural Colorado and received his education at the University of 
California at Berkeley. He developed the method of radiocarbon dating beginning in 1947 while he was at 
the University of Chicago. For this work he was awarded the Nobel Prize in Chemistry in 1960. 
“McGraw-Hill Encyclopedia of Science and Technology (8th ed.) (New York: McGraw-Hill, 1997), Vol. 5, 
p. 48. 
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13. 

14. 

where the growth rate r(t) is given by r(t) = (1 + sint)/5, and k 

represents the rate of predation. 

a. © Suppose that k = 1/5. Plot y versus t for several values of 

Yo between 1/2 and 1. 

b. Estimate the critical initial population y. below which the 

population will become extinct. 

c. Choose other values of k and find the corresponding y, for 

each one. 

d. Use the data you have found in parts b and ¢ to plot y, 

versus k. 

Newton’s law of cooling states that the temperature of an object 

changes at a rate proportional to the difference between its 

temperature and that of its surroundings. Suppose that the tem- 

perature of a cup of coffee obeys Newton’s law of cooling. If 

the coffee has a temperature of 200°F when freshly poured, and 

1 min later has cooled to 190°F in a room at 70°F, determine 

when the coffee reaches a temperature of 150°F. 

Heat transfer from a body to its surroundings by radiation, based 

on the Stefan-Boltzmann? law, is described by the differential 

equation 

ee a), 
dt (35) 

where u(t) is the absolute temperature of the body at time t, T is 

the absolute temperature of the surroundings, and a isa constant 

depending on the physical parameters of the body. However, if 

u is much larger than T, then solutions of equation (35) are well 

approximated by solutions of the simpler equation 

du _ 4 
Ae au". (36) 

Suppose that a body with initial temperature 3000 K is sur- 

rounded by a medium with temperature 300 K and that a = 2.0 

10K /s: 
a. Determine the temperature of the body at any time by solving 

equation (36). 

b. Plot the graph of u versus t. 

c. @ Find the time rt at which u(r) = 600—that is, twice the 
ambient temperature. Up to this time the error in using 

equation (36) to approximate the solutions of equation (35) 

is no more than 1%. 

@ Consider an insulated box (a building, perhaps) with internal 

temperature u(t). According to Newton’s law of cooling, u satis- 

fies the differential equation 
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15. 

16. 

17. 

b. @ Suppose that ¢ is measured in hours and that 

w® = 7/12, corresponding to a period of 24 h for T(t). Further, 

letT) = 60°F, T, = 15°F, and k = 0.2/h. Draw graphs of S(t) 

and T(t) versus t on the same axes. From your graph estimate 

the amplitude R of the oscillatory part of S(t). Further, 

estimate the time lag t between corresponding maxima of 

T(t) and S(t). 

c. Letk, Ty, T;, and w now be unspecified. Write the oscillatory 

part of S(t) in the form Rcos(w (t —t)). Use trigonometric 

identities to find expressions for R and t. Let T, and w 

have the values given in part b, and plot graphs of R and t 

versus k. 

A skydiver weighing 90 kg (including equipment) falls vertically 

downward from an altitude of 1500 m and opens the parachute 

after 10 s of free fall. Assume that the force of air resistance, 

which is directed opposite to the velocity, is of magnitude 11 |v| 

when the parachute is closed and is of magnitude 180 |v] when 

the parachute is open, where the velocity v is measured in m/s. 

a. Find the speed of the skydiver when the parachute opens. 

b. Find the distance fallen before the parachute opens. 

c. What is the limiting velocity v, after the parachute opens? 

d. Determine how long the skydiver is in the air after the 

parachute opens. 

e. Plot the graph of velocity versus time from the beginning of 

the fall until the skydiver reaches the ground. 

A rocket sled having an initial speed of 240 km/h is slowed by 

a channel of water. Assume that during the braking process, the 

acceleration a is given by a(v) = —v’, where v is the velocity and 

jis a constant. 

a. As in Example 2.3.4 in the text, use the relation dv/dt 

= v(dv/dx) to write the equation of motion in terms of 

vand x. 

b. If it requires a distance of 600 m to slow the sled to 24 km/h, 

determine the value of wu. 

c. Find the time rt required to slow the sled to 24 km/h. 

@ Assume that the conditions are as in Problem 16 except that 

there is a force due to air resistance of magnitude |v|/30 directed 

opposite to the velocity, where the velocity v is measured in m/s. 

a. Find the maximum height above the ground that the ball 

reaches. 

b. Find the time that the ball hits the ground. 

c. © Plot the graphs of velocity and position versus time. 

Compare this pair of graphs with the corresponding ones in 

Problem 16. 

18. €9 Assume that the conditions are as in Problem 16 except 

du that there is a force due to air resistance of magnitude v?/1325 

apa —k(u—T(t)), (37) directed opposite to the velocity, where the velocity v is measured 

where T(t) is the ambient (external) temperature. Suppose that 

T(t) varies sinusoidally; for example, assume that T(t) = Tp + 

T, cos (wt). 

a. Solve equation (37) and express u(t) in terms of t, k, To, Ti, 

and w. Observe that part of your solution approaches zero as t 

becomes large; this is called the transient part. The remainder 

of the solution is called the steady state; denote it by S(¢). 

in m/s. 
a. Find the maximum height above the ground that the ball 

reaches. 

b. Find the time that the ball hits the ground. 

c. © Plot the graphs of velocity and position versus time. 

Compare this pair of graphs with the corresponding ones in 

Problems 16 and 17. 

SJozef Stefan (1835-1893), professor of physics at Vienna, stated the radiation law on empirical grounds in 

1879. His student Ludwig Boltzmann (1844-1906) derived it theoretically from the principles of thermody- 

namics in 1884. Boltzmann is best known for his pioneering work in statistical mechanics. 
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19. A body of constant mass m is projected vertically upward with an 

initial velocity vy in a medium offering a resistance klv|, where k 

is a constant. Neglect changes in the gravitational force. 

20. 

21. 

a. 

b. 

Cc. 

Find the maximum height x,, attained by the body and the 

time ¢,, at which this maximum height is reached. 

Show that if kvy/mg <1, then t,, and x,, can be expressed as 

Vo 1 kv Lash 
(ey | I ee) ono | 

g 2mg 3\mg 

2 
a Bo Dace aed ed park 

22 3mg . 2\mg 

Show that the quantity kv)/mg is dimensionless. 

A body of mass m is projected vertically upward with an initial 

velocity vy in a medium offering a resistance klvl, where k is a 

constant. Assume that the gravitational attraction of the earth is 

constant. 

a. 

b. 

Find the velocity v(t) of the body at any time. 

Use the result of part a to calculate the limit of v(t) as k > 

0—that is, as the resistance approaches zero. Does this result 

agree with the velocity of a mass m projected upward with an 

initial velocity vg in a vacuum? 

. Use the result of part a to calculate the limit of v(t) as 

m — 0—that is, as the mass approaches zero. 

A body falling in a relatively dense fluid, oil for example, is 

acted on by three forces (see Figure 2.3.5): a resistive force R, 

a buoyant force B, and its weight w due to gravity. The buoyant 

force is equal to the weight of the fluid displaced by the object. 

For a slowly moving spherical body of radius a, the resistive force 

is given by Stokes’s law, R = 67ta |v|, where v is the velocity of 

the body, and yu is the coefficient of viscosity of the surrounding 

fluid.® 

A body falling in a dense fluid (See 

Problem 21.). 

22. 

23. 

Find the limiting velocity of a solid sphere of radius a and 

density p falling freely in a medium of density p’ and coeffi- 

cient of viscosity ju. 

In 1910, R. A. Millikan’ studied the motion of tiny droplets 

of oil falling in an electric field. A field of strength E exerts a 

force Ee on a droplet with charge e. Assume that E has been 

adjusted so the droplet is held stationary (v = 0) and that w 

and B are as given above. Find an expression for e. Millikan 

repeated this experiment many times, and from the data that 

he gathered he was able to deduce the charge on an electron. 

Let v(t) and w(t) be the horizontal and vertical components, 

respectively, of the velocity of a batted (or thrown) baseball. In 

the absence of air resistance, v and w satisfy the equations 

CL eae 
a eee pe 

. Show that 

v=ucos(A), w=-—gt+usin(A), 

where u is the initial speed of the ball and A is its initial angle 

of elevation. 

. Let x(t) and y(t) be the horizontal and vertical coordinates, 

respectively, of the ball at time t. If x(0) = 0 and y(0) = h, find 

x(t) and y(t) at any time t. 

. BLet g= 32 ft/s’, u = 125 ft/s, and h = 3 ft. Plot the trajectory 
of the ball for several values of the angle A; that is, plot x(t) 

and y(t) parametrically. 

. Suppose the outfield wall is at a distance L and has height H. 

Find a relation between u and A that must be satisfied if the 

ball is to clear the wall. 

. Suppose that L = 350 ft and H = 10 ft. Using the relation in 

part d, find (or estimate from a plot) the range of values of A 

that correspond to an initial velocity of u = 110 ft/s. 

. For L = 350 and H = 10, find the minimum initial velocity u 

and the corresponding optimal angle A for which the ball will 

clear the wall. 

A mass of 0.25 kg is dropped from rest in a medium offering a 

resistance of 0.2 lvl, where v is measured in m/s. 

a. 

b. 

If the mass is dropped from a height of 25 m, find its velocity 

when it hits the ground. 

If the mass is to attain a velocity of no more than 10 m/s, find 

the maximum height from which it can be dropped. 

. Suppose that the resistive force is klvl, where v is measured in 

m/s and k is a constant. If the mass is dropped from a height 

of 25 m and must hit the ground with a velocity of no more 

°Sir George Gabriel Stokes (1819-1903) was born in Ireland but spent most of his life at Cambridge 
University, first as a student and later as a professor. Stokes was one of the foremost applied mathematicians 
of the nineteenth century, best known for his work in fluid dynamics and the wave theory of light. The 
basic equations of fluid mechanics (the Navier-Stokes equations) are named partly in his honor, and one of 
the fundamental theorems of vector calculus bears his name. He was also one of the pioneers in the use of 
divergent (asymptotic) series. 

7Robert A. Millikan (1868-1953) was educated at Oberlin College and Columbia University. Later he was 
a professor at the University of Chicago and California Institute of Technology. His determination of the 
charge on an electron was published in 1910. For this work, and for other studies of the photoelectric effect, 
he was awarded the Nobel Prize for Physics in 1923. 
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than 10 m/s, determine the coefficient of resistance k that is a. Find an expression for the velocity v in terms of the distance 
required. x from the surface of the earth. 

24. Suppose that a rocket is launched straight up from the surface of b. Find the time required for the rocket to go 384,440 km (the 
the earth with initial velocity vy = /2gR, where R is the radius approximate distance from the earth to the moon). Assume 
of the earth. Neglect air resistance. that R = 6400 km. 

DIFFERENCES BETWEEN LINEAR AND NONLINEAR 
ane DIFFERENTIAL EQUATIONS 

Up to now, we have been primarily concerned with showing that first-order differential 

equations can be used to investigate many different kinds of problems in the natural 

sciences, and with presenting methods of solving such equations if they are either linear 

or separable. Now it is time to turn our attention to some more general questions about dif- 

ferential equations and to explore in more detail some important ways in which nonlinear 

equations differ from linear ones. 

> Existence and Uniqueness of Solutions. So far, we have discussed a number of initial 

value problems, each of which had a solution and apparently only one solution. That raises 

the question of whether this is true of all initial value problems for first-order equations. 

In other words, does every initial value problem have exactly one solution? This may be an 

important question even for nonmathematicians. If you encounter an initial value problem 

in the course of investigating some physical problem, you might want to know that it has a 

solution before spending very much time and effort in trying to find it. Further, if you are 

successful in finding one solution, you might be interested in knowing whether you should 

continue a search for other possible solutions or whether you can be sure that there are 

no other solutions. For linear equations, the answers to these questions are given by the 

following fundamental theorem. 

Existence and Uniqueness Theorem for 

First-Order Linear Equations 
Theorem 2.4.1 

If the functions p and g are continuous on an open interval I: « < t < 6 containing the point 

t = to, then there exists a unique function y = $(t) that satisfies the differential equation 

y' +p(t)y =g(e) (1) 

for each t in I, and that also satisfies the initial condition 

y (to) = Yo, (2) 

where yp is an arbitrary prescribed initial value. 

Observe that Theorem 2.4.1 states that the given initial value problem has a solution and 

also that the problem has only one solution. In other words, the theorem asserts both the 

existence and the uniqueness of the solution of the initial value problem (1). In addition, 

it states that the solution exists throughout any interval J containing the initial point fo in 

which the coefficients p and g are continuous. That is, the solution can be discontinuous or 

fail to exist only at points where at least one of p and g is discontinuous. Such points can 

often be identified at a glance. 

The proof of this theorem is partly contained in the discussion in Section 2.1 leading to 

the formula (equation (32) in Section 2.1) 

ny =[u@s@dere (3) 
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where [equation (30) in Section 2.1] 

AQIS ({p (t) at) ' (4) 

The derivation in Section 2.1 shows that if equation (1) has a solution, then it must be given 

by equation (3). By looking slightly more closely at that derivation, we can also conclude 

that the differential equation (1) must indeed have a solution. Since p is continuous for 

a <t< 8, it follows that on the interval a < t < f, wis defined, is a differentiable function, 

and is nonzero. Upon multiplying equation (1) by x(t), we obtain 

(u(y) = E(t) g(t). (5) 

Since both « and g are continuous, the function yg is integrable, and equation (3) follows 

from equation (5). Further, the integral of ug is differentiable, so y as given by equation (3) 

exists and is differentiable throughout the interval a < t < 6. By substituting the expression 

for y from equation (3) into either equation (1) or equation (5), you can verify that this 

expression satisfies the differential equation throughout the interval a < t < £. Finally, the 

initial condition (2) determines the constant c uniquely, so there is only one solution of the 

initial value problem; this completes the proof. 

Equation (4) determines the integrating factor j/(t) only up to a multiplicative factor that 

depends on the lower limit of integration. If we choose this lower limit to be fg, then 

t 

Ot exp | OLE (6) 
to 

and it follows that (to) = 1. Using the integrating factor given by equation (6), and choosing 

the lower limit of integration in equation (3) also to be to, we obtain the general solution of 

equation (1) in the form 

1 f ; 

te sia (J, w@atarse. (7) 

To satisfy the initial condition (2), we must choose c = yo. Thus the solution of the initial 

value problem (1) is 

t 

= win (J, #@acoas+)) (8) 

where y(t) is given by equation (6). ' 
Turning now to nonlinear differential equations, we must replace Theorem 2.4.1 by.a . 

more general theorem, such as the one that follows. 

Existence and Uniqueness Theorem for 

First-Order Nonlinear Equations 
Theorem 2.4.1 | 

Let the functions f and df/dy be continuous in some rectangle a < t < B,y <y <6 containing 
the point (fo, yo). Then, in some interval t) —h <t < t) +h contained ina <t< B, there isa 
unique solution y = ¢(t) of the initial value problem 

W=f@&Y) Y(to) =Yo- (9) 



2.4 Differences Between Linear and Nonlinear Differential Equations 61, 

Observe that the hypotheses in Theorem 2.4.2 reduce to those in Theorem 2.4.1 if the 
differential equation is linear. In this case . 

f(t.y)=—p(thy+g(t) and 
fe) ’ 

ee =-p(t), 

so the continuity of f and i. is equivalent to the continuity of p and g. 

The proof of Theorem 2.4.1 was comparatively simple because it could be based on 
the expression (3) that gives the solution of an arbitrary linear equation. There is no 
corresponding expression for the solution of the differential equation (9), so the proof of 
Theorem 2.4.2 is much more difficult. It is discussed to some extent in Section 2.8 and in 

greater depth in more advanced books on differential equations. 

We note that the conditions stated in Theorem 2.4.2 are sufficient to guarantee the 

existence of a unique solution of the initial value problem (6) in some interval (tp —h <t < to 

+ h), but they are not necessary. That is, the conclusion remains true under slightly weaker 

hypotheses about the function f. In fact, the existence of a solution (but not its uniqueness) 

can be established on the basis of the continuity of f alone. 

An important geometrical consequence of the uniqueness parts of Theorems 2.4.1 and 

2.4.2 is that the graphs of two solutions cannot intersect each other. Otherwise, there would 

be two solutions that satisfy the initial condition corresponding to the point of intersection, 

in contradiction to Theorems 2.4.1 or 2.4.2. 

We now consider some examples. 

Example 2.4.1 

Use Theorem 2.4.1 to find an interval in which the initial value problem 

ty’ + 5y = 7t?, (10) 

yQ)=2 (11) 

has a unique solution. Then do the same when the initial condition is changed to y (—1) = 2. 

Solution: 

Rewriting equation (10) in the standard form (1), we have 

y' + (5/t)y = 7t, 

so p(t) = 5/t and g(t) = 7t. Thus, for this equation, g is continuous for all t, while p is continuous only 

for t < 0 or for t > 0. The interval t > 0 contains the initial point; consequently, Theorem 2.4.1 guar- 

~ antees that the problem (7), (8) has a unique solution on the interval 0 < t < oo. In Example 2.1.4 

we found the solution of this initial value problem to be 

u 
= £2 y=P+a, t>0 (12) 

~ Now suppose that the initial condition (11) is changed to ((—1) = 2. Then Theorem 2.4.1 asserts 

the existence of a unique solution for t < 0. As you can readily verify, the solution is again given by 

equation (12), but now on the interval t < 0. 
pV eS 8B OSI Sea aN ase ns TAG Ue et as BUS AIEEE oe ONO ne ee CORP SLE ar oe a eccnAE E ON 
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EXAMPLE 2.4.2 

Apply Theorem 2.4.2 to the initial value problem 

dy _ 3x? +4x4+2 ea ed Le 13 me . DODe y(0) =—1. (13) 

Repeat this analysis when the initial condition is changed to y(0) = 1. 

Solution: 

Note that Theorem 2.4.1 is not applicable to this problem since the differential equation is 

nonlinear. To apply Theorem 2.4.2, observe that 

3x° +4x+2 

if 3x* +4x +2 
—( sy) 

oy 2(y - 1)" 

Thus each of these functions is continuous everywhere except on the line y = 1. Consequently, 

a rectangle can be drawn about the initial point (0, —1) in which both f and df/dy are continuous. 

Therefore, Theorem 2.4.2 guarantees that the initial value problem has a unique solution in some 

interval about x = 0. However, even though the rectangle can be stretched infinitely far in both the 

positive and the negative x directions, this does not necessarily mean that the solution exists for all 

x. Indeed, the initial value problem (9) was solved in Example 2.2.2 of Section 2.2, and the solution 

exists only for x > —2. 

Now suppose we change the initial condition to y(0) = 1. The initial point now lies on the line 

y=1,sono rectangle can be drawn about it within which f and df/dy are continuous. Consequently, 

Theorem says nothing about possible solutions of this modified problem. However, if we separate 

the variables and integrate, as in Section 2.2, we find that 

y? —2y = x2 + 2x2 + 2x +0. 

Further, ifx = 0 and y = 1, then c = -1. Finally, by solving for y, we obtain 

y= 1+ Vx3 + 2x2 + 2x. (14) 

Equation (14) provides two functions that satisfy the given differential equation for x > 0 and 

also satisfy the initial condition y(0) = 1. The fact that there are two solutions to this initial value 

problem reinforces the conclusion that Theorem 2.4.2 does not apply to this initial value problem. 

EXAMPLE 2.4.3 

Consider the initial value problem 

y=y'?, y@)=0 (15) 

for t 2 0. Apply Theorem 2.4.2 to this initial value problem and then solve the problem. 

Solution: 

The function f(t, y) = y’/> is continuous everywhere, but df/ay = y-2/3/3 does not exist when 
y = 0 and hence it is not continuous there. Thus Theorem 2.4.2 does not apply to this problem, 
and no conclusion can be drawn from it. However, by the remark following Theorem 2.4.2, the 
continuity of f does ensure the existence of solutions, though not their uniqueness. 
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To understand the situation more clearly, we must actually solve the problem, which is easy to 
do since the differential equation is separable. Thus we have 

y "dy = dt, 

so 

and 

The initial condition is satisfied if c = 0, so 

3/2 

y=o@=($t) , r20 (16) 
satisfies both of equations. (15). On the other hand, the function 

2 \3/ 
y==-($t) , t20 (a7) 

is also a solution of the initial value problem. Moreover, the function 

y=%(@=0, t20 (18) 

is yet another solution. Indeed, for an arbitrary positive tp, the functions 

0, OLS <to, 

y=xO= ) 3/2 (19) 
+(5(¢-1)) , iff >t 

are continuous, are differentiable (in particular at t = f)), and are solutions of the initial value 

problem (11). Hence this problem has an infinite family of solutions; see Figure 2.4.1, where a 

few of these solutions are shown. 

Several solutions of the initial value problem y’ = y"?, 

y(0) = 0. 

As already noted, the nonuniqueness of the solutions of the problem (11) does not contradict 

the existence and uniqueness theorem, since Theorem 2.4.2 is not applicable if the initial point lies 

on the t-axis. If (to, yy) is any point not on the t-axis, however, then the theorem guarantees that 

there is a unique solution of the differential equation y’ = y'3 passing through (to, yo). 
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> Interval of Existence. According to Theorem 2.4.1, the solution of a linear equation (1) 

y +p(t)y =g(t), 

subject to the initial condition y(t)) = yo, exists throughout any interval about t = fp in which 

the functions p and g are continuous. Thus vertical asymptotes or other discontinuities in 

the solution can occur only at points of discontinuity of p or g. For instance, the solutions 

in Example 2.4.1 (with one exception) are asymptotic to the y-axis, corresponding to the 

discontinuity at t = 0 in the coefficient p(t) = 5/t, but none of the solutions has any other 

point where it fails to exist and to be differentiable. The one exceptional solution shows 

that solutions may sometimes remain continuous even at points of discontinuity of the 

coefficients. 

On the other hand, for a nonlinear initial value problem satisfying the hypotheses of 

Theorem 2.4.2, the interval in which a solution exists may be difficult to determine. The 

solution y = $(t) is certain to exist as long as the point (t, (¢)) remains within a region in 

which the hypotheses of Theorem are satisfied. This is what determines the value of h in 

that theorem. However, since ¢(t) is usually not known, it may be impossible to locate the 

point (t, f(t)) with respect to this region. In any case, the interval in which a solution exists 

may have no simple relationship to the function f in the differential equation y’ = f(t, y). 

This is illustrated by the following example. 

EXAMPLE 2.4.4 

Solve the initial value problem 

y=y, yQ)=-1 (20) 

and determine the interval in which the solution exists. 

Solution: 

Theorem 2.4.2 guarantees that this problem has a unique solution since f (t, y) = y* and df/dy = 

2y are continuous everywhere. To find the solution, we separate the variables and integrate with 

the result that 

y~*dy = dt (21) 

and 

-ylt=tt+c 

Then, solving for y, we have 

Eel 

qc Pane ae: 

To satisfy the initial condition, we must choose c = 0, so 

oy : 
Book are (23) t 

is the solution of the given initial value problem. Clearly, the solution becomes unbounded as 
t->0; therefore, the solution exists only in the interval 0 < t < oo. There is no indication from the 
differential equation itself, however, that the point t = 0 is in any way remarkable. 

This example illustrates another feature of initial value problems for nonlinear equations: the 
singularities of the solution may depend in an essential way on the initial conditions as well as on 
the differential equation. 

y a_i antennas esa 

> General Solution. Another way in which linear and nonlinear equations differ concerns 
the concept of a general solution. For a first-order linear differential equation it is possible 
to obtain a solution containing one arbitrary constant, from which all possible solutions 
follow by specifying values for this constant. For nonlinear equations this may not be the 
case; even though a solution containing an arbitrary constant may be found, there may be 
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other solutions that cannot be obtained by giving values to this constant. For instance, for 
the differential equation y’ = y* in Example 2.4.4, the expression in equation (22) contains 
an arbitrary constant but does not include all solutions of the differential equation. To show 
this, observe that the function y = 0 for all t is certainly a solution of the differential equation, 
but it cannot be obtained from equation (22) by assigning a value to c. In this example we 
might anticipate that something of this sort might happen, because to rewrite the original 
differential equation in the form (21), we must require that y is not zero. However, the 
existence of “additional” solutions is not uncommon for nonlinear equations; a less obvious 
example is given in Problem 18. Thus we will use the term “general solution” only when 
discussing linear equations. 

> Implicit Solutions. Recall again that for an initial value problem for a first-order linear 

differential equation, equation (8) provides an explicit formula for the solution y = ¢(t). As 

long as the necessary antiderivatives can be found, the value of the solution at any point 

can be determined merely by substituting the appropriate value of t into the equation. The 

situation for nonlinear equations is much less satisfactory. Usually, the best that we can 

hope for is to find an equation 

F(t,y)=0 (26) 

involving t and y that is satisfied by the solution y = ¢(t). Even this can be done only 

for differential equations of certain particular types, of which separable equations are the 

most important. The equation (26) is called an integral, or first integral, of the differential 

equation, and (as we have already noted) its graph is an integral curve, or perhaps a family 

of integral curves. Equation (26), assuming it can be found, defines the solution implicitly; 

that is, for each value of t we must solve equation (26) to find the corresponding value 

of y. If equation (26) is simple enough, it may be possible to solve it for y by analytical 

means and thereby obtain an explicit formula for the solution. However, more frequently 

this will not be possible, and you will have to resort to a numerical calculation to determine 

(approximately) the value of y for a given value of t. Once several pairs of values of t and y 

have been calculated, it is often helpful to plot them and then to sketch the integral curve 

that passes through them. You should take advantage of the wide range of computational 

and graphical utilities available to carry out these calculations and to create the graph of 

one or more integral curves. 

Example 2.4.2, 2.4.3, and 2.4.4 involve nonlinear problems in which it is easy to solve for 

an explicit formula for the solution y = ¢(t). On the other hand, Example 2.2.1 and 2.2.3 in 

Section 2.2 are cases in which it is better to leave the solution in implicit form and to use 

numerical means to evaluate it for particular values of the independent variable. The latter 

situation is more typical; unless the implicit relation is quadratic in y or has some other 

particularly simple form, it is-unlikely that it can be solved exactly by analytical methods. 

Indeed, more often than not, it is impossible even to find an implicit expression for the 

solution of a first-order nonlinear equation. 

> Graphical or Numerical Construction of Integral Curves. Because of the difficulty in 

obtaining exact analytical solutions of nonlinear differential equations, methods that yield 

approximate solutions or other qualitative information about solutions are of correspond- 

ingly greater importance. We have already described, in Section 1.1, how the direction 

field of a differential equation can be constructed. The direction field can often show 

the qualitative form of solutions and can also be helpful in identifying regions of the 

ty-plane where solutions exhibit interesting features that merit more detailed analytical 

or numerical investigation. Graphical methods for first-order differential equations are 

discussed further in Section 2.5. An introduction to numerical methods for first-order 

equations is given in Section 2.7, and a systematic discussion of numerical methods appears 

in Chapter 8. However, it is not necessary to study the numerical algorithms themselves in 

order to use effectively one of the many software packages that generate and plot numerical 

approximations to solutions of initial value problems. 
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> Summary. The linear equation y’ + p(t)y = g(t) has several nice properties that can be 

summarized in the following statements: 

Assuming that the coefficients are continuous, there is a general solution, containing 

an arbitrary constant, that includes all solutions of the differential equation. A partic- 

ular solution that satisfies a given initial condition can be picked out by choosing the 

proper value for the arbitrary constant. 

There is an expression for the solution, namely, equation (7) or equation (8). Moreover, 

although it involves two integrations, the expression is an explicit one for the solution 

y = ¢(t) rather than an equation that defines ¢ implicitly. 

The possible points of discontinuity, or singularities, of the solution can be identified 

(without solving the problem) merely by finding the points of discontinuity of the 

coefficients. Thus, if the coefficients are continuous for all t, then the solution also 

exists and is differentiable for all t. 

None of these statements are true, in general, of nonlinear equations. Although a nonlinear 

equation may well have a solution involving an arbitrary constant, there may also be 

other solutions. There is no general formula for solutions of nonlinear equations. If you 

are able to integrate a nonlinear equation, you are likely to obtain an equation defining 

solutions implicitly rather than explicitly. Finally, the singularities of solutions of nonlinear 

equations can usually be found only by solving the equation and examining the solution. 

It is likely that the singularities will depend on the initial condition as well as on the 

differential equation. 

Problems 

In each of Problems 1 through 4, determine (without solving the 

problem) an interval in which the solution of the given initial value 

problem is certain to exist. 

1. (-5)y'+(nb)y=2t, y()=2 

2. y +(tant)y=sint, y(2z)=0 

3. (16 — t*) y'+ 2ty = 3t*, y(1)=-—5 

4. (In(t))y’+2y=cot(t), y(2)=3 

In each of Problems 5 through 8, state where in the ty-plane the 

hypotheses of Theorem are satisfied. 

dy _ (cott)y? 5. NN Ain fo 21/2 (je Ser 

y= My dt 1+y 

4+? Ty = +7)? 8. y= y=(tt+y’) Yor eae 

In each of Problems 9 through 12, solve the given initial value 

problem and determine how the interval in which the solution exists 

depends on the initial value yo. 

9. y=—2t/ly, y(O)=Yy 

10. y'=4ty’, y(0)=yo 
2 t 

1. y = ——— = 

8 

12, y’ = ——— = 

In each of Problems 13 through 16, draw a direction field and plot (or 

sketch) several solutions of the given differential equation. Describe 

how solutions appear to behave as t increases and how their behavior 

depends on the initial value yy when f = 0. 

i 

14. @y’=y4-py) 
16.@y' =t-2-y 

13. @y’=H(4-y) 
15. @y’=t-1-y 

17. Consider the initial value problem y’ = y”3, (0) = 0 from 

Example 2.4.3 in the text. 

a. Is there a solution that passes through the point (1, 1)? If so, 

find it. 

b. Is there a solution that passes through the point (2, 1)? If so, 

find it. 

c. Consider all possible solutions of the given initial value prob- 

lem. Determine the set of values that these solutions have at 

SX, 

18. a. Verify that both y,(f) = 1 — t and y,(t) = —#*/4 are solutions 

of the initial value problem 

pe eee Ve 
y= yen. 

Where are these solutions valid? 

b. Explain why the existence of two solutions of the given 
problem does not contradict the uniqueness part of Theorem 
2.4.2. 

c. Show that y = ct + c’, where c is an arbitrary constant, 
satisfies the differential equation in part a for t > — 2c. 
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Ifc = —1, the initial condition is also satisfied, and the solution 

y = y(t) is obtained. Show that there is no choice of c that 

gives the second solution y = y,(t). 

19. a. Show that $(t) = e* is a solution of y’ — 3y = 0 and that 

y = c$(t) is also a solution of this equation for any value of 

the constant c. 

b. Show that ¢(t) = 1/t is a solution of y’ + y? = 0 for t > 0 but 
that y = c¢(t) is not a solution of this equation unless c = 0 

or c = 1. Note that the equation of part b is nonlinear, while 

that of part a is linear. 

20. Show that ify = ¢(¢) is a solution of y’ + p(t)y = 0, then y = c(t) 

is also a solution for any value of the constant c. 

21. Lety=y,(d) bea solution of 

y+ p(t)y =0, (27) 

and let y = y,(t) be a solution of 

y+p(t)y=g(t). (28) 

Show that y = y,(t) + y(t) is also a solution of equation (28). 

22. a. Show that the solution (7) of the general linear equation (1) 

can be written in the form 

y =cy (t) + y2 (0), (29) 

where c is an arbitrary constant. 

b. Show that y, is a solution of the differential equation 

y'+p(t)y=0, (30) 

corresponding to g(t) = 0. 

c. Show that y, is a solution of the full linear equation (1). We 

see later (for example, in Section 3.5) that solutions of higher- 

order linear equations have a pattern similar to equation (29). 

Bernoulli Equations. Sometimes it is possible to solve a nonlinear 

equation by making a change of the dependent variable that converts 

it into a linear equation. The most important such equation has the 

form 

y+p)y=qoy", 

2-5 | POPULATION DYNAMICS 

and is called a Bernoulli equation after Jakob Bernoulli. Problems 23 

and 25 deal with equations of this type. 

23. a. Solve Bernoulli’s equation when n = 0; when n = 1. 

b. Show that if n ¥ 0, 1, then the substitution v = y'~” reduces 

Bernoulli’s equation to a linear equation. This method of 

solution was formulated by Leibniz in 1696. 

In each of Problems 24 through 25, the given equation is a Bernoulli 

equation. In each case solve it by using the substitution mentioned 

in Problem 23b. 

24. t?y’+ 2ty—y>=0,t>0 

25. dy/dt = (I cos t + T)y — y?, where [ and T are constants. This 

equation also occurs in the study of the stability of fluid flow. 

Discontinuous Coefficients. Linear differential equations some- 

times occur in which one or both of the functions p and g have 

jump discontinuities. If tp is such a point of discontinuity, then it 

is necessary to solve the equation separately for t < tf) and t > fp. 

Afterward, the two solutions are matched so that y is continuous at fy; 

this is accomplished by a proper choice of the arbitrary constants. The 

following two problems illustrate this situation. Note in each case 

that it is impossible also to make y’ continuous at fp. 

26. Solve the initial value problem 

y+2y=g(t), y(0)=0, 

where 

i Osiess ib 

gt) -| 0, fea) 

27. Solve the initial value problem 

y+pt)y=0, yO=1, 

where 

4, O0<t<l, 

p@)= Ri t>1: 

AUTONOMOUS DIFFERENTIAL EQUATIONS AND 

An important class of first-order equations consists of those in which the independent 

variable does not appear explicitly. Such equations are called autonomous and have the 

form 

dy/dt = f (y). (1) 

We will discuss these equations in the context of the growth or decline of the population 

of a given species, an important issue in fields ranging from medicine to ecology to global 

economics. A number of other applications are mentioned in some of the problems. Recall 
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that in Sections 1.1 and 1.2 we considered the special case of equation (1) in which 

fY) = ay + b. 
Equation (1) is separable, so the discussion in Section 2.2 is applicable to it, but the main 

purpose of this section is to show how geometric methods can be used to obtain important 

qualitative information directly from the differential equation without solving the equation. 

Of fundamental importance in this effort are the concepts of stability and instability of 

solutions of differential equations. These ideas were introduced informally in Chapter 1, 

but without using this terminology. They are discussed further here and will be examined 

in greater depth and in a more general setting in Chapter 9. 

> Exponential Growth. Let y = ¢(£) be the population of the given species at time t. The 

simplest hypothesis concerning the variation of population is that the rate of change of y is 

proportional® to the current value of y; that is, 

dy 
— 2 

dt ee 2) 

where the constant of proportionality r is called the rate of growth or decline, depending 

on whether r is positive or negative. Here, we assume that the population is growing, so 

‘ nee equation (2) subject to the initial condition? 

y(0) = Yo, (3) 

we obtain 

y = yoe”. (4) 

Thus the mathematical model consisting of the initial value problem (1), (2), with 

r > 0 predicts that the population will grow exponentially for all time, as shown in 

Figure 2.5.1 for several values of yy. Under ideal conditions, equation (4) has been observed 

to be reasonably accurate for many populations, at least for limited periods of time. 

However, it is clear that such ideal conditions cannot continue indefinitely; eventually, 

limitations on space, food supply, or other resources will reduce the growth rate and bring 
an end to uninhibited exponential growth. 

—_—s| 

Wr 2/r 3/r A/r t 

Exponential growth: y versus t 
for dy/dt = ry(r > 0). 

Se ee 

’It was apparently the British economist Thomas Malthus (1766-1834) who first observed that many 
biological populations increase at a rate proportional to the population. His first paper on populations 
appeared in 1798. 

*TIn this section, because the unknown function is a population, we assume yy > 0. 



2.5 Autonomous Differential Equations and Population Dynamics | 69 | 

> LogisticGrowth. To take account of the fact that the growth rate actually depends on the 
population, we replace the constant r in equation (2) by a function h(y) and thereby obtain 
the modified equation 

d = = hODy. (5) 

We now want to choose h(y) so that h(y) + r > 0 when y is small, h(y) decreases as y 
grows larger, and h(y) < 0 when y is sufficiently large. The simplest function that has these 
properties is h(y) = r — ay, where ais also a positive constant. Using this function in equation 
(5), we obtain 

d a = ayy. ©) 

Equation (6) is known as the Verhulst!? equation or the logistic equation. It is often 

convenient to write the logistic equation in the equivalent form 

® =r(1-2)y, (7) 
where K = r/a. In this form, the constant r is called the intrinsic growth rate—that is, 

the growth rate in the absence of any limiting factors. The interpretation of K will become 

clear shortly. 

We will investigate the solutions of equation (7) in some detail later in this section. Before 

doing that, however, we will show how you can easily draw a qualitatively correct sketch of 

the solutions. The same methods also apply to the more general equation (1). 

We first seek solutions of equation (7) of the simplest possible type—that is, constant 

functions. For such a solution dy/dt = 0 for all t, so any constant solution of equation (7) 

must satisfy the algebraic equation 

r(i-2)y=0. 

Thus the constant solutions are y = ¢,(t) = 0 and y = ¢,(t) = K. These solutions are called 

equilibrium solutions of equation (7) because they correspond to no change or variation 

in the value of y as t increases. In the same way, any equilibrium solutions of the more 

general equation (1) can be found by locating the roots of f(y) = 0. The zeros of f(y) are also 

called critical points. 

To visualize other solutions of equation (7) and to sketch their graphs quickly, we start by 

drawing the graph of f(y) versus y. In the case of equation (7), f(y) = r(1 — y/K)y, so the graph 

is the parabola shown in Figure 2.5.2. The intercepts are (0, 0) and (K, 0), corresponding to 

the critical points of equation (7), and the vertex of the parabola is (K/2, rK/4). Observe that 

dy/dt > 0 for 0 < y < K. Therefore, y is an increasing function of t when y is in this interval; 

this is indicated by the rightward-pointing arrows near the y-axis in Figure 2.5.2. Similarly, 

if y > K, then dy/dt <0; hence y is decreasing, as indicated by the leftward-pointing arrow 

in Figure 2.5.2. 

In this context the y-axis is often called the phase line, and it is reproduced in its more 

customary vertical orientation in Figure 2.5.3a. The dots at y = 0 and y = K are the critical 

points, or equilibrium solutions. The arrows again indicate that y is increasing whenever 

0 <y<K and that y is decreasing whenever y > K. 

10Pierre F. Verhulst (1804-1849) was a Belgian mathematician who introduced equation (6) as a model for 

human population growth in 1838. He referred to it as logistic growth, so equation (6) is often called the 

logistic equation. He was unable to test the accuracy of his model because of inadequate census data, and 

it did not receive much attention until many years later. Reasonable agreement with experimental data was 

demonstrated by R. Pearl (1930) for Drosophila melanogaster (fruit fly) populations and by G. F. Gause (1935) 

for Paramecium and Tribolium (flour beetle) populations. 
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Further, from Figure 2.5.2, note that ify is near zero or K, then the slope f\ (y) is near zero, 

so the solution curves are relatively flat. They become steeper as the value of y leaves the 

neighborhood of zero or K. 

(K/2, rk/4) 

f() versus y for dy/dt = r(1 — y/K)y. 

To sketch the graphs of solutions of equation (7) in the ty-plane, we start with the 

equilibrium solutions y = ¢,(t) = 0 and y = ¢,(t) = K; then we draw other curves that are 

increasing when 0 < y < K, decreasing when y > K, and flatten out as y approaches either of 

the values 0 or K. Thus the graphs of solutions of equation (7) must have the general shape 

shown in Figure 2.5.3b, regardless of the values of r and K. 

Figure 2.5.3b may seem to show that other solutions intersect the equilibrium solution 

y=K, butis this really possible? No, the uniqueness part of Theorem 2.4.2, the fundamental 

existence and uniqueness theorem, states that only one solution can pass through a given 

point in the ty-plane. Thus, although other solutions may be asymptotic to the equilibrium 

solution as t > oo, they cannot intersect it at any finite time. Consequently, a solution that 

starts in the interval 0 < y < K remains in this interval for all time, and similarly for a 

solution that starts in K < y < ©. 

(a) (b) 

GETEEZEY Logistic growth: dy/dt = r(1 — y/K)y. (a) The phase line. (b) Plots of y versus t. 
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To carry the investigation one step further, we can determine the concavity of the 
solution curves and the location of inflection points by finding d’y/dt?. From the differential 
equation (1), we obtain (using the chain rule) 

d*y 
dt’ 

ddy d d = oF = SOR=F OZ =F OO). (8) 

The graph of y versus t is concave up when y” > 0—that is, when f and f’ have the same 

sign. Similarly, it is concave down when y” < 0, which occurs when f and f’ have opposite 

signs. The signs of f and f’ can be easily identified from the graph of f(y) versus y. Inflection 

points may occur when f (y) = 0. 
In the case of equation (7), solutions are concave up for 0 < y < K/2 where f is positive and 

increasing (see Figure 2.5.2), so that both f and f’ are positive. Solutions are also concave 

up for y > K where f is negative and decreasing (both f and f’ are negative). For K/2 < y 

< K, solutions are concave down since here f is positive and decreasing, so f is positive but 

f is negative. There is an inflection point whenever the graph of y versus t crosses the line 

y = K/2. The graphs in Figure 2.5.3b exhibit these properties. 

Finally, observe that K is the upper bound that is approached, but not exceeded, by 

growing populations starting below this value. Thus it is natural to refer to K as the 

saturation level, or the environmental carrying capacity, for the given species. 

A comparison of Figures 2.5.1 and 2.5.3b reveals that solutions of the nonlinear equation 

(7) are strikingly different from those of the linear equation (1), at least for large values of t. 

Regardless of the value of K—that is, no matter how small the nonlinear term in equation 

(7)—solutions of that equation approach a finite value as t > oo, whereas solutions of 

equation (1) grow (exponentially) without bound as t > oo. Thus even a tiny nonlinear 

term in the differential equation (7) has a decisive effect on the solution for large t. 

In many situations it is sufficient to have the qualitative information about a solution 

y = $(t) of equation (7) that is shown in Figure 2.5.3b. This information was obtained 

entirely from the graph of f(y) versus y and without solving the differential equation (7). 

However, if we wish to have a more detailed description of logistic growth—for example, if 

we wish to know the value of the population at some particular time—then we must solve 

equation (7) subject to the initial condition (3). Provided that y # 0 and y # K, we can write 

equation (7) in the form 

dy 
G—yiKy ~ 7 

Using a partial fraction expansion on the left-hand side, we have 

1 1/K " 
6 a6 eniraks = Oh 

Then, by integrating both sides, we obtain 

Bah ea In|y|—Inlr- Z| =rt +e, (9) 

where c is an arbitrary constant of integration to be determined from the initial condition 

y(0) = yo. We have already noted that if 0 < yo < K, then y remains in this interval for all 

time. Thus in this case we can remove the absolute value bars in equation (9), and by taking 

the exponential of both sides, we find that 

a ere, 
1-(/K) = (CE y (10) 
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where C = e°. In order to satisfy the initial condition y(0) = yo, we must choose C = 

yo/(1 — (p/K)). Using this value for C in equation (10) and solving for y (see Problem 10), 

we obtain 

r yok 11 
ye (KEW en! So 

We have derived the solution (11) under the assumption that 0 < yp < K. If yp > K, then 

the details of dealing with equation (9) are only slightly different, and we leave it to you 

to show that equation (11) is also valid in this case. Finally, note that equation (11) also 

contains the equilibrium solutions y = $;(t) = 0 and y = ¢,(t) = K corresponding to the 

initial conditions yp = 0 and yo = K, respectively. 

All the qualitative conclusions that we reached earlier by geometrical reasoning can be 

confirmed by examining the solution (11). In particular, ify = 0, then equation (11) requires 

that y(t) = 0 for all t. If yp > 0, and if we let t > oo in equation (11), then we obtain 

nye re 
Yo t-0o 

Thus, for each y) > 0, the solution approaches the equilibrium solution y = ¢(t) = K 

asymptotically as t > oo. Therefore, we say that the constant solution ¢2(t) = K is an 

asymptotically stable solution of equation (7) or that the point y = K is an asymptotically 

stable equilibrium or critical point. After a long time, the population is close to the 

saturation level K regardless of the initial population size, as long as it is positive. Other 

solutions approach the equilibrium solution more rapidly as r increases. 

On the other hand, the situation for the equilibrium solution y = ¢,(t) = 0 is quite 

different. Even solutions that start very near zero grow as t increases and, as we have seen, 

approach K as t > oo. We say that ¢)(t) = 0 is an unstable equilibrium solution or that 

y = Ois an unstable equilibrium or critical point. This means that the only way to guarantee 

that the solution remains near zero is to make sure its initial value is exactly equal to zero. 

EXAMPLE 2.5.1 

The logistic model has been applied to the natural growth of the halibut population in certain areas 

of the Pacific Ocean.'! Let y, measured in kilograms, be the biomass, that is, the total mass, of the 

halibut population, at time ¢. The parameters in the logistic equation are estimated to have the 

values r = 0.71/year and K = 80.5 x 10° kg. If the initial biomass is yy = 0.25K, find the biomass 

2 years later. Also find the time t for which y(t) = 0.75K. 

Solution: 

It is convenient to scale the solution (11) to the carrying capacity K; thus we write equation (11) in 

the form 

Wee Yo/K 

K ~ QolK) +0 - Oo/K ye i 
Using the data given in the problem, we find that 

y(2) _ 0.25 
K. - 0,25-40,75e-18! = UEP ELE 

Consequently, y(2) ~ 46.7 x 10° kg. 

"A good source of information on the population dynamics and economics involved in making efficient use 
of a renewable resource, with particular emphasis on fisheries, is the book by Clark listed in the references at 
the end of this chapter. The parameter values used here are given on page 53 of this book and were obtained 
from a study by H. S. Mohring. 
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To find rt, the time when y)/K = 0.75 we first solve equation (12) for t, obtaining 

gant — Oo/K)G = y/K), 
(/K)G = Yo/K)’ 

hence 

_ 2 pq ( Qo/K)G = y/K) 
‘ iene (3) 

Using the given values of r and y)/K and setting y/K = 0.75, we find that 

t= =o In CLO) _ 1 Ing ~ 3.095 
OTE + (0:75)(0.75)..2 0.71 ® 3.095 years. 

The graphs of y/K versus t for the given parameter values and for several initial conditions are 

shown in Figure 2.5.4. The black curve corresponds to the initial condition y) = 0.25 K. 

y/K versus t for population model of halibut in the 

Pacific Ocean. The green curve satisfies the initial condition y(0)/K = 

0.25. The solution with y(0) = 0.25 reaches 75% of the carrying capacity 

at time t = t = 3.095 years. 

> ACritical Threshold. We now turn toa consideration of the equation 

d 
a =-r(1-2)y, (14) 

where r and T are given positive constants. Observe that (except for replacing the parameter 

K by T) this equation differs from the logistic equation (7) only in the presence of the minus 

sign on the right-hand side. However, as we will see, the solutions of equation (14) behave 

very differently from those of equation (7). 
For equation (14) the graph of f(y) versus y is the parabola shown in Figure 2.5.5. 

The intercepts on the y-axis are the critical points y = 0 and y = T, corresponding to the 

equilibrium solutions y = ¢,(f) = 0 and y = ¢(t) = T. If 0 < y < T, then dy/dt < 0, and y is 

positive and decreases as t increases. Thus ¢,(t) = 0 is an asymptotically stable equilibrium 

solution. On the other hand, if y > T, then dy/dt > 0, so that y is positive and increasing as 

t increases; thus ¢,(t) = T is an unstable equilibrium solution. 

Furthermore, the concavity of solutions can be determined by looking at the sign of 

y” = f (~)f(); see equation (8). Figure 2.5.5 clearly shows that f (y) is negative for 0 < y 

< T/2 and positive for T/2 < y < T, so the graph of y versus t is concave up and concave 

down, respectively, in these intervals. Also, f ‘(y) and f(y) are both positive for y > T, so the 

graph of y versus ¢ is also concave up there. 
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(T/2, -rT/4) 

GEER £0) versus y for dy/dt = 

=r = yi )y. 

Figure 2.5.6(a)shows the phase line (the y-axis) for equation (14). The dots at y = 0 

and y = T are the critical points, or equilibrium solutions, and the arrows indicate where 

solutions are either increasing or decreasing. 

Solution curves of equation (14) can now be sketched quickly, as follows. First draw 

the equilibrium solutions y = ¢,(t) = 0 and y = ¢,(t) = T. Then sketch curves in the strip 

0 <y < T that are decreasing as t increases and change concavity as they cross the line y 

= T/2. Next draw some curves above y = T that increase more and more steeply as t and y 

increase. Make sure that all curves become flatter as y approaches either zero or T. The result 

is Figure 2.5.6(b), which is a qualitatively accurate sketch of solutions of equation (14) for 

any r and T. From this figure it appears that as time increases, y either approaches zero or 

grows without bound, depending on whether the initial value yy is less than or greater than 

T. Thus T is a threshold level, below which growth does not occur. 

(a) (d) 

GEEZ Growth with a threshold: dy/dt = —r(1 — y/T)y; y = T is an 
asymptotically unstable equilbrium, while y = 0 is asymptotically stable. (a) 
The phase line. (b) Plots of y versus t. 

We can confirm the conclusions that we have reached through geometrical reasoning 
by solving the differential equation (14). This can be done by separating the variables and 
integrating, just as we did for equation (7). However, if we note that equation (14) can be 
obtained from equation (7) by replacing K by T and r by —r, then we can make the same 
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substitutions in the solution (11) and thereby obtain 

YoT 

Wee gk CT yyy er (15) 

which is the solution of equation (14) subject to the initial condition y(0) = yo. 
If 0 < yo < T, then it follows from equation (15) that y > 0 as t > oo. This agrees with 

our qualitative geometric analysis. If yp > T, then the denominator on the right-hand side 
of equation (15) is zero for a certain finite value of t. We denote this value byt’ and calculate 
it from 

yo — Yo —T)e"™™ =0, 

which gives (see Problem 12) 

spl Yo t= in( 2). (16) 

Thus, if the initial population yp is above the threshold T, the threshold model predicts that 

the graph of y versus t has a vertical asymptote at t = f°; in other words, the population 

becomes unbounded in a finite time, whose value depends on yo, T, and r. The existence 

and location of this asymptote were not apparent from the geometric analysis, so in this 

case the explicit solution yields additional important qualitative, as well as quantitative, 

information. 

The populations of some species exhibit the threshold phenomenon. If too few are 

present, then the species cannot propagate itself successfully and the population becomes 

extinct. However, if the population is larger than the threshold level, then further growth 

occurs. Of course, the population cannot become unbounded, so eventually equation (14) 

must be modified to take this into account. 

Critical thresholds also occur in other circumstances. For example, in fluid mechanics, 

equations of the form (7) or (14) often govern the evolution of a small disturbance y in 

a laminar (or smooth) fluid flow. For instance, if equation (14) holds and y < T, then 

the disturbance is damped out and the laminar flow persists. However, if y > T, then the 

disturbance grows larger and the laminar flow breaks up into a turbulent one. In this case 

T is referred to as the critical amplitude. Experimenters speak of keeping the disturbance 

level in a wind tunnel low enough so that they can study laminar flow over an airfoil, for 

example. 

> Logistic Growth with a Threshold. As we mentioned in the last subsection, the thresh- 

old model (14) may need to be modified so that unbounded growth does not occur when y 

is above the threshold T. The simplest way to do this is to introduce another factor that will 

have the effect of making dy/dt negative when j is large. Thus we consider 

ak -r(1-2)(1- Z)y, (17) 

where r > Oand0<T<kK. 

The graph of f(y) versus y is shown in Figure 2.5.7. In this problem there are three 

critical points, y = 0, y = T, and y = K, corresponding to the equilibrium solutions y = 

$:(t) = 0, y = $2(t) = T, and y = ¢;(t) = K, respectively. From Figure 2.5.7 we observe 

that dy/dt > 0 for T < y < K, and consequently y is increasing there. Further, dy/dt < 0 for 

y < T and for y > K, soy is decreasing in these intervals. Consequently, the equilibrium 

solutions y = ¢,(t) = 0 and y = ¢3(t) = K are asymptotically stable, and the solution 

y = ¢,(t) = T is unstable. 

The phase line for equation (17) is shown in Figure 2.5.8a, and the graphs of some 

solutions are sketched in Figure 2.5.8b. You should make sure that you understand the 

relation between these two figures, as well as the relation between Figures 2.5.7 and 2.5.84. 

From Figure 2.5.8) we see that if y starts below the threshold T, then y declines to ultimate 

extinction. On the other hand, if y starts above T, then y eventually approaches the carrying 
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f() versus y for dy/dt = 

—r(1 — y/T)Q — y/K)y. 

capacity K. The inflection points on the graphs of y versus t in Figure 2.5.8b correspond to 

the maximum and minimum points, y, and y,, respectively, on the graph of f(y) versus y in 

Figure 2.5.7. These values can be obtained by differentiating the right-hand side of equation 

(17) with respect to y, setting the result equal to zero, and solving for y. We obtain 

Yi2 = 5 (K+T+VK?-KT+T?), (18) 

where the plus sign yields y, and the minus sign y,. 

i, iy 

y= pat) Sl c€ 

K K 

Ji------s-<— -----s= - - - - --------- 

gpa polt) = 9h 

fb 4B 

RAD S Git Bo ieee WORMED SAT Daa: sro orre 

0 t 

(a) (b) 

EXSLEREE Logistic growth with a threshold: dy/dt = —r(1 — y/T\1 — 
y/K)y; y = $)(t) = 0 and y = ¢$3(t) = K are asymptotically stable equilibria 

and y = ¢2(t) = T is an asymptotically unstable equilibrium. (a) The phase 

line. (b) Plots of y versus t. 

A model of this general sort apparently describes the population of the passenger 
pigeon,’” which was present in the United States in vast numbers until the late nineteenth 
century. It was heavily hunted for food and for sport, and consequently its numbers were 
drastically reduced by the 1880s. Unfortunately, the passenger pigeon could apparently 
breed successfully only when present in a large concentration, corresponding to a relatively 
high threshold T. Although a reasonably large number of individual birds remained alive 
in the late 1880s, there were not enough in any one place to permit successful breeding, and 
the population rapidly declined to extinction. The last passenger pigeon died in 1914. The 
precipitous decline in the passenger pigeon population from huge numbers to extinction in 
a few decades was one of the early factors contributing to a concern for conservation in this 
country. 

ee eee eee 

‘See, for example, Oliver L. Austin, Jr., Birds of the World (New York: Golden Press, 1983), pp. 143-145. 
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Problems 

Problems 1 through 4 involve equations of the form dy/dt = f(y). In 

each problem sketch the graph of f(y) versus y, determine the critical 

(equilibrium) points, and classify each one as asymptotically stable or 

unstable. Draw the phase line, and sketch several graphs of solutions 

in the ty-plane. 

1. @dy/dt =ay+by?, a>0, b>0, Y 20 

2. @dy/dt = y(y-2)(y-3), yo >0 
3t G dy/at =e —1, —-o <¥ <a 

4. @dy/dt =e -1, -w<y<o 

5. Semistable Equilibrium Solutions. Sometimes a constant 

equilibrium solution has the property that solutions lying on one 

side of the equilibrium solution tend to approach it, whereas 

solutions lying on the other side depart from it (see Figure 2.5.9). 

In this case the equilibrium solution is said to be semistable. 

a. Consider the equation 

dy/dt=k(1—y), (19) 

where k is a positive constant. Show that y = 1 is the only 

critical point, with the corresponding equilibrium solution 

ABST, 

b. (9 Sketch f(y) versus y. Show that y is increasing as a function 

of t for y < 1 and also for y > 1. The phase line has upward- 

pointing arrows both below and above y = 1. Thus solutions 

below the equilibrium solution approach it, and those above it 

grow farther away. Therefore, ¢(t) = 1 is semistable. 

c. Solve equation (19) subject to the initial condition y(0) = yo 

and confirm the conclusions reached in part b. 

(b) v 

FIGURE 2.5.9 

$(t) = k is semistable. (a) dy/dt < 0; (b) dy/dt > 0. 
In both cases the equilibrium solution 

Problems 6 through 9 involve equations of the form dy/dt = f(y). In 

each problem sketch the graph of f(y) versus y, determine the critical 

(equilibrium) points, and classify each one as asymptotically stable, 

unstable, or semistable (see Problem 5). Draw the phase line, and 

sketch several graphs of solutions in the ty-plane. 

6. dy/dt = y? (y? — 4), 

of dy/dt=y(4—y’), -0<yy<oo 

3. G dy/dt = ay — by/y, a>0, b>0, y290 

-~O < VW < wo 

13. 

14, 

15. 

16. 

17. 

. Bdy/dt =y?2-yy, -0w<yy<a 

. Complete the derivation of the explicit formula for the solution 

(11) of the logistic model by solving equation (10) for y. 

. In Example 2.5.1, complete the manipulations needed to arrive 

at equation (13). That is, solve the solution (11) for t. 

. Complete the derivation of the location of the vertical asymptote 

in the solution (15) when y, > T. That is, derive formula (16) by 

finding the value of t when the denominator of the right-hand 

side of equation (15) is zero. 

Complete the derivation of formula (18) for the locations of the 

inflection points of the solution of the logistic growth model with 

a threshold (17). 

Hint: Follow the steps outlined on p. 74. 

Consider the equation dy/dt = f(y) and suppose that y, is a 

critical point—that is, f(y,) = 0. Show that the constant equi- 

librium solution ¢(t) = y, is asymptotically stable if f’Q,) < 0 

and unstable if f’(y,) > 0. 

Suppose that a certain population obeys the logistic equation 

dy/dt = ry(1 — y/K). 

a. Ifyo = K/3, find the time z at which the initial population has 

doubled. Find the value of t corresponding to r = 0.025 per 

year. 

b. Ifyo/K = a, find the time T at which y(T)/K = 6, where 0 < 

a, B <1. Observe that T > co asa > Ooras 6 — 1. Find the 

value of T for r = 0.025 per year, a = 0.1, and 6 = 0.9. 

Another equation that has been used to model population 

growth is the Gompertz}? equation 

where r and K are positive constants. 

a. Sketch the graph of f(y) versus y, find the critical points, and 

determine whether each is asymptotically stable or unstable. 

b. For 0 < y < K, determine where the graph of y versus t is 

concave up and where it is concave down. 

c. For each y in 0 < y < K, show that dy/dt as given by the 

Gompertz equation is never less than dy/dt as given by the 

logistic equation. 

a. Solve the Gompertz equation 

subject to the initial condition y(0) = yo. 

Hint: You may wish to let u = In(j/K). 

b. For the data given in Example 2.5.1 in the text (r = 0.71 per 

year, K = 80.5 x 10° kg, yo/K = 0.25), use the Gompertz model 

to find the predicted value of y(3). 

c. For the same data as in part b, use the Gompertz model to 

find the time t at which y(t) = 0.75K. 

13Benjamin Gompertz (1779-1865) was an English actuary. He developed his model for population growth, 

published in 1825, in the course of constructing mortality tables for his insurance company. 
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18. A pond forms as water collects in a conical depression of radius a 

and depth h. Suppose that water flows in at a constant rate k and 

is lost through evaporation at a rate proportional to the surface 

area. 

a. Show that the volume V(t) of water in the pond at time t¢ 

satisfies the differential equation 

Fncainal Sas Gen 
2/3 

dv ( 3a y23 

dt : 

where a is the coefficient of evaporation. 

b. Find the equilibrium depth of water in the pond. Is the 

equilibrium asymptotically stable? 

c. Find a condition that must be satisfied if the pond is not to 

overflow. 

Harvesting a Renewable Resource. Suppose that the population 

y of a certain species of fish (for example, tuna or halibut) in a given 

area of the ocean is described by the logistic equation 

Although it is desirable to utilize this source of food, it is intuitively 

clear that if too many fish are caught, then the fish population may 

be reduced below a useful level and possibly even driven to extinc- 

tion. Problems 19 and 20 explore some of the questions involved in 

formulating a rational strategy for managing the fishery.!4 

19. Ata given level of effort, it is reasonable to assume that the rate 

at which fish are caught depends on the population y: the more 

fish there are, the easier it is to catch them. Thus we assume that 

the rate at which fish are caught is given by Ey, where E is a 

positive constant, with units of 1/time, that measures the total 

effort made to harvest the given species of fish. To include this 

effect, the logistic equation is replaced by 

dy y apildea ha = Ey: (20) 

This equation is known as the Schaefer model after the biolo- 

gist M. B. Schaefer, who applied it to fish populations. 

a. Show that if E <r, then there are two equilibrium points, 

y= Oand y, SIKU! — E/r)> 0. 

b. Show that y = y, is unstable and y = y, is asymptotically 

stable. 

c. A sustainable yield Y of the fishery is a rate at which fish can 

be caught indefinitely. It is the product of the effort B and the 

asymptotically stable population y,. Find Y as a function of 

the effort E; the graph of this function is known as the yield- 

effort curve. 

d. Determine E so as to maximize Y and thereby find the 

maximum sustainable yield Y,,,. 

20. Consider a cylindrical water tank of constant cross section A. 

Water is pumped into the tank at a constant rate k and leaks 

out through a small hole of area a in the bottom of the tank. 

From Torricelli’s principle in hydrodynamics it follows that the 

rate at which water flows through the hole is cay/2gh, where h 

is the current depth of water in the tank, g is the acceleration 

due to gravity, and is the acceleration due to gravity, and a is a 

contraction coefficient that satisfies 0.5 <a < 1.0. 

a. Show that the depth of water in the tank at any time satisfies 

the equation 

dh/dt = (k — aayV2gh/A). (21) 

b. Determine the equilibrium depth h, of water, and show that 

it is asymptotically stable. Observe that h, does not depend 

on A. 

Epidemics. The use of mathematical methods to study the spread 

of contagious diseases goes back at least to some work by Daniel 

Bernoulli in 1760 on smallpox. In more recent years many mathe- 

matical models have been proposed and studied for many different 

diseases.!>° Problems 21 through 23 deal with a few of the simpler 

models and the conclusions that can be drawn from them. Similar 

models have also been used to describe the spread of rumors and of 

consumer products. 

21. Suppose that a given population can be divided into two parts: 

those who have a given disease and can infect others, and those 

who do not have it but are susceptible. Let x be the proportion 

of susceptible individuals and y the proportion of infectious 

individuals; then x + y = 1. Assume that the disease spreads 

by contact between sick and well members of the population 

and that the rate of spread dy/dt is proportional to the number 

of such contacts. Further, assume that members of both groups 

move about freely among each other, so the number of contacts 

is proportional to the product of x and y. Since x = 1 — y, we 

obtain the initial value problem 

dy 
dt =ay(1—-y), y(0) = yo, (22) 

where a is a positive proportionality factor, and yp is the initial 

proportion of infectious individuals. 

a. Find the equilibrium points for the differential equation 

(22) and determine whether each is asymptotically stable, 

semistable, or unstable. 

b. Solve the initial value problem 22 and verify that the conclu- 

sions you reached in part a are correct. Show that )(t) > 1 

as t > co, which means that ultimately the disease spreads 

through the entire population. 

22. Some diseases (such as typhoid fever) are spread largely by 

carriers, individuals who can transmit the disease but who 
exhibit no overt symptoms. Let x and y denote the proportions of 

‘4An excellent treatment of this kind of problem, which goes far beyond what is outlined here, may be 
found in the book by Clark mentioned previously, especially in the first two chapters. Numerous additional 
references are given there. 

‘SA standard source is the book by Bailey listed in the references. The models in Problems 21, 22, and 23 are 
discussed by Bailey in Chapters 5, 10, and 20, respectively. 
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susceptibles and carriers, respectively, in the population. Sup- 

pose that carriers are identified and removed from the popula- 

tion at a rate 8, so 

aio. —By. (23) 

Suppose also that the disease spreads at a rate proportional to the 

product of x and y; thus 

“ = —axy. (24) 

a. Determine y at any time t by solving equation (23) subject to 

the initial condition y(0) = yo. 

b. Use the result of part a to find x at any time f by solving 

equation (24) subject to the initial condition x(0) = xy. 

c. Find the proportion of the population that escapes the epi- 

demic by finding the limiting value of x as t > oo. 

23. Daniel Bernoulli’s work in 1760 had the goal of appraising 

the effectiveness of a controversial inoculation program against 

smallpox, which at that time was a major threat to public health. 

His model applies equally well to any other disease that, once 

contracted and survived, confers a lifetime immunity. 

Consider the cohort of individuals born in a given year 

(t = 0), and let n(t) be the number of these individuals surviving 

t years later. Let x(t) be the number of members of this cohort 

who have not had smallpox by year t and who are therefore 

still susceptible. Let 6 be the rate at which susceptibles contract 

smallpox, and let v be the rate at which people who contract 

smallpox die from the disease. Finally, let w(t) be the death rate 

from all causes other than smallpox. Then dx/dt, the rate at 

which the number of susceptibles declines, is given by 

dx 
aq B+ HO)~. (25) 
t 

The first term on the right-hand side of equation (25) is the rate 

at which susceptibles contract smallpox, and the second term is 

the rate at which they die from all other causes. Also 

aH = —vBx — u(t)n, (26) 
dt 

where dn/dt is the death rate of the entire cohort, and the two 

terms on the right-hand side are the death rates due to smallpox 

and to all other causes, respectively. 

a. Letz=x/n, and show that z satisfies the initial value problem 

dt a —Bz qd a vz), 2 z(0) =1. (27) 

Observe that the initial value problem (27) does not depend 

on (ft). 

b. Find z(t) by solving equation (27). 

c. Bernoulli estimated that v = 6 = 1/8. Using these values, 

determine the proportion of 20-year-olds who have not had 

smallpox. 

Note: On the basis of the model just described and the best mortality 

data available at the time, Bernoulli calculated that if deaths due to 

smallpox could be eliminated (v = 0), then approximately 3 years 

could be added to the average life expectancy (in 1760) of 26 years, 

7 months. He therefore supported the inoculation program. 

Bifurcation Points. For an equation of the form 

dy _ 
Tf» (28) 

where a is a real parameter, the critical points (equilibrium solutions) 

usually depend on the value of a. As a steadily increases or decreases, 

it often happens that at a certain value of a, called a bifurcation 

point, critical points come together, or separate, and equilibrium 

solutions may be either lost or gained. Bifurcation points are of great 

interest in many applications, because near them the nature of the 

solution of the underlying differential equation is undergoing an 

abrupt change. For example, in fluid mechanics a smooth (laminar) 

flow may break up and become turbulent. Or an axially loaded col- 

umn may suddenly buckle and exhibit a large lateral displacement. 

Or, as the amount of one of the chemicals in a certain mixture is 

increased, spiral wave patterns of varying color may suddenly emerge 

in an originally quiescent fluid. Problems 24 through 26 describe 

three types of bifurcations that can occur in simple equations of the 

form (28). 

24. Consider the equation 

dy “ 
—=a-y?’. 29 aire (29) 

a. Find all of the critical points for equation (29). Observe that 

there are no critical points if a < 0, one critical point ifa = 0, 

and two critical points if a > 0. 

b. (© Draw the phase line in each case and determine whether 

each critical point is asymptotically stable, semistable, or 

unstable. 

c. @ In each case sketch several solutions of equation (29) in 

the ty-plane. 

Note: If we plot the location of the critical points as a function of a in 

the ay-plane, we obtain Figure 2.5.10. This is called the bifurcation 

diagram for equation (29). The bifurcation at a = 0 is called a 

saddle-node bifurcation. This name is more natural in the context 

of second-order systems, which are discussed in Chapter 9. 

Asymptotically stable 

Alcl avec Bifurcation diagram for y’ = a —y’. 
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25. Consider the equation 

® <ay-y=y(a-y). (30) 
dt 

a. © Again consider the cases a < 0, a = 0, anda > 0. In 

each case find the critical points, draw the phase line, and 

determine whether each critical point is asymptotically sta- 

ble, semistable, or unstable. 

b. @ In each case sketch several solutions of equation (30) in 

the ty-plane. 

c. © Draw the bifurcation diagram for equation (30)—that is, 

plot the location of the critical points versus a. 

Note: For equation (30) the bifurcation point at a = 0 is called a 

pitchfork bifurcation. Your diagram may suggest why this name 

is appropriate. 

26. Consider the equation 

& zay-y?=y(a-y). (31) 

a. Again consider the cases a < 0, a = 0, and a > 0. In each 

case find the critical points, draw the phase line, and deter- 

mine whether each critical point is asymptotically stable, 

semistable, or unstable. 

b. In each case sketch several solutions of equation (31) in the 

ty-plane. 

c. Draw the bifurcation diagram for equation (31). 

Note: Observe that for equation (31) there are the same number of 

critical points for a < 0 and a > 0 but that their stability has changed. 

2.6 

For a < 0 the equilibrium solution y = 0 is asymptotically stable 

and y = a is unstable, while for a > 0 the situation is reversed. 

Thus there has been an exchange of stability as a passes through 

the bifurcation point a = 0. This type of bifurcation is called a 

transcritical bifurcation. 

27. Chemical Reactions. A second-order chemical reaction 

involves the interaction (collision) of one molecule of a 

substance P with one molecule of a substance Q to produce one 

molecule of a new substance X; this is denoted by P+Q—X. 

Suppose that p and q, where p # q, are the initial concentrations 

of P and Q, respectively, and let x(t) be the concentration of X at 

time t. Then p — x(t) and q — x(t) are the concentrations of P and 

Q at time ¢, and the rate at which the reaction occurs is given by 

the equation 

& = a(p—x\(q-»), (32) 
dt 

where a is a positive constant. 

a. If x(0) = 0, determine the limiting value of x(t) as t > oo 

without solving the differential equation. Then solve the 

initial value problem and find x(t) for any t. 

b. If the substances P and Q are the same, then p = q and 

equation (32) is replaced by 

dx 2 
pa =a 33 pT Pais) (33) 

If x(0) = 0, determine the limiting value of x(t) as t — co 

without solving the differential equation. Then solve the 

initial value problem and determine x(t) for any t. 

EXACT DIFFERENTIAL EQUATIONS AND 

INTEGRATING FACTORS 

For first-order differential equations there are a number of integration methods that are 

applicable to various classes of problems. The most important of these are linear equations 

and separable equations, which we have discussed previously. Here, we consider a class 

of equations known as exact differential equations for which there is also a well-defined 

method of solution. Keep in mind, however, that the first-order differential equations 

that can be solved by elementary integration methods are rather special; most first-order 

equations cannot be solved in this way. 

EXAMPLE 2.6.1 

Solve the differential equation 

Solution: 

6x + 2y? + 4xyy’ =0 (1) 

The equation is neither linear nor separable, so the methods suitable for those types of equations 
are not applicable here. However, observe that the function ~ (x, y) = 3x? + 2xy? has the property 
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that 

0 0 
6x + 2y? = Sb, axy = (2) 

Therefore, the differential equation can be written as 

+ —— =0. (3) 

Assuming that y is a function of x, we can use the chain rule to write the left-hand side of equation 
(3) as d p (x, y)/dx. Then equation (3) has the form 

dp d 
TE (x, y) = de (3x? =f 2xy?) ==) (4) 

Integrating equation (4) we obtain 

(x,y) = 3x? + 2xy? =, (5) 

where c is an arbitrary constant. The level curves of #(x, y) are the integral curves of equation (1). 

Solutions of equation (1) are defined implicitly by equation (5). 

In solving equation (1) the key step was the recognition that there is a function p that 

satisfies equations (2). More generally, let the differential equation 

M(x,y)+N(x,y)y' =0 (6) 

be given. Suppose that we can identify a function p(x, y) such that 

op r op z 
Bx OV) = MOY), ay (x,y) =N (x,y), (7) 

and such that w(x, y) = c defines y = ¢(x) implicitly as a differentiable function of x.!° 

When there is a function (x, y) such that ~, = M and #, = N, we can write 

d MGey)tNGayy’ = FE + OS = Sob) 

and the differential equation (6) becomes 

£ $ (0, $(x)) =0, (8) 
In this case equation (6) is said to be an exact differential equation because it can be 

expressed exactly as the derivative of a specific function. Solutions of equation (6), or the 

equivalent equation (8), are given implicitly by 

p(y) =e, (9) 

where c is an arbitrary constant. 

In Example 2.6.1 it was relatively easy to see that the differential equation was exact and, 

in fact, easy to find its solution, at least implicitly, by recognizing the required function ?. 

16While a complete discussion of when *(x, y) = ¢ defines y = $(x) implicitly as a differentiable function of 

x is beyond the scope and focus of this course, in general terms this condition is satisfied, locally, at points 

(x, y), where 0 w/ 0 y(x, y) # 0. More details can be found in most books on advanced calculus. 
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For more complicated equations it may not be possible to do this so easily. How can we tell 

whether a given equation is exact, and if it is, how can we find the function ~(x, y)? The 

following theorem answers the first question, and its proof provides a way of answering the 

second. 

Theorem 2.6.1 

Let the functions M, N, My, and N,, where subscripts denote partial derivatives, be continuous 

in the rectangular!” region Ria <x < 8B, y < y < 6. Then equation (6) 

M (x,y) +N y)y' =0 

is an exact differential equation in R if and only if 

My (x,y) = Ny (x,y) (10) 

at each point of R. That is, there exists a function ? satisfying equations (7), 

Y. (x y)=M(x,y), Py (x,y) =N(x,y), 

if and only if M and N satisfy equation (10). 

The proof of this theorem has two parts. First, we show that if there is a function ~ such 

that equations (7) are true, then it follows that equation (10) is satisfied. Computing M, and 

N,, from equations (7), we obtain 

My (X,Y) = Py (x,y), Nx (X,Y) = Yyx (X,Y). (11) 

Since M, and N, are continuous, it follows that ~,, and %,, are also continuous. This 

guarantees their equality, and equation (10) is valid. 

We now show that if M and N satisfy equation (10), then equation (6) is exact. The proof 

involves the construction of a function p satisfying equations (7) 

px (X,Y) =M (x,y), Py (x,y) =N(x,y). 

We begin by integrating the first of equations (7) with respect to x, holding y constant. We 

obtain 

(xy) = QQ y) +h), (12) 

where Q(x, y) is any differentiable function such that Q, = M. For example, we might choose 

x 

Q(xy)= | M(s,y)ds, (13) 
Xo 

where Xp is some specified constant with a < xy < 8. The function h in equation (12) is an 
arbitrary differentiable function of y, playing the role of the arbitrary constant (with respect 
to x). Now we must show that it is always possible to choose h(y) so that the second of 
equations (7) is satisfied—that is, py =N. By differentiating equation (12) with respect to y 

ee ee eee 

Tt is not essential that the region be rectangular, only that it be simply connected. In two dimensions this 
means that the region has no holes in its interior. Thus, for example, rectangular or circular regions are simply 
connected, but an annular region is not. More details can be found in most books on advanced calculus. 
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and setting the result equal to N(x, y), we obtain 

dQ ' 
Py (X%,y) = a (x,y) +h'(y) =N (x,y). 

Then, solving for h'(y), we have 

h' (y) = N(x,y)— = (x,y). (14) 

In order for us to determine h(y) from equation (14), the right-hand side of equation (14), 
despite its appearance, must be a function of y only. One way to show that this is true is to 
show that its derivative with respect to x is zero. Thus we differentiate the right-hand side 
of equation (14) with respect to x, obtaining the expression 

ON ole) By OH) — Fae HY) (15) 

By interchanging the order of differentiation in the second term of equation (15), we have 

aN a dQ 
ay (x,y) — Ap on Cy); 

or, since Q, = M, 

ON OM 
ora oy) — Ep (xy); 

which is zero on account of equation (10). Hence, despite its apparent form, the right-hand 

side of equation (14) does not, in fact, depend on x. Then we find h(y) by integrating equation 

(14) and, upon substituting this function in equation (12), we obtain the required function 

w(x, y). This completes the proof of Theorem 2.6.1. 

It is possible to obtain an explicit expression for ~b(x, y) in terms of integrals (see Problem 

13), but in solving specific exact equations, it is usually simpler and easier just to repeat 

the procedure used in the preceding proof. That is, after showing that M, = N,, integrate 

~, = M with respect to x, including an arbitrary function of h(y) instead of an arbitrary 

constant, and then differentiate the result with respect to y and set it equal to N. Finally, use 

this last equation to solve for h(y). The next example illustrates this procedure. 

EXAMPLE 2.6.2 

Solve the differential equation ~ 

3x?y — cosx + (x? —siny) y’ = 0. (16) 

Solution: 

By calculating M, and N,,, we find that 

My (x,y) = 3x? = Nx (x,y), 

so the given equation is exact. Thus there is a p (x, y) such that 

by (x, y) = 3x?y — cosx 

py (x,y) = x? —siny 
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Integrating the first of these equations with respect to x, we obtain 

p(x, y) = x3y + sinx +h(y) (17) 

Next, computing 7, from equation (17) and setting y= N gives 

Py (x,y) = x? + h'(y) 

Thus h’(y) = —siny and h(y) = cosy. The constant of integration can be omitted since any 

solution of the preceding differential equation is satisfactory; we do not require the most general 

one. Substituting for h(y) in equation (17) gives 

p(x, y) = x3y + sin x + cos y. 

Hence solutions of equation (16) are given implicitly by 

x3y+sinx +cosy =c. (18) 

EXAMPLE 2.6.3 

Solve the differential equation 

(6xy + y?) + (2x? + xy) y” =0. (19) 

Solution: 

We have 

My (x,y) = 6x + 2y, 

Ny (x, y) = 4x + y; 

since M, # Ny, the given equation is not exact. To see that it cannot be solved by the procedure 

described above, let us seek a function ~ such that 

py (x,y) = Oxy + y?, 
(20) 

Py (x, y) = 2x? + xy. 

Integrating the first of equations (20) with respect to x gives 

P(x, y) = 3x*y+y*x +h(y), (21) 

where h is an arbitrary function of y only. To try to satisfy the second of equations (20), we ee 

~, from equation (21) and set it equal to N, obtaining 

3x? + 2yx +h!’ (y) = 2x2 +. xy 

h' (y) = —x? — xy. (22) 

Since the right-hand side of equation (22) depends on x as well as y, it is impossible to solve equation 
(22) for h(y). Thus there is no #(x, y) satisfying both of equations (20). 

—_— 
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> Integrating Factors. It is sometimes possible to convert a differential equation that is 
not exact into an exact differential equation by multiplying the equation by a suitable 
integrating factor. Recall that this is the procedure that we used in solving linear differential 
equations in Section 2.1. To investigate the possibility of implementing this idea more 
generally, let us multiply the equation 

M(x,y)+N(x,y)y’ =0 (23) 

by a function y and then try to choose yu so that the resulting equation 

(x,y) M (x,y) + M(x, y)N (x,y) y’ =0 (24) 

is exact. By Theorem 2.6.1, equation (24) is exact if and only if 

(UM), = (UN). (25) 
Since M and N are given functions, equation (25) states that the integrating factor 4 must 

satisfy the first-order partial differential equation 

Mpy — Nux + (My — Nx) w= 0. (26) 

If a function y satisfying equation (26) can be found, then equation (24) will be exact. The 

solution of equation (24) can then be obtained by the method described in the first part of 

this section. The solution found in this way also satisfies equation (23), since the integrating 

factor 4 can be canceled out of equation (24). 

A partial differential equation of the form (26) may have more than one solution; if this 

is the case, any such solution may be used as an integrating factor of equation (23). This 

possible nonuniqueness of the integrating factor is illustrated in Example 2.6.4. 

Unfortunately, equation (26), which determines the integrating factor j, is ordinarily 

at least as hard to solve as the original equation (23). Therefore, although in principle 

integrating factors are powerful tools for solving differential equations, in practice they can 

be found only in special cases. The most important situations in which simple integrating 

factors can be found occur when uy is a function of only one of the variables x or y, instead 

of both. 

Let us determine conditions on M and N so that equation (23) has an integrating factor yu 

that depends on x only. If we assume that yz is a function of x only, then the partial derivative 

Mx reduces to the ordinary derivative du/dx and gf, = 0. Making these substitutions in 

equation (26), we find that 

du My -Nx 

If (M, — N,.)/N is a function ofx only, then there is an integrating factor ys that also depends 

only on x; further, (x) can be found by solving differential equation (27), which is both 

linear and separable. 
A similar procedure can be used to determine a condition under which equation (23) 

has an integrating factor depending only on y; see Problem 17. 

EXAMPLE 2.6.4 

Find an integrating factor for the equation 

(6xy + y?) + (2x7 + xy) y’ =0 (19) 

and then solve the equation. 
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Solution: 

In Example 2.6.3 we showed that this equation is not exact. Let us determine whether it has an 

integrating factor that depends on x only. On computing the quantity (My — N,)/N, we find that 

My (%,y)-Nxy) _ 6x +2y—(4xt+y) _1 (28) 
N (x,y) os 2x? + xy x 

Thus there is an integrating factor y that is a function of x only, and it satisfies the differential 

equation 

du K (29) 
axa, 

Hence 

DH G2) = oe, (30) 

Multiplying equation (19) by this integrating factor, we obtain 

(6x?y + xy”) + (2x3 + x?y) y’’ = 0. (31) 

Equation (31) is exact, since 

x (6x?y + xy”) = 6x? + 2xy = el (2x? + x?y) 
y Ox 

Thus there is a function p such that 

Px (x,y) = 6x?y + xy", py (x,y) = 2x3 + x?y. (32) 

Integrating the first of equations (32) with respect to x, we obtain 

1 
(x,y) = 2x°y + 5x*y? + h(y) 

Substituting this expression for (x, y) in the second of equations (32), we find that 

2x3 + x?y +h’ (y) = 2x3 + x?y 

so h’ (y) = 0 and h()) is a constant. Thus the solutions of equation (31), and hence of equation (19), 

are given implicitly by 

1 
2x3y + aa Ue =. (33) 

Solutions may also be found in explicit form since equation (33) is quadratic in y. 

You may also verify that a second integrating factor for equation (19) is 

1 

HO 2xy(4x + y) 

and that the same solution is obtained, though with much greater difficulty, if this integrating factor 
is used (see Problem 22). 



Problems 

Determine whether each of the equations in Problems 1 through 8 

is exact. If it is exact, find the solution. 

1. (4x + 3) + (6y—1)y’ =0 

2. (3x -—y) + (x—- 3y)y' =0 

3. (3x? — 4xy +2) + (6y? — 2x? +3) y’ =0 

e dy __ax+by 

dx > cy—bx 
dy __ax+by 

Ss 
dx bx + cy 

6. (e* siny — 3y sin x) + (e* cosy + 3 cosx)y’ =0 

7. (V/ (2x) + 6x) + Un (2x) — 2) y’ = 0, 58 Sa 

hh gE oa a 
(x2-+ 92)? (x2 + yay??? dx 

In each of Problems 9 and 10, solve the given initial value problem 

and determine at least approximately where the solution is valid. 

9. (2x—y)+Qy—x)y’=0, yO)=4 

10. (9x7 +y—1)—(4y—x)y’=0, yO)=1 

In each of Problems 11 and 12, find the value of b for which the given 

equation is exact, and then solve it using that value of b. 

11. (xy* + bx’y) + (2x + y)x’y’ = 0 

12. (ye + 3x) + bxe*y' =0 

13. Assume that equation (6) meets the requirements of Theorem 

2.6.1 in a rectangle R and is therefore exact. Show that a possible 

function ~(x, y) is 

x y 
p(x, y) -| M (3,90) as-+ | N (x, t) dt, 

Xo Yo 

where (Xp, Yo) is a point in R. 
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14. Show that any separable equation 

M(x)+N(y)y’ =0 

is also exact. 

In each of Problems 15 and 16, show that the given equation is not 

exact but becomes exact when multiplied by the given integrating 

factor. Then solve the equation. 

5. x*y? +x (l+y7)y =0, wx,y)=1/xy? 

16. 2¢y +x +y" )y’=0, uw, y) = 1/7 
17. Show that if (N, — M,)/M = Q, where Q is a function of y only, 

then the differential equation 

M+Ny' =0 

has an integrating factor of the form 

no) = exp (aor). 

In each of Problems 18 through 21, find an integrating factor and 

solve the given equation. 

18. (3x*y + 2xy+ y*?) +(x? + y*)y’ =0 

19. [4(x3/y) + (3/y)] + [3@</y”) + 2y]y’ = 0 

20. 1+ (/y— sin ())y’ =0 

21. 1+ (x/y-—cosy)y’ =0 

22. Solve the differential equation 

(6xy + y*) + (2x? + xy) y’ =0 

Using the integrating factor u(x, y) = 1/(2xy(4x + y)). Verify 

that the solution is the same as that obtained in Example 2.6.4 

with a different integrating factor. 

2.7 | NUMERICAL APPROXIMATIONS: EULER’S METHOD 

Recall two important facts about the first-order initial value problem 

wy fel ty) = En =eVine di y (to) = Yo (1) 

First, if f and df/dy are continuous, then the initial value problem (1) has a unique solution 

y= ¢(t) in some interval surrounding the initial point t = f9. Second, it is usually not possible 

to find the solution ¢ by symbolic manipulations of the differential equation. Up to now we 

have considered the main exceptions to the latter statement: differential equations that are 

linear, separable, or exact, or that can be transformed into one of these types. Nevertheless, 

it remains true that solutions of the vast majority of first-order initial value problems 

cannot be found by analytical means, such as those considered in the first part of this 

chapter. 

Therefore, it is important to be able to approach the problem in other ways. As we have 

already seen, one of these ways is to draw a direction field for the differential equation 
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(which does not involve solving the equation) and then to visualize the behavior of solutions 

from the direction field. This has the advantage of being a relatively simple process, even 

for complicated differential equations. However, it does not lend itself to quantitative 

computations or comparisons, and this is often a critical shortcoming. 

For example, Figure 2.7.1 shows a direction field for the differential equation 

dy y = 2h (2) 
dt 4 

From the direction field you can visualize the behavior of solutions on the rectangle shown 

in the figure. On this rectangle a solution starting at a point on the y-axis initially increases 

with t, but it soon reaches a maximum value and then begins to decrease as ¢ increases 

further. 

A FC ae 

RES aT Gece A eae / 

A direction field for equation (2): dy/dt = 2-—t— . 

You may also observe that in Figure 2.7.1 many tangent line segments at successive 
values of t almost touch each other. It takes only a bit of imagination to consider starting.at 
a point on the y-axis and linking line segments for successive values of t in the grid, thereby 
producing a piecewise linear graph. Such a graph would apparently be an approximation 
to a solution of the differential equation. To convert this idea into a useful method 
for generating approximate solutions, we must answer several questions, including the 
following: 

1, Can we carry out the linking of tangent lines in a systematic and straightforward 
manner? 

2. Ifso, does the resulting piecewise linear function provide an approximation to an actual 
solution of the differential equation? 

3. Ifso, can we assess the accuracy of the approximation? That is, can we estimate how 
far the approximation deviates from the solution itself? 

It turns out that the answer to each of these questions is affirmative. The resulting 
method was originated by Euler about 1768 and is referred to as the tangent line method 
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or the Euler method. We will deal with the first two questions in this section, but will defer 
a systematic discussion of the third question until Chapter 8. 

To see how the Euler method works, let us consider how the tangent lines might be used 
to approximate the solution y = ¢(f) of initial value problem (1) near t = tp. We know that 
the solution passes through the initial point (to, yo), and from the differential equation, we 
also know that its slope at this point is f(to, yo). Thus we can write down an equation for 
the line tangent to the solution curve at (fo, yo), namely, 

Y= Yo+f (to, Yo) (t — to). (3) 

The tangent line is a good approximation to the actual solution curve on an interval short 

enough so that the slope of the solution does not change appreciably from its value at the 

initial point; see Figure 2.7.2. Thus, if t; is close enough to tp, we can approximate $(t,) by 

the value y, determined by substituting t = t, into the tangent line approximation at t = fo; 

thus 

Yi = Yo + f (to, Yo) (i — to). (4) 

y, 

Tangent line 

yes Y =o + Ftp, Yo) (t = to) 

i > oe 
Solution 

A tangent line approximation of 

y’ =f(t,y) at (Co, Yo): 

To proceed further, we can try to repeat the process. Unfortunately, we do not know 

the value ¢(t,) of the solution at t;. The best we can do is to use the approximate value y, 

instead. Thus we construct the line through (t,, y,) with the slope f(t,, y1), 

yeynMtfawn)t-h). (5) 

To approximate the value of $(f) at a nearby point t,, we use equation (5) instead of equation 

(3), obtaining 

w=Nrth (tp W(b-h). (6) 

Continuing in this manner, we use the value of y calculated at each step to determine 

the slope of the approximation for the next step. The general expression for the tangent line 

starting at (t,,, y,) is 

Y= Ynt+F Cn In) - tn); (7) 

hence the approximate value y, 4 ; at t, +, in terms of t,, tn +1, and yy is 

Yn+1 =Yn + f (tn Yn) (tn41 — tn), n= 0,1, 2,.... (8) 

If we introduce the notation f,, = f(tn, Yn), then we can rewrite equation (8) as 

Yne1 = Yn + jc (is es (EA) Roa On US ee (9) 
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Finally, if we assume that there is a uniform step size h between the points fo, ¢1, ta, ..., then 

tn +1 = tn +h for each n, and we obtain Euler’s formula in the form 

Yn41 =Int+Inh, n=0,1,2,.... (10) 

To use Euler’s method, you repeatedly evaluate equation (9) or equation (10), depending 

on whether or not the step size is constant, using the result of each step to execute the next 

step. In this way you generate a sequence of values y;, y2, V3, ... that approximate the values 

of the solution ¢(t) at the points fy, f2, f3, .... If, instead of a sequence of points, you need a 

function to approximate the solution ¢(t), then you can use the piecewise linear function 

constructed from the collection of tangent line segments. That is, let y be given in [fo, t;] by 

equation (7) with n = 0, in [t;, t2] by equation (7) with n = 1, and so on. 

EXAMPLE 2.7.1 

Consider the initial value problem 

DY py = ap t 4) ViOy= Te (11) 

Use Euler’s method with step size h = 0.2 to find approximate values of the solution of initial value 

problem (11) at t = 0.2, 0.4, 0.6, 0.8, and 1. Compare them with the corresponding values of the 

actual solution of the initial value problem. 

Solution: 

Note that the differential equation in the given initial value problem is the same as in equation (2); 

its direction field is shown in 2.7.1. Before applying Euler’s method, observe that this differential 

equation is linear, so it can be solved as in Section 2.1, using the integrating factor e/. The resulting 

solution of the initial value problem (11) is 

y = $(t) = 24—4t — 23e*/4. (12) 

We will use this information to assess how the approximate solution obtained by Euler’s method 

compares with the exact solution. 

To approximate this solution by Euler’s method, note that f (¢, y) = 2—t—y/4. Using the initial 

values tg = 0 and yo = 1, we find that 

fo =f os¥o) = f O1) =2-0- 5 =175 

and then, from equation (3), the tangent line approximation near t = 0 is 

y=141.75(t-0) =14+1.75t. (13) 

Setting f = 0.2 in equation (13), we find the approximate value y, of the solution at t = 0.2, ails 

yy = 1+ (1.75) (0.2) = 1.35 

At the next step we have 

fad tiv) =fOd 1320502 — . x (1.35) = 1.4625 

Then the tangent line approximation near t = 0.2 is 

y = 1.35 + 1.4625 (t — 0.2) = 1.0575 + 1.4625¢. (14) 

Evaluating the expression in equation (14) for t = 0.4, we obtain 

yy = 1.0575 + (1.4625) (0.4) = 1.6425 
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Repeating this computational procedure three more times, we obtain the results shown in 
Table 2.7.1 

SABLE O71 Results of Euler’s Method with h = 0.2 for y’ = 2-—t— y/4, 

y(0) =1 
fn =f (ty ¥,) Tangent line Exact y (t,) 

0 d 0.0 1.000000 a 17S: y=1+4+1.75(t — 0) 1.0000 

10.2 1.350000. 14625 yai35 414625702) 9. 1.3217, 
2 04 1.642500 1.189375 sy = 1.6425 +1.189375(t-0.4) «1.5887 
3 0.6. 1.880375 0.929906» y = 1.880375+.0.929906(t-0.6) 1.8037 
4 08 2.066356 0.683410 y= 2,066356+0.683410(t—0.8) 1.9692 
ysterrslt0) eo 2.203038 ; eg eee Cee Nes ORIG 3a 

The second column contains the t-values separated by the step size h = 0.2. The third column 

shows the corresponding y-values computed from Euler’s formula (10). Column four contains the 

slopes jf, of the tangent line at the current point, (t,, y,). In the fifth column are the tangent line 

approximations found from equation (7). The sixth column contains values of the solution (12) of 

the initial value problem (11), correct to four decimal places. The solution (12) and the tangent line 

approximation are also plotted in Figure 2.7.3. 

yA 

24- 

: rs i a 
Tangent line approximation | »# 

¢ 

0.2 0.4 0.6 0.8 Tet 

atell|:1asrec)) Plots of the solution and a tangent line approximation with h = 0.2 

for the initial value problem (11): dy/dt = 2 — t — y/4, (0) = 1. 

From Table 2.7.1 and 2.7.3 we see that the approximations given by Euler’s method for this 

problem are greater than the corresponding values of the actual solution. This is because the graph 

of the solution is concave down and therefore the tangent line approximations lie above the graph. 

The accuracy of the approximations in this example is not good enough to be satisfactory in a 

typical scientific or engineering application. For example, at t = 1 the error in the approximation 

is 2.203038 — 2.0876 = 0.115438, which is a percentage error of about 5.52% relative to the 

exact solution. One way to achieve more accurate results is to use a smaller step size, with a 

corresponding increase in the number of computational steps. We explore this possibility in the 

next example. 
ee ee ee 

Of course, computations such as those in Example 2.7.2 and in the other examples in 

this section are usually done on a computer. Some software packages include code for the 

Euler method, while others do not. In any case, it is straightforward to write a computer 
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program that will carry out the calculations required to produce results such as those in 

Table 2.7.1. Basically, what is required is a loop that will evaluate equation (10) repetitively, 

along with suitable instructions for input and output. The output can be a list of numbers, 

as in Table 2.7.1, or a plot, as in Figure 2.7.3. The specific instructions can be written in any 

high-level programming language with which you are familiar. 

EXAMPLE 2.7.2 

Consider again the initial value problem (11) 

dy y —=2-t-= =1. Ap ay y (0) 

Use Euler’s method with various step sizes to calculate approximate values of the solution for 0 < 

t <5. Compare the calculated results with the corresponding values of the exact solution (12) 

y = 24—4t — 23e7#/4, 

Solution: 

We used step sizes h = 0.1, 0.05, 0.025, and 0.01, corresponding to 50, 100, 200, and 500 steps, 

respectively, to go from t = 0 to t = 5. The results of these calculations, along with the values of the 

exact solution, are summarized in Table 2.7.2. All computed entries are rounded to four decimal 

places, although more digits were retained in the intermediate calculations. 

Comparison of the Exact Solution with Euler’s 

Method for Several Step Sizes h for y’ = 2—t— 
y/4, y(0) = 1 

TABLE 2.7.2 

h = 0.05 h = 0.025 h = 0.01 Exact 

0.0 1.000000 1.000000 1.000000 1.000000 1.000000 

2.101629 2.093188 2.0876 1.0. 2.144419. --2.115783 

2.0 2.138183 2.093687 2.071666 2.058526 _—«2.0498 

310° 1.238601. 1.186804. 1461109 1.145767 1 1456 
4.0 -0.354346 0.408067 0.434717 0.450640 —0.4612. 

5.0. 2.485726 —2537900  —2.563813 . —2,579305 - 2.5896 

What conclusions can we draw from the data in Table 2.7.2? The most important observation is 

that, for a fixed value of t, the computed approximate values become more accurate as the step size 

h decreases. You can see this by reading across a particular row in the table from left to right. This 

is what we would expect, of course, but it is encouraging that the data confirm our expectations. 

For example, for t = 2 the approximate value with h = 0.1 is too large by 0.088383 (about 4.3%), 

whereas the value with h = 0.01 is too large by only 0.008726 (about 0.5%). In this case, reducing 

the step size by a factor of 10 (and performing 10 times as many computations) also reduces the 

error by a factor of about 10. Comparing the errors for other pairs of values in the table confirms 

that this relation between step size and error holds for them also: reducing the step size by a given 

factor also reduces the error by approximately the same factor. Does this mean that for the Euler 

method the error is approximately proportional to the step size? Of course, one example does not 

establish such a general result, but it is at least an interesting conjecture.!® 
A second observation from Table 2.7.2 is that, for a fixed step size h, the approximations become 

more accurate as ¢ increases, at least for t > 2. For instance, for h = 0.1 the error for t = 5 is only 
0.103874, which is a little more than one-half of the error at t = 2. We will return to this matter 
later in this section. 

All in all, Euler’s method seems to work rather well for this problem. Reasonably good results 
are obtained even for a moderately large step size h = 0.1, and the approximation can be improved 
by decreasing h. 
a I ER ee eS ae ee ee ee ee es 

a ee 

18 more detailed discussion of the errors in using the Euler method appears in Chapter 8. 
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Let us now look at another example. 

EXAMPLE 2.7.3 

Consider the initial value problem 

d 
<r = 12-1 +5y, y(0)=1. (15) 

The general solution of this differential equation was found in Example 2.1.3, and the solution of the initial value problem (11) is 

ames) a (16) 

Use Euler’s method with several step sizes to find approximate values of the solution on the interval 0 < t < 5. Compare the results with 

the corresponding values of the solution (16). 

Solution: 

Using the same range of step sizes as in Example 2.7.2, we obtain the results presented in Table 2.7.3. 

Comparison of the Exact Solution with Euler’s Method for Several Step Sizes h 

for y’ = 12-—1t+5y, y(0)=1 
TABLE 2.7.3 

h = 0.05 h = 0.025 h = 0.01 Exact 
0.0 1.000000 1.000000 1.000000 1.000000 1.000000 
ES) Ce rs ee re ee ee 
2.0 11170.902613  _—-25275.870520 = 41545.174238 === S8101.111539  —=»=—7.4007e +04 
3.0 644281.799022 _—-2192500.541248 —»-4619998.192336 = 7640625.232104 —=—1.0984e + 07 
4.0 37152635. 038358 190169259. 095361 513739392. 294654 1004752058. 636101 As 6302e + 09 

5.0 2142408239. 359209 16494554042.040373 -57127308985.87 878098 132126159738. 092133 o, 4194e + vie: 

The data in Table 2.7.3 again confirm our expectation that, for a given value of t, accuracy improves as the step size h is reduced. For 

example, for tf = 1 the percentage error diminishes from 61.4% when h = 0.1 to 11.4% when h = 0.01. However, the error increases fairly 

rapidly as t increases for a fixed h. Even for h = 0.01, the error at t = 5 is 45.4%, and it is much greater for larger step sizes. Of course, 

the accuracy that is needed depends on the purpose for which the results are intended, but the errors in Table 2.7.3 are too large for most 

scientific or engineering applications. To improve the situation, we might either try even smaller step sizes or else restrict the computations 

to a rather short interval away from the initial point. Nevertheless, it is clear that Euler’s method is much less effective in this example than 

in Example 2.7.2. 

To understand better what is happening in these examples, let us look again at Euler’s 

method for the general initial value problem (1) 

d 
= =f(y), y(lo) = Yo. 

whose exact solution we denote by ¢(t). Recall that a first-order differential equation has 

an infinite family of solutions, indexed by an arbitrary constant c, and that the initial 

condition picks out one member of this infinite family by determining the value of c. Thus 

in the infinite family of solutions, $(t) is the one solution that satisfies the initial condition 

P(to) = Yo. 
At the first step Euler’s method uses the tangent line approximation to the graph of 

y = ¢(t) passing through the initial point (to, yo), and this produces the approximate value 

y, at t;. Usually, y; # ¢(t,), so at the second step Euler’s method uses the tangent line 

approximation not toy = ¢(t), but to a nearby solution y = ¢;(¢) that passes through the point 

(t,, y). So it is at each subsequent step. Euler’s method uses a succession of tangent line 

approximations to a sequence of different solutions P(t), $:(t), $2(t), ... of the differential 

equation. At each step the tangent line is constructed to the solution passing through 
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the point determined by the result of the preceding step, as shown in Figure 2.7.4. The 

quality of the approximation after many steps depends strongly on the behavior of the set 

of solutions that pass through the points (t,,, y,) for n = 1, 2, 3, .... 

The Euler method. 

In Example 2.7.2 the general solution of the differential equation is 

y =24-4t+ce~"/4 (17) 

and the solution of the initial value problem (11) corresponds to c = —23. The family 

of solutions (17) is a converging family since the term involving the arbitrary constant 

c approaches zero as t > oo. It does not matter very much which solutions we are 

approximating by tangent lines in the implementation of Euler’s method, since all the 

solutions are getting closer and closer to each other as ¢ increases. 

On the other hand, in Example 2.7.3 the general solution of the differential equation is 

RPS PE St 
Vee erate ce f (18) 

and, because the term involving the arbitrary constant c grows without bound as t > oo, this 

is a diverging family. Note that solutions corresponding to two nearby values of c become 

arbitrarily far apart as t increases. In Example 2.7.3 we are trying approximate the solution 

for c = 84/25, but in the use of Euler’s method we are actually at each step following another 

solution that separates from the desired one faster and faster as t increases. This explains 

why the errors in Example 2.7.3 are so much larger than those in Example 2.7.2. 

In using a numerical procedure such as the Euler method, you must always keep 

in mind the question of whether the results are accurate enough to be useful. In the 

preceding examples, the accuracy of the numerical results could be determined directly 

by a comparison with the solution obtained analytically. Of course, usually the analytical 

solution is not available if a numerical procedure is to be employed, so what we usually 

need are bounds for, or at least estimates of, the error that do not require a knowledge of 

the exact solution. You should also keep in mind that the best that we can expect, or hope 
for, from a numerical approximation, is that it reflects the behavior of the actual solution. 
Thus a member of a diverging family of solutions will always be harder to approximate than 
a member of a converging family. 

If you wish to read more about numerical approximations to solutions of initial value 
problems, you may go directly to Chapter 8 at this point. There, we present some informa- 
tion on the analysis of errors and also discuss several algorithms that are computationally 
much more efficient than the Euler method. 
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Problems 

Note about Variations of Computed Results. Most of the prob- 

lems in this section call for fairly extensive numerical computations. 

To handle these problems you need suitable computing hardware 

and software. Keep in mind that numerical results may vary some- 

what, depending on how your program is constructed and on how 

your computer executes arithmetic steps, rounds off, and so forth. 

Minor variations in the last decimal place may be due to such causes 

and do not necessarily indicate that something is amiss. Answers in 

the back of the book are recorded to six digits in most cases, although 

more digits were retained in the intermediate calculations. 

In each of Problems 1 through 4: 

a. () Find approximate values of the solution of the given initial 

value problem at t = 0.1, 0.2, 0.3, and 0.4 using the Euler 

method with h = 0.1. 

b. @ Repeat part (a) with h = 0.05. Compare the results with 

those found in a. 

c. @ Repeat part a with h = 0.025. Compare the results with 

those found in a and b. 

d. @ Find the solution y = $(t) of the given problem and 

evaluate f(t) at t = 0.1, 0.2, 0.3, and 0.4. Compare these values 

with the results of a, b, and c. 

Py erty, yO)=1° "9 2.) y"=3y—1, yO)=1 
3. y'=1/4—-t+3y, y(0)=1 4. y’=4cos(t)—3y, y(0)=0 

In each of Problems 5 through 8, draw a direction field for the given 

differential equation and state whether you think that the solutions 

are converging or diverging. 

5. @y' =5-2/y 
7. Oy’ =-ty + y?/20 

6. Oy =y4-p) 
8. Gy’ =2(t? + y’) 

In each of Problems 9 and 10, use Euler’s method to find approximate 

values of the solution of the given initial value problem at t = 0.5, 1, 

105 ,)2,220,.and 3? 

a. Withh=0.1. 

c. With h =0.025. 

9. Oy =5-2/y, yo)=2 
10. My’ =y4-y), yO)=05 
11. Consider the initial value problem 

b. With h = 0.05. 

d. Withh= 0.01. 

ysy-?, y()=a, 

where a is a given number. 

a. Draw a direction field for the differential equation. 

Observe that there is a critical value of a in the interval 0 < a 

< 1 that separates converging solutions from diverging ones. 

Call this critical value a. 

b. @ Use Euler’s method with h = 0.01 to estimate a. Do this 
by restricting @, to an interval [a, b], where a — b = 0.01. 

12. @ Consider the initial value problem 

yetty’, yO)=1. 

Use Euler’s method with h = 0.1, 0.05, 0.025, and 0.01 to explore 

the solution of this problem for 0 < t < 1. What is your best 

estimate of the value of the solution at t = 0.8? At t = 1? Are 

your results consistent with the direction field in Problem 8? 

13. Consider the initial value problem 

y'=-ty+0.1y°, y(0)=a, 

where a is a given number. 

a. © Draw a direction field for the differential equation (or 

reexamine the one from Problem 7), Observe that there is 

a Critical value of a in the interval 2 < a < 3 that separates 

converging solutions from diverging ones. Call this critical 

value dy. 

b. @ Use Euler’s method with h = 0.01 to estimate &y. Do this 

by restricting @ to an interval [a, b], where b — a = 0.01. 

14. Consider the initial value problem 

y=y-t, y)=a, 

where a@ is a given number. 

a. © Draw a direction field for the differential equation. Note 

that there is a critical value of a in the interval 0 < a < 1 that 

separates converging solutions from diverging ones. Call this 

critical value a. 

b. @ Use Euler’s method with h = 0.01 to estimate a. Do this 
by restricting @ to an interval [a,b], where a — b = 0.01. 

15. Convergence of Euler’s Method. It can be shown that under 

suitable conditions on f, the numerical approximation gener- 

ated by the Euler method for the initial value problem y’ = 

f(t. y), ¥ (to) = Yo converges to the exact solution as the step 

size h decreases. This is illustrated by the following example. 

Consider the initial value problem 

y=1-t+y, y(t) =o. 

a. Show that the exact solution is y = $(t) = (yp — to) e! 0 +1. 

b. @ Using the Euler formula, show that 

Ye =A+h) yy th—-ht1, k=1,2,.... 

c. Noting that y, = (1+ h)( — to) + 4, show by induction that 

Yn = (1 +h)" (Yo — to) + tn (19) 

for each positive integer n. 

d. Consider a fixed point t > ft) and for a given n choose 

h = (t — ty)/n. Then t, = t for every n. Note also that h > 0 

as n > oo. By substituting for h in equation (19) and letting 

n — oo, show that y, > f(t) asn > oo. 

Hint: lim,_,..(1 + a/n)" = e*. 

In each of Problems 16 and 17, use the technique discussed in 

Problem 15 to show that the approximation obtained by the Euler 

method converges to the exact solution at any fixed point as 

h- 0. 

16. y°=y,) yO)H1 17. y' = 3y —2, (QO) 
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2.8 | THE EXISTENCE AND UNIQUENESS THEOREM 

In this section we discuss the proof of Theorem 2.4.2, the fundamental existence and 

uniqueness theorem for first-order initial value problems. Recall that this theorem states 

that under certain conditions on f(t, y), the initial value problem 

y =f(t.y), y(to) =Yo (1) 

has a unique solution in some interval containing the point fo. 

In some cases (for example, if the differential equation is linear), the existence of a 

solution of the initial value problem (1) can be established directly by actually solving the 

problem and exhibiting a formula for the solution. However, in general, this approach is 

not feasible because there is no method of solving the differential equation that applies 

in all cases. Therefore, for the general case, it is necessary to adopt an indirect approach 

that demonstrates the existence of a solution of initial value problem (1) but usually does 

not provide a practical means of finding it. The heart of this method is the construction of a 

sequence of functions that converges to a limit function satisfying the initial value problem, 

although the members of the sequence individually do not. As a rule, it is impossible to 

compute explicitly more than a few members of the sequence; therefore, the limit function 

can be determined only in rare cases. Nevertheless, under the restrictions on f(t, y) stated 

in Theorem 2.4.2, it is possible to show that the sequence in question converges and that 

the limit function has the desired properties. The argument is fairly intricate and depends, 

in part, on techniques and results that are usually encountered for the first time in a course 

on advanced calculus. Consequently, we do not go into all the details of the proof here; we 

do, however, indicate its main features and point out some of the difficulties that must be 

overcome. 

First of all, we note that it is sufficient to consider the problem in which the initial point 

(to, Yo) is the origin; that is, we consider the problem 

V=fEy), yO)=0. (2) 

If some other initial point is given, then we can always make a preliminary change of 

variables, corresponding to a translation of the coordinate axes, that will take the given 

point (to, Yo) into the origin. The existence and uniqueness theorem can now be stated in 

the following way. 

Existence and Uniqueness of Solutions of 

y =f(t, y), yO)=0 
Theorem 2.8.1 

If f and of/dy are continuous in a rectangle R:Itl < a, lyl < b, then there is some interval 
It] <h <a in which there exists a unique solution y = ¢(t) of the initial value problem (2). 

For the method of proof discussed here it is necessary to transform initial value problem 
(2) into a more convenient form. If we suppose temporarily that there is a differentiable 
function y = ¢(¢) that satisfies the initial value problem, then f(t, g(t)) is a continuous 
function of t only. Hence we can integrate y’ = f(t, y) from the initial point t = 0 to an 
arbitrary value of t, obtaining 

t 

$=] £o.dO)as, (3) 
10) 

where we have made use of the initial condition ~(0) = 0. We also denote the dummy 
variable of integration by s. 

Since equation (3) contains an integral of the unknown function g, it is called an 
integral equation. This integral equation is not a formula for the solution of the initial 
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value problem, but it does provide another relation satisfied by any solution of equations (2). 
Conversely, suppose that there is a continuous function y = ¢(t) that satisfies the integral 
equation (3); then this function also satisfies the initial value problem (2). To show this, we 
first substitute zero for t in equation (3), which shows that the initial condition is satisfied. 
Further, since the integrand in equation (3) is continuous, it follows from the fundamental 
theorem of calculus that ¢ is differentiable and that ¢ (t) = f(t, ¢(t)). Therefore, the initial 
value problem and the integral equation are equivalent in the sense that any solution of one 
is also a solution of the other. It is more convenient to show that there is a unique solution 
of the integral equation in a certain interval |t| < h. The same conclusion also holds for the 
initial value problem (2). 

One method of showing that the integral equation (3) has a unique solution is known 
as the method of successive approximations or Picard’s’’ iteration method. In using 
this method, we start by choosing an initial function ¢o, either arbitrarily or to approximate 

in some way the solution of the initial value problem. The simplest choice is 

fo (t) = 0; (4) 

then ¢y at least satisfies the initial condition in equations (2), although presumably not the 

differential equation. The next approximation ¢, is obtained by substituting ¢o(s) for £(s) 

in the right-hand side of equation (3) and calling the result of this operation ¢,(t). Thus 

b= | f (5.40(8)) ds. (5) 

Similarly, ¢, is obtained from ¢: 

$2 (1) = i f(s. $1 (8)) ds ©) 

and, in general, 

bri (= ( f (5.$n (s)) ds. (7) 

In this manner we generate the sequence of functions {¢,,} = {$o, $1, fay Pro -}- 

Each member of the sequence satisfies the initial condition, but in general none satisfies 

the differential equation. However, if at some stage, say, for n = k, we find that ¢; 4 1(t) = 

¢;(t), then it follows that ¢; is a solution of the integral equation (3). Hence ¢, is also a 

solution of the initial value problem (2), and the sequence is terminated at this point. In 

general, this does not occur, and it is necessary to consider the entire infinite sequence. 

To establish Theorem 2.8.1, we must answer four principal questions: 

1. Do all members of the sequence {¢,,} exist, or may the process break down at some 

stage? 

2. Does the sequence converge? 

What are the properties of the limit function? In particular, does it satisfy the integral 

equation (3) and hence the initial value problem (2)? 

4. Is this the only solution, or may there be others? 

19Charles-Emile Picard (1856-1914) was appointed professor at the Sorbonne before the age of 30. Except 

for Henri Poincaré, he is perhaps the most distinguished French mathematician of his generation. He is 

known for important theorems in complex variables and algebraic geometry as well as differential equations. 

A special case of the method of successive approximations was first published by Liouville in 1838. However, 

the method is usually credited to Picard, who established it in a general and widely applicable form in a series 

of papers beginning in 1890. 
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We first show how these questions can be answered in a specific and relatively simple 

example and then comment on some of the difficulties that may be encountered in the 

general case. 

EXAMPLE 2.8.1 

Solve the initial value problem 

y=2(1+y), yO)=0 (8) 

by the method of successive approximations. 

Solution: 

Note first that if y = (£), then the corresponding integral equation is 

t 

$(1) = | 2s (1+ $(s))ds. (9) 
0 

If the initial approximation is ¢o(t) = 0, it follows that 

t t 

gd, (t) = | 25(1 + ¢o (S)) ds = | 2s ds = t*. (10) 
0 0 

Similarly, 

t t t4 

p> o=| 2s(1+ ¢, (as= | 2s (1 +s?) ds =t?+ = (11) 
0 0 

and 

: : st (4 £9 
b= | 2s(1 + $2(s))ds= | 2s{1+5s?+—]ds=t?+—+-——. (12) ; 4 2 MES 

Equations (10), (11), and (12) suggest that 

5 t+ t® t2” 

Oy, ist tiny tape (43) 

for each n > 1, and this result can be established by mathematical induction, as follows. Equation 

(13) is certainly true for n = 1; see equation (10). We must show that if it is true for n = k, then it 

also holds for n = k + 1. We have 

t 

Foe | 2s (1+ dy (s)) ds 
0 

y yest 2k 
=| as(1+s tet Flas 

S 292k+1 
(14) 

4 t pak+2 

and the inductive proof is complete. 
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A plot of the first four iterates, $,(1), $,(t), $3(t), and ¢,(2), is shown in Figure 2.8.1. As k 
increases, the iterates seem to remain close over a gradually increasing interval, suggesting eventual 
convergence to a limit function. 

=1.5 =] OL0 0.5 1 1.5, + 

Plots of the first four Picard iterates y = ¢,(0), ... , 

y = $,(t) for Example 2.8.1: dy/dt = 2t(1 + y), (0) = 0. 

It follows from equation (13) that ¢,,(0) is the n" partial sum of the infinite series 

2k 

ro (15) Me 
k 1 

hence lim ¢,, (¢) exists if and only if the series (15) converges. Applying the ratio test, we see that, 
n->o 

for each t, 

p2k+2 k! 

(k +1)! 22k 

t2 

Thus the interval of convergence for series (15) is the entire t-axis. This means its sum ¢(f) is the 

limit of the sequence {¢,,(t)} for every value of t. Further, since the series (15) is a Taylor series, 

it can be differentiated or integrated term-by-term for all values of t. Therefore, we can verify by 
oo 

direct computation that ¢(t) = 3 t?*/k! is a solution of the integral equation (9). Alternatively, 
i k=1 

by substituting (4) for y in equations (8), we can verify that this function satisfies the initial value 

problem (4). In this example it is also possible, from the series (15), to identify the solution ¢(t) 

in terms of elementary functions, namely, g(t) = e!” — 1. (See Problem 11) However, this is not 

necessary for the discussion of existence and uniqueness. 

Explicit knowledge of ¢(t) does make it possible to visualize the convergence of the sequence 

of iterates more clearly by plotting the difference e,(t) = (t) — ¢,(t) for various values of k. 

Figure 2.8.2 shows this difference for k = 1, 2, 3, 4. This figure clearly illustrates the gradually 

increasing interval over which successive iterates provide a good approximation to the solution of 

the initial value problem. 
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y. 

1 had 
peo 

ee Les 

pea 
06 

0.4 

0.2 

i. ~— —| 

See! es 0.5 1 Let 

Plots of y = e,(t) = ¢(t) — ¢,(t) for Example 2.8.1 

LON Kali 4: 

Finally, to deal with the question of uniqueness, let us suppose that the initial value problem 

has two different solutions ¢ and ~. The assumption that ¢ and ~ are different means there is at 

least one value of t for which ¢(¢) — p(t) # 0. Also, since ¢ and w both satisfy the integral equation 

(9), we have by subtraction (and the linearity of integration) that 

t 

so-vo=| 2s ($(s) — p(s) ds. 
0 

Taking absolute values of both sides, we have, if t > 0, 

fi t 

$@-vOl= | 2s ($(s) — p(s))ds <| 2516 (8) — Plas. 
0 0 

If we restrict ¢ to lie in the interval 0 < t < A/2, where A is arbitrary, then 2t < A and 

t 

gO-d0) <4] 6(9)—¥@lds for 021 <A (17) 
0 

It is now convenient to introduce the function U defined by 

t 

v= | 16@)-voolds (as) 
0 

Then it follows at once that 

U (0) =0, (19) 

U(@)> 0; for 4 > 0. (20) 

Further, U is differentiable, and U’(t) = I(t) — p()I. Hence, by equation (17), 

U'(t)—AU(t)<0 for 0<t<A/2. (21) 

Multiplying equation (21) by the positive quantity e~“’ gives 

(eAtU(t)) <0 for 0<t<A/2. (22) 
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Then, upon integrating equation (22) from zero to t and using equation (19), we obtain 

e E(t) <0. for 0<t <.A/2. 

Hence U(t) < 0 for 0 < t < A/2. However, since A is arbitrary, we conclude that U(t) < 0 for all 
nonnegative t. This result and equation (20) are compatible only if U(f) = 0 for each t > 0. Thus 
U'(t) = 0 and therefore ~(t) = ¢(t) for all t > 0. This contradicts the hypothesis that ¢ and wp are 
two different solutions. Consequently, there cannot be two different solutions of the initial value 
problem for ¢ > 0. A slight modification of this argument leads to the same conclusion for t < 0. 

Returning now to the general problem of solving the integral equation (3), let us consider 

briefly each of the questions raised earlier: 

1. Doall members of the sequence {¢,,} exist? 

In the example, f and df/dy were continuous in the whole ty-plane, and each 

member of the sequence could be explicitly calculated. In contrast, in the general case, 

f and df/dy are assumed to be continuous only in the rectangle R: |t| < a, lyl < b (see 

Figure 2.8.3). Furthermore, the members of the sequence cannot as a rule be explicitly 

determined. The danger is that at some stage, say, for n = k, the graph of y = ¢;(t) may 

contain points that lie outside the rectangle R. More precisely, in the computation of 

$x + 1(t) it would be necessary to evaluate f(t, y) at points where it is not known to be 

continuous or even to exist. Thus the calculation of ¢;, , ;(t) might be impossible. 

To avoid this danger, it may be necessary to restrict t to a smaller interval than 

|t| < a. To find such an interval, we make use of the fact that a continuous function 

on a closed bounded region is bounded. Hence f is bounded on R; thus there exists a 

positive number M such that 

IFGWISM, (yin. (23) 

We have mentioned before that 

fn (0) = 0 

for each n. Since f(t, $,(t)) is equal to ¢;,,, (¢), the maximum absolute slope of the 

graph of the equation y = ¢; , ;(t) is M. Since this graph contains the point (0, 0), it 

must lie in a bow tie-shaped shaded region as shown in Figure 2.8.4. Hence the point 

(t, Py + 1(t)) remains in R at least as long as R contains the bow tie-shaped region, which 

is for |t| < b/M. We hereafter consider only the rectangle D:|tl < h, lyl < b, where h is 

equal either to a or to b/M, whichever is smaller. With this restriction, all members of 

the sequence {¢,,(t)} exist. Note that whenever b/M < a, you can try to obtain a larger 

value of h by finding a better (that is, smaller) bound M for |f(t, y)I, if this is possible. 

ae taeeee Region of definition for 

Theorem 2.8.1. 
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falcll;iaee: 8 Bow-tie regions in which successive iterates lie. (a) if 

b/M <athenh = b/M; (b) if b/M >athenh=a. 

2. Does the sequence {¢,,(t)} converge? 

We can identify ¢n(t) = $1(t) + (2) — $10) + ++ + (Fn — bn —1(0) as the n" 
partial sum of the series 

$1 ()+ >) rai) — $% (O). (24) 
Kg=l 

The convergence of the sequence {¢,,(t)} is established by showing that the series (24) 

converges. To do this, it is necessary to estimate the magnitude Idx + 1(¢) — $,(0)I of the 

general term. The argument by which this is done is indicated in Problems 14 through 

17 and will be omitted here. Assuming that the sequence converges, denote the limit 

function by ¢, and so 

$f) = lim $n (0). (25) 

3. What are the properties of the limit function $? 

In the first place, we would like to know that ¢ is continuous. This is not, however, 

a necessary consequence of the convergence of the sequence {¢,,(t)}, even though each 

member of the sequence is itself continuous. Sometimes a sequence of continuous 

functions converges to a limit function that is discontinuous. A simple example of 

this phenomenon is given in Problem 11. One way to show that ¢ is continuous is to 

show not only that the sequence {¢,,} converges, but also that it converges in a certain 

manner, known as uniform convergence. We do not take up this matter here, but 

note only that the argument referred to in the discussion of question 2 is sufficient to 

establish the uniform convergence of the sequence {¢,,} and, hence, the continuity of 

the limit function ¢ in the interval It! <h. 

Now let us return to equation (7) 

t 

ote | Rs dee 
0 

Allowing n to approach oo on both sides, we obtain 

t 

$= him | 6.4. ()as (26) 
mc! 
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We would like to interchange the operations of integrating and taking the limit on the 
right-side of equation (26) so as to obtain 

t 

$()=| lim F(6.4n ()ds @7) 
0 oo 

In general, such an interchange is not permissible (see Problem 12, for example), but 
once again, the fact that the sequence {¢,,(t)} converges uniformly is sufficient to allow 
us to take the limiting operation inside the integral sign. Next, we wish to take the limit 
inside the function f, which would give 

t 

$(t) = | f(s, tim én ()) ds (28) 
0 n-ow 

and hence 

t 

$(t) =| f(s.6(s)ds. (29) 
0 

The statement that 

Jim f (5.4n (9) = f(s, lim $n (s)) 

is equivalent to the statement that f is continuous in its second variable, which is known 

by hypothesis. Hence equation (29) is valid, and the function ¢ satisfies the integral 

equation (3). Thus y = ¢(t) is also a solution of the initial value problem (2). 

Are there other solutions of the integral equation (3) besides y = $(t)? 

To show the uniqueness of the solution y = ¢(t), we can proceed much as in the 

example. First, assume the existence of another solution y = 7(t). It is then possible to 

show (see Problem 18) that the difference (t) — p(t) satisfies the inequality 

t 

S(O) -VOI<A | Povo (30) 
0 

for 0 < t < h and a suitable positive number A. From this point the argument is 

identical to that given in the example, and we conclude that there is no solution of 

the initial value problem (2) other than the one generated by the method of successive 

approximations. 

Problems 

In each of Problems 1 and 2, transform the given initial value problem 

into an equivalent problem with the initial point at the origin. 

1. dy/dt = t2+y?, yQ)=2 2. dy/dt=4-y*, y(-1)=2 

In each of Problems 3 through 4, let ¢(t) = 0 and define {¢,,(t)} by 

the method of successive approximations. 

a. 

b. 

. Express lim ¢,, (t) = $(t) in terms of elementary functions; that 
n-o 

d. @ Plot |p (t) — ¢n(t)| for n = 1, ..., 4. For each of ¢,(0), ..., d4(0), 

estimate the interval in which it is a reasonably good approxima- 

tion to the actual solution. 

3. Oy =20+), yO=H0 4. My’ =-y/3+t, y(0)=0 

In each of Problems 5 and 6, let ¢y(t) = 0 and use the method of 

successive approximations to solve the given initial value problem. 
Determine ¢,,(¢) for an arbitrary value of n. 

Plot ¢,(t) for n = 1, ..., 4. Observe whether the iterates appear a. Determine ¢,,(¢) for an arbitrary value of n. 

to be converging. b. © Plot ¢,,(t) for n = 1, ..., 4. Observe whether the iterates appear 
to be converging. 

is, solve the given initial value problem. 
c. Show that the sequence {¢,,(t)} converges. 
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6. y =ty-t, y()=0 5. y=ty+1, y(0)=0 

In each of Problems 7 and 8, let ¢)(t) = 0 and use the method of 

successive approximations to approximate the solution of the given 

initial value problem. 

a. Calculate $,(0), ..., 3(0). 

b. © Plot ¢,(0), ..., 3(f). Observe whether the iterates appear to be 

converging. 

Py toys -¥:(0):=0 8. y=4-y, y(0)=0 

In each of Problems 9 and 10, let ¢o(f) = 0 and use the method of 

successive approximations to approximate the solution of the given 

initial value problem. 

a. Calculate ¢,(0), ..., 64(0, or (if necessary) Taylor approximations 

to these iterates. Keep terms up to order six. 

b. © Plot the functions you found in part a and observe whether 

they appear to be converging. 

9. y’=-sin(y)+1, y(0)=0 

BE Ap 
10. ‘= ———___., 0)=0 2y=1) y (0) 

11. Let $,(x) =x” for 0 <x <1 and show that 

Oko ed li = > —_— ? 

ee) 1 x=1. 

This example shows that a sequence of continuous functions 

may converge to a limit function that is discontinuous. 

12. Consider the sequence ¢, (x) = 2nxe7"”, O<x <1. 

a. Show that lim ¢, (x) = 0 for 0 <x <1; hence 
n-ow 

1 

| lim ¢,, (x) dx = 0. 
0 n-ow 

1 

b. Show that | 2nxe-"’ dx =1— e—”; hence 
0 

1 

lim | Price axa—ele 
n-oo 0 

Thus, in this example, 

b b 

lim | bq (xix é | lim gy (x) ds 

even though lim ¢, (x) exists and is continuous. 
noo 

0 42k 

13. a. Verify that P(t) = ») na is a solution of the integral 
Kae 

equation (9) 

b. Verify that ¢ (f) is also a solution of the initial value 

problem (8). 

© 4k 
c. Use the fact that Me a = e! to evaluate ¢(t) in terms of 

k=1" 
elementary functions. 

d. Solve initial value problem (8) as a separable equation. 

e. Solve initial value problem (8) as a first order linear equation. 

In Problems 14 through 17, we indicate how to prove that the 

sequence {¢,,(t)}, defined by equations (4) through (7), converges. 

14. If df/dy is continuous in the rectangle D, show that there is a 

positive constant K such that 

If(yu)-f ty <Kln — yal, (31) 

where (t, y,) and (t, y>) are any two points in D having the same t 

coordinate. This inequality is known as a Lipschitz?° condition. 

Hint: Hold t fixed and use the mean value theorem on f as 

a function of y only. Choose K to be the maximum value of 

|Of/dy| in D. 

15. If¢,_ (t) and ¢,,(t) are members of the sequence {¢,,(f)}, use the 

result of Problem 15 to show that 

lf (,¢n(O) — f @, Gn-1 O)| S$ K lon © - $n-1 O- 

16. a. Show that if |t] < h, then 

Iti @O| <M tl, 

where M is chosen so that | f (t, y)| < M for (t, y) in D. 

b. Use the results of Problem 15 and part a of Problem 16 to 

show that 

2 

I) 4, (01 < MAE 

c. Show, by mathematical induction, that 

MK" |t|” MRE teh 
n! 7 n} ; 

Ifn (t) — $n—1 Ol S 

17. Note that 

Pn = $1) + ($20) — $1) + + (Gn O - bn ©). 

a. Show that 

lbn Ol S Ihr Ol + lb2O- $1 Ol +. + bn O — $n O1- 

b. Use the results of Problem 14 to show that 

2 

in os (kn ees, (Kh)" 
2! n! 7 

c. Show that the sum in part b converges as n —> oo and, 
hence, the sum in part a also converges as n > oo. Conclude 

ee 

*°The German mathematician Rudolf Lipschitz (1832-1903), professor at the University of Bonn for many 
years, worked in several areas of mathematics. The inequality (i) can replace the hypothesis that Of /dy is 
continuous in Theorem 2.8.1; this results in a slightly stronger theorem. 
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therefore that the sequence {¢,,(t)} converges since it is the b. Show that 
sequence of partial sums of a convergent infinite series. 

18. In this problem we deal with the question of uniqueness of the 
solution of the integral equation (3) 

t 

IfO-POl <| If (s, 6 (8) — f(s, PI ds. 
0 

u c. Use the result of Problem 14 to show that 

s0=| Foeonas 
0 t 

s)-dWI< x| 1$(8) - (SII ds, 
a. Suppose that ¢ and ~ are two solutions of equation (3). Show 0 

that, for t > 0, 
where K is an upper bound for |df/dy| in D. This is the same 

t as equation (30), and the rest of the proof may be constructed 

PH)-~O= | (f (s, $(s)) — f (s, p (s))) ds. as indicated in the text. 
0 

2.9 | FIRST-ORDER DIFFERENCE EQUATIONS 

Although a continuous model leading to a differential equation is reasonable and attractive 

for many problems, there are some cases in which a discrete model may be more natural. 

For instance, the continuous model of compound interest used in Section 2.3 is only an 

approximation to the actual discrete process. Similarly, sometimes population growth may 

be described more accurately by a discrete model than by a continuous model. This is true, 

for example, of species whose generations do not overlap and that propagate at regular 

intervals, such as at particular times of the calendar year. Then the population y, , ; of 

the species in the year n + 1 is some function of n and the population y, in the preceding 

year; that is, 

Yn+1 =F (n,n), n= 0,1,2,... (1) 

Equation (1) is called a first-order difference equation. It is first-order because the value 

of y, 41 depends on the value of y, but not on earlier values y,,_ 1, y, —2, and so forth. 

As for differential equations, the difference equation (1) is linear iff is a linear function 

of y,; otherwise, it is nonlinear. A solution of the difference equation (1) is a sequence 

of numbers yo, yj, 2, ... that satisfy the equation for each n. In addition to the difference 

equation itself, there may also be an initial condition 

Yo =a (2) 

that prescribes the value of the first term of the solution sequence. 

We now assume temporarily that the function f in equation (1) depends only on y,, but 

not on n. In this case 

Ynt1 =fOn), n=0,1,2,.... (3) 

If yo is given, then successive terms of the solution can be found from equation (3). Thus 

yi £ (Yo), 

and 

yw=fod=fF Oo). 
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The quantity f(f(yo)) is called the second iterate of the difference equation and is sometimes 

denoted by f?(yo). Similarly, the third iterate y3 is given by 

v3 =f =f FE Oo) =f? Oo) 

and so on. In general, the n" iterate y,, is 

Yn = f On-1) = fF" O)- 

This procedure is referred to as iterating the difference equation. It is often of primary 

interest to determine the behavior of y,, as n > oo. In particular, does y, approach a limit, 

and if so, what is it? 

Solutions for which y, has the same value for all n are called equilibrium solutions. 

They are frequently of special importance, just as in the study of differential equations. If 

equilibrium solutions exist, you can find them by setting y, 4 ; equal to y,, in equation (3) 

and solving the resulting equation 

Yn = f On) (4) 

for yp. 

> Linear Equations. Suppose that the population of a certain species in a given region in 

year n + 1, denoted by y, , ;, is a positive multiple o, of the population y,, in year n; that is, 

Yn+1 = PnYn> n = 0, 1 2s (5) 

Note that the reproduction rate p,, may differ from year to year. The difference equation (5) 

is linear and can easily be solved by iteration. We obtain 

Yi = Povo> 

Y2 = P11 = PiPovo> 

and, in general, 

Yn = Pn-1+--PoYo, N= 1,2,.... (6) 

Thus, if the initial population yp is given, then the population of each succeeding generation 

is determined by equation (6). Although for a population problem p,, is intrinsically 

positive, the solution (6) is also valid if p, is negative for some or all values of n. Note, 

however, that if p, is zero for some n, then y,, , ; and all succeeding values of y are zero; in 

other words, the species has become extinct. 

If the reproduction rate p,, has the same value p for each n, then the difference equation 

(5) becomes 

Yn+1 = PYn (7) 

and its solution is 

Yn = "Yo. (8) 

Equation (7) also has an equilibrium solution, namely, y, = 0 for all n, corresponding to 
the initial value yp = 0. The limiting behavior of y, is easy to determine from equation (8). 
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In fact, 

0, if \olr< 1; 

jim Yn = 4 Yo, ifp=1; (9) 
does not exist, otherwise. 

In other words, the equilibrium solution y, = 0 is asymptotically stable for |p| < 1 and 
unstable for |p| > 1. 

Now we will modify the population model represented by equation (5) to include the 
effect of immigration or emigration. If b, is the net increase in population in year n due 
to immigration, then the population in year n + 1 is the sum of the part of the population 
resulting from natural reproduction and the part due to immigration. Thus 

Yn+1 =Pyn+bn, n=0,1,2,..., (10) 

where we are now assuming that the reproduction rate p is constant. We can solve equation 
(10) by iteration in the same manner as before. We have 

V1 = PYo + bo, 

Y2 = P (PY + bo) + by = P? Yo + Pbo + by, 

Y3 = P (p70 + plo + by) + by = p29 + 07bo + Pb; + bo, 

and so forth. In general, we obtain 

n—-1 

Yn = P™Yo +P" "bo + +++ + pbn-2 + bn=1 = P"Yo + YD, "1 -JD;. (11) 
j=0 

Note that the first term on the right-hand side of equation (11) represents the descendants of 

the original population, while the other terms represent the population in year n resulting 

from immigration in all preceding years. 

In the special case where b,, = b # 0 for all n, the difference equation is 

Yn+1 = Pyn +b, (12) 

and from equation (11) its solution is 

Yn =P"Yo t+ (1+ p+ 7 +--+ p""")b. wey 

If ep #1, wecan write this solution in the more compact form 

n 

; = b, (14) Yn = P” Yo + 

where again the two terms on the right-hand side are the effects of the original population 

and of immigration, respectively. Rewriting equation (14) as 

Yn =p" (v = ) us Ss (15) 

makes the long-time behavior of y, more evident. It follows from equation (15) that 

y, 2 D/A — p) if lel < 1. If lel > 1 or if p = —1 then y, has no limit unless yo = 

b/(1 — p). The quantity b/(1 — p), for p # 1, is an equilibrium solution of equation (12), 

as can readily be seen directly from that equation. Of course, equation (14) is not valid for 

p = 1. To deal with that case, we must return to equation (13) and let p = 1 there. It follows 
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that 

Yn = Yo + nb, (16) 

so in this case y,, becomes unbounded as n > ov. 

The same model also provides a framework for solving many problems of a financial 

character. For such problems, y,, is the account balance in the nth time period, p, =1+Tp, 

where r,, is the interest rate for that period, and b, is the amount deposited or withdrawn. 

The following example is typical. 

EXAMPLE 2.9.1 

A recent college graduate takes out a $12,000 loan to purchase a car. If the interest rate is 11%, what 

monthly payment is required to pay off the loan in 4 years? 

Solution: 

The relevant difference equation is equation (12), where y,, is the loan balance outstanding in the 

n month, p = 1 + r, where r is the interest rate per month, and b is the effect of the monthly 

payment. Note that p = 1.01, corresponding to a monthly interest rate of 1%. Since payments reduce 

the loan balance, b must be negative; the actual payment is |DI. 

The solution of the difference equation (12) with this value for p and the initial condition 

Yo = 12,000 is given by equation (15); that is, 

Yn = (1.01)" (12,000 + 100b) — 100b (17) 

The value of b needed to pay off the loan in 4 years is found by setting y,, = 0 and solving for b. 

This gives 

= —282.04406 (18) 
= 

b = —100 

The total amount paid on the loan is 44 times |bl, or $12,409.939. Of this amount, $12,000 is 

repayment of the principal and the remaining $2409.939 is interest. 

> Nonlinear Equations. Nonlinear difference equations are much more complicated and 

have much more varied solutions than linear equations. We will restrict our attention to a 

single equation, the logistic difference equation 

Yn+1 = PYn (1-72), (19) 

which is analogous to the logistic differential equation 

aa ea) 20 
that was discussed in Section 2.5. Note that if the derivative dy/dtin equation (20) is replaced 
by the difference quotient (Y» 41 — yn)/h, then equation (20) reduces to equation (19) with 
p=1+hrandk =(1 +hr)K/(hr). To simplify equation (19) a little more, we can scale the 
variable y,, by introducing the new variable u,, = y,/k. Then equation (19) becomes 

Un+1 = PUy (1— Uy), (21) 

where 9 is a positive parameter. 

We begin our investigation of equation (21) by seeking the equilibrium, or constant, solu- 
tions. These can be found by setting u,, , ; equal to u, in equation (21), which corresponds 



2.9 First-Order Difference Equations 

to setting dy/dt equal to zero in equation (20). The resulting equation is 

= pil 1a. (22) 

so it follows that the equilibrium solutions of equation (21) are 

ll 
Un — 0, Uy = wae (23) 

The next question is whether the equilibrium solutions are asymptotically stable or 

unstable. That is, for an initial condition near one of the equilibrium solutions, does the 

resulting solution sequence approach or depart from the equilibrium solution? 

One way to examine this question is by approximating equation (21) by a linear equation 

in the neighborhood of an equilibrium solution. For example, near the equilibrium solution 

Uy, = 0, the quantity u2 is small compared to u,, itself, so we assume that we can neglect the 

quadratic term in equation (21) in comparison with the linear terms. This leaves us with 

the linear difference equation 

Un+1 = PUn, (24) 

which is presumably a good approximation to equation (21) for u, sufficiently near zero. 

However, equation (24) is the same as equation (7), and we have already concluded, in 

equation (9), that u, —- 0 as n — oo if and only if |e! < 1, or (since p must be positive) 

for 0 < ep < 1. Thus the equilibrium solution u,, = 0 is asymptotically stable for the linear 

approximation (24) for this set of o values, so we conclude that it is also asymptotically 

stable for the full nonlinear equation (21). 

The previous conclusion is correct, although our argument is not complete. What is 

lacking is a theorem stating that the solutions of the nonlinear equation (21) resemble those 

of the linear equation (24) near the equilibrium solution u,, = 0. We will not take time to 

discuss this issue here; the same question is treated for differential equations in Section 9.3. 

Now consider the other equilibrium solution u, = (e — 1)/p. To study solutions in the 

neighborhood of this point, we write 

c= J] 
Un = as + Vn> (25) 

where we assume that v,, is small. By substituting from equation (25) in equation (21) and 

simplifying the resulting equation, we eventually obtain 

Unser = (2—P)Vn — pve. (26) 

Since v,, is small, we again neglect the quadratic term in comparison with the linear terms 

and thereby obtain the linear equation 

Vns1 = (2—/) vn. (27) 

Referring to equation (9) once more, we find that v, > 0 as n > oo for |2 — pl < 1, or in 

other words for 1 < p < 3. Therefore, we conclude that for this range of values of p, the 

equilibrium solution u,, = (e — 1)/p is asymptotically stable. 

Figure 2.9.1 contains the graphs of solutions of equation (21) for p = 0.8, e = 1.5, and 

p = 2.8, respectively. Observe that the solution converges to zero for p = 0.8 and to the 

nonzero equilibrium solution for p = 1.5 and p = 2.8. The convergence is (eventually) 

monotone for e = 0.8 and for p = 1.5 and is oscillatory for p = 2.8. The graphs shown are 

for particular initial conditions, but the graphs for other initial conditions are similar. 

Another way of displaying the solution of a difference equation is shown in Figure 2.9.2. 

In each part of this figure, the graphs of the parabola y = px(1 — x) and of the straight 

line y = x are shown. The equilibrium solutions correspond to the points of intersection of 

these two curves. The piecewise linear graph consisting of successive vertical and horizontal 
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Un 

0.8 

0.6 

0.4 

0.2 

Bete ey Solutions of uy, +1 = PUn(1 — uy): (a) p = 0.8; (b) p = 1.5; (c) p = 2.8. 

line segments, sometimes called a stairstep or cobweb diagram, represents the solution 

sequence. The sequence starts at the point up on the x-axis. The vertical line segment drawn 

upward to the parabola at ug corresponds to the calculation of pug(1 — Ug) = U;. This value 

is then transferred from the y-axis to the x-axis; this step is represented by the horizontal 

line segment from the parabola to the line y = x. Then the process is repeated over and over 

again. Clearly, the sequence converges to the origin in Figure 2.9.2(a) and to the nonzero 

equilibrium solution in the other two cases. 

To summarize our results so far: the difference equation (21) has two equilibrium 

solutions, u, = 0 and u, = (e — 1)/p; the former is asymptotically stable for 0 < p < 1, 

and the latter is asymptotically stable for 1 < p < 3. When p = 1, the two equilibrium 

solutions coincide at u = 0; this solution can be shown to be asymptotically stable. In 

Figure 2.9.3 the parameter p is plotted on the horizontal axis and u on the vertical axis. 

The equilibrium solutions u = 0 and u = (e — 1)/p are shown. The intervals in which each 

one is asymptotically stable are indicated by the solid portions of the curves. There is an 

exchange of stability from one equilibrium solution to the other at p = 1. 

For p > 3, neither of the equilibrium solutions is stable, and the solutions of equation (21) 

exhibit increasing complexity as ¢ increases. For e somewhat greater than 3, the sequence 

u, rapidly approaches a steady oscillation of period 2; that is, u,, oscillates back and forth 

between two distinct values. For e = 3.2, a solution is shown in Figure 2.9.4. For n greater 

than about 20, the solution alternates between the values 0.5130 and 0.7995. The graph is 

drawn for the particular initial condition up = 0.3, but it is similar for all other initial values 
between 0 and 1. Figure 2.9.4(b) also shows the same steady oscillation as a rectangular 
path that is traversed repeatedly in the clockwise direction. 

At about p = 3.449, each state in the oscillation of period 2 separates into two dis- 
tinct states, and the solution becomes periodic with period 4; see Figure 2.9.5, which 
shows a solution of period 4 for p = 3.5. As p increases further, periodic solutions of 
period 8, 16, ... appear. The transition from solutions with one period to solutions with a 
new period that occurs at a certain parameter value is called a bifurcation; the value of the 
parameter where the bifurcation occurs is called a bifurcation value of the parameter. 
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y = px (1 —x) 

0.2 0.4 0.6 0.8 eG 
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Asymptotically stable 
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Unstable 

Exchange of stability for Up 4 1 = PUn(1 — Up). 
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0.5130 0.7995 

0.6 

(6) 

A solution of u, 41 = pu,(1 — u,) for p = 3.2; period 

2. (a) u,, versus n; (b) the cobweb diagram shows the iterates are in a 

two-cycle. 

The values of p at which the successive period doublings occur approach a limit that is 

approximately 3.57. For p > 3.57, the solutions possess some regularity but no discernible 

detailed pattern for most values of p. For example, a solution for p = 3.65 is shown in 

Figure 2.9.6. It oscillates between approximately 0.3 and 0.9, but its fine structure is 

unpredictable. The term chaotic is used to describe this situation. One of the features 

of chaotic solutions is extreme sensitivity to the initial conditions. This is illustrated in 

Figure 2.9.7, where two solutions of equation (21) for p = 3.65 are shown. One solution 

is the same as that in Figure 2.9.6 and has the initial value ug = 0.3, while the other solution 

has the initial value Up = 0.305. For about 15 iterations the two solutions remain close and 

are hard to distinguish from each other in the figure. After that, although they continue to 

wander about in approximately the same set of values, their graphs are quite dissimilar. It 

would certainly not be possible to use one of these solutions to estimate the value of the 

other for values of n larger than about 15. 

It is only comparatively recently that chaotic solutions of difference and differential 

equations have become widely known. Equation (20) was one of the first instances of 

mathematical chaos to be found and studied in detail, by Robert May”! in 1974. On the 
basis of his analysis of this equation as a model of the population of certain insect species, 

May suggested that if the growth rate pe is too large, then it will be impossible to make 

effective long-range predictions about these insect populations. The occurrence of chaotic 
solutions in seemingly simple problems has stimulated an enormous amount of research, 

*tRobert M. May (1936-) was born in Sydney, Australia, and received his education at the University of 
Sydney with a doctorate in theoretical physics in 1959. His interests soon turned to population dynamics 
and theoretical ecology; the work cited in the text is described in two papers listed in the References at the 
end of this chapter. He has held professorships at Sydney, at Princeton, at Imperial College (London), and 
(since 1988) at Oxford. 
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but many questions remain unanswered. It is increasingly clear, however, that chaotic 
solutions are much more common than was suspected at first and that they may be a part 
of the investigation of a wide range of phenomena. 

Un 
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Baie A solution of u, . 1; = pu,(1 — up) for p = 3.5; 
period 4. (a) u,, versus n; (b) the cobweb diagram shows the 

iterates are in a four-cycle. 
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A solution of u,, 4 1 = eU,(1 — up) for 
p = 3.65; a chaotic solution. 
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Two solutions of u,, + 1 = U,(1 — up) for 
p = 3.65; Up = 0.3 and Up = 0.305. 

Problems 

In each of Problems 1 through 4, solve the given difference equation 

in terms of the initial value yy. Describe the behavior of the solution 

asn > oo. 

/n+2 
im Yn+1= =(O,9 yr, De Vn+1 = Serer 

This illustrates that the long-term behavior of the solution is 

independent of the initial conditions. 

b. @ Make similar calculations and verify that the nature of the 

solution for large n is independent of the initial condition for 

other values of p, such as 2.6, 2.8, and 3.4. 

Sey, = (— 1)" 22y, 4. You = 05,424 12. Assume that ¢ > 1 in equation (21). 

5. An investor deposits $2000 in an account paying interest at a 

rate of 12%, compounded monthly, and also makes additional 

deposits of $50 per month. Find the balance in the account after 

3 years. 

a. (Draw a qualitatively correct stairstep diagram and thereby 

show that if Uw) < 0, then u, ~ —coasn > o. 

b. @ Ina similar way, determine what happens as n > ov if 

Up > 1. 

6. Acertain college graduate borrows $9000 to buy a car. The lender 13. The solutions of equation (21) change from convergent 

charges interest at an annual rate of 8%. What monthly payment 

rate is required to pay off the loan in 3 years? 

7. A homebuyer takes out a mortgage of $300,000 with an interest 

rate of 15%. What monthly payment is required to pay off the 

loan in 50 years? In 30 years? What is the total amount paid 

during the term of the loan in each of these cases? 

8. If the interest rate on a 20-year mortgage is fixed at 8% and ifa 

monthly payment of $1000 is the maximum that the buyer can 

afford, what is the maximum mortgage loan that can be made 

under these conditions? 

9. A homebuyer wishes to finance the purchase with a $98,000 

mortgage with a 20-year term. What is the maximum interest 

rate the buyer can afford if the monthly payment is not to exceed 

$950? 

sequences to periodic oscillations of period 2 as the parameter 

p passes through the value 3. To see more clearly how this 

happens, carry out the following calculations. 

a. @ Plot or calculate the solution for = 2.9, 2.95, and 2.99, 

respectively, using an initial value uy of your choice in the 

interval (0, 1). In each case estimate how many iterations are 

required for the solution to get “very close” to the limiting 

value. Use any convenient interpretation of what “very close” 

means in the preceding sentence. 

b. @ Plot or calculate the solution for p = 3.01, 3.05, and 3.1, 

respectively, using the same initial condition as in part a. In 

each case estimate how many iterations are needed to reach 

a steady-state oscillation. Also find or estimate the two values 

in the steady-state oscillation. 

14. @ By calculating or plotting the solution of equation (21) for 

The Logistic Difference Equation. Problems 10 through 15 deal 

with the difference equation (21), u, 41 = PUu,(1 — u,). 

10. Carry out the details in the linear stability analysis of the equi- 

librium solution u, = (e — 1)/p. That is, derive the difference 

equation (26) in the text for the perturbation v,,. 

11. a. @ For pe = 3.2, plot or calculate the solution of the logistic 

equation (21) for several initial conditions, say, uy = 0.2, 

0.4, 0.6, and 0.8. Observe that in each case the solution 

approaches a steady oscillation between the same two values. 

different values of p, estimate the value of p at which the solution 

changes from an oscillation of period 2 to one of period 4. In the 

same way, estimate the value of p at which the solution changes 

from period 4 to period 8. 

15. @ Let ; be the value of p at which the solution of equation (21) 
changes from period 2 ~! to period 2". Thus, as noted in the text, 
P1 = 3, Pz = 3.449, and pe, = 3.544. 

a. Using these values of (;, 02, and 3, or those you found in 

Problem 14, calculate (¢2 — p;)/(p3; — p>). 
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b. 

Concept Questions 

C2.1. 

C2.2. 

C2.3. 

C2.4. 

C2.5. 

C2.6. 

C2.7. 

C2.8. 

C2.9. 

Let 6, = (On — Pn—1)/(Pn+1 — Pn) It can be shown that 6,, 

approaches a limit 6 as n > oo, where 6 & 4.6692 is known 

as the Feigenbaum”? number. Determine the percentage 
difference between the limiting value 6 and 6), as calculated 

in part a. 

. Assume that 6; = 6 and use this relation to estimate 4, the 

value of ¢ at which solutions of period 16 appear. 

. OBy plotting or calculating solutions near the value of ¢, 

found in part c, try to detect the appearance of a period 16 

solution. 

Explain, in words, the general idea behind using an integrat- 

ing factor for a first-order linear differential equation. 

Why does multiplying the differential equation y’ + py = g 

by w(t) = exp(f p(t) dt) make it easier to find the general 

solution of this differential equation. 

Match each integrating factor ((a)-(d)) with the correspond- 

ing differential equation ((i)-(iv)). 

a. u(t) =e* i. y+ =y = a(t) 

b. u(t) =e* ii, y+ 3y =g(t) 

ce w(H=0 iii. y+ =y = g(0) 

a n@a=r° iv. y’ + 3y =g(t) 

a. Isit possible to find an explicit solution for any first-order 

linear DE? Why?/Why not? 

b. Is it possible to find an explicit solution for any separable 

DE? Why?/Why not? 

Describe, in words, the general balance law for a mixing 

problem. 

For what value(s) of a do all solutions of y’ = ay +b 

a. remain bounded for all t? 

b. become unbounded as t > co? 

What does Theorem 2.4.2 say about solutions of a first-order 

linear differential equation, y’ + p(t)y = g(t)? (Assume p 

and g are continuous for —co < t < ow.) 

Consider the initial value problem, y’ = y%,y(0) = yo. 

(Assume @ is real number.) 

a. For what value(s) of a does Theorem 2.4.1 apply? 

b. For what value(s) of « does Theorem 2.4.2 apply? 

What feature of the direction field for an autonomous dif- 

ferential equation allows the direction field to be condensed 

into a phase line? 

What is a well-based differential equation? 

Write two important properties of a good mathematical 

model. 

e. 

C2.12. 

C2.13. 

C2.14. 

C2.15. 

C2.16. 

C2.17. 

C2.18. 

C2.19. 

C2.20. 

Observe that 

Pn = Pr + (P2 — P1) + (03 — 02) + + (Pn — Pn-1)- 

Assuming that 

Pa — 03 =(03—(2)5", 5 — Pa = (03 — 02) ~, 

and so forth, express p, as a geometric sum. Then find the 

limit of p, as n > oo. This is an estimate of the value of ¢ at 

which the onset of chaos occurs in the solution of the logistic 

equation (21). 

Is it possible for a first-order differential equation with equi- 

librium solutions y = —1, y = 0, and y = 1 (and no 

other equilibrium solutions) to have the following qualitative 

behaviors? If so, y = 0 give an example. If not, explain why 

not. 

a. y = —1 is asymptotically stable, y = 0 is semistable, and 

y = 1 is unstable. 

b. y = +1 are both semistable y = 0 is asymptotically stable. 

c. y = +1are both unstable. (What does this imply about the 

stability of y = 0?) 

d. All three equilibria are asymptotically stable. 

e. All three equilibria are semistable. 

f. Exactly two equilibria are asymptotically stable. 

What is the reason for studying initial conditions? How are 

these conditions used in an initial value problem? 

Is it possible to find the explicit solution for any exact differ- 

ential equation? Explain. 

In the process of transforming second and higher-order lin- 

ear differential equations into an autonomous first-order 

system, is the corresponding autonomous system also linear? 

Suppose p(x, y) is an integrating factor that makes a differ- 

ential equation exact. Is this integrating factor unique? If it 

is not unique, what is another integrating factor that also 

makes the same differential equation exact? 

What do you know about direction fields and why do we care 

about direction fields? What are their importances? 

What are exact differential equations and where are they 

used? List out some common practical applications of first- 

order exact ordinary differential equation? 

The function y(t) that satisfies the integral equation y(t) = 

yortS ge f (s, y (s)) ds also satisfies what initial value problem 

for a first-order differential equation? 

When is the integral equation y (t) = yo+ J. i f (s, y (s)) ds an 

explicit formula for the solution of the initial value problem 

y’ = f(y), ¥ (to) = Yo? 

ns 

22This result for the logistic difference equation was discovered in August 1975 by Mitchell Feigenbaum 

(1944-), while he was working at the Los Alamos National Laboratory. Within a few weeks he had 

established that the same limiting value also appears in a large class of period-doubling difference equations. 

Feigenbaum, who has a doctorate in physics from M.L.T., is now at Rockefeller University. 
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C2.21. 

Answers to Concept Questions 

C2.1. 

C2.2. 

C2.3. 

C2.4. 

C2.5. 

C2.6. 

C2-7. 

C2.8. 

C2.9. 

C2.10. 

a. What is the equilibrium solution of the first-order linear 

difference equation, y,4; = ay, + b? What assumptions 

must be made about a and b? 

The integrating factor allows the two terms on the left-hand 

side of the first-order linear differential equation, in standard 

form, to be combined into a single derivative term, which is 

easily inverted by integration. 

The function p(t) is an integrating factor for the general first- 

order linear differential equation in standard form. Multiply- 

ing the differential equation by s(t) allows the left-hand side 

to be written as the derivative of the product u(t) y(t). 

(a) - (iv); (b) - Gi); (c) - Gd) - Gi) 
a. After multiplying by the integrating factor, and integrat- 

ing, the explicit formula for y(t) is found by dividing by 

Mo). 
b. An explicit solution is possible only when the result of 

the y-integration is an expression that can be explicitly 

solved for y. Itis rare that this antiderivative will be simple 

enough to solve explicitly for y. In general, we need to be 

prepared to work with an implicit solution. 

The instantaneous rate of change of the amount of substance 

in the tank is equal to the difference between the rate at 

which that substance is being added to the tank and the rate 

at which that substance is being removed from the tank. In 

short, “rate of change equals rate in minus rate out.” This 

becomes a differential equation because the rate at which the 

substance is being removed depends on the amount of the 

substance in the tank at each moment in time. 

a. a<0 

b. a>0 

Theorem 2.4.2 is the existence and uniqueness theorem for 

first-order nonlinear differential equations. To apply that 

result to the linear differential equation, we rewrite the dif- 

ferential equation as y) = —p(t)y + g(t), so f(t,y) = 

—p(t)y + g(t) and df/dy = —p(t). The assumption that 

p and g are continuous for all ¢ tells us that f and df/dy 

are continuous for all t and for all y. Therefore, for any 

initial condition y(t)) = yo, Theorem 2.4.2 guarantees the 

existence of a unique solution on some interval containing 

to. In fact, Theorem 2.4.1 guarantees this solution exists and 

is unique for all values of t. 

a. Theorem 2.4.1 applies when the differential equation is 

linear; this happens when a = 0 and when a = 1. 

b. Theorem 2.4.2 applies when both f(t,y) = y®* and 

df/dy = dy*—} are continuous at y = yp = 0; that is, 

when both a > 0 and either a -1 > 0 ora = 0. Theorem 

2.4.1 applies for ~ > 1 and for a = 0. 

Since the slope function depends only on y (and not on 2), 

every vertical slice of the direction field looks the same; it is 

this information that is reported in the phase line. 

A differential equation is well-based if it has a solution, the 

solution is unique, and the solution depends continuously on 

the initial data. 

C2.11. 

C2.12. 

C2.13. 

C2.14. 

C2.15. 

C2.16. 

C2.17. 

C2.18. 

C2.19. 

C2.20. 

b. What is the equilibrium solution of the first-order linear 

differential equation, y’ = ay + b ? What assumptions 

must be made about a and b? 

A mathematical model should be simple so that problems 

can be solved easily. It should represent the actual situation 

sufficiently well so that solution predicts the real problem’s 

outcome within a useful degree of accuracy. If results pre- 

dicted by the model do not agree with physical observations, 

the model’s underlying assumptions must be revised until a 

satisfactory agreement is obtained. 

a. y= (y-1) +1" 
b. y' =-(y-1) y+ 1 
yy =Onaly Wert) 
. not possible 

-¥=O0-Dy Ot) 
Vem Veal) yar) 

Initial conditions are used to find the value of arbitrary 

constants that appear in the general solution of differential 

equations written for a given network. Initial data is sub- 

stituted into the general solution and the equation is solved 

for arbitrary integral constants. This assists in obtaining the 

exact solution to the problem. 

rm Oo & O 

Like was the case for separable differential equations, it is 

rare that the implicit solution p(x, y) = C can be solved for 

y asa function of x. 

Yes, second and higher-order linear differential equations 

transform into the linear autonomous first-order system. 

No. Any nonzero constant multiple of an integrating factor 

will also produce an exact differential equation. 

A direction field is defined as the collection of smail line 

segments passing through various points having a slope that 

satisfies the given differential equation at that point. These 

are used to illustrate solutions of differential equations and 

can help us understand behavior of differential equations 

without actually solving them. In many cases, we are not 

interested in actual solutions instead interested to know how 

equations behave as t increases. If we get our hands on them, 

direction fields can be used to find information about this 

longterm behavior of the solution. 

In mathematics, an exact differential equation or total dif- 

ferential equation is a certain kind of ordinary differential 

equation which is widely used in physics and engineering. 

Some of the common practical applications in these texts 

include population growth/decay, mixing problems, draining 

tank/Torricelli’s law problems, projectile motion, Newton’s 

law of Cooling, orthogonal trajectories, melting snowball 

type problems, certain basic circuits, growth of an annuity, 

and logistic population models. 

y' = f(t,y),¥ Co) = Yo 
When the slope function depends only on the independent 

variable, that is, when f (t, y) = f (t). 
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C2.21. a. Equilibrium solutions for the difference equation satisfy 
Yn=1 = Yn. Thus y = ay + b, so y = b/ (1 — a), assuming 
QALY. 

Chapter Review Problems 

Miscellaneous Problems. One of the difficulties in solving first- 

order differential equations is that there are several methods of 

solution, each of which can be used on a certain type of equation. 

It may take some timie to become proficient in matching solution 

methods with equations. The first 24 of the following problems are 

presented to give you some practice in identifying the method or 

methods applicable to a given equation. The remaining problems 

involve certain types of equations that can be solved by specialized 

methods. 

In each of Problems 1 through 24, solve the given differential 

equation. If an initial condition is given, also find the solution that 

satisfies it. 

Before trying to find the solution of a differential equation, it 

is necessary to know its type. The student should first classify the 

differential equations before looking at this section, which identifies 

the type of each differential equation in Problems 1 through 24. 

; Ox 27 

Poxue 3x 
> dy _ 1+cos(x) 

‘dx 2-sin(y) 
dy ax+y 

+ & 3+ 3y2 — x’ NE 
dy fs 3 — 6% + = 2 x+y xy 

dy 2xy+y?+1 
de" -x* + 2xy 

dy 
Peis 2 = _ = Cea hey 2-y, yO)=0 

dy sin (x) 
_ x= = ; = Il 7 x ie, = y(2) 

Ps dy _ _2xy+1 

“dx = x24+2y 

° dy | 2y?+6xy-—2x _ 
* dx | 3x24 4xy + 3y2 — 

dy 10. (x? + 3y) + (2x +e”) = 0 

d 
11. (x +3y) +(e +4y) > =0, VO) = 3 

12. y’ =e? 
dy __e~* cos(y) — e”” cos (x) 

13. oe = Te=* sin (y) + 26 sin (x) 
dy ox a 3 14 Coo 

dy 2 i eope 2y =e* ax 0)=3 15 +2y=e y (0) 

dy _ 3x? —2y—y4 
dx 2x+4xy3 

b. Equilibrium solutions for the differential equation satisfy 

dy/dx = 0. Thus 0 = ay + b, so y = —b/a, assuming 

==) 

dy 1 
17. — = 
ji dx ta 2+e% 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

dy ay 8a — 6 
dx  3x2+6xy+3y2 — 

dy (2y + 3x) = me a 

x*y’ =y+xev!* 

Ci palo pe 

dx x3y+xy3 
dy x+y 

dx x-y 

2 2\ ay (3y? + 4xy) — (4xy +x tae =i0 

d x?-1 
oe Se 
Riccati Equations The equation 

d = =AO+ROV+GOY 

is known as a Riccati*? equation. Suppose that some particular 

solution y, of this equation is known. A more general solution 

containing one arbitrary constant can be obtained through the 

substitution 

1 
y=y(t)+ 77) 

Show that v(t) satisfies the first-order linear equation 

dv 
ae sc (92 + 2931) v — Q3. 

Note that v(t) will contain a single arbitrary constant. 

Verify that the given function is a particular solution of the given 

Riccati equation. Then use the method of Problem 25 to solve the 

following Riccati equations: 

a y=14+t?—-2ty+y*; yQ=t 

Y 1 2. sy 
a7 ty; Ud 

2 +2 2 o _ 2c0s uw ae +y onl mee er 

The propagation of a single action in a large population (for 

example, drivers turning on headlights at sunset) often depends 

partly on external circumstances (gathering darkness) and partly 

on a tendency to imitate others who have already performed the 

action in question. In this case the proportion y(t) of people who 

b y=- 

c. 

23Riccati equations are named for Jacopo Francesco Riccati (1676-1754), a Venetian nobleman, who declined 

university appointments in Italy, Austria, and Russia to pursue his mathematical studies privately at home. 

Riccati studied these equations extensively; however, it was Euler (in 1760) who discovered the result stated 

in this problem. 



118 | Chapter 2 / First-Order Differential Equations 

have performed the action can be described?* by the equation 

dy/dt = (1 — y)(x (t) + by), (28) 

where x(t) measures the externa! stimulus and b is the imitation 

coefficient. 

a. Observe that equation (28) is a Riccati equation and that 

y,(t) = 1 is one solution. Use the transformation suggested 

in Problem 25, and find the linear equation satisfied by v(t). 

b. Find v(t) in the case that x(t) = at, where a is a constant. 

Leave your answer in the form of an integral. 

Some Special Second-Order Differential Equations. Second- 

order differential equations involve the second derivative of the 

unknown function and have the general form y”’ = f(t, y, y’). Usually, 

such equations cannot be solved by methods designed for first-order 

differential equations. However, there are two types of second-order 

equations that can be transformed into first-order equations by a 

suitable change of variable. The resulting equation can sometimes 

be solved by the methods presented in this chapter. Problems 28 

through 37 deal with these types of equations. 

Equations with the Dependent Variable Missing. For a second- 

order differential equation of the form y’’ = f(t, y’), the substi- 

tution v = y’, v’ = y” leads to a first-order equation of the form 

v’ = f(t, v). If this equation can be solved for v, then y can be obtained 

by integrating dy/dt = v. Note that one arbitrary constant is obtained 

in solving the first-order equation for v, and a second is introduced 

in the integration for y. In each of Problems 28 through 31, use this 

substitution to solve the given equation. 
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28. t2y” + 2ty’ -1=0,t >0 

30. 2t2y” + (y')? = 2ty’, t>0 

Equations with the Independent Variable Missing. Consider 

second-order differential equations of the form y” = f(y, y’), in which 

the independent variable t does not appear explicitly. If we let v=’, 

then we obtain dv/dt = f(y, v). Since the right-hand side of this equa- 

tion depends on yand y, rather than on t and v, this equation contains 

too many variables. However, if we think of y as the independent 

variable, then by the chain rule, dv/dt = (dv/dy)(dy/dt) = v(dv/dy). 

Hence the original differential equation can be written as v(dv/dy) 

= f(y, v). Provided that this first-order equation can be solved, we 

obtain v as a function of y. A relation between y and ¢ results from 

solving dy/dt = v(y), which is a separable equation. Again, there are 

two arbitrary constants in the final result. In each of Problems 32 

through 35, use this method to solve the given differential equation. 

33.y"+y’'P =0 

35. y” + (y’) = 2e7-Y 

” 12 
32. yy’ +O”) =0 

"” 1\3 

34. yy” -() =0 

Hint: In Problem 35 the transformed equation is a Bernoulli equa- 

tion. See Problem 23 in Section 2.4. 

In each of Problems 36 through 37, solve the given initial value 

problem using the methods of Problems 28 through 35. 
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SECOND-ORDER LINEAR 
DIFFERENTIAL EQUATIONS 

Linear differential equations of second order are of crucial importance in the study of 
differential equations for two main reasons. The first is that linear equations have a rich 

theoretical structure that underlies a number of systematic methods of solution. Further, 

a substantial portion of this structure and of these methods is understandable at a fairly 

elementary mathematical level. In order to present the key ideas in the simplest possible 

context, we describe them in this chapter for second-order equations. The second reason 

to study second-order linear differential equations is that they are vital to any serious 

investigation of the classical areas of mathematical physics. One cannot go very far in 

the development of fluid mechanics, heat conduction, wave motion, or electromagnetic 

phenomena without finding it necessary to solve second-order linear differential equations. 

We illustrate this at the end of this chapter with a discussion of the oscillations of some basic 

mechanical and electrical systems. 

HOMOGENEOUS DIFFERENTIAL EQUATIONS WITH 

CONSTANT COEFFICIENTS 

Many second-order ordinary differential equations have the form 

3.1 

dy dy 
al =f (ty. 2), ; (1) 

where f is some given function. Usually, we will denote the independent variable by t since 

time is often the independent variable in physical problems, but sometimes we will use x 

instead. We will use y, or occasionally some other letter, to designate the dependent variable. 

Equation (1) is said to be linear if the function f has the form 

f(s 2) =s@- po -aws. Q) 

that is, if f is linear in y and dy/dt. In equation (2) g, p, and q are specified functions of the 

independent variable t but do not depend on y. In this case we usually rewrite equation (1) 

as 

y"+p(t)y +q®y =gt), (3) 

where the primes denote differentiation with respect to t. Instead of equation (3), we 

sometimes see the equation 

P(t)y"+Q()y' +RO)y=G). (4) 

Of course, if P(t) # 0, we can divide equation (4) by P(t) and thereby obtain equation (3) 

with 

Q(t) _R} _ Git) 
PO ah: T= 5 Gy BO) = Bip (5) 

119 
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In discussing equation (3) and in trying to solve it, we will restrict ourselves to intervals in 

which p, q, and g are continuous functions.! 

If equation (1) is not of the form (3) or (4), then it is called nonlinear. Analytical 

investigations of nonlinear equations are relatively difficult, so we will have little to say 

about them in this book. Numerical or geometical approaches are often more appropriate, 

and these are discussed in Chapters 8 and 9. 

An initial value problem consists of a differential equation such as equations (1), (3), or 

(4) together with a pair of initial conditions 

y(to.)=Yo, y' (to) =o: (6) 

where yo and yg are given numbers prescribing values for y and y’ at the initial point fo. 

Observe that the initial conditions for a second-order differential equation identify not 

only a particular point (to, yo) through which the graph of the solution must pass, but 

also the slope yj of the graph at that point. It is reasonable to expect that two initial 

conditions are needed for a second-order differential equation because, roughly speaking, 

two integrations are required to find a solution and each integration introduces an arbitrary 

constant. Presumably, two initial conditions will suffice to determine values for these two 

constants. 

A second-order linear differential equation is said to be homogeneous if the term 

g(t) in equation (3), or the term G(t) in equation (4), is zero for all ¢. Otherwise, the 

equation is called nonhomogeneous. Alternatively, the nonhomogeneous term g(t), or 

G(t), is sometimes called the forcing function because in many applications it describes an 

externally applied force. We begin our discussion with homogeneous equations, which we 

will write in the form 

P(t)y"+Q(t)y +R(t)y =0. (7) 

Later, in Sections 3.5 and 3.6, we will show that once the homogeneous equation has been 

solved, it is always possible to solve the corresponding nonhomogeneous equation (4), or 

at least to express the solution in terms of an integral. Thus the problem of solving the 

homogeneous equation is the more fundamental one. 

In this chapter we will concentrate our attention on equations in which the functions P, 

Q, and R are constants. In this case, equation (7) becomes 

ay” + by’+cy =0, (8) 

where a, b, and c are given constants. It turns out that equation (8) can always be solved 

easily in terms of the elementary functions of calculus. On the other hand, it is usually much 
more difficult to solve equation (7) if the coefficients are not constants, and a treatment of 
that case is deferred until Chapter 5. Before taking up equation (8), let us first gain some 
experience by looking at a simple example that in many ways is typical. 

EXAMPLE 3.1.1 

Solve the equation 

Ve way y Ee 0. (9) 

Also find the solution that satisfies the initial conditions 

y@)=2, y'()=-1. (10) 

‘There is a corresponding treatment of higher-order linear equations in Chapter 4. If you wish, you may read 
the appropriate parts of Chapter 4 in parallel with Chapter 3. 
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Solution: 

Observe that equation (9) is just equation (8) with a = 1, b = 0, and c = —1. In words, equation 
(9) says that we seek a function with the property that the second derivative of the function is 

the same as the function itself. Do any of the functions that you studied in calculus have this 

property? A little thought will probably produce at least one such function, namely, y,(t) = e’, the 

exponential function. A little more thought may also produce a second function, y,(t) = e~'. Some 

further experimentation reveals that constant multiples of these two solutions are also solutions. 

For example, the functions 2e' and Se~ also satisfy equation (9), as you can verify by calculating 

their second derivatives. In the same way, the functions c,);(t) = c,e' and c,y,(t) = c,e~ satisfy the 

differential equation (9) for all values of the constants c, and c). 

Next, it is vital to notice that the sum of any two.solutions of equation (9) is also a solution. In 

particular, since c,y,(¢) and c,y2(t) are solutions of equation (9) for any values of c, and c), so is the 

function 

y = Cy, (t) + Coy2 (t) = cue’ + c2e~*. (11) 

Again, this can be verified by calculating the second derivative y’ from equation (11). We have 

y’ =ce' —c,e* andy” =c,e' + c,e; thus y” is the same as y, and equation (9) is satisfied. 

Let us summarize what we have done so far in this example. Once we notice that the functions 

y(t) = e' and y,(t) = e~ are solutions of equation (9), it follows that the general linear combination 

(11) of these functions is also a solution. Since the coefficients c; and c, in equation (11) are 

arbitrary, this expression represents an infinite two-parameter family of solutions of the differential 

equation (9). 

We now turn to the task of picking out a particular member of this infinite family of solutions 

that also satisfies the given pair of initial conditions (10). In other words, we seek the solution that 

passes through the point (0, 2) and at that point has the slope —1. First, to ensure the solution 

passes through the point (0, 2), we set t = 0 and y = 2 in equation (11); this gives the equation 

Cy + C2 = 2. (12) 

Next, we differentiate equation (11) with the result that 

y' =ce' —ce'. (13) 

Then, to enforce the condition that the slope at (0, 2) is —1, we set t = 0 and y’ = —1 in equation 

(13); this yields the equation 

Cy = Cy = 1, (14) 

By solving equations (12) and (14) simultaneously for c, and c,, we find that 

it 3 
== = -, 15 Cy > C2 5) ( ) 

Finally, inserting these values in equation (11), we obtain 

yo se + se, (16) 

the solution of the initial value problem consisting of the differential equation (9) and the initial 

conditions (10). 
CIN SUSIE SERIE 0S lx SH ee. UNE eer ALE are WO ano er a RA 

What conclusions can we draw from the preceding example that will help us to deal with 

the more general equation (8), 

ay” + by’ +cy = 0, 
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whose coefficients a, b, and care arbitrary (real) constants? In the first place, in the example 

the solutions were exponential functions. Further, once we had identified two solutions, we 

were able to use a linear combination of them to satisfy the given initial conditions as well 

as the differential equation itself. 

It turns out that by exploiting these two ideas, we can solve equation (8) for any values 

of its coefficients and also satisfy any given set of initial conditions for y and y’. 

We start by seeking exponential solutions of the form y = e, where r is a parameter to be 

determined. Then it follows that y’ = re” and y” = r’e”. By substituting these expressions 

for y, y’, and y” in equation (8), we obtain 

(ar? + br +c)e" =0. 

Since e” # 0, this condition is satisfied only when the other factor is zero: 

ar*+br+c=0. (17) 

Equation (17) is called the characteristic equation for the differential equation (8). Its 

significance lies in the fact that if r is a root of the polynomial equation (17), then y = e” is 

a solution of the differential equation (8). Since equation (17) is a quadratic equation with 

real coefficients, it has two roots, which may be real and different, complex conjugates, or 

real but repeated. We consider the first case here and the latter two cases in Sections 3.3 and 

3.4, respectively. 

Assuming that the roots of the characteristic equation (17) are real and different, let them 

be denoted by r; and ry, where r; # r. Then y, (t) = e”!' and yy (t) = e”2! are two solutions 

of equation (8). Just as in Example 3.1.1, it now follows that 

y =i yy (t) + Coy2 (t) = ce"! + c2e"2! (18) 

is also a solution of equation (8). To verify that this is so, we can differentiate the expression 

in equation (18); hence 

y’ =cne"! + cone! (19) 

and 

y" = erent of corger2t (20) 

Substituting these expressions for y, y’, and y” in equation (8) and rearranging terms, we 
obtain 

ay" + by’ + cy = cy (ar? + bm +c) e"1! + cy (ar? + bry +c) ec". (21) 

The fact that r, is a root of equation (17) means that ar? + br, +c = 0. Since r, is also a root 
of the characteristic equation (17), it follows that ar? + br +c = 0 as well. This completes 
the verification that y as given by equation (18) is indeed a solution of equation (8). 

Now suppose that we want to find the particular member of the family of solutions (18) 
that satisfies the initial conditions (6) 

Y(to)= Yo, Y' (to) = yo. 

By substituting t = fy and y = yo in equation (18), we obtain 

ce"'0 + cre"2t0 = yo, (22) 
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Similarly, setting t = ty and y’ = yo in equation (19) gives 

cyne"'0 + come"2!o = yh. (23) 

On solving equations (22) and (23) simultaneously for c, and c>, we find that 

/ / 

Yo = 0 2 o—rito, = JOU a0 e-Pato. 
qj = 

Li, 18} Al = 1p 
(24) 

Since the roots of the characteristic equation (17) are assumed to be different, r; — r2 #0 

so that the expressions in equation (24) always make sense. Thus, no matter what initial 

conditions are assigned—that is, regardless of the values of fp, yo, and yg in equations (6)—it 

is always possible to determine c, and c, so that the initial conditions are satisfied. Moreover, 

there is only one possible choice of c, and c, for each set of initial conditions. With the values 

of c, and cz given by equation (24), the expression (18) is the solution of the initial value 

problem 

ay” +by’+cy=0, y(to)=yY, y’ (to) =. (25) 

It is possible to show, on the basis of the fundamental theorem cited in the next section, 

that all solutions of equation (8) are included in the expression (18), at least for the case 

in which the roots of equation (17) are real and different. Therefore, we call equation (18) 

the general solution of equation (8). The fact that any possible initial conditions can be 

satisfied by the proper choice of the constants in equation (18) makes more plausible the 

idea that this expression does include all solutions of equation (8). 

Let us now look at some further examples. 

EXAMPLE 3.1.2 

Find the general solution of 

y” + 5y’+6y =0. (26) 

Solution: 

We assume that y = e”, and it then follows that r must be a root of the characteristic equation 

r2+5r+6=(r+2)(r+3)=0. 

Thus the possible values of r are r, = —2 and r, = —3; the general solution of equation (26) is 

yecje + cer. (27) 

EXAMPLE 3.1.3 

Find the solution of the initial value problem 

y"+5y'+6y=0, y(0)=2, y'()=3. (28) 

Solution: 

The general solution of the differential equation was found in Example 3.1.2 and is given by 

equation (27). To satisfy the first initial condition, we set f = 0 and y = 2 in equation (27); thus 

c, and c, must satisfy 

Cy ste C2 =i 2 (29) 
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To use the second initial condition, we must first differentiate equation (27). This gives 

y’ = —2c,e~* — 3c,e~*". Then, setting t = 0 and y’ = 3, we obtain 

Ge 2c, on 3c =o. (30) 

By solving equations (29) and (30), we find that c; = 9 and c, = —7. Using these values in the 

expression (27), we obtain the solution 

y = 9e-2! — 7e-3# (31) 

of the initial value problem (28). The graph of the solution is shown in Figure 3.1.1. 

0.5 1 1:5 2 

Solution of the initial value problem (28): y” + Sy’ 

+ 6y = 0, y (0) = 2, y’ (0) = 3. 

EXAMPLE 3.1.4 

Find the solution of the initial value problem 

uw / Ud 1 

4y ve 8y ct 3y = 0, yy (0) = 2, y (0) Sa 2° (32) 

Solution: 

If y = e, then we obtain the characteristic equation 

4r? — 8r +3 =0 

whose roots are r = ; andr = : Therefore, the general solution of the differential equation is 

y= ce? + cel, (33) 

Applying the initial conditions, we obtain the following two equations for c, and c): 

3 1 1 
Cy + Cy = 2, BTA 5: 

‘ Srna 1 5 ; 
The solution of these equations is c; = i iCaiF55/80 the solution of the initial value problem 

(32) is 

fi 1 sti 5 t/2 Ie (34) 
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Figure 3.1.2 shows the graph of the solution. 

1 y=- ce pe aee 
De 

acu Solution of the initial value problem (32): 

Ay! — 8ye+- 3y =.0,-.y (0). = 2, .-y! (0). =1/2.. 

EXAMPLE 3.1.5 

The solution (31) of the initial value problem (28) initially increases (because its initial slope 

is positive), but eventually approaches zero (because both terms involve negative exponential 

functions). Therefore, the solution must have a maximum point, and the graph in Figure 3.1.1 

confirms this. Determine the location of this maximum point. 

Solution: 

The coordinates of the maximum point can be estimated from the graph, but to find them more 

precisely, we seek the point where the solution has a horizontal tangent line. By differentiating the 

solution (31), y = 9e~* — 7e~*', with respect to t, we obtain 

y’ = —18e-7 + 2177, (35) 

Setting y’ equal to zero and multiplying by e*, we find that the critical value t,, satisfies e' = 7/6; 

hence 

tm = In(7/6) & 0.15415. (36) 

The corresponding maximum value y,, is given by 

Ym = 9e72m — Je~Ftm = S = 2.20408. (37) 

In this example the initial slope is 3, but the solution of the given differential equation behaves 

in a similar way for any other positive initial slope. In Problem 19 you are asked to determine how 

the coordinates of the maximum point depend on the initial slope. 

Returning to the equation ay” + by’ + cy = 0 with arbitrary coefficients, recall that 

when 7, # h, its general solution (18) is the sum of two exponential functions. Therefore, 

the solution has a relatively simple geometrical behavior: as ¢ increases, the magnitude 

of the solution either tends to zero (when both exponents are negative) or else exhibits 

unbounded growth (when at least one exponent is positive). These two cases are illustrated 

by the solutions of Examples 3.1.3 and 3.1.4, which are shown in Figures 3.1.1 and 3.1.2, 

respectively. Note that whether a growing solution approaches +oo or —oo as f > oo is 

determined by the sign of the coefficient of the exponential for the larger root of the 
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characteristic equation. (See Problem 21.) There is also a third case that occurs less often: 

the solution approaches a constant when one exponent is zero and the other is negative. 

In Sections 3.3 and 3.4, respectively, we return to the problem of solving the equation ay” 

+ by’ + cy = 0 when the roots of the characteristic equation either are complex conjugates or 

are real and equal. In the meantime, in Section 3.2, we provide a systematic discussion of the 

mathematical structure of the solutions of all second-order linear homogeneous equations. 

Problems 

In each of Problems 1 through 6, find the general solution of the given 

differential equation. 

1. y”+2y’ -3y=0 

3. 12y”—y’-y=0 

5. 9y” —16y=0 

2. y" + 5y’ + 6y=0 

4. y"+4y’ =0 
6. y” —4y’ —4y=0 

In each of Problems 7 through 12, find the solution of the given 

initial value problem. Sketch the graph of the solution and describe 

its behavior as ¢ increases. 

7. @y’+2y’-3y=0, y(0)=1, y(@)=1 

8. Gy’ +4y'+3y=0, y(0)=3, y’(0)=-1 

9. Oy’ +2y'=0, yO=-2, y')=3 
10. @2y’+y'-4y=0, y(0)=0, y(0)=2 

11. @y’+8y'-9y=0, y(2)=1, y'(2)=0 

12,6)" -y=0, yQ)=2° yq@)=2 
13. Find a differential equation whose general solution is 

14. © Find the solution of the initial value problem 

” oe ms ! Te 
y”" —4y =0, yO= 5, VOms 

Plot the solution for 0 < t < 2and determine its minimum value. 

15. Find the solution of the initial value problem 

y" ey: 3y’ + 2y = 0, 

y@O)=2, y@)=1 

Then determine the maximum value of the solution and also find 

the point where the solution is zero. 

16. Solve the initial value problem 4y’ — y = 0, y (0) = 2, y' (0) = B. 

Then find £ so that the solution approaches zero as t > oo. 

3.2 

In each of Problems 17 and 18, determine the values of «, if any, for 

which all solutions tend to zero as t > co; also determine the values 

of a, if any, for which all (nonzero) solutions become unbounded as 

t— oo. 

17. y’+(2a-1)y’+a(a—l1)y=0 

18. y’+2(2a-1)y’+4a(a-1)y=0 

19. Consider the initial value problem (see Example 3.1.5) 

y’ (0) = 8, y’+5y’+6y=0, y(0)=2, 

where f > 0. 

a. Solve the initial value problem. 

b. Determine the coordinates ¢,, and y,, of the maximum point 

of the solution as functions of 6. 

c. Determine the smallest value of 8 for which y,, > 4. 

d. Determine the behavior of t,, and y,, as B > 0. 

20. Consider the equation ay” + by’ + cy = d, where a, b, c, and d are 

constants. 

a. Find all equilibrium, or constant, solutions of this differential 

equation. 

b. Let y, denote an equilibrium solution, and let Y = y — y,. 

Thus Y is the deviation of a solution y from an equilibrium 

solution. Find the differential equation satisfied by Y. 

21. Consider the equation ay” + by’ + cy = 0, where a, b, and c are 

constants with a > 0. Find conditions on a, b, and c such that the 

roots of the characteristic equation are: 

a. real, different, and negative. 

b. real with opposite signs. 

c. real, different, and positive. 

In each case, determine the behavior of the solution as t > oo. 

SOLUTIONS OF LINEAR HOMOGENEOUS EQUATIONS; 
THE WRONSKIAN 

In the preceding section we showed how to solve some differential equations of the form 

ay” + by’+cy =0, 

where a, b, and c are constants. Now we build on those results to provide a clearer picture 
of the structure of the solutions of all second-order linear homogeneous equations. In turn, 
this understanding will assist us in finding the solutions of other problems that we will 
encounter later. 
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To discuss general properties of linear differential equations, it is helpful to introduce a 
differential operator notation. Let p and g be continuous functions on an open interval 
I—that is, for a < t < B. The cases for « = —oo, or B = ©, or both, are included. Then, for 
any function ¢ that is twice differentiable on I, we define the differential operator L by the 
equation 

L[¢] = $" + pd’ + a¢. (1) 

It is important to understand that the result of applying the operator L to a function ¢ is 
another function, which we refer to as L[¢]. The value of L[¢] at a point t is 

LIPIO=G" ()+ p(t) ge O+qHOo(t). 

For example, if p(t) = t?, g(t) = 1+ t, and ¢(t) = sin (36), then 

L[$](t) = (sin (3t))” + t2(sin (3t))’ + (1 + £) sin (30) 

= —9 sin (3t) + 3t? cos(3t)+(1 +12) sin(3t). 

The operator L is often written as L = D? + pD + q, where D is the derivative operator, that 

is, D[¢] = ¢’. 
In this section we study the second-order linear homogeneous differential equation 

L[¢](t) = 0. Since it is customary to use the symbol y to denote ¢(t), we will usually write 

this equation in the form 

Lly]J=y"+p(t)y’'+q(t)y =0. (2) 

With equation (2) we associate a set of initial conditions 

y(to)=Yo, y' (to) => (3) 

where fy is any point in the interval J, and yp and y¢ are given real numbers. We would like 

to know whether the initial value problem (2), (3) always has a solution, and whether it 

may have more than one solution. We would also like to know whether anything can be 

said about the form and structure of solutions that might be helpful in finding solutions 

of particular problems. Answers to these questions are contained in the theorems in this 

section. 

The fundamental theoretical result for initial value problems for second-order linear 

equations is stated in Theorem 3.2.1, which is analogous to Theorem 2.4.1 for first-order 

linear equations. The result applies equally well to nonhomogeneous equations, so the 

theorem is stated in that form. 

Theorem 3.2.1 | Existence and Uniqueness Theorem 

Consider the initial value problem 

y"+p(t)y+qOy=st), ylto)=Y, y' (bo) =, (4) 

where p, q, and g are continuous on an open interval J that contains the point f9. This problem 

has exactly one solution y = ¢(t), and the solution exists throughout the interval I. 
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We emphasize that the theorem says three things: 

The initial value problem has a solution; in other words, a solution exists. 

The initial value problem has only one solution; that is, the solution is unique. 

The solution ¢ is defined throughout the interval I where the coefficients are continuous 

and is at least twice differentiable there. 

For some problems some of these assertions are easy to prove. For instance, we found in 

Example 3.1.1 that the initial value problem 

y"=y=0) yO)=2, yy O)=—!1 (5) 

has the solution 

Le 
= Ke! tient. 6 

y 2° 2° (6) 

The fact that we found a solution certainly establishes that a solution exists for this initial 

value problem. Further, the solution (6) is twice differentiable, indeed differentiable any 

number of times, throughout the interval (—0o, co) where the coefficients in the differential 

equation are continuous. On the other hand, it is not obvious, and is more difficult to 

show, that the initial value problem (5) has no solutions other than the one given by 

equation (6). Nevertheless, Theorem 3.2.1 states that this solution is indeed the only 

solution of the initial value problem (5). 

For most problems of the form (4), it is not possible to write down a useful expression 

for the solution. This is a major difference between first-order and second-order linear 

differential equations. Therefore, all parts of the theorem must be proved by general 

methods that do not involve having such an expression. The proof of Theorem 3.2.1 is fairly 

difficult, and we do not discuss it here.” We will, however, accept Theorem 3.2.1 as true and 

make use of it whenever necessary. 

EXAMPLE 3.2.1 

Find the longest interval in which the solution of the initial value problem 

(t? —t)y" +ty’-(+t)y=0, v(5)=0, y'(5)=2 

is certain to exist. 

Solution: 

If the given differential equation is written in the form of equation (4), then 

pPO=—, qr and g(t)=0. 
1) 

The only point of discontinuity of the coefficients are t = 0 andt = 1. Therefore, the longest 
open interval, containing the initial point t = 1/2 in which all the coefficients are continuous is 
0 <¢t < 1. Thus this is the longest interval in which Theorem 3.2.1 guarantees that the solution 
exists. 
a nena OS ee en NS ROA Von eter oe SSR LA ds Ue coals 

2 ee EE 2 

*A proof of Theorem 3.2.1 can be found, for example, in Chapter 6, Section 8 of the book by Coddington 
listed in the references at the end of this chapter. 
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EXAMPLE 3.2.2 

Find the unique solution of the initial value problem 

a(t)y"+p(@)y +qOQy=0, ylto)=0, y' (to) =0, 

where p and q are continuous in an open interval I containing tp. Also a (ty) # 0. 

Solution: 

The function y = ¢$(¢) = 0 for all ¢ in J certainly satisfies the differential equation and intial 

conditions. By the uniqueness part of Theorem 3.2.1, it is the only solution of the given problem. 

Let us now assume that y, and y, are two solutions of equation (2); in other words, 

L[yi] = yi + py, + ay = 9, 

and similarly for y,. Then, just as in the examples in Section 3.1, we can generate more 

solutions by forming linear combinations of y, and y,. We state this result as a theorem. 

Theorem 3.2.2 | Principle of Superposition 

If y, and y, are two solutions of the differential equation (2), 

Lly]=y"+p@y'+q@y=0, 

then the linear combination c,y, + cy, is also a solution for any values of the constants c, 

and Cp. 

A special case of Theorem 3.2.2 occurs if either c, or c) is zero. Then we conclude that 

any constant multiple of a solution of equation (2) is also a solution. 

To prove Theorem 3.2.2, we need only substitute 

y = Cy; (t) + C22 (Ct) (7) 

for y in equation (2). By calculating the indicated derivatives and rearranging terms, 

we obtain 

Ley + ci] = (C11 + C2y2)" + p(t) (civ + C292)’ + (1) (C11 + C2¥2) 

= cy + coyz + cp (t) yy + CoP (t)y2 +19 (OM + C2 (t) 2 

= (yl + PO) yi +4()y1) + ¢2 (yz + POY, + 9) Yr) 

= ¢,L (y) + coh (V2). 

Since L[y,] = 0 and L[y2] = 0, it follows that L[c)y, + C2y2] = 0 also. Therefore, regardless 

of the values of c, and c,, the function y as given by equation (7) satisfies the differential 

equation (2), and the proof of Theorem 3.2.2 is complete. 

Theorem 3.2.2 states that, beginning with only two solutions of equation (2), we can 

construct an infinite family of solutions by means of equation (7). The next question is 

whether all solutions of equation (2) are included in equation (7) or whether there may be 

other solutions of a different form. We begin to address this question by examining whether 
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the constants c, and c, in equation (7) can be chosen so as to satisfy the initial conditions 

(3). These initial conditions require c, and c, to satisfy the equations 

C1) (to) + C22 (to) = Yo, (8) 

C1; (to) + C23 (to) = Yo- 

The determinant of coefficients of the system (8) is 

Vi (to) 2 (to) 

yi (to) 3 (to) 
= ¥1 (to) ¥3 (to) — Yj (to) 2 (to) - (9) 

If W #0, then equations (8) have a unique solution (c;, c)) regardless of the values of yo 

and yj. This solution is given by 

nee YoY (to) — Yoy2 (to) — —yoy; (to) + Yon (to) (10) 

1 y1 (to) ¥3 (to) — Yi (to) Y2(to)’ «Yn (to) 5 (to) — Y4 (to) Y2 (to) 

or, in terms of determinants, 

Yo 2 (to) yi (to) Yo 
/ LG LG y 

fete: yo 2 (to) ee yi (to) ’ (1) 

Vi (to) 2 (to) V1 (to) 2 (to) 
Yi (to) 3 (to) Yi (to) 2 (to) 

With these values for c; and cy, the linear combination y = c,y,(t) + czy2(t) satisfies the 

initial conditions (3) as well as the differential equation (2). Note that the denominator in 

the expressions for c, and c, is the nonzero determinant W. 

On the other hand, if W = 0, then the denominators appearing in equations (10) and 

(11) are zero. In this case equations (8) have no solution unless yo and yg have values that 

also make the numerators in equations (10) and (11) equal to zero. Thus, if W = 0, there 

are many initial conditions that cannot be satisfied no matter how c, and c, are chosen. 

The determinant W is called the Wronskian* determinant, or simply the Wronskian, 

of the solutions y,; and y. Sometimes we use the more extended notation W[),, y2|(to) to 

stand for the expression on the right-hand side of equation (9), thereby emphasizing that 

the Wronskian depends on the functions y, and y2, and that it is evaluated at the point to. 

The preceding argument establishes the following result. 

Suppose that y, and y, are two solutions of equation (2) 

Lly]=y" +p(t)y’+q()y =0, 

and that the initial conditions (3) 

V(b) =Yo, Y' (to) = YN 

a er bg A ee a eee eee, 

3Wronskian determinants are named for Josef Maria Hoéné-Wronski (1776-1853), who was born in Poland 
but spent most of his life in France. Wronski was a gifted but troubled man, and his life was marked by 
frequent heated disputes with other individuals and institutions. 
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are assigned. Then it is always possible to choose the constants cj, c, so that 

y = Cy (t) + Coy2 (1) 

satisfies the differential equation (2) and the initial conditions (3) if and only if the Wronskian 

W [y, yal = V2 — Yiy2 

is not zero at fo. 

EXAMPLE 3.2.3 

In Example 3.1.2 we found that y, (t) = e~~ and y(t) = e~* are solutions of the differential equation 

y” +5y' + 6y =0. 

Find the Wronskian of y, and yp. 

Solution: 

The Wronskian of these two functions is 

W [e~2!, e73"] = Sst = -e 
—2e~2t —3e73t 

Since W is nonzero for all values of t, the functions y, and y, can be used to construct solutions 

of the given differential equation, together with initial conditions prescribed at any value of t. One 

such initial value problem was solved in Example 3.1.3. 

The next theorem justifies the term “general solution” that we introduced in Section 3.1 

for the linear combination cy, + czy2. 

Theorem 3.2.4 

Suppose that y, and y, are two solutions of the second-order linear differential equation (2), 

Lly]=y"+p@)y' +q@y=0. 

Then the two-parameter family of solutions 

y = Cy; (t) + C2y2 (t) 

with arbitrary coefficients c, and c, includes every solution of equation (2) if and only if there 

is a point t) where the Wronskian of y, and y, is not zero. 

Let the function ¢ be any solution of equation (2). To prove the theorem, we must 

determine whether ¢ is included in the linear combinations c,y,; + Cy. That is, we 

must determine whether there are values of the constants c, and c, that make the linear 

combination the same as ¢. Let ty be a point where the Wronskian of y; and y is nonzero. 

Then evaluate ¢ and ¢’ at this point and call these values yp and yo, respectively; that is, 

yo =$(to), Y= PF’ (to). 
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Next, consider the initial value problem 

y”+p(t)y’+q(t)y=90, yto)=y%o, y’ (to) =: (12) 

The function ¢ is certainly a solution of this initial value problem. Further, because we are 

assuming that W[), y2](to) is nonzero, it is possible (by Theorem 3.2.3) to choose c, and 

c, such that y = c,y;(t) + czy2(t) is also a solution of the initial value problem (12). In fact, 

the proper values of c, and c are given by equations (10) or (11). The uniqueness part of 

Theorem 3.2.1 guarantees that these two solutions of the same initial value problem are 

actually the same function; thus, for the proper choice of c,; and c), 

p(t) = cy (t) + coy (t), (13) 

and therefore ¢ is included in the family of functions cyy, + Czy. Finally, since ¢ is an 

arbitrary solution of equation (2), it follows that every solution of this equation is included 

in this family. 

Now suppose that there is no point t) where the Wronskian is nonzero. Thus 

WlIy1, y2](to) = 0 for every point ty. Then (by Theorem 3.2.3) there are values of yp and 

yo such that no values of c, and c, satisfy the system (8). Select a pair of such values for Yo 

and y4 and choose the solution ¢(t) of equation (2) that satisfies the initial condition (3). 

Observe that this initial value problem is guaranteed to have a solution by Theorem 3.2.1. 

However, this solution is not included in the family y = c,y, + c2y2. Thus, in cases where 

W\|y1; ¥2\(to) = 0 for every fo, the linear combinations of y, and yz do not include all 

solutions of equation (2). This completes the proof of Theorem 3.2.4. 

Theorem 3.2.4 states that the Wronskian of y, and y is not everywhere zero if and only 

if the linear combination c,y, + czy2 contains all solutions of equation (2). It is therefore 

natural (and we have already done this in the preceding section) to call the expression 

y = Cy yj (t) + C2y2 (t) 

with arbitrary constant coefficients the general solution of equation (2). The solutions y; 

and y, are said to form a fundamental set of solutions of equation (2) if and only if their 

Wronskian is nonzero. 

We can restate the result of Theorem 3.2.4 in slightly different language: to find the 

general solution, and therefore all solutions, of an equation of the form (2), we need only 

find two solutions of the given equation whose Wronskian is nonzero. We did precisely this 

in several examples in Section 3.1, although there we did not calculate the Wronskians. You 

should now go back and do that, thereby verifying that all the solutions we called “general 

solutions” in Section 3.1 do satisfy the necessary Wronskian condition. 

Now that you have a little experience verifying the nonzero Wronskian condition for 

the examples from Section 3.1, the following example handles all second-order linear 

differential equations whose characteristic polynomial has two distinct real roots. 

EXAMPLE 3.2.4 

Suppose that y, (¢) = e”'' and y, (t) = e”2 are two solutions of an equation of the form (2). Show 
that if, # 7%, then y, and y, form a fundamental set of solutions of equation (2). 

Solution: 

We calculate the Wronskian of y, and y,: 

ent eat 

W= = (mh -—nH)exp(4 +4)0). nent pnerrt 

Since the exponential function is never zero, and since we are assuming that ~ — 7 # 0, it follows 
that W is nonzero for every value of t. Consequently, y, and y, form a fundamental set of solutions 
of equation (2). 
a ee ee 
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EXAMPLE 3.2.5 

Show that y,(¢) = 7? and y,(t) = t~! form a fundamental set of solutions of 

2t?y” + 3ty’-y=0, t>0. (14) 

Solution: 

We will show how to solve equation (14) later (see Problem 25 in Section 3.3). However, at 
this stage we can verify by direct substitution that y, and y, are solutions of the differential 

equation (14). Since yj (t) = stl and yy (t) = = 51-30, we have 

zk as ease) 7 bo eke Vp pele 2% Wey Pace (icone ecg WEY 2t ( 3! )+3e(50 ) t ( s+ 1)¢ 0. 

Similarly, y5 (t) = —t~? and y} (t) = 2t~3, so 

2t? (2t-3) + 3¢ (-t-?) —t-1 = (4-3-1171 =0. 

Next we calculate the Wronskian W of y, and y,: 

pi/2 ae 

3 
W= 1 = Salo (15) 

=p-V2 tae 

2 

Since W # 0 for t > 0, we conclude that y, and y, form a fundamental set of solutions there. Thus 

the general solution of differential equation (14) is y (t) = ¢,t”? + cot~ fort > 0. 

In several cases we have been able to find a fundamental set of solutions, and therefore 

the general solution, of a given differential equation. However, this is often a difficult task, 

and the question arises as to whether a differential equation of the form (2) always has a 

fundamental set of solutions. The following theorem provides an affirmative answer to this 
question. 

Consider the differential equation (2), 

L{y]=y"+p@y' +qa@y =0, 

whose coefficients p and q are continuous on some open interval J. Choose some point fp in 

I. Let y, be the solution of equation (2) that also satisfies the initial conditions 

Y(t) =1, y' (to) =0, 

and let y, be the solution of equation (2) that satisfies the initial conditions 

Y(t) =0, y' (to) =1. 

Then y, and y, form a fundamental set of solutions of equation (2). 

First observe that the existence of the functions y, and y2 is ensured by the existence 

part of Theorem 3.2.1. To show that they form a fundamental set of solutions, we need only 

calculate their Wronskian at fo: 

yi (to) 2 (to) 

yi (to) 2 (to) 
W (1, y2) (to) = 

o@ 

Ota 
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Since their Wronskian is not zero at the point fo, the functions y, and yz do form a 

fundamental set of solutions, thus completing the proof of Theorem 3.2.5. 

Note that the potentially difficult part of this proof, demonstrating the existence of a pair 

of solutions, is taken care of by reference to Theorem 3.2.1. Note also that Theorem 3.2.5 

does not address the question of how to find the solutions y, and y by solving the specified 

initial value problems. Nevertheless, it may be reassuring to know that a fundamental set 

of solutions always exists. 

EXAMPLE 3.2.6 

Find the fundamental set of solutions y,and y, specified by Theorem 3.3.5 for the differential 

equation 

y” —9y =0, (16) 

using the initial point ty = 0. 

Solution: 
t In Section 3.1 we noted that two solutions of equation (16) are y, (t) = e*and y,(t) = e~*. 

The Wronskian of these solutions is W[y,, y2](t) = —6 # 0, so they form a fundamental set 

of solutions. However, they are not the fundamental solutions indicated by Theorem 3.2.5 because 

they do not satisfy the initial conditions mentioned in that theorem at the point t = 0. 

To find the fundamental solutions specified by the theorem, we need to find the solutions 

satisfying the proper initial conditions. Let us denote by y; (t) the solution of equation (16) that 

satisfies the initial conditions 

yO=1, yO=0. (17) 

The general solution of equation (16) is 

y =c,e* +¢,e77% (18) 

and the initial conditions (17) are satisfied ifc, = > and cz = 1/2. Thus 

1 ys(0) = Se + se = sinh (31). 

Similarly, if y, (¢) satisfies the initial conditions 

y(0) =0, y’ (0) =1, (19) 

then 

1 1 
ya(t) = ner — ao = cosh (3t). 

Since the Wronskian of y,and y, is 

W (93, Y4)(t) = 1, 

these functions also form a fundamental set of solutions, as stated by Theorem 3.2.5. Therefore, 
the general solution of equation (16) can be written as 

y = k, cosh (t) + k, sinh (31), (20) 

as well as in the form (18). We have used k, and k, for the arbitrary constants in equation (20) 
because they are not the same as the constants c, and c, in equation (18). One purpose of this 
example is to make it clear that a given differential equation has more than one fundamental set 
of solutions; indeed, it has infinitely many (see Problem 16). As a rule, you should choose the set 
that is most convenient. 
a 
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In the next section we will encounter equations that have complex-valued solutions. The 
following theorem is fundamental in dealing with such equations and their solutions. 

Theorem 3.2.6 

Consider again the second-order linear differential equation (2), 

Lly]=y"+p®y'+q(ty =0, 

where p and q are continuous real-valued functions. If y = u(t) + iv(t) is a complex-valued 

solution of differential equation (2), then its real part uw and its imaginary part v are also 
solutions of this equation. 

To prove this theorem, we substitute u(t) + iv(t) for y in L[y], obtaining 

LilyJ@® =u" t+" O+pOw +i O))+qOuUt)+iv(). (21) 

Then, by separating equation (21) into its real and imaginary parts—and this is where we 

need to know that p(t) and q(t) are real-valued—we find that 

LlyJO=U"O+PpOw O+q uO) +iv" (+ pv’ O+a(t)v(t)) 

= Ejul\(t)+ iL [v] (). 

Recall that a complex number is zero if and only if its real and imaginary parts are 

both zero. We know that L[y] = 0 because y is a solution of equation (2). Therefore, both 

L{u] = 0 and L[v] = 0; consequently, the two real-valued functions u and vare also solutions 

of equation (2), so the theorem is established. We will see examples of the use of Theorem 

3.2.6 in Section 3.3. 

Incidentally, the complex conjugate y of a solution y is also a solution. While this can be 

proved by an argument similar to the one just used to prove Theorem 3.2.6, it is also a 

consequence of Theorem 3.2.2 since y = u(t) — iv(t) is a linear combination of two 

solutions. 

Now let us examine further the properties of the Wronskian of two solutions of a 

second-order linear homogeneous differential equation. The following theorem, perhaps 

surprisingly, gives a simple explicit formula for the Wronskian of any two solutions of any 

such equation, even if the solutions themselves are not known. 

Theorem 3.2.7 | Abel’s Theorem* 

If y, and y, are solutions of the second-order linear differential equation 

Lly]=y" + py’ +qOy=0, (22) 

where p and q are continuous on an open interval J, then the Wronskian W|),, y2](¢) is given 

by ; 

W [y.y2] (t) = exp (- | pit) at), (23) 

ee ee ee eee ee 

4The result in Theorem 3.2.7 was derived by the Norwegian mathematician Niels Henrik Abel (1802-1829) in 

1827 and is known as Abel’s formula. Abel also showed that there is no general formula for solving a quintic, 

or fifth degree, polynomial equation in terms of explicit algebraic operations on the coefficients, thereby 

resolving a question that had remained unanswered since the sixteenth century. His greatest contributions, 

however, were in analysis, particularly in the study of elliptic functions. Unfortunately, his work was 

not widely noticed until after his death. The distinguished French mathematician Legendre called it a 

“monument more lasting than bronze.” 
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where c is a certain constant that depends on y, and y,, but not on ¢. Further, W[y1, Y2](0) 

either is zero for all t in I (if c = 0) or else is never zero in I (if c # 0). 

To prove Abel’s theorem, we start by noting that y, and yp satisfy 

ywt+pyt+q0Hy =09, 

yy + p(t)ys+q(t)y2 =0. 
(24) 

If we multiply the first equation by —y2, multiply the second by y;, and add the resulting 

equations, we obtain 

(¥1¥2 —Vi'Ya) + P(t) 192 — V2) = 0. (25) 

Next, we let W(t) = W[y, y2](t) and observe that 

W' = Wz — Yi y2. (26) 

Then we can write equation (25) in the form 

W’ + p(t)W =0. (27) 

Equation (27) can be solved immediately since it is both a first-order linear differential 

equation (Section 2.1) and a separable differential equation (Section 2.2). Thus 

W (t) =cexp (- |. (t) at), (28) 

where c is a constant. 

The value of c depends on which pair of solutions of equation (22) is involved. However, 

since the exponential function is never zero, W(t) is not zero unless c = 0, in which case 

W(t) is zero for all t. This completes the proof of Theorem 3.2.7. 

Note that the Wronskians of any two fundamental sets of solutions of the same differ- 

ential equation can differ only by a multiplicative constant, and that the Wronskian of any 

fundamental set of solutions can be determined, up to a multiplicative constant, without 

solving the differential equation. Further, since under the conditions of Theorem 3.2.7 the 

Wronskian W is either always zero or never zero, you can determine which case actually 

occurs by evaluating W at any single convenient value of t. 

EXAMPLE 3.2.7 

Let y, (x) = x°/? and y, (x) = x73 are solutions of the equation 

2x7y" + 3xy' —15y = 0. (29) 

Verify that the Wronskian of y, and y, is given by Abel’s formula (23). 

Solution: 

1 -= 
We know that W(),,y2)(x) = —=x 2. To use equation (23), we must write the differential 

equation (29) in the standard form with the coefficient of y” equal to 1. Thus we obtain 
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so p(t) = = Hence 

3 

W 1, y2)(X) = cexp | - st =cx 2, (30) 

Equation (30) gives the Wronskian of any pair of solutions of equation (29). For the particular 

solutions given in this example, we must choose c = — 5 

> Summary. Wecan summarize the discussion in this section as follows: to find the general 

solution of the differential equation 

y"+p(t)y’+q(t)y =0, Cat 6, 

we must first find two functions y, and y, that satisfy the differential equation in a <t < B. 

Then we must make sure that there is a point in the interval where the Wronskian W of y, 

and y2 is nonzero. Under these circumstances y, and y, form a fundamental set of solutions, 

and the general solution is 

y = Cy; (t) + c2y2 (0), 

where c, and c, are arbitrary constants. If initial conditions are prescribed at a given point 

ina <t<, then c, and c, can be chosen so as to satisfy these conditions. 

Problems 

In each of Problems 1 through 5, find the Wronskian of the given pair 

of functions. 

| te aad 2X, Ne 

3, Git 4. esint, e% cost 

5. sin’@, 1—cos(20) 

In each of Problems 6 through 9, determine the longest interval in 

which the given initial value problem is certain to have a unique 

twice-differentiable solution. Do not attempt to find the solution. 

Gaiety =i y= 2.) Oa 1 

7. t(t—4)y" + 3ty'+5y=2, y(3)=0, y’(3)=—-1 

8. y’ +(sinDy’ +3dnitiy=0, yQ)=3, y@e=l1 

9. (x-2)y"+y'+(x-2)(tanx)y=0, y@=1, y'A=2 

10. Verify that y,(t) = t? and y,(t) = t"' are two solutions of the 

differential equation t?y” — 2y = 0 for t > 0. Then show that 

y = ¢,l? + ct7! is also a solution of this equation for any c, 

and Cc. 

11. Verify that y,(Q) = 1 and y,(t) = t’” are solutions of the differ- 

ential equation yy” + (yy = 0 for t > 0. Then show that y = 

c, + c)t'/? is not, in general, a solution of this equation. Explain 

why this result does not contradict Theorem 3.2.2. 

12. Show that if y = ¢(f) is a solution of the differential equation 

y” + p(t)y’ + q(Dy = g(t), where g(t) is not always zero, then 

y = c(t), where c is any constant other than 1, is not a solution. 

Explain why this result does not contradict the remark following 

Theorem 3.2.2. 

13. Can y = sin(¢”) be a solution on an interval containing t = 0 of 

an equation y” + p(t)y’ + q(Dy = 0 with continuous coefficients? 

Explain your answer. 

14. If the Wronskian W of f and g is 2e", and if f(t) = e*, find g(t). 

15. If the Wronskian of f and g is cos(t) — sin(t) and it 

u= f + 2g, v= f — 2g. Find the Wronskian of u and v. 

16. Assume that y, and y, are a fundamental set of solutions of 

y” + pity’ + gty = O and let y; = ayy, + ayy. and 

y4 = by, + boyz, where a,, a>, b;, and b, are any constants. 

Show that 

W [y3, ¥4] = (a, b2 — a2b1) W [y,, yo]. 

Are y; and y, also a fundamental set of solutions? Why or why 

not? 

In each of Problems 17 and 18, find the fundamental set of solutions 

specified by Theorem 3.2.5 for the given differential equation and 

initial point. 

17. y"+4y’+4y=0, tt) =0 

18. y”-6y'+5y=0, t)=1 

In each of Problems 19 through 21, verify that the functions y, and 

y, are solutions of the given differential equation. Do they constitute 

a fundamental set of solutions? 

19. y"+9t, y(t) =cos(3t), y(t) = sin(3t) 
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y(t) = te 

OSs 

20. y"—4y'+4y=0; y,(t) =e”, 
21. (Q —xcotx)y” —x’+y=0, 

y2(x) = sin x 

yi(x) = x, 

22. Consider the equation 2y” — y’ —y =0. 

a. Show that y, (t) = e~"/? and y,(t) = e! form a fundamental 

set of solutions. 

b. Let y3(t) = —2e',yg(t) = w(t) + 2y2(0), and ys) = 
2y, (t) — 2y3(t) are solutions of the given differential 

equation. 

c. Determine whether each of the following pairs from a funda- 

mental set of solutions: 

{fy (1), ¥3 ObD2 Os yz (O}5 1 CO, V4 O}5 4 (O, Vs CO}. 

In each of Problems 23 through 25, find the Wronskian of two solu- 

tions of the given differential equation without solving the equation. 

23. ty” +t(t+)y +(t+)y=0 

24. (cos(t)) y” + (sin(t)) yy’ +ty =0 

25. (1+x?)y" + 2xy’ +a(at+ly=0 

26. Show that if p is differentiable and p(t) > 0, then the Wronskian 

W(t) of two solutions of (p (t)y’) + q(t)y = Ois W(t) = c/p(t), 

where c is a constant. 

27. If the differential equation ty” — 2y’ + te'y = 0 has y, and y, 

as the fundamental set of solutions and if W (),, y2)(1) = 2, find 

the value of W ();, y2)(5). 

28. Ifthe Wronskian of any two solutions of y” + p(t) y'+q(t)y =0 

is non zero, what does this imply for solutions? 

In Problems 29 and 30, assume that p and q are continuous and 

that the functions y, and y, are solutions of the differential equation 

y” + p(t)y’ + q(by = 0 on an open interval I. 

29. Prove that if y, and y2 are zero at the same point in J, then they 

cannot be a fundamental set of solutions on that interval. 

30. Prove that if y,; and yy have a common point of inflection fp in J, 

then they cannot be a fundamental set of solutions on J unless 

both p and q are zero at Lp. 

31. Exact Equations. The equation 

P(x)y" + Q(x)y'+R(x)y =0 

is said to be exact if it can be written in the form 

(P(x)y') +f @)y) =0, 

where f(x) is to be determined in terms of P(x), Q(x), and 

R(x). The latter equation can be integrated once immediately, 

resulting in a first-order linear equation for y that can be solved 

as in Section 2.1. By equating the coefficients of the preceding 

equations and then eliminating f(x), show that a necessary 

condition for exactness is 

P” (x) — Q’ (x) + R(x) = 0. 

It can be shown that this is also a sufficient condition. 

In each of Problems 32 through 34, use the result of Problem 31 to 

determine whether the given equation is exact. If it is, then solve the 

equation. 

32. y” +4xy’ +4y =0 

33. 4xy” —cos(x)y’ +sin(x)y =0, x > 0 

34. xy” +xy’+y=0,x>0 

35. The Adjoint Equation. If a second-order linear homogeneous 

equation is not exact, it can be made exact by multiplying by an 

appropriate integrating factor (x). Thus we require that u(x) be 

such that 

M(x)P(x)y" + Ku@)Q(x)y +uUC)R(x)y =0 

can be written in the form 

(u(x) P(x)y') +(f (x) y) = 0. 

By equating coefficients in these two equations and eliminating 

f(x), show that the function y must satisfy 

Pu” +@P— O)i-+ (—- 0 FReH 0. 

This equation is known as the adjoint of the original equation 

and is important in the advanced theory of differential equa- 

tions. In general, the problem of solving the adjoint differential 

equation is as difficult as that of solving the original equation, so 

only occasionally is it possible to find an integrating factor for a 

second-order equation. 

In each of Problems 36 and 37, use the result of Problem 35 to find 

the adjoint of the given differential equation. 

36. x*y"” +xy'+3y=0 

yh, WW" say 

38. A second-order linear equation P(x)y” + Q(x)y’ + R@&)y = 0 is 

said to be self-adjoint if its adjoint is the same as the original 

equation. Show that a necessary condition for this equation to 

be self-adjoint is that P’ (x) = Q(x). Determine whether each of 

the equations in Problems 36 and 37 is self-adjoint. 

3.3 | COMPLEX ROOTS OF THE CHARACTERISTIC EQUATION 

We continue our discussion of the second-order linear differential equation 

ay" + by’+cy =0, (1) 
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where a, b, and c are given real numbers. In Section 3.1 we found that if we seek solutions 
of the form y = e”, then r must be a root of the characteristic equation 

ar? +br+c=0. (2) 

We showed in Section 3.1 that if the roots r; and r, are real and different, which occurs 
whenever the discriminant b* — 4ac is positive, then the general solution of equation (1) is 

y=cye"l! + cyelt, (3) 

Suppose now that b? — 4ac is negative. Then the roots of equation (2) are conjugate 

complex numbers; we denote them by 

h=A+ip, h=A-—ip, (4) 

where A and pare real. The corresponding expressions for y are 

W(t) =exp(At+ipyt), y2(t)=exp(A—ip)t). (5) 

Our first task is to explore what is meant by these expressions, which involve evaluating the 

exponential function for a complex exponent. For example, if A = —1, uw = 2, and t = 3, then 

from equation (5), 

pre tee (6) 

What does it mean to raise the number e to a complex power? The answer is provided by 

an important relation known as Euler’s formula. 

» Euler’s Formula. To assign a meaning to the expressions in equations (5), we need to 

give a definition of the complex exponential function. Of course, we want the definition to 

reduce to the familiar real exponential function when the exponent is real. There are several 

ways to discover how this extension of the exponential function should be defined. Here we 

use a method based on infinite series; an alternative is outlined in Problem 20. 

Recall from calculus that the Taylor series for e’ about t = 0 is 

fe Me 
t 

e sa me lala mr 

= yar —, —-wO<f<Om. 
n!| 

R=Onee 

If we now assume that we can substitute it for t in equation (7), then we have 

[o) TONITE 
ine (it) 8 
ee PS scm (8) 

n=0 

To simplify this series, we write (it)’ = it” and make use of the facts that 

i2 = -1, i? = —i, i* = 1, and so forth. When n is even, there is an integer k with n = 2k; 

in this case i” = i2* = (-1)*. And when n is odd, n = 2k + 1, so i? = i+! = i(-1)*. This 

suggests separating the terms in the right-hand side of (8) into its real and imaginary parts. 

The result is° 

Kk (2k nes (—1)* 12k+1 
(p= Ges ot) ali 
n= oer tA, GD a 

SRecall from calculus that the reordering of terms in the right-hand side of equation (9) is allowed because 

the series converges absolutely for all —co <t < w. 
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The first series in equation (9) is precisely the Taylor series for cos(t) about t = 0, and the 

second is the Taylor series for sin(t) about t = 0. Thus we have 

elf = cos(t) +i sin(t). (10) 

Equation (10) is known as Euler’s formula and is an extremely important mathematical 

relationship. 

Although our derivation of equation (10) is based on the unverified assumption that 

the series (7) can be used for complex as well as real values of the independent variable, 

our intention is to use this derivation only to make equation (10) seem plausible. We 

now put matters on a firm foundation by adopting equation (10) as the definition of e”. 

In other words, whenever we write e!’, we mean the expression on the right-hand side of 

equation (10). 

There are some variations of Euler’s formula that are also worth noting. If we replace t 

by —t in equation (10) and recall that cos(—f) = cos (t) and sin(—t) = —sin (t), then we have 

et = cos(t) —i sin(t). (11) 

Further, if t is replaced by «ut in equation (10), then we obtain a generalized version of Euler’s 

formula, namely, 

e'Mt — cos (ut) +i sin (ut). (12) 

Next, we want to extend the definition of the exponential function to arbitrary complex 

exponents of the form (A + i)t. Since we want the usual properties of the exponential 

function to hold for complex exponents, we certainly want exp((A + i4)t) to satisfy 

eAtimt — ert oimt (13) 

Then, substituting for e’“' from equation (12), we obtain 

eAtiMt — edt (cos (ut) +i sin (ut) (14) 
=e cos (ut) + ie sin (ut). 

We now take equation (14) as the definition of exp((A + i)t). The value of the exponential 

function with a complex exponent is a complex number whose real and imaginary parts 

are given by the terms on the right-hand side of equation (14). Observe that the real and 

imaginary parts of exp((A + ij)t) are expressed entirely in terms of elementary real-valued 

functions. For example, the quantity in equation (6) has the value 

e~3+6 — e-3 cos (6) + ie~3 sin (6) & 0.0478041 — 0.0139113i. 

With the definitions (10) and (14), it is straightforward to show that the usual laws of 
exponents are valid for the complex exponential function. You can also use equation (14) 
to verify that the differentiation formula 

d a (e”*) = rel (15) 

holds for complex values of r. 
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Se ee a a 

EXAMPLE 3.3.1 

Find the general solution of the differential equation 

y’ +y’+ 9.25y = 0. (16) 

Also find the solution that satisfies the initial conditions 

yO)=2, y(0)=8, (17) 

and draw its graph for 0 <t< 10. 

Solution: 

The characteristic equation for equation (16) is 

r+r+9.25=0 

so its roots are 

1 : 1 ‘ 
Hy Sage hs Ey eels 

Therefore, two solutions of equation (16) are 

y, (t) = exp ((-5 ++ 3i) t) = e~'/2 (cos (3t) +i sin (3t)) (18) 

and 

y> (t) = exp ((-5 = 3i) t) = e~t/2 (cos (3t) — i sin (3t)). (19) 

You can verify that the Wronskian W[y,, y2|(t) = —6ie~‘, which is not zero, so the general 

solution of equation (15) can be expressed as a linear combination of y,(f) and y,(t) with arbitrary 

coefficients. 

However, the initial value problem (16), (17) has only real coefficients, and it is often desirable 

to express the solution of such a problem in terms of real-valued functions. To do this we can make 

use of Theorem 3.2.6, which states that the real and imaginary parts of a complex-valued solution 

of equation (16) are also solutions of the same differential equation. Thus, starting from y,(t), we 

obtain 

u(t) = e7'/* cos(3t), v(t) = e~"/ sin Bt) (20) 

as real-valued solutions® of equation (16). On calculating the Wronskian of u(t) and v(t), we find 

that W[u, v](t) = 3e*, which is not zero; thus u(t) and v(t) form a fundamental set of solutions, and 

the general solution of equation (16) can be written as 

y = cu (t) + v(t) = e~"/? (c, cos (3t) + cz sin (31), (21) 

where c, and c, are arbitrary constants. 

To satisfy the initial conditions (17), we first substitute t = 0 and y = 2 in the solution (20) with 

the result that c, = 2. Then, by differentiating equation (21), setting t = 0, and setting y’ = 8, we 

obtain — 51 + 3c, = 8 so that c, = 3. Thus the solution of the initial value problem (16), (17) is 

y = e~'/? (2cos (3t) + 3sin (3¢)). (22) 

STf you are not completely sure that u(t) and v(t) are solutions of the given differential equation, you should 

substitute these functions into equation (16) and confirm that they satisfy it. (See Problem 23.) 
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The graph of this solution is shown in Figure 3.3.1. 

| FIGURE 3.3.1 | Solution of the initial value problem (16), (17): 

y’+y'+9.25y=0, y(0)=2, y’(0)=8. 

From the graph we see that the solution of this problem oscillates, with period 27/3 and a 

decaying amplitude. The sine and cosine factors control the oscillatory nature of the solution, and 

the negative exponential factor in each term causes the magnitude of the oscillations to decrease 

toward zero as time increases. 

> Complex Roots; The General Case. The functions y,(¢) and y2(t), given by equations (5) 

and with the meaning expressed by equation (14), are solutions of equation (1) when the 

roots of the characteristic equation (2) are complex numbers A + iu. However, the solutions 

y, and y, are complex-valued functions, whereas in general we would prefer to have real- 

valued solutions because the differential equation itself has real coefficients. Just as in 

Example 3.3.1, we can use Theorem 3.2.6 to find a fundamental set of real-valued solutions 

by choosing the real and imaginary parts of either y(t) or y2(t). In this way we obtain the 

solutions 

u(t) =e cos(ut), v(t) =e sin (ut). (23) 

By direct computation (see Problem 19), you can show that the Wronskian of u and v is 

W [u,v] (t) = wert, (24) 

Thus, as long as ux # 0, the Wronskian W is not zero, so u and v form a fundamental set 
of solutions. (Of course, if 4 = 0, then the roots are real and equal and the discussions 
in this section, and in Section 3.1, are not applicable.) Consequently, if the roots of the 
characteristic equation are complex numbers A + iu, with #0, then the general solution 
of equation (1) is 

y = cye*! cos (ut) + cre" sin (ut), (25) 

where c, and c, are arbitrary constants. Note that the solution (25) can be written down as 
soon as the values of A and y are known. Let us now consider some further examples. 



3.3 Complex Roots of the Characteristic Equation | 143 | 

EXAMPLE 3.3.2 

Find the solution of the initial value problem 

y” —2y'+6y=0, yO)=-2, y= | _ (26) 

Solution: 

The characteristic equation is r? — 2r + 6 = 0 and its roots arer = 1+-/5i. Thus the general 
solution of the differential equation is 

y(t) = c,e! cos (v5) +c sin (vst) é (27) 

To apply the first initial condition, we set t = 0 in equation (27); this gives 

y() =c, = -2. 

For the second initial condition, we must differentiate equation (27) before substituting t = 0. In 

this way we find that 

y’ (0) =o + ¥5e = 1. 

: : 3 ‘ : . 
from which we determine that c, = ae Using these values of c,; and c, in the general solution 

5 
(27), we obtain 

yee (-2 cos (/5¢) + a sin (V3) (28) 

as the solution of the initial value problem (26). The graph of this solution is shown in Figure 3.3.2. 

yA 

x104 

3e 

aL y= e'[-2 cos BE + sin VBE 

Solution of the initial value problem (26): 

y” —2y’+6y=0, yO)=-2, y’(O)=1. 

In this case we observe that the solution is a growing oscillation. Again the trigonometric factors 

in equation (28) determine the oscillatory part of the solution (again with period 277/ 1/5), while the 

exponential factor (with’a positive exponent this time) causes the magnitude of the oscillation to 

increase with time. 

EXAMPLE 3.3.3 

Find the general solution of 

y’ +4y =0. (29) 
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Solution: 

The characteristic equation is r? + 4 = 0 with the roots r = +2 i; The general solution is 

y(t) = c cos (2t) + cy sin (2). (30) 

Note that if the real part of the roots is zero, as in this example, then there is no exponential 

factor in the solution. Figure 3.3.3 shows the graph of two solutions of equation (28) with different 

initial conditions. In each case the solution is a pure oscillation with period z but whose amplitude 

and phase shift are determined by the initial conditions. Since there is no exponential factor in the 

solution (30), the amplitude of each oscillation remains constant in time. 

Solution of equation (29): y” + 4y = 0, with two sets of initial conditions: 

y(0) = 1, y’(O) = 1 (dashed, green) and y(0) = 2 and y’(0) = 3 (solid, blue). Both solutions 

have the same period, but different amplitudes and phase shifts. 

Problems 

In each of Problems 1 through 4, use Euler’s formula to write the 

given expression in the form a + ib. 

1. exp(4— Si) 2. 6% 
ah e2-371/2)i 4. qi t4i 

In each of Problems 5 through 11, find the general solution of the 

given differential equation. 

5. y” + 3y’+2y=0 

7. y’+4y’+5y=0 

9. y" + 6y’+ 9.25y =0 

11. y’ + 6y’ +11.25y=0 

6. y" — 2y'+ 8y=0 

8. y” —7y’ +12y =0 

10. 9y” + 3y’ — 2y=0 

In each of Problems 12 through 15, find the solution of the given 

initial value problem. Sketch the graph of the solution and describe 

its behavior for increasing t. 

12. @y’+9y=0, y(0)=0. y'O)=1 

ey Gy’ —2y'+5y=0, y(r#/2)=0, y'(#/2)=4 

144. @y’+y=0, y(2/3)=2, y'(2/3)=-2 

15. @y’ + 2y'+2y=0, y(x/4)=2, y'(2/4)=0 

16. @ Consider the initial value problem 

3u" +u’+2u=0, u(0)=2, wu’ ()=0. 

a. Find the solution u(t) of this problem. 

b. Fort > 0, find the first time at which [wu (t)] = 10. 

17. @ Consider the initial value problem 

Su" +2u'+7u=0, u(0)=2, wu’ ©) =2. 

a. Find the solution u(f) of this problem. 

b. Find the smallest T such that |u(t)| < 0.1 for all t > T. 

18. € Consider the initial value problem 

y"+6y'+9y=0, yO)=1, y'O)=a2>0. 

a. Find the solution y (t) of this problem. 

b. Find a such that y = 0 whent = 1. 

c. Find, as a function of a the smallest positive value of t for 

which y = 0. 

d. Determines the limit of the expression found in part c as 

a> w. 

19. Show that W[e* cos(ut), e** sin(ut)] = pe*”". 

20. In this problem we outline a different derivation of Euler’s 

formula. 

a. Show that y,(¢) = cos (t) and y,(t) = sin (t) are a fundamental 

set of solutions of y” + y = 0; that is, show that they are 

solutions and that their Wronskian is not zero. 

b. Show (formally) that y = e” is also a solution of y” + y = 0. 
Therefore, 

e = c, cos(t) +c, sin(t) (31) 

for some constants c, and c). Why is this so? 

c. Set t= 0 in equation (31) to show that c, = 1. 
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d. Assuming that equation (15) is true, differentiate equation 
(31) and then set t = 0 to conclude that c, = i. Use the values 

of c, and c, in equation (31) to arrive at Euler’s formula. 

21. Using Euler’s formula, show that 

eit 4 ent eit — eit 
5 = cos (ft), pT ae sin (ft). 

22. Ife’ is given by equation (14), show that e1+"2)! = eM! erat for 
any complex numbers r, and r3. 

23. Consider the differential equation 

ay” + by’+cy =0, 

where b* — 4ac < 0 and the characteristic equation has complex 

roots A + iw. Substitute the functions 

u(t) =e cos(ut) and v(t) =e sin(ut) 

for y in the differential equation and thereby confirm that they 

are solutions. 

24. If the functions y, and y, are a fundamental set of solutions of 

y” + p(t)y’ + q(®y = 0, show that between consecutive zeros of 

y, there is one and only one zero of yz. Note that this result is 

illustrated by the solutions y, (t) = cos(t) and y,(t) = sin(t) of the 

equation y” +y=0. 

Hint: Suppose that t, and t, are two zeros of y, between which 

there are no zeros of y,. Apply Rolle’s theorem to y,/y, to reach 

a contradiction. 

Change of Variables. Sometimes a differential equation with vari- 

able coefficients, 

y’+p(t)y’'+q)y =0, (32) 

can be put in a more suitable form for finding a solution by making 

a change of the independent variable. We explore these ideas in 

Problems 25 through 36. In particular, in Problem 25 we show that 

a class of equations known as Euler equations can be transformed 

into equations with constant coefficients by a simple change of the 

independent variable. Problems 26 through 31 are examples of this 

type of equation. Problem 32 determines conditions under which the 

more general equation (32) can be transformed into a differential 

equation with constant coefficients. Problems 33 through 36 give 

specific applications of this procedure. 

25. Euler Equations. An equation of the form 

d? d 
ae + ats +By=0, t>0, (33) 

where « and £ are real constants, is called an Euler equation. 

a. Letx=In(f)and calculate dy/dt and d*y/dt* in terms of dy/dx 

and d’y/dx?. 

b. Use the results of part a to transform equation (33) into 

d*y dy ait Ea acd =O. 34 moti( ce — 1) + By =0 (34) 

Observe that differential equation (34) has constant coeffi- 

cients. If y,(x) and y,(x) form a fundamental set of solutions 

of equation (34), then y,(In (t)) and y,(In (1) form a funda- 

mental set of solutions of equation (33). 

In each of Problems 26 through 31, use the method of Problem 25 to 

solve the given equation for t > 0. 

26. t?y” + ty’ +4y=0 27. ty” + 5ty’ + 3y=0 

28. t?y” — 4ty’ + 6y =0 29. t?y” — 4ty’ — 3y =0 

30. ty” — 4ty’ + 6y=0 31. ty” + Sty’ + 4.25y=0 

32. In this problem we determine conditions on p and q that enable 

equation (32) to be transformed into an equation with constant 

coefficients by a change of the independent variable. Let x = u(t) 

be the new independent variable, with the relation between x 

and t to be specified later. 

a. Show that 

dy _ dxdy ge) eee 
dihesdidx Ge Ndi} a gfids 

b. Show that the differential equation (32) becomes 

dx\? d?y | (d?x dx\ dy 
—}) —+(— t)—)— Dy= 0; (F) S+(S+rOF)Z+awv=0. os) 

c. In order for equation (35) to have constant coefficients, the 

coefficients of d*y/dx*, dy/dx, and y must all be proportional. 

If q(t) > 0, then we can choose the constant of proportionality 

to be 1; hence, after integrating with respect to t, 

x=u(= | (q(oy' at (36) 

d. With x chosen as in part c, show that the coefficient of 

dy/dx in equation (35) is also a constant, provided that the 

expression 

CO 2OT 37 

2(q (t))”” sl 

is a constant. Thus equation (32) can be transformed into an 

equation with constant coefficients by a change of the inde- 

pendent variable, provided that the function (q’ + 2pq)/q>” 
is a constant. 

e. How must the analysis and results in d be modified if 

q(t) < 0? 

In each of Problems 33 through 36, try to transform the given equa- 

tion into one with constant coefficients by the method of Problem 32. 

If this is possible, find the general solution of the given equation. 

34. y” +ty’+t?y =0 

36. y’ +ty’+e'y=0 

33. y’ +ty’+e'y =0 

35. ty” +(t?-1)y’ + Py =0 
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3.4 | REPEATED ROOTS; REDUCTION OF ORDER 

In Sections 3.1 and 3.3 we showed how to solve the equation 

ay” + by’ +cy =0 (1) 

when the roots of the characteristic equation 

ar? +br'+¢e=0 (2) 

either are real and different or are complex conjugates. Now we consider the third possibil- 

ity, namely, that the two roots r; and rz are equal. This case is transitional between the other 

two and occurs when the discriminant b? — 4ac is zero. Then it follows from the quadratic 

formula that 

A=hHh= = (3) 

The difficulty is immediately apparent; both roots yield the same solution 

WO zeae (4) 

of the differential equation (1), and it is not obvious how to find a second solution. 

EXAMPLE 3.4.1 

Solve the differential equation 

y” +4y’+4y =0. (5) 

Solution: 

The characteristic equation is 

r2+4r+4=(r+2) =0, 

SO r, =r = —2. Therefore, one solution of equation (5) is y,(t) = e~~'. To find the general solution of 

equation (5), we need a second solution that is not a constant multiple of y,. This second solution 

can be found in several ways (see Problems 15 through 17); here we use a method originated by 

d'Alembert’ in the eighteenth century. Recall that since y, (f) is a solution of equation (1), so is cy, (t) 

for any constant c. The basic idea is to generalize this observation by replacing c by a function v(t) 

and then trying to determine v(t) so that the product v(t)y, (£) is also a solution of equation (1). 

To carry out this program, we substitute y = v(t)y,(t) in equation (5) and use the resulting 

equation to find v(t). Starting with 

y=vOnO=voQe, (6) 

we differentiate once to find 

y’ =v’ Qe — 2v(t) e-2# (7) 

and a second differentiation yields 

y” =v" (the7* — 4y' (t) e77! + 4v(t) en". (8) 

7Jean d’Alembert (1717-1783), a French mathematician, was a contemporary of Euler and Daniel Bernoulli 
and is known primarily for his work in mechanics and differential equations. D’Alembert’s principle in 
mechanics and d’Alembert’s paradox in hydrodynamics are named for him, and the wave equation first 
appeared in his paper on vibrating strings in 1747. In his later years he devoted himself primarily to 
philosophy and to his duties as science editor of Diderot’s Encyclopédie. 
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By substituting the expressions in equations (6), (7), and (8) in equation (5) and collecting terms, 

we obtain 

(v" (t) — 4v' (t) + 402) + 4v' (t) — 8v(£) + 4v(t)) e7! = 0, 

which simplifies to 

v" (t)=0. (9) 

Therefore, 

vO): =e; 

and 

v(t) =¢t+e, (10) 

where c, and c, are arbitrary constants. Finally, substituting for v(t) in equation (6), we obtain 

yHcy te ai Ger. (11) 

The second term on the right-hand side of equation (11) corresponds to the original solution 

y(t) = exp(—22), but the first term arises from a second solution, namely, y(t) = t exp(—2t). We 

can verify that these two solutions form a fundamental set by calculating their Wronskian: 

—2t —2t 
(2 

—2e—% (1 = 2t) e~2 

ga = Qe ote 

= e=t £0, 

te 

W [y,y2]() = 

Therefore, 

yO = eo yy) Ste (12) 

form a fundamental set of solutions of equation (5), and the general solution of that equation 

is given by equation (11). Note that both y,(¢) and y,(f) tend to zero as t > oo; consequently, 

all solutions of equation (5) behave in this way. The graphs of typical solutions are shown in 

Figure 3.4.1. 

Three solutions of equation (5): y” + 4y’ + 4y=0, 

with different sets of initial conditions: y (0) = 2, y’ (0) = 1 (blue, 

dashed), y (0) = 1, y’ (0) = 1 (green, solid); y (0) = 1/2, y’ (0) =1 

_ (ted). 
Se 
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The procedure used in Example 3.4.1 can be extended to a general equation whose 

characteristic equation has repeated roots. That is, we assume that the coefficients in 

equation (1) satisfy b? — 4ac = 0, in which case 

y (t) = e7bt/(2a) 

is a solution. To find a second solution, we assume that 

y=VOuOeavae 2 (13) 

and substitute for y in equation (1) to determine v(t). We have 

b li =D t/(2Q) ee —bt/(2a) 14 y=v'(De vite (14) 

and 

2 
y" =y" (t) e— Dt/(2a) ae ay (t) e— t/a) an Pav e—bt/(2a), (15) 

Then, by substituting in equation (1), we obtain 

alv"()- oy (t) + Laie +b (v (t)- ae, ©) + cv(t)) e24/29 = 0 (16) 
a 4a2 2a : 

Canceling the factor e~°/(2®), which is nonzero, and rearranging the remaining terms, we 

find that 

2 ?) 

av” (t)+(—b +b)v’(t)+ ( ea - + c} v(t) =0. (17) 

The term involving v’ (ft) is obviously zero. Further, the coefficient of v(t) is c — b*/(4a), 

which is also zero because b” — 4ac = 0 in the problem that we are considering. Thus, just 

as in Example 3.4.1, equation (17) reduces to 

VAt) ='0) 

so 

v(t) =c, + cot. 

Hence, from equation (13), we have 

y = cye7Ptl2a) + ¢pe—bt/(2a), (18) 

Thus y is a linear combination of the two solutions 

y(t) = e~ bt/(2a) y(t) = te—bt/(2a)_ (19) 

The Wronskian of these two solutions is 

eo bt/(2a) te—bt/(2a) 

W [y1,¥2) (t) = b 
— p—bt/a =i : 20 

_ 2 -bti(2a) (1 25 or) ebilea) ou) 
2a 2a 

Since W[y,, y2](t) is never zero, the solutions y; and y, given by equation (19) are a 
fundamental set of solutions. Further, equation (18) is the general solution of equation (1) 
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when the roots of the characteristic equation are equal. In other words, in this case there is 
one exponential solution corresponding to the repeated root and a second solution that is 
obtained by multiplying the exponential solution by t. 

EXAMPLE 3.4.2 

Find the solution of the initial value problem 

” , , 1 

y-y +7 =0, y (0) = 2, yoy. (21) 

Solution: 

The characteristic equation is 

re—r+ : =0; 

so the roots are r, = r, = 1/2. Thus the general solution of the differential equation is 

y =cye!/? + ctet/?. (22) 

The first initial condition requires that 

y (0) =e, =2. 

To satisfy the second initial condition, we first differentiate equation (22) and then set t = 0. This 

gives 

1 1 
¥yO)= sate = 3: 

SO C) = —2/3. Thus the solution of the initial value problem is 

t/2_ 24ot/2 y = 2e/* — 3fe j (23) 

The graph of this solution is shown by the blue curve in Figure 3.4.2. 

Ss 

y'(O) =2: y = 2et? + tet! 

tA Ca eC ATI ee HE y'(O)= 3: y=2e 3 te 

Solutions of y” — y’ + y/4=0,y(0)= 

2, with y’ (0) = 1/3 (blue) and with y’ (0) = 2 (red). 
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Let us now modify the initial value problem (16) by changing the initial slope; to be specific, let 

the second initial condition be y’ (0) = 2. The solution of this modified problem is 

yi Qe 4 pet? 

and its graph is shown by the red curve in Figure 3.4.2. The graphs shown in this figure suggest 

that there is a critical initial slope, with a value between 1/3 and 2, that separates solutions that 

increase as t > co from those that ultimately decrease as t > oo. In Problem 12 you are asked to 

determine this critical initial slope. 

The asymptotic behavior of solutions is similar in this case to that when the roots are 

real and different. If the exponents are either positive or negative, then the magnitude of 

the solution grows or decays accordingly; the linear factor t has little influence. A decaying 

solution is shown in Figure 3.4.1 and growing solutions in Figure 3.4.2. However, if the 

repeated root is zero, then the differential equation is y” = 0 and the general solution is a 

linear function of t. 

> Summary. We can now summarize the results that we have obtained for second-order 

linear homogeneous equations with constant coefficients 

ay” +by’+cy =0. (24) 

Let r, and r, be the roots of the corresponding characteristic equation 

ar? +br+c=0. (25) 

If r; and rz are real but not equal, then the general solution of differential 

equation (24) is 

y=cye"l! + cyel2!, (26) 

If, and rz are complex conjugates A + iu, then the general solution is 

y = ce“ cos (ut) + cre! sin (ut). (27) 

If, =r, then the general solution is 

y=cye"! + cyte", (28) 

> Reduction of Order. It is worth noting that the procedure used in this section for 
equations with constant coefficients is more generally applicable. Suppose that we know 
one solution y(t), not everywhere zero, of 

y" +p(t)y’ +q(t)y =0. (29) 

To find a second solution, let 

y=v(t)y (30) 

then 

Y=VOnNO+voOyO 
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and 

=v On O+woOyOrvOy O. 

Substituting for y, y’, and y” in equation (29) and collecting terms, we find that 

yv" + (29, + pyr) v! + (yy + py, +a") v = 0. (31) 

Since y, is a solution of equation (29), the coefficient of v in equation (31) is zero so that 

equation (31) becomes 

yyv" + (2y, + py) v’ = 0. (32) 

Despite its appearance, equation (32) is actually a first-order differential equation for the 

function v’ and can be solved either as a first-order linear equation or as a separable 

equation. Once v’ has been found, then v is obtained by an integration. Finally, y is 

determined from equation (30). This procedure is called the method of reduction of order, 

because the crucial step is the solution of a first-order differential equation for v’ rather than 

the original second-order differential equation for y. Although it is possible to write down 

a formula for v(t), we will instead illustrate how this method works by an example. 

EXAMPLE 3.4.3 

Let y, (x) = x~? is a solution of 

2x2y" + 3xy’—15y=0, x>0, (33) 

find a fundamental set of solutions. 

Solution: 

We set y = v(x) x73; then 

yl =v (x) x7? — 3y(x) x74, oy” = "x73 = 6’ x-4 + 12x75, 

Substituting for y, y’ and y”, in equation (33) and collecting terms, we obtain 

2x? (v’x~3 — 6v'x-* + 12v x->) + 3x (vx? — 3vx~4) — 15 (vx?) =0 

2v"x7} + (-12 + 3) v'x7? + (24-9 -—15) vx3 = 

2v"x-! — 9y'x-? =0 

2xv" — 9v' = 0. (34) 

Note that the coefficient of v is zero, as it should be; this provides a useful check on our algebraic 

calculations. 
If we let w = v’, then the second-order linear differential equation (34) reduces to the separable 

first-order differential equation 

2tw' — 9w = 0. 

Separating the variables and solving for w(t) , we find that 

w(x) =v’ (x) = cx; 

then, one final integration yields 

2 
v(x) = ae +k. 
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Problems 

It follows that 

VEvoxr c= ax? +kx-, (35) 

where c and k are arbitrary constant. The second term on the right-hand side of equation (35) isa 

multiple of y,, and can be dropped. 
ha SS a a SC SR tah San i Se eu Cece ee ee 

In each of Problems 1 through 8, find the general solution of the given 

differential equation. 

i 

3. 

a 

Ts 

y" +2y'+y=0 2. Sy" + 12y’ + 4y=0 
y” + 8y’ + l6y =0 4. 4y” —12y’ + 9y=0 

y” —10y’ + 25y=0 6. 2y"+5y’+2y=0 

16y” — 24y’ + 9y=0 8. 25y” — 30y’ + 9y=0 

In each of Problems 9 through 11, solve the given initial value 

problem. Sketch the graph of the solution and describe its behavior 

for increasing f. 

2: 

10. 

11. 

12. 

13. 

14. 

Sy” —12y'+4y=0, y(0)=2, y’(0)=-2 

y” +6y'+5y=0, y(O)=1, y’(0)=2 

y’+4y'+4y=0, yC-l=2, y'(-1)=3 
Consider the following modification of the initial value problem 

in Example 3.4.2: 

y"-y'+—=0, y(0)=2, y’(0)=b. 

Find the solution as a function of b, and then determine the 

critical value of b that separates solutions that remain positive 

for all t > 0 from those that eventually become negative. 

@ Consider the initial value problem 

4y"+12y’+9y=0, y(O)=1, y’(0)=-4. 

a. Solve the initial value problem and plot its solution for 

0O<t<5. 

b. Determine where the solution has the value zero. 

c. Determine the coordinates (t), yy) of the minimum point. 

d. Change the second initial condition to y’ (0) = b and find the 

solution as a function of b. Then find the critical value of 

b that separates solutions that always remain positive from 

those that eventually become negative. 

Consider the equation ay” + by’ + cy = 0. If the roots of the cor- 

responding characteristic equation are real, show that a solution 

to the differential equation either is everywhere zero or else can 

take on the value zero at most once. 

Problems 15 through 17 indicate other ways of finding the second 

solution when the characteristic equation has repeated roots. 

15. a. Consider the equation y” + 2ay’ + a*y = 0. Show that the 

roots of the characteristic equation are r, = r, = —a so that 

one solution of the equation is e~™. 

b. Use Abel’s formula (equation (23) of Section 3.2) to show that 

the Wronskian of any two solutions of the given equation is 

W(t)h=y Oy (1) -— yy Oy (1) = ce, 

where c, is a constant. 

c. Let y,(t) = e~@ and use the result of part b to obtain a 

differential equation satisfied by a second solution y(t). By 

solving this equation, show that y,(t) = te. 

16. Suppose that r; and r, are roots of ar? + br + c = 0 and that 

r, #1; then exp(r,t) and exp(r'2t) are solutions of the differential 

equation ay” + by’ + cy = 0. Show that 

erat ies elit 

$(t;4,h) = 
bx 14 

is also a solution of the equation for r, # r,. Then think of r; as 

fixed, and use |’H6pital’s rule to evaluate the limit of A(t; 71, rz) 

as r, > r,, thereby obtaining the second solution in the case of 

equal roots. 

17. a. Ifar? + br +c=0 has equal roots r,, show that 

L[e"*] = a(e")" + b(e"t)’ +.ce* =a(r—n)yre. (37) 

Since the right-hand side of equation (37) is zero when 

r = ry, it follows that exp(r,f) is a solution of L[y] = ay’ + 

by’ + cy=0. 

b. Differentiate equation (37) with respect to r, and interchange 

differentiation with respect to r and with respect to ¢, thus 

showing that 

0 ET LS E | alle J=L are 

= L [te] = ate" (r — n) + 2ae" (r— y). (38) 

Since the right-hand side of equation (38) is zero when 

r = r,, conclude that t exp(r,t) is also a solution of 

iby =), 

In each of Problems 18 through 22, use the method of reduction of 

order to find a second solution of the given differential equation. 

18. t’y”—4ty’+6y=0, t>0; y()=8 

19. t?y"—2ty’+2y=0, ¢t>0; y,(t)=t 

20. ?y"—t(t+2)y’'+(t+2y=0, t>0; y,(=t 

21, &%-1)y’ —-x +y50, x>1; ye 

22. xy” —(x—0.1875)y=0, x>0; y, (x) =eM4erJx 
23. The differential equation 

y’ +d(xy’+y)=0 

arises in the study of the turbulent flow of a uniform stream 
past a circular cylinder. Verify that y,(x) = exp(—dx?/2) is one 
solution, and then find the general solution in the form of an 
integral. 
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24. The method of Problem 15 can be extended to second-order 

equations with variable coefficients. If y, is a known nonvan- 

ishing solution of y” + p(t)y’ + q(ty = 0, show that a second 

solution y, satisfies (y,/y,) = W [v1.2] /y?, where WI), yo] is 

the Wronskian of y, and y,. Then use Abel’s formula (equation 

(23) of Section 3.2) to determine y,. 

In each of Problems 25 through 27, use the method of Problem 24 to 

find a second independent solution of the given equation. 

25. t?y”+ty'+5y=0, t>0, y(t =t7! 

26. ty” +3y'+t?7y=0, t>0, y, (t) =sin (t) 

27. x?y”+xy +(x?-5)y=0, x>0, y(t)=t-!? sin (t) 

Behavior of Solutions as t > o. Problems 28 through 30 are 

concerned with the behavior of solutions as t > oo. 

28. If a, b, and c are positive constants, show that all solutions of 

ay” + by’ + cy= 0 approach zero as t > oo. 

29. a. Ifa >Oandc> 0, but b= 0, show that the result of Problem 

28 is no longer true, but that all solutions are bounded as 

t> ow. 

b. Ifa>Oandb> 0, butc=0, show that the result of Problem 28 

is no longer true, but that all solutions approach a constant 

that depends on the initial conditions as t > oo. Determine 

this constant for the initial conditions y (0) = yo, y’ (0) = y4. 

a UNDETERMINED COEFFICIENTS 

30. Show that y = sin(f) is a solution of 

y"+ (k sin? (t)) y’+(—kcos(t)sin(t)) y =0 

for any value of the constant k. If 0 < k < 2, show that 1 — k cos (t) 

sin (t) > 0 and k sin*(t) > 0. Thus observe that even though the 

coefficients of this variable-coefficient differential equation are 

nonnegative (and the coefficient of y’ is zero only at the points 

t = 0,7, 27, ...), it has a solution that does not approach zero as 

t > co. Compare this situation with the result of Problem 28. 

Thus we observe a not unusual situation in the study of differ- 

ential equations: equations that are apparently very similar can 

have quite different properties. 

Euler Equations. In each of Problems 31 through 34, use the sub- 

stitution introduced in Problem 25 in Section 3.3 to solve the given 

differential equation. 

31. (t+ 6) y” -—3(t+6)y' +4y=0, t>0 
32. t?y"+4ty’+2.25y=0, t>O0 

33. t?y"+5ty’+4y=0, t>0 

34. t?y"+5ty’+29y=0, [t>0 

NONHOMOGENEOUS EQUATIONS; METHOD OF 

We now turn our attention to the nonhomogeneous second-order linear differential 

equation 

Lly]=y"+p(t)y’+q®y=g), (1) 

where p, q, and g are given (continuous) functions on the open interval I. The equation 

L[y]=y"+pP(t)y’'+q()y =0, (2) 

in which g(t) = 0 and p and q are the same as in equation (1), is called the homogeneous 

differential equation corresponding to equation (1). The following two results describe the 

structure of solutions of the nonhomogeneous equation (1) and provide a foundation for 

constructing its general solution. 

where c, and c, are certain constants. 

If Y, and Y, are two solutions of the nonhomogeneous linear differential equation (1), then 

their difference Y, — Y> isasolution of the corresponding homogeneous differential equation 

(2). If, in addition, y; and y, form a fundamental set of solutions of equation (2), then 

Y, (1) - Y2() = a1, (0) + @y2 O), (3) 
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To prove this result, note that Y, and Y> satisfy the equations 

LIYIJM=8O, LIwlO=s. (4) 

Subtracting the second of these equations from the first, we have 

LIYWJ@-LIIO=sO-s0=0. (5) 

However, 

L[Y,;] -L[¥2] = L[% - Y2], 

so equation (5) becomes 

IE [Y) fai Y>] (t) = 0. (6) 

Equation (6) states that Y, — Y> is asolution of equation (2). Finally, since by Theorem 3.2.4 

all solutions of equation (2) can be expressed as linear combinations of a fundamental set of 

solutions, it follows that the solution Y, — Y> can be so written. Hence equation (3) holds 

and the proof is complete. 

The general solution of the nonhomogeneous equation (1) can be written in the form 

y= $1) =4y (1) + y2 (1) + Y ©), (7) 

where y, and y, form a fundamental set of solutions of the corresponding homogeneous 

equation (2), c, and c, are arbitrary constants, and Y is any solution of the nonhomogeneous 
equation (1). 

The proof of Theorem 3.5.2 follows quickly from Theorem 3.5.1. Note that equation (3) 

holds if we identify Y, with an arbitrary solution ¢ of equation (1) and Y, with the specific 

solution Y. From equation (3) we thereby obtain 

p(t) — Y (t) = c1y, (t) + cay (t), . (8) 

which is equivalent to equation (7). Since ¢ is an arbitrary solution of equation (1), the 

expression on the right-hand side of equation (7) includes all solutions of equation (1); thus 

it is natural to call it the general solution of equation (1). 
In somewhat different words, Theorem 3.5.2 states that to solve the nonhomogeneous 

equation (1), we must do three things: 

1. Find the general solution c)y;(t) + c2y2(t) of the corresponding homogeneous equation. 
This solution is frequently called the complementary solution and may be denoted 
by ye(0). 

2. Find any solution Y (t) of the nonhomogeneous equation. Often this solution is referred 
to as a particular solution. 

3. Form the sum of the functions found in steps 1 and 2. 

We have already discussed how to find y,(t), at least when the homogeneous 
equation (2) has constant coefficients. Therefore, in the remainder of this section and 
Section 3.6, we will focus on finding a particular solution Y (t) of the nonhomogeneous 
linear differential equation (1). There are two methods that we wish to discuss. They are 
known as the method of undetermined coefficients (discussed here) and the method of 
variation of parameters (see Section 3.6). Each has some advantages and some possible 
shortcomings. 



3.5 Nonhomogeneous Equations; Method of Undetermined Coefficients 155 | 

> Method of Undetermined Coefficients. The method of undetermined coefficients 
requires us to make an initial assumption about the form of the particular solution Y (t), but 
with the coefficients left unspecified. We then substitute the assumed expression into the 
nonhomogeneous differential equation (1) and attempt to determine the coefficients so as to 
satisfy that equation. If we are successful, then we have found a solution of the differential 
equation (1) and can use it for the particular solution Y (t). If we cannot determine the 
coefficients, then this means that there is no solution of the form that we assumed. In this 
case we may modify the initial assumption and try again. 

The main advantage of the method of undetermined coefficients is that it is straightfor- 

ward to execute once the assumption is made about the form of Y (ft). Its major limitation 

is that it is useful primarily for equations for which we can easily write down the correct 

form of the particular solution in advance. For this reason, this method is usually used 

only for problems in which the homogeneous equation has constant coefficients and the 

nonhomogeneous term is restricted to a relatively small class of functions. In particular, we 

consider only nonhomogeneous terms that consist of polynomials, exponential functions, 

sines, and cosines. Despite this limitation, the method of undetermined coefficients is 

useful for solving many problems that have important applications. However, the algebraic 

details may become tedious, and a computer algebra system can be very helpful in practical 

applications. We will illustrate the method of undetermined coefficients by several simple 

examples and then summarize some rules for using it. 

EXAMPLE 3.5.1 

Find a particular solution of 

y” — 3y’ — 4y = 3e”. (9) 

Solution: 

We seek a function Y such that the combination Y”(t) — 3Y’ (t) — 4Y (0) is equal to 3e”. Since the 

exponential function reproduces itself through differentiation, the most plausible way to achieve 

the desired result is to assume that Y (t) is some multiple of e’, 

Y(o= Ae, 

where the coefficient A is yet to be determined. To find A, we calculate the first two derivatives 

of y: 

Y’(t) =2Ae*, Y" (t) = 4Ae*-, 

and substitute for y, y’, and y” in the nonhomogeneous differential equation (9). We obtain 

Y” —3Y’ -4Y = (44-6A— 4A) e* = 37, 

1 ; 
Hence —6Ae”~ must equal 3e%, so -6A = 3 and we conclude that A = ame Thus a particular 

solution is 

Y(t) = -2e%. (10) 

EXAMPLE 3.5.2 

Find a particular solution of 

y” — 3y’ — 4y = 2cos(t). (11) 
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Solution: 

Let us assume that Y(t) = Acos(f) is the solution of the equation, where A is a constant to be 

determined. 

Y (t)=—Asin (t), Y"(()=-—Acos (f), 

On substituting this guess in equation (11) we obtain 

Y” —3Y —4Y = —Acos(t) + 3Asin(t) — 4Acos(t) = 2cos(t), 

or, moving all terms to the left-hand side and collecting the terms involving sin (t) and cos (t), we 

arrive at, 

(2 + 5A) cos (t) — 3A sin(t) = 0. (12) 

We want Anes (12) to hold for all t. Thus it must hold for two specific points, such as t = 0 

and t = ~. At these points equation (12) reduces to 3A = 0 and2+5A = 0, Bis eat tat These 

ointeaicebey requirements mean that there is no choice of the constant A that makes equation (12) 

true fort = Oandt = ies much less for all t. Thus we conclude that our assumption concerning 

Y (t) is inadequate. 

The appearance of the cosine term in equation (12) suggests that we modify our original 

assumption to include a cosine term in Y (¢); that is, 

Y (t) = Asin (t) + Bcos(f), 

where A and B are the undetermined coefficients. Then 

Y (t) = Acos(t)—Bsin(t), Y¥” (t)=—Asin(t) — Bcos(t). 

By substituting these expressions for y, y”, and y” in equation (11) and collecting terms, we obtain 

Y” —3Y' —4Y = (—A + 3B — 4A)sin(t) + (—B — 3A — 4B) cos(t) = 2cos(t). (13) 

Now, working exactly as with the first guess, move all terms to the left-hand side and evaluate t = 0, 
Ys 

and t = 5 to find that A and B must satisfy the equations 

—5A + 3B =0, — 3A — 5B. =12. 

Solving these algebraic equations for A and B, we obtain A = — =, B=- hence a particular 

solution of equation (11) is 

rae = = sin (t) - > cos(t). 
ne enneeenssneeenernaneinsiet 

The method illustrated in the preceding examples can also be used when the right-hand 
side of the equation is a polynomial. Thus, to find a particular solution of 

y” — 3y! —4y = 4t? - 1, (14) 

we initially assume that Y (t) is a polynomial of the same degree as the nonhomogeneous 
term; that is, Y (t) = At? + Bt+C. 

To summarize our conclusions up to this point: if the nonhomogeneous term g(t) in 
differential equation (1) is an exponential function e%’, then assume that Y (t) is propor- 
tional to the same exponential function; if g(t) is sin(6t) or cos(6t), then assume that Y (t) is 
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a linear combination of sin(8t) and cos({t); if g(t) is a polynomial of degree n, then assume 
that Y (¢) is a polynomial of degree n. The same principle extends to the case where g(t)isa 
product of any two, or all three, of these types of functions, as the next example illustrates. 

EXAMPLE 3.5.3 

Find a particular solution of 

y"” —3y —4y = —8et sin (28) (15) 

Solution: 

In this case we assume that Y (t) is the product of e’ and a linear combination of cos (2t) and 

sin (2t); that is, 

Y (t) = Ae! cos (2t) + Be’ sin (2t) 

The algebra is more tedious in this example, but it follows that 

Y' (t) = (A + 2B)e! cos (2t) + (—2A + B)e! sin (21) 

and 

Y” (t) = (-3A + 4B) e! cos (2t) + (-4A — 3B)e! sin (2t). 

By substituting these expressions in equation (15), we find that A and B must satisfy 

10A+2B=0, 2A—10B =8. 

2 1 ; ; F : 
Hence, A = ry and B = — = therefore, a particular solution of equation (15) is 

ner 10 
Y@QS 13° cos (2t) 13° sin (2t). 

Now suppose that g(t) is the sum of two terms, g(t) = g(t) + go(t), and suppose that Y, 

and Y, are solutions of the equations 

ay” + by’ +cy = 81 (t) (16) 

and 

ay” + by’ + cy = g(t), (17) 

respectively. Then Y, + Y> is a solution of the equation 

ay” + by’+cy=g(t). (18) 

To prove this statement, substitute Y,(t) + Y2(¢) for y in equation (18) and make use 

of equations (16) and (17). A similar conclusion holds if g(t) is the sum of any finite 

number of terms. The practical significance of this result is that for an equation whose 

nonhomogeneous function g(t) can be expressed as a sum, you can consider instead 

several simpler equations and then add together the results. The following example is an 

illustration of this procedure. 
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enrages ee 

EXAMPLE 3.5.4 

Find a particular solution of 

y” — 3y’ — 4y = 3e7 + 2cos(t) — 8e' sin (2r). (19) 

Solution: 

By splitting up the right-hand side of equation (19), we obtain the three equations 

y” — 3y’ — 4y = 3e*", 

y” — 3y' — 4y = 2cos(f), 

and 

y” —3y' —4y = —8e! sin (2f). 

Solutions of these three equations have been found in Examples 3.5.1, 3.5.2, and 3.5.3, respectively. 

Therefore, a particular solution of equation (19) is their sum, namely, 

Vipera its: 5 2 10545 
=-—= = -= = s(2t) — —e' sin(2t). Y (t) 5° + 7 sin (f) 7 cos (t) + 13° cos (2t) 3 (2t) 

The procedure illustrated in these examples enables us to solve a fairly large class of 

problems in a reasonably efficient manner. However, there is one difficulty that sometimes 

occurs. The next example illustrates how it arises. 

EXAMPLE 3.5.5 

Find a particular solution of 

y” — 3y’—4y = 2e7'. (20) 

Solution: 

Proceeding as in Example 3.5.1, we assume that Y (t) = Ae. By substituting in equation (20), we 
obtain 

Y" —3Y’ —4Y =(A+3A—4A)e~ =2¢-t. (21) 

Since the left-hand side of equation (21) is zero, there is no choice of A for which 0 = 2e~. Therefore, 

there is no particular solution of equation (20) of the assumed form. The reason for this possibly 
unexpected result becomes clear if we solve the homogeneous equation 

y" — 3y'—4y =0 (22) 

that corresponds to equation (20). The two functions in a fundamental set of solutions of 
equation (22) are y,(t) = e~ and y,(t) = e“. Thus our assumed particular solution of equation 
(20) is actually a solution of the homogeneous equation (22); consequently, it cannot possibly be 
a solution of the nonhomogeneous equation (20). To find a solution of equation (20), we must 
therefore consider functions of a somewhat different form. 

At this stage, we have several possible alternatives. One is simply to try to guess the proper form 
of the particular solution of equation (20). Another is to solve this equation in some different way 
and then to use the result to guide our assumptions if this situation arises again in the future; see 
Problems 22 and 27 for other solution methods. Still another possibility is to seek a simpler equation 
where this difficulty occurs and to use its solution to suggest how we might proceed with equation 
(20). Adopting the latter approach, we look for a first-order equation analogous to equation (20). 
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One possibility is the linear equation 

y’+y =2e 7%, (23) 

If we try to find a particular solution of equation (23) of the form Ae~, we will fail because e~ is 
a solution of the homogeneous equation y’ + y = 0. However, from Section 2.1 we already know 
how to solve equation (23). An integrating factor is u(t) = e’, and by multiplying by x(t) and then 
integrating both sides, we obtain the solution 

y = 2te~' + cet. (24) 

The second term on the right-hand side of equation (24) is the general solution of the homogeneous 

equation y’ + y = 0, but the first term is a solution of the full nonhomogeneous equation (23). 

Observe that it involves the exponential factor e~‘ multiplied by the factor t. This is the clue that 

we were looking for. 

We now return to equation (20) and assume a particular solution of the form Y (t) = Ate. Then 

Y(t) =Ae™* = Ate") -Y¥" (4) = =2Ae-§ + Ate". (25) 

Substituting these expressions for y, y’, and y” in equation (20), we obtain 

Y” —3Y’ —4Y = (-2A - 3A)e-' + (A+ 3A—4A) te! = 2e7¢. 

The coefficient of te is zero, and from the terms involving e' we have —5A = 2, so A = -2. Thus 

a particular solution of equation (20) is 

Y(t) = ates (26) 

The outcome of Example 3.5.5 suggests a modification of the principle stated previously: 

if the assumed form of the particular solution duplicates a solution of the corresponding 

homogeneous equation, then modify the assumed particular solution by multiplying it by 

t. Occasionally, this modification will be insufficient to remove all duplication with the 

solutions of the homogeneous equation, in which case it is necessary to multiply by t a 

second time. For a second-order equation, it will never be necessary to carry the process 

further than this. 

> Summary. We now summarize the steps involved in finding the solution of an initial 

value problem consisting of a nonhomogeneous linear differential equation of the form 

ay” + by’+cy = g(t), (27) 

where the coefficients a, b, and c are constants, together with a given set of initial conditions. 

1. Find the general solution of the corresponding homogeneous equation. 

2. Make sure that the function g(t) in equation (27) belongs to the class of functions 

discussed in this section; that is, be sure it involves nothing more than exponential 

functions, sines, cosines, polynomials, or sums or products of such functions. If this is 

not the case, use the method of variation of parameters (discussed in Section 3.6). 

3. Ifg(t)=g,(t) ++: +g,(t)—that is, if g(t) isa sum of terms—then form n subproblems, 

each of which contains only one of the terms g(t), ..., ,(¢). The i> subproblem consists 

of the equation 

ay” + by’ +cy = gj (t), 

where i runs from 1 to n. 
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4. For the i” subproblem, assume a particular solution Y;(¢) consisting of the appropriate 

exponential function, sine, cosine, polynomial, or combination thereof. If there is 

any duplication in the assumed form of Y;(¢) with the solutions of the homogeneous 

equation (found in step 1), then multiply Y;(¢) by ¢, or (if necessary) by t?, so as to 

remove the duplication. See Table 3.5.1. 

TABLE 3.5.1 The Particular Solution of ay’ + by’ + cy = g;(t) 

P,(t) =p + a a ek ea Ober t(Aot” +A,t"~? jpee +Ay) 

Pew tS(Agt” + At” * +--+ +A,)e™ 

sin (6t 
Be ue S((Aot” + Ast"? + + + A,)e™ cos (Bt) 

cos (Bt) + Bot” + Byt?~1+ ++» +B, )e™ sin (Bt) 

Notes: Here, s is the smallest nonnegative integer (s = 0, 1, or 2) that will ensure that no term in Y,(¢) is a solution of the 

corresponding homogeneous equation. Equivalently, for the three cases, s is the number of times 0 is a root of the 

characteristic equation, @ is a root of the characteristic equation, and a + if is a root of the characteristic equation, 

respectively. 

5. Find a particular solution Y;(t) for each of the subproblems. Then Y,(t) + --- + Y,(0) 

is a particular solution of the full nonhomogeneous equation (27). 

6. Form the sum of the general solution of the homogeneous equation (step 1) and 

the particular solution of the nonhomogeneous equation (step 5). This is the general 

solution of the nonhomogeneous equation. 

7. When initial conditions are provided, use them to determine the values of the arbitrary 

constants remaining in the general solution. 

For some problems this entire procedure is easy to carry out by hand, but often the 

algebraic calculations are lengthy. Once you understand clearly how the method works, 

a computer algebra system can be of great assistance in executing the details. 

The method of undetermined coefficients is self-correcting in the sense that if you 

assume too little for Y (t), then a contradiction is soon reached that usually points the way 

to the modification that is needed in the assumed form. On the other hand, if you assume 

too many terms, then some unnecessary work is done and some coefficients turn out to be 

zero, but at least the correct answer is obtained. 

> Proof of the Method of Undetermined Coefficients. In the preceding discussion we 

have described the method of undetermined coefficients on the basis of several examples. 

To prove that the procedure always works as stated, we now give a general argument, in 
which we consider three cases corresponding to different forms for the nonhomogeneous 
term g(t). 

> Case 1: g(t) =P,,(t) =aot" +a,t"~1+-...+4a,. In this case equation (27) becomes 

ay" + by’+cy =agt" +a,t?-14...4a,. (28) 

To obtain a particular solution, we assume that 

Y (t) = Aot” + Ayt?“! + «+. + Ap_ot? + An_it + An. (29) 



3.5 Nonhomogeneous Equations; Method of Undetermined Coefficients 161 

Substituting in equation (28), we obtain 

a(n(n—1) Apt"? + ++» + 2An_) + B(NAgt™=! + + + An_y) 

+¢(Aot” + Ayt"! +--+ +An) = aot? +--+ ay. (30) 

Equating the coefficients of like powers of t, beginning with t”, leads to the following 
sequence of equations: 

cAg =a; 

cA; +nbAgp = aj, 

CAy + DAn-} + 2QAp_2 = ap. 

Provided that c # 0, the solution of the first equation is Ay = a/c, and the remaining 

equations determine Aj, ..., A, successively. 

Ifc = 0 but b 40, then the polynomial on the left-hand side of equation (30) is of degree 

n — 1, and we cannot satisfy equation (30). To be sure that aY’(t) + bY’ (t) is a polynomial 

of degree n, we must choose Y (t) to be a polynomial of degree n + 1. Hence we assume that 

Y(t) =t(Aot" +--+ Ay). 

Substituting this guess into equation (28), with c = 0, and simplifying yields 

aY” + bY’ = bAy (n+1)t" + (a@Ag (n+ 1)n+ bAjn)t"-1 +... 

=agt +at? 1 4---+ ay. 

There is no constant term in this expression for Y (t), but there is no need to include such 

a term since a constant is a solution of the homogeneous equation when c = 0. Since b £ 0, 

we find Ay = ay/(b(n + 1)), and the other coefficients Aj, ..., A, can be determined similarly. 

If both c and b are zero, then the characteristic equation is ar? = 0 andr = Oisa 

repeated root. Thus y, = e® = 1 and y, = te” = t form a fundamental set of solutions of 

the corresponding homogeneous equation. This leads us to assume that 

Y (t) = t2(Agt” ++» + Ay). 

The term aY”(t) gives rise to a term of degree n, and we can proceed as before. Again the 

constant and linear terms in Y (t) are omitted since, in this case, they are both solutions of 

the homogeneous equation. 

> Case 2: g(t) =e%'P,,(t). The problem of determining a particular solution of 

ay” + by’ +cy =e"'P (t) (31) 

can be reduced to the preceding case by a substitution. Let 

Yate“ ud): 

then 

Y’(t) = e“ (u’(t) + au(t)) 
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and 

Y” (t) =e! (u" (t) + 2au’ (t) + a?u(t)). 

Substituting for y, y’, and y” in equation (31), canceling the factor e* and collecting terms, 

we obtain 

au” (t) + (2aa + b)u’ (t) + (aa? + bat+c)u(t) =F, (Ct). (32) 

The determination of a particular solution of equation (32) is precisely the same problem, 

except for the names of the constants, as solving equation (28). Therefore, if aa? +ba+c 

is not zero, we assume that u(t) = Apt” + --» + Ay; hence a particular solution of equation 

(31) is of the form 

Y (t) = e* (Agt” + Ayt”"! +--+» +An). (33) 

On the other hand, if aa? + ba + cis zero but 2aa + b is not, we must take u(t) to be of 

the form t(Apt” + --- +.A,). The corresponding form for Y (tf) is ¢ times the expression on 

the right-hand side of equation (33). Note that if aa? + ba + cis zero, then e“ is a solution 

of the homogeneous equation. 

If both ax? + ba + c and 2aa + b are zero (and this implies that both e™ and te“ are 
solutions of the homogeneous equation), then the correct form for u(t) is t?(Agt” + +++ + 

A,,). Hence Y (ft) is t? times the expression on the right-hand side of equation (33). 

® Case 3: g(t) = e“'P,,(t) cos(St) or e“'P,,(t) sin(Gt). These two cases are similar, so we 

consider only the latter. We can reduce this problem to the preceding one by noting that, as 

a consequence of Euler’s formula, sin(6t) = (e!®* — e~'8")/(2i). Hence g(t) is of the form 

e(&+iB)t _ (a-ip)t 

g(t) =F, (ft) PT ae 
i 

and we should choose 

Y (t) = e€ttiBt (Ant... + A) + ef¢-1Pt (Bott 4. + B,), 

or, equivalently, 

Y (t) = e*! (Agt” + --- + Ay) cos (Bt) + e (Bot” +--+ B,)sin(Bt). 

Usually, the latter form is preferred because it does not involve the use of complex-valued 

coefficients. If a + if satisfy the characteristic equation corresponding to the homogeneous 
equation, we must, of course, multiply each of the polynomials by t to increase their degrees 
by 1. 

If the nonhomogeneous function involves both cos(6t) and sin(@0), it is usually conve- 
nient to treat these terms together, since each one individually may give rise to the same 
form for a particular solution. For example, if g(t) = t sin (t) + 2 cos (#), the form for Y (t) 
would be 

Y (t) = (Aot + A)) sin (t) + (Bot + B;) cos (t), 

provided that sin(t) and cos(t) are not solutions of the homogeneous equation. 
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Problems 

In each of Problems 1 through 10, find the general solution of the 

given differential equation. 

1. y” + 3y’ + 2y = 4e7! 2. y"-y'-2y=-3 +40? 
3. y’+y' — 6y =18e% +12e°% 4. y” — 2y’ — 3y = -6tet 

5. y’+y' =6+4sin(t) 6. y"+2y'+y=4e" 

7. y"+y=4sin (2t)+tcos(2t) 8. u"+wiu=cos(wt), w? # w2 
9. wu" + wAu = COs (wolf) 10. y” —y’ — 2y = 3 cosh 2t 

Hint: cosh t = (e + e~*)/2 

In each of Problems 11 through 15, find the solution of the given 

initial value problem. 

11. y’+y'’-—2y=2t, y(0)=0, y'(0)=2 
12. y’+4y=t?+3e!, y(0)=0, y’(0)=2 

13. y’—-2y'+y=tek+4, yO)=2, y(O=1 

14. y” + 6y’ + 9y = 5cos(2t) 

15. y” + 2y’ + 5y=4e'cos(2t), y(0)=0, y’(0)=0 

In each of Problems 16 through 21: 

a. Determine a suitable form for Y (4) ifthe method of undetermined 

coefficients is to be used. 

b. @ Use a computer algebra system to find a particular solution of 

the given equation. 

16. y” + 3y’ = 2t4 + te-* + 2 sin (32) 

17. y" —5y’ + 6y =e sin (2t) + e*(3t + 4) sint 

18. y” + 2y’ + 2y = 2e* + 2e cost + 4e“?? sin t 

19. y” + 4y=?? sin (2f) + (3t + 2).cos (20) 

20. y” — 3y’ =e! + e* sin (3t) 

21. y" —4y’ + 4y = 40? + 4te* + tsin (21) 

22. Consider the equation 

y” — 3y' — 4y = 2e* (34) 

from Example 3.5.5. Recall that y,(t) =e and y,(t) = e* are solu- 

tions of the corresponding homogeneous equation. Adapting the 

method of reduction of order (Section 3.4), seek a solution of the 

nonhomogeneous equation of the form Y (ft) = v(4)y,(t) = vine“, 

where v(t) is to be determined. 

a. Substitute Y (t), Y’ (t), and Y"(£) into equation (34) and show 

that v(t) must satisfy v” — 5v’ = 2. 

b. Let w(t) =v’ (f) and show that w(t) satisfies w’ — 5w = 2. Solve 

this equation for w(t). 

c. Integrate w(t) to find v(t) and then show that 

Pe 1 
Yass te - gc + ce. 

The first term on the right-hand side is the desired particular 

solution of the nonhomogeneous equation. Note that it is a 

product of t and e~. 

23. Determine the general solution of 

N 
y"+iy = >) ay sin (mat), 

m=1 

where A > 0 andA #4 mz form =1.,..., N. 

24. (In many physical problems the nonhomogeneous term may 

be specified by different formulas in different time periods. As 

an example, determine the solution y = ¢(t) of 

pt (ir OS iS U5. 
yrty= 

Gage, SS He 

satisfying the initial conditions y (0) = 0 and y’ (0) = 1. Assume 

that y and y’ are also continuous at t = 7. Plot the nonhomoge- 

neous term and the solution as functions of time. 

Hint: First solve the initial value problem for t < 7; then solve 

for t > 2, determining the constants in the latter solution from 

the continuity conditions at t = zz. 

Behavior of Solutions as t > oo. In Problems 25 and 26, we 

continue the discussion started with Problems 28 through 30 of 

Section 3.4. Consider the differential equation 

ay” + by’+cy = g(t), (35) 

where a, b, and c are positive. 

25. If Y,(t) and Y,(t) are solutions of equation (35), show that 

Y,(t) — Y,(t) ~ 0ast > oo. Is this result true if b = 0? 

26. If g(t) = d, a constant, show that every solution of equation (35) 

approaches d/c as t > co. What happens if c = 0? What if b = 0 

also? 

27. Inthis problem we indicate an alternative procedure for solving 

the differential equation 

y” + by’+cy = (D?+bD+c)y = g(t), (36) 

where b and c are constants, and D denotes differentiation with 

respect to ¢. Let r, and r, be the zeros of the characteristic 

polynomial of the corresponding homogeneous equation. These 

roots may be real and different, real and equal, or conjugate 

complex numbers. 

a. Verify that equation (36) can be written in the factored form 

(D-n)(D-n)y = 8 (0), 

where r,; +r, = —band r,rz =c. 

ow ee ee re EEE 

8R, S. Luthar, “Another Approach to a Standard Differential Equation,” Two Year College Mathematics 

Journal 10 (1979), pp. 200-201. Also see D. C. Sandell and F. M. Stein, “Factorization of Operators of Second- 

Order Linear Homogeneous Ordinary Differential Equations,” Two Year College Mathematics Journal 8 

(1977), pp. 132-141, for a more general discussion of factoring operators. 
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b. Let u = (D —1r,)y. Then show that the solution of equation In each of Problems 28 through 30, use the method of Problem 27 to 

(36) can be found by solving the following two first-order Solve the given differential equation. 
equations: 

(D-n)u= g(t), 

28. y” + 3y! + 2y = 5e¥ 29. y" — Sy’ =e! 
30. y” + 2y’+y =sin (4) 

(D-n)y=ul). 

3.6 | VARIATION OF PARAMETERS 

In this section we describe a second method of finding a particular solution of a non- 

homogeneous equation. This method, variation of parameters, is due to Lagrange and 

complements the method of undetermined coefficients rather well. The main advantage of 

variation of parameters is that it is a general method; in principle at least, it can be applied to 

any equation, and it requires no detailed assumptions about the form of the solution. In fact, 

later in this section we use this method to derive a formula for a particular solution of an 

arbitrary second-order linear nonhomogeneous differential equation. On the other hand, 

the method of variation of parameters eventually requires us to evaluate certain integrals 

involving the nonhomogeneous term in the differential equation, and this may present 

difficulties. Before looking at this method in the general case, we illustrate its use in an 

example. 

EXAMPLE 3.6.1 

Find the general solution of 

y"+4y=8tan(t), -2/2<t<7/2. (1) 

Solution: 

Observe that this problem is not a good candidate for the method of undetermined coefficients, 

as described in Section 3.5, because the nonhomogeneous term g(t) = 8 tan (t) involves a quotient 

(rather than a sum or a product) of sin (¢) and cos (t). Therefore, the method of undetermined 

coefficients cannot be applied; we need a different approach. 

Observe also that the homogeneous equation corresponding to equation (1) is 

y" +4y =0, (2) 

and that the general solution of equation (2) is 

Ye (t) = c, cos (2t) + cz sin (2f). (3) 

The basic idea in the method of variation of parameters is similar to the method of reduction of 
order introduced at the end of Section 3.4. In the general solution (3), replace the constants c, and c, 
by functions u,(t) and u(t), respectively, and then determine these functions so that the resulting 
expression 

y = U, (£) cos (2¢) + up (t) sin (2¢) (4) 

is a solution of the nonhomogeneous equation (1). 

To determine wu, and U3, we need to substitute for y from equation (4) in differential equation 
(1). However, even without carrying out this substitution, we can anticipate that the result will be a 
single equation involving some combination of u;, U2, and their first two derivatives, Since there is 
only one equation and two unknown functions, we can expect that there are many possible choices 
of u, and w, that will meet our needs. Alternatively, we may be able to impose a second condition 
of our own choosing, thereby obtaining two equations for the two unknown functions U; and Up. 
We will soon show (following Lagrange) that it is possible to choose this second condition in a way 
that makes the computation markedly more efficient.? 

eee eee 

*An alternate, and more mathematically appealing, derivation of the second condition can be found in 
Problem 17 in Section 6.9. 
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Returning now to equation (4), we differentiate it and rearrange the terms, thereby obtaining 

y’ = —2u, (t) sin (2) + 2u (£) cos (2t) + uj (t) cos (2t) + wu} (t) sin (2t). (5) 

Keeping in mind the possibility of choosing a second condition on u, and up, let us require the sum 
of the last two terms on the right-hand side of equation (5) to be zero; that is, we require that 

Uj (t) cos (2t) + wu} (t) sin (2t) = 0. (6) 

It then follows from equation (5) that 

y’ = —2u, (t) sin (2t) + 2u, (t) cos (2f). (7) 

Although the ultimate effect of the condition (6) is not yet clear, the removal of the terms involving 

u; and uy has simplified the expression for y’. Further, by differentiating equation (7), we obtain 

y” = —4u, (t) cos (2t) — 4uz (t) sin (2t) — 2u; (t) sin (2t) + 2u4 (t) cos (2t). (8) 

Then, substituting for y and y” in equation (1) from equations (4) and (8), respectively, we find that 

y” + 4y = —4u, (£1) cos (2t) — 4uz (t) sin (2t) — 2u} (t) sin (2t) + 2u4 (t) cos (2t) 

+ 4u, (t) cos (2t) + 4u, (£) sin (2t) = 8 tan (ft). 

Hence uw, and wu, must satisfy 

— 2uj (t) sin (2t) + 2u} (t) cos (2t) = 8tan(f). (9) 

Summarizing our results to this point, we want to choose uw, and uw, so as to satisfy equations (6) 

and (9). These equations can be viewed as a pair of linear algebraic equations for the two unknown 

quantities wu} (t) and w(t). Equations (6) and (9) can be solved in various ways. For example, solving 

equation (6) for w5 (t), we have’ 

cos (2t) uw (0) = uO Se: (10) 

Then, substituting for u4 (t) in equation (9) and simplifying, we obtain 

ui (t)= — Sten (eni) = —8sin’ (t). (11) 

Further, putting this expression for uj (¢) back in equation (10) and using the double-angle 

formulas, we find that 

-_8 sin” (t)cos(2t) _ {nO cos” (t) — 1) 
sin (2t) cos (ft) (12) 

WwW, (t) = = 4 sin (t) (2 cos (t) — scat) cos(t)/° 

Having obtained u} (t) and wu} (t), we next integrate so as to find u,(¢) and u,(Z). The result is 

| u, (t) = 4sin(t) cos (t) — 4t + c, (13) 

and 

Uy (t) = 41n(cos(t)) — 4cos? (t) +c. (14) 

On substituting these expressions in equation (4), we have 

y = (4sin(t) cos(t)) cos (2t) + (41n (cos (t)) — 4 cos? ()) sin (2t) + c, cos (2t) + cy sin (2f). 
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Finally, by using the double-angle formulas once more, we obtain 

y = —2sin (2t) — 4t cos (2t) + 41n (cos (t)) sin (2t) + c, cos (2t) + cz sin (2t). (15) 

The terms in equation (15) involving the arbitrary constants c, and c, are the general solution of 

the corresponding homogeneous equation, while the other three terms are a particular solution of 

the nonhomogeneous equation (1). Thus equation (15) is the general solution of equation (1). 

a Sa SS LAB a Sa aM red Sem DO NO CET SASS REST 

The particular solution identified at the end of Example 3.6.1 corresponds to choosing 

both c, and c, to be zero in equation (15). Any other choice of c, and Cc, is also a particular 

solution of the same nonhomogeneous differential equation. Notice, in particular, that 

choosing c, = 0 and cz = 2 in equation (15) yields a particular solution with only two terms: 

—4t cos (2t) + 4 In (cos (t)) sin (2t). 

We conclude this first look at the method of variation of parameters with the observation 

that the particular solution involves terms that might be difficult to anticipate. This explains 

why the method of undetermined coefficients is not a good candidate for this problem, and 

why the method of variation of parameters is needed. 

In the preceding example the method of variation of parameters worked well in deter- 

mining a particular solution, and hence the general solution, of equation (1). The next 

question is whether this method can be applied effectively to an arbitrary equation. 

Therefore, we consider 

y"+p(t)y’+q(thy =a), (16) 

where p, q, and g are given continuous functions. As a starting point, we assume that we 

know the general solution 

Ye (t) = cy yy (t) + C2ya (Et) (17) 

of the corresponding homogeneous equation 

y"+p)y'+q®y =0. (18) 

This is a major assumption. So far we have shown how to solve equation (18) only if it has 

constant coefficients. If equation (18) has coefficients that depend on t, then usually the 

methods described in Chapter 5 must be used to obtain y(t). 

The crucial idea, as illustrated in Example 3.6.1, is to replace the constants c, and c, in 

equation (17) by functions u(t) and u(t), respectively; thus we have 

y= (t) yi (1) + U2 () ya (ft). (19) 

Then we try to determine u(t) and u(t) so that the expression in equation (19) is a solution 
of the nonhomogeneous equation (16) rather than the homogeneous equation (18). Thus 
we differentiate equation (19), obtaining 

VY=HOnuO+M Oy O+uy Oy) +uw()y(). (20) 

As in Example 3.6.1, we now set the terms involving u} (t) and w} (t) in equation (20) equal 
to zero; that is, we require that 

uj (t) ys (t) + uy (t) y2 (t) = 0. (21) 
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Then, from equation (20), we have 

y’ = uy (t) yy (t) + up (t) 5 (6). (22) 

Further, by differentiating again, we obtain 

W=uHnONOt+M Oy O+MBOYO+w (Oy (t). (23) 

Now we substitute for y, y’, and y” in equation (16) from equations (19), (22), and (23), 

respectively. After rearranging the terms in the resulting equation, we find that 

HOW +poOyO+qgOnO 

+ ug (t) (yz (1) + POYO+qHy(W) 

+ Uy (t) yj (t) + Uy (t) y(t) = g(t). (24) 

Each of the expressions in parentheses in the first two lines of equation (24) is zero because 

both y, and y2 are solutions of the homogeneous equation (18). Therefore, equation (24) 

reduces to 

uy (t) yy (1) +4 (Hy; (1) = g(t). (25) 

Equations (21) and (25) form a system of two linear algebraic equations for the derivatives 

uj (t) and us (t) of the unknown functions. They correspond exactly to equations (6) and 

(9) in Example 3.6.1. 

Solving the system of equations (21), (25), we obtain 

y(t) g(t) y2 (t) g ) 

W [y1,y2] (t)’ WDrval ey uy (t) = - uy (t) = 

where W[y, 2] is the Wronskian of y, and y2. Note that division by W[y,, y2]| is permissible 

since y, and y> are a fundamental set of solutions, and therefore their Wronskian is nonzero. 

By integrating equations (26), we find the desired functions u,(t) and u(t), namely, 

ee Oe @) = yy (t) g(t) 
OG | Ppp 1 Oy PO |Win iO ee? 

If the integrals in equations (27) can be evaluated in terms of elementary functions, 

then we substitute the results in equation (19), thereby obtaining the general solution of 

equation (16). More generally, the solution can always be expressed in terms of integrals, 

as stated in the following theorem. 

Theorem 3.6.1 

Consider the nonhomogeneous second-order linear differential equation 

y"+pOy +qy=s). (28) 

If the functions p, q, and g are continuous on an open interval J, and if the functions y, and 

y, form a fundamental set of solutions of the corresponding homogeneous equation 

y” +plt)y’+q(t)y =0, (29) 
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then a particular solution of equation (28) is 

YQ@==-yi o| 
t 

t t 

y2(S) g (8) | n(s)ss)_ 30 
Wino?) Wil oe 

where f) is any conveniently chosen point in J. The general solution is 

Y= (C1) + Oy (1) + YO), (31) 

as prescribed by Theorem 3.5.2. 

By examining the expression (30) and reviewing the process by which we derived it, we 

can see that there may be two major difficulties in carrying out the method of variation 

of parameters. As we have mentioned earlier, one is the determination of functions y(t) 

and y>(t), that form a fundamental set of solutions of the homogeneous equation (29) when 

the coefficients in that equation are not constants. The other possible difficulty lies in the 

evaluation of the integrals appearing in equation (30). This depends entirely on the nature 

of the functions y,, y2, and g. In using equation (30), be sure that the differential equation 

is exactly in the form (28); otherwise, the nonhomogeneous term g(t) will not be correctly 

identified. 

A major advantage of the method of variation of parameters is that equation (30) provides 

an expression for the particular solution Y (t) in terms of an arbitrary forcing function g(t). 

This expression is a good starting point if you wish to investigate the effect of variations 

in the forcing function, or if you wish to analyze the response of a system to a number of 

different forcing functions. (See Problems 18 to 22.) 

Problems 

In each of Problems 1 through 3, use the method of variation of 

parameters to find a particular solution of the given differential equa- 

tion. Then check your answer by using the method of undetermined 

coefficients. 

1. y”" — 5y’ + 6y =2e! 2 —y =e 
3. 4y" — 4y' +y = 8e!? 

In each of Problems 4 through 9, find the general solution of the given 

differential equation. In Problems 9, g is an arbitrary continuous 

function. 

_ WE vSQem@), O-<r <7 

y" +9y =9 sec*(3t), O<t<7/6 

y" +4y’+4y =t-7e-%7, t>0 
y” +y = sec (t) 

- y+ 9=8(0) 
. y’ —7y' + 10y=g(6) we enans 

In each of Problems 10 through 15, verify that the given functions 

y, and y, satisfy the corresponding homogeneous equation; then 

find a particular solution of the given nonhomogeneous equation. 

In Problem 15, g is an arbitrary continuous function. 

10. ?y’-2y=4?-3, t>0; y@O=?, y,@Q=0 

11. ty” —t(t+2)y'+(¢+2)y=20, t>0; y,@=t, 

yz (t) = tet 
12. ty"-(1+i)y’+y=te*%, t>0; y,@=1+t, y@=e 

13. x°y" + xy’ + (x? — 0.25)y = 3x3? sin(x), x>0; 

yi @) =x" sin), y2%) = x7”? cos(x) 

14. (1—x)y" +xy'-y=g), 0<x<l; W@=e, y@=x 
15. xy" — xy’ + (x? -9)y = g(x), x > 0, y, (x) = x71 sin (x), 

Voix) x. ~ Cos (x) 

16. By choosing the lower limit of integration in equation (30) in the 

text as the initial point tp, show that Y (t) becomes 

t 

_| u@MnrO-wMOy2(s) 
ro=| 1 13) VS) = Yi (5) 9 (8 

Show that Y (£) is a solution of the initial value problem 

Lly]=g(t), y(to)=0, y'(to) =0. 

17. Show that the solution of the initial value problem 

Lly]J=y"+p(t)y' +q()y =g(0, y’ (to) = Yo 
(32) 

Y (to) = Yo, 

can be written as y = u(t) + v(t), where u and v are solutions of 
the two initial value problems 

Dap = 0) 

L[{v] = g(t), 

U (to) = Yo> 

V(t) = 0, 

u' (to) = Yo, (33) 

iy (to) os 0, (34) 

respectively. In other words, the nonhomogeneities in the dif- 
ferential equation and in the initial conditions can be dealt with 
separately. Observe that u is easy to find if a fundamental set of 
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solutions of L[u] = 0 is known. And, as shown in Problem 16, 22. By combining the results of Problems 19 through 21, show that 
the function v is given by equation (30). the solution of the initial value problem 

18. a. Use the result of Problem 16 to show that the solution of the 
initial value problem L[y] = (D?+bD+c)y=g(t), y(t) =0, y' (to) =0, 

y’ +y=8(t), y(to)=0, y' (to) =0 (35) where b and ¢c are constants, can be written in the form 

is ‘ y=9=| K@-s)g(ds, G7) 
t fo 

“ | am ere cS e*) where the function K depends only on the solutions y, and y, of 

the corresponding homogeneous equation and is independent 

b. Use the result of Problem 17 to find the solution of the initial of the nonhomogeneous term. Once K is determined, all non- 

value problem homogeneous problems involving the same differential operator 

L are reduced to the evaluation of an integral. Note also that 

y’+y=g(t), yO)=y, y'O)=y. although K depends on both ¢ and s, only the combination 

t — Ss appears, so K is actually a function of a single variable. 

19. Use the result of Problem 16 to find the solution of the initial When we think of g(¢) as the input to the problem and of (¢) as 
value problem the output, it follows from equation (38) that the output depends 

on the input over the entire interval from the initial point ty to 

Liyl=g(t), y(to)=0, y'(t)) =0, the current value ft. The integral in equation (38) is called the 

convolution of K and g, and K is referred to as the kernel. 

where L[y] = (D — a)(D — b)y for real numbers a and b with 23. The method of reduction of order (Section 3.4) can also be used 

a # b. Note that L[y] = y” — (a + b)y’ + aby. for the nonhomogeneous equation 

20. Use the result of Problem 16 to find the solution of the initial 

value problem y"t+p@y+qt)y=s), (38) 

provided one solution y, of the corresponding homogeneous 

equation is known. Let y = v(t)y,(t) and show that y satisfies 

equation (38) if v is a solution of 

Liy]J=s@, Yyto)=90, y' (to) =0, 

where L(y) = (D — (A + iu))(D — (A — is))y; that is, 

y@v’+2yO+pOynO)v =e. (39) 
L[y] = y” — 2Ay’ + (4 +?) y. 

Equation (39) is a first-order linear differential equation for v’. 

Note that the roots of the characteristic equation are A + iy. By solving equation (39) for v’, integrating the result to find v, 

21. Use the result of Problem 16 to find the solution of the initial and then multiplying by y,(¢), you can find the general solution 

value problem of equation (38). This method simultaneously finds both the 

second homogeneous solution and a particular solution. 

L{y)=g(t), yo) =9, y' (to) =9, 5 en 
In each of Problems 24 through 26, use the method outlined in 

where Ly] = (D — a)’y, that is, L[y] = y” — 2ay’ + ay, and a is Problem 23 to solve the given differential equation. 

any real number. 24. t?y"+2ty’ +2y=0?, t>0, y(Q=-t 
2 ey Si es oye ot, «6b Oy yet 

26. (1—Dy" +t’ -y=2(t-1)e", O<t<l; y,(O=e 

3.7 | MECHANICAL AND ELECTRICAL VIBRATIONS 

One of the reasons why second-order linear differential equations with constant coefficients 

are worth studying is that they serve as mathematical models of many important physical 

processes. Two important areas of application are the fields of mechanical and electrical 

oscillations. For example, the motion of a mass on a vibrating spring, the torsional oscilla- 

tions of a shaft with a flywheel, the flow of electric current in a simple series circuit, and 

many other physical problems are all described by the solution of an initial value problem 

of the form 

ay” +by'+cy=g(t), yO)=y, y=. (1) 
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This illustrates a fundamental relationship between mathematics and physics: many 

physical problems may have mathematically equivalent models. Thus, once we know how to 

solve the initial value problem (1), it is only necessary to make appropriate interpretations 

of the constants a, b, and c, and of the functions y and g, to obtain solutions of different 

physical problems. 

We will study the motion of a mass on a spring in detail because understanding the 

behavior of this simple system is the first step in the investigation of more complex vibrating 

systems. Further, the principles involved are common to many problems. 

Consider a mass m hanging at rest on the end of a vertical spring of original length /, 

as shown in Figure 3.7.1. The mass causes an elongation L of the spring in the downward 

(positive) direction. In this static situation there are two forces acting at the point where 

the mass is attached to the spring; see Figure 3.7.2. The gravitational force, or weight of 

the mass, acts downward and has magnitude w = mg, where g is the acceleration due to 

gravity. There is also a force F,, due to the spring, that acts upward. If we assume that the 

elongation L of the spring is small, the spring force is very nearly proportional to L; this is 

known as Hooke’s!° law. Thus we write F, = —kL, where the constant of proportionality k 

is called the spring constant, and the minus sign is due to the fact that the spring force acts 

in the upward (negative) direction. Since the mass is in equilibrium, the two forces balance 

each other, which means that 

w+Kk=mg—kL=0. (2) 

For a given weight w = mg, you can measure L and then use equation (2) to determine k. 

Note that k has the units of force per unit length. 

aciiaeeee) A spring—mass system. 

F, =-kL 

w=mg 

Force diagram for a spring—mass system. 

In the corresponding dynamic problem, we are interested in studying the motion 
of the mass when it is acted on by an external force or is initially displaced. Let u(t), 
measured positive in the downward direction, denote the displacement of the mass from 

‘Robert Hooke (1635-1703) was an English scientist with wide-ranging interests. His most important book 
Micrographia, was published in 1665 and described a variety of microscopical observations. Hooke fret 
published his law of elastic behavior in 1676 as ceiiinosssttuv; in 1678 he gave the interpretation ut tensio 
sic vis, which means, roughly, “as the force so is the displacement.” 
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its equilibrium position at time t; see Figure 3.7.1. Then u(t) is related to the forces acting 
on the mass through Newton’s law of motion 

mu" (t) = f (6), (3) 

where u” is the acceleration of the mass and f is the net force acting on the mass. Observe 
that both u and f are functions of time. In this dynamic problem there are now four separate 
forces that must be considered. 

The weight w = mg of the mass always acts downward. 

The spring force F, is assumed to be proportional to the total elongation L + u of the 
spring and always acts to restore the spring to its natural position. If L + u > 0, then 

the spring is extended, and the spring force is directed upward. In this case 

Fo= -k(L+u). (4) 

On the other hand, if L + u < 0, then the spring is compressed a distance IL + ul, and 

the spring force, which is now directed downward, is given by F, = kIL + ul. However, 

when L + u <0, it follows that IL + ul = —(L + u), so F, is again given by equation (4). 

Thus, regardless of the position of the mass, the force exerted by the spring is always 

expressed by equation (4). 

3. The damping or resistive force Fy always acts in the direction opposite to the direction 

of motion of the mass. This force may arise from several sources: resistance from the 

air or other medium in which the mass moves, internal energy dissipation due to the 

extension or compression of the spring, friction between the mass and the guides (if 

any) that constrain its motion to one dimension, or a mechanical device (dashpot) that 

imparts a resistive force to the mass. In any case, we assume that the resistive force 

is proportional to the speed |du/dtl of the mass; this is usually referred to as viscous 

damping. If du/dt > 0, then u is increasing, so the mass is moving downward. Then 

Fq is directed upward and is given by 

Fg (t) = —yu' (t), (5) 

where y is a positive constant of proportionality known as the damping constant. On 

the other hand, if du/dt < 0, then u is decreasing, the mass is moving upward, and Fg 

is directed downward. In this case, Fg = ylu’ (0)|; since lu’ ()| = —u’ (0), it follows that 

F(t) is again given by equation (5). Thus, regardless of the direction of motion of the 

mass, the damping force is always expressed by equation (5). 

The damping force may be rather complicated, and the assumption that it is 

modeled adequately by equation (5) may be open to question. Some dashpots do behave 

as equation (5) states, and if the other sources of dissipation are small, it may be possible 

to neglect them altogether or to adjust the damping constant y to approximate them. 

An important benefit of the assumption (5) is that it leads to a linear (rather than a 

nonlinear) differential equation. In turn, this means that a thorough analysis of the 

system is straightforward, as we will show in this section and in Section 3.8. 

4. An applied external force F(t) is directed downward or upward as F(t) is positive or 

negative. This could be a force due to the motion of the mount to which the spring is 

attached, or it could be a force applied directly to the mass. Often the external force is 

periodic. 

Taking account of these forces, we can now rewrite Newton’s law (3) as 

mu" (tHh=wt+K()+h(O+F () 

=mg—k(L+u(t))—yu'(t)+ F(t). (6) 
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Since mg — kL = 0 by equation (2), it follows that the equation of motion of the mass is 

mu” (t) + yu’ (t)+ ku(t) = F(t), (7) 

where the constants m, y, and k are positive. Note that equation (7) has the same form as 

equation (1), that is, it isa nonhomogeneous second-order linear differential equation with 

constant coefficients. 

It is important to understand that equation (7) is only an approximate equation for 

the displacement u(t). In particular, both equations (4) and (5) should be viewed as 

approximations for the spring force and the damping force, respectively. In our derivation 

we have also neglected the mass of the spring in comparison with the mass of the attached 

body. 

The complete formulation of the vibration problem requires that we specify two initial 

conditions, namely, the initial position ug and the initial velocity vo of the mass: 

u(O)= Ug, Ui) =: (8) 

It follows from Theorem 3.2.1 that these conditions give a mathematical problem that has a 

unique solution for any values of the constants Ug and vo. This is consistent with our physical 

intuition that if the mass is set in motion with a given initial displacement and velocity, then 

its position will be determined uniquely at all future times. The position of the mass is given 

(approximately) by the solution of the second-order linear differential equation (7) subject 

to the prescribed initial conditions (8). 

EXAMPLE 3.7.1 

A mass weighing 2 lb stretches a spring 2 in. suppose that the mass is given an addition 6-in 

displacement in the positive direction and then released. The mass is in a medium that exerts a 

viscous resistance of 6 lb when the mass has a velocity of 3 ft/s. Under the assumptions discussed 

in this section, formulate the initial value problem that governs the motion of the mass. 

Solution: 

The required initial value problem consists of the differential equation (7) and initial conditions 

(8), so our task is to determine the various constants that appear in these equations. The first step is 

to choose the units of measurement. Based on the statement of the problem, it is natural to use the 

English rather than the metric system of units. The only time unit mentioned is the second, so we 

will measure t in seconds. On the other hand, both the foot and the inch appear in the statement as 

units of length. It is immaterial which one we use, but having made a choice, we must be consistent. 

To be definite, let us measure the displacement u in feet. 

Since nothing is said in the statement of the problem about an external force, we assume that 

F (t) = 0. To determine m, note that, 

The damping coefficient y is determined from the statement that yu’ is equal to 6 Ib when w’ is 
3 ft/s. Therefore, 

6 lb lb-s 

17) adie oe fie. 

ae spring constant k is found from the statement that the mass stretches the spring by 2 in or 

6 ft. Thus 
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Consequently, differential equation (7) becomes 

1 
—u" +2u’'+12u=0. 
16 

or 

u” +32u'+192u=0. (9) 

The initial conditions are 

1 ; u(0) = gr (O)= 0. (10) 

The second initial condition is implied by the word “released” in the statement of the problem, 

which we interpret to mean that the mass is set in motion with no initial velocity. 

> Undamped Free Vibrations. If there is no external force, then F(t) = 0 in equation (7). 

Let us also suppose that there is no damping so that y = 0; this is an idealized configuration 

of the system, seldom (if ever) completely attainable in practice. However, if the actual 

damping is very small, then the assumption of no damping may yield satisfactory results 

over short to moderate time intervals. In this case the equation of motion (7) reduces to 

mu” +ku = 0. (11) 

The characteristic equation for equation (11) is 

mr? +k =0 

and its roots are r = +i/k/m. Thus the general solution of equation (11) is 

u =A cOS(Wot) + B sin (Wot), (12) 

where 

we = om (13) 
m 

The arbitrary constants A and B can be determined if initial conditions of the form (8) 

are given. 

In discussing the solution of equation (11), it is convenient to rewrite equation (12) in 

the form 

u = R cos(Wot — 9), (14) 

or 

u = Rcos(d)cos (wot) + Rsin(d) sin (wot). (15) 

By comparing equation (15) with equation (12), we find that A, B, R, and 6 are related by 

the equations 

A=Rcos(6), B=Rsin(d). (16) 
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Thus 

# (17) R=vVA2+B?, tan(6)= A 

In calculating 6, we must take care to choose the correct quadrant; this can be done by 

checking the signs of cos (6) and sin (6) in equations (16). 

The graph of equation (14), or the equivalent equation (12), for a typical set of initial 

conditions is shown in Figure 3.7.3. The graph is a displaced cosine wave that describes a 

periodic, or simple harmonic, motion of the mass. The period of the motion is 

Ts = es ra ay (18) 

u 

lake 
R cos(6) 

eine 

-R 

Simple harmonic motion; u = R cos (wot — 4). 
Note that the horizontal axis is labeled as wot. 

The circular frequency #9 = */ k/m, measured in radians per unit time, is called the natural 

frequency of the vibration. The maximum displacement R of the mass from equilibrium is 

the amplitude of the motion. The dimensionless parameter 6 is called the phase, or phase 

angle, and measures the displacement of the wave from its normal position corresponding 

to.o;= 10: 

Note that the motion described by equation (14) has a constant amplitude that does not 

diminish with time. This reflects the fact that, in the absence of damping, there is no way 

for the system to dissipate the energy imparted to it by the initial displacement and velocity. 

Further, for a given mass m and spring constant k, the system always vibrates at the same 

frequency wo, regardless of the initial conditions. However, the initial conditions do help to 

determine the amplitude of the motion. Finally, observe from equation (18) that the period 

T increases as the mass m increases, so larger masses vibrate more slowly. On the other 

hand, the period T decreases as the spring constant k increases, which means that stiffer 

springs cause the system to vibrate more rapidly. 

EXAMPLE 3.7.2 

Suppose that a mass weighing 10 lb stretches a spring 2 in. If the mass is displaced an additional 

2 in and is then set in motion with an initial upward velocity of 1 ft/s, determine the position of the 

mass at any later time. Also determine the period, amplitude, and phase of the motion. 

Solution: 

The spring constant is k = 10 lb/2 in = 60 lb/ft, and the mass is m = w/g = 10/32 lb - s?/ft. Hence 
the equation of motion reduces to 

u" +192u = 0, (19) 
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and the general solution is 

u = ACOS (8V3r) + Bsin (sV3r) : 

The solution satisfying the initial conditions u(0) = 1/6 ft and w’ (0) = —1 ft/s is 

i= , cos (8V3r) - oi sin (8V3r) P (20) 

The natural frequency is w) = 8/3 = 13.856 rad/s, so the period is T = 277/w) & 0.453. The 
amplitude R and phase 6 are found from equations (17). We have 

Rata a, so. R= 0.182 ft. 

The second of equations (17) yields tan (6) = —/3/4. There are two solutions of this equation, one 

in the second quadrant and one in the fourth. In the present problem, cos (6) > 0 and sin(6) <0, 

so 6 is in the fourth quadrant. In fact, 

v3 
6 = —arctan (2) = —0.40864 rad. 

The graph of the solution (20) is shown in Figure 3.7.4. 

u = 0.182 cos(8V3 t + 0.409) 

An undamped free vibration: uw” + 192u = 0, u(0) = 

1/6, u’ (0) = —1. Note that the scale for the horizontal axis is wot. 

> Damped Free Vibrations. When the effects of damping are included, the differential 

equation governing the motion of the mass is 

mu" +yu'+ku=0. (21) 

We are especially interested in examining the effect of variations in the damping coefficient 

y for given values of the mass m and spring constant k. The corresponding characteristic 

equation is 

mr* +yr+k =0, 

and its roots are 

ar pip 

pte an Se ee 1- (22) 
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Depending on the sign of y? — 4km, the solution u has one of the following forms: 

y2—4km>0, u= Ae! + Be"2!; (23) 

y27-4km =0, u=(A+BtjeVi/em; (24) 

y27-—4km <0, u=e-/2™ (4 cos (ut) + B sin (ut)), 

1 pane 
= — = 0. 25 Coe (4km—y?) > (25) 

Since m, y, and k are positive, y2 — 4km is always less than y*. Hence, if y* — 4km > 0, 
then the values of r, and r, given by equation (22) are negative. If y? — 4km < 0, then the 

values of r; and r, are complex, but with negative real part. Thus, in all cases, the solution 

u tends to zero as t > ov; this occurs regardless of the values of the arbitrary constants A 

and B—that is, regardless of the initial conditions. This confirms our intuitive expectation, » 

namely, that damping gradually dissipates the energy initially imparted to the system, and 

consequently the motion dies out with increasing time. 

The most interesting case is the third one, which occurs when the damping is small. If 

we let A = Rcos(6) and B= R sin(6) in equation (25), then we obtain 

u = Re V2) cos (ut — 5). (26) 

The displacement u lies between the curves u = +Re~Y'/2m). hence it resembles a cosine 

wave whose amplitude decreases as t increases. A typical example is sketched in Figure 

3.7.5. The motion is called a damped oscillation or a damped vibration. The amplitude factor 

R depends on m, y, k, and the initial conditions. 

Lents. Se —Re-1t(2m) 

Damped vibration; u = Re~V!/2m 
cos(ut — 6). Note that the scale for the horizontal 

axis is ut. 

Although the motion is not periodic, the parameter jz determines the frequency with 
which the mass oscillates back and forth; consequently, 1 is called the quasi-frequency. 
By comparing 4 with the frequency w9 of undamped motion, we find that 

Hw _ (4km= 7)" 1m) _ (1 eas aid 
®o Vkim r ol ~~ 8k’ (27) 

The last approximation is valid when y*/4km is small; we refer to this situation as “small 
damping.” Thus the effect of small damping is to reduce slightly the frequency of the 
oscillation. By analogy with equation (18), the quantity Tj = 27/ is called the quasi- 
period of the motion. It is the time between successive maxima or successive minima of 
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the position of the mass, or between successive passages of the mass through its equilibrium 
position while going in the same direction. The relation between Ty and T is given by 

=1/2 y 

Sorel Geta = 14 Sam 2 

where again the last approximation is valid when y7/4km is small. Thus small damping 

increases the quasi-period. 

Equations (27) and (28) reinforce the significance of the dimensionless ratio y?/(4km). 

It is not the magnitude of y alone that determines whether damping is large or small, but 

the magnitude of y? compared to 4km. When y?/(4km) is small, then damping has a small 

effect on the quasi-frequency and quasi-period of the motion. On the other hand, if we want 

to study the detailed motion of the mass for all time, then we can never neglect the damping 

force, no matter how small. 

As y”/4km increases, the quasi-frequency 1 decreases and the quasi-period T, increases. 

In fact, u > Oand Tg > wasy > 2vkm. As indicated by equations (23), (24), and (25), 

the nature of the solution changes as y passes through the value 2\/km. The motion with 

Ps 2Vvkm is said to be critically damped. For larger values of y, y > 2Vkm, the motion 

is said to be overdamped. In these cases, given by equations (24) and (23), respectively, 

the mass may pass through its equilibrium position at most once (see Figure 3.7.6) and 

then creep back to it. The mass does not oscillate about the equilibrium, as it does for small 

y. Two typical examples of critically damped motion are shown in Figure 3.7.6, and the 

situation is discussed further in Problems 15 and 16. 

Critically damped motions: u” + uv’ 
+ 0.25u =0;u=(A + Bt)e~”. The solid blue curve 
is the solution satisfying u(0) = 1/2, u’ (0) = 7/4; 

the dashed green curve satisfies u(0) = 1/2, 

u’ (0) = —7/4. 

EXAMPLE 3.7.3 

The motion of a certain spring—-mass system is governed by the differential equation 

” 1 / Uu + gu +u=0, (29) 

where u is measured in feet and t in seconds. If u(0) = 2 and uw’ (0) = 0, determine the position of 

the mass at any time. Find the quasi-frequency and the quasi-period, as well as the time at which 

the mass first passes through its equilibrium position. Also find the time r such that |u(¢)| < 0.1 for 

allt >T. 
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Solution: 

The solution of equation (29) is 

ut) sie? (4 cos (:.) +B sin (2) 
16 

To satisfy the initial conditions, we must choose A = 2 and B = 2/1/ 255; hence the solution of the 

initial value problem is 

weer (2 cos( ¥232r) 4 a sin 1255)) 

(30) 

where 6 is in the first quadrant with tan(6) = 1/255, so 6 & 0.06254. The displacement of the 

mass as a function of time is shown in Figure 3.7.7. For purposes of comparison, we also show the 

motion if the damping term is neglected. 

The quasi-frequency is u = 255/16 = 0.998, and the quasi-period is Tz = 277/u = 6.295s. 

These values differ only slightly from the corresponding values (1 and 27, respectively) for the 

undamped oscillation. This is evident also from the graphs in Figure 3.7.7, which rise and fall 

almost together. The damping coefficient is small in this example: only one-sixteenth of the critical 

value, in fact. Nevertheless, the amplitude of the oscillation is reduced rather rapidly. 

u"+u=O0 

“u’+0.125u'+u=0 
? 
-_ 

ge ee 

=== = 

<== 

== 

Vibration with small damping (solid 

blue curve) and with no damping (dashed green curve). 

Both motions have the same initial conditions: u(0) = 2, 

u’ (0) =0. 

Figure 3.7.8 shows the graph of the solution for 40 < t < 60, together with the graphs of 
u = +0.1. From the graph it appears that t is about 47.5, and by a more precise calculation we 
find that t ¥ 47.5149 s, 

To find the time at which the mass first passes through its equilibrium position, we refer to 
equation (30) and set / 255t/16 — 6 equal to 77/2, the smallest positive zero of the cosine function. 
Then, by solving for t, we obtain 

t= aa (F +8) = 16375 
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Solution of Example 3.7.3 for 40 <t < 

60; determination of the time t after which |u(t)| < 0.1. 

> Electric Circuits. A second example of the occurrence of second-order linear differential 

equations with constant coefficients is their use as a model of the flow of electric current 

in the simple series circuit shown in Figure 3.7.9. The current J, measured in amperes (A), 

is a function of time t. The resistance R in ohms (Q), the capacitance C in farads (F), and 

the inductance L in henrys (H) are all positive and are assumed to be known constants. The 

impressed voltage E in volts (V) is a given function of time. Another physical quantity that 

enters the discussion is the total charge Q in coulombs (C) on the capacitor at time t. The 

relation between charge Q and current J is 

_ 4Q 
> dt 

Resistance R Capacitance C 

( (31) 

(1 Inductance L 

Impressed voltage E(t) 

A simple electric circuit. 

The flow of current in the circuit is governed by Kirchhoff" second law: In a closed 

circuit the impressed voltage is equal to the sum of the voltage drops in the rest of the circuit. 

According to the elementary laws of electricity, we know that 

The voltage drop across the resistor is RI. 

The voltage drop across the capacitor is <. 

; hee OL 
The voltage drop across the inductor is L A: 

Gustav Kirchhoff (1824-1887) was a German physicist and professor at Breslau, Heidelberg, and Berlin. 

He formulated the basic laws of electric circuits about 1845 while still a student at Albertus University in his 

native Konigsberg. In 1857 he discovered that an electric current in a resistanceless wire travels at the speed 

of light. He is also famous for fundamental work in electromagnetic absorption and emission and was one 

of the founders of spectroscopy. 



| 180 | Chapter 3 / Second-Order Linear Differential Equations 

Hence, by Kirchhoffs law, 

dl ye 32) La +RI+ ae E(t). ( 

The units for voltage, resistance, current, charge, capacitance, inductance, and time are all 

related: 

1 volt = 1 ohm - 1 ampere = 1 coulomb/1 farad = 1 henry - 1 ampere/1 second. 

Substituting for J from equation (31), we obtain the differential equation 

LQ” + RQ’ + =Q =f (6) (33) 

for the charge Q. The initial conditions are 

Q(to) = Qo, Q’ (to) = 1 (to) = Lo. (34) 

Thus to know the charge at any time it is sufficient to know the charge on the capacitor and 

the current in the circuit at some initial time fo. 

Alternatively, we can obtain a differential equation for the current J by differentiating 

equation (33) with respect to t, and then substituting for dQ/dt from equation (31). The 

result is 

1 
LI” + RI’ + al = Ec), (35) 

with the initial conditions 

I (to) =Ip, I’ (to) = Ip. (36) 

From equation (32) it follows that 

| Blo) - Rip - 
Ip = = Sept (37) 

Hence Ig is also determined by the initial charge and current, which are physically 

measurable quantities. 

The most important conclusion from this discussion is that the flow of current in the 

circuit is described by an initial value problem of precisely the same form as the one that 

describes the motion of a spring-mass system. This is a good example of the unifying role 

of mathematics: once you know how to solve second-order linear equations with constant 

coefficients, you can interpret the results in terms of mechanical vibrations, electric circuits, 

or any other physical situation that leads to the same problem. 

Problems 
In each of Problems 1 and 2, determine wo, R, and 6 so as to write the 4. Amass weighing 2 lb stretches a spring 2 in. if the mass is pushed 
given expression in the form u = R cos (wot — 4). upward, contracting the spring a distance of 1 in and then set 

in motion with a downward velocity of 2 ft/s, and if there is no 

damping, find the position u of the mass at any time t. Determine 

the frequency, period, amplitude, and phase of the motion. 

5. GA mass of 20 g stretches a spring 5 cm. Suppose that the mass 

is also attached to a viscous damper with a damping constant 
of 400 dyn-s/cm. If the mass is pulled down an additional 2.cm 
and then released, find its position u at any time t. Plot uversus t. 
Determine the quasi-frequency and the quasi-period. Determine 
the ratio of the quasi-period to the period of the corresponding 

1. u=2cos (t)+ 5sin (t) 

2. u=—3 cos (zt) — 2 sin (zt) 

3. A mass of 100 g stretches a spring 5 cm. If the mass is set in 

motion from its equilibrium position with a downward velocity 

of 20 cm/s, and if there is no damping, determine the position u 

of the mass at any time t. When does the mass first return to its 

equilibrium position? 
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10. 

11. 

12. 

13. 

14. 

undamped motion. Also find the time t such that |u(t)| < 0.05 

cm for all t > r. 

. A spring is stretched 20 cm by a force of 6 N. A mass of 2 kg is 

hung from the spring and is also attached to a viscous damper 

that exerts a force of 3 N when the velocity of the mass is 5 m/s. 

If the mass is pulled down 5 cm below its equilibrium position 

and given an initial downward velocity of 10 cm/s, determine its 

position u at any time ¢. Find the quasi frequency yu and the ratio 

of « to the natural frequency of the corresponding undamped 

motion. 

. A series circuit has a capacitor of 0.25 x 10~° F and an inductor 

of 1 H. If the initial charge on the capacitor is 2 x 10~-® C and 

there is no initial current, find the charge Q on the capacitor at 

any time t. 

. Avibrating system satisfies the equation u” + yu’ + u = 0. Find 

the value of the damping coefficient y for which the quasi-period 

of the damped motion is 50% greater than the period of the 

corresponding undamped motion. 

. Show that the period of motion of an undamped vibration of a 

mass hanging from a vertical spring is 27.) L/g, where L is the 

elongation of the spring due to the mass, and g is the acceleration 

due to gravity. 

Show that the solution of the initial value problem 

mu" +yu'+ku=0, u(ty)=UuUp, wu’ (to) =U 

can be expressed as the sum u = v + w, where v satisfies the 

initial conditions v(t)) = Uo, v’ (ty) = 0, w satisfies the initial 

conditions w(ty)) = 0, w’(to) = uo, and both v and w satisfy 

the same differential equation as wu. This is another instance of 

superposing solutions of simpler problems to obtain the solution 

of a more general problem. . 

a. Show that A cos (wot)+B sin (wot) can be written in the form 

r sin (Wot — @). Determine r and @ in terms of A and B. 

b. If Rcos(wot — 5) = rsin (wot — 8), determine the relation- 

ship among R, r, 6, and 6. 

If a series circuit has a capacitor of C = 1.6 x 10~° F and an 
inductor of L = 0.4 H, find the resistance R so that the circuit 

is critically damped. 

Assume that the system described by the differential equation 

mu" + yu' + ku = 0 is either critically damped or overdamped. 

Show that the mass can pass through the equilibrium position at 

most once, regardless of the initial conditions. 

Hint: Determine all possible values of t for which u = 0. 

Assume that the system described by the differential equation 

mu" + yu’ + ku = 0 is critically damped and that the initial 

conditions are u(0) = Up, u’ (0) = vo. If vy = 0, show that 

u— Oast > oo but that wis never zero. If uy is positive, determine 

a condition on vy that will ensure that the mass passes through 

its equilibrium position after it is released. 

15. 

16. 

17. 

18. 

19. 

20. 

Logarithmic Decrement. 

a. For the damped oscillation described by equation (26), show 

that the time between successive maxima is Ty = 277/y. 

b. Show that the ratio of the displacements at two successive 

maxima is given by exp(yT4/(2m)). Observe that this ratio 

does not depend on which pair of maxima is chosen. The 

natural logarithm of this ratio is called the logarithmic 

decrement and is denoted by A. 

c. Show that A = zry/ (mu). Since m, u, and y are quantities that 

can be measured easily for a mechanical system, this result 

provides a convenient and practical method for determining 

the damping constant of the system, which is more difficult to 

measure directly. In particular, for the motion of a vibrating 

mass in a viscous fluid, the damping constant depends on the 

viscosity of the fluid; for simple geometric shapes the form of 

this dependence is known, and the preceding relation allows 

the experimental determination of the viscosity. This is one 

of the most accurate ways of determining the viscosity of a 

gas at high pressure. 

Referring to Problem 15, find the logarithmic decrement of the 

system in Problem 5. 

The position of a certain spring—mass system satisfies the initial 

value problem 

su" +ku=0, u()=2, wu’(O)=v. 

If the period and amplitude of the resulting motion are observed 

to be zr and 3, respectively, determine the values of k and v. 

Consider the initial value problem 

mu” +yu'+ku=0, u(0)=uUp, u’(0)= Vp. 

Assume that y? < 4km. 
a. Solve the initial value problem. 

b. Write the solution in the form u(t) = Re~”/2” cos(ut — 6). 
Determine R in terms of m, y, k, Ug, and Vo. 

c. Investigate the dependence of R on the damping coefficient y 

for fixed values of the other parameters. 

A cubic block of side / and mass density ¢ per unit volume is 

floating in a fluid of mass density oy per unit volume, where Oy > 

p. If the block is slightly depressed and then released, it oscillates 

in the vertical direction. Assuming that the viscous damping 

of the fluid and air can be neglected, derive the differential 

equation of motion and determine the period of the motion. 

Hint: Use Archimedes’!? principle: an object that is completely 

or partially submerged in a fluid is acted on by an upward 

(buoyant) force equal to the weight of the displaced fluid. 

The position of a certain undamped spring—mass system satisfies 

the initial value problem 

u” + 2u=0, u(0)=0, wu’(0)=2. 

12 Archimedes (287-212 BCE) was the foremost of the ancient Greek mathematicians. He lived in Syracuse on 

the island of Sicily. His most notable discoveries were in geometry, but he also made important contributions 

to hydrostatics and other branches of mechanics. His method of exhaustion is a precursor of the integral 

calculus developed by Newton and Leibniz almost two millennia later. He died at the hands of a Roman 

soldier during the Second Punic War. 
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21. 

22. 

23. 

a. Find the solution of this initial value problem. 

b. © Plot u versus t and uv’ versus t on the same axes. 

c. © Plot w’ versus u; that is, plot u(t) and u’ (t) parametrically 

with t as the parameter. This plot is known as a phase plot, 

and the uu’-plane is called the phase plane. Observe that 

a closed curve in the phase plane corresponds to a periodic 

solution u(t). What is the direction of motion on the phase 

plot as t increases? 

The position of a certain spring-mass system satisfies the initial 

value problem 

u(0) = 0, 1 ' u" + qu’ + 2u = 0, 1 (0) =)2: 

a. Find the solution of this initial value problem. 

b. © Plot u versus t and u’ versus t on the same axes. 

c. © Plot wu’ versus u in the phase plane (see Problem 20). 

Identify several corresponding points on the curves in 

parts b and c What is the direction of motion on the phase 

plot as ¢ increases? 

In the absence of damping, the motion of a spring-mass system 

satisfies the initial value problem 

MO AGO, Oho, TH ((O)) = Toy, 

a. Show that the kinetic energy initially imparted to the mass 

is mb*/2 and that the potential energy initially stored in the 

spring is ka*/2, so initially the total energy in the system is 

(ka? + mb’)/2. 

b. Solve the given initial value problem. 

c. Using the solution in part b, determine the total energy in the 

system at any time f. Your result should confirm the principle 

of conservation of energy for this system. 

Suppose that a mass m slides without friction on a horizontal 

surface. The mass is attached to a spring with spring constant 

k, as shown in Figure 3.7.10, and is also subject to viscous air 

resistance with coefficient y. Show that the displacement u(t) of 

the mass from its equilibrium position satisfies equation (21). 

How does the derivation of the equation of motion in this case 

differ from the derivation given in the text? 

24. 

alcil) iacBraet) A spring—mass system. 

In the spring-mass system of Problem 23, suppose that the 

spring force is not given by Hooke’s law but instead satisfies the 

relation 

F, = —(ku+eu?), 

where k > 0 and ¢€ is small but may be of either sign. The spring 

is called a hardening spring if ¢ > 0 and a softening spring if 

€ < 0. Why are these terms appropriate? 

a. Show that the displacement u(t) of the mass from its equilib- 

rium position satisfies the differential equation 

mu” +yu'+ku+eu3 =0. 

Suppose that the initial conditions are 

HO) =O), oO) = ib, 

In the remainder of this problem, assume that m = 1, k = 1, 

and y =0. 

b. Find u(t) when ¢ = 0 and also determine the amplitude and 

period of the motion. 

c. @Let¢ = 0.1. Plot anumerical approximation to the solution. 

Does the motion appear to be periodic? Estimate the ampli- 

tude and period. 

d. © Repeat part c for ¢ = 0.2 ande = 0.3. 

e. © Plot your estimated values of the amplitude A and the 

period T versus €. Describe the way in which A and T, respec- 

tively, depend on e¢. 

Laz) © Repeat parts c, d, and e for negative values of ¢. 

3.8 | FORCED PERIODIC VIBRATIONS 

We will now investigate the situation in which a periodic external force is applied to a 
spring-mass system. The behavior of this simple system models that of many oscillatory 
systems with an external force due, for example, to a motor attached to the system. We 
will first consider the case in which damping is present and will look later at the idealized 
special case in which there is assumed to be no damping. 

> Forced Vibrations with Damping. The algebraic calculations can be fairly complicated 
in this kind of problem, so we will begin with a relatively simple example. 
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EXAMPLE 3.8.1 

Suppose that the motion of a certain spring mass system satisfies the differential equation 

u"+u + > = 3sin(t) (1) 

and initial conditions 

u(0)=0, wu’(0)=1. (2) 

Find the solution of this initial value problem and describe the behavior of the solution for large f. 

Solution: 

The homogeneous equation corresponding to equation (1) has the characteristic equation r? +r + 
5 i Lee: 3 E fea 
rar 0 with roots r = — 5 +i. Thus the general solutions u, (¢) of this homogeneous equation is 

ug (t) = c,e~"/? cos (t) + c,e7"/? sin(t). (3) 

A particular solution of equation (1) has the form U (t) = Acos(t) + Bsin(t), where A and B are 

the undetermined coefficients. Then y’ (t) = Acos(t) — Bsin(t), y” (t) = —Asin(t) — Bcos(t). 

By substituting these expressions we get A = “7 B= TE Therefore, the particular 

solution is 

= 1 
U(t)=- 77 08 (t) +i 5 sin (t), (4) 

and the general solution of equation (1) is 

172 -12 6 48 12. U = Ug (t) + U (t) = cye'' cos (t) + c,e-"’” sin (£) — 77 09s (t)+ 77 sin (t) (5) 

The remaining constants c, and c, are determined by the initial conditions (2). From equation (5), 

and its first derivative, we have 

12 
ate are 2b 

48 1 u@)=4- 75 =0, w0)=-5 1, 
Pe 

soc, = ads and cz = =. Thus we finally arrive at the solution of the given initial value problem 

(1), (2), namely, 

t t 
-- 29 = i 

w= se 2 cos(t) + ae? sin (t) — 77 8 (t) +45 5 sin (t) (6) 

The graph of the solution (6) is shown by the green curve in Figure 3.8.1. 

5 
Solution of the initial value problem (1), (2): uw” + wu’ + ree 

3sin(t), w(0) = 0, u’(0) = 1. The full solution (solid green) is the sum of the 

transient solution (dotted red) and steady-state solution (dashed blue). 
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It is important to note that the solution consists of two distinct parts. The first two terms on 

the right-hand side of equation (6) contains the exponential factor e~‘/?; as a result, they rapidly 

approach zero. It is customry to call these terms the transient solution. The remaining terms 

in equation (6) involve only sines and cosines, so they represent an oscillation that continues 

indefinitely. We refer to them as the steady state solution. The red and dashed blue curves in 

Figure 3.8.1 show the transient and the steady-state parts of the solution, respectively. The transient 

part comes from the solution of the homogeneous equation corresponding to equation (1) and is 

needed to satisfy the initial conditions. The steady-state solution is the particular solution of the 

full nonhomogeneous equation. After a fairly short time, the transient solution is vanishingly small 

and the full solution is essentially indistinguishable from the steady state. 

Rn UE aaa EE USEEESISISEEEESEEEESSnREEEE 

The equation of motion of a general spring-mass system subject to an external force F(t) 

is equation (7) in Section 3.7: 

mu” (t) + yu’ (t)+ ku(t) = F (6), (7) 

where m, y, and k are the mass, damping coefficient, and spring constant of the spring- 

mass system. Suppose now that the external force is given by Fy cos (wt), where Fp and w 

are positive constants representing the amplitude and frequency, respectively, of the force. 

Then equation (7) becomes 

mu” + yu’ +ku = Focos(at). (8) 

Solutions of equation (8) behave very much like the solution in the preceding example. 

The general solution of equation (8) must have the form 

U = CU, (t) + CU (t) + A cos(wt) + B sin(wt) = ue (t) + U(t). (9) 

The first two terms on the right-hand side of equation (9) are the general solution u(t) 

of the homogeneous equation corresponding to equation (8), and the latter two terms are a 

particular solution U(t) of the full nonhomogeneous equation. The coefficients A and B can 

be found, as usual, by substituting these terms into the differential equation (8), while the 

arbitrary constants c, and c, are available to satisfy initial conditions, if any are prescribed. 

The solutions u;(t) and u,(t) of the homogeneous equation depend on the roots r; and rz 

of the characteristic equation mr? + yr + k = 0. Since m, y, and k are all positive, it follows 

that r, and r, either are real and negative or are complex conjugates with a negative real 

part. In either case, both u;(t) and u2(t) approach zero as t > oo. Since u,(t) dies out as t 

increases, it is called the transient solution. In many applications, it is of little importance 

and (depending on the value of y) may well be undetectable after only a few seconds. 

The remaining terms in equation (9)—namely, U (t) = A cos(wt) + B sin (wt)—do not 

die out as t increases but persist indefinitely, or as long as the external force is applied. They 

represent a steady oscillation with the same frequency as the external force and are called 

the steady-state solution or the forced response of the system. The transient solution 

enables us to satisfy whatever initial conditions may be imposed. With increasing time, the 

energy put into the system by the initial displacement and velocity is dissipated through 
the damping force, and the motion then becomes the response of the system to the external 
force. Without damping, the effect of the initial conditions would persist for all time. 

It is convenient to express U(t) as a single trigonometric term rather than as a sum of two 
terms. Recall that we did this for other similar expressions in Section 3.7. Thus we write 

U (t) = R cos(wt — 4). (10) 
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The amplitude R and phase 6 depend directly on A and Band indirectly on the parameters in 
the differential equation (8). It is possible to show, by straightforward but somewhat lengthy 
algebraic computations, that 

m (we — w”) Fo Wp 7 cos (6) = A , and sin (6) = =, (11) 

where 

2 
A =f m2(wp — aw?) +722 and 2 = <, (12) 

Recall that wo is the natural frequency of the unforced system in the absence of damping. 

We now investigate how the amplitude R of the steady-state oscillation depends on the 

frequency w of the external force. Substituting from equation (12) into the expression for R 

in equation (11) and executing some algebraic manipulations, we find that 

Zon tue 5 bir y 

z -(( seh sie where T = ——. (13) 

Observe that the quantity Rk/F9 is the ratio of the amplitude R of the forced response to 

F/k, the static displacement of the spring produced by a force Fo. 

For low frequency excitation—that is, as w — O—it follows from equation (13) that 

Rk/Fo > 1 or R > Fo/k. At the other extreme, for very high frequency excitation, equation 

(13) implies that R > 0 as w > oo. At an intermediate value of w the amplitude may have 

a maximum. To find this maximum point, we can differentiate R with respect to w and set 

the result equal to zero. In this way we find that the maximum amplitude occurs when 

® = Wmax, where 

2 gee Ye 2 y° . 
ohax = 08 - 2 = 08 (1- 5). (14) 

Note that ®nax < Wo and that wx is close to w) when y is small. The maximum value 

of R is 

K K g ae ype ke Naa gl ( ft or} (15) 
yoov1—(y2/4mk) Yo 8mk 

where the last expression is an approximation that is valid when y is small (see 
2 

Problem 5). If a > 2, then Wmax aS given by equation (14) is imaginary; in this case 

the maximum value of R occurs for w = 0, and R is a monotone decreasing function of w. 
2 

Recall that critical damping occurs when a =4, 

K : 
For small y it follows from equation (15) that Rmax = oe Thus, for lightly damped 

0 
systems, the amplitude R of the forced response when w is near w9 is quite large even for 

relatively small external forces, and the smaller the value of y, the more pronounced is 

this effect. This phenomenon is known as resonance, and it is often an important design 

consideration. Resonance can be either good or bad, depending on the circumstances. It 

must be taken very seriously in the design of structures, such as buildings and bridges, 

where it can produce instabilities that might lead to the catastrophic failure of the structure. 

On the other hand, resonance can be put to good use in the design of instruments, such as 

seismographs, that are intended to detect weak periodic incoming signals. 
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RRIF 5 
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Aicdti:iaene Forced vibration with damping: amplitude of steady-state 

response versus frequency of driving force for several values of the dimen- 

sionless damping parameter I = y?/mk. 

: d : Rk 2) 
Figure 3.8.2 contains some representative graphs of 7, versus —— for several values of 

0 0 
2 

r= r. We refer to I as a damping parameter, as the following examples will explain. The 

graph corresponding to I = 0.015625 is included because this is the value of I that occurs 

in Example 3.8.2 below. Note particularly the sharp peak in the curve corresponding to 

T = 0.015625 near = = 1. The limiting case as T > 0 is also shown. It follows from 
0 

Fo equation (13), or from equations (11) and (12), that R > i eee 
m|wo — w2| 

as y > 0 and hence 

x is asymptotic to the vertical line w = wo, as shown in the figure. As the damping in the 
0 

system increases, the peak response gradually diminishes. 

Figure 3.8.2 also illustrates the usefulness of dimensionless variables. You can easily 

verify that each of the quantities = ie and I is dimensionless (see Problem 9d). The 

importance of this observation is that the number of significant parameters in the problem 

has been reduced to three rather than the five that appear in equation (8). Thus only 

one family of curves, of which a few are shown in Figure 3.8.2, is needed to describe the 

response-versus-frequency behavior of all systems governed by equation (8). 

The phase angle 6 also depends in an interesting way on w. For w near zero, it follows 

from equations (11) and (12) that cos(5) = 1 and sin(6) = 0. Thus 6 = 0, and the response 

is nearly in phase with the excitation, meaning that they rise and fall together and, in 

particular, assume their respective maxima nearly together and their respective minima 

nearly together. For ® = wo we find that cos(5) = 0 and sin(6) = 1, so 6 = 7/2. In this 

case the response lags behind the excitation by 77/2; that is, the peaks of the response occur 
7/2 later than the peaks of the excitation, and similarly for the valleys. Finally, for w very 
large, we have cos (6) & —1 and sin (5) = 0. Thus 6 ~ z so that the response is nearly out 
of phase with the excitation; this means that the response is minimum when the excitation 
is maximum, and vice versa. Figure 3.8.3 shows the graphs of 5 versus «w/wg for several 
values of I’. For small damping, the phase transition from near 6 = 0 to near 6 = z occurs 
rather abruptly, whereas for larger values of the damping parameter, the transition takes 
place more gradually. 
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4 w/a 

MASSER Forced vibration with damping: phase of steady-state 
response versus frequency of driving force for several values of the dimen- 

sionless damping parameter I = y?/mk. 

EXAMPLE 3.8.2 

Consider the initial value problem 

1 
u" + gu +u=3cos(wt), u(O)=2, u’(0)=0. (16) 

Show plots of the solution for different values of the forcing frequency w, and compare them with 

corresponding plots of the forcing function. 

Solution: 

For this system we have ®) = 1 and I = 1/64 = 0.015625. Its unforced motion was discussed in 

Example 3.7.3, and Figure 3.7.7 shows the graph of the solution of the unforced problem. 

Figures 3.8.4, 3.8.5 and 3.8.6 show the solution of the forced problem (16) for o = 0.3, a = 1, 

and w = 2, respectively. The graph of the corresponding forcing function is also shown in each 

figure. In this example the static displacement, Fy/k, is equal to 3. 

Solution Forcing function 

A forced vibration with damping; the solution (solid blue) of 

equation (16) with w = 0.3: u” + Ly +u = 3 cos(0.3t),u(0) = 2,u’ (0) = 0. 

The dashed red curve is the external force: F(t) = 3 cos(0.3t). 
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Forcing function Solution 

| FIGURE 3.8.5 | A forced vibration with damping; the solution (solid blue) 

of equation (16) with w = 1: u” + au +u = 3 cos(t), u(O0) = 2, u’ (0) = 0. 

The dashed red curve is the external force: F(t) = 3 cos (¢). 

Figure 3.8.4 shows the low frequency case, w/w) = 0.3. After the initial transient response is 

substantially damped out, the remaining steady-state response is essentially in phase with the 

excitation, and the amplitude of the response is somewhat larger than the static displacement. 

To be specific, R = 3.2939 and 6 = 0.041185. 

The resonant case, w/w = 1, is shown in Figure 3.8.5. Here, the amplitude of the steady-state 

response is eight times the static displacement, and the figure also shows the predicted phase lag 

of 7r/2 relative to the external force. 
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Forcing function Solution 

USER A) A forced vibration with damping; the solution (solid blue) 
: : 1 

of equation (16) with w = 2: u” + gl +u = 3 cos(2t), uO) = 2, u' (0) =0. 
The dashed red curve is the external force: F(t) = 3 cos(2t). 

The case of comparatively high frequency excitation is shown in Figure 3.8.6. Observe that the 
amplitude of the steady forced response is approximately one-third the static displacement and that 
the phase difference between the excitation and the response is approximately zr. More precisely, 
we find that R = 0.99655 and that 6 & 3.0585. 

> Forced Vibrations Without Damping. We nowassume that y = 0in equation (8), thereby 
obtaining the equation of motion of an undamped forced oscillator, 

mu” + ku = Fo cos (wt). (17) 
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The form of the general solution of equation (17) is different, depending on whether the 
forcing frequency w is different from or equal to the natural frequency w) = Vk/m 
of the unforced system. First consider the case w # wo; then the general solution of 
equation (17) is 

Fo 
m (wg — w2) 

The constants c; and c, are determined by the initial conditions. The resulting motion is, in 
general, the sum of two periodic motions of different frequencies (wp and w) and different 
amplitudes as well. 

It is particularly interesting to suppose that the mass is initially at rest so that the initial 
conditions are u(0) = 0 and u’ (0) = 0. Then the energy driving the system comes entirely 

from the external force, with no contribution from the initial conditions. In this case it turns 

out that the constants c, and c, in equation (18) are given by 

U = C, COS (Wot) + C2 Sin (Wot) + cos (wt). (18) 

F 
cq = ae ee C2 = 0, (19) 

m (wo — 7) 

and the solution of equation (17) is 

F 
: (cos (wt) — cos (wot). (20) u = ———_ 

m (wp — w2) 

This is the sum of two periodic functions of different periods but the same amplitude. 
F we A : 1 

Making use of the trigonometric identities for cos(A + B) with A = 5 (Wp +w)t and 

1 : , : 
B= 5 (Wo — w)t, we can write equation (20) in the form 

2Fp 5 fi) ala fl 

If |®) —w@| is small, then w 9 + mw is much greater than |wo — w|. Consequently, 
4 (fal 

sin (5 (Wo + w) t) is a rapidly oscillating function compared to sin (5 (Wp + w) t) Thus 

the motion is a rapid oscillation with frequency 5 (@) + w) but with a slowly varying 

sinusoidal amplitude 

ieee sin (5 (Wo — w)1)| : 
m|wp—w?|!  \2 

This type of motion, possessing a periodic variation of amplitude, exhibits what is called a 

beat. For example, such a phenomenon occurs in acoustics when two tuning forks of nearly 

equal frequency are excited simultaneously. In this case the periodic variation of amplitude 

is quite apparent to the unaided ear. In electronics, the variation of the amplitude with time 

is called amplitude modulation. 

EXAMPLE 3.8.3 

Solve the initial value problem 

wens 5 00s (0.81), u(0)=0, w’(0)=0, (22) 

and plot the solution. 
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Solution: 
1 : : ; 

In this case @ = 1, = 0.8, and & = 5 80 from equation (21) the solution of the given 

problem is 

u = 2.778 sin (0.1£) sin (0.9¢). (23) 

A graph of this solution is shown in Figure 3.8.7. The amplitude variation has a slow frequency of 

0.1 and a corresponding slow period of 277/0.1 = 207. Note that a half-period of 107 corresponds to 

a single cycle of increasing and then decreasing amplitude. The displacement of the spring-mass 

system oscillates with a relatively fast frequency of 0.9, which is only slightly less than the natural 

frequency wo. 

Now imagine that the forcing frequency w is increased, say, tom = 0.9. Then the slow frequency 

is halved to 0.05, and the corresponding slow half-period is doubled to 207. The multiplier 2.7778 

also increases substantially, to 5.263. However, the fast frequency is only marginally increased, to 

0.95. Can you visualize what happens as takes on values closer and closer to the natural frequency 

Og = 1? 

WZ. y sin(O.1¢) 

3 u =2./78 sin(0.1£) sin(O.9t) 

en 
30° ‘ = t 

5 
-l \ 

he 

-2 \ i 
ye é 

4 

sane*t. U=-2./7778 sin(O. 1) . =—a 

al tsek:Bra) A beat; the solution (solid blue) of equation (22): u” + u = 
] 
3 60s (0.8t),u(0) = 0,u’(0) = 0 is u = 2.778 sin (0.12) sin (0.9t). The dashed red 

curve is the external force F (t) = 5 cos (0.8f). 

Now let us return to equation (17) and consider the case of resonance, where w = wo; that 
is, the frequency of the forcing function is the same as the natural frequency of the system. 
Then the nonhomogeneous term Fp cos (wf) is a solution of the homogeneous equation. In 
this case the solution of equation (17) is 

f F 
U = C, COS (Wot) + Cy sin (Wot) + —-t sin (Wot). (24) 

0 2Mmw 

Consider the following example. 
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EXAMPLE 3.8.4 

Solve the initial value problem 

” Te, 1 5 is 1 Uu +u= 5 sin (t), u(0)=0, u Os (25) 

Solution: 

The general solution of the differential equation is 

; t 
u = C; COS(t) + cz sin (t) — 4 09s (t) 

and the initial conditions require that c, = c, = 0. Thus the solution of the given initial value 
problem is 

u= 4 cos (t), (26) 

The graph of the solution is shown in Figure 3.8.8. 

Resonance; the solution (solid blue) of equation (25): u” + u = 

Bes pe Ces See peer 
3 sin (t),u (0) = 0,u’ (0) = q isu = —7 Cos (t). 

Because of the term t sin (wof), the solution (24) predicts that the motion will become 

unbounded as t — oo regardless of the values of c, and c2, and Figure 3.8.8 bears this 

out. Of course, in reality, unbounded oscillations do not occur, because the spring cannot 

stretch infinitely far. Moreover, as soon as u becomes large, the mathematical model on 

which equation (17) is based is no longer valid, since the assumption that the spring force 

depends linearly on the displacement requires that u be small. As we have seen, if damping 

is included in the model, the predicted motion remains bounded; however, the response 

to the input function Fo cos (wt) may be quite large if the damping is small and w is close 

to Wo. 
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Problems ——_———— OO ee 

In each of Problems 1 through 3, write the given expression as a 

product of two trigonometric functions of different frequencies. 

10. 

11. 

1. sin(9t) — sin(6¢) 

2. cos(27t) + cos (37) 

3. 

4. A mass of 5 kg stretches a spring 10 cm. The mass is acted on 

sin(4t) + sin(5t) 

by an external force of 10 sin(¢/2) N (newtons) and moves in a 

medium that imparts a viscous force of 4 N when the speed of the 

mass is 8 cm/s. If the mass is set in motion from its equilibrium 

position with an initial velocity of 3 cm/s, formulate the initial 

value problem describing the motion of the mass. 

. a. Find the solution of the initial value problem in Problem 4. 

b. Identify the transient and steady-state parts of the solution. 

c. © Plot the graph of the steady-state solution. 

d . @ If the given external force is replaced by a force of 

2 cos (wt) of frequency w, find the value of w for which the 

amplitude of the forced response is maximum. 

If an undamped spring-mass system with a mass that weighs 6 

lb and a spring constant 1 lb/in is suddenly set in motion at t = 0 

by an external force of 8 cos(7t) lb, determine the position of the 

mass at any time, and draw a graph of the displacement versus ¢. 

A spring-mass system has a spring constant of 3 N/m. A mass 

of 1 kg is attached to the spring, and the motion takes place 

in a viscous fluid that offers a resistance numerically equal to 

the magnitude of the instantaneous velocity. If the system is 

driven by an external force of [3 cos(3t) — 2sin(3t)] N, deter- 

mine the steady-state response. Express your answer in the form 

R cos(wt — 6). 

. QA mass that weighs 8 lb stretches a spring 6 in. The system is 

acted on by an external force of 8 sin(8¢) lb. If the mass is pulled 

down 6 in and then released, determine the position of the mass 

at any time. Determine the first four times at which the velocity 

of the mass is zero. 

. In this problem we ask you to supply some of the details in the 

analysis of a forced damped oscillator. 

a. Derive equations (10), (11), and (12) for the steady-state 

solution of equation (8). 

b. Derive the expression in equation (13) for Rk/F). 

c. Show that w%,,, and Ra, are given by equations (14) and (15), 

respectively. 

d. Verify that Rk/Fo, ®/® 9, and T = y?/(mk) are all dimension- 

less quantities. 

Find the velocity of the steady-state response given by equation 

(10). Then show that the velocity is maximum when = @. 

Find the solution of the initial value problem 

u'+u=F(t), uO0)=0, u’O)=0; 

where 

Fot, ORS I, 

FQ)=) RQn-t), a<t<2z, 
0, Dale 

12. 

13. 

14. 

15. 

Hint: Treat each time interval separately, and match the solu- 

tions in the different intervals by requiring u and w’ to be contin- 

uous functions of t. 

@ A series circuit has a capacitor of 0.2 x 10~°F, a resistor of 

4 x 103 Q, and an indicator of 1 H. the initial charge on the 

capacitor is zero. If a 12 V battery is connected to the circuit 

and the circuit is closed at t = 0, determine the charge on the 

capacitor at t = 0.001 s, att = 0.001s, and at any time ¢t. Also 

determine the limiting charge as t> oo. 

@ Consider the forced but damped system described by the 

initial value problem 

KO) SO, wu” +u = 2cos (wt), u' (0) =0 

a. Find the solution for u(t) for w # 1. 

b. © Plot the solution u(t) versus t forw = 0.7,@ = 0.8, 

and w = 0.9. Describe how response u(t) changes as w varies 

in this interval. What happens as w takes on values closer and 

closer to 1? Note that the natural frequency of the unforced 

system is Wp = 1. 

Consider the forced but damped system described by the initial 

value problem 

aL(O) ale u” +u = 2cos (wt), u (O)}= 1: 

a. Find the solution for u(t) for w # 1. 

b. @ Plot the solution u(t) versus t forw = 0.7,0 = 

0.8, and w = 0.9. Describe how the response u(t) changes 

as w varies in this interval. Compare the results with those of 

Problem 13; that is, describe the effect of the non-zero initial 

conditions. 

© For the initial value problem in Problem 13, plot u’ versus u 

for @ = 0.7, @ = 0.8, andw = 0.9. (Recall that such a plot 

is called a phase plot). Use a ¢ interval that is long enough so 

that the phase plot appears as a closed curve. Mark your curve 

with arrows to show the direction in which it is traversed as t 

increases. 

Problems 16 through 18 deal with the initial value problem 

rT 
u" + su! +4u = F(t), u(0)=2, u'(0)=0. 

In each of these problems: 

16. 

17. 

18. 

a. © Plot the given forcing function F(t) versus t, and also 

plot the solution u(t) versus t on the same set of axes. Use 

a t interval that is long enough so the initial transients are 

substantially eliminated. Observe the relation between the 

amplitude and phase of the forcing term and the amplitude 

and phase of the response. Note that a) = Vk/m = 2. 

b. @ Draw the phase plot of the solution; that is, plot w’ 

versus U. 

F (t) = 4 cos (t/4) 

FO) icos\@26) 

F (t) = 4 cos (6t) 
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19. @A spring-mass system with a hardening spring is acted on bya 

periodic external force. In the presence of damping, suppose that 

the displacement of the mass satisfies the initial value problem 

Concept Questions 

C3.1. 

C3.2. 

C33: 

C3.4. 

C3.5. 

C3.6. 

C327. 

Answers to Concept Questions 

C3.1. 

C3.2. 

rh, aL 1 u" + =u’ +u+ =u? =cos(wf), 5 5 u(0) = 0, u’ (0) = 0. 

Why is y = e”' a reasonable form to look for solutions of 

ay” + by’+cy =0? 

Why is it not useful to look for solutions of ay” +by’+cy =0 

in the form y = AtP? 

For the initial value problem y” + p(t)y’ + q(t)y = 0, 

Y (to) = Yo and y’ (to) = Vo, what is the value of y” (to)? 

On what interval is there a unique solution of the initial value 

problem ay” + by’ +cy = 0, y(t) = yo, and y’ (tp) = vo? 

(You can assume a + 0.) 

If y, (t) and y,(t) are two fundamental solutions of a sec- 

ond order differential equation. What can you say about 

Wronskian of two solutions? 

How do we know the Wronskian W [y,, y2] (f) is either iden- 

tically zero or never zero on the interval of existence guar- 

anteed by the Existence and Uniquenes Theorem (Theorem 

3.2.1)? 

Consider the initial value problem ay” + by’+cy = 0, y(0) = 

Yo, and y’ (0) = Vo where the characteristic polynomial has 

complex-valued roots: 4,2 = a+i8.Then y(t) = ce"! +c,e"2! 

is a complex-valued solution for this differential equation. 

When you solve for the constants c,; and c that satisfy the 

initial conditions, will the resulting solution be complex- 

valued or real-valued? 

Because the derivatives of y = e” is also an exponential of 

the same form, so that when this form is substituted into 

the differential equation, the exponential can be factored 

out — leaving a quadratic equation (the characteristic equa- 

tion), which can be solved by factoring or the quadratic 

formula. 

When y = Af? is substituted into the differential equation, 

we find that 

Aap (p —1)tP-? + Abpt?—' + Act? 
= A(ap(p—1)+ bpt + ct?) t?-* =0. 

The only way this is satisfied for all values of t is for A = 0, 

which means y = 0 isa solution. We already knew that and 

are looking for nontrivial solutions. 

a. 

C3.8. 

C3.9. 

C3.10. 

C3.11. 

C3.12. 

C3.13. 

C3.14. 

C3.15. 

C3.3. 

C3.4. 

C3.5. 

C3.6. 

Plot a computer-generated solution of the given problem for 

several values of w between 1/2 and 2, and estimate the 

amplitude R of the steady response in each case. 

. Using the data from part a, plot the graph of R versus w. For 

what frequency w is the amplitude greatest? 

. Compare the results of parts a and b with the corresponding 

results for the linear spring. 

How a second order differential equation can be reduced in 

simultaneous linear differential equations? 

If y, (t) and y(t) are two solutions of homogenous second 

order differential equation y” + a(t) y’ + b(t)y = 0. What 

can we say about solution c,y, (t) + czy (t) if it satisfies 

y” + a(t)y’ + b(t)y = c(t), non-homogenous differential 

equation? 

How can the three cases in Table 3.5.1 be reduced to a single 

case? 

Where have we seen the coefficient matrix that appears in 

the system of linear equations for uw, and u5? What special 

property does this matrix have? 

If Variation of Parameters works for any function on the 

right-hand side of a nonhomogeneous linear differential 

equation, why don’t we use this method to find a particular 

solution for every nonhomogeneous linear differential equa- 

tion? 

Describe the unforced mechanical system that has k = 0. 

How does this solution behave as t > co? 

Describe the unforced mechanical system that has y = 0. 

How does this solution behave as t > oo? 

For a damped spring-mass system with external force 

Fo cos (wt), why is Y (t) = Acos(wt) + Bsin (wt) always an 

appropriate form for a particular solution? 

Substituting t = f) into the differential equation, and using 

the given values for y (to) and y’ (to), we find that 

y" (to) = —P (to) Vo — 9 (Lo) Yo- 

In this case p (t) = e q(t) = =, and g(t) = Oare continuous 

on (—oo, oo). For initial conditions given at any value of fo, 

this initial value problem has a unique twice-differentiable 

solution that is defined on (—co, co). 

Since y, (t) and y(t) are two fundamental solutions hence, 

by definition, they are linearly independent. Hence the 

Wronskian of y, and y, is non zero. 

The short answer is “Abel’s theorem” or “Theorem 3.2.7.” 

The more informative answer is: u(t) = W[y,, y2](t) isa 

solution of the first-order linear differential equation u’ + 

p(t)u = 0, that is, u(t) = ce~SP4, Because exponentials 
are never zero, this solution is zero (when c = 0) or never 

zero (when c # 0). 
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C3.7. The roots 7, and 7% are complex conjugates: , = n. The 

complex-valued solutions e” and e’2' are also complex con- 

jugates: e”2! = ent, When you solve for c, and c, (when yo 

and vy are both real-valued), you will find that c, = c¢;. Then, 

y(t) = cy, (t) + C2y2 (1) = 1, (+. y(t) = 2K (Cy; (6), 

which is real-valued. Because of this (and also because 

of Theorem 3.2.6) we replace the complex-valued solu- 

tions with the real and imaginary parts: e*! cos(@t) and 

e* sin (Bt). 

C3.8. Any second order differential equation can be reduced to two 

simultaneous linear differential equations. 

Consider ag (t)y"” (1) + q Oy’ (1) + 2M)y = 0,¥l) = 
Yo. ¥’ (to) = yo where day (t) # 0. 
Substitute 

yy Si (27) 

Qo (t) w" (t) + a, (t) w(t) + a2 (ft) y = 0, y (fo) = Yo, 

W(t) = yo (28) 

Equations (27) and (28) are two simultaneous differential 

equations. 

C3.9. By simply substituting the solution in non-homogenous 

equation, we say that the linear combination of solution 

of homogenous equation is also a solution of its non- 

homogenous equation. 

C3.10. Row 1 is Row 2 with a = 0 and it’s Row 3 witha = 6 = 0. 

Row 2 is Row 3 with 6 = 0. This means that only Row 3 is 

needed. (In spite of this, it is still advisable to remember all 

three cases; they are not that hard to remember.) 
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HIGHER-ORDER LINEAR 
DIFFERENTIAL EQUATIONS 

The theoretical structure and methods of solution developed in the preceding chapter 
for second-order linear equations extend directly to linear equations of third and higher 
order. In this chapter we briefly review this generalization, taking particular note of those 
instances where new phenomena may appear, because of the greater variety of situations 
that can occur for equations of higher order. 

GENERAL THEORY OF nt® ORDER LINEAR 
ao DIFFERENTIAL EQUATIONS 

An n"™ order linear differential equation is an equation of the form 

n—-1 

BOD +RO TI + tRaOZ+ROy=00. a) 

We assume that the functions R),...,P,, and G are continuous real-valued functions on 

some interval I: a < t < 6, and that Py is nowhere zero in this interval. Then, dividing 

equation (1) by P,(t), we obtain 

ATEN dy 
L[y] = <> +p, = qgn=l to + PriG®) s+ PnrOy=s). (2) 

The linear differential operator L of order n defined by equation (2) is similar to the 

second-order operator introduced in Chapter 3. The mathematical theory associated with 

equation (2) is completely analogous to that for the second-order linear equation; for this 

reason we simply state the results for the n'” order problem. The proofs of most of the results 

are also similar to those for the second-order equation and are usually left as exercises. 

Since equation (2) involves the n'® derivative of y with respect to t, it will, so to speak, 

require n integrations to solve equation (2). Each of these integrations introduces an 

arbitrary constant. Hence we expect that to obtain a unique solution it is necessary to specify 

n initial conditions 

! , ~ —1 Y(to) =Yor  Y! (to) =Vor oer YO (to) = yo”, (3) 

where f) may be any point in the interval J and yo, yg,..., iia are any prescribed real 

constants. The following theorem, which is similar to Theorem 3.2.1, guarantees that the 

initial value problem (2), (3) has a solution and that it is unique. 

Theorem 4.1.1 

If the functions pj, p>, ... , Pn, and g are continuous on the open interval J, then there exists 

exactly one solution y = ¢(ft) of the differential equation (2) that also satisfies the initial 

conditions (3), where f, is any point in I. This solution exists throughout the interval /. 

We will not give a proof of this theorem here. However, if the coefficients pj, ... , Py are 

constants, then we can construct the solution of the initial value problem (2), (3) much as 

195 
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in Chapter 3; see Sections 4.2 through 4.4. Even though we may find a solution in this case, 

we do not know that it is unique without the use of Theorem 4.1.1. A proof of the theorem 

can be found in Ince (Section 3.32) or Coddington (Chapter 7). 

» The Homogeneous Equation. As in the corresponding second-order problem, we first 

discuss the homogeneous equation 

Lily] =y™ + p, (thy-) +--+ pn-1 Dy + Pn(t)y = 0. (4) 

If the functions y,, y2,..., Yn are solutions of the differential equation (4), then it follows by 

direct computation that the linear combination 

Y =C1Yq (t) + Con (t) + ++ + CnYn (Ct), (5) 

where ¢, ... , C, are arbitrary constants, is also a solution of equation (4). It is then natural 

to ask whether every solution of equation (4) can be expressed as a linear combination of 

1; «» » Yn: This will be true if, regardless of the initial conditions (3) that are prescribed, it 

is possible to choose the constants cj, ... , C, So that the linear combination (5) satisfies 

the initial conditions. That is, for any choice of the point to in I, and for any choice of 

Yor Yoo - eres we must be able to determine cy, ... , c, So that the equations 

C1Y1 (to) + +++ + Cn Yn (to) = Yo 

C1 Yj (to) + +++ + Cnn (to) = YO (6) 

-l -1 -1 
ep GQnmve yh) Eyeing ay 

are satisfied. The system (6) of n linear algebraic equations can be solved uniquely for 

the n constants cj, ... , C,, provided that the determinant of the coefficient matrix is not 

zero. On the other hand, if the determinant of the coefficient matrix is zero, then it is 

always possible to choose values of yo, 9, ..., yr) so that equations (6) do not have a 

solution. Therefore a necessary and sufficient condition for the existence of a solution of 

equations (6) for arbitrary values of yo, yo,..., yo) is that the Wronskian 

JI x2 pica 47 
, ! , 

W [y1,- In] is mA 2 ue (7) 

g - ‘gual m0 

HPD 5g fer 
is not zero at t = fo. Since fo can be any point in the interval J, it is necessary and sufficient 
that W[y), y2, ... Yn] be nonzero at every point in the interval. Just as for the second-order 
linear equation, it can be shown that ify), y2, ... , y, are solutions of equation (4), then 
WIy1, Y2, - » Yn] either is zero for every t in the interval I or else is never zero there; see 
Problem 15. Hence we have the following theorem. 

Theorem 4.1.2 

If the functions pj, Po, ... , Py, are continuous on the open interval J, if the functions Vis Vossen Vn 
are solutions of equation (4), and if W[)y,, yo, ... , ¥,|(t) # 0 for at least one point in J, then 
every solution of equation (4) can be expressed as a linear combination of the solutions Vy, 
Y2> + 9 Vne 

1 

Solutions y;, ... , ¥, of equation (4) whose Wronskian is nonzero are said to form a 
fundamental set of solutions. The existence of a fundamental set of solutions can be 
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demonstrated in the same way as for the second-order linear equation (see Theorem 3:2:5): 
Since all solutions of the homogeneous n'" order linear differential equation (4) are of the 
form (5), we use the term general solution to refer to an arbitrary linear combination of 
any fundamental set of solutions of equation (4). 

> Linear Dependence and Independence. We now explore the relationship between fun- 
damental sets of solutions and the concept of linear independence, a central idea in the 
study of linear algebra. The functions fj, f2, ... , f, are said to be linearly dependent on 
an interval J if there exists a set of constants ky, ky, ... , ky, not all zero, such that 

if) +kopOt+-+knf,® =0 (8) 

for all t in I. The functions f}, ... , f, are said to be linearly independent on J if they are 
not linearly dependent there. 

EXAMPLE 4.1.1 

Determine whether the functions f, (t) = t, and f (t) = ft? are linearly independent or dependent 

on the interval I: — 0 <t < o. 

Solution: 

Form the linear combination 

biOt+hh© = kt t kye?, 

and set it equal to zero to obtain 

kt + kt? =0. (9) 

If equation (9) is to hold for all ¢ in J, then it must certainly be true at any two distinct points in I. 

Any two points will serve our purpose, but it is convenient to choose t = 1, and t = —1. Evaluating 

equation (9) at each of these points, we obtain the system of equations 

k, +k, =0, 

—k, +k, =0. 

(10) 

From these two equations (10) it follows that k, = k, = 0. Therefore, there is no set of constants 

k,, ky, not all zero, for which equation (9) holds even at the two chosen points, much less 

throughout I. Thus the given functions are not linearly dependent on J, so they must be linearly 

independent. Indeed, they are linearly independent on any interval. This can be established just as 

in this example, possibly using a different set of two points. 

EXAMPLE 4.1.2 

Determine whether the functions 

fA@®=-1, f@=t—-t+1, and fo = 3t?-t-1 

are linearly independent or dependent on any interval J. 

Solution: 

Form the linear combination 

ki fi (t) + kof + kf (O = ky (0? — 1) + ky (0? —t +1) + ky (3t? -—t - 1) 

= (ky, +k, + 3k;) t? + (-k, —k3)t+(-k, +k, ar kz). (11) 
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For this expression to be zero throughout an interval, it is certainly sufficient to require that 

k, + ky + 3k3 = 0, k, +k, =0, —k, +k, —kz =0. 

These three equations, with three unknowns, have many solutions. For instance, if kits then 

k, =—1, and k, =-2. If we use these values for the coefficients in equation (11), then these functions 

satisfy the linear relation 

2A O-hOt+hM=9 

for each value of t. Thus the given functions are linearly dependent on every interval. 

ee ee eS Eee 

The concept of linear independence provides an alternative characterization of fun- 

damental sets of solutions of the homogeneous equation (4). Suppose that the functions 

yy, - »Yp are solutions of equation (4) on an interval J, and consider the equation 

kyy (t) + +++ + kn yn (1) = 0. (12) 

By differentiating equation (12) repeatedly, we obtain the additional n — 1 equations 

ky, () + +++ + knyn () = 9, 

: (13) 

Ky Oto + ky? =O. 

The system consisting of equations (12) and (13) is a system of n linear algebraic equations 

for the n unknowns kj, ... , k,. The determinant of coefficients for this system is the 

Wronskian W[)j, ... , Yn l(t) of yy, ... , Yn. This leads to the following theorem. 

Theorem 4.1.3 

If y,(0), ... , Yp(t) form a fundamental set of solutions of the homogeneous n" order linear 

differential equation (4) 

Lly] =y + py (thy) + + + pn_-1 OY’ + Pn Oy =0 

on an interval J, then y(t), ... , y,(t) are linearly independent on I. Conversely, if y;(t), ... ,¥,(t) 

are linearly independent solutions of equation (4) on J, then they form a fundamental set of 
solutions on I. 

To prove this theorem, first suppose that y(t), ... , y,(t) form a fundamental set of 

solutions of the homogeneous differential equation (4) on J. Then the Wronskian W[y,, ... , 
Yn\(t) #0 for every ¢ in I. Hence the system (12), (13) has only the solution k; = --- = k, =0 
for every t in I. Thus y,(t), ... , y,(¢) cannot be linearly dependent on J and must therefore 
be linearly independent there. 

To demonstrate the converse, let y;(t), ... , ¥;(t) be linearly independent on I. To show 
that they form a fundamental set of solutions, we need to show that their Wronskian is 
never zero in I. Suppose that this is not true; then there is at least one point ty where the 
Wronskian is zero. At this point the system (12), (13) has a nonzero solution; let us denote 
it by kj, ...,k;,. Now form the linear combination 

p(t) =kiy, ) +++ +kayn (t). (14) 
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Then y = ¢(t) satisfies the initial value problem 

L Ly] = 0, y (to) = 0, y’ (to) = 0,... ee) (to) = 0. (15) 

The function ¢ satisfies the differential equation because it is a linear combination of 
solutions; it satisfies the initial conditions because these are just the equations in the system 
(12), (13) evaluated at t). However, the function y(t) = 0 for all t in J is also a solution of this 
initial value problem, and by Theorem 4.1.1, the solution to the initial value problem (15) is 
unique. Thus ¢(t) = 0 for all t in J. Consequently, y,(0), ... ,y,(t) are linearly dependent on 

I, which is a contradiction. Hence the assumption that there is a point where the Wronskian 

is zero is untenable. Therefore, the Wronskian is never zero on J, as was to be proved. 

Note that for a set of functions fj, ... , f, that are not solutions of the homogeneous 

linear differential equation (4), the converse part of Theorem 4.1.3 is not necessarily true. 

They may be linearly independent on I even though the Wronskian is zero at some points, 

or even every point, but with different sets of constants kj, ... , k, at different points. See 

Problem 18 for an example. 

> The Nonhomogeneous Equation. Now consider the nonhomogeneous equation (2) 

Lily] =y™ + py Cy") ++ + pn Oy = 8). 

If Y, and Y, are any two solutions of equation (2), then it follows immediately from the 

linearity of the operator L that 

L[Y, - YIM =LINIO-LInIO=¢sO-g) =0. 

Hence the difference of any two solutions of the nonhomogeneous equation (2) is a solution 

of the homogeneous differential equation (4). Since any solution of the homogeneous 

equation can be expressed as a linear combination of a fundamental set of solutions 

V1, - » Yn, it follows that any solution of the nonhomogeneous differential equation (2) can 

be written as 

y = Cy (t) + Coy2 (1) +++ + Cnn (+ YO), (16) 

where Y is some particular solution of the nonhomogeneous differential equation (2). 

The linear combination (16) is called the general solution of the nonhomogeneous 

equation (2). 

Thus the primary problem is to determine a fundamental set of solutions {), ... , ¥,} of 

the homogeneous n“ order linear differential equation (4). If the coefficients are constants, 

this is a fairly simple problem; it is discussed in the next section. If the coefficients are not 

constants, it is usually necessary to use numerical methods such as those in Chapter 8 or 

series methods similar to those in Chapter 5. These tend to become more cumbersome as 

the order of the equation increases. 

To find a particular solution Y(t) in equation (16), the methods of undetermined coeffi- 

cients and variation of parameters are again available. They are discussed and illustrated in 

Sections 4.3 and 4.4, respectively. 
The method of reduction of order (Section 3.4) also applies to n" order linear differential 

equations. If y, is one solution of equation (4), then the substitution y = v(t)y, (¢) leads to a 

linear differential equation of order n — 1 for v’ (see Problem 19 for the case when n = 3). 

However, if n > 3, the reduced equation is itself at least of second order, and only rarely will 

it be significantly simpler than the original equation. Thus, in practice, reduction of order 

is seldom useful for equations of higher than second order. 
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Problems ———oo 

In each of Problems 1 through 4, determine intervals in which 

solutions are sure to exist. 

. ¥) + ay” +by=t 

t(t — 1)y + ey” + 28y =0 

(x — 1)yv + (x + Dy” + 3(tan x)y = 0 

. (x? — 9) yo + x2y” + 9y = 0 Pw NP 

In each of Problems 5 through 7, determine whether the given 

functions are linearly dependent or linearly independent. If they are 

linearly dependent, find a linear relation among them. 

5. AG) = 2, £0) =, £ © = 20 = 

6. f,(t) = 2t — 3, f.(0) = 40 +2, f,(0) = 307 +¢ 

IajfO= t— 3, faa + 27,0 27 1,0 = ata 

In each of Problems 8 through 11, verify that the given func- 

tions are solutions of the differential equation, and determine their 

Wronskian. 

8. y + a2y” = 0; 1, t, cos(at), sin (at) 

9. y” — 3y"—y' + 3y=0;e', e*, e* 

10. ty’ — y’ = 0; 1, t? 

11. y? + 9y” = 0; 1, t, cos 3¢, sin 3t 

12. a. Show that W[5, cos?t, cos(2t)] = 0 for all t by directly evalu- 

ating the Wronskian. 

b. Establish the same result without direct evaluation of the 

Wronskian. 

13. Verify that the differential operator defined by 

L{y] = y™ + py (Cy) ++ + pa Oy 

is a linear differential operator. That is, show that 

L[eyyy + ¢2y2] = L(y] + cL [ya], 

where y, and y, are n-times-differentiable functions and c, and 

C, are arbitrary constants. Hence, show that if y,, yo, ..., y, are 

solutions of L[y] = 0, then the linear combination c, y; +-+-+¢,Yp 

is also a solution of L[y] = 0. 

14. Let the linear differential operator L be defined by 

L[y]} = agy™ + ay") +--+ any, 

where dp, dj, ... 

a. Find L[t”]. 

b. Find L[e’]. 

c. Determine four solutions of the equation y”) — 5y” + 4y = 0. 

Do you think the four solutions form a fundamental set of 
solutions? Why? 

, A, are real constants. 

15. In this problem we show how to generalize Theorem 3.2.7 

(Abel’s theorem) to higher-order equations. We first outline the 

procedure for the third-order equation 

y” + pi (t)y” + po (t)y’ + p3 (t)y = 0. 

Let y,, ¥>, and y; be solutions of this equation on an interval I. 

a. IfW = W(y,, y2, y3], show that 

Vi y2 V3 

W=|lyi Ye Ys 
1 mt Vo m y3 m 

Hint: The derivative of a 3-by-3 determinant is the sum of 

three 3-by-3 determinants obtained by differentiating the 

first, second, and third rows, respectively. 

b. Substitute for y,””, y.”", and y3;” from the differential equa- 

tion; multiply the first row by p3, multiply the second row by 

P>, and add these to the last row to obtain 

W' =—p, (t)W. 

c. Show that 

W [y1,Y2, ¥3] (t) = cexp (-| >: (t) at) : 

It follows that W is either always zero or nowhere zero on I. 

d. Generalize this argument to the n™ order equation 

yO + p, Cy-P +--+ px Oy =0 

with solutions yj, ... , y,. That is, establish Abel’s formula 

WDissdnl © = cexp(- | pat) a7) 

for this case. 

In each of Problems 16 and 17, use Abel’s formula (17) to find the 

Wronskian of a fundamental set of solutions of the given differential 

equation. 

16. ty” —y” =0 

18. Let f(t) = (ltl and g(t) =e. 

a. Show that the functions f(¢) and g(t) are linearly dependent 

on0<t<l. 

17. ty" + 2y" — 5y’ + ty=0 

b. Show that f(‘) and g(¢) are linearly dependent on —1 <t <0. 

c. Show that f(t) and g(t) are linearly independent on 

-1<t<1. 

d. Show that W[f, g](d) is zero for all tin -1 <t <1. 

e. Explain why the results in c and d do not contradict 
Theorem 4.1.3. 

19. Show that ify, is a solution of 

y” + pi (t)y” + po (t)y’ + p3 (Dy = 0, 
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then the substitution y = y,(2)v(¢) leads to the following second- In each of Problems 20 and 21, use the method of reduction of order 
order equation for v’: (Problem 19) to solve the given differential equation. 

20. (2—t)y +(2t—3)y" —ty +y=0, t<2; y=e 

21. t?(t+3)y” —3t(t+2)y”+6(+0y'-6y=0, t>0; 

VO=H?,»2O=0 

yy" + (3y, + piyi)v" + (By + 2piy, + Poy) Vv’ = 0. 

HOMOGENEOUS DIFFERENTIAL EQUATIONS WITH 
4-2 | CONSTANT COEFFICIENTS 

Consider the n" order linear homogeneous differential equation 

Lly] = apy + ayy-) +... + an_ay! + any = 0, (1) 

where do, Qj, ... , @, are real constants and ay # 0. From our knowledge of second-order 

linear equations with constant coefficients, it is natural to anticipate that y = e” is a solution 

of equation (1) for suitable values of r. Indeed, 

L{e"’| =e"! (aor + aur"! + +++ +ay_yr t+ an) = eZ (r) (2) 

for all r, where 

Z(r) = aor” + ayr™1 + --- + ay_ir + Ap. (3) 

For those values of r for which Z(r) = 0, it follows that L[e] = 0 and y = e” is a solution 

of equation (1). The polynomial Z(r) is called the characteristic polynomial, and the 

equation Z(r) = 0 is the characteristic equation of the differential equation (1). Since 

dy # 0, we know that Z(r) is a polynomial of degree n and therefore has n zeros,! say, ry, 

12, .. » fy; Some of which may be equal and some of which may be complex-valued. Hence 

we can write the characteristic polynomial in the form 

ZAG) = 0Gh, Hi KP =) 2° (= t). (4) 

> Real and Unequal Roots. If the roots of the characteristic equation are real and no 

two are equal, then we have n distinct solutions e”!', e"2", ...,e"n' of equation (1). If these 

functions are linearly independent, then the general solution of the homogeneous n" order 

linear differential equation (1) is 

y=cye"! + creat +--+ c,e"n!, (5) 

One way to establish the linear independence of e”!‘,e’2",...,e’"' is to evaluate their 

Wronskian determinant; another way is outlined in Problem 30. 

lAn important question in mathematics for more than 200 years was whether every polynomial equation 

has at least one root. The affirmative answer to this question, the fundamental theorem of algebra, was given 

by Carl Friedrich Gauss (1777-1855) in his doctoral dissertation in 1799, although his proof does not meet 

modern standards of rigor. Several other proofs have been discovered since, including three by Gauss himself. 

Today, students often meet the fundamental theorem of algebra in a first course on complex variables, where 

it can be established as a consequence of some of the basic properties of complex analytic functions. 
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EXAMPLE 4.2.1 

Find the general solution of 

yO ry Ty ayer Gy = 0. (6) 

Also find the solution that satisfies the initial conditions 

yO=1, yO=0, y"O=-2, y"(O)= -1. (7) 

Plot its graph and determine the behavior of the solution as t > oo. 

Solution: 

Assuming that y = e”, we must determine r by solving the polynomial equation 

r+r—7r?-r+6=0. (8) 

The roots of this equation are r; = 1, r, = —1, r3 = 2, and r, = —3. Therefore, the general solution 

of differential equation (6) is 

y =ce' +ce7' + c3e"% + eye. (9) 

The initial conditions (7) require that c,, ... , c, satisfy the four equations 

Cy + Cp + C3 + C4 = IBS 

Cy — Cp + 203 — 3c4 = 0, 

(10) 
Cy + Cp + 4c3 + 9c, = —2, 

Ci Cy + 80; = 27¢, = 1 

By solving this system of four linear algebraic equations, we find that 

see wee C3 = q ¢, = : 
sR ar een Ca NH VS AE inl 

Thus the solution of the initial value problem is 

dD eet 2 or =3t iG seh Te 3¢ e (11) 

The graph of the solution is shown in Figure 4.2.1. Observe that the dominant term, as t > oo, in 
Og Oe 

the solution is 5c . As a result, we conclude that the solution approaches —oo ast > ~. 

Solution of the initial value problem (6), (7): 

yO + y" —7y" — y' + 6y = 0,y(0) = 1, y' 0) =0, 
y" (0) = -2,y” (0) = -1. 
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As Example 4.2.1 illustrates, the procedure for solving an n" order linear differential 
equation with constant coefficients depends on finding the roots of a corresponding n'* 
degree polynomial equation. If initial conditions are prescribed, then a system of n linear 
algebraic equations must be solved to determine the proper values of the constants ¢}, ... , C;,. 
Each of these tasks becomes much more complicated as n increases, and we have omitted 
the detailed calculations in Example 4.2.1. Computer assistance can be very helpful in such 
problems. 

For third and fourth degree polynomials there are formulas,” analogous to the formula 
for quadratic equations but more complicated, that give exact expressions for the roots. 
Root-finding algorithms are readily available on calculators and computers. Sometimes 

they are included in the differential equation solver, so that the process of factoring the 

characteristic polynomial is hidden and the solution of the differential equation is produced 

automatically. 

If you are faced with the need to factor the characteristic polynomial by hand, here is 

one result that is sometimes helpful. Suppose that the polynomial 

agr™ +ayr"-1 +--+ a, ir +a, =0 (12) 

has integer coefficients. If r = p/q is a rational root, where p and q have no common factors, 

then p must be a factor of a,,, and q must be a factor of ag. For example, in equation (8) the 

factors of dy are +1 and the factors of a, are +1, +2, +3, and +6. Thus the only possible 

rational roots of this equation are +1, +2, +3, and +6. By testing these possible roots, we 

find that 1, —1, 2, and —3 are actual roots. In this case there are no other roots, since the 

polynomial is of fourth degree. If some of the roots are irrational or complex, as is usually 

the case, then this process will not find them, but at least the degree of the polynomial can 

be reduced by dividing the polynomial by the factors corresponding to the rational roots. 

If the roots of the characteristic equation are real and different, we have seen that the 

general solution (5) is simply a sum of exponential functions. For large values of t the 

solution is dominated by the term corresponding to the algebraically largest root. If this 

root is positive, then solutions become exponentially unbounded, approaching +00 or —oo 

depending on the sign of the coefficient of the dominant term in the solution. If the largest 

root is negative, then solutions tend exponentially to zero. Finally, if this root is zero, then 

solutions approach a nonzero constant as t becomes large. Of course, for certain initial 

conditions, the coefficient of the otherwise dominant term may be zero; then the nature 

of the solution for large t is determined by the next largest root. 

>» Complex Roots. Since the coefficients dp, a), dz, ..., a, are real numbers, if the character- 

istic equation has complex roots, they must occur in conjugate pairs, A + iu. That is, when 

r =A + iwisa root of the characteristic equation, so is r = A — i. Provided that none of 

the roots is repeated, equation (5) still gives the form of the general solution of equation (1). 

However, just as for the second-order differential equation (Section 3.3), we can replace the 

complex-valued solutions e@ +" and e@ ~ '#! by the real-valued solutions 

eAt cos(ut), e4! sin (ut) (13) 

obtained as the real and imaginary parts of e4 +i! Thus, even though some of the roots 

of the characteristic equation are complex, it is still possible to express the general solution 

of equation (1) as a linear combination of real-valued solutions. 

2The method for solving the cubic equation was apparently discovered by Scipione dal Ferro (1465-1526) 

about 1500, although it was first published in 1545 by Girolamo Cardano (1501-1576) in his Ars Magna. 

This book also contains a method for solving quartic equations that Cardano attributes to his pupil Ludovico 

Ferrari (1522-1565). The question of whether analogous formulas exist for the roots of higher degree 

equations remained open for more than two centuries, until 1826, when Niels Abel showed that no general 

solution formulas can exist for polynomial equations of degree five or higher. A more general theory was 

developed by Evariste Galois (1811-1832) in 1831, but unfortunately it did not become widely known for 

several decades. 
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EXAMPLE 4.2.2 

Find the general solution of 

y4 —y=0. (14) 

Also find the solution that satisfies the initial conditions 

yO=k, yO=-4 yY@O=3, y"@=-2 (as) 

and draw its graph. 

Solution: 

Substituting e” for y, we find that the characteristic equation is 

r4—1 = (r?-1)(r? +1) =0. 

Therefore, the roots are r = 1, —1, i, and —i, and the general solution of equation (14) is 

y=ce!' +c,e' +03 cos(t)+c,4 sin(t). 

If we impose the initial conditions (15), we obtain (see Problem 26a) 

thus the solution of the given initial value problem is 

y= 3e! + ; cos (t) — sin(t). (16) 

The graph of this solution is shown in Figure 4.2.2. 
Observe that the initial conditions (15) cause the coefficient c, of the exponentially growing 

term in the general solution to be zero. Therefore, this term is absent in the solution (16), which 

describes an exponential decay to a steady oscillation, as Figure 4.2.2 shows. However, if the initial 

conditions are changed slightly, then c, is likely to be nonzero, and the nature of the solution 

changes enormously. For example, if the first three initial conditions remain the same, but the 

value of y’”(0) is changed from —2 to —15/8, then the solution of the initial value problem becomes 

(see Problem 26b) 

ECOL creo Se nGSE pe . 
ye ae + 33° + 5 cos (t) 16 sin (ft). (17) 

yA 

2 

Aes eG ORE Ze INA oe 

Bills 

| FIGURE 4.2.2 | Solution of the initial value problem (14), (15): 

7 , "” > m y —y = 0, yO) = 5,y' (0) = -4,y" 0) = 5," (0) = 2. 

The coefficients in the solution (17) differ only slightly from those in the solution (16), but 
the exponentially growing term, even with the relatively small coefficient of 1/32, completely 
dominates the solution by the time ¢ is larger than about 4 or 5. This is clearly seen in 
Figure 4.2.3, which shows the graphs of the two solutions (16) and (17). 
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NOs 20): = Co. PSS 

ale) jac yi) Two solutions of the homo- 

geneous differential equation (14). The blue 

curve satisfies the initial conditions (15); the 

red curve satisfies the modified problem in 

which the last initial condition is changed to 

y”(0) = -15/8. 

> Repeated Roots. If the roots of the characteristic equation are not distinct—that is, if 

some of the roots are repeated—then the solution (5) is clearly not the general solution of 

equation (1). Recall that if, is a repeated root for the second-order linear equation apy” + 

ayy’ + ayy = 0, then two linearly independent solutions are e”!' and te"!. For an equation 

of order n, if a root of Z(r) = 0, say r =r, has multiplicity s (where s < n), then 

eM! tert peril | pS—lernt (18) 

are corresponding solutions of equation (1). See Problem 31 for a proof of this statement, 

which is valid whether the repeated root is real or complex. 

Note that a complex root can be repeated only if the differential equation (1) is of order 

four or higher. If a complex root A + iu is repeated s times, the complex conjugate A — i is 

also repeated s times. Corresponding to these 2s complex-valued solutions, we can find 2s 

real-valued solutions by noting that the real and imaginary parts of GAT pAtiMt 

tS— le +i) are also linearly independent solutions: 

et cos (ut), e* sin (ut), te4’ cos (ut), te?" sin (ut), ..., tS~1e44 cos (ut), tS~1e4# sin (ut). 

Hence the general solution of equation (1) can always be expressed as a linear combination 

of n real-valued solutions. Consider the following example. 

EXAMPLE 4.2.3 

Find the general solution of 

yO + 2y"+y =0. (19) 

Solution: 

The characteristic equation is 

14 + 2r? +1 = (r? +1)(r? +1) =0. 

Since r? + 1 =(r — i\(r + J, it follows that the roots of the characteristic equation are r, = i and 

ry = —i. Each of these roots has multiplicity 2. Thus the general solution of equation (19) is 

y =, cos(t) + cp sin(t) + cst cos(t) + cyt sin(f). 

a ee ee 

In determining the roots of the characteristic equation, it may be necessary to compute 

the cube roots, the fourth roots, or even higher roots of a (possibly complex) number. This 
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can usually be done most conveniently by using Euler’s formula e”’ = cos(t) + i sin(t) and 

the algebraic laws given in Section 3.3. This is illustrated in the following example. 

SESS 

EXAMPLE 4.2.4 

Find the general solution of 

yO +y=0. (20) 

Solution: 

The characteristic equation is 

r+ t= 0, 

To solve the equation, we must compute the fourth roots of —1. Now —1, thought of as a complex 

number, is —1 + Oi. It has magnitude 1 and polar angle z:: 

—1 =cos(z) +i sin(z) = e’”. 

Moreover, because sin(x) and cos(x) both have period 27, the angle is determined only up to a 

multiple of 27: 

—1 =cos(z + 2mz) + isin (x + 2mm) = et +27), 

where m is zero or any positive or negative integer. Now, by the properties of exponents, 

MA = ell /4+mm/2) — cos (4 + —) +isin(4 + a). _4)/4 _ (pi +2mz) 
cede te ) 2 48 

The four fourth roots of —1 are obtained by setting m = 0, 1, 2, and 3; they are 

Li calectay ial Vw! 

EE Oks Sal Go a 

It is easy to verify that, for any other value of m, we obtain one of these four roots. For example, 

corresponding to m = 4, we obtain (1 + i) /x/2. The general solution of the homogeneous fourth- 

order linear differential equation (20) is 

un oat tom) am) 
In conclusion, we note that the problem of finding all the roots of a polynomial equation 

may not be entirely straightforward, even with computer assistance. In particular, it may 
be difficult to determine whether two roots are equal or merely very close together. Recall 
that the form of the general solution is different in these two cases. 

If the constants dp, Qj, ... , dy in equation (1) are complex numbers, the solution of 
equation (1) is still of the form (4). In this case, however, the roots of the characteristic 
equation are, in general, complex numbers, and it is no longer true that the complex 
conjugate of a root is also a root. The corresponding solutions are complex-valued. 

Problems 

In each of Problems 1 through 4, express the given complex number In each of Problems 5 through 7, follow the procedure in 
in polar form R(cos(@) + i sin(@)) = Re’®. Example 4.2.4 to determine the indicated roots of the given complex 

Ves 2. =22H2s/3i mee 
A OF 4, ee Saul 6. (+i)? 

1/2 

We (4 (cos (=) apll sin (=))) 
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In each of Problems 8 through 19, find the general solution of the 
given differential equation. 

. y” —5y’'+4y =0 

» 2y ”—y" —2y’+y=0 

. YO — 2y@ + 2y” —2y’+y =0 

wy” —y' =0 
. YO — 12y + 48y" — 64y = 0 

yy ty” =0 

. y) — 8y”=0 

. YO + sy + 16y=0 

. Y) + 2y”"+y=0 

. Disy” + 21y’ + 14y’ + 4y=0 

. Dy + oy” + 17y" + 22y’ + 14y =0 

. B12 + 31y” + 75y" + 37y’ + Sy =0 

In each of Problems 20 through 25, find the solution of the given 

initial value problem, and plot its graph. How does the solution 

behave as t > co? 

20. 

21. 

22. 

23. 

24, 

25. 

26. 

27. 

28. 

29. 

Gy" +y'=0;yO=1,y' 0)=1y" (0) =2 
Gy +y=0;y)=0,y' © =0,y" (0) = -1, 
y”(0)=0 

Gy - 4y” + 4y” =0;y(2)=-1,y’ (2) =2,y" (2) =0, 
y" (2) =0 

2y) — y" — oy" + 4y’ + 4y = 0; y (0) = -2, y’ (0) = 0, 
y" (0) =—2,y” (0) =0 

Oy® + oy” +17y" + 22y’ + 14y = 0; y (0) = 1, y(0) = -2, 
y" (0) =0,y” (0) =3 

G4" +y' + 5y=0;y0) =2,y' O=Ly"@=-1 

a. @ Verify that y(t) = 3e-° + : cos (t) — sin (t) is the solution 

7 te " 5 mt 

b. @ Find the solution to Y — y = 0, y(0) = z y (0) = -4, 

” oes eS) m a el: 

Note: These are the initial value problems considered in 

Example 4.2.2. 

Show that the general solution of y — y = 0 can be written as 

y =c, cos(t) +c, sin(t) +c; cosh (t) + c4 sinh (f). 

Determine the solution satisfying the initial conditions y(0) = 0, 

y’(0) = 0, y”(0) = 1, y’”(0) = 1. Why is it convenient to use the 

solutions cosh (f) and sinh (t) rather than e’ and e~'? 

Consider the equation y — y = 0. 
a. Use Abel’s formula (Problem 15d of Section 4.1) to find the 

Wronskian of a fundamental set of solutions of the given 

equation. 

b. Determine the Wronskian of the solutions e’, e“, cos(t), and 

sin(t). 

c. Determine the Wronskian of the solutions cosh(t), sinh(¢), 

cos(t), and sin(¢). 

Consider the spring-mass system, shown in Figure 4.2.4, con- 

sisting of two unit masses suspended from springs with spring 

constants 3 and 2, respectively. Assume that there is no damping 

in the system. 

| FIGURE 4.2.4 | A two-spring, two-mass system. 

. Show that the displacements u, and u, of the masses from 

their respective equilibrium positions satisfy the equations 

uy oe Su; es 2U, uy + 2u = 2uj. (22) 

. Solve the first of equations (22) for u, and substitute into 

the second equation, thereby obtaining the following fourth- 

order equation for u): 

u +7" + 6u, = 0. (23) 

Find the general solution of equation (23). 

. Suppose that the initial conditions are 

HO, GiQev, VAaO=a2, va 6) 

Use the first of equations (22) and the initial conditions (24) 

to obtain values for uj (0) and u,”” (0). Then show that the 

solution of equation (23) that satisfies the four initial condi- 

tions on wu, is u,(t) = cos (t). Show that the corresponding 

solution wu, is u(t) = 2 cos (ft). 

. Now suppose that the initial conditions are 

u, (0) = —2, u,(0)=0, wO)=1, u,(0)=0. 

(25) 

Proceed as in part c to show that the corresponding solutions 

are u, (t) = —2cos (vor) and wu, (t) = cos (vor). 

. Observe that the solutions obtained in parts c and d describe 

two distinct modes of vibration.In the first, the natural fre- 

quency of the motion is 1/ (277), and the two masses move in 

phase, both moving up and down together; the second mass 

moves twice as far as the first. The second motion has natural 

frequency V6/ (27), and the masses move out of phase with 

each other, one moving down while the other is moving up, 

and vice versa. In this mode the first mass moves twice as far 

as the second. For other initial conditions, not proportional 

to either of equations (24) or (25), the motion of the masses 

is a combination of these two modes. 
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30. In this problem we outline one way to show that ifr, ..., 7, are d. Repeat the preceding argument to show that ¢,., =0: Ina 

all real and different, then e"’, ...,e”"' are linearly independent similar way it follows that c,_. = -** = ¢; = 0. Thus the 

on —co <t < co. To do this, we consider the linear relation functions e”"',...,e”"! are linearly independent. 

31. In this problem we indicate one way to show that if r = ry, is 

cyerh to + cyetnt = 0, 00 <t<oo (26) a root of multiplicity s of the characteristic polynomial Z(r), 

then e”',te"!,...,t8-1e"! are solutions of equation (1). This 

and show that all the constants are zero. problem extends to n' order equations the method for second- 

a. Multiply equation (26) by e~"‘ and differentiate with respect order equations given in Problem 17 of Section 3.4. We start from 

to t, thereby obtaining equation (2) in the text 

L{e"] =e"Z(r) (27) 
C(t —H) e277! $e + Cy (Hy —H) eC! = 0. 

and differentiate repeatedly with respect to r, setting r =r, after 
b. Multiply the result of part a by e~2-")" and differentiate Act dire eatinA. 

with respect to to obtain a. Recall that if r; is a root of multiplicity s, then Z(r) = 

; (r —1)° q(r), where g(r) is a polynomial of degree n — s and 
C3 (4 as h(t a nh) elts—ra)t Spores Tn 7 Tn ad n) era t=O, gq") #0. Show that Z(ry); Z'(ry), rae) Lo Yr) are all zero, 

but Z(r,) # 0. 

“ Continue thei procedures tron pasts sazandstyeeventtally b. By differentiating equation (27) repeatedly with respect to r, 
obtaining ener 

ie 0 a) 
Cn f — M1) °°: Mm — Hern nt = 0,7 ab Calens =e" | = |tet |G 

Hence c, = 0, and therefore, gs-} 
ae ib [e”'] =[ lester] f 

ce"! 4 e+ e,_ je"! = 0, 

c. Show that e"',te"!,...,¢5-le1 are solutions of 

equation (27). 

4.3 | THE METHOD OF UNDETERMINED COEFFICIENTS 

A particular solution Y of the nonhomogeneous n"" order linear differential equation with 

constant coefficients 

L[y] = agy™ + ayy") + +++ + an_iy’ + any = g(t) (1) 

can be obtained by the method of undetermined coefficients, provided the nonhomo- 

geneous term g(t) is of an appropriate form. Although the method of undetermined 

coefficients is not as general as the method of variation of parameters described in the next 

section, it is usually much easier to use when it is applicable. 

Just as for the second-order linear differential equation, when the constant coefficient 

linear differential operator L is applied to a polynomial Apt” + Agt’-14.-.-+ A), an 

exponential function e*', a linear combination of sine and cosine functions a, cos($t) + 

az sin(Bt), the result is a polynomial, an exponential function, or a linear combination of 
sine and cosine functions, respectively. Hence, if g(t) is a sum of polynomials, exponentials, 
sines, and cosines, or products of such functions, we can expect that it is possible to find Y(t) 
by choosing a suitable combination of polynomials, exponentials, and so forth, multiplied 
by a number of undetermined constants. The constants are then determined by substituting 
the assumed expression into the nonhomogeneous linear differential equation (1). 

The main difference in using this method for higher-order equations stems from the fact 
that roots of the characteristic polynomial equation may have multiplicity greater than 2. 
Consequently, terms proposed for the nonhomogeneous part of the solution may need to 
be multiplied by higher powers of t to make them different from terms in the solution of 
the corresponding homogeneous equation. The following examples illustrate this. In these 
examples we have omitted numerous straightforward algebraic steps, because our main 
goal is to show how to arrive at the correct form for the assumed solution. 
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EXAMPLE 4.3.1 

Find the general solution of 

y" ie Ay’ +4y = e2t (2) 

Solution: 

The characteristic polynomial for the homogeneous equation corresponding to equation (2) is 

r?—4r+4=(r—2), 

so the general solution of the homogeneous equation is 

y.(t) = c,e** + e5te. (3) 

To find a particular solution Y (t) of equation (2), we start by assuming that Y (t) = Ae?!. However, 

since e*', and te*! are all solutions of the homogeneous equation, we must multiply this initial 

choice by t?. Thus our final assumption is that Y(t) = At?e?!, where A is an undetermined 
coefficient. 

To find the correct value for A, differentiate Y (t) two times, substitute for y and its derivatives 

in equation (2), and collect terms in the resulting equation. In this way we obtain 

Ae =e 

1 : ee 
Thus A = 5 and the particular solution is 

Y(t) = 5 (er (4) 

The general solution of the nonhomogeneous differential equation (2) is the sum of y, (t) from 

equation (3) and Y (t) from equation (4): 

1 
y = ce + cote + 5 ter", 

EXAMPLE 4.3.2 

Find a particular solution of the equation 

y + 2y” + y = 4sin(t) — 6cos(t). (5) 

Solution: 

The general solution of the homogeneous equation was found in Example 4.2.3; it is 

y, (t) = c; cos (t) + cz sin (¢) + c3t cos (t) + c4t sin(t), (6) 

corresponding to the roots r = i, i, —i, and —i of the characteristic equation. Our initial assumption 

for a particular solution is y(t) = A sin(t) + B cos(t), but we must multiply this choice by t? to make 

it different from all solutions of the homogeneous equation. Thus our final assumption is 

Y (t) = At? sin (t) + Bt? cos(t). 

Next, we differentiate y(t) four times, substitute into the differential equation (5), and collect terms, 

obtaining finally 

—8A sin (t) — 8B cos (t) = 4sin(t) — 6cos(t). 
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Thus A = -5, I : and the particular solution of equation (4) is 

Wa(G i= -5 t? sin (t) + ; t? cos(t). (7) 

I ———————————————— 

If g(t) is a sum of several terms, it may be easier in practice to compute separately the 

particular solution corresponding to each term in g(t). In the same way as for second- 

order differential equations, the particular solution of the complete problem is the sum 

of the particular solutions of the individual component problems. This is illustrated in the 

following example. 

EXAMPLE 4.3.3 

Find a particular solution of 

y" —4y’ =t+3 cos(t)+e™. (8) 

Solution: 

First we solve the homogeneous equation. The characteristic equation is r* — 4r = 0, and the roots 

are r = 0, +2; hence 

Yo (t) = cy + coe + c3e77*. 

We can write a particular solution of equation (8) as the sum of particular solutions of the 

differential equations 

ym hs Ay’ =f, y” es Ay’ = 3 cos (t), ve Le 4y’ = eo 2. 

Our initial choice for a particular solution Y,(¢) of the first equation is Apt + A,, but a constant is 

a solution of the homogeneous equation, so we multiply by t. Thus 

Y, (t) = t (Apt + A). 

For the second equation we choose 

Y, (t) = Bcos(t) + Csin(t), 

and there is no need to modify this initial choice since sin (¢) and cos (f) are not solutions of the 

homogeneous equation. Finally, for the third equation, since e~”' is a solution of the homogeneous 

equation, we assume that 

Y3 (t) = Ete~*!. 

The constants are determined by substituting into the individual differential equations; they are 

1 3 1 : 
ApS oii = 0,82 0C = at and E = g: Hence a particular solution of equation (8) is 

1 Chiat 1 
Y (t) = Sgis 5 sin(t) + sie: (9) 

enn nn nn neers SS 

You should keep in mind that the amount of algebra required to calculate the coefficients 
may be quite substantial for higher-order equations, especially if the nonhomogeneous term 
is even moderately complicated. A computer algebra system can be extremely helpful in 
executing these algebraic calculations. 

The method of undetermined coefficients can be used whenever it is possible to guess 
the correct form for Y(t). However, this is usually impossible for differential equations not 
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having constant coefficients, or for nonhomogeneous terms other than the type described 
previously. For more complicated problems we can use the method of variation of parame- 
ters, which is discussed in the next section. 

Problems 

In each of Problems 1 through 6, determine the general solution of 

the given differential equation. 

1. y”-y"—-y’+y=4e' +3 

3. y"+y"+y' +y=2e' +4 

5. y? + 2y” + y= 3 + cos (22) 

2. y" +y = 3t 

4. XY) —ay"=P +e 
6. y — 16y = t? 

In each of Problems 7 through 9, find the solution of the given initial- 

value problem. Then plot a graph of the solution. 

7. @y” +4y’ =t; yO=y' (0) =0, y"(0) =1 

8. Gy” - 3y’' + 2y’ =t+e'; y(0)=1, y’ (0) = -7, 

” 3 

YO) Fins 

9. Oy + 2y"+y=3t+4, yO) =y (0) =0,y" (0) =y" (0) =1 

In each of Problems 10 through 13, determine a suitable form for 

Y(t) if the method of undetermined coefficients is to be used. Do not 

evaluate the constants. 

10. y“ — 5y” + 4y = sin(t) 

ll. y” —y' =te'+2cos(t) 

12. YO —y"—-y"+y' =P 4+8+tsint 

13. y + 4y" = sin 2t + te’ + 6 

14. Consider the nonhomogeneous n" order linear differential 

equation 

agy™ + ayy") +++ + any = 8 (2), (10) 

where dp, ... , 2, are constants. Verify that if g(t) is of the form 

e* (bot™ + +++ + Dm), 

then the substitution y = e“u(t) reduces equation (10) to the 

form 

kyu™ + kyu") 4. + kyu = bot +++ + dy, (11) 

where kp, ..., k, are constants. Determine ky and k,, in terms of 

the a’s and a. Thus the problem of determining a particular solu- 

tion of the original equation is reduced to the simpler problem of 

determining a particular solution of an equation with constant 

coefficients and a polynomial for the nonhomogeneous term. 

Method of Annihilators. In Problems 15 through 17, we consider 

another way of arriving at the proper form of Y(t) for use in the 

method of undetermined coefficients. The procedure is based on 

the observation that exponential, polynomial, or sinusoidal terms 

(or sums and products of such terms) can be viewed as solutions 

of certain linear homogeneous differential equations with constant 
d 

coefficients. It is convenient to use the symbol D for aT Then, for 

example, e~ is a solution of (D + 1)y = 0; the differential operator 

D + Lis said to annihilate, or to be an annihilator of, e~*. In the same 

way, D* + 4 is an annihilator of sin (2f) or cos (2f), (D — 3)? = D* — 

6D + 9 is an annihilator of e* or te*’, and so forth. 

15. Show that linear differential operators with constant coefficients 

obey the commutative law. That is, show that 

(D -a)(D — b) f = (D- b)D - a) f 

for any twice-differentiable function f and any constants a and b. 

The result extends at once to any finite number of factors. 

16. Consider the problem of finding the form ofa particular solution 

Y(t) of 

(D —2)° (D+1)Y = 3e” — te~t, (12) 

where the left-hand side of the equation is written in a form cor- 

responding to the factorization of the characteristic polynomial. 

a. Show that D — 2 and (D + 1)’, respectively, are annihilators of 

the terms on the right-hand side of equation (12), and that the 

combined operator (D — 2)(D + 1)” annihilates both terms on 

the right-hand side of equation (12) simultaneously. 

b. Apply the operator (D — 2)(D + 1)” to equation (12) and use 

the result of Problem 15 to obtain 

(D-2)'(D+1)° Y =0. (13) 

Thus Y is a solution of the homogeneous equation (13). By 

solving equation (13), show that 

Y (t) = ce + c,te* + c,t?e7 + cyt3e7# + coe! (14) 

+cete! + cyt?e-*, 

where ¢}, ... , C, are constants, as yet undetermined. 

c. Observe that e”, te’, t7e*, and e~ are solutions of the homo- 
geneous equation corresponding to equation (12); hence 

these terms are not useful in solving the nonhomogeneous 

equation. Therefore, choose cj, c;, c3, and c; to be zero in 

equation (14), so that 

Y (t) = cyt?e# + cote! + c7t?e7*. (15) 6 

This is the form of the particular solution Y of equation (12). 

The values of the coefficients cy, cs, and c, can be 

found by substituting from equation (15) in the differential 

equation (12). 

Summary of the Method of Annihilators. Suppose that 

L(D)y = g(t), (16) 

where L(D) is a linear differential operator with constant coeffi- 

cients, and g(t) is a sum or product of exponential, polynomial, 
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or sinusoidal terms. To find the form of a particular solution of c. Solve equation (17). 

equation (16), you can proceed as follows: d. Eliminate from the solution found in step c the terms that 

a. Find a differential operator H(D) with constant coeffi- also appear in the solution of L(D)y = 0. The remaining 

cients that annihilates g(t) — that is, an operator such that terms constitute the correct form of a particular solution of 

H(D)g(t) = 0. equation (16). 

b. Apply H(D) to equation (16), obtaining 17. Use the method of annihilators to find the form of a particular 

solution Y(t) for each of the equations in Problems 10 through 

H(D)L(D)y = 0, (17) 13. Do not evaluate the coefficients. 

which is a homogeneous equation of higher-order. 

4.4 | THE METHOD OF VARIATION OF PARAMETERS 

The method of variation of parameters for determining a particular solution of the 

nonhomogeneous n" order linear differential equation 

L{y] = y™ + py (yD + ++ + Pn-1 Oy’ + Pn Ov =8) (1) 

is a direct extension of the method for the second-order differential equation (see Section 

3.6). As before, to use the method of variation of parameters, it is first necessary to solve the 

corresponding homogeneous differential equation. In general, this may be difficult unless 

the coefficients are constants. However, the method of variation of parameters is still more 

general than the method of undetermined coefficients in that it leads to an expression for 

the particular solution for any continuous function g, whereas the method of undetermined 

coefficients is restricted in practice to a limited class of functions g. 

Suppose then that we know a fundamental set of solutions yj, yo, ... , y, of the homoge- 

neous equation. Then the general solution of the homogeneous equation is 

Ve (t) = C1 yy (t) + Cayo (t) + +++ + Cy Yn (CE). (2) 

The method of variation of parameters for determining a particular solution of equation (1) 

rests on the possibility of determining n functions uy, Uy, ... , U, such that Y(t) is of the form 

YOrMONOt+WOWRO +++ +Un On. (3) 

Since we have n functions to determine, we will have to specify n conditions. One of 

these is clearly that Y satisfy equation (1). The other n — 1 conditions are chosen so as to 
make the calculations as simple as possible. Since we can hardly expect a simplification in 
determining Y if we must solve high order differential equations for wy, ... , Uy, it is natural 
to impose conditions to suppress the terms that lead to higher derivatives of uy, ..., U,. From 
equation (3) we obtain 

Y’ = (wyt + gy, ++ + Unyn) + (Ui + uby2 + + Uh yn), (4) 

where we have omitted the independent variable t on which each function in equation (4) 
depends. Thus the first condition that we impose is that 

Uy, + Uzy2 +++ + UnYn = 0. (5) 

It follows that the expression (4) for Y’ reduces to 

Y" = Uyyy + Uzy, +++ + Unyp. (6) 

We continue this process by calculating the successive derivatives Y”, ... , Y"-, 
After each differentiation we set equal to zero the sum of terms involving derivatives of 
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Uy, ... , Un. In this way we obtain n — 2 further conditions similar to equation (5); that is, 

ul ym + uy feet ul yo = O00 fpt= 130" eno. (7) 

As a result of these conditions, it follows that the expressions for Y”, ... , Y&"~ ) reduce to 

VO Eisy to bupye, m=2,3,.,.n—1. (8) 

Finally, we need to impose the condition that Y must be a solution of equation (1). By 

differentiating Y“ ~ » from equation (8), we obtain 

YO) = (uy? +o + nn?) + (wir? + + up). (9) 

To satisfy the differential equation we substitute for Y and its derivatives in equation (1) 

from equations (3), (6), (8), and (9). Then we group the terms involving each of the functions 

yj, +, py and their derivatives. It then follows that most of the terms in the equation drop 

out because each of yj, ... , ¥, is a solution of equation (1) and therefore L[y;] = 0, i = 1, 2, 

... ,N. The remaining terms yield the relation 

ee ee —1 ae (10) 

Equation (10), equation (5), and the n — 2 equations (7) provide n simultaneous linear 

nonhomogeneous algebraic equations for uj, 5, +++ Uy: 

YU, + y2Uy +--+ + yyuy, =0, 

YiUy + yguy t+ + Yun =O, 

Lenrva Pinta hi yy uy tyzug +--+ +ynuy, =0, (11) 

( ee ee ay , 
ti — 2: 

The system (11) is a linear algebraic system for the unknown quantities u},...,u;,. By 

solving this system and then integrating the resulting expressions, you can obtain the 

coefficients uj, ... , U,. A sufficient condition for the existence of a solution of the system 

of equations (11) is that the determinant of coefficients is nonzero for each value of ft. 

However, the determinant of coefficients is precisely W[},, y2, ... , ¥,], and it is nowhere 

zero Since yj, ... , Y, is a fundamental set of solutions of the homogeneous equation. Hence 

it is possible to determine uw}, ...,u),. Using Cramer’s” rule, we can write the solution of the 

system of equations (11) in the form 

g(t) Wn ©) OMA) 12 wi)” m n (12) Um (t) = 

Here W(t) = W[y1, y2, -- Yn /(D), and W,,, is the determinant obtained from W by replacing 

the mth column by the column (0, 0, ... , 0, 1)’. With this notation a particular solution of 

equation (1) is given by 

n t 
—s g(S) Wy (Ss) YO= 2 ym | CoC (13) 

where f, is arbitrary. 

3Cramer’s rule is credited to the Swiss mathematician Gabriel Cramer (1704-1752), professor at the 

Académie de Calvin in Geneva, who published it in a general form (but without proof) in 1750. For small 

systems the result had been known earlier. 
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EXAMPLE 4.4.1 

Given that y,(¢) = 1, y.(¢) = e, and y,(t) = e~ are solutions of the homogeneous equation 

corresponding to 

y" -y' =g(0), (14) 

determine a particular solution of equation (14) in terms of an integral. 

Solution: 

First, we have 

il oe e 

WH= Wie, ef }(t) = 0 e —e* 

0 2 e! et 

srs lee | 
WO=10 21 -=1 

Oe leaa 

Finally, evaluating the determinant by minors associated with the first column, we find that 

W (t) =2. 

Next, 

Ouees (ee 

W,(t)=|0 ef er]. 

eee ent 

Using minors associated with the first column, we obtain 

W, (t) = -2. 

In a similar way, 

1 Oscnent 

W2(t)=|0 O —e=*} =e-# 

Omak cere 

and 

Leet d 

W,(t)=|0 ef Ol=et. 

Ore 
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Substituting these results in equation (13), we have 

t t t 

yor [EOP espe [EOD G64 o+ [BOO 4 
2 2 ) 

lo to to 
t 

= : | (-2 +e! + e') g(s)ds (15) 

to 

Depending on the specific function g(t), it may or may not be possible to evaluate the integrals in 

equation (15) in terms of elementary functions. 

Although the procedure is straightforward, the algebraic computations involved in 

determining Y(t) from equation (13) become more and more complicated as n increases. 

In some cases the calculations may be simplified to some extent by using Abel’s identity 

(Problem 15d of Section 4.1), 

WQS WD. InlO = cexp(—| p, (at). 

The constant c can be determined by evaluating W at some convenient point. 

Problems 
In each of Problems 1 through 4, use the method of variation of 10. Find a formula involving integrals for a particular solution of the 

parameters to determine the general solution of the given differential differential equation 

equation. 

il y” +y’ = sec(t) Vee> ate, —y=g(t). 

Uh ” ey — pt A ' 
Bey tae taht GY. : S 11. Find a formula involving integrals for a particular solution of the 

3.1y" = 2y" y+ 2y= er differential equation 
4. y”—-y" +y'-y=2e'sint 

yO -—y=g(0). 
In each of Problems 5 and 6, find the general solution of the given 

differential equation. Leave your answer in terms of one or more Hint: The functions sin(t), cos(t), sinh(t), and cosh(t) form a 

integrals. fundamental set of solutions of the homogeneous equation. 

5. y"—y"+y'—-y=sec(t), — us eee 8 12. Find aformula involving integrals for a particular solution of the 

2 2 differential equation 
m / us a 

Oy Vay = tan (ft), hoe ~ > 

x3y"” — 3x2y"” + oxy’ -6y=g(x), x>0. 

In each of Problems 7 and 8, find the solution of the given initial- 

value problem. Then plot a graph of the solution. Hint: Verify that x, x’, and x* are solutions of the homogeneous 

equation. 
7. Oy” +y' =sect;y (0) =2,y’ (0) =1,y’ (0) = -2 q 

emery ope * EN Tico of EN nore 8. @y”-y' =tn@; y»(4)=2y'(F)=19"(G)=-1 
9. Given that x, x*, and 1/x are solutions of the homogeneous 

equation corresponding to 

x3y" ie x2y" We 2xy’ +2y= Die 0; 

determine a particular solution. 
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Concept Questions 

C4.1. 

C4.2. 

C4.3. 

C4.4, 

Answers to Concept Questions 

C4.1. 

C4.2. 

C4.4, 

Is the “Wronskian test” a valid way to determine if a collection 

of n functions is linearly independent? Explain. 

Are there any linear differential equations with an odd num- 

ber of complex-valued solutions to the characteristic equa- 

tion? Explain. 

What is the lowest-order linear differential equation with 

constant coefficients has a characteristic equation with r = i 

a root with multiplicity 3? 

Table 3.5.1 provides a nice summary of the Method of 

Undetermined Coefficients for second-order linear differen- 

tial equations with constant coefficients. Chapter 4 does not 

have a similar summary of the Method of Undetermined 

Coefficients for n“ order linear differential equations with 

No. The Wronskian test is only valid for checking for lin- 

ear independence when the functions are also solutions of a 

n'>-order linear differential equation. 

No. Complex-valued solutions to the characteristic equation 

always appear in conjugate pairs:y = a+iBandn =H = 

a — if. If one of these roots is repeated more than once, then 

the other one is also repeated the same number of times. (As 

noted in the text, repeated complex-valued roots are possible 

only when the order of the differential equation is 4 or higher.) 

. Ifr =iisa root with multiplicity 3, then r = —i is also a root 

with multiplicity 3: 

(rr + =@-D +d = (P41) 
=r + 374 + 37? +1. 

This is the characteristic equation for the sixth-order differen- 

tial equation 

yO + 3y + 3y” + y =0. 

The three rows in the table would not change at all. The header 

should be updated to reflect that it applies to any homoge- 

neous linear differential equation with constant coefficients 

and the “Notes” section needs to be updated to show that s 

can be any integer from 0 up to and including the order of the 
differential equation. 

C4.5. 

C4.6. 

C4.7. 

C4.5. 

C4.6. 

C4.7. 

constant coefficients. How would the table for higher-order 

differential equations be different from Table 3.5.1? 

Why is it important to find a fundamental set of solutions of 

the corresponding homogeneous differential equation before 

starting to look for a particular solution of the nonhomoge- 

neous differential equation? 

What does it mean for a differential equation to be in standard 

form? 

Why is it important that the differential equation be in 

standard form before applying the Method of Variation of 

Parameters? Why is this not an issue with the Method of 

Undetermined Coefficients? 

If you choose the form of a particular solution based on the 

right-hand side and do not check if any terms are also a solu- 

tion of the corresponding homogeneous differential equation, 

then you will not know when you need to multiply by an 

appropriate power of t to ensure the guess does not have any 

terms from the corresponding homogeneous solution. 

An n'"-order linear differential equation is in standard form 

when the coefficient of the highest-order term, y™, is 1. 

Standard form effectively normalizes the differential equa- 

tion. If the leading term in the differential equation is ay 
where a # 0 and a # 1 and the entire Variation of Parameters 

process is followed, the last equation will be 

(=), ay\ (n-1),, (n-1) Uy + ay, “Ua +... ayn = 2). 

So, to ensure the coefficient matrix for the linear system for 

u’,,...,U’, is the matrix whose determinant is the Wronskian, 

the final equation (row) must be divided by a. It is easier to 

remember to put the differential equation in standard form 

than to remember to divide the final equation in the linear 

system. The result is the same either way. 
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SERIES SOLUTIONS OF 
FIRST-ORDER AND SECOND-ORDER 
LINEAR EQUATIONS 

Finding the general solution ofa linear differential equation depends on determining a fun- 

damental set of solutions of the homogeneous equation. So far, we have given a systematic 

procedure for constructing fundamental solutions only when the equation has constant 

coefficients. To deal with the much larger class of equations that have variable coefficients, 

it is necessary to extend our search for solutions beyond the familiar elementary functions 

of calculus. The principal tool that we need is the representation of a given function by a 

power series. The basic idea is similar to that in the method of undetermined coefficients: 

we assume that the solutions of a given differential equation have power series expansions, 

and then we attempt to determine the coefficients so as to satisfy the differential equation. 

5.1 | REVIEW OF POWER SERIES 

In this chapter we discuss the use of power series to construct fundamental sets of 

solutions of second-order linear differential equations whose coefficients are functions of 

the independent variable. We begin by summarizing very briefly the pertinent results about 

power series that we need. Readers who are familiar with power series may skip this section. 

Those who need more details than are presented here should consult a book on calculus. 

foe} 

1. A power series » An (Xx — Sey) is said to converge at a point x if 
n=0 

m 
. n lim >) dy (x — Xo) 
mo n=0 

exists for that x. The series certainly converges for x = xg; it may converge for all x, or 

it may converge for some values of x and not for others. 
oo 

2. The power series yy ay, (x — Xo)" is said to converge absolutely at a point x if the 
n=0 

associated power series 

foe) foe) 7 

> lan & — x0)"| = D) lanl |x - x0! 
n=0 n=0 

converges. It can be shown that if the power series converges absolutely, then the 

power series also converges; however, the converse is not necessarily true. 

3. One of the most useful tests for the absolute convergence of a power series is the ratio 

test: If a, # 0, and if, for a fixed value of x, 

n+1 
An41 (X — Xo) 

n 
An (x — Xo) 

= |x — Xo|L, 
an+1 

a 
= |x —Xo| lim 

n-o 

217 
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then the power series converges absolutely at that value of x if Ix — Xo IL < 1 and 

diverges if lx — xoIL > 1. If lx — xpIL = 1, the ratio test is inconclusive. 

ee eg a pp a aaa eR 

EXAMPLE 5.1.1 

For which values of x does the power series 

. (=1)"* ne — 2)" = = 2) = 2 = 2) 3 DY 
n=1 

converge? 

Solution: 

We first test for absolute convergence using the ratio test. We have 

ie Cit (n aa 1) (x oe aus 

= |x —2| lim eB |x — 2]. 
noo Gn n(x oe aye noo Nn 

According to statement 3, the series converges absolutely for |x — 2| < 1, that is, for 1 < x < 3, and 

diverges for |x — 2| > 1. The values of x corresponding to |x — 2| = 1 are x = 1 and x = 3. The series 

diverges for each of these values of x since the n" term of the series does not approach zero as 

n — oo. This power series converges (absolutely) for 1 <x < 3 and diverges for x < 1 and for x > 3. 

co 

4. If the power series Dy ay (x — Xp)” converges at x = x}, it converges absolutely for 
n=0 

Ix —Xol < Ix; — Xl; and if it diverges at x = x), it diverges for Ix — X9| > Ix; — Xl. 

5. Fora typical power series, such as the one in Example 5.1.1, there is a positive number 
co 

p, called the radius of convergence, such that 2 ay,(x — Xp)" converges absolutely 
n=0 

for Ix — X9l < e and diverges for |x — xg! > e. The interval lx — xg! < p is called the 

interval of convergence; it is indicated by the hatched lines in Figure 5.1.1. The 

series may either converge or diverge when |x — x91 = p. Many important power series 

converge for all values of x. In this case it is customary to say that p is infinite and the 

interval of convergence is the entire real line. It is also possible for a power series to 

converge only at Xp. For such a series we say that p = 0 and the series has no interval 

of convergence. When these exceptional cases are taken into account, every power 

series has a nonnegative radius of convergence p, and if e > 0, then there is a (finite 

or infinite) interval of convergence centered at xp. 

Series 
Series i 

diverges Se ie Toe 8 absolutely es 

Xo-P Xo Xo +p > 

x Series may va 
converge or diverge 

(STEERED The interval of convergence of a power 
series. 
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EXAMPLE 5.1.2 

Determine the radius of convergence of the power series 

y (xe +42)" 

trons n3” 

Solution: 

We apply the ratio test: 

rc roy Ho ho |e 2 ete cane |x + 2| 

no |(N+1)3"1 (4 2)"| 3 nsont1l = = =—3 

Thus the series converges absolutely for |x + 2| < 3, that is, for -—5 < x < 1, and diverges for 

|x + 2| > 3. The radius of convergence of the power series is p = 3. Finally, we check the end 

points of the interval of convergence. At x = 1 the series becomes the harmonic series 

ee) (54.3)" : oo 1" 

ris n3n oD, jim 

Recognizing this as the alternating harmonic series, we recall that it converges but does not 

converge absolutely. The power series is said to converge conditionally at x = —5. To summarize, 

the given power series converges for —5 < x < 1 and diverges otherwise. It converges absolutely 

for —5 < x < 1 and has a radius of convergence of 3. 

Suppose that >) A, (x — Xp)" and »y b, (x — Xo)" converge to f(x) and g(x), 
n=0 n=0 

respectively, for Ix — X9|<p,e>0. 

6. The two series can be added or subtracted termwise, and 

f@+g(%) = Dd) Gn t bn) (x — x0)": 
n=0 

the resulting series converges at least for |x — xl < p. 

7. The two series can be formally multiplied, and 

f (x) g(x) = De ans x09") (¥ bn a0)" =) Sono Ciaea ys 
n=0 n=0 n=0 

where c, = dob, + a,b, _1 ++*: + ybo. The resulting series converges at least for 

Ix — Xl < p. 
Further, if bp # 0, then g(x) # 0, and the series for f(x) can be formally divided 

by the series for g(x), and 

fx~_< ORE 
aremeaatannal Xo) . 
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In most cases the coefficients d,, can be most easily obtained by equating coefficients 

in the equivalent relation 

[o<} 

D7 a, X= xo)" 
n=0 

( 5 da(e- wa") ( 5 bp (e- 0") 
n=0 n=0 

co n A 

3 ( yy dbn-t] (x—Xo) . 
n=0 \k=0 

In the case of division, the radius of convergence of the resulting power series may be 

less than p. 

8. The function f is continuous and has derivatives of all orders for lx — x9! < p. Moreover, 

f’, f”, .. can be computed by differentiating the series termwise; that is, 

n-1 
f' (*) = ay + 2az (xX — Xp) + +++ + NAy(X — Xo) fee 

foe} 

= inane xo). a 
eal 

= f(x) = 2a 4160, (X= x5) So en a ee) Peay 

co 

= J) n(n—1a_(x— x9)", 
n=2 

and so forth, and each of the series converges absolutely for Ix — x9! < p. 

9. The value of a, is given by 

fe fy (Xo) 

an n! 

The series is called the Taylor’ series for the function f about x = Xp. 
oO (oe) 

10. If 3 Ay (x—Xp)" = » by, (x — Xo)" for each x in some open interval with center 
n=0 n=0 

[o0) 

Xo; then‘a, = b; tot = 0st 2.3.0. elnparticularat > Ay (X — Xo)" = 0 for each 
n=0 

SUCH X, CHEN Gj = G7 = == ae 

A function f that has a Taylor series expansion about x = Xp 

fo) (n 

f@Omepe 2 oss 
n=0 

) 

n! 

with a radius of convergence p > 0, is said to be analytic at x = Xo. All of the familiar 
functions of calculus are analytic except perhaps at certain easily recognized points. For 
example, sin(x) and e* are analytic everywhere, 1/x is analytic except at x = 0, and tan(x) 
is analytic except at odd multiples of 2/2. According to statements 6 and 7, if f and g are 
analytic at xo, then f + g, f- g, and f/g (provided that g (x9) # 0) are also analytic at x = x9. 
In many respects the natural context for the use of power series is the complex plane. The 

ee 

Brook Taylor (1685-1731), English mathematician, received his education at Cambridge University. His 
book Methodus incrementorum directa et inversa, published in 1715, includes a general statement of the 
expansion theorem that is named for him. This is a basic result in all branches of analysis, but its fundamental 
importance was not recognized until 1772 (by Lagrange). Taylor was also the first to use integration by parts, 
was one of the founders of the calculus of finite differences, and was the first to recognize the existence of 
singular solutions of differential equations. 
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methods and results of this chapter nearly always can be directly extended to differential 
equations in which the independent and dependent variables are complex-valued. 

> Shift of Index of Summation. The index of summation in an infinite series is a dummy 
parameter just as the integration variable in a definite integral is a dummy variable. Thus 
it is immaterial which letter is used for the index of summation. For example, 

3 2nxn SS xd 
lar ey toi) Toews | 

J=0 

Just as we make changes of the variable of integration in a definite integral, we find 

it convenient to make changes of summation indices in calculating series solutions of 

differential equations. We illustrate by several examples how to shift the summation index. 

EXAMPLE 5.1.3 
(oo) 

Write >. a,x" as a series whose first term corresponds to n = 0 rather than n = 2. 
n=2 

Solution: 

Let m =n — 2; thenn = m + 2, and n= 2 corresponds to m = 0. Hence 

Cc co 

> Cx > Ga (1) 

By writing out the first few terms of each of these series, you can verify that they contain precisely 

the same terms. Finally, in the series on the right-hand side of equation (1), we can replace the 

dummy index m by n, obtaining 

¢ Co (oo) 

DE a ee aes (2) 

In effect, we have shifted the index upward by 2 and have compensated by starting to count at a 

level 2 lower than originally. 

EXAMPLE 5.1.4 

Write the series 

% (n+ 3)(n+1) aq (x— Xo)" (3) 
n=2 

A . : n n-2 
as a series whose generic term involves (x — x9) rather than(x—Xx9) ~. 

Solution: 

Again, we shift the index by 2 so that n is replaced by n + 2 and start counting 2 lower. We obtain 

x (n + 5)(N + 3) dn42(X — Xo)" (4) 
n=0 

You can readily verify that the terms in the series (3) and (4) are exactly the same. 
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rrr ee cae 

EXAMPLE 5.1.5 

Write the expression 

x 3 (r+n)a,x'th7} (5) 

n=0 

as a series whose generic term involves x’*”. 

Solution: 

First, take the x? inside the summation, obtaining 

3 (+nya oe (6) 
~ I =) 

Next, shift the index down by 2 and start counting 2 higher. Thus 

oo oo 

» (r +n) a,x tnt ne py (r+n—2) Gy ox’ *?, (7) 

n=2 = I fon) 

Again, you can easily verify that the two series in equation (7) are identical and that both are exactly 

the same as the expression (5). 

EXAMPLE 5.1.6 

Assume that 

iMs 

foe) 

nay es Ds Pe ae (8) 
n=0 

for all x, and determine what this implies about the coefficients a,,. 

Solution: 

We want to use statement 10 to equate corresponding coefficients in the two series. In order to do 

this, we must first rewrite equation (8) so that the series display the same power of x in their generic 

terms. For instance, in the series on the left-hand side of equation (8), we can replace n byn +1 

and start counting 1 lower. Thus equation (8) becomes 

EPID er ig peo ys Gk eek (9) 
n=0 = I io) 

According to statement 10, we conclude that 

Hl) Gney = ay, 0,4 2,3; 2 

(OF ey n=.0; 15 253.25. (10) 
an 

n+1’ 

Hence, choosing successive values of n in equation (10), we have 
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and so forth. In general, 

(11) 

Thus the relation (8) determines all the following coefficients in terms of ay. Finally, using the 
coefficients given by equation (11), we obtain 

foe} 
n 

where we have followed the usual convention that 0! = 1, and recalled that e* = ye - for all 

values of x. 
n=0 

Problems 

In each of Problems 1 through 6, determine the radius of convergence 

of the given power series. 

ils » (x - aye 2 yy sax" 
n=0 n=0 

oO y4n Seon 

3. 4. aCe 
n=0 vt W=1 n 

= (xX — Xo) = (-1)" n? (x +3)" 
5. ———— 6. Sa ny en ein 4 ® 

In each of Problems 7 through 13, determine the Taylor series about 

the point x, for the given function. Also determine the radius of 

convergence of the series. 

PeSUL OX, "X= 0 Se ee Xo = 

Be xy = 1 105x-)) Xp = —2 

1 
il. WaGS)y ayant 12. 7: 54) = 

1 13. ——, %=2 
(1- x) 

oo 

14. Lety= » n*x" 
n=0 

a. Compute y’ and write out the first four terms of the series. 

b. Compute y” and write out the first four terms of the series. 
co 

15. Lety= > ans 
n=0 

a. Compute y’ and y” and write out the first four terms of each 

series, as well as the coefficient of x” in the general term. 

b. Show that if y” = y, then the coefficients ay and a, are 

arbitrary, and determine a, and a, in terms of dy and qj. 

an ont, 01, 2,3, ar CPOE 4 
c. Show that a,,. = 

In each of Problems 16 and 17, verify the given equation. 

foo} foe} 

Tone rat) ee) Gd) 
n=1 n=0 

co co «oo 

17. y O41 x" + sy ayxk*! = ay + > (A411 + Open) ee 
k=0 k=0 k=1 

In each of Problems 18 through 22, rewrite the given expression as a 

single power series whose generic term involves x”. 

foe) 

18. De n(n— 2) a,x"? 
n=2 

foe) oO 

195 9x2 Y, Nay,x” 1) + > a,x 
k=0 

co fo <) 

20. >) m(m—1)ay,x™-? + x3 yy ka,x*-1 
2 k=1 m= 

[oo] oO 

21. Dy Nd, Xo x" Ds Oax” 
=] n=0 n 

co co 

22% » NG, x Xe >: axe 
n=l n=0 

23. Determine the a,, that satisfy the equation 

iMs 

co 

NGyx"-) +2 >) anx” =0 
n=0 

[<) 

Try to identify the function represented by the series > Anite. 
n=0 
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3 POWER SERIES SOLUTIONS OF FIRST-ORDER 

oi DIFFERENTIAL EQUATIONS 

Let us use power series to solve first-order linear equations. First of all, we consider the 

equation 

dy 
ae 1 
dx (1) 

It is easy to find the solution of this equation which is y = c,e*, where c, is arbitrary 

constant. But we will obtain the solution of this equation using the power series. So, let 

it has the solution in the form 

Y = Ap +4, X + ax? +.43x7 +--. (2) 

Differentiating (2) once we have 

OY ay + 2apx + 3ayx? +o. (3) 

Substituting values (2) and (3) in differential equation (1), we obtain 

Q, + 2anx + 3a3x7 + ++» = Ag +4,X +ayx? +05x2 4°. (4) 

Comparing the coefficients of different powers of x on both sides, we have 

a; =A, 202=4), 303 =a (5) 

and so forth. 

Let us find the values of coefficients in terms of ag, we obtain 

a, = a9, a = 2, a3 = (6) 

and so on. 

In general, we have 

an = <0. | (7) 

So the series solution of the original differential equation is 

PY Oe oo de ca oe (8) i! i! ees 
i=0 de jo) 

So, we have obtained the general solution of differential equation (1) using power series. 
Now with following examples, we will see how the power series solution of differential 

equation can be used to obtain the power series expansion of a given function. 

meee ge oe 

EXAMPLE 5.2.1 

Find a power series solution of the differential equation 

(x —3)y’ +2y =0. (9) 
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Solution: 

First assume the solution equation (9) in the form 

[o-e) 

y= >) ax. (10) 
i=0 

Differentiating equation (10) we obtain 

[o.<) 

Va) tax * (11) 
i=l 

Substituting in equation (9), we get 

fee) [e-e) 

(x — 3) Sy ia;x'-1+2 > ax' = 0, (12) 
t=1 i=0 

Rewriting equation (12), we have 

oo foe) (oe) 

> iaix! - 3D) ig;x'1 +2 >) a;x! = 0. (13) 
i=] =i i=0 

One can see that all summation indexes do not begin at same value and powers of x are also 

not same. Let us solve these problems. First make the powers of x same in three summations by 

changing the index of summation from i toi + 1 in the middle summation as follows: 

co [oe] foo} 

pa ia;x' — 3 ay (+1) ajy)x' +2 > Ghai 10) (14) 
p=1 i=0 i=0 

Now powers of x are same but all summation indexes do not begin at same value. So rewrite as 

following: 

co co co 

2ay — 3a, + )) iajx! -— 3D) i+ Dajyix! +2) ajx! =0. (15) 
eal el t=1 

Rewriting equation (15), we have 

256 = say 2 IU De, 30+ Dad =O) (16) 
i=l 

Now take the coefficients of different powers of x equal to zero, we have following results: 

2 
Q, = 3,70 

and 

2+1 
ieee ae ie 2 

Mal 341)! 

So we may obtain the coefficients of terms as 

2 
Q= 370° 

5 3 
7 aU Ye rT Pag 

4 
a3 = 532d, 
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Now we can write the general term as 

Gea a ae (17) 

So we obtain the solution as 

itd: 
y(x)= a>, sr (18) 

i 

Let us calculate the radius of convergence of power series as 

. |3i4+1 
= lim | an |= 3. 
isolit2 

pineal brs 
Gi+1 

P= lim 
i>0o 

EXAMPLE 5.2.2 

Let n be an arbitrary real constant. Derive the power series expansion for the function 

y=(1+x)". (19) 

Solution: 

The function is solution of following initial value problem: 

dy y ee : = 2 
dx 4 1+x y (0) (29) 

Let it has the solution in the form 

foe} 

Y = Ag +.0,X + ayx? +a4x9 +++ =D) ayx!. (21) 
i=0 

Differentiating (21) with respect to x, we have 

oy ou + 2ape + 30932 + = Sbcayatt (22) dx 1 2 3 ne 1 : 

So we have 

dy _ 2 3 =, i XT = aX + 2agx? + 3a3x to = Dit ax!, (23) 
i=1 

and 

foe) 

N+ Y = Ndo + Na,x + Nagx? + na3x? ++ = DY najx!, (24) 
i=0 

Rewrite the differential equation as 

dy _ dy 
deo ae (25) 

Now substituting the values of 2, x ay and n - y in equation (25), we have 

oo foe) fore) . 

oy i-ajx'1 + Dt jx. = De na;x!. (26) 
i=l i=1 i=0 
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One can see that all summation indexes do not begin at same value and powers of x are also 
not same. Let us solve these problems. First make the powers of x same in three summations by 
changing left hand side, the index of summation from i to i + 1 in first sum as follows: 

co co co 

y (Gi +1): ajyyx' + mS LG; X= » na;x'. 
i=0 i=0 i=1 

Now powers of x are same but all summation indexes do not begin at same value. So rewrite as 
following: 

co co foo} 

DG 4D + ajy1x! +yx° + Vi-ajx! = Y najx! + napx®, 
i=1 i=1 t=] 

Cc co [oo] 

> D+): aig x! + > i- ax! — }) na;x! = —a,x° + napx®. 
i=1 i=1 i= 

Now all series on left hand side have the same form. So we have 

co 

SIG + D+ aig, +i + a; — naj] x! = —a, + nay. (27) 
i=1 

Now take the coefficients of different powers of x equal to zero, we have following equations: 

—a, +Nndy = 0, 

+1): aj4, + (i-—n)a; =0. 

From initial condition, we have 

ay = 1. 

Then from first equation we have 

a= nn. 

From second equation, with i = 1, we have 2 - a, = (n — 1) a;, which gives 

2 M=1).a nn) 
2 5) 2 

Continuing, fori = 2, we have 

_ =2)-a _ Bs Dee) 
3 3 302 

So, in this manner, we obtain 

Ae n-D)n—)aN-1+) 
Bee Ape fee ee 

Now substituting the values of coefficients in series of y, we have 

-(n—1) n:(n—1)-(n—-2) 
mad e,eer ee. y=ltn-x+t+ XP foe 

But we know that the solution of initial value problem is 

Mie (1+x)", 
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Problems 

which is analytic at 0, so we have power series expansion (binomial series) as following: 

na x24 EOD On? 3 

ee ae, (23) 
ee 

(1+x)” =1l+n-x+ tes 

In each of Problems 1 through 8, find the power series solutions of Boys (=)y = x7, y= 1: 

given first order differential equations. 
We WY sleep, 7) il. 

1. y' + 2xy=0 4.) Vea xy = 0 15. For the differential equation 
sh SP a peabay 4. y—-y=x? 

5. y+y=0 6. yaar y=x-y, y(0)=0 

1 ' ny-(yex a y-(Yyae | 
fl a. Solve given differential equation using the power series 

In each of Problems 9 through 14, solve the given initial value method. 

problems. b. Solve given differential equation directly. 

9. x*y=y, yQ)=1. 10. y=x+y, y(O)=1. c. Hence obtain the series of the function which is present in 
11. y’ = x*+y—3withy(0)=3. 

12. d+y+x)y =1withy(0) =1. 

the solution of this equation. 

5.3 | SERIES SOLUTIONS NEAR AN ORDINARY POINT, PART | 

In Chapter 3 we described methods of solving second-order linear differential equations 

with constant coefficients. We now consider methods of solving second-order linear equa- 

tions when the coefficients are functions of the independent variable. In this chapter we will 

denote the independent variable by x. It is sufficient to consider the homogeneous equation 

D 

Po) +O ZR +R@y =O, a 

since the procedure for the corresponding nonhomogeneous equation is similar. 

Many problems in mathematical physics lead to equations of the form (1) having 

polynomial coefficients; examples include the Bessel equation 

x*y" + xy’ + (x? -v?)y =0, 

where v is a constant, and the Legendre equation 

(1— x?) y” —2xy’ +a(a+1)y =0, 

where « is a constant. For this reason, as well as to simplify the algebraic computations, we 
primarily consider the case in which the functions P, Q, and Rare polynomials. However, as 
we will see, the method of solution is also applicable when P, Q, and R are general analytic 
functions. 

For the present, then, suppose that P, Q, and R are polynomials and that there is no 
factor (x — c) that is common to all three of them. If there is such a common factor 
(x — c), then divide it out before proceeding. Suppose also that we wish to solve equation 
(1) in the neighborhood of a point x9. The solution of equation (1) in an interval containing 
Xo is closely associated with the behavior of P in that interval. 

A point Xo such that P(xo) # 0 is called an ordinary point. Since P is continuous, it 
follows that there is an open interval containing x in which P(x) is never zero. In that 
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interval, which we will call I, we can divide equation (1) by P(x) to obtain 

y’ + p(x) y’ +q(x)y =0, (2) 

where p(x) = Q(x)/P(x) and q(x) = R(x)/P(x) are continuous functions on J. Hence, 
according to the existence and uniqueness theorem, Theorem 3.2.1, there exists a unique 
solution of equation (1) in the interval J that also satisfies the initial conditions y(x9) = yo, 

and y’ (x9) = yo for arbitrary values of yo and yj. In this and the following section, we 

discuss the solution of equation (1) in the neighborhood of an ordinary point. 

On the other hand, if P(x) = 0, then x9 is called a singular point of equation (1). In this 

case, because (x — Xo) is not a factor of P, Q, and R. at least one of Q(xp) and R(X) is not zero. 

Consequently, at least one of the coefficients p and q in equation (2) becomes unbounded 

as X > Xo, and therefore Theorem 3.2.1 does not apply in this case. Sections 5.5 through 5.8 

deal with finding solutions of equation (1) in the neighborhood of a singular point. 

We now take up the problem of solving equation (1) in the neighborhood of an ordinary 

point Xo. We look for solutions of the form 

oo 

Y = Aq + 04 (X= X0) H01 +.An (X= X0)" H+ = DY) An (x — Xo)" (3) 
n=0 

and assume that the series converges in the interval lx — xg| < p for some p > 0. 

While at first sight it may appear unattractive to seek a solution in the form of a power 

series, this is actually a convenient and useful form for a solution. Within their intervals of 

convergence, power series behave very much like polynomials and are easy to manipulate 

both analytically and numerically. Indeed, even if we can obtain a solution in terms of 

elementary functions, such as exponential or trigonometric functions, we are likely to need 

a power Series or some equivalent expression if we want to evaluate the solution numerically 

or to plot its graph. 

The most practical way to determine the coefficients a,, is to substitute the series (3) and 

its derivatives for y, y’, and y” in equation (1). The following examples illustrate this process. 

The operations, such as differentiation, that are involved in the procedure are justified 

so long as we stay within the interval of convergence. The differential equations in these 

examples are also of considerable importance in their own right. 

EXAMPLE 5.3.1 

Find a series solution of the equation 

y’+y=0, -w<x< om. (4) 

Solution: 

As we know, sin(x) and cos(x) form a fundamental set of solutions of this equation, so series 

methods are not needed to solve it. However, this example illustrates the use of power series in 

a relatively simple case. For equation (4), P(x) = 1, Q(x) = 0, and R(x) = 1; hence every point is an 

ordinary point. 

We look for a solution in the form of a power series about xp = 0 

oo 

Y = Ap + OX + ayx? +.05x3 $2 tayx™ t+ = DY) yx” (5) 
n=0 

and assume that the series converges in some interval |x| < p. Differentiating equation (5) term by 

term, we obtain 

co 

y! = ay + 2agX + 303x274 + Naxx” +0 = y Naar) (6) 

n=1 
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and 

foo} 

y" = 2a, +3-2a3xX ++ tN(N—-1)ayx”*+---= >; n(n—1)anx"-. (7) 

n=2 

Substituting the series (5) and (7) for y and y” in equation (4) gives 

[oe] [o.0) 

» n(n—1)a,x"-* + ys ax =0: 
n=2 n=0 

To combine the two series, we need to rewrite at least one of them so that both series display the 

same generic term. (See Problem 22 in Section 5.1.) Thus, in the first sum, we shift the index of 

summation by replacing n by n + 2 and starting the sum at 0 rather than 2. We obtain 

foo) foo} 

YD (nt 2)(N +1) angox” + D) anx" = 0 
n=0 n=0 

or 

Dd (H+ 2)(2+ Dany. + On) x" = 0. 
n=0 

For this equation to be satisfied for all x, the coefficient of each power of x must be zero; hence we 

conclude that 

(N+2)(N+1)ayi. +a, =0, n=0,1,2,3..... (8) 

Equation (8) is referred to as a recurrence relation. The successive coefficients can be 

evaluated one by one by writing the recurrence relation first for n = 0, then for n = 1, and so forth. 

In this example equation (8) relates each coefficient to the second one before it. Thus the even- 

numbered coefficients (ap, a2, a4, ...) and the odd-numbered ones (qj, a3, ds, ...) are determined 

separately. For the even-numbered coefficients we have 

Ao Ap a> ao a4 hy 
Og gia iis Oa a ee tg aL ee 

These results suggest that in general, if n = 2k, then 

k 
—1 

a= Fao, Resea DSaae (9) 

We can prove equation (9) by mathematical induction. First, observe that it is true for k = 1. Next, 

assume that it is true for an arbitrary value of k and consider the case k + 1. We have 

Re NS: ee (<1) meee 
ak+2~ “(2k +2)(2K4+1) (Qk +2)(2K+1)Qk)° (Qk +2” 

Hence equation (9) is also true for k + 1, and consequently it is true for all positive integers k. 

Similarly, for the odd-numbered coefficients 

iad been Ul oe oe Leora as a 
Pho hg 

and in general, if n = 2k + 1, then? 

(Gh ios = Lcee Kee 1 n — 42k+1 = (2k ie Div oe kg Pie 3) boris ( 0) 

a ee ee ee ee ee 

*The result given in equation (10) and other similar formulas in this chapter can be proved by an induction 
argument resembling the one just given for equation (9). We assume that the results are plausible and omit 
the inductive argument hereafter. (See Problem 16.) 



Substituting these coefficients into equation (5), we have 

= dy + a,x — Ox? - Dy3 
Wea cl op ay ay 5! 

n 

(<1) "ao an 4 (Var ants 4... 
Te sGaw Gn +i) 

2 Oe ay (-1)" >, 

3 5 n 
x x (<=) 2n+1 a x~- = — eee ns eee 

+a; ( i Sh a One ik et 
feel n 

CY can = Ga Vinee 
an fos Ga =a (11) 

We identify two series solutions of equation (4): 

yee an ele, w= 2 Qn)i x" and. y;(x) = ery , n+ DI* Ka 

Using the ratio test, we can show series for y,(x) and y.(x) converges for all x, and this justifies 

retroactively all of the steps used in obtaining these solutions. Indeed, the series for y, (x) is exactly 

the Taylor series for cos(x) about x = 0 and the series for y,(x) is the corresponding Taylor series for 

sin(x). Thus, as we anticipated in equation (11) we have obtained the general solution of equation 

(4) in the form y = dy cos(x) + a, sin(x). 

Notice that no conditions are imposed on dy and a,; hence they are arbitrary. From equations (5) 

and (6) we see that y and y’ evaluated at x = O are ay and aj, respectively. Since the initial conditions 

y(0) and y’(0) can be chosen arbitrarily, it follows that ay and a, should be arbitrary until specific 

initial conditions are stated. 

Figures 5.3.1 and 5.3.2 show how the partial sums of the series solutions y,(x) and y,(x) 

approximate cos(x) and sin(x), respectively. As the number of terms increases, the interval over 

which the approximation is satisfactory becomes longer, and for each x in this interval the accuracy 

of the approximation improves. However, you should always remember that a truncated power 

series provides only a local approximation of the solution in a neighborhood of the initial point 

x = 0; it cannot adequately represent the solution for large |xI. 

hos 

n=4 n=8 n=12 n=16 n= 20 

A 22 n=6 n=10 n=14 n=18 

Polynomial approximations to y = cos(x). The 

value of n is the degree of the approximating polynomial. 
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n=5 n=9 n=13 n=17 n=2l1 
/ 
/ 

y = sin(x) 

-2 
nes ele 1 SA ieee kes US) 

Polynomial approximations to y = sin(x). The value 

of n is the degree of the approximating polynomial. 

In Example 5.3.1 we knew from the start that sin(@x) and cos(x) form a fundamental set 

of solutions of equation (4). However, if we had not known this and had simply solved 

equation (4) using series methods, we would still have obtained the solution (11). In 

recognition of the fact that the differential equation (4) often occurs in applications, we 

might decide to give the two solutions of equation (11) special names, perhaps 

(ee) 

= Gin n 33 . En. n 
c= x. (Qn)! xi", S(x) = x, Gn+ DIX Oey 

Then we might ask what properties these functions have. For instance, can we be sure 

that C(x) and S(x) form a fundamental set of solutions? It follows at once from the series 

expansions that C(O) = 1 and S(O) = 0. By differentiating the series for C(x) and S(x) term 

by term, we find that 

SCE) ENC yan G: Ce) = a—=S Cole (13) 

Thus at x = 0, we have S’(0) = 1 and C’(0) = 0. Consequently, the Wronskian of C and S at 

X05 

wics}@=|, {]=1 (14) 

so these functions do indeed form a fundamental set of solutions. By substituting —x for x in 
each of equations (12), we obtain C(—x) = C(x) and S(—x) = —S(x). Moreover, by calculating 
with the infinite series,> we can show that the functions C(x) and S(x) have all the usual 
analytical and algebraic properties of the cosine and sine functions, respectively. 

Although you probably first saw the sine and cosine functions defined in a more 
elementary manner in terms of right triangles, it is interesting that these functions can 
be defined as solutions of a certain simple second-order linear differential equation. To 
be precise, the function sin(x) can be defined as the unique solution of the initial-value 
problem y” + y = 0, y(0) = 0, y’(0) = 1; similarly, cos(x) can be defined as the unique 
solution of the initial-value problem y” + y = 0, y(0) = 1, y'(0) = 0. Many other functions 
that are important in mathematical physics are also defined as solutions of certain initial- 
value problems. For most of these functions there is no simpler or more elementary way to 
approach them. 

$$ ee eee 

Such an analysis is given in Section 24 of Knopp (see the References at the end of this chapter). 
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EXAMPLE 5.3.2 

Find a series solution in powers of x of Airy’s* equation 

y’—-xy=0, -w<x<o. (15) 

Solution: 

For this equation P(x) = 1, Q(x) = 0, and R(x) = —x; hence every point is an ordinary point. We 
assume that 

y= D) ayx” (16) 
n=0 

and that the series converges in some interval |x| < p. The series for y” is given by equation (7); as 

explained in the preceding example, we can rewrite it as 

ys ey (W+2)(N+ 1) ayiox". (17) 
n=0 

Substituting the series (16) and (17) for y and y” into the left-hand side of equation (15), we obtain 

Cc co foe) co 

> (n+ 2)(N+1)any2x" —x > Cie ss > (n+ 2)(N +1) an42x" — s Gxt, (18) 
n=0 n=0 n=0 n=0 

Next, we shift the index of summation in the second series on the right-hand side of equation (18) 

by replacing n by n — 1 and starting the summation at 1 rather than zero. Thus we write equation 

(15) as 

(oe) foo) 

2+ lay + >) (n+2)(N +1) any2x" — DY) An_1x" = 0. 
n=1 n=1 

Again, for this equation to be satisfied for all x in some interval, the coefficients of like powers of x 

must be zero; hence a, = 0, and we obtain the recurrence relation 

(Nn+2)(N+1) ays. -—Qy,-,;=0 for n=1,2,3,.... (19) 

Since a, , 2 is given in terms ofa, _ ;, the a’s are determined in steps of three. Thus ay determines 

a3, which in turn determines dg, ...; a; determines a,, which in turn determines ay, ..., and a, 

determines a,;, which in turn determines ag, .... Since a, = 0, we immediately conclude that a; = 

dg = 04, = °° =0. 
For the sequence dp, a3, Ag, do, ... we set n = 1, 4, 7, 10, ... in the recurrence relation: 

pet ede RS od OI OL eoTON aS Spake: JEM 
AEE GEE a Sime ora a ee CY a a DR IR ce 

These results suggest the general formula 

Ag i aS. 
CH 343.5-6.«(Gn= Gn) 

For the sequence aj, a4, d7, Ayo, ..., we set n = 2, 5, 8, 11, ... in the recurrence relation: 

ay LE SRR OSLS Cogan (ais tlh ecg Aiby Ng eee basa 
Sb 67 84 67 Oo OO 34679410" 

a= 

4Sir George Biddell Airy (1801-1892), an English astronomer and mathematician, was director of the 

Greenwich Observatory from 1835 to 1881. He studied the equation named for him in an 1838 paper on 

optics. One reason why Airy’s equation is of interest is that for x negative the solutions are similar to 

trigonometric functions, and for x positive they are similar to hyperbolic functions. Can you explain why 

it is reasonable to expect such behavior? 
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In general, we have 
ay 

nt = 374. 697 ee GnGn 1). 

Thus the general solution of Airy’s equation is 

x3 x x3n 

= ———_——_ 4 a eS eee + ie 

y@)= ay (1+ 5 + 5535-6 2S nan) 
x4 x7 x3ntl ) 

pe “5 SS Se ee + eee 

ta,(x+ 25+ gid eh SOAS RGAE D 

= Ag; (X) + ay yz (x) (20) 

where y, (x) and y,(x) are the first and second bracketed expressions in equation (20). 

Having obtained these two series solutions, we can now investigate their convergence. Because 

of the rapid growth of the denominators of the terms in the series for y, (x) and for y,(x), we might 

expect these series to have a large radius of convergence. Indeed, it is easy to use the ratio test to 

show that both of these series converge for all x; see Problem 17. 

Assume for the moment that the series for y, and y, do converge for all x. Then, by choosing 

first dj = 1, a, = 0 and then ay = 0, a; = 1, it follows that y, and y, are individually solutions of 

equation (15). Notice that y, satisfies the initial conditions y, (0) = 1, y; (0) = 0 and that y, satisfies 

the initial conditions y,(0) = 0, y3 (0) = 1. Thus W [y;, y2] (0) = 1 # 0, and consequently y, and y, 

are a fundamental set of solutions. Hence the general solution of Airy’s equation is 

Y = Ay (X) + Ay2(X) —-0<xX< oH. 

In Figures 5.3.3 and 5.3.4, respectively, we show the graphs of the solutions y, and y, of 

Airy’s equation as well as graphs of several partial sums of the two series in equation (20). 

Again, the partial sums provide local approximations to the solutions in a neighborhood of the 

origin. Although the quality of the approximation improves as the number of terms increases, no 

polynomial can adequately represent y, and y, for large |xI. A practical way to estimate the interval 

in which a given partial sum is reasonably accurate is to compare the graphs of that partial sum 

and the next one, obtained by including one more term. As soon as the graphs begin to separate 

noticeably, we can be confident that the original partial sum is no longer accurate. For example, 

in Figure 5.3.3 the graphs for n = 24 and n = 27 begin to separate at about x = —9/2. Thus, beyond 

this point, the partial sum of degree 24 is worthless as an approximation to the solution. 

h& 

y =y1 (x) 

X NA 
-10 a Y, AA 2s 

21 9 | = 

| FIGURE 5.3.3 | Polynomial approximations to the solution y = y,(x) of Airy’s 
equation. The value of n is the degree of the approximating polynomial. 
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Polynomial approximations to the solution y = y,(x) of Airy’s 

equation. The value of n is the degree of the approximating polynomial. 

Observe that both y, and y, are monotone for x > 0 and oscillatory for x < 0. You can also see 

from the figures that the oscillations are not uniform but, rather, decay in amplitude and increase 

in frequency as the distance from the origin increases. In contrast to Example 5.3.1, the solutions 

y, and y, of Airy’s equation are not elementary functions that you have already encountered in 

calculus. However, because of their importance in some physical applications, these functions 

have been extensively studied, and their properties are well known to applied mathematicians and 

scientists. 

EXAMPLE 5.3.3 

Find a solution of Airy’s equation in powers of x — 1. 

Solution: 

The point x = 1 is an ordinary point of equation (15), and thus we look for a solution of the form 

co 

n y= Diane", 
n=0 

where we assume that the series converges in some interval |x — 11 < p. Then 

oo ios] 

yl =D) nage 1)" =D) (nt Vangie - 0", 
n=l n=0 

and 

y"= si) n(n—1)an(x—-1)" 7 = D (nt 2)(N + 1 anya(x - 1)". 
n=2 n=0 

Substituting for y and y” in equation (15), we obtain 

ss (n +2)(N +1) dn42(x —1)" =x DY) a(x - 1)". (21) 
n=0 n=0 
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Now to equate the coefficients of like powers of (x — 1), we must express x, the coefficient of yin 

equation (15), in powers of x — 1; that is, we write x = 1+ (— 1). Note that this is precisely the 

Taylor series for x about x = 1. (See Problem 9 in Section 5.1.) Then equation (21) takes the form 

x (n +2)(n +1) dy42(x — 1)" =(1 +(x - 1) x, a,@c 1)" 
n=0 

= n ie n+1 
= \ a,x 1+ Dane) 

n=0 n=0 

Shifting the index of summation in the second series on the right gives 

co foe) [o.<) i 

DY. (0+2)(1 +1) dnya(x - 1)" = DY) an(x-1)" + DY tna -D’. 
n=0 n=0 n=l 

Equating coefficients of like powers of x — 1, we obtain 

2A, =A, 

(3-2)a3 =a, +a, 

(4-3)a4=a,+ a, 

(5-4)a5 =a3 +a, 

The general recurrence relation is 

(Nn+2)(N+1)Gy42=a,+a4,_, for n21. (22) 

Solving for the first few coefficients a, in terms of ay and aj, we find that 

gO. eras Oo. MOP RAN Milena aioe ned 3 4 2 GO BL 
AD BP tg) 8 19 19 4 1a = 0 Oe 

Hence 

2 3 4 5 
= (x —1) (x —1) (x -1) (x -—1) 

y=a5(1+ 5 a5 6 at A ae 30 as 

é 3 4 5 
(x -—1) (x — 1) (x -1) Se pS ess te i Tt ea LCE ie 2 +a; (« 1)+ + 7) + 120 + (23) 

In general, when the recurrence relation has more than two terms, as in equation (22), the 

determination of a formula for a, in terms ay and a, will be fairly complicated, if not impossible. 

In this example such a formula is not readily apparent. Lacking such a formula, we cannot test the 

two series in equation (23) for convergence by direct methods such as the ratio test. However, we 

shall see in Section 5.4 that even without knowing the formula for a,,, it is possible to establish that 

the two series in equation (23) converge for all x. Further, the functions they define, y, and y,, form 

a fundamental set of solutions of the Airy equation (15). Thus 

Y = Aoy3 (X) + Ay V4 (x) 

is the general solution of Airy’s equation for —co < x < oo. 
Se ea tole Eae eee eee lett Ee aNeg Noe Ae eS iaa AMR oe a 
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While Airy’s equation is not particularly complicated, Example 5.3.3 shows some of the 
complications encountered when looking for a power series solution expressed in powers 
of x — X9 with xo # 0. There is an alternative. We can make the change of variable x — x9 = 
t, obtaining a new differential equation for y as a function of t, and then look for solutions of 

foo) 

this new equation of the form >i a,t”. When we have finished the calculations, we replace 
n=0 

t by x — Xp (see Problem 15). 

In Examples 5.3.2 and 5.3.3 we have found two sets of solutions of Airy’s equation. The 

functions y, and y, defined by the series in equation (20) are a fundamental set of solutions 

of equation (15) for all x, and this is also true for the functions y; and y, defined by the 

series in equation (23). According to the general theory of second-order linear equations, 

each of the first two functions can be expressed as a linear combination of the latter two 

functions, and vice versa—a result that is certainly not obvious from an examination of the 

series alone. 

Finally, we emphasize that it is not particularly important if, as in Example 5.3.3, we 

are unable to determine the general coefficient a, in terms of a) and a,. What is essential 

is that we can determine as many coefficients as we want. Thus we can find as many terms 

in the two series solutions as we want, even if we cannot determine the general term. While 

the task of calculating several coefficients in a power series solution is not difficult, it can be 

tedious. A symbolic manipulation package can be very helpful here; some are able to find a 

specified number of terms in a power series solution in response to a single command. With 

a suitable graphics package we can also produce plots such as those shown in the figures in 

this section. 

Problems 

In each of Problems 1 through 11: b. © Plot the four-term and the five-term approximations to the 

; ; : : : : solution on the same axes. 
a. Seek power series solutions of the given differential equation 

about the given point x); find the recurrence relation that the 

coefficients must satisfy. 

c. From the plot in part b, estimate the interval in which the four- 

term approximation is reasonably accurate. 

b. Find the first four nonzero terms in each of two solutions y, ee ae = 2 yi O)=1 

and y, (unless the series terminates sooner). A Soin WOR ai | aren oe 

c. By evaluating the Wronskian W[y,, y2](xo), show that y, and Feet red i y i é ac ee y : = a et 

y, form a fundamental set of solutions. 14. (1—x)y"+xy’-y=0, yO)=-3, yO)= 

15. a. By making the change of variable x — 1 = tand assuming that d. If possible, find the general term in each solution. se ; 
y has a Taylor series in powers of t, find two series solutions 

1. y’ =x’ —-y=0, -x=1 of 
” as — 2. y”’+ky=0, x9=0, kaconstant teres vy’ £22 1)y s0 

Sy —V— 0; 2X =0 

4. y’+k*x’y=0, x)=0, kaconstant in powers of x — 1. 

5. (1-x)y"+y=0, x=0 b. Show that you obtain the same result by assuming that y has 

6. (2+x7)y” —xy’+4y=0, x=0 a Taylor series in powers of x — 1 and also expressing the 

7. xy" +y't+xy=0, X=] coefficient x? — 1 in powers of x — 1. 

8. xy, tary’ + XY = OX = 1 16. Prove equation (10). 

». (4= x7) y’ +2y=0; x= 0 17. Show directly, using the ratio test, that the two series solutions 

' of Airy’s equation about x = 0 converge for all x; see equation 
10. ly” +xy'+y=0, XxX) =0 
es al is : (20) of the text. 

—_ = 5 Ae 4 =i (0) =0 : , ; 
ee Sa Hy 18. The Hermite Equation. The equation 

1 12 through 14: In each of Problems g an Lota ea ee oe 

a. Find the first five nonzero terms in the solution of the given 

initial-value problem. 
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where A is a constant, is known as the Hermite> equation. It is b. Look for a solution of the initial-value problem in the form 

an important equation in mathematical physics. of a power series about x = 0. Find the coefficients up to the 

a. Find the first four nonzero terms in each of two solutions term in x? in this series. 

about x = 0 and show that they form a fundamental set of 

solutions. 

b. Observe that if A is a nonnegative even integer, then one or 

In each of Problems 20 through 23, plot several partial sums in 

a series solution of the given initial-value problem about x = 0, 

the other of the series solutions terminates and becomes a thereby obtaining graphs analogous to those in Figures 5.3.1 through 

polynomial. Find the polynomial solutions for A = 0, 2, 4, 6, 5.3.4 (except that we do not know an explicit formula for the actual 

8, and 10. Note that each polynomial is determined only up _ solution). 
to a multiplicative constant. 20. @y’ +x +2y=0, yO)=1, yO)=0 

c. The Hermite polynomial H,,(x) is defined as the polynomial 21.6 (1+x2)y"+2y =0, y(0)=0, y/(0)=7 

solution of the Hermite equation with A = 2n for which the 

coefficient of x” is 2”. Find Ho(x), ... , Hs(x). 

19. Consider the initial-value problem y’ = 1/1 — y2, (0) = 0. 

22. @y’+x?y=0, yO)=0, y’(0)=1 

23. O@xy’+y'+xy=0, y(O)=1, y’()=0 

a. Show that y = sin(x) is the solution of this initial-value 

problem. 

SERIES SOLUTIONS NEAR AN ORDINARY 

5-4 | DOINT, PART II 

In the preceding section we considered the problem of finding solutions of 

P(x)y"+Q(x)y' + R(x)y = 0, (1) 

where P, Q, and R are polynomials, in the neighborhood of an ordinary point x). Assuming 

that equation (1) does have a solution y = ¢(x) and that ¢ has a Taylor series 

[oe) 

$(x) = }) an (x — Xo)" (2) 
n=0 

that converges for |x — Xgl < p, where p > 0, we found that the a, can be determined by 

directly substituting the series (2) for y in equation (1). 

Let us now consider how we might justify the statement that if x, is an ordinary point 

of equation (1), then there exist solutions of the form (2). We also consider the question of 

the radius of convergence of such a series. In doing this, we are led to a generalization of 

the definition of an ordinary point. 

Suppose, then, that there is a solution of equation (1) of the form (2). By differentiating 

equation (2)m times and setting x equal to xj, we obtain 

Mam = 9 (xo). (3) 

Hence, to compute a,, in the series (2), we must show that we can determine f(x9) for 
n=0, 1, 2, ... from the differential equation (1). 

Suppose that y = ¢(x) is a solution of equation (1) satisfying the initial conditions 
yXo) = Yo. Y' (0) = yo. Then ap = yo and a, = yp. If we are solely interested in finding a 
solution of equation (1) without specifying any initial conditions, then ay and a, remain 
arbitrary. To determine ¢\)(xp) and the corresponding a,, for n = 2,3, ..., we turn to 
equation (1) with the goal of finding a formula for $’(x), $’”(x), ... . Since ¢ is a solution 
of equation (1), we have 

P(x) $" (x) + Q(x) $' (x) + R(X) G(X) = 0. 

°Charles Hermite (1822-1901) was an influential French analyst and algebraist. An inspiring teacher, he was 
professor at the Ecole Polytechnique and the Sorbonne. He introduced the Hermite functions in 1864 and 
showed in 1873 that e is a transcendental number (that is, e is not a root of any polynomial equation with 
rational coefficients). His name is also associated with Hermitian matrices (see Section 6.3), some of whose 
properties he discovered. 
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For the interval about x9 for which P is nonzero, we can write this equation in the form 

$" (x) = —p(x)¢' (x) — q(x) (x), (4) 

where p(x) = Q(x)/P(x) and q(x) = R(x)/P(x). Observe that, at x = Xp, the right-hand side of 
equation (4) is known, thus allowing us to compute ¢” (xp): Setting x equal to xp in equation 
(4) gives 

$" (Xo) = —P (Xo) $ (Xo) — 4 (Xo) P(X) = —P (Xo) al — G(X) ao. 

Hence, using equation (3) with m = 2, we find that a, is given by 

2laz = $" (Xo) = —p (Xo) a1 — Q(X0) ao. (5) 

To determine a3, we differentiate equation (4) and then set x equal to xo, obtaining 

Blas = $" (xo) = — (Pp)! (x) +4) 4X) |, 
(6) 

= —2!p (Xo) Az — (p’ (Xp) + G(X) a1 — Gq’ (Xo) Ao. 

Substituting for a, from equation (5) gives a3 in terms of a, and ao. 

Since P, Q, and R are polynomials and P (x9) # 0, all the derivatives of p and q exist at 

Xo. Hence we can continue to differentiate equation (4) indefinitely, determining after each 

differentiation the successive coefficients a4, as, ... by setting x equal to Xp. 

EXAMPLE 5.4.1 

Let y = $(x) be a solution of the initial value problem (1 + x?)y” + 2xy’ + 4x°y = 0, y(0) = 0, 

y'(0) = 2. Determine $”(0), $’”(0), and (0). 

Solution: . 

To find ¢’(0), simply evaluate the differential equation when x = 0: 

(1 +07) $” (0) +2-0-$'(0)+4-0?- ¢(0) =0, 

so f”(0) = 0. 
To find ¢’’(0), differentiate the differential equation with respect to x: 

(1 + x?) 6” (x) + 2x” (x) + 2xG" (x) + 2h’ (x) + 4x7 (x) + 12x79 (x) = 0. (7) 

Then evaluate the resulting equation (7) at x = 0: 

p” (0) + 29’ (0) = 0. 

Thus $””(0) = —2 ¢'(0) = —4 (because ¢'(0) = 2). 
Finally, to find $*)(0), first differentiate equation (7) with respect to x: 

(1 + x2) 6 (x) + 2x" (x) + 4x" (x) + 46" (x) + (2 + 4x3) $” (x) + 12x74! (x) 

+ 12x7$! (x) + 24 (x) = 0. 

Evaluating this equation at x = 0 we find 

$ (0) + 6$" (0) = 0. 

Finally, using ¢(0) = 0 and $”(0) = 0, we conclude that $(0) = 0. 
SE —— 
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Notice that the important property that we used in determining the a, was that we could 

compute infinitely many derivatives of the functions p and q. It might seem reasonable to 

relax our assumption that the functions p and q are ratios of polynomials and simply require 

that they be infinitely differentiable in the neighborhood of x9. Unfortunately, this condition 

is too weak to ensure that we can prove the convergence of the resulting series expansion 

for y = ¢(x). What is needed is to assume that the functions p and q are analytic at Xo; that 

is, they have Taylor series expansions that converge to them in some interval about the 

point x9: 

p(x) = po + Pi (% — %) ++ + Pa(% — Xo)" ++ = D) Pn(%— Xo)» (8) 
n=0 

Qn(x — Xo)". (9) Mes q(x) = go + 1 (% — Xo) + + + dnl — %9)" + = 
n=0 

With this idea in mind, we can generalize the definitions of an ordinary point and a singular 

point of equation (1) as follows: if the functions p(x) = Q(x)/P(x) and q(x) = R(x)/P(x) are 

analytic at xp, then the point xp is said to be an ordinary point of the differential equation 

(1); otherwise, it is a singular point. 

Now let us turn to the question of the interval of convergence of the series solution. One 

possibility is actually to compute the series solution for each problem and then to apply 

one of the tests for convergence of an infinite series to determine its radius of convergence. 

Unfortunately, these tests require us to obtain an expression for the general coefficient a, 

as a function of n, and this task is often quite difficult, if not impossible; recall Example 

5.3.3. However, the question can be answered at once for a wide class of problems by the 

following theorem. 

Theorem 5.4.1 

If Xp is an ordinary point of the differential equation (1) 

P(x)y” +Q(x)y’ +R(x)y =0, 

that is, if p(x) = Q(x)/P(x) and q(x) = R(x)/P(x) are analytic at xo, then the general solution of 

equation (1) is 

y= De Gn (x — Xq)” = apy, (x) + a1) (x), 
n=0 

where do and a, are arbitrary, and y, and y, are two power series solutions that are analytic 
at Xo. The solutions y, and y, form a fundamental set of solutions. Further, the radius of 
convergence for each of the series solutions y, and y, is at least as large as the smaller of the 
radii of convergence of the series for the functions p and q. 

To see that y, and y2 are a fundamental set of solutions, note that they have the 
form y (x) = 1+ b5(x a + -- and yx(x) = (X-XxX9) + Q(x—- Xo) + +++, where 
bz + Cz = day. Hence y, satisfies the initial conditions y,(x9) = 1, y{ (Xo) = 0, and yy satisfies 
the initial conditions y(x9) = 0, y3 (x9) = 1. Thus W[y,, y2](xo) = 1. 

Also note that although calculating the coefficients by successively differentiating the 
differential equation is excellent in theory, it is usually not a practical computational 
procedure. Rather, you should substitute the series (2) for y in the differential equation 
(1) and determine the coefficients so that the differential equation is satisfied, as in the 
examples in the preceding section. 
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We will not prove this theorem, which in a slightly more general form was established 
by Fuchs.° What is important for our purposes is that there is a series solution of the form 
(2) and that the radius of convergence of the series solution cannot be less than the smaller 
of the radii of convergence of the series for p and q; hence we need only determine these. 

This can be done in either of two ways. Of course, one possibility is simply to compute 
the power series for p and q and then to determine the radii of convergence by using one of 
the convergence tests for infinite series. However, there is an easier way when P(x), Q(x), 
and R(x) are polynomials. It is shown in the theory of functions of a complex variable that 
the ratio of two polynomials, say, Q(x)/P(x), has a convergent power series expansion about 

a point x = Xo if P (xo) # 0. Further, if we assume that any factors common to Q(x) and P(x) 

have been canceled, then the radius of convergence of the power series for Q(x)/P(x) about 

the point Xp is precisely the distance from Xp to the nearest zero of P(x). In determining this 

distance, we must remember that P(x) = 0 may have complex roots, and these must also be 

considered. 

EXAMPLE 5.4.2 
° ; =1 

What is the radius of convergence of the Taylor series for (1+ x?) about x = 0? 

Solution: 

One way to proceed is to find the Taylor series in question, namely, 

1 n 
oe ee te (1) 3M poe, 

Then it can be verified by the ratio test that p = 1. Another approach is to note that the zeros of 

+iVv3 1+iV3 paca Bes — 1 : : j 
1+ x? are x = —l and — . Since the distance in the complex plane from 0 to —1 or 

is 1, the radius of convergence of the power series about x = 0 is 1. 

EXAMPLE 5.4.3 
= 5 

What is the radius of convergence of the Taylor series for (x? -~2x +5) about x = 0? about 

Ke 7? 

Solution: 

First notice that 

x? =2x+5=0 

has solutions x = 1 + 2i. The distance in the complex plane from x = 0 to either x = 1 + 2i or 
ee) 

x =1—2i is V5; hence the radius of convergence of the Taylor series expansion > a,x” about 
n=0 

x =0 is V5. 

The distance in the complex plane from x = 1 to either x = 1 + 2i or x = 1 — 2i is 2; hence the 
oo 

radius of convergence of the Taylor series expansion )) b, (x — 1)" about x = Lis 2. 
n=0 

6Lazarus Immanuel Fuchs (1833-1902), a German mathematician, was a student and later a professor at 

the University of Berlin. He proved the result of Theorem 5.4.1 in 1866. His most important research was 

on singular points of linear differential equations. He recognized the significance of regular singular points 

(Section 5.5), and equations whose only singularities, including the point at infinity, are regular singular 

points are known as Fuchsian equations. 
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According to Theorem 5.4.1, the series solutions of the Airy equation in Examples 5.4.2 

and 5.4.3 of the preceding section converge for all values of x and x — 1, respectively, since 

in each problem P(x) = 1 and hence is never zero. 

A series solution may converge for a wider range of x than indicated by Theorem 5.4.1, 

so the theorem actually gives only a lower bound on the radius of convergence of the series 

solution. This is illustrated by the Legendre polynomial solution of the Legendre equation 

given in the next example. 

i Aa i Sn an ne eA EIS ORR PORTE 

EXAMPLE 5.4.4 

Determine a lower bound for the radius of convergence of series solutions about x = 0 for the 

Legendre equation 

(1 — x?) y"” — 2xy’+a(a+1)y=0, 

where a is a constant. 

Solution: 

Note that P(x) = 1 — x”, Q(x) = —2x, and R(x) = a(a + 1) are polynomials, and that the zeros 
[oe] 

of P, namely, x = +1, are a distance 1 from x = 0. Hence a series solution of the form oe a,x” 
n=0 

converges at least for |x| < 1, and possibly for larger values of x. Indeed, it can be shown that if a is 

a positive integer, one of the series solutions terminates after a finite number of terms; this means 

one solution is a polynomial, and hence converges not just for |x| < 1 but for all x. For example, if 

a = 1, the polynomial solution is y = x. See Problems 17 through 23 at the end of this section for a 

further discussion of the Legendre equation. 

EXAMPLE 5.4.5 

Determine a lower bound for the radius of convergence of series solutions of the differential 

equation 

(1+ x?) y” + 2xy’ +4x?y =0 (10) 

about the point x = 0; about the point x = -5. 

Solution: 

Again P, Q, and R are polynomials, and P has zeros at x = +i. The distance in the complex plane 

oe 1 fe 1 = 
from 0 to +i is 1, and from — 5 to +iisy/1 + ge ./5/2. Hence in the first case the series 2 anx" 

n=0 
Cc n 

converges at least for |x| < 1, and in the second case the series yy Dn (x ae 5) converges at least 
n=0 

1 
for x + 5 < 5/2. 

An interesting observation that we can make about equation (10) follows from Theorems 3.2.1 
and 5.4.1. Suppose that initial conditions y(0) = yy and y’ (0) = y are given. Since 1 + x? # 0 for 
all x, we know from Theorem 3.2.1 that there exists a unique solution of the initial-value problem 
on —co <x < oo. On the other hand, Theorem 5.4.1 only guarantees a series solution of the form 

foo} 

ay a,x" (with ay = yo, a, = yo) for —1 <x < 1. The unique solution on the interval —co < x < co 
n=0 

may not have a power series about x = 0 that converges for all x. 
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EXAMPLE 5.4.6 

Can we determine a series solution about x = 0 for the differential equation 

y” +(cos(x))y’ +(1+x?)y =0, 

and if so, what is the radius of convergence? 

Solution: 

For this differential equation, p(x) = cos(x) and q(x) = 1 + x’. Recall from calculus that cos(x) 

has a Taylor series expansion about x = 0 that converges for all x. Further, q also has a Taylor series 

expansion about x = 0, namely, g(x) = 1 + x’, that converges for all x. Thus there is a series solution 
oe} 

of the form y = Ay a,x" with ay and a, arbitrary, and the series converges for all x. 
n=0 

Problems 

In each of Problems 1 through 3, determine $”(x), $’”(%o), and 

$ (xo) for the given point xy if y = ¢(x) is a solution of the given 
initial-value problem. 

1. y’+xy’+y=0; y(0)=2, y’O)=0 

2. x*y"+(1+x)y'+3(nx)y=0; y(1)=3, y’'Q)=0 

3. y" +x*y’ +cos(2x)y=0, y(O)=a), y' (0)=a, 

In each of Problems 4 through 6, determine a lower bound for the 

radius of convergence of series solutions about each given point xX 

for the given differential equation. 

4. y” + 4y’ + 6xy = 0; 

5. (x? —2x —3)y"”+xy’ +4y =0; 

6. (x2 + 2x7 4+2x+4)y" +4(x+5)y'+xy =0, 
Xp =0, X% =2 

7. Determine a lower bound for the radius of convergence of series 

solutions about the given x, for each of the differential equations 

in Problems 1 through 11 of Section 5.3. 

8. The Chebyshev Equation. The Chebyshev’ differential 

equation is 

Xp =0; Xo 0S 

Xo =5, Xo = —5, Xp =0 

(1-—x?)y” —xy’ +a’y =0, 

where is a constant. 

a. Determine two solutions in powers of x for |x| < 1, and show 

that they form a fundamental set of solutions. 

b. Show that if a is a nonnegative integer n, then there is a 

polynomial solution of degree n. These polynomials, when 

properly normalized, are called the Chebyshev polynomi- 

als. They are very useful in problems that require a polyno- 

mial approximation to a function defined on -1 <x <1. 

c. Find a polynomial solution for each of the cases « = n = 0, 1, 

Poreo 

For each of the differential equations in Problems 9 through 11, find 

the first four nonzero terms in each of two power series solutions 

about the origin. Show that they form a fundamental set of solutions. 

What do you expect the radius of convergence to be for each solution? 

9. y’+(sin(x~)) y=0 

11. e*y”+InQi+x)y’ —x3=0 

12. Let y = x and y = x’ be solutions of a differential equation 

P(x)y” + Q@&)y’ + R@&y = 0. Can you say whether the point 

x = 0isan ordinary point or a singular point? Prove your answer. 

10. ey” +xy=0 

First-Order Equations. The series methods discussed in this sec- 

tion are directly applicable to the first-order linear differential equa- 

tion P&)y’ + Q@&)y = 0 at a point xX, if the function p = Q/P 

has a Taylor series expansion about that point. Such a point is 

called an ordinary point, and further, the radius of convergence 
foe) 

of the series y = Da a, (x — Xo)” is at least as large as the radius 
n=0 

of convergence of the series for Q/P. In each of Problems 13 through 

16, solve the given differential equation by a series in powers of x 

and verify that ay is arbitrary in each case. Problem 16 involves a 

nonhomogeneous differential equation to which series methods can 

be easily extended. Where possible, compare the series solution with 

the solution obtained by using the methods of Chapter 2. 

14. y’ — 2xy=0 

16. y'+xy=14+%x 

13. y’-—2y=0 
15.(1-—x)y’=y 

a 

7Pafnuty L. Chebyshev (1821-1894), the most influential nineteenth-century Russian mathematician, was 

for 35 years professor at the University of St. Petersburg, which produced a long line of distinguished 

mathematicians. His study of Chebyshev polynomials began in about 1854 as part of an investigation of 

the approximation of functions by polynomials. Chebyshev is also known for his work in number theory 

and probability. 



E279 chapter 5 / Series Solutions of First-Order and Second-Order Linear Equations 

The Legendre Equation. Problems 17 through 23 deal with the 

Legendre® equation 

(1-x*)y” -2xy’+a(a+ly=0. 

As indicated in Example 5.4.4, the point x = 0 is an ordinary point of 

this equation, and the distance from the origin to the nearest zero of 

P(x) = 1—x? is 1. Hence the radius of convergence of series solutions 

about x = 0 is at least 1. Also notice that we need to consider only 

a > —1 because if w < —1, then the substitution a = —(1 + y), where 

y > 0, leads to the Legendre equation (1 — x”)y” — 2xy' + y(v + 1) 

y — 

17. 

yy (x) =1 TT 

yp (x) = x- ; 

18. 

ne 

20. 

0. 

Show that two solutions of the Legendre equation for |x| < 1 are 
—a@t 1) 2 i a(a—2)(a+1)(a+ 3) 4 

| 4! 
ie x (-1y"@ “(a —2m+2)(@+1)-:- (a+ 2m — 1) am, 

Bars (2m)! 

(a-1)(a+ 2) 3 i (a-l1)(a—- le +2)(a ays 

=e m(a@—1)+::(a@—2m+1)(4+2):--(4+2M) ani) 

fe 2a cy (m+)! aD aie 

Show that if @ is zero or a positive even integer 2n, the series 

solution y, reduces to a polynomial of degree 2n containing only 

even powers of x. Find the polynomials corresponding to a = 0, 

2, and 4. Show that if @ is a positive odd integer 2n + 1, the series 

solution y, reduces to a polynomial of degree 2n + 1 containing 

only odd powers of x. Find the polynomials corresponding to 

G= 1, 3;and 5: 

The Legendre polynomial P,,(x) is defined as the polynomial 

solution of the Legendre equation with a = n that also satisfies 

the condition P,,(1) = 1. 

a. Using the results of Problem 18, find the Legendre polynomi- 

als P(x), ... , Ps (0c). 

b. © Plot the graphs of Pp(x), ... , Ps(x) for -1 <x <1. 

c. Q Find the zeros of P(x), ... , Ps(x). 

The Legendre polynomials play an important role in mathe- 

matical physics. For example, in solving Laplace’s equation (the 

potential equation) in spherical coordinates, we encounter the 

equation 

dF ($) 
dg? + cot ane +n(n+1)F(¢)=0, 0<¢<Z, 

where n is a positive integer. Show that the change of variable 

x = cos(¢) leads to the Legendre equation with a = n for 

y=f(x) = F(arccos x). 

21. 

22. 

23. 

Show that for n = 0, 1, 2, 3, the corresponding Legendre polyno- 

mial is given by 

o” 02 - ayy Fx OD = Sant an 

This formula, known as Rodrigues’ formula,’ is true for all 

positive integers n. 

Show that the Legendre equation can also be written as 

((1—x?)y') =-a (a+ Dy. 

Then it follows that 

((1 — x?) Bi (x)) =-n(n+ DP, (x) 

and 

(1 — x2) BY, (x))) = —m(m + 1) Pp (x). 

By multiplying the first equation by P,,,(x) and the second equa- 

tion by P,,(x), integrating by parts, and then subtracting one 

equation from the other, show that 

1 

[a EMVz(CHcke=O times, 

-1 

This property of the Legendre polynomials is known as the 

orthogonality property. If m = n, it can be shown that the value 

of the preceding integral is 2/(2n + 1). | 

Given a polynomial f of degree n, it is possible to express f as a 

linear combination of Po, P;, P>, ..., P,: 

f@ = >) a @). 
k=0 

Using the result of Problem 22, show that 

1 

| POA ae 
1 

an = 

5.5 | EULER EQUATIONS; REGULAR SINGULAR POINTS 

In this section we will begin to consider how to solve equations of the form 

P(x)y” +Q(x)y’ +R(x)y =0 (1) 

eee ee 

8 Adrien-Marie Legendre (1752-1833) held various positions in the French Académie des Sciences from.1783 
onward. His primary work was in the fields of elliptic functions and number theory. The Legendre functions, 
solutions of Legendre’s equation, first appeared in 1784 in his study of the attraction of spheroids. 
*Benjamin Olinde Rodrigues (1794-1851) published this result as part of his doctoral thesis from the 
University of Paris in 1815. He then became a banker and social reformer but retained an interest in 
mathematics. Unfortunately, his later papers were not appreciated until the late twentieth century. 
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in the neighborhood of a singular point xo. Recall that if the functions P, Q, and R are 
polynomials having no factors common to all three of them, then the singular points of 
equation (1) are the points for which P(x) = 0. 

> Euler Equations. A relatively simple differential equation that has a singular point is the 
Euler equation!® 

Lly] = x?y” + axy’ + By = 0, (2) 

where « and are real constants. Then P(x) = x”, Q(x) = ax, and R(x) = B. If 8 # 0, then 

P(x), Q(x), and R(x) have no common factors, so the only singular point of equation (2) is 

x = 0; all other points are ordinary points. For convenience we first consider the interval 

xX > 0; later we extend our results to the interval x < 0. 

Observe that (x")’) = rx’-! and (x")” = r(r—1)x"-. Hence, if we assume that 

equation (2) has a solution of the form 

y=x', (3) 

then we obtain 

L[x"] = x2(x")" + x(x") + Bx" 

= xor(r =A) x! 52 ax (rx? s1)+ Bx" 

=x" [r(r—1)+ar+ 6]. (4) 

If r is a root of the quadratic equation 

F(r)=r(r—1)+ar+ 6 =0, (5) 

then L[x"] is zero, and y = x" is a solution of equation (2). The roots of equation (5) are 

—(a-1) + (a-1)° - 46 
hh= 5 (6) 

and the quadratic polynomial F(r) defined in equation (5) can also be written as 

F(r) =(r—1r,)(r — 2). Mirroring the treatment of second-order linear differential equations 

with constant coefficients, we consider separately the cases in which the roots are real 

and different, real but equal, and complex conjugates. Indeed, the entire discussion of 

Euler equations is similar to the treatment of second-order linear equations with constant 

coefficients in Chapter 3, with e™ replaced by x’. 

> Real, Distinct Roots. If F(r) = 0 has real roots r, and rz, with # nm, then y, (x) = x") 

and y> (x) = x’? are solutions of equation (2). Since 

W Pet, x"2] = (r = Axis 

is nonzero for 1, # % and x > 0, it follows that the general solution of equation (2) is 

Vie exe 7 ,) x0, (7) 

Note that if r is not a rational number, then x" is defined by x” = e” 2, 

10This equation is sometimes called the Cauchy-Euler equation or the equidimensional equation. Euler 

studied it in about 1740, but its solution was known to Johann Bernoulli before 1700. 
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eee 

EXAMPLE 5.5.1 

Solve 

2x2y" + 3xy'—y=0, x>0. (8) 

Solution: 

Substituting y = x” in equation (8) gives 

x" (2r(r —1) + 3r—1) = x" (27? +r —1) = x" Qr—-1)7 +1) =0. 

Hence 7, = ; and r, = —1, so the general solution of equation (8) is 

24 ex-l, x>0. (9) 
i 

YHQyx 

» EqualRoots. Ifthe rootsr, andr, are equal, then we obtain only one solution y, (x) = x"! 

of the assumed form. A second solution can be obtained by the method of reduction of order, 

but for the purpose of our future discussion we consider an alternative method. Since r) = 

rz, it follows that F (r) = (r — n). Thus in this case, not only does F(r,) = 0 but also F’(r;) 

= 0. This suggests differentiating equation (4) with respect to r and then setting r equal to 

r,. By differentiating equation (4) with respect to r, we obtain 

Sopt|= Lotro) = £(x-n)) 
=(r—- nx" In(x)+2(r—7n)x". (10) 

However, by interchanging differentiation with respect to x and with respect to r, we also 

obtain 

Sr x"] = L| <2" | = L[x" In(x)]. 

The right-hand side of equation (10) is zero for r = r,; consequently, L [x" In (x)] = 0 also. 

Therefore, a second solution of equation (2) is 

yo (x) =x"™In(x), x>0. (11) 

By evaluating the Wronskian of y, and y>, we find that 

W [x"1, x" In (x)] = x27171, 

Hence x" and x" In(x) are a fundamental set of solutions for x > 0, and the general 
solution of equation (2) is 

V=(CT HO M(x) ee OF (12) 

ae ee soe a se Re 

EXAMPLE 5.5.2 

Solve 

x*y"” + 5xy'+4y=0, x>0. (13) 
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Solution: 

Substituting y = x” in equation (13) gives 

x" (r(@7—1)+5r+4) =x" (r? + 4r +4) =0, 

Hence r; = r, = —2, and 

y=x77(4 +e, In (x), x >0 (14) 

is the general solution of equation (13). 

> Complex Roots. Finally, suppose that the roots r; and r, of equation (5) are complex 

conjugates, say, r; = A + iu and rz = A — iu, with uw # 0. We must now explain what is 

meant by x” when r is complex. Remembering that 

x! = ef In(x) (15) 

when x > 0 and r is real, we can use this equation to define x” when r is complex. Then, 

using Euler’s formula for e## ™@), we obtain 

Ati“ a e(A+ip) In(x) at eA In(x) pid In(x) — rei In(x) 

= x* (cos (uIn(x)) + isin(u1n(x))), x > 0. (16) 

With this definition of x” for complex values of r, it can be verified that the usual laws 

of algebra and differential calculus hold, and hence x"! and x’? are indeed solutions of 

equation (2). The general solution of equation (2) is 

yay xh tt + 64 xh ik, (17) 

The disadvantage of this expression is that the functions x++'# and x+~'# are complex- 
valued. Recall that we had a similar situation for the second-order differential equation 

with constant coefficients when the roots of the characteristic equation were complex. Just 

as we did then, we can use Theorem 3.2.6 to obtain real-valued solutions of equation (2) by 

taking the real and imaginary parts of x4 +i#, namely, 

x cos (uln(x)) and x sin (uln(x)). (18) 

A straightforward calculation shows (see Problem 29) that 

W [x* cos (In (x)), x* sin (un (x))| = wx?A-}. 

Hence these solutions form a fundamental set of solutions for x > 0, and the general solution 

of the Euler equation (2) is 

y = c,x* cos (u In (x)) + ca x* sintinex ax >,0. (19) 

EXAMPLE 5.5.3 

Solve 

x?y" +xy'+y =0. (20) 
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Solution: 

Substituting y = x” in equation (20) gives 

x(r(r—1) +r4+1) =x" (r? +1) =0. 

Hence r = +i, and the general solution is 

y =c, cos(In(x))+c,sin(In(x)), x>0. (21) 

The factor x* does not appear explicitly in equation (21) because in this example A = 0 and x* = 1. 

Now let us consider the qualitative behavior of the solutions of equation (2) near the 

singular point x = 0. This depends entirely on the values of the exponents r, and rp. First, 

ifr is real and positive, then x” > 0 as x tends to zero through positive values. On the other 

hand, if r is real and negative, then x" becomes unbounded. Finally, if r = 0, then x” = 1. 

Figure 5.5.1 shows these possibilities for various values of r. If r is complex, then a typical 

solution is x4 cos(u In(x)). This function becomes unbounded or approaches zero if A is 

negative or positive, respectively, and also oscillates more and more rapidly as x > 0. This 

behavior is shown in Figures 5.5.2 and 5.5.3 for selected values of A and yu. If A = 0, the 

oscillation is of constant amplitude. Finally, if there are repeated roots, then one solution is 

of the form x" In x, which tends to zero ifr > 0 and becomes unbounded ifr < 0. An example 

of each case is shown in Figure 5.5.4. 

EASTTSEERT Solutions of an Euler equation; real roots (i =0). 

y = x2 cos(5 In (x) 

O25 

=O 

Solution of an Euler equation; 
complex roots with negative real part. 
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EETESSEE Solution of an Euler equa- 
tion; complex roots with positive real part. 

| FIGURE 5.5.4 | The two typical second 

solutions of an Euler equation with equal 

roots: r > 0 (red), r < 0 (blue). 

The extension of the solutions of equation (2) into the interval x < 0 can be carried out 

in a relatively straightforward manner. The difficulty lies in understanding what is meant 

by x’ when x is negative and r is not an integer; similarly, In x has not been defined for 

x < 0. The solutions of the Euler equation that we have given for x > 0 can be shown to be 

valid for x < 0, but in general they are complex-valued. Thus in Example 5.5.1 the solution 

x'/? is imaginary for x < 0. 
It is always possible to obtain real-valued solutions of the Euler equation (2) in the 

interval x < 0 by making the following change of variable. Let x = —&, where & > 0, and 

let y = u(&). Then we have 

Ode dx? ‘ dé dx  dédx 
dy _dud§_ du ys @ (de) ee (22) 

dé} dx dé" 

Thus, for x < 0, equation (2) takes the form 

Pu du 

dé 

But except for names of the variables, this is exactly the same as equation (2); from equations 

(7), (12), and (19), we have 

+a&—+fPu=0, §&>0. (23) 

C16" + 09 €"2 if; and rf are real-valued and different 

3) (cy; + cz In(€)) €" ifm and rf are real-valued with 1 = % 
Uu = 

c,€ cos (uln(€)) + c€* sin(uln(€)) ifn,2 = A+ ip are complex-valued 

(u #0), 
(24) 
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depending on the nature of the zeros of F(r) = r(r — 1) + ar + 6 =0. To obtain u in terms 

of x, we replace € by —x in equations (24). 

We can combine the results for x > 0 and x < 0 by recalling that Ix = x when x > 0 and 

that |x| = —x when x < 0. Thus we need only replace x by |x| in equations ), (12), and (19) 

to obtain real-valued solutions valid in any interval not containing the origin. 

Hence the general solution of the Euler equation (2) 

x*y" +axy' + By =0 

in any interval not containing the origin is determined by the roots r and r, of the equation 

F(r)=r(r-1)+ar+f6 =0 

as follows. If the roots r; and r, are real and different, then 

y =¢y |x|"! +c |x|”. (25) 

If the roots are real and equal, then 

y =(c, +c In|x|) |x|". (26) 

If the roots are complex conjugates, r),2A + iu, then 

y = [xl (cos (un |x|) + ¢ sin (uIn|x|)). (27) 

The solutions of an Euler equation of the form 

(x — x9) yp" +a (x — x9) y’ + By =0 (28) 

are similar. If we look for solutions of the form y = (x — xq)’, then the general solution 

is given by equation (25), equation (26), or equation (27) with x replaced by x — Xp. 

Alternatively, we can reduce equation (28) to the form of equation (2) by making the change 
of independent variable t = x — x9. 

» Regular Singular Points. We now return to a consideration of the general equation (1) 

P(x)y" +Q(x)y’ +R(x)y =0, 

where Xp is a singular point. This means that P(x) = 0 and that at least one of Q and R is 
not zero at Xo. 

Unfortunately, if we attempt to use the methods of the preceding two sections to solve 
equation (1) in the neighborhood ofa singular point xo, we find that these methods fail. This 
is because the solution of equation (1) is often not analytic at xp and consequently cannot be 
represented by a Taylor series in powers of x — xp. Examples 5.5.1, 5.5.2, and 5.5.3 illustrate 
this fact; in each of these examples, the solution fails to have a power series expansion 
about the singular point x = 0. Therefore, to have any chance of solving equation (1) in 
the neighborhood of a singular point we must use a more general type of series expansion. 

Since the singular points of a differential equation are usually few in number, we 
might ask whether we can simply ignore them, especially since we already know how to 
construct solutions about ordinary points. However, this is not feasible. The singular points 
determine the principal features of the solution to a much larger extent than you might at 
first suspect. In the neighborhood of a singular point the solution often becomes large in 
magnitude or experiences rapid changes in magnitude. For example, the solutions found in 
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Examples 5.5.1, 5.5.2, and 5.5.3 are illustrations of this fact. Thus the behavior of a 
physical system modeled by a differential equation frequently is most interesting in the 
neighborhood ofa singular point. Often geometric singularities in a physical problem, such 

as corners or sharp edges, lead to singular points in the corresponding differential equation. 

Thus, although at first we might want to avoid the few points where a differential equation is 

singular, it is precisely at these points that it is necessary to study the solution most carefully. 

As an alternative to analytical methods, we can consider the use of numerical methods, 

which are discussed in Chapter 8. However, these methods are ill suited for the study 

of solutions near a singular point. Thus, even if we adopt a numerical approach, it is 

advantageous to combine it with the analytical methods of this chapter in order to examine 

the behavior of solutions near singular points. 

Without any additional information about the behavior of Q/P and R/P in the neigh- 

borhood of the singular point, it is impossible to describe the behavior of the solutions of 

equation (1) near x = x9. It may be that there are two distinct solutions of equation (1) that 

remain bounded as x — Xp (as in Example 5.5.3); or there may be only one, with the other 

becoming unbounded as x —> x9 (as in Example 5.5.1); or they may both become unbounded 

as X — Xp (as in Example 5.5.2). If equation (1) has solutions that become unbounded as 

X > Xo, it is often important to determine how these solutions behave as x > xy. For example, 

does y > oo in the same way as (x — 7 as or |x — Zale e or in some other manner? 

Our goal is to extend the method already developed for solving equation (1) near an 

ordinary point so that it also applies to the neighborhood of a singular point xy. To do this 

in a reasonably simple manner, it is necessary to restrict ourselves to cases in which the 

singularities in the functions Q/P and R/P at x = xg are not too severe—that is, to what 

we might call “weak singularities.” At this stage it is not clear exactly what is an acceptable 

singularity. However, as we develop the method of solution, you will see that the appropriate 

conditions (see also Section 5.7, Problem 16) to distinguish “weak singularities” are 

pee (x — Xo) oN is finite | (29) 

and 

: 2oR de aes, z 
en (x — Xo) P(x) is finite. (30) 

This means that the singularity in Q/P can be no worse than (x — 5 and the singularity 

in R/P can be no worse than (x — foe Vice Such a point is called a regular singular point of 

equation (1). For equations with more general coefficients than polynomials, xo is a regular 

singular point of equation (1) if it is a singular point and if both’? 

Q(x) 
P(x) 

2 R(x) P(x) (31) (x — Xo) and (x— Xo) 

have convergent Taylor series about x)—that is, if the functions in equation (31) are analytic 

at x = Xp. Equations (29) and (30) imply that this will be the case when P, Q, and R are 

polynomials. Any singular point of equation (1) that is not a regular singular point is called 

an irregular singular point of equation (1). 

Observe that the conditions in equations (29) and (30) are satisfied by the Euler equation 

(28). Thus the singularity in an Euler equation is a regular singular point. Indeed, we will 

see that all equations of the form (1) behave very much like Euler equations near a regular 

The functions given in equation (31) may not be defined at xo, in which case their values at xp are to be 

assigned as their limits as x > xp. 
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singular point. That is, solutions near a regular singular point may include powers of x with 

negative or nonintegral exponents, logarithms, or sines or cosines of logarithmic arguments. 

In the following sections we discuss how to solve equation (1) in the neighborhood 

of a regular singular point. A discussion of the solutions of differential equations in the 

neighborhood of irregular singular points is more complicated and may be found in more 

advanced books. 

EXAMPLE 5.5.4 

Determine the singular points of the Legendre equation 

(1—x?)y” —2xy’+a(a+1)y=0 (32) 

and determine whether they are regular or irregular. 

Solution: 

In this case P(x) = 1 — x, so the singular points are x = 1 and x = —1. Observe that when we 

divide equation (32) by 1 — x2, the coefficients of y’ and y are —2x/(1 — x”) and a(a + 1)/( — x’), 

respectively. We consider the point x = 1 first. From equations (29) and (30), we calculate 

—2x .. (x-1)(-2x) i 2X 
—————_-:~ = ———$<$<—<——— TY) =1 
1—x2 xsi —-x)(1+x)) x511+%x 

lim (x — 1) 
x1 

and 

F (x —1) a(a +1) 

ee ee 

Lim SL DEO@eD yg 
x1 1+x 

Since these limits are finite, the point x = 1 is a regular singular point. 

It can be shown in a similar manner that x = —1 is also a regular singular point. 

EXAMPLE 5.5.5 

Determine the singular points of the differential equation 

5x (x — 2)° y" + 3xy’+(x-2)y=0 

and classify them as regular or irregular. 

Solution: 

Dividing the differential equation by 5x(x — 2)’, we have 

OO) e S23) i RO) A alae 
PG) Se tgs, aisy? 1 PAX) SKE DY 

x = 2. Consider x = 0. We have 

so p(x) = . The singular points are x = 0 and 

lim xp (x) = lim x ————_~ = 0, 
x0 x0 5(x SS 2) 

and 

lim x*q (x) = lim x? 0. 
x0 x 

1 4 

=o 5x (6-2). "> 
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Since these limits are finite, x = 0 is a regular singular point. 
For x = 2 we have 

2 ‘ : 5 S 
lim —2 c= | HP) ee — Pe osee ein Ga2) por insa 5, 

so the limit does not exist; hence x = 2 is an irregular singular point. 
eT a 

— ee ee eee 

EXAMPLE 5.5.6 

Determine the singular points of 

T 2 

9 (x - =) y” + (cos(x)) y’ + (sin(x)) y =0 
2 

and classify them as regular or irregular. 

Solution: 

The only singular point is x = z 
2 

(x- =) p(x) = (x- 5) OGy 
cos (x) 

. To study it, we consider the functions 

P(x) 9(x—-72/2) 

and 

Starting from the Taylor series for cos(x) about x = > we find that 

3! 5! 

sin (x) 2 

(eg) a) a 

cos(x) 1 (1+ (x= m/2y" _ (x= 7/2)" +) 
9(x—7/2) 9 

which converges for all x. Similarly, sin(x) is analytic at x = >: Therefore we conclude that > isa 

regular singular point for this equation. 

Problems 

In each of Problems 1 through 8, determine the general solution 

of the given differential equation that is valid in any interval not 

including the singular point. 

2. (x+1)y”’ +(x+1)' +y=0 

4, x*y" — Oxy’ + 25y=0 

6. xy” — 5xy’ + 8y=0 

1. x*y” + 5xy’ + 3y=0 

3. x*y” — S5xy’ + 9y=0 

5. x*y" + 7xy’-y=0 

. x*y" — 3xy’ + 4y =0 

. (x-1)y" + 8(x—-1)y’ +12y=0 on 

In each of Problems 9 through 11, find the solution of the given 

initial-value problem. Plot the graph of the solution and describe how 

the solution behaves as x > 0. 

9. @2x*y" +7’ -3y=0, w1)=1, y)=2 

10. © 4x*y" + 8xy’+17y=0, y(1)=2, y()=-1 

11. Oxy" — 3xy’+4y=0, w-1)=2, y(-1)=3 

In each of Problems 12 through 23, find all singular points of 

the given equation and determine whether each one is regular or 

irregular. 

12. 23xy" +(1—x)y’ + 17 xy =0 
13. x?(1 —x)*y" + 3xy’ + 4y =0 

14. x7(1 —x)y” + (x — 3)y' — 3xy =0 

15. (x? +x—2)y"+(x+ Dy’ +4y=0 

16. 5(x +1) xy” + 4x (4-x?)’ + (2+ 3x)y =0 

17. x?y" +xy' +(x*-v?)y=0 (Bessel equation) 

18. (x + 2)°(x— Ly" + 3x — Dy’ — 3(x + 2)y=0 

19. 17x*y” + 9x? sin(x)y’ +(1 - cos(x))y = 0 

20. x*y” + 2(e* — 1)y’ + (e* cos x)y = 0 

21. y” + (in Ixl)y’ + 4xy =0 

22. (sinx)y” +xy’ + 2y=0 

23. (x sin x)y” + 3y’ + 2xy =0 
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24. Find all values of a for which all solutions of xy” + axy’ + 3ly 

= 0 approach zero as x — 0. 

25. Find all values of 6 for which all solutions of x*y” + By = 0 

approach zero as x > 0. 

26. Find y so that the solution of the initial-value problem x’y” — 2y 

= 0, V1) = 1, y'((1) = y is bounded as x — 0. 

27. Consider the Euler equation x’y” + axy’ + By = 0. Find condi- 

tions on a and £ so that: 

. All solutions approach zero as x > 0. 

. All solutions are bounded as x = 0. 

. All solutions approach zero as x > oo. 

. All solutions are bounded as x > oo. 

. Allsolutions are bounded both as x > 0 and asx > ow. 

28. Using the method of reduction of order, show that if m is a 

repeated root of 

ofhka Sf ®& 

(r—1)+3ar+76 =0, 

then x” and x” In x are solutions of x?y” + 3axy' + 7By = 0 for 

10! 

29. Verify that W[x* cos(u In(x)), x* sin(u In(x))] = px !. 

In each of Problems 30 and 31, show that the point x = 0 is a regular 

singular point. In each problem try to find solutions of the form 

oy a,x". Show that (except for constant multiples) Problem 30 has 
n=0 

only one nonzero solution of this form in and that Problem 31 has no 

nonzero solutions of this form. Thus in neither case can the general 

solution be found in this manner. This is typical of equations with 

singular points. 

30. 2xy" + 3y’+xy=0 

31. 2x*y" + 3xy'-(1+x)y =0 

5.6 

32. Singularities at Infinity. The definitions of an ordinary point 

and a regular singular point given in the preceding sections 

apply only if the point x, is finite. In more advanced work in 

differential equations, it is often necessary to consider the point 

at infinity. This is done by making the change of variable § = 1/x 

and studying the resulting equation at = 0. Show that, for the 

differential equation 

P(x)y"+Q(x)y' +R(x)y = 9, 

the point at infinity is an ordinary point if 

R(1/§) 
§4P (1/5) 

1 /2Pa/g) _ Qa/é 
TEN E Z ) ae 

have Taylor series expansions about § = 0. Show also that the 

point at infinity is a regular singular point if at least one of the 

above functions does not have a Taylor series expansion, but both 

R(Q/§) 
§2P (1/8) 

e  2Pa/t) @a/g) 
a pe eee a 

do have such expansions. 

In each of Problems 33 through 37, use the results of Problem 32 to 

determine whether the point at infinity is an ordinary point, a regular 

singular point, or an irregular singular point of the given differential 

equation. 

33. Sy’ +2y=0 
34. 3x2y" + xy’ — 14y=0 

35. (1 — x?)y” — 22xy’ + 7a(a + 1)y=0 

36. Ty” — 32xy' + Ay =0 
37. 8y" —9xy =0 

SERIES SOLUTIONS NEAR A REGULAR SINGULAR 
POINT, PART | 

We now consider the question of solving the general second-order linear differential 
equation 

P(x)y” +Q(x)y'+R(x)y=0 (1) 

in the neighborhood of a regular singular point x = x). For convenience we assume that 
Xo = 0. If Xo # 0, the equation can be transformed into one for which the regular singular 
point is at the origin by letting x — x9 equal t. 

The assumption that x = 0 is a regular singular point of equation (1) means that 
xQ(x)/P(x) = xp(x) and x?R(x)/P(x) = x?q(x) have finite limits as x > 0 and are analytic 
at x = 0. Thus they have convergent power series expansions of the form 

LDC) =) Dads ed Co == ae (2) 
n=0 n=0 
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on some interval |x| < p about the origin, where p > 0. To make the quantities xp(x) and 
x*q(x) appear in equation (1), it is convenient to divide equation (1) by P(x) and then to 
multiply by x’, obtaining 

xy" + x (xp(x))y’ + (x?q(x)) y = 0, (3) 

or 

x7y" + x(Po + Pix +--+ + Pax + dy’ 

(qo Fix th Gg, xX" ++) y = 0. (4) 

Notice that the first terms of xp(x) and of x?q(x) are 

yee Re) 
DEY EP Gy 0) PR lai op Gaye (5) 

If all other coefficients P, and q,, for n > 1 in equation (2) are zero, then equation (4) reduces 

to the Euler equation 

x*y" + poxy’ + goy = 0, (6) 

which was discussed in the preceding section. 

In general, of course, some of the coefficients p, and q,,,n > 1, are not zero. However, the 

essential character of solutions of equation (4) in the neighborhood of the singular point is 

identical to that of solutions of the Euler equation (6). The presence of the terms p,x + -:- 

+ p,x" +--+» and q\x + +++ +q,x”" +--+» merely complicates the calculations. 

We restrict our discussion primarily to the interval x > 0. The interval x < 0 can be treated, 

just as for the Euler equation, by making the change of variable x = —& and then solving 

the resulting equation for € > 0. 

The coefficients in equation (4) can be viewed as “Euler coefficients” times power series. 

To see this, you can write the coefficient of y’ in equation (4) as 

Pox (1 ee ee en ee ), 
Po Po Po 

and similarly for the coefficient of y. Thus it may seem natural to seek solutions of equation 

(4) in the form of “Euler solutions” times power series. Hence we assume that 

co oO 

y=x" (Ag tayxt--+ a,x" ++) =x" > ann s= ye ape; (7) 
n=0 n=0 

where dy # 0. In other words, r is the exponent of the first nonzero term in the series, and 

dg is its coefficient. As part of the solution, we have to determine: 

1. The values of r for which equation (1) has a solution of the form (7) 

2. The recurrence relation for the coefficients a, 
oO 

3. The radius of convergence of the series yy ax 
n=0 

The general theory was constructed by Frobenius” and is fairly complicated. Rather 

than trying to present this theory, we simply assume, in this and the next two sections, 

Ferdinand Georg Frobenius (1849-1917) grew up in the suburbs of Berlin, received his doctorate in 1870 

from the University of Berlin, and returned as professor in 1892. For most of the intervening years he was 

professor at the Eidgenéssische Polytechnikum at Ziirich. He showed how to construct series solutions about 

regular singular points in 1874. His most distinguished work, however, was in algebra, where he was one of 

the foremost early developers of group theory. 
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that there does exist a solution of the stated form. In particular, we assume that any power 

series in an expression for a solution has a nonzero radius of convergence and concentrate 

on showing how to determine the coefficients in such a series. To illustrate the method of 

Frobenius, we first consider an example. 

EXAMPLE 5.6.1 

Solve the differential equation 

2x2y" —xy’+(1+x)y =0 (8) 

Solution: 

It is easy to show that x = 0 is a regular singular point of equation (8). Further, xp) = —1/2 and 

x*q(x) = (1 + x)/2. Thus py = —1/2, qo = 1/2, qy = 1/2, and all other p,,’s and q,,’s are zero. Then, 

from equation (6), the Euler equation corresponding to equation (8) is 

2x*y" —xy'’+y=0. (9) 

To solve equation (8), we assume that there is a solution of the form (7). Then y’ and y” are given 

by 

y= si a, (Fen) xt} (10) 
n=0 

and 

yl Ss ay, (r+ny(r+n—1)x"tn-2, (11) 
n=0 

By substituting the expressions for y, y’, and y” in equation (8), we obtain 

2x*y" — xy’ +(1+x)y= >) 2an (rt nyr+n—1)x"" 

oe oO co 

Ee > ayn (r+n)x"th + De a,xttn + » a,xrtnt! (12) 

n=0 n=0 n=0 

ee) 

The last term in equation (12) can be written as Ds a,_,x'*", so by combining the terms in 
n=1 

equation (12), we obtain 

2x*y" — xy’ +(1+x)y = ap (2r(r—1) —r +1)x" 

+ y (2r+n7r+n-1)-(r+n) +1 a, +ay_})x7t" =0. (43) 
n=1 

If equation (13) is to be satisfied for all x, the coefficient of each power of x in equation (13) must 
be zero. From the coefficient of x” we obtain, since ay # 0, 

ar(r —1)-—rt+1=2r?-3r+1=(-D2r-1 =0. (14) 

Equation (14) is called the indicial equation for equation (8). Note that it is exactly the polynomial 
equation we would obtain for the Euler equation (9) associated with equation (8). The roots of the 
indicial equation are 

h=1, h= 
Nie (15) 

These values of r are called the exponents at the singularity for the regular singular point 
x = 0. They determine the qualitative behavior of the solution (7) in the neighborhood of the 
singular point. 
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Now we return to equation (13) and set the coefficient of x"*+" equal to zero. This gives the 
relation 

2(r+n)(r+n-1)-(r+n)+1l)a,+a,_,; =0, n>1, (16) 

or 

UU SR RSE TA Ve Sor Ne Sea 
2(r+n) -3(r+n)4+1 

Qn-1 

irri =Datenai. oo (17) 

For each root r; and ry of the indicial equation, we use the recurrence relation (17) to determine a 
set of coefficients aj, 2, .... For r =r; = 1, equation (17) becomes 

Qn-) 

on One tn 

Thus 

a 

Oh oaecerT, 
ee es a 

AP Se De (S05 (Ld), 

and 

ee ee 
SST Bi VANS so: Tee 18): 

In general, we have 

a (<" nee (18) 
(3-5-7 “Qn+1)nl° oP 

If we multiply both the numerator and denominator of the right-hand side of equation (18) by 2 - 

4-6---+-2n=2"n!, we can rewrite a,, as 

(-1)" 2 
ame (n+) °° ret 

Hence, if we omit the constant multiplier ay, one solution of equation (8) is 

Vine) = (1+) + 2 sae sah «), SoS). (19) 

To determine the radius of convergence of the series in equation (19), we use the ratio test: 

2 |x| Crate sae = lim 

noo (2n + 2)(2n + ae Ayx 
lim 
noo 

for all x. Thus the series converges for all x. 
1 Rae : 

Corresponding to the second rootr = h = 5 we proceed similarly. From equation (17) 

we have 

Qn-1 pas Ss an-1 n>1 

ee wage ae 
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Hence 

Qo 
as eae rr 

SO oe ee eet 
nC mew ORE ES Gey) ewe 

SSP Ne Oe dati carck be euraatoes 
gs) (aes) (hes). 

and, in general, 

n 

(OA (<D Nels (20) 
n 
ps zr 

ni(l-3-5:--(Qn—1))° 

Just as in the case of the first root r;, we multiply the numerator and denominator by 2:4-6----: 

2n = 2"n!. Then we have 

eevee = One ie 
oe On 

Again omitting the constant multiplier ay, we obtain the second solution 

= (-1)"2" n aoo=x2(145) Gn)! x } ga 0) (21) 

As before, we can show that the series in equation (21) converges for all x. Since y, and yz 

behave like x and x!/?, respectively, near x = 0, they are linearly independent and so they form 

a fundamental set of solutions. Hence the general solution of equation (8) is 

Y=Cyy (X) + Cy2(x), x>0. 

The preceding example illustrates that ifx = 0 is a regular singular point, then sometimes 

there are two solutions of the form (7) in the neighborhood of this point. Similarly, if there 

is a regular singular point at x = Xp, then there may be two solutions of the form 

y =(X—Xo)’ D) an (x — x9)" (22) 
n=0 

that are valid near x = x. However, just as an Euler equation may not have two solutions of 
the form y = x’, so a more general equation with a regular singular point may not have two 
solutions of the form (7) or (22). In particular, we show in the next section that if the roots 
r, and r of the indicial equation are equal or differ by an integer, then the second solution 
normally has a more complicated structure. In all cases, though, it is possible to find at least 
one solution of the form (7) or (22); ifr, and r2 differ by an integer, this solution corresponds 
to the larger value of r. If there is only one such solution, then the second solution involves a 
logarithmic term, just as for the Euler equation when the roots of the characteristic equation 
are equal. The method of reduction of order or some other procedure can be invoked to 
determine the second solution in such cases. This is discussed in Sections 5.7 and 5.8. 

If the roots of the indicial equation are complex, then they cannot be equal or differ by an 
integer, so there are always two solutions of the form (7) or (22). Of course, these solutions 
are complex-valued functions of x. However, as for the Euler equation, it is possible to obtain 
real-valued solutions by taking the real and imaginary parts of the complex solutions. 

Finally, we mention a practical point. If P, Q, and R are polynomials, it is often much 
better to work directly with equation (1) than with equation (3). This avoids the necessity 
of expressing xQ(x)/P(x) and x?R(x)/P(x) as power series. For example, it is more convenient 
to consider the equation 

x(1+x)y"+2y’+xy =0 
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than to write it in the form 

2 
PR x , x x2y" + ——— = 0, 
4 Ltx np (Pes x 

which would entail expanding 2 and x in power series. 
Ihqpas Ibapes 

Problems 

In each of Problems 1 through 6: 

a. Show that the given differential equation has a regular singular 

point atx =0. 

b. Determine the indicial equation, the recurrence relation, and the 

roots of the indicial equation. 

c. Find the series solution (x > 0) corresponding to the larger root. 

d. If the roots are unequal and do not differ by an integer, find the 

series solution corresponding to the smaller root also. 

4xy" + 2y’+y=0 

xy" +y'+x*y=0 

2x7y" + 3xy' + (2x? -1)y=0 

xy" — x(x + 3)y' +(x + 3)y=0 

The Legendre equation of order a is 

2. xy" + xy’ + (x? — 25)y=0 

4. 2xy" + 2y’-y=0 

Ob a 

(1-— x?) y” —2xy’+a(a+1)y=0. 

The solution of this equation near the ordinary point x = 0 was 

discussed in Problems 17 and 18 of Section 5.4. In Example 5.5.4 

it was shown that x = +1 are regular singular points. 

a. Determine the indicial equation and its roots for the point 

Need: 

b. Find a series solution in powers of x — 1 forx —1>0. 

Hint: Write 1 +x =2+(x-1) andx=1+(@- 1). 

Alternatively, make the change of variable x — 1 = t and 

determine a series solution in powers of t. 

8. The Chebyshev equation is 

(1- x?) y” — xy’ + 46’y =0, 

where f is a constant; see Problem 8 of Section 5.4. 

a. Show that x = 1 and x = —1 are regular singular points, and 

find the exponents at each of these singularities. 

b. Find two solutions about x = 1. 

9. The differential equation is 

xy” -(44+x)' + 2y=0. 

a. Show that x = 0 isa regular singular point. 

b. Determine the indicial equation, its roots, and the recurrence 

relation. 

c. Find one solution. 

10. The Bessel equation of order zero is 

xy! 4 cyst x7y = 0. 

a. Show that x = 0 is a regular singular point. 

b. Show that the roots of the indicial equation are r; = r, = 0. 

c. Show that one solution for x > 0 is 

(Guy eee 
Jo (x) =1+ > i (nly 9 

n=1 

The function Jo is known as the Bessel function of the first 

kind of order zero. 

d. Show that the series for Jy(x) converges for all x. 

11. Referring to Problem 10, use the method of reduction of order 

to show that the second solution of the Bessel equation of order 

zero contains a logarithmic term. 

Hint: If yx) = Jo(x)v(x), then 

dx 
Y2 (x) = Jo «| meee eK 

X (Io (x)) 

Find the first term in the series expansion of ————, 
xp (x)) 

12. The Bessel equation of order a is 

x?y" + xy’ + (x?-a*)y =0, 

where a is a non-negative constant. 

a. Show that x = 0 is a regular singular point. 

b. Show that the roots of the indicial equation are r,; = a and 

lr =-a. 

c. Show that one solution for x > 0 is 

AS hy ol re, 
LSE (+3, nl22" (1 FOO)” ) 

The function J, is known as the Bessel function of the first 

kind of order a. 

d. Show that the series for J,(x) converges for all x. 

e. Show that it is impossible to determine a second solution of 

the form 

co 

aS Rian pe a0) 
n=0 
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SERIES SOLUTIONS NEAR A REGULAR SINGULAR 

POINT, PART Il 

Now let us consider the general problem of determining a solution of the equation 

5.7 

L[y] = x?y" +x (xp(x))y’ + (x7q(x)) y =9, (1) 

where 

Xp (x) =) pak 696) => doe (2) 
n=0 n=0 

and both series converge in an interval |x| < p for some p > 0. The point x = 0 is a regular 

singular point, and the corresponding Euler equation is 

x?y” + poxy’ + qoy = 0. (3) 

We seek a solution of equation (1) for x > 0 and assume that it has the form 

oe) [o0) 

Y=, x) =x ae tas (4) 
n=0 n=0 

where dy # 0, and we have written y = ¢(r, x) to emphasize that ¢ depends on r as well as 

x. It follows that 

oo foo} 

va » (+n)ayx tt", y= Y (r+n)(r+n—1)a,x"t"-2, (5) 
n=0 

Then, substituting from equations (2), (4), and (5) in equation (1) gives 

L[¢](r,x) = aor (r —1)x" +a, (r+ 1)rx"*1 +--+ a,(rtn)\(r+n—1)x"t" +... 

+ (Po + PiX + +++ + Pyx” + +++) (agrx” +a, (r+1)x"t! +... 

+ An (r+n)x"*" +...) 

+ (Go + Q1X +++ +X" + +++) (Agx” + ayx"t} + taynxlt” +...) 

= 0. 

Multiplying the infinite series together and then collecting terms, we obtain 

L{$] (1%, x) = aoF (r) x" + (a,F (r + 1) + ao (pyr + qi) x"! 

+ (2F (7 + 2) + ag (Dar + Qo) + ay (pi (7. + 1) + Qi) x"*? 

te + (AnF (r +) + Qo (Par + Gn) + Q) (Pn-1 7 +1) + dn-1) 

beschan=y rn) eig) ag 
=0, 

or, in a more compact form, 

L$] = aoF (r) x" 
co n—-1 

at >» f (r+Nn)an + ») ay (1 +k) pn- + an) XP =O) (6) 
n=l k=0 
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where 

F(r)=r(v—1)+ por + q. (7) 

For equation (6) to be satisfied for all x > 0, the coefficient of each power of x must be zero. 
Since dag # 0, the term involving x” yields the equation F(r) = 0. This equation is called 

the indicial equation; note that it is exactly the equation we would obtain in looking for 

solutions y = x” of the Euler equation (3). Let us denote the roots of the indicial equation 

by r; and r2 with r, > ry if the roots are real. If the roots are complex, the designation of 

the roots is immaterial. We expect to find solutions of equation (1) of the form (4) only for 

these two values of r. The roots r; and r are called the exponents at the singularity; they 

determine the qualitative nature of the solution in the neighborhood of the singular point. 

Setting the coefficient of x’*” in equation (6) equal to zero gives the recurrence 

relation 

n= 

F(r+n)a,+ » Ge sK) Past nee) =O, N21: (8) 
k=0 

Equation (8) shows that, in general, a,, depends on the value of r and all the preceding 

coefficients dp, aj, ... , A, ;. It also shows that we can successively compute aj, dp, ... 

a, ... in terms of dp and the coefficients in the series for xp(x) and x*q(x), provided that 

F(r + 1), F(r + 2), ..., F(r + n), ... are not zero. The only values of r for which F(r) = 0 

are r =r, and r = ry; since r, > rp, it follows that r; + n is not equal to r; or r, forn > 

1. Consequently, F (4 +n) 4 0 for n > 1. Hence we can always determine one solution of 

equation (1) in the form (4), namely, 

’ 

yy (x) = x" ( af > an at ee O (9) 
rs 

Here we have introduced the notation a,(r,) to indicate that a, has been determined 

from equation (8) with r = r;. The solution involves an arbitrary constant; the solution 

in equation (9) is obtained by assigning ag the value 1. 

If r2 is not equal to r;, and r, — r is not a positive integer, then rz + n is not equal to ry 

for any value of n > 1; hence F (m + n) # 0, and we can also obtain a second solution 

V2 (x) = x72 ( + } an (h) “"), ee 0; (10) 
n=1 

Just as for the series solutions about ordinary points discussed in Section 5.4, the series in 

equations (9) and (10) converge at least in the interval |x| < p where the series for both xp(x) 
(oe) 

and x*q(x) converge. Within their radii of convergence, the power series 1 + Sy Cy (He 
n=1 

Co 

and 1+ Ds An (m%) x" define functions that are analytic at x = 0. Thus the singular behavior, 

n=t 
if there is any, of the solutions y; and yp is due to the factors x"! and x’? that multiply these 

two analytic functions. 

Next, to obtain real-valued solutions for x < 0, we can make the substitution x = —§ with 

— > 0. As we might expect from our discussion of the Euler equation, it turns out that we 

need only replace x" in equation (9) and x’? in equation (10) by |x| "l and |x|'2, respectively. 

Finally, note that if r, and r, are complex numbers, then they are necessarily complex 

conjugates and r, #r, + N for any positive integer N. Thus, in this case we can always find 

two series solutions of the form (4); however, they are complex-valued functions of x. Real- 

valued solutions can be obtained by taking the real and imaginary parts of the complex- 

valued solutions. 
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The exceptional cases in which r, = rz or r; — r2 = N, where N is a positive integer, 

require more discussion and will be considered later in this section. 

It is important to realize that r; and r2, the exponents at the singular point, are easy to 

find and that they determine the qualitative behavior of the solutions. To calculate r; and 

rp, it is only necessary to solve the quadratic indicial equation 

r(r —1)+ por + qo = 0, (11) 

whose coefficients are given by 

Po = lim xp(X), qo = lim x?q(x). (12) 
x0 x-0 

Note that these are exactly the limits that must be evaluated in order to classify the 

singularity as a regular singular point; thus they have usually been determined at an earlier 

stage of the investigation. 

Further, if x = 0 is a regular singular point of the equation 

P(x)y” +Q(x)y’ +R(x)y =0, (13) 

where the functions P, Q, and R are polynomials, then xp(x) = xQ(x)/P(x) and x?q(x) = 

x?R(x)/P(x). Thus 

Big OG): aval eRe 
0 ene Mate of 200 aC) So 

Finally, the radii of convergence for the series in equations (9) and (10) are at least equal to 

the distance from the origin to the nearest zero of P other than the regular singular point 

x= Oitself. 

EXAMPLE 5.7.1 

Discuss the nature of the solutions of the equation 

7x(1+x)y"+(8+x)y’ —xy=0 

near the singular points. 

Solution: 

This equation is of the form (13) with P(x) = 7x(1 + x), Q(x) = 8 + x, and R(x) = —x. The points 

x = 0 and x = —1 are the only singular points. The point x = 0 is a regular singular point, since 

: Q(x) : 8+x 8 limx= = EON ELOIE eid 
INS Geen) OE 

: R(x) ; —x Bins & line 
one P(x) ted 7x (1 +x) ne 

: 8 
Further, from equation (14), py = 7 and qo = 0. Thus the indicial equation is r (r — 1) + =r ='0; 

ss 
and the roots are r, = 0,4 = —3. Since these roots are not equal and do not differ by an integer, 

there are two solutions of the form 

V(x) = 14+ ys Gy (0)x" andy, (x) = |x|” ( 1 yy n (-5)»") = 
n=l n=1 

for 0 < |x| < p. A lower bound for the radius of convergence of each series is 1, the distance from 
x = 0 tox = —1, the other zero of P(x). Note that the solution y, is bounded as x > 0, indeed is 
analytic there, and that the second solution y, is unbounded as x > 0. 
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The point x = —1 is also a regular singular point, since 

Q(x) ee ANS RX) 
a Seay ee are 

R(x) (e+ 1) (x) | 
ES) pa Se aS 

In this case pp = —1, qo = 0, so the indicial equation is r(r — 1) — r = 0. The roots of the indicial 

equation are r; = 2 and r, = 0. Corresponding to the larger root there is a solution of the form 

y; (x) = (x +1) ( + D) dy (2)(x + v) 
n=k 

The series converges at least for |x + 1| < 1, and y, is an analytic function there. Since the two 

roots differ by a positive integer, there may or may not be a second solution of the form 

V2 (x) =1+ }) ay (OMx+". 
n=1 

We now consider the cases in which the roots of the indicial equation are equal or differ 

by a positive integer, r; — r2 = N. As we have shown earlier, there is always one solution 

of the form (9) corresponding to the larger root r, of the indicial equation. By analogy with 

the Euler equation, we might expect that if r; = rz, then the second solution contains a 

logarithmic term. This may also be true if the roots differ by an integer. 

> Equal Roots. The method of finding the second solution is essentially the same as the 

one we used in finding the second solution of the Euler equation (see Section 5.5) when 

the roots of the indicial equation were equal. We consider r to be a continuous variable and 

determine a,, as a function of r by solving the recurrence relation (8). For this choice of a,,(r) 

for n > 1, the terms in equation (6) involving x’ *!,x"*?,x"*3, ... all have coefficients equal 

to zero. Therefore, since r, is a repeated root of F(r), equation (6) reduces to 

Lg] (r,x) = agF (7) x" = ao (r—H) x". (15) 

Setting r =r, in equation (15), we find that L[¢](r,, x) = 0; hence, as we already know, y, (x) 

given by equation (9) is one solution of equation (1). But more important, it also follows 

from equation (15), just as for the Euler equation, that 

a =| (4,x) = a= (x"(r - n)’) 

lt Hy ((r—n)x" In x +2(r—n)x")| =O, (16) 
r=ry, 

r=r, 

Hence, a second solution of equation (1) is 

vet = £ (x (2 + a Ay (r) x") 

=(x"l In x) (2 + >} ay, nx") ext yan x 
n=1 n=1 

0 ’ yp (x) = PL) 
r=", 

Co 

= y, (x) Inx+x" Y) a, (4) x",x > 0, (17) 
n=l 

da 
where aj, (nm) denotes ae evaluated at r =r. 
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Although equation (17) provides an explicit expression for a second solution y2(x), it 

may turn out that it is difficult to determine a,(r) as a function of r from the recurrence 

relation (8) and then to differentiate the resulting expression with respect to r. An alterna- 

tive is simply to assume that y has the form of equation (17). That is, assume that 

y=y (x) Inx+ x” » Baye X= 0, (18) 

ijl 

where y,(x) has already been found. The coefficients b, are calculated, as usual, by 

substituting into the differential equation, collecting terms, and setting the coefficient of 

each power of x equal to zero. A third possibility is to use the method of reduction of order 

to find y,(x) once y; (x) is known. 

> Roots r, and r, Differing by an Integer N. For this case the derivation of the second 

solution is considerably more complicated and will not be given here. The form of this 

solution is stated in equation (24) in the following theorem. The coefficients c,(rz) in 

equation (24) are given by 

C, (b)= AG — hh) ay (r)) Se ee cae (19) 
r=r2 

where a,(r) is determined from the recurrence relation (8) with ag = 1. Further, the 

coefficient a in equation (24) is 

@ = jim (r —) an (Vr). (20) 

If ay(72) is finite, then a = 0 and there is no logarithmic term in y,. A full derivation of 

formulas (19) and (20) may be found in Coddington (Chapter 4). 

In practice, the best way to determine whether a is zero in the second solution is simply 

to try to compute the a, corresponding to the root rz and to see whether it is possible to 

determine aj(r2). If so, there is no further problem. If not, we must use the form (24) 

with a £0. 

When r; — r, = N, there are again three ways to find a second solution. First, we can 

calculate a and c,(r2) directly by substituting the expression (24) for y in equation (1). 

Second, we can calculate c,,(r2) and a of equation (24) using the formulas (19) and (20). 

If this is the planned procedure, then in calculating the solution corresponding to r =r, be 

sure to obtain the general formula for a,(r) rather than just a,,(r,). The third alternative is 

to use the method of reduction of order. 

The following theorem summarizes the results that we have obtained in this section. 

Consider the differential equation (1) 

x*y" + x ((xp(x)))y’ + [x2q(x)] y = 0, 

where x = 0 is a regular singular point. Then xp(x) and xq(x) are analytic at x = 0 with 
convergent power series expansions 

xp) = Dip nen Gin) = gaa. 
n=0 n=0 
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for |x| < p, where p > 0 is the minimum of the radii of convergence of the power series for 
xp(x) and x*q(x). Let r; and r, be the roots of the indicial equation 

F(r) =r(r—1)+ por + qo = 0, 

with r; > r, if r; and r, are real. Then in either the interval —p < x < 0 or the interval 
0 <x <9, there exists a solution of the form 

Vi (x) = |x|" ( + Dn ys") (21) 
n=1 

where the a,,(r,) are given by the recurrence relation (8) with aj = 1 andr=r,. 

CASE 1 Ifr, —ry is not zero or a positive integer, then in either the interval —p <x <Oor 

the interval 0 < x < p, there exists a second solution of the form 

yz (x) = |x|"? ( + D) Mn ys) (22) 
n=1 

The a,(r2) are also determined by the recurrence relation (8) with aj = 1 and 

r =F. The power series in equations (21) and (22) converge at least for |x| <p. 

CASE 2 Ifr, =1r), then the second solution is 

Yo (©) = Vy (x) In |x| + |x|" DY Bn (H) x”. (23) 
n=1 

CASE3 Ifr, —r. =N,a positive integer, then 

Ya (x) = ayy (x) In |x| + |x|" ( + i en a") (24) 
n=1 

The coefficients a,(r,), b,(r;), and c,(r2) and the constant a can be determined by 

substituting the form of the series solutions for y in equation (1). The constant 

a may turn out to be zero, in which case there is no logarithmic term in the 

solution (24). Each of the series in equations (23) and (24) converges at least for 

|x| < p and defines a function that is analytic in some neighborhood of x = 0. 

In all three cases, the two solutions y,(x) and y,(x) form a fundamental set of 

solutions of the given differential equation. 

Problems 

In each of Problems 1 through 8: 7. (x —2)?(x + 2)y” + 4xy' + 3(x — 2)y=0 
2 Nayi , = 

a. Find all the regular singular points of the given differential Baad Sara tehayictnsy 430 

heat Hiei? é : In each of Problems 9 through 12: 
b. Determine the indicial equation and the exponents at the singu- 

larity for each regular singular point. a. Show that x = 0 isa regular singular point of the given differential 

equation. 

1. (1-x)y"+(1-x)y’-y=0 b. Find the exponents at the singular point x = 0. 

2. 2xy" +y' + 1x + 2x*)y =0 c. Find the first three nonzero terms in each of two solutions (not 

3. xy” + 2xy’' + bey =0 multiples of each other) about x = 0. 

4. 3x(x+2)y’+y’ —xy=0 

5. Sxy" + Sy’ +(x? +.x4)y =0 9. dy" +(x + Dy’ 2y=0 

6. Ly" - 3(¢ +2x2) y’ -173y =0 10. (2x + x!)y" — y' - oxy = 0 
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ll. 2x0 -x)y” + -x)y’ + 3y =0 15. Consider the differential equation 

12. x(1 -x)y” - 3xy’-y=0 

13. a. Show that x3y" +axy’ + By = 0, 

i 1 / 

(In (x)) y” + Be Ma 0 

has a regular singular point at x = 1. 

b. Determine the roots of the indicial equation at x = 1. 

c. Determine the first three nonzero terms in the series 
oO 

> a,(x-1)'*" corresponding to the larger root. 
n=0 

You can assume x — 1 > 0. 

d. What would you expect the radius of convergence of the 

series to be? 

14, In several problems in mathematical physics, it is necessary to 

study the differential equation 

XA eX) VEY Clie 19) oy — Ab y = 0, (25) 

where a, 6, and y are constants. This equation is known as the 

hypergeometric equation. 

a. Show that x = 0 is a regular singular point and that the roots 

of the indicial equation are 0 and 1 — y. 

b. Show that x = 1 is a regular singular point and that the roots 

of the indicial equation are 0 and y — a — f. 

c. Assuming that 1 — y is not a positive integer, show that, in 

the neighborhood of x = 0, one solution of equation (25) is 

ap a(a+1)B(6 +1) 
Ns ais reo ae 

What would you expect the radius of convergence of this 

series to be? 

d. Assuming that 1 — y is not an integer or zero, show that a 

second solution for 0 < x < lis 

14 @Hv+ B= +D 
ya) = 21-7 ( @-y)I 

16. 

tee i. 
2-y)G=y)2! 

e. Show that the point at infinity is a regular singular point 

and that the roots of the indicial equation are a and £. See 

Problem 32 of Section 5.5. 

where a and £ are real constants and a # 0. 

a. Show that x = 0 is an irregular singular point. 

b. By attempting to determine a solution of the form 
lee) 

> a,,x't", show that the indicial equation for r is linear 
n=0 : 

and that, consequently, there is only one formal solution of 

the assumed form. 

c. Show that if B/a = —1, 0, 1, 2, ... , then the formal series 

solution terminates and therefore is an actual solution. For 

other values of 8/a, show that the formal series solution has 

a zero radius of convergence and so does not represent an 

actual solution in any interval. 

Consider the differential equation 

” a / B ve HG, (26) 

where a # 0 and 6 # Oare real numbers, and s and t are positive 

integers that for the moment are arbitrary. 

a. Show that ifs >1ort> 2, then the point x = 0 is an irregular 

singular point. 

b. Try to find a solution of equation (26) of the form 

(27) 

Show that if s = 2 and t = 2, then there is only one possible 

value of r for which there is a formal solution of equation (26) 

of the form (27). 

c. Show that if s = 1 and t = 3, then there are no solutions of 

equation (26) of the form (27). 

d. Show that the maximum values of s and t for which the 

indicial equation is quadratic in r (and hence we can hope 

to find two solutions of the form (27)) are s = 1 and t = 2. 

These are precisely the conditions that distinguish a “weak 

singularity,” or a regular singular point, from an irregular 

singular point, as we defined them in Section 5.5. 

As a note of caution, we point out that although it is sometimes 
possible to obtain a formal series solution of the form (27) at an 
irregular singular point, the series may not have a positive radius 
of convergence. See Problem 15 for an example. 
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5.8 | BESSEL’S EQUATION 

In this section we illustrate the discussion in Section 5.7 by considering three special cases 
of Bessel’s!> equation, 

x*y" + xy’ +(x? -v?)y =0, (1) 

where v is a constant. It is easy to show that x = 0 is a regular singular point of equation (1). 
We have 

Mee OC) 1 
= lim x al = 

EO eixcao P(@) esd 1, 

R(x) 8 Mia" 
= lim x* = 2 = yy? 

40 x0 si P (x) x0 x2 Yee! 

Thus the indicial equation is 

F(r)=r(r—1) + por + qo 

=r(r—l+r—-v=r2-v* =0, 

with the roots r = +v. We will consider the three cases v = 0, v = > and v = 1 for the 

interval x > 0. Bessel functions will reappear in Sections 11.4 and 11.5. 

> Bessel Equation of Order Zero. In this case v = 0, so differential equation (1) reduces to 

L{y] = x?y” + xy’ + x?y =0, (2) 

and the roots of the indicial equation are equal: r; = r, = 0. Substituting 

Y= PCr) =agx a,x” (3) 
3 n=) 

in equation (2), we obtain 

et) On mr tn — 1) (rt n))x*? + DT a,x’ tht? 
n=0 n=0 

=ag(r(r—1)4+r)x" +4a,(r+Dr+(r+1))x"*! 

foe) 

+) (GQn(rt+ny\r+n-1)+ (+n) + an_2)x"t" =0. (4) 
n=2 

As we have already noted, the roots of the indicial equation F(r) = r(r — 1) + r = 0 are 

r, = Oand r, = 0. The recurrence relation is 

An—2(r) An_2(r) 
a, (1) = ->—-———- Oss = CO 2. 5 
n (7) (r+n)rt+tn—-1)+("+n) (r +n) (6) 

To determine y,(x), we set r equal to 0. Then, from equation (4), it follows that for the 

coefficient of x” +! to be zero we must choose a, = 0. Hence, from equation (5), a3 = as = 

13 Friedrich Wilhelm Bessel (1784-1846) left school at the age of 14 to embark on a career in the import- 

export business but soon became interested in astronomy and mathematics. He was appointed director of the 

observatory at K6nigsberg in 1810 and held this position until his death. His study of planetary perturbations 

led him in 1824 to make the first systematic analysis of the solutions, known as Bessel functions, of 

equation (1). He is also famous for making, in 1838, the first accurate determination of the distance from 

the earth to a star. 
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a7 = +: =0. Further, 

Ay —2 (0 
ayn (0) = Sn), nN = 2,4,6,8,.., 

or, letting n = 2m, we obtain 

Thus 

and, in general, 

Hence 

Arm-2 (0 
aA2am (0) —, _ S2m=2 (0) m= leer Brae 

(2m)° 

ag ao _ ag 
a (0) = — 5274 (0) = Fapn? %6 (0) = aaa 

aie a 
Arm (0) = ae m = 1,2,3,.... 

22m (m!) 

y1 (x) = ag ( +> feb =} x 0. 
m1 22™(m!)* 

(6) 

(7) 

The function in brackets is known as the Bessel function of the first kind of order zero 

and is denoted by Jo(x). It follows from Theorem 5.7.1 that the series converges for all x 

and that Jo is analytic at x = 0. Some of the important properties of J are discussed in the 

problems. Figure 5.8.1 shows the graphs of y = Jo(x) and some of the partial sums of the 

series (7). 

ETTSEREH Polynomial approximations to Jy(x), the 
Bessel function of the first kind of order zero. The value of n 

\ 
n=Z n=6 n=10 n=14 n=I8 

is the degree of the approximating polynomial. 

W=4 = San 2 nom 20 

To determine y2(x) we will use equation (17) in Section 5.7. This requires that we 
calculate’ aj, (0). First we note from the coefficient of x’+! in differential equation (4) 

4Problem 9 outlines an alternative procedure, in which we simply substitute the form (23) of Section 5.7 in 
equation (2) and then determine the b,,. 
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that (r + 1)?a;(r) = 0. Thus a,(r) = 0 for all r near r = 0. So not only does a,(0) = 0 but also 
a; (0) = 0. From the recurrence relation (5) it follows that 

a (0) = a 0) = = any (0) = = 0; 
hence we need only compute a4,,, (0), m = 1,2, 3, .... From equation (5) we have 

Agm (r) = - i ieee ay A ae 

By solving this recurrence relation, we obtain 

a 

(r + 2) (yr +2) (r+ 4) 

and, in general, 

og IY 

Agm (r) = Bae NG e001) a MO 2 Mp (8) 
(r +2)? + (r+ 2m) 

The computation of a}, (r) can be carried out most conveniently by noting that if 

Ff (%) = (= a (x = a2)? (2 = 045)? — tn)", 

and if x is not equal to a, @,..., @,, then 

Tae Pe 2 ge 
f(x) x-a@ x-a@ x—ay 

Applying this result to a,,,(r) from equation (8), we find that 

Arm (Tr) _ Bf 1 1 1 ) 
ai er em er rae A 

ary r+2 +4 r+2m 

and setting r equal to 0, we obtain 

1 1 i 
Ay, (0) = -2(5 ae ri S72 008 Sp ==) @2m (0). 

Substituting for a2,,(0) from equation (6), and letting 

tal 1 
= ~+-= _— 9 H 1+ aa ee? (9) 

we obtain, finally, 

(-1)” ao a, (0) = —H,, ———_;, m=1,2,3..... 4m (0) ™ 92m ( Ne 

The second solution of the Bessel equation of order zero is found by setting a) = 1 and 

substituting for y;(x) and a},, (0) = b2yy (0) in equation (23) of Section 5.7. We obtain 

(= De Hm ns 

y2 (x) = Jo (x) In x + y Kenn ee 0, (10) 
ma 22" (my 

Instead of yz, the second solution is usually taken to be a certain linear combination of 

Jo and y . It is known as the Bessel function of the second kind of order zero and is 
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denoted by Yo. Following Copson (Chapter 12), we define’ 

Yo (x) = = (2 (8) + (Y= In 2).Jo (0). (11) 

Here y is a constant known as the Euler-Mascheroni!® constant; it is defined by the 

equation 

y = lim (H,, — Inn) = 0.5772. (12) 
n-o 

Substituting for y2(x) in equation (11), we obtain 

Ee Tha a ie ; 

Yo (x) = = (y+in5 ) Jo (x) + 2 SL _Tmy2m |, x > 0, (13) 
mai 2 (m!)° 

The general solution of the Bessel equation of order zero for x > 0 is 

Y = CyJo (X) + €2Yo (x). 

Note that Jo(x) > 1 as x > O and that Yo(x) has a logarithmic singularity at x = 0; that is, 

Y0(x) behaves as (2/77) In x when x > 0 through positive values. Thus, if we are interested 

in solutions of Bessel’s equation of order zero that are finite at the origin, which is often the 

case, we must discard Yo. The graphs of the functions Jg and Yo are shown in Figure 5.8.2. 

The Bessel functions of order zero: 

y = Jo(x) (blue) and y = Y,(x) (red). 

It is interesting to note from Figure 5.8.2 that for x large, both Jo(x) and Yo(x) are 
oscillatory. Such a behavior might be anticipated from the original equation; indeed it is 
true for the solutions of the Bessel equation of order v. If we divide equation (1) by x”, we 
obtain 

" cy, v? ey 
y a) 1 x2 ye. 

For x very large, it is reasonable to conjecture that the terms (1/x)y’ and (v?/x?) y are 
small and hence can be neglected. If this is true, then the Bessel equation of order v can 

——— eee 

Other authors use other definitions for Yo. The present choice for Y, is also known as the Weber function, 
after Heinrich Weber (1842-1913), who taught at several German universities. 

©The Euler-Mascheroni constant first appeared in 1734 in a paper by Euler. Lorenzo Mascheroni (1750- 
1800) was an Italian priest and professor at the University of Pavia. He correctly calculated the first 19 decimal 
places of y in 1790. 
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be approximated by 

y"+y=0. 

The solutions of this equation are sin(x) and cos(x); thus we might anticipate that the 

solutions of Bessel’s equation for large x are similar to linear combinations of sin(x) and 

cos(x). This is correct insofar as the Bessel functions are oscillatory; however, it is only 

partly correct. For x large the functions Jp and Yo also decay as x increases; thus the equation 

y” + y = 0 does not provide an adequate approximation to the Bessel equation for large x, 

and a more delicate analysis is required. In fact, it is possible to show that 

Jo (x) = se cos (x - =) as X> 0 (14) 

and that 

Yo (x) = (4) sin (x _ =) as X70. (15) 

These asymptotic approximations, as x — oo, are actually very good. For example, 

Figure 5.8.3 shows that the asymptotic approximation (14) to Jo(x) is reasonably accurate 

for all x > 1. Thus to approximate Jo(x) over the entire range from zero to infinity, you can 

use two or three terms of the series (7) for x < 1 and the asymptotic approximation (14) for 

x2 E 

Asymptotic approximation to Jo(x). 

> Bessel Equation of Order One-Half. This case illustrates the situation in which the roots 

of the indicial equation differ by a positive integer but there is no logarithmic term in the 

second solution. Setting v = 5 in equation (1) gives 

1 
L[y] =x?y" + xy’ + (x? — x) = 0, (16) 
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When we substitute the series (3) for y = $(7, x), we obtain 

co 

LI@o= DY (e+e +n-)+(r+n)- 7) an xrtn 4 S ayxttn+2 
n=0 n=0 

= (7? - z)a x +((r+ 17 z)ax"*! 
7 bes 4 

1 
+ 8 ((¢ + n) — ) An + TREE =1(); (17) 

4 
n=2 

pile & maleaA Xf 1 1 : 
The roots of the indicial equation r“ — vie Oarern = 5 andm = — 5? hence the roots differ 

by an integer. The recurrence relation is 

Oy ull! 

1 ‘ : 
Corresponding to the larger root» = <=, we find, from the coefficient of x’ e511) 

equation (17), that a, = 0. Hence, from equation (18), a3 = ds = +++ = Gy,41 = +1: =O. 

Further, for r = rt 

an—2 
FS ey, MS Cy (95035 

@n n(n+1) 

or, letting n = 2m, we obtain 

a2m-2 
Qy=- ; — lee 
eit 2m (2m + 1) ge 

By solving this recurrence relation, we find that 

226 = OS 
CF ae sae 

and, in general, 

m 
=!) 
Ce hn i oe am = = 

a Omi 

Hence, taking ag = 1, we obtain 

vie x2m+1 
(x) =x'2@(14 » (CO epee 2 Ce eaiial 

M1 (2m + 1)! Gee Se Saar +1)! ’ aes (19) 

The second power series in equation (19) is precisely the Taylor series for sin(x); hence one 
solution of the Bessel equation of order one-half is x~!/* sin(x). The Bessel function of the 

first kind of order one-half, J,/2, is defined as (2/ x)? y,. Thus 

1/2 
2; ‘ 

Jig (x) = (=) Sit (0) 0. (20) 

: Une, : 
Corresponding to the root mh = Bo 5e it is possible that we may have mien in 

computing a, since N = r, — r2 = 1. However, from equation (17) forr = —-=, the 

coefficients of x” and x"*! are both zero regardless of the choice of dy and ay. Pee Ao 
and a; can be chosen arbitrarily. From the recurrence relation (18), we obtain a set of 
even-numbered coefficients corresponding to dg and a set of odd-numbered coefficients 
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corresponding to a. Thus no logarithmic term is needed to obtain a second solution in this 

case. It is left as an exercise to show that, for r = -5. 

_ (-1)"a9 (-1)"a, 
Q2n sa (2n)! > Q2n+4+1 ame? (2n +1)!’ n= 2a 

Hence 

ye xn NG x2nt+l 
meet. Cir a ie cali y2 (x) =x (20 i) aca ay = ayy Sr) 

__ cos(x) sin (x) 
SU eagroy A Neary ae ses), (21) 

The constant a, simply introduces a multiple of y,(x). The second solution of the ee 

equation of order one-half is usually taken to be the solution for which ag = (2/ 7)? an 

a, = 0. It is denoted by J_,/2. Then 

1/2 

ee (x) =(4) cos(x), x>0. (22) 

The general solution of equation (16) is y = c,Jy/2(x) + C2J_1/2(). 

By comparing equations (20) and (22) with equations (14) and (15), we see that, except 

for a phase shift of 7/4, the functions J_,/2 and J; resemble J) and Yo, respectively, for 

large x. The graphs of J,/. and J_j,/2 are shown in Figure 5.8.4. 

The Bessel functions of order one-half: 

y =Jy2(x)(blue) and y = J_/2(x)(red). 

> BesselEquationofOrder One. Thiscase illustrates the situation in which the roots of the 

indicial equation differ by a positive integer and the second solution involves a logarithmic 

term. Setting v = 1 in equation (1) gives 

L[y] = x?y" + xy’ + (x?-1)y=0. (23) 

If we substitute the series (3) for y = $(r, x) and collect terms as in the preceding cases, we 

obtain 

L[¢](r,x) = ag i —1)x’ +a, ((r + 1° - irae 

+ ¥ (+m? -A)an + ayaa)" 0 4) 
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The roots of the indicial equation r? — 1 = 0 are r; = 1 and r, = —1. The recurrence 

relation is 

((r + ny - 1) ay (1) = —Gyao’), alt 22: (25) 

Corresponding to the larger root r = 1, the recurrence relation becomes 

An-2 
eres Peon ot Ress 

on (n+2)n 

We also find, from the coefficient of x” +! in equation (24), that a, = 0; hence, from the 

recurrence relation, a; = a; = -:: = 0. For even values of n, we can write n = 2m, where m 

is a positive integer; then 

a2m-2 a2m-2 x bes OOMS? yt ote einem al pmaneoyaie 
72m (2m + 2)(2m) 22(m+1)m 

By solving this recurrence relation, we obtain 

(-1)” ao ; ap eer Bet FAN ice end OPA ee (26) 
2m = 52m (m + 1)lm! 

The Bessel function of the first kind of order one, denoted by Jy, is obtained by choosing 

Gq = 2. Hence 

xe el) x 
i) a Ze sin = + Dim!" G7) 

The series converges absolutely for all x, so the function J; is analytic everywhere. 

In determining a second solution of Bessel’s equation of order one, we illustrate the 

method of direct substitution. The calculation of the general term in equation (28) below 

is rather complicated, but the first few coefficients can be found fairly easily. According to 

Theorem 5.7.1, we assume that 

Yo (x) = aJ, (x) Inx + x7! ( + » ent") x0: (28) 
n=} 

Computing y; (x) and yy (x), substituting in equation (23), and making use of the fact that 

J, is a solution of equation (23), we obtain 

2axF{ (x) + D) (n-1)(n = 2)en + (M—1)ey — ey) x" 1+ DY cyx"*1=0, (29) 
n=0 n=O 

where cp = 1. Substituting for J; (x) from equation (27), shifting the indices of summation 

in the two series, and carrying out several steps of algebra, we arrive at 

(es) 

—c, + (0-2 +9) x + >) ((n? -— 1) engi + Cn_1) x” 
n=2 

oem S (-1)™ (2m +1) x241 

: of 3 eee 
(30) 

From equation (30) we observe first that c, = 0, and a = —cy = —1. Further, since there are 
only odd powers of x on the right, the coefficient of each even power of x on the left must 
be zero. Thus, since c,; = 0, we have c; = cs = + = 0. Corresponding to the odd powers 
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of x, writing n = 2m + 1 on the left-hand side of equation (30), we obtain the following 
recurrence relation: 

(-1)" (Qm +1) 2 
2 sat 1 SO (( m+ 1) ) coma ar Com 22m (m ri Dim! ’ m = 1,2,3.,.... (31) 

When we set m = 1 in equation (31), we obtain 

Notice that c2 can be selected arbitrarily, and then this equation determines c,. Also notice 
that in the equation for the coefficient of x, c, appeared multiplied by 0, and that equation 
was used to determine a. That c, is arbitrary is not surprising, since c, is the coefficient of x 

co 

in the expression x~! {1+ sy C,x" }. Consequently, cy simply generates a multiple of J, 
n=l 

and y, is determined only up to an additive multiple of J,. In accordance with the usual 
practice, we choose c, = 1/2”. Then we obtain 

—1 3 —1 1 

ee ad 

It is possible to show that the solution of the recurrence relation (31) is 

PD Gat one), =, 
i 22mmi(m—1)! ” ae 

with the understanding that Hy = 0. Thus 

Co Ent Hoa on) x>0. (32) 
1 = (= 

ag 2D 2(1- 22mm! (m — 1)! 

The calculation of y2(x) using the alternative procedure (see equations (19) and (20) 

of Section 5.7) in which we determine the c,(r,) is slightly easier. In particular, the latter 

procedure yields the general formula for c,, without the necessity of solving a recurrence 

relation of the form (31) (see Problem 10). In this regard, you may also wish to compare 

the calculations of the second solution of Bessel’s equation of order zero in the text and in 

Problem 9. 

The second solution of equation (23), the Bessel function of the second kind of order 

one, Yj, is usually taken to be a certain linear combination of J; and y2. Following Copson 

(Chapter 12), Y; is defined as 

2) 
¥y (x) = = (Ya (x) + (y — In2) i (x), (33) 

where y is defined in equation (12). The general solution of equation (23) for x > 0 is 

y = Cy (x) + €2 Yj (x). 

Notice that although J, is analytic at x = 0, the second solution Y; becomes unbounded in 

the same manner as 1/x as x > 0. The graphs of J; and Y, are shown in Figure 5.8.5. 
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The Bessel functions of order one: 

y = J,(x) (blue) and y = Y,(x) (red). 

> Generating Function for Bessel Function J,, (x). Now, we will show that J, (x) is the 
x 1 ) oA is 

coefficient of z” in expansion of e 2 ( z/ and also (—1)" J, (x) is the coefficient of z~” in 

sia lige 
expansion of e 2 Z/, We have 

2 n n+1 =[1+(%)+5-(¥) eres E= toy (¥) us +] 

2 1) n ttl n+1 ares rei) ied) ice, + (4) mnt 

Coefficient of z” on right hand side is 

i n 1 n+1 2 , 

=a ara sl Gh ma tarp a 4) -G)” + (35) 

Rewriting equation (34), we have 

mit ay aay (ia (igr (2) oi pe 
I-@™@+i! \2/ + o-@+ar- 

Ete ye Came 

l-(n+r)t \2 NCES 
oe. Ee Ly x\n+2r 

i T(n+r+1) (5) 
=0 

= Jn (x). 
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Similarly, coefficient of z~” gives 

me. 

mel). n (2 ee n+l ie n+2 2 n+2 

=S-°G) +g GG) +S 3 ee M2) ND a 

Gey ree net, (0 CN) ey x4 
Seo Maier) Moneta) 

(-1)” (2) mee pyr? xy 
AG yn fou 2 Timea Popes) ee 

fae ke eu x 
Cy Laan (n+r)! ile 

enn oy (1), x\nt2r 

ant) Daren ati C2) 

=(-1)" Jn (x). 

EXAMPLE 5.8.1 

Show that 

Jn (—X) = (-1)" Jn (x). (36) 

Solution: 

Using the generating function, we have 

Pl e ries Yi Ig (x2 : (37) 

Replacing x by —x in equation (37), we get 

Se eect a alt n=-© 

From equation (37) 

yy nx): 2" = >) 2)" 
n=-o n=—-o 

So we have 

Sige 2] Y, In OeD 2" (38) 
n=-o© n=—0o 

Equating the coefficients of z” on both sides we have 

J, x) shoal) Fy). 

EXAMPLE 5.8.2 

Using the generating function, prove that 

a. 2Jn (x) = In-1 (*) — Ing (X) 

b. 2nd, (x) = x Jn41 &) + Jnr ()} 
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Solution: 

(a) Generating function is given as 

ele ‘i In (x) +2", 
n=—0o 

Differentiate both sides with respect to x, we have 

ira ‘ 5 : (2- =) = y J (x) +2” 
n=—oo 

>(2-<), .: URIGG) Zin) 2s x IL Coo 
n=—-o n=-o 

=> 3 Juloos (art ated Nea as iS Go eae ake 
n=—-oo n=-o 

> = IgG =D dQ) a St ilar 
n=—-oo n=—0 n=—-o 

Equating the coefficients of z”, we have 

Jn-1 (*) = Ing1 0) = Jn O) 

(b) Take the generating function again 

ae . FiGoegin 

n=—-c© 

Differentiate both sides with respect to z, we have 

x 1 
- eta). E.a42%)= 3 nye! 

n=—-co 

=> % (U2) NT, Go) eS ea 
n=—oo n=—oo 

co co foe) 

>X- > PCO isrstor Bee 0 a Jy) er eo oF Av dpteyoz 
n=—©o n=—o n=—0o 

Comparing the coefficients of z"-! on both sides, we have 

x Un41 (X) + Jn—1 ()} = 2nJy (x). 

> Recurrence Relations on Bessel’s Polynomial. In mathematics, a recurrence relation is 
an equation that recursively defines a sequence or multidimensional array of values based 
on a rule that gives the next term as a function of the previous term(s). 

Theorem 5.8.1 | Recurrence Relations | 

a (X"Jn XD} = XJy_1 (X) 
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To prove recurrence relation I, use the following definition of J, (x): 

d cs cd + ioe) . , il x 2r+n 

ax * Jn COL = Te x 2 1) Tame) 

co 

Ee. ie 1 1 a Catitaa| 

AOA GN to 8 a 

co 
(—1)' (2r + 2n) x2rt2n-1 

nD (n+r+1)22r+n 
r=0 

Sea in ea 
~Oorl(nt+nlntry  2ren [

Tn +1) =nT (a) 

aoe - eay eye 

fay teh lar 1) \2 

= baked Ba (x) . 

Theorem 5.8.2 | Recurrence Relations II 

Sfx (2) = "Inns (2). 

To prove recurrence relation II, use the following definition of J), (x): 

> d a 1 2r+n 

< o Jn (X)} = ae x wc iy) TC ENE ae ) | 

= ody 1d yy 
- 2 Se dx (x) 

-> (-1)' 2rx2r-1 
PS DG Ard) 228 

o a (-1)' x 
aye Lb GE rat 1) 22rt+n-1 

ay (- Ly x2r-1 

cs ny SIT @brael)) 22rtn=1 

= (since (r ~ Dl= co when r = 0 so the term corresponding to 

r = 0 vanishes) 

[oe] 

m=0 

- (on changing the variable of summation to m = r — 1 so that 

r=m+1.Thenm =0whenr = 1andm = o andr = o) 

ae ely Denes \D 
ES ee ae ee il 

ee deere 1) 

Cn yx2m+2-1 yn, y—n 

mir(nt+m+2)  22m+2+n-1 

n+1+2m 

(on changing the variable of function from m to r) 

= —xX7 "In 41 (x). 
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Theorem 5.8.3 | Recurrence Relations III 

Ih (*) = Ina (*) - (4) Jn @)- 

To prove recurrence relation III, rewrite recurrence relation I as following: 

nx"—" Jc) 50 iy ey ar Te) 

Dividing both side by x"—!, we have 

Jy (x) + XIn (X) = XIn—1 (X) 

> (2) Jn) + In 2) = In 

> J (x) = Jn) — (4) In 

Theorem 5.8.4 | Recurrence Relations IV 

; n Jn (*) = (5) In @) ~ Ina 

To prove recurrence relation IV, rewrite recurrence relation II as following: 

=nx Poly(x¢)4-xe B(x) = x0 Ing OS). 

Dividing both side by x~", we have 

—nx~"JIn (x) + In (X) = Ings (X) 

n > (-=) Jn @) + Sh @) = Ing 

>In @)= (2) n@) Ja), 

Theorem 5.8.5 | Recurrence Relations V 

Th 2) = 5 Una (8) ~Jnar @O} 

To prove recurrence relation V, add recurrence relations II and IV. 

Jn (xX) = In—-1 (X) — Jng1 (X) 

> In (X) = 5 Una ®) ~ Ins CO}. 

Theorem 5.8.6 | Recurrence Relations VI 

Int 2) +Jnar 0) = (=) In 
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To prove recurrence relation VI, subtract recurrence relation IV from III. 

0 = Ina (%) + Ing 0) — (2) sn (2). 

> Ini) + Ing1 @) = (=) Jn). 

EXAMPLE 5.8.3 

Prove that 

d n n+1 ay UR + Ra) = 2(492 - “= 72,1) (45) 

Solution: 

Replacing n by n + 1 in equation (41), we get 

Rep 
Inez. = — Insi t In (46) 

Differentiating left hand side of equation (45), we get 

d 2 2 ! r 
dx Ce +Jn41) = UInIn + WInsidnsg1 

Putting values from equations (42) and (46), we get 

ul d n n 
dx Ga + Jha) = Jn (Jn —Jns1) a; 2Jn+1 (- ne +Jn) 

n+1 
=2 (=3 a A be ne on simplification 

EXAMPLE 5.8.4 

Prove that 

a. Jo+2(P + JF +B +++) =1 

b. Wy(x)| <1 

Solution: 

(a) Replacing n by 0, 1, 2, 3... successively in equation (45) proved in Example 5.8.3, we get 

d Pe Ney 1 P = (8 +J?) =2(0- =J) 

d i 2 

dg 8+ 8) = 2 (50 - 22) 
d 2 cae 
ay (2 +8) = 2(28 - 29) 

Adding these column wise and noting J, > 0 as n — oo, we get 

d 
a [B+2G+G+3+--)) =0 

Integrating, 

IR (x) +22) +B) +H X)+-) HC (47) 
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Replacing x by 0 in equation (47) and noting that Jo (0) = 1 and J, (0) = 0 for n > 1, we get 

14+2(0+0+0+--:)=C orC = 1. Hence equation (47) becomes 

Bt+2( + B+ R+-)=1 (48) 

(b) From equation (48), we have 

=1-2(R +R +R + t+ +R + Rat: ) (49) 

Since J?, J?, J?, ... are all positive or zero, equation (49) gives 

Jé < 150 that |Jo (x)| <1. 

EXAMPLE 5.8.5 

Prove that 

C3) ees (50) 

Solution: 

Using equation (49) from Example 5.8.4 part (b) and solving for J7 

1 R= : (1-J3)-(G? + B+ BR +--+ Rta t-) (51) 

Since J?, J3, JZ, ... are all positive or zero, (51) gives 

1 
hee 5 0 that |J, (x)| < 27’, wheren > 1. 

EXAMPLE 5.8.6 

Prove that 

a. ih (x) = —J; (x). 

b 

b. | HOA @)ax = 518 @-8O) 

Solution: 

(a) Putn = 0 in recurrence relation II, we get 

d 
dx/0 (x) = —Jy (x) (52) 

(b) Using (52), we have 

b b 

iE (x) Jy (x) dx = — iE Ged) dx 

ao | Uo OOF | 
2 a 

=11R@-RO)| Cee 
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> Orthogonal Properties of Bessel’s Polynomial. Let us show that if a and f are roots of 
the equation J, (Aa) = 0 then 

D 0 ifa #B (different roots) 
[=n (ax) Jn (Bx) dx = 4 @2 . (53) 

Zn 4, Aja) ifaj=a= £8 (equal roots) 

CASE 1: Roots are different, a + B 

Let a # 6,so a and are distinct roots of the equation J, (Aa) = 0. Hence 

Jn (aa) =0 and J, (Ba)=0 

Let us assume u(x) = Jy (ax) and v(x) = Jy, (Bx). Then u(x) and v(x) are the 

Bessel functions which are the solutions of the following Bessel equations: 

x?u" + xu’ + (a?x? —n?)u=0 (54a) 

and 

x?p" + xv’ + (62x? —n?)v = 0, (54b) 

respectively. 

Multiply equation (54a) by ~ and equation (54b) by -= and adding, we get 

x (vu" — uv") + (vu — uv’) + (a? — B*) xuv = 0, 

[x (ou! — wv")] + (a? — 2) xuv = 0, (55) 

£ [x (ou! — w")] = (62 - a?) xuv 

Integrating equation (55) with respect to x from 0 to a, we have 

[x (vu! — uv’)]p = (6? - a2) | xu dx. (56) 

0 

Now, put u(x) = Jy, (ax), v(x) = Jpn (Bx) and u’ = a- Jn (ax), v’ = B+ Jp (Bx) in 

equation (56), we have 

(6? — a) | xJn (ax) Jn (Bx) dx = [x In (BX) + Ih (@X) — In (aX) + B «In (BX) 

; = a(In (Ba) Ih (a) ~ Jy (ea) - Jf (Ba) 
=0. (BecauseJ, (aa) = Oand Jy (Ba) = 0) 

Hence (6? — a”) [xn (ax) Jn (Bx) dx = 0, 

0 

> | =n (ax) Jn (Bx) dx =0. (Because a # f) 

0 



| 284 | Chapter 5 / Series Solutions of First-Order and Second-Order Linear Equations 

CASE 2: Roots are equal, a = f. 

We assume that f is in neighborhood of a, then as Case 1 we have 

(Peace) [=n (ax) Jn (Bx) dx = [x Un (Bx) - In (aX) — In (@X) B+ In Bx) Io 
0 

= a(n (Ba) - a - In (aa) — Jn (a) - B - Jn (Ba). 

Using the relation J, (aa) = 0, we have 

(6? — a?) Be (ax) Jy (Bx) dx =a-J, (Ba): a- Jp (aa) 

0 

= | xJn (42) Jn (BX) dx = blues 
0 

Now take limit 6 approaches to a on both sides, we have 

aa : Jn (Ba) - Jn (4a) 
a 

lim | J, (ax) Jn (Bx) dx = fim 2) 
0 

Right hand side is ( 5) form, so substituting wa = a; using L’Hopital rule, 

we have 

F 2 yO Ti BOI lee; 
| 2 (ax) dx = lim ———2—_—_+— Boysnley) 

Boa 2p 
0 

a 3 ; 2 

SN RAT (oe 
| (ax) dx = oe 

“ut 5 5 See ee, 0 

Recurrence relation IV is Using recurrence relation IV, we have 

Ing (X) = ~Ih(X) + 2 In), a : 
2 jx @ 2 

Replacing x by a, we have iE [Jn | dx = 2 In+1 (a)] 

0 
Ings (Oi) = —Tn (i) + In (GH) 
Using @ = aa, J, (aa) =0 j 2 a2 (a) = Jha) > | xt @o? dx = Spar a? 

0 

Problems 2A 

In each of Problems 1 through 3, show that the given differential c. Determine the first three nonzero terms in the series 
equation has a regular singular point at x = 0, and determine two S or f 

solutions for x > 0 > Gea e corresponding to the larger root. You can 
n=0 

1. a. Show that assume x — 1 > 0. 

d. What would you expect the radius of convergence of the 
(Inx) y” + sy! +y=0 series to be? 

2. xy" + 3xy'+(1+x)y=0 

has a regular singular point at x = 1. 3. x*y" + xy’ + axy = 0, where a is real constant 
b. Determine the roots of the indicial equation at x = 1. 



equation of order : 

x2y” + xy’ +(x? -z)y=0, x>0. 

. Show that the Bessel equation of order one-half 

ele ! Dm 1 
XV ey) +(x - 3) =0, x 0 

can be reduced to the equation 

v’+v=0 

by the change of dependent variable y = x~/?v(x). From this 

conclude that y,(x) = x”? cos(x) and y,(x) = x~/? sin(x) are 

solutions of the Bessel equation of order one-half. 

. Show directly that the series for Jy(x), equation (7), converges 

absolutely for all x. 

. Show directly that the series for J,;(x), equation (27), converges 

absolutely for all x and that Jj (x) = —J; (x). 

. Consider the Bessel equation of order v 

x?y" +xy' +(x?-v?)y=0, x>0, 

where v is real and positive. 

a. Show that x = 0 is a regular singular point and that the roots 

of the indicial equation are v and —y. 

b. Corresponding to the larger root v, show that one solution is 

4 ‘ 1 2 1 
vila) = be nd Taio * 7d 4+ya+v G) 

co seh 2m 

+) aaa; (5) ) 
m=3 

c. If 2y is not an integer, show that a second solution is 

4 
i! 2 1 

dv) eee 2d—-vn2-v iat 

al x\2m 

>) lereennera aay 7) ) 

Note that y,(x) ~ 0 asx — 0, and that y,(x) is unbounded as 

Fem Oh 

d. Verify by direct methods that the power series in the expres- 

sions for y,(x) and y,(x) converge absolutely for all x. Also 

verify that y, is a solution, provided only that v is not an 

integer. 

. In this section we showed that one solution of Bessel’s equation 

of order zero 

y2 (x) =x7” (1 = 

L{y] = x?y" + xy’ +x?y =0 

is Jy, where Jy(x) is given by equation (7) with ay = 1. According 

to Theorem 5.7.1, a second solution has the form (x > 0) 

Vo (x) = Jo (x)Inx + >) bax". 
n=1 

10. 

11. 

5.8 Bessel’s Equation 

4. Find two solutions (not multiples of each other) of the Bessel a. Show that 

L{y2] (x) = 3 n(n—1)by,x" + 2 nb;,x" 
n=2 

co 

+1 >) byx"t? + 2xJp (x). 
n=1 

(57) 

b. Substituting the series representation for Jo(x) in equation 

(57), show that 

foe) co bas 2n 

bx + 2?box? + }) (n?by + Dn_2) x" = -2 >) fa) oe 
n=3 n=1 22" (n!) 

(58) 

c. Note that only even powers of x appear on the right-hand 

side of equation (35). Show that b; = b; = bs = --- = 0, 

= ——-,_ and that 
22(1!) 

(2n)’ bon + b2n-2 = aoe ut ENED) n= 2, 3,4,.... 
22"(n!) 

Deduce that 

it 1 1 1 1 

ae (1 = " pruebas re (1 pews ae 

The general solution of the recurrence relation is b,, = 

(AUy HL, +h 
——-. Substituting for b, in the expression for y2(x), 
22n(n!) 

we obtain the solution given in equation (10). 

b= 

Find a second solution of Bessel’s equation of order one by com- 

puting the c,(r,) and a of equation (24) of Section 5.7 according 

to the formulas (19) and (20) of that section. Some guidelines 

along the way of this calculation are the following. First, use 

equation (24) of this section to show that a,(—1) and aj (—1) 

are 0. Then show that c,(—1) = 0 and, from the recurrence 

relation, that c,(—1) = 0 for n = 3,5, ... . Finally, use equation 

(25) to show that 

rae each ns 
(= — Gar +3)’ 

aE SHON S SAS 
NOs GHDCHESE +3)Gr 5) 

and that 

% (-1)""o 
Azm (1) = (r+1)---(7+2m—1)(r+3):-(r+2m+1)’ 

Hi pe Me 

Then show that 

m+ Per ynhal i  es 
22mm! (m—1)! 

By a suitable change of variables it is sometimes possible to 

transform another differential equation into a Bessel equation. 

For example, show that a solution of 

it x2y" + (« 2p2x28 + = — v6?) y =0, 
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In each of the problems 19 to 21, prove the given recurrence relations. 

12. 

Ss 

14. 

IS; 

16. 

7s 

18. 

C5.1. 

C5.2. 

(C553: 

is given by y = x"/f(ax*), where f(€) is a solution of the Bessel 

equation of order v. d ee 72 
Using the result of Problem 11, show that the general solution of nas {Jn 22) Inar COE = Yet) — Ina CO}: 
the Airy equation 20. x7Jff (x) = (n? —n — x?) Jn (x) +XIn4i (x), where n = 0, 1, 2,... 

y-—xy = 0) Fx > 0 21. | XJo (x) axe = x70) (x) + Ig (Ce) = | Jo (x) ax. 

, 22. From the recurrence formula 

isy = xl/2 (cf (Jix?”) + Co fy (ix*”)), where f,(&) and rs 

f2(€) are a fundamental set of solutions of the Bessel equation cumin cede SS 

f ord -third. 
eT ela ' 4 deduce the result 
It can be shown that Jp has infinitely many zeros for x > 0. In 

particular, the first three zeros are approximately 2.405, 5.520, Art (evens Nee + Gad) Je elie (ays I 

and 8.653 (see Figure 5.8.1). Let A;, j = 1,2,3, ..., denote the zeros nO) = Ine — Snr Dad ier ia? 
of Jy; it follows that 

23. Evaluate 

Lene =10; 

GT ee a | sea 

Verify that y = Jo(A,x) satisfies the differential equation and express the result in terms of Jy and Jj. 

Mig 3 24. Evaluate 
y See y. +Ay=0, x>0. 

| x Ty (x) dx: 
Hence show that 

. 25. If f (x) is defined in the region 0 < x < aand has an expansion 
| XJq (AjX) Jo (Ajx)dx=0 if Ay #A,. 
0 co 

f (x) =D) cin Aix), 
This important property of Jo(A;x), which is known as the i=1 

orthogonality property, is useful in solving boundary value 
problems. where A; satisfies the equation J,, (Aa) = 0, then show that 

Hint: Write the differential equation for Jo(A,x). Multiply it by a 

xJo(A)x) and subtract it from xJo(A;x) times the differential equa- 2 | Xf (x) Jn Aix) dx 
tion for Jo(A,x). Then integrate from 0 to 1. ¢ = 

ig : Ry Gia) 
I h of Probl 14 through 18, show the gi lati i ie each of Problems roug show the given relations using a6. Fpa nd tite setiew of the fort 

e generating for Bessel function. 

cos (x sin (¢)) = Jo + 2.c0s 2g. Jn + 2008 4g. Jy + +++ > cjJy (jx) 

sin (x sin ($)) = 2sing. J, + 2sin3¢.5 +--+ i=1 

COS (X) = Jo (X) — 2a (X) + 2g (x) — + 4 ; 
; Ne) 2 (x) 4) valid for the region 0 < x < 1, where A; satisfies the equation 

sin (x) = 2, (x) — 2J3 (x) + 25 (x) — +: i is Cd) =0: 

In(e+Y)= DP Ie) Inv @) 
r=—00 

Concept Questions 

What is the power series for f (x) = e®*? What is its interval Why is this significant? (Assume P(x), Q(x), and R(x) are 
of convergence? polynomials.) 

What is the power series for f (x) = - ~ ? What is its C5.5. What does it mean to say that a point x9 is a singular point 
— OX ; : : ” , 

interval of convergence where a is real constant? for a differential equation P(x) y" + Q(x)y' + R(x)y =0? Nee ee 5 
What does it mean for a power series y(x) = Why is this significant? (Assume P(x), Q(x), and R (x) are 
= ¢(n) (2) A polynomials.) 

nD, rae (x — 2) to be analytic at x = 2? CS5.6. When x is an ordinary point for P(x)y" + Q(x)y'+ 
n= 

C5.4. What does it mean to say that a point x9 is an ordinary point 

for a differential equation P(x) y” + Q(x) y’ + R(x)y = 0? 

R(x)y = 0, and y, (x) and y,(x) are two power series 
solutions that are analytic at x), what do you know about the 
radii of convergence for y, and y,? 
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C5.7. 

C5.8. 

C59: 

C5.10. 

CS.11. 

C5.12. 

C5.13. 

Answers to Concept Questions 

Csr: 

C5.2. 

5.3. 

CS.4. 

C535: 

Why is y = x’ a reasonable form to look for solutions of 
x*y” + axy’ + By = 0? 

What is the importance of the Euler differential equation, 

x?y” + axy’ + By = 0, in the discussion of regular singular 
points? 

Solutions of an Euler differential equation are found by 

assuming solutions of the form y = x” and finding the two 

roots of r(r —1) + ar + B = 0. What are the three possible 

cases for the roots 7 and 7, and what is a fundamental set of 

solutions in each case? 

What is irregular singular points? 

When P(x) y” + Q(x) y’ + R(x) y = 0 has a singular point, 

why is it acceptable to assume the singular point occurs at 

x = 0? 

What are the indicial equation and exponents of the singular- 

ity for a differential equation in standard form y” + p(x) y’+ 

q(z) y = O with a regular singular point at x = 0? 

How do you find a second solution in a fundamental set of 

solutions for a second-order linear differential equation with 

The power series for the exponential function is: 

(ax)* 
f(x)=e%= a 

The interval of convergence is (—co, co). 

; I 
The function f(x) = aor 

series with first term 1 and ratio ax. 

is the sum of the geometric 

1 = k 
f@)= = Pa. 

F : it al 
The interval of convergence is (- Fi -). 

A function is analytic at a point x = 2 when the Taylor series 

expansion of the function based at x = 2 hasa positive radius 

of convergence centered at 2. 

The point x, is an ordinary point when P (x) 4 0. This means 

that when the equation is put into standard form by dividing 

by P(x), the new coefficients Q(x) /P(x) and R(x) /P (x) 

will be continuous on an interval that contains x = Xp, 

and so Theorem 3.2.1 applies, concluding that this problem 

has a unique solution for any initial conditions of the form 

y (Xo) = Yo and y’ (Xo) = Vo. 

The point x9 is a singular point when P(x) = 0 and at least 

one of Q(x9) # 0 and R(x) # 0. This assures that P(x), 

Q(x), and R(x) do not have a common factor of x — Xo, and 

so at least one of the coefficients of the equation in standard 

form, Q(x)/P(x) and R(x)/P(x), will be unbounded at 

xX = Xp. This means the hypotheses of Theorem 3.2.1 are 

not satisfied, and so this problem is not guaranteed to have 

a unique twice differentiable solution. (We will study this 

situation in more detail in Sections 5.6 through 5.9.) 

C5.14. 

C5.15. 

C5.16. 

CS.17. 

C5.6. 

C5.7. 

C5.8. 

C5.9. 

C5.10. 

a regular singular point at x = 0 when the exponents of the 

singularity are not equal and do not differ by an integer? 

(Assume x > 0 and, if the roots are real-valued, that r, > 7.) 

How do you find a second solution in a fundamental set of 

solutions for a second-order linear differential equation with 

a regular singular point at x = 0 when the exponents of the 

singularity are equal? (Assume x > 0 and, if the roots are 

real-valued, that % > 7,.) 

How do you find a second solution in a fundamental set of 

solutions for a second-order linear differential equation with 

a regular singular point at x = 0 when the exponents of the 

singularity differ by an integer? (Assume x > 0 and, if the 

roots are real-valued, that % > 7.) 

What does it mean that x = 0 is a regular singular point of 

Bessel’s equation? 

What is the significance of the three examples of Bessel’s 

equation that are considered in Section 5.8? 

According to Theorem 5.4.1, the radius of convergence for 

each of y, (x) and y, (x) is at least as large as the smaller of the 

radius of convergence of the series for p(x) = Q(x)/P(x) 

and q(x) = R(x)/P(x). (This can be very useful because 

finding the radius of convergence of a series whose terms are 

defined through a recurrence relation can be very difficult.) 

Each derivative of x" reduces the power by one. The extra 

x in the y’ term adds one to the power, making this term a 

multiple of x”. Likewise, the extra x? in the y” term adds 

two to the power. So, all three terms are multiples of x’, 

which can be factored out, leaving a quadratic polynornial: 

r(r—1)+ar+6=0. 

The three cases for the two roots of this quadratic equa- 

tion have to be handled separately. While the details are dif- 

ferent, the overall structure is very reminiscent of the search 

for exponential solutions to homogeneous linear differential 

equations with constant coefficients. 

The Euler differential equation is a simple example of a 

second-order differential equation with a singular point at 

x = 0. And, we know how to find a fundamental set of 

solutions for the Euler differential equation. 

Case 1: (Distinct Real Roots) When the roots aren # fh, 

a fundamental set of solutions is: {x", x’?}, x > 0. 

(Equal Real Roots) When the roots are, = h, 

a fundamental set of solutions is: {x”, x™ In (x)}, 

Xa 10} 

(Complex-Valued Roots) When 42 = A + in, 

a fundamental set of solutions is: lit cos («In (x)), 

x4 sin (uln (x))x > 0. 

For the differential equation P (x) y” +Q(x) y’+R(x) y = 0, 

Case 2: 

Case 3: 

xX = Xp is irregular singular point, if one or both of 

; Q(x) Re) 
dust (x — Xo) P(x) and jim (x — Xo) P(x) do not exist. 
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C5.11. If the singular point occurs at x = X9 # 0, then make a 

change of variable t = x — Xo. The resulting differential 

equation with a singular point at the origin is 

@y 
PO Gp +O 2 +R Wy=0, t 

where P* (t) = P(x) +t), Q* (t) = Q(x +1), and R* (t) = 

R (Xp + 2). 

C5.12. Because this differential equation has a regular singular 

point at x = 0, both xp (x) and x?q (x) are analytic at x = 0. 

In particular, we can define po = lim, xp(x) and qo 

lim,._,9 x7q (x). The indicial equation is r (r — 1)+ por +qo = 
0, and the two roots of it are the exponents of the singularity. 

C5.13. When 7 — 4, is not zero and not a positive integer, the second 

solution has the form 

Y2 (x) = x” ( + 7% ast) 
k=1 

where the coefficients a; (%) are found using the same recur- 

rence relation used to find the coefficients of y, (x), using 

ay land —ir- 

C5.14. When 7 = hy, the second solution has the form 

Yo (x) = yy (x)In(x) +x" DY) dy xk, 
k=1 

where the coefficients b, are found by substituting this form 

(and y, (x)) into the differential equation and setting the 

coefficient of each power of x equal to zero. 

C5.15. When nj = % +N, the second solution can be found in the 

form 

V2 (x) = ay, (x) In(x) +x" YY By xk, 
k=1 
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SYSTEMS OF FIRST-ORDER LINEAR 
EQUATIONS 

Many physical problems involve a number of separate but interconnected components. 

For example, the current and voltage in an electrical network, each mass in a mechanical 

system, each element (or compound) in a chemical system, or each species in a biological 

system. have this character. In these and similar cases, the corresponding mathematical 

problem consists of a system of two or more differential equations, which can always 

be written as first-order differential equations. In this chapter we focus on systems of 

first-order linear differential equations and, in particular, differential equations having 

constant coefficients, utilizing some of the elementary aspects of linear algebra to unify 

the presentation. In many respects this chapter follows the same lines as the treatment of 

second-order linear differential equations in Chapter 3. 

6.1 | INTRODUCTION 

Systems of simultaneous ordinary differential equations arise naturally in problems involv- 

ing several dependent variables, each of which is a function of the same single independent 

variable. We will denote the independent variable by t and will let x,, x2, x3, ... represent 

dependent variables that are functions of t. Differentiation! with respect to t will be denoted 
dx 

by, for example, —— or xe 

Let us begin by considering the spring-mass system in Figure 6.1.1. The two masses 

move on a frictionless surface under the influence of external forces F,(t) and F(t), 

and they are also constrained by the three springs whose constants are k;, ky, and k;3, 

respectively. We regard motion and displacement to the right as being positive. 

EET A two-mass, three-spring system. 

Using arguments similar to those in Section 3.7, we find the following equations for the 
coordinates x, and x, of the two masses: 

ax 
LNs = kp (X%2 — %1) — ky x, + F(t) = — (ky + kg) x) + kyx2 + FO), 

(1) a 
ir = —k3X2 — kp (x2 — x1) + F(t) = kyx, — (kn + ky) x + F(t). 

See Problem 14 for a full derivation of the system of differential equations (1). 

‘In some treatments you will see differentiation with respect to time represented with a dot over the function, 
Dees dx a ene ee: 

as in xX, = —— and 26) = as We reserve this notation for a specific purpose, which will be introduced 
in Section 9.6. 
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Next, consider the parallel LRC circuit shown in Figure 6.1.2. Let V be the voltage drop 
across the capacitor and J the current through the inductor. Then, referring to Section 3.7 
and to Problem 16 of this section, we can show that the voltage and current are described 
by the system of equations 

dita. 

ihe Ve oe 

CN Nel i 
imme RG. 

where L is the inductance, C is the capacitance, and R is the resistance. 

(Ss 

R 

| FIGURE 6.1.2 | A parallel LRC circuit. 

One reason why systems of first-order equations are particularly important is that 

equations of higher order can always be transformed into such systems. This is usually 

required if a numerical approach is planned, because, as we will see in Chapter 8, almost 

all codes for generating numerical approximations to solutions of differential equations are 

written for systems of first-order equations. The following example illustrates how easy it 

is to make the transformation from a second-order differential equation to a system of two 

first-order differential equations. 

EXAMPLE 6.1.1 

The motion of a certain spring-mass system (see Example 3.7.3) is described by the second-order 

differential equation 

J; 
u" + gl’ +u=0. (3) 

Rewrite this equation as a system of first-order equations. 

Solution: 

Let x; = uand x, = u’. Then it follows that x, = x2. Further, u” = x3. Then, by substituting for u, 

u’, and w” in equation (3), we obtain 

i 
Xp + =X_ +X, =.Q; 

8 

Thus x, and x, satisfy the following system of two first-order differential equations: 

1 (4) 

The general equation of motion of a spring-mass system 

mu” +yu'+ku= F(t) (5) 



Ey] chapter 6 / Systems of First-Order Linear Equations 

can be transformed into a system of first-order differential equations in the same manner. 

If we let x; = u and x = uv’, and proceed as in Example 6.1.1, we quickly obtain the system 

xX) = X2;, 

, (6) 
Xp = ——Xy — —X2+ —F () 

To transform an arbitrary n' order equation 

yD = BAL ay anya we) (7) 

into a system of n first-order differential equations, we extend the method of Example 6.1.1 

by introducing the variables x}, X2, ... ,X,, defined by 

21) iY ence t Vantaa cy Pea ea oe au (8) 

It then follows immediately that 

X=. 

ee (9) 

Xp—1 = Xn; 

and, from equation (7), 

Et eX XosattcXop) (10) 

Equations (9) and (10) are a special case of the more general system 

LPR Mirae 

X) = F(t, X1,X2,..,Xn); (11) 

BEM = aig Cp, 4 inp a Ren 0.49) 

In a similar way, the system (1) can be reduced to a system of four first-order equations 

of the form (11), and the system (2) is already in this form. In fact, systems of the form 

(11) include almost all cases of interest. Much of the more advanced theory of differential 

equations is devoted to such systems. 

A solution of the system (11) on the interval I: a < t < 6 consists of n functions 

X1 =, (t), X2 = $2 (t),..5Xn = dy (t) (12) 

where each function is differentiable at all points in interval J and the system of equations 
(11) is satisfied at all points in interval I. In addition to the given system of differential 
equations, there may also be given n initial conditions of the form 

Xj (to)i=ixe, Xp (Co) Sees ey, epee (13) 

where fo is a specified value of t in I, and x9, ..., x9 are prescribed numbers. The differential 
equations (11) and the initial conditions (13) together form an initial value problem. 

A solution (12) can be viewed as a set of parametric equations in an n-dimensional 
space. For a given value of t, equations (12) give values for the coordinates x, ... , X, of 
a point in the space. As t changes, the coordinates in general also change. The collection 
of points corresponding to a < t < 8 forms a curve in the space. It is often helpful to think 
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of the curve as the trajectory, or path, of a particle moving in accordance with the system 
of differential equations (11). The initial conditions (13) determine the starting point of the 
moving particle. This curve is most easily visualized when n = 2 and the curve lies in the 
X1X>-plane. 

The following conditions on F}, F), ..., F,,, which are easily checked in specific problems, 
are sufficient to ensure that the initial value problem (11), (13) has a unique solution. 
Theorem 6.1.1 is analogous to Theorem 2.4.2, the existence and uniqueness theorem for 
a single first-order equation. 

Theorem 6.1.1 

Let each of the n functions F,, 
0, dR OF, OF, 
3x,” Oe axXp An ax,” Sotees ax, 

bya <t<B, a, <x, <fj,..., A, <Xn < By, and let the point (to, x?, x2,..., x2) be in R. Then 
there is an interval |t — tol < h in which there exists a unique solution x, = $;(t), ... , X, = 

$n(t) of the system of differential equations (11) that also satisfies the initial conditions (13). 

, F, and the n? first partial derivatives 

be continuous in a region R of tx,X2:+ x,-space defined 

The proof of this theorem can be constructed by generalizing the argument in 

Section 2.8, but we do not give it here. However, note that, in the hypotheses of the theorem, 

nothing is said about the partial derivatives of Fj, ... , F,, with respect to the independent 

variable t. Also, in the conclusion, the length 2h of the interval in which the solution exists 

is not specified exactly, and in some cases it may be very short. Finally, the same result 

can be established on the basis of somewhat weaker but more complicated hypotheses, 

so the theorem as stated is not the most general one known, and the given conditions are 

sufficient, but not necessary, for the conclusion to hold. 

If each of the functions F}, ... , F,, in equations (11) is a linear function of the dependent 

variables x,, ...,X,, then the system of differential equations is said to be linear; otherwise, 

it is nonlinear. Thus the most general system of n first-order linear differential equations 

has the form 

Xq = Pyy (t) xy + ++ + Pin (t) Xn + 81 (8), 

X= Poi (t) xX + +++ + Pon (t) Xn + 82 (8); (14) 

Xn = Pni (1) X%1 + °° + Pan (1) Xn + Bn (t). 

If each of the functions g,(0), ... , g,(t) is zero for all t in the interval J, then the system (14) is 

said to be homogeneous; otherwise, it is nonhomogeneous. Observe that the systems (1) 

and (2) are both linear. The system (1) is nonhomogeneous unless F(t) = F(t) = 0, while 

the system (2) is homogeneous. 
For the linear system (14), the existence and uniqueness theorem is simpler and also has 

a stronger conclusion. It is analogous to Theorems 2.4.1 and 3.2.1. 

Theorem 6.1.2 

If the functions py, P25 + » Pans 21» + » Zn are continuous on an open interval I: a <t< , then 

there exists a unique solution x, = $ (t), ... ,X_, = $n(t) of the system (14) that also satisfies the 

initial conditions (13), where fp is any point in J, and x?,...,x® are any prescribed numbers. 

Moreover, the solution exists throughout the interval J. 

Note that, in contrast to the situation for a nonlinear system, the existence and unique- 

ness of the solution of a linear system are guaranteed throughout the interval in which 

the hypotheses are satisfied. Furthermore, for a linear system the initial values Sana at 

t = ty are completely arbitrary, whereas in the nonlinear case the initial point must lie in 

the region R defined in Theorem 6.1.1. 
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The rest of this chapter is devoted to systems of linear first-order differential equations 

(nonlinear systems are included in the discussions in Chapters 8 and 9). Our presentation 

makes use of matrix notation and assumes that you have some familiarity with the proper- 

ties of matrices. The basic facts about matrices needed for this discussion are presented in 

Sections 6.2 and 6.3; some more advanced material is reviewed as needed in later sections. 

FON Ss a e ee 

In each of Problems 1 through 3, transform the given equation into a 

system of first-order equations. 

1. tu’+u'+u=0 

2. Cu" + tu’ + (t? — 0.25)u=0 

3. uw —3u=0 

In each of Problems 4 and 5, transform the given initial value problem 

into an initial value problem for two first-order equations. 

4. u” + 2u’+ 4u=2cos(3t), u()=1, u’(0)=-2 

5. u"+tw+tu=t+t?, u(O)=a, w(0)=b 

6. Systems of first-order equations can sometimes be transformed 

into a single equation of higher order. Consider the system 

X= —2xX, +X, X54 =X — 2X. 

a. Solve the first equation for x, and substitute into the second 

equation, thereby obtaining a second-order equation for x,. 

Solve this equation for x, and then determine x, also. 

b. Find the solution of the given system that also satisfies the 

initial conditions x, (0) = 2, x2 (0) = 4. 

c. Sketch the curve, for tf > 0, given parametrically by the 

expressions for x; and x> obtained in part b. 

In each of Problems 7 through 9, proceed as in Problem 6. 

a. Transform the given system into a single equation of second- 

order. 

b. Find x, and x, that also satisfy the given initial conditions. 

c. Sketch the graph of the solution in the x,x,-plane for t > 0. 

/ 

7. X, =—X,+3X2, x, (0)=0 

Mex — xX, 13 (0) = —1 

8. x, =X,—2xX,, x,(0)=-3 

es = 3X, —4xX2, x,(0)=2 

9. x, =—0.5x, +2x,, x,(0)=-1 

X> = —2x, —0.5X, x_(0)=2 

10. Transform equations (2) for the parallel circuit into a single 

second-order equation. 

11. Show that if a);, a2, a>;, and ay, are constants with a,, and a>, 

not both zero, and if the functions g, and g, are differentiable, 

then the initial value problem 

x; = Ay4X1 + Aj 2X2 + Qy (t), xX} (0) a ey 

X} = Ay X1 + Ay2X2 + B(t), x2 (0) = x8 

can be transformed into an initial value problem for a single 

second-order equation. Can the same procedure be carried out 

if ay), ... , Q2 are functions of t? 

12. Consider the linear homogeneous system 

x’ = py (t1)x + Pio (1) y, 

y! = Po (t) X + Pro (t) y. 

Show that if x = x,(0), y = y,(@ and x = x,(t), y = y,(t) are 

two solutions of the given system, then x = ¢,x,(t) + ¢x,(¢), 

y = cy, (t) + cpy,(t) is also a solution for any constants c, and 

C>. This is the principle of superposition; it will be discussed in 

much greater detail in Section 6.4. 

13. Letx=x,(0), y=y, (0) and x = x,(t), y = y2(t) be any two solutions 

of the linear nonhomogeneous system 

x= py (x+ Pe)y+a2i (0), 

y! = Po (t)X + Paz (1) yy + 82 (Ct). 

Show that x = x,(t) — x,(t), y = y, (0) — y>(t) is a solution of the 

corresponding homogeneous system. 

14. Equations (1) can be derived by drawing a free-body diagram 

showing the forces acting on each mass. Figure 6.1.3(a) shows 

the situation when the displacements x, and x, of the two masses 

are both positive (to the right) and x, > x,. Then springs 1 and 2 

are elongated and spring 3 is compressed, giving rise to forces as 

shown in Figure 6.1.3(b). Use Newton’s law (F = ma) to derive 

equations (1). 

(6) 

(a) The displacements x, and x, are both 
positive. (b) The free-body diagram for the spring-mass system. 

15. Transform the system (1) into a system of first-order differential 
equations by letting y, = x), y. =X, y3 = xj, and y, = ne 

Electric Circuits. The theory of electric circuits, such as that shown 
in Figure 6.1.2, consisting of inductors, resistors, and capacitors, is 
based on Kirchhoffs laws: (1) The net flow of current into each 
node (or junction) is zero, and (2) the net voltage drop around each 



closed loop is zero. In addition to Kirchhoff’ laws, we also have the 

relation between the current J, with units of amperes through each 

circuit element and the voltage drop V, measured in volts, across the 
element: 

Ve=iRis R= resistance in ohms; 

dv : ' 
Sie =I, C=capacitance in farads;? 

dl : : 
La =V,  lL=inductance in henrys. 

Kirchhoff laws and the current-voltage relation for each circuit 

element provide a system of algebraic and differential equations 

from which the voltage and current throughout the circuit can be 

determined. Problems 16 through 18 illustrate the procedure just 

described. 

16. Consider the circuit shown in Figure 6.1.2. Let I,, I, and I, 

be the currents through the capacitor, resistor, and inductor, 

respectively. Likewise, let V;, V, and V; be the corresponding 

voltage drops. The arrows denote the arbitrarily chosen direc- 

tions in which currents and voltage drops will be taken to be 

positive. 

a. Applying Kirchhoffs second law to the upper loop in the 

circuit, show that 

Yi =0. (15) 

In a similar way, show that 

Vy — Vs = 0. (16) 

b. Applying Kirchhoffs first law to either node in the circuit, 

show that 

c. Use the current-voltage relation through each element in the 

circuit to obtain the equations 

CV Ste = Rly LT Vy. (18) 

d. Eliminate V,, V3, I,, and I, among equations (15) through 

(18) to obtain 

Vy 
Che qian io LI, =V,. (19) 

Observe that if we omit the subscripts in equations (19), then 

we have the system (2) of this section. 

17. Consider the circuit shown in Figure 6.1.4. Use the method 

outlined in Problem 16 to show that the current J through the 

inductor and the voltage V across the capacitor satisfy the system 

of differential equations 

dl dv 

dt Dire dt 

6.1 Introduction 

~ R=lohm 

R=2 ohms sae el 

aes C= 5 farad 

ate aap ~The circuit in Problem 17. 

18. Consider the circuit shown in Figure 6.1.5. Use the method 

outlined in Problem 16 to show that the current J through the 

inductor and the voltage V across the capacitor satisfy the system 

of differential equations 

dI dv V [eh =v C= 
dt : seer R> 

L 

R, 

C 

ace) eee ~The circuit in Problem 18. 

19. Consider the two interconnected tanks shown in Figure 6.1.6. 

Tank 1 initially contains 30 gal of water and 25 oz of salt, and 

Tank 2 initially contains 20 gal of water and 15 oz of salt. 

Water containing 1 oz/gal of salt flows into Tank 1 at a rate of 

1.5 gal/min. The mixture flows from Tank 1 to Tank 2 at a rate of 

3 gal/min. Water containing 3 0z/gal of salt also flows into Tank 

2 at a rate of 1 gal/min (from the outside). The mixture drains 

from Tank 2 at a rate of 4 gal/min, of which some flows back 

into Tank 1 at a rate of 1.5 gal/min, while the remainder leaves 

the system. 

1.5 gal/min 1 gal/min 
eee 
Geena 

1 o2/gal 

5 gal/min Tank 2 

Two interconnected tanks (Problem 19). 

Actual capacitors typically have capacitances measured in microfarads. We use farad as the unit for 

numerical convenience. 
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a. Let Q,(t) and Q,(t), respectively, be the amount of salt in 

each tank at time ft. Write down differential equations and 

initial conditions that model the flow process. Observe that 

the system of differential equations is nonhomogeneous. 

b. Find the values of Q,; and Q, for which the system is in 

equilibrium—that is, does not change with time. Let QF and 

QF be the equilibrium values. Can you predict which tank 

will approach its equilibrium state more rapidly? 

c. Let x, = Q,(t)— Q? and x, = Q(t) — QF. Determine an 
initial value problem for x, and x. Observe that the system 

of equations for x, and x, is homogeneous. 

20. Consider two interconnected tanks similar to those in 

Figure 6.1.6. Initially, Tank 1 contains 60 gal of water and Q? 
oz of salt, and Tank 2 contains 100 gal of water and Q9 oz of salt. 

Water containing q, 0z/gal of salt flows into Tank 1 at a rate of 3 

gal/min. The mixture in Tank 1 flows out at a rate of 4 gal/min, 

6.2 | MATRICES 

of which half flows into Tank 2, while the remainder leaves the 

system. Water containing q, 0z/gal of salt also flows into Tank 

2 from the outside at the rate of 1 gal/min. The mixture in Tank 

2 leaves it at a rate of 3 gal/min, of which some flows back into 

Tank 1 at a rate of 1 gal/min, while the rest leaves the system. 

a. Draw a diagram that depicts the flow process described 

above. Let Q,(t) and Q,(t), respectively, be the amount of salt 

in each tank at time t. Write down differential equations and 

initial conditions for Q, and Q, that model the flow process. 

. Find the equilibrium values QF and Q¥ in terms of the 

concentrations q, and qp. 

. Is it possible (by adjusting g, and q,) to obtain QF = 60 and 

QF = 50 as an equilibrium state? 

Describe which equilibrium states are possible for this sys- 

tem for various values of q, and qp. 

For both theoretical and computational reasons, it is advisable to bring some of the results 

of matrix algebra’ to bear on the initial value problem for a system of linear differential 

equations. This section and the next are devoted to a brief summary of the facts that will 

be needed later. More details can be found in any elementary book on linear algebra. We 

assume, however, that you are familiar with determinants and how to evaluate them. 

We designate matrices by boldfaced capitals A, B, C, ... , occasionally using boldfaced 

Greek capitals ®, W, .... A matrix A consists of a rectangular array of numbers, or elements, 

arranged in m rows and n columns—that is, 

Qj, Ay? Ain 

a2, 422 °*** Aan (1) 

Gm1 Gm2 *"* Amn 

We speak of A as an m X n matrix. Although later in the chapter we will often assume that 

the elements of certain matrices are real numbers, in this section we allow for the possibility 

that the elements of matrices may be complex numbers. The element lying in the i row 

and j" column is designated by aj, the first subscript identifying its row and the second its 

column. Sometimes the notation (aj) is used to denote the matrix whose generic element 

is dj. 

Associated with each matrix A is the matrix A’, which is known as the transpose of A 

and is obtained from A by interchanging the rows and columns of A. Thus, if A = (a,j), then 

A? = (a;;). Also, we will denote by aj; the complex conjugate of aj, and by A the matrix 

obtained from A by replacing each element aj by its conjugate jj. The matrix A is called 
the conjugate of A. It will also be necessary to consider the transpose of the conjugate 

aes 
matrix A. This matrix is called the adjoint of A and will be denoted by A’. 

ee 

>The properties of matrices were first extensively explored in 1858 in a paper by the English algebraist 
Arthur Cayley (1821-1895), although the word “matrix” was introduced by his good friend James Sylvester 
(1814-1897) in 1850. Cayley did some of his best mathematical work while practicing law from 1849 to 
1863; he then became professor of mathematics at Cambridge, a position he held for the rest of his life. 
After Cayley’s groundbreaking work, the development of matrix theory proceeded rapidly, with significant 
contributions by Charles Hermite, Georg Frobenius, and Camille Jordan, among others. 



For example, let 

3 Qi A= ; 
tee — 

Then 

3 ses 3 a 3 Ai 
Al = 5 otk A= a bei ies) ee wees ae a Hees) 

We are particularly interested in two somewhat special kinds of matrices: square 

matrices, which have the same number of rows and columns—that is, m = n; and vectors 

(or column vectors), which can be thought of as n x 1 matrices, or matrices having only 

one column. Square matrices having n rows and n columns are said to be of order n. We 

denote (column) vectors by boldfaced lowercase letters: x, y, €, n, .... The transpose x! of an 

n X 1 column vector is a 1 X n row vector—that is, the matrix consisting of one row whose 

elements are the same as the elements in the corresponding positions of x. 

> Properties of Matrices. 

1. Equality. Two m xn matrices A and Bare said to be equal ifall corresponding elements 

are equal—that is, if aj; = bj for each i andj. 

2. Zero. The symbol 0 will be used to denote the matrix (or vector) each of whose elements 

is zero. 

3. Addition. The sum of two m Xx n matrices A and B is defined as the matrix obtained 

by adding corresponding elements: 

A+B= (aj) + (bij) = (aij + diy). (2) 

With this definition, it follows that matrix addition is commutative and associative, so 

that 

A+B=B+A, A+(B+C)=(A+B)+C. (3) 

4. Multiplication by a Number. The product of a matrix A by a real or complex number 

a is defined as follows: 

aA =a (a;;) = (aa;;); (4) 

that is, each element of A is multiplied by a. The distributive laws 

a(A+B)=aA+aB, (@+f)A=aA+ PA (5) 

are satisfied for this type of multiplication. In particular, the negative of A, denoted by 

—A, is defined by 

—-A=(-1)A. (6) 

5. Subtraction. The difference A — B of two m x n matrices is defined by 

A-B=A+(-B). (7) 

Thus 

A -B = (ajj) — (bij) = (aij — bij)- (8) 
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6. Multiplication. The product AB of two matrices is defined whenever the number of 

columns in the first factor is the same as the number of rows in the second. If A and B 

are mXnandn xX r matrices, respectively, then the product C = AB is an m x r matrix. 

The element in the i" row and j column of C is found by multiplying each element of 

the i” row of A by the corresponding element of the j* column of B and then adding 

the resulting products. In symbols, 

n 

Ci » ix dK j- (9) 

heasiil 

By direct calculation, it can be shown that matrix multiplication satisfies the associative 

law 

(AB) C = A(BC) (10) 

and the distributive law 

A(B+C) = AB+AC. (11) 

However, in general, matrix multiplication is not commutative. For both products AB 

and BA to exist and to be of the same size, it is necessary that A and B be square matrices 

of the same order. Even in that case the two products are usually unequal. In general, 

AB BA. (12) 

EXAMPLE 6.2.1 

To illustrate the multiplication of matrices, and also the fact that matrix multiplication is not 

necessarily commutative, consider the matrices 

Solution: 

From the definition of multiplication given in equation (9), we have 

1+0+2 2+0-2 -1+0+0 

AB =|0+4-1 0+0+1 oweea| 

14+4+3 2+0-3 -1+6+0 

3 OF =i 

-|; 1 , 

8 -1 5 

Similarly, we find that 

0 2 -3 

BA=]/5 6 | 

sia BG) 

Clearly, AB # BA. 
DR orto SSUES ER NR eh UT Ree eae NO OD EV oe MU UE ONE Zee ee 
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Multiplication of Vectors. There are several ways of forming a product of two vectors 
x and y, each with n components. One is a direct extension to n dimensions of the 
familiar dot product from physics and calculus; we denote it by x’y and write 

n 

x=) Xvi (13) 
i 

The result of equation (13) is a real or complex number, and it follows directly from 
equation (13) that 

xly=ylx, x’ (y+z) =x! y+x!z, (ax)! y = a(x’ y) =x! (ay). (14) 

There is another vector product that is also defined for any two vectors having the 

same number of components. This product, denoted by (x, y), is called the scalar or 

inner product and is defined by 

Gy) = > xy): (15) 
ual 

The scalar product is also a real or complex number, and by comparing equations (13) 

and (15), we see that they are related: 

(x,y) =x’ y. (16) 

Thus, if all the elements of y are real, then the two products (13) and (15) are identical. 

From equation (15) it follows that 

(&y)=(.x),  &y+z)=(y) +2), tin) 
(ax, y) = a(x, y), (x, ay) = a(x,y). 

Note that even if the vector x has elements with nonzero imaginary parts, the scalar 

product of x with itself yields a nonnegative real number 

n n 

" 2 
ea ee al. (18) 

etl fil 

The nonnegative quantity (x, x)”/?, often denoted by IIxll, is called the length, or 
magnitude, of x. The only vector x with length zero, (x, x) = 0, is the zero vector 

x = 0; every other vector has positive length. If (x, y) = 0, then the two vectors x and 

y are said to be orthogonal. For example, the unit vectors i, j, k of three-dimensional 

vector geometry form an orthogonal set. On the other hand, if some of the elements of 

x are not real, then the product 

n 

xe YX (19) 
i= 

may not be a real number. Moreover, x! x can be zero for some nonzero vectors. 

For example, let 
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Then 

xy =()(2-i) + (-2)@+0+D)E) =4 + 31, 

(xy)=@O2+i+(-2)-)+0+ IC) S32 EG 

xl x = (i) + (-2)? +1 +i)” = 3 +: 2i, 
(x,x) = (i(—d) + (-2)(-2) +1 + DG - 1) = 7, 

zz =(1)(1) + (0)(0) + M@ =1+0-1=0, 
(z,z) = (1)(1) + (0)(0) + @)(-i) = 14041 =2. 

8. Identity. The n x n multiplicative identity, or simply the n x n identity matrix I, is 

given by 

n columns 

i @ 0 

I= x 2 & : n rows. (20) 

Wc cea 

From the definition of matrix multiplication, we have 

AI=IA=A (21) 

for any (square) matrix A. Hence the commutative law does hold for square matrices 

if one of the matrices is the identity. 

9. Inverse and Determinant The n x n square matrix A is said to be nonsingular or 

invertible if there is another matrix B such that AB = I and BA = I, where I is the 

n X n identity matrix. If there is such a B, it can be shown that there is only one. It is 

called the multiplicative inverse, or simply the inverse, of A, and we write B = A7!. 

Then 

AA*'=AA =I. (22) 

Matrices that do not have an inverse are called singular or noninvertible. 

There are various ways to compute A“! from A, assuming that it exists. One way involves 

the use of determinants. Associated with each element aj of a given matrix is the minor 

Mj, which is the determinant of the matrix obtained by deleting the i” row andj" column 

of the original matrix—that is, the row and column containing a;. Also associated with 

each element aj is the cofactor C;; defined by the equation 

Cij = (-1)' 7 Mij. (23) 

The determinant of A, written det A, can be found as the sum of the cofactors along any 

row or column of A. For example, expanding along the first row yields the formula 

detA = Cy, +Cj2 +--+ Cin: 

When det A + 0, A is nonsingular and A“! exists. If we write B = A7!, then it can be 
shown that the general element bj; is given by 

bes Ci 
W ecdetA: (24) 
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Although formula (24) is not an efficient way* to calculate A-!, it does suggest a 
condition that A must satisfy for it to have an inverse. In fact, the condition is both necessary 
and sufficient: A is nonsingular if and only if det A 4 0. Equivalently, A is singular if and 
only if det A = 0. 

Another (and usually better) way to compute A~! is by means of elementary row 
operations. There are three such operations: 

1, Interchange of two rows. 

2. Multiplication of a row by a nonzero scalar. 

3. Addition of any multiple of one row to another row. 

The transformation of a matrix by a sequence of elementary row operations is referred to as 

row reduction or Gaussian*° elimination. Any nonsingular matrix A can be transformed 

into the identity I by a systematic sequence of these operations. It is possible to show that 

if the same sequence of operations is then performed on I, it is transformed into A~!. It is 

most efficient to perform the sequence of operations on both matrices at the same time by 

forming the augmented matrix A|I. The following example illustrates the calculation of an 

inverse matrix in this way. 

EXAMPLE 6.2.2 

Find the inverse of 

10 2 

A=]0 2 -1 

dB eeay 3 

Solution: 

The first step in finding A! is to form the augmented matrix (AI I): 

10 <2 1-0 0 
(AID =(0:°2. 110° 1. 0 

ines ee van | 

The vertical line is a visual reminder that this 3 x 6 matrix is formed from two 3 x 3 matrices. The 

matrix A can be transformed into I by the following sequence of operations, and at the same time, 

I is transformed into A~!. The result of each step appears below the statement. 

(a) Obtain zeros in the off-diagonal position (shaded) in the first column by adding (—1) times 

the first row to the third row. 

2 1 ONO 

sal .O ecgass Dense ©) 

Ie rd hee es 

4For large n the number of multiplications required to evaluate A™ by equation (24) is proportional to n!. If 

we use a more efficient method, such as the row reduction procedure described in this section, the number 

of multiplications is proportional only to n?. Even for small values of n (such as n = 4), determinants are not 

an economical tool in calculating inverses, and row reduction methods are preferred. 

SCarl Friedrich Gauss (1777-1855) was born in Brunswick (Germany) and spent most of his life as professor 

of astronomy and director of the Observatory at the University of Gottingen. Gauss made major contributions 

to many areas of mathematics, including number theory, algebra, non-Euclidean and differential geometry, 

and analysis, as well as to more applied fields such as geodesy, statistics, and celestial mechanics. He is 

generally considered to be among the half-dozen best mathematicians of all time. 
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(b) 

(c) 

(d) 

(e) 

Thus, 

Obtain a 1 in the diagonal position (shaded) in the second column by multiplying the second 

1 
row by 3 

Obtain zeros in the off-diagonal position (shaded) in the second column by adding (—2) 

times the second row to the third row. 

1 e0 2 1 ORO 

OD 18 eH 1/25 O88 a2 0 

o fe 2 |-1 -1 1 

Obtain a 1 in the diagonal position (shaded) in the third column by multiplying the third 

TOW : 3° 

1 0 0 

0 1/2 0 

—1/2 -1/2 1/2 

Obtain zeros in the off-diagonal positions (shaded) in the third column by adding (—2) times 

the third row to the first row and adding (5) times the third row to the second row. 

0 ee Meee al 
ee aes 

ae = ae -1 

ta 4 4 4{=(IlA”) 
Piel cel 

OEE ee ses 

2 ied 

Peel Rane ee 
Be Sgt aa 

le ee 
aw bau) 

That this matrix is, in fact, the inverse of A can be verified by direct multiplication with the original 
matrix A. 

This example was made slightly simpler by the fact that the given matrix A had a1 in the 
upper left corner (a); = 1). If this is not the case, then the first step is to produce a 1 there by 
multiplying the first row by 1/a,;, as long as a,, # 0. If a,, = 0, then the first row must be 
interchanged with some other row to bring a nonzero element into the upper left position 
before proceeding. If this cannot be done, because every element in the first column is zero, 
then the matrix has no inverse and is singular. A similar situation may occur at later stages 
of the process as well, and the remedy is the same: interchange the given row with a lower 
roW SO as to bring a nonzero element to the desired diagonal location. If, at any stage, this 
cannot be done, then the original matrix is singular. 



» Matrix Functions. We sometimes need to consider vectors or matrices whose elements 

are functions of a real variable t. We write 

xX) (f) Git )s wes Gin (t) 
(bcs len a: and A(t)= 

Xn (t) Qmi(t) +++ Qmn (t) 

respectively. 

The matrix A(t) is said to be continuous at t = tg or on an interval a < t < £ if each 

element of A is a continuous function at the given point or on the given interval. Similarly, 

A(t) is said to be differentiable if each of its elements is differentiable, and its derivative 

dA/dt is defined by 

da _ (2%), i 
di” “s\ digs)’ Ce) 

that is, each element of dA/dt is the derivative of the corresponding element of A. In the 

same way, the integral of a matrix function is defined as 

b b 

| acoar=({ aij wat) (27) 

For example, if 

_ (sin(t) t 

ES ( 1 cos a 

then 

paeeapeos(ty! ‘i Wea ie 
ao=( 0 mea and | aoa=(; 0 ). 

Many of the rules of elementary calculus extend easily to matrix functions; in particular, 

: (CA) = cS where C is a constant matrix; (28) 

d dA dB 
Geetha a (29) 

d dB dA 
eae = A— + —B. 30 ga at oe 

In equations (28) and (30), care must be taken in each term to avoid interchanging the 

order of multiplication. The definitions expressed by equations (26) and (27) also apply as 

special cases to vectors. 

We conclude this section with an important reminder: some important operations on 

matrices are accomplished by applying the operation separately to each element of the 

matrix. Examples include multiplication by a number, differentiation, and integration. 

However, this is not true of many other operations. For instance, the square of a matrix 

is not calculated by squaring each of its elements. 

6.2 Matrices | 303 | 
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0 7) 1 2 -1l 

1.W%A=|]0 2 -—l|andB=)2 0 3 |, find 

i 3 1 -l 0 

a. A+2B 

b. 3A-B 

c. AB 

d. BA 

1-i 1-2i -i 2 
= = , find 2. IfA bar py ane | | 

a. A+2B 

b. 2A-—B 

c. AB 

d. BA 

—2 1 3 i 2 2 

SeelieAv== 3 0 -—3] andB= 1 -1 -1)}, find 

2 -l iL —2 iI 0 

a. AT b. B’ 
c. A’ +B" d. (A+B)" 

3-—2i 142i 
4 a= (77; “pbai) find 

rin LMP 

b. A 

c. A* 

1 -2 0 2 1 -l 

Salt SAS [2 2 -1}],B={-2 -1 3 }j,and 

—2 im 3 a 0 2 

2, il 0) 

C=(|1 2 2 |, verify that 

YQ =3 Sl 

a. (AB)C = A(BC) 

b. (A+B)+C=A+(B+C) 

c. A(B+C)=AB+AC 

6. Prove each of the following laws of matrix algebra: 

A+B=B+A 

. A+(B+C)=(A+B)+C 

a(A+B)=aA+aB 

(a+ B)A=aA+ BA 

. A(BC) = (AB)C 

. AB+C)=AB+ AC 

i -1-i 

Te, Mio || 2) |henvel 3 

1+i i-2 

a. x’y 

b. yy 
c. (xy) 

d. (y, y) 

ee EG Se 

, find 

In each of Problems 8 through 14, if the given matrix is nonsingular, 

find its inverse. If the matrix is singular, verify that its determinant is 

zero. 

yt al 

10. PREZ eZ 

ey 2) 3 

il Il 

11. | —2 Ik ts 

I! il il 

3 el 0 

2 2ai| ORS a eel 

OmOieS 

i Sib il 

13. | 2 1 0 

BW 1 

1 Sal 2 0 

14 = 2 —4 2 

; 1 0 1 3 

=2 2 WW) tl 

15. If A is a square matrix, and if there are two matrices B and C 

such that AB = Iand CA =I, show that B = C. Thus, if a matrix 

has an inverse, it can have only one. 

Co cen ene 2e! Caee 

16. IfA(t)=| 2e et -e%|andB(t)=|-—e! 2e* et 

—ef 3e-t 202! 3e¢ et —e2t 

find 

a. A+2B 

b. AB 

. aA 
“efits 

1 
d. | A(t)dt 

0 

In each of Problems 17 and 18, verify that the given vector satisfies 

the given differential equation. 

Weext ( 73) x, X= (") et 

ye 

Gs, 3 eae 0) DI 5% 

A 2 eke 3 

La 4 
9 9 9 

oe —t 2 8t Xe | 2 ger lie af 9 e 

4 4 (Na = 
9 9 

In each of Problems 19 and 20, verify that the given matrix satisfies 
the given differential equation. 

F ze 2e7! det 
[oe en eit ap Ss 15-7 aeanuhioeee 

—e~3t 2e! ef 5. =4.. A 
20. W =|12 -11 12|/¥, W(t) =| —3e-3 0 3et 

re ae ag —e—3t — Jet 3et 

> 
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6.3 SYSTEMS OF LINEAR ALGEBRAIC EQUATIONS; LINEAR 
*~ | INDEPENDENCE, EIGENVALUES, EIGENVECTORS 

In this section we review some results from linear algebra that are particularly important 
for the solution of systems of linear differential equations. Some of these results are easily 
proved and others are not; since we are interested simply in summarizing some useful 
information in compact form, we give no indication of proofs in either case. All the results 
in this section depend on some basic facts about the solution of systems of linear algebraic 
equations. 

> Systems of Linear Algebraic Equations. A set of n simultaneous linear algebraic equa- 

tions in n variables 

Q41Xy + AyQX2 + °*+ + AyyXy = by, 

(1) 

can be written in matrix form as 

Ax = b, (2) 

where the n X n matrix A and the n-dimensional vector b are given, and the components 

of the n-dimensional vector x are to be determined. If b = 0, the system is said to be 

homogeneous; otherwise, it is nonhomogeneous. 

If the coefficient matrix A is nonsingular—that is, if det A is not zero—then there is a 

unique solution of the system (2) for any vector b. Since A is nonsingular, A~' exists, and 

the solution can be found by multiplying each side of equation (2) on the left by A~!; thus 

x =A~!b. (3) 

In particular, the homogeneous problem Ax = 0, corresponding to b = 0 in equation (2), 

has only the trivial solution x = 0. 

On the other hand, if A is singular—that is, if det A is zero—then, depending on the 

specific right-hand side b, solutions of equation (2) either do not exist, or do exist but are 

not unique. Since A is singular, A~! does not exist, so equation (3) is no longer valid. 

When A is singular, the homogeneous system 

Ax =0 (4) 

has (infinitely many) nonzero solutions in addition to the trivial solution. The situation for 

the nonhomogeneous system (2) is more complicated. This system has no solution unless 

the vector b satisfies a certain further condition. This condition is that 

(b, y) = 0, (5) 

for all vectors y satisfying A’y = 0, where A* is the adjoint of A. If condition (5) is met, then 

the system (2) has (infinitely many) solutions. These solutions are of the form 

ROG? (6) 

where x is a particular solution of equation (2), and & is the most general solution of 

the homogeneous system (4). Note the resemblance between equation (6) and the solution 

of a nonhomogeneous linear differential equation. The proofs of some of the preceding 

statements are outlined in Problems 21c through 25. 
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The results in the preceding paragraph are important as a means of classifying the 

solutions of linear systems. However, for solving particular systems, it is generally best 

to use row reduction to transform the system into a much simpler one from which the 

solution(s), if there are any, can be written down easily. To do this efficiently, we can form 

the augmented matrix 

Gy ory Giny|obs 
(Alb) ={ : : ; (7) 

Qni *** Ann | by 

by adjoining the vector b to the coefficient matrix A as an additional column. The vertical 

line replaces the equals sign and is said to partition the augmented matrix. We now perform 

row operations on the augmented matrix so as to transform A into an upper triangular 

matrix—that is, a matrix whose elements below the main diagonal are all zero. Once this is 

done, it is easy to see whether the system has solutions, and to find them if it does. Observe 

that elementary row operations on the augmented matrix (7) correspond to legitimate 

operations on the equations in the system (1). The following examples illustrate the process. 

EXAMPLE 6.3.1 

Solve the system of equations 

Daa >. Sra sapere inh 

—X\ ote 2,5} oo 2X3 ioe aos (8) 

2X, = X2 = x3 = 4. 

Solution: 

The augmented matrix for the system (8) is 

To s2s Shag 
Se ee ab (9) 

We now perform row operations on the matrix (9) with a view to introducing zeros in the lower 

left part of the matrix. Each step is described and the result recorded below. 

(a) Add the first row to the second row, and add (—2) times the first row to the third row. 

Sixes) 

| 

We | SN 

Nu 

—10 

(b) Multiply the second row by —1. 

(a), ooyetas | Qe | a own 
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(d) Divide the third row by —4. 

The matrix obtained in this manner corresponds to the system of equations 

x= 2X2 on 3x3 Sine 

X2 — X3 = —2, (10) 

x3= aI 

which is equivalent to the original system (8). Note that the coefficients in equations (10) form a 

triangular matrix. From the last of equations (10) we have x; = 1, from the second equation x, = 

—2+x3 =-—1, and from the first equation x, = 7 + 2x, — 3x; = 2. Thus we obtain 

which is the solution of the given system (8). Incidentally, since the solution is unique, we conclude 

that the coefficient matrix is nonsingular. 

EXAMPLE 6.3.2 

Discuss solutions of the system 

BS [oe 2X2 =e 3x3 = bi, 

SP ae OGY 2x3 = bp, (11) 

2X1 RB S7) oy 3x3 = b3 

for various values of b,, b, and b3. 

Solution: 

Observe that the coefficients in the system (11) are the same as those in the system (8) except for 

the coefficient of x; in the third equation. The augmented matrix for the system (11) is 

£2 31; 

aA a0 Bs, (12) 

ipl ye se 

By performing steps (a), (b), and (c) as in Example 6.3.1, we transform the augmented matrix (12) 

into 

(ae Sy Ri b; 

iis Oe | —b,—b, |. (13) 

0 OO 0| b +3b, +b; 

The equation corresponding to the third row of the matrix (13) is 

by ote 3b, Ge b3 = 0; (14) 

thus the system (11) has no solution unless the condition (14) is satisfied by b,, bz, and bs. It is 

possible to show that this condition is just equation (5) for the system (11). 
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Let us now assume that b, = 2, b) = 1, and b; = —5, in which case equation (14) is satisfied. 

Then the first two rows of the matrix (13) correspond to the equations 

X1 — 2X2 + 3x3 = 2, (15) 

OG) emilee —3, 

To solve the system (15), we can choose one of the unknowns arbitrarily and then solve for the 

other two. If we let x; = a, where a is arbitrary, it then follows that 

X= X3-3=a —3, 

xX, = 2x, — 3x, +2 = 2(¢—3) —3a+2=—-a=4. 

If we write the solution in vector notation, we have 

-—a—4 aah —4 

X= 1 a= Bop Say 1 pe —3 4s (16) 

a 1 0 

It is easy to verify that the second term on the right-hand side of equation (16) is a solution 

of the nonhomogeneous system (11) and that the first term is the most general solution of the 

homogeneous system corresponding to (11). 

Row reduction is also useful in solving homogeneous systems and systems in which the 

number of equations is different from the number of unknowns. 

> Linear Dependence and Independence. A collection of k vectors x™, ... ,x is said to 
be linearly dependent if there exists a set of real or complex numbers ¢), ... , cy, at least 

one of which is nonzero, such that 

In other words, x, ... x“ are linearly dependent if there is a linear relation among them. 

On the other hand, if the only values of the coefficients c,, ... , c; for which equation (17) is 

satisfied are c; = c) = ++ = cy = 0, then x, ... ,x are said to be linearly independent. 

Consider now a collection of n vectors, each of which has n components. Form the 

n Xn matrix X by putting the vector x” into column j of X. Thus X = (xj), where x}; = x ) 

the i‘ component of the vector x, Also let c = (cj). Then equation (17) can be written as 

Q) (n) 
Gj, (QM) pola BE) Ga Clee since tC Cr 

1 
xVe, feet xMe,, XniCy tet XynCn 

or, equivalently, 

Xce=0. (18) 

If det X # 0, then the only solution of equation (18) is c = 0, but if det X = 0, there are 
nonzero solutions. Thus the set of vectors x, ... , x is linearly independent if and only if 
det X 40. 
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1 —2 3 

For instance, the vectors |—1], | 1 }, and | —2] are linearly independent; see 

2 —l —l 

1 —2 

Example 6.3.1. Similarly, from Example 6.3.2, we know the vectors | —1 }, 1], and 

2 —l 

3 

—2 } are linearly dependent. 

3 

EXAMPLE 6.3.3 

Determine whether the vectors 

2 4 6 
x) = 275 x(2) =]0], x@) = 2 (19) 

6 8 14 

are linearly independent or linearly dependent. If they are linearly dependent, find a linear relation 

among them. 

Solution: 

To determine whether x), x), and x®) are linearly dependent, we seek constants c,, c>, and ¢; 
such that 

cx) ete Cx?) aha 3x) =0. (20) 

Equation (20) can also be written in the form 

DA OTL 0 
F 0 4 |= | (21) 
6 8 14 0 

C3 

and solved by means of elementary row operations starting from the augmented matrix 

ag 6-5 

26 DO (22) 
6 8 0 14 

We proceed as in Examples 6.3.1 and 6.3.2. 

(a) Divide first row by 2, then add (—1) times the first row to the second row and add (—3) times 

first row to the third row 

1 2 Sale) 

0..—4 4 
Of 4" 3414.0 

(b) Add (—1) times the second row to the third row. 

o 

Thus we obtain the equivalent system 

Cit 2C2 ef 3¢3 = 0, 

aq 4c nes! 4c, ='0. (23) 
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At this point we know there will be a nontrivial solution to equation (20) and so x x2) and x@) 

are linearly dependent. 

To find a linear relation among x”, x2), and x®), note that the second of equations (23) can be 

rewritten as c) = —C3, and then from the first we obtain c) = —2c2 — 3c3 = —2cz + 3¢2 = Cp. Thus 

we have solved for c,and c, in terms of c;, with the latter remaining arbitrary. If we choose c3 = —1 

for convenience, then c, = 1 and c, = 1. In this case the linear relation (20) becomes 

x) + x02) — x) = 0, 

and the given vectors are linearly dependent. 

Alternatively, if the 3 x 3 coefficient matrix in equation (21) is called X, we can compute det X. 

Thus 

246 
0.2 25-2 20 

dettK = |20 2 = 2/8 alle al tle s 
6814 
—32— 64+ 96 = 0. 

Hence x“), x@ and x) are linearly dependent. However, if the coefficients c,, cz, and c; in the 
linear relation among these three vectors are required, we still need to solve equation (20) to find 

them. 

Frequently, it is useful to think of the columns (or rows) of a matrix A as vectors. These 

column (or row) vectors are linearly independent if and only if det A # 0. Further, if 

C = AB, then it can be shown that det C = (det A)(det B). Therefore, if the columns (or 

rows) of both A and B are linearly independent, then the columns (or rows) of C are also 

linearly independent. 

Now let us extend the concepts of linear dependence and independence to a collection 

of vector functions x(t), ... , x(t) defined on an interval a < t < f. The vectors 
xt), .. , x) are said to be linearly dependent on a < t < £ if there exists a set 
of constants c), ... , C,, not all of which are zero, such that 

cx) (t) +++ +¢.x (ft) =0 for all t in the interval. 

Otherwise, x(t), ... , x(t) are said to be linearly independent. Note that if x(t), ... , 

x(t) are linearly dependent on an interval, they are linearly dependent at each point in 

the interval. However, if x(t), ...,x(0) are linearly independent on an interval, they may 

or may not be linearly independent at each point; they may, in fact, be linearly dependent 

at each point, but with different sets of constants at different points. See Problem 13 for an 

example. 

> Eigenvalues and Eigenvectors. The equation 

Ax=y (24) 

can be viewed as a linear transformation that maps (or transforms) a given vector x into a 
new vector y. Vectors that are transformed into multiples of themselves are important in 
many applications, including finding solutions to systems of first-order linear differential 
equations with constant coefficients.° 

i, 

°For example, this problem is encountered in finding the principal axes of stress or strain in an elastic body, 
and in finding the modes of free vibration in a conservative system with a finite number of degrees of freedom. 
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To find such vectors, we set y = Ax, where / is a scalar proportionality factor, and seek 

solutions of the equation 

Ax = Ax, (25) 

or 

(A —Al)x =0. (26) 

The latter equation has nonzero solutions if and only if A is chosen so that 

det (A — AI) = 0. (27) 

Equation (27) is a polynomial equation of degree n in A and is called the characteristic 

equation of the matrix A. Values of A that satisfy equation (27) may be either real- or 

complex-valued and are called eigenvalues of A. The nonzero solutions x of equation 

(25) or (26) that are obtained by using such a value of A are called the eigenvectors 

corresponding to that eigenvalue. 

The foliowing example illustrates how eigenvalues and eigenvectors are found. 

EXAMPLE 6.3.4 

Find the eigenvalues and eigenvectors of the matrix 

Sei a=(; 7). (28) 

Solution: 

The eigenvalues A and eigenvectors x satisfy the equation (A — AI)x = 0, or 

3-A —1 xy 0 
= : 2 Cees 09) 

The eigenvalues are the roots of the characteristic equation 

3-A —1 det(A — A) = | een |=3-2-2=@-20+1)=0. (30) 

Thus the eigenvalues are A, = 2 and A, = —1. 

To find the eigenvectors, we return to equation (29) and replace 4 by each of the eigenvalues in 

turn. For A = 2 we have 

1 -1 x1 0 
= j 31 

e | (*) (;) ay 

Hence each row of this vector equation leads to the condition x; — x, = 0, so x, and x, are equal 

but their value is not determined. If x, = c, then x, = c also, and the eigenvector x“ is 

x) = ¢ Gl c #0. (32) 

Thus, for the eigenvalue 2, = 2 there is an infinite family of eigenvectors, indexed by the arbitrary 

constant c. We will choose a single member of this family as a representative of the rest; in this 

example it seems simplest to let c = 1. Then, instead of equation (32) we write 

x0 (;) (33) 
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and remember that any nonzero multiple of this vector is also an eigenvector. We say that x) is 

the eigenvector corresponding to the eigenvalue A; = 2. 

Now, setting A = —1 in equation (29), we obtain 

es x 4 1 yr 0 (34) 

4 —1 X2 0) 

Again, we obtain a single condition on x, and x,, namely, 4x; — x, = 0. Thus the eigenvector 

corresponding to the eigenvalue A, = —1 is 

x = (2 (35) 

or any nonzero multiple of this vector. 

As Example 6.3.4 illustrates, eigenvectors are determined only up to an arbitrary nonzero 

multiplicative constant; if this constant is specified in some way, then the eigenvectors are 

said to be normalized. In Example 6.3.4, we chose the constant c so that the components of 

the eigenvectors would be small integers. However, any other nonzero choice of c is equally 

valid, although perhaps less convenient. Sometimes it is useful to normalize an eigenvector 

x by choosing the constant so that its length IIx] = (x, x)? =1. 
Since the characteristic equation (27) for an n X n matrix A is a polynomial equation 

of degree n in A, each n X n such matrix has n eigenvalues Aj, ... , A,, some of which 

may be repeated. If a given eigenvalue appears m times as a root of equation (27), then 

that eigenvalue is said to have algebraic multiplicity m. Each eigenvalue has at least 

one associated eigenvector, but can have other linearly independent eigenvectors. If an 

eigenvalue has q linearly independent eigenvectors. We say the eigenvalue has geometric 

multiplicity q. It is possible to show that 

Ma qisum: (36) 

That is, the geometric multiplicity never exceeds the algebraic multiplicity. Examples 

demonstrate that q may be any integer in this interval. If each eigenvalue of A is simple 

(has algebraic multiplicity 1), then each eigenvalue also has geometric multiplicity 1. 

It is possible to show that if A, and A, are two eigenvalues of A and if A, # A,, 

then their corresponding eigenvectors x“ and x®) are linearly independent (Problem 29). 

This result extends to any collection of distinct eigenvalues A, ... , A,: their eigenvectors 
x, ..., x” are linearly independent. Thus, if each eigenvalue of an n X n matrix is simple, 
then the n eigenvectors of A, one for each eigenvalue, are linearly independent. On the 
other hand, if A has one or more repeated eigenvalues, then there may be fewer than n 
linearly independent eigenvectors associated with A, since for a repeated eigenvalue we 
may have q < m. As we will see in Section 6.8, this fact may lead to complications later on 
in the solution of systems of differential equations. 

EXAMPLE 6.3.5 

Find the eigenvalues and eigenvectors of the matrix 

SC ane dl 
Ale [120-211 10) (37) 
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Solution: 

The eigenvalues 4 and eigenvectors x satisfy the equation (A — AI)x = 0, or 

5-A 4 oN (Ah 0 
12. -11-A~ 12 J} x,]=[0)}. (38) 
4 <4: 5-4 0 

x3 

The eigenvalues are the roots of the equation 

5-A  —4 4 
det(A—ATI =| 12 -11-A 12 |=-#3-724+54-3=0. (39) 

4 —4 5-A 

The roots of equation (39) are A; = —3, A, = A; = 1. Thus -3 is a simple eigenvalue and 1 is an 

eigenvalue of algebraic multiplicity 2, or a double eigenvalue. 

To find the eigenvector x‘) Corresponding to the eigenvalue ,, we substitute A = —3 in 
equation (38); this gives the system 

Baa ae 0 
12 -8 12) |x,|=[0}. (40) 
died B7(t whic \0 

ets memreey Vee eo 0 
016240 12), b=40;/7 (41) 
a0 Oe: 0 

Solving this system yields the eigenvector 

1 

pees Sh (42) 
1 

For A = 1, equation (38) reduces immediately to the single equation 

Xy —X_+xX3 =0. (43) 

Thus values for two of the quantities x,, x, x3 can be chosen arbitrarily, and the third is determined 

from equation (43). For example, if x, = c, and x2 = cz then x; = c2 — ¢,. In vector notation, we 

have 

) 1 0 
at C2 =(C() O}+cz}1 (44) 

ae, -—1 1 

For example, by choosing c, = 1 and c2 = 0, we obtain the eigenvector 

1 

5 sel MMe US Fe (45) 
—1 
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Problems 

Second linearly independent eigenvector can be found by making another choice of c,; and cz — 

for instance, c; = 0 and cy = 1. In this case we obtain 

5 ete al Bak (46) 
i 

which is linearly independent of x). Therefore, in this example, two linearly independent 

eigenvectors are associated with the double eigenvalue. 
ee ———————————————————— SS 

An important special class of matrices, called self-adjoint or Hermitian matrices, are 

those for which A’ = A; that is, a ji = Ajj. Hermitian matrices include as a subclass real 

symmetric matrices—that is, matrices that have real elements and for which Ale=rA. 

The eigenvalues and eigenvectors of Hermitian matrices always have the following useful 

properties: 

All eigenvalues are real. 

There always exists a full set of n linearly independent eigenvectors, regardless of the 

algebraic multiplicities of the eigenvalues. 

3. If x and x) are eigenvectors that correspond to different eigenvalues, then 

(xx) = 0. Thus, if all eigenvalues are simple, then the associated eigenvectors 

form an orthogonal set of vectors. 

4. Corresponding to an eigenvalue of algebraic multiplicity m, it is possible to choose 

m eigenvectors that are mutually orthogonal. Thus the full set of n eigenvectors can 

always be chosen to be orthogonal as well as linearly independent. 

The proofs of statements 1 and 3 above are outlined in Problems 27 and 28. 

Example 6.3.5 illustrates properties 1, 2, and 3, but the choice we have made for x? and 

x) does not illustrate property 4. However, it is always possible to choose an x®) and x®) 

so that (x), x©)) = 0. For instance, in Example 6.3.5 we could have chosen x”) as before 
and x) by using c, = 1 and c, = 2 in equation (44). In this way we obtain 

1 1 

» ae Wale pe es Db) 

= 1 

as the eigenvectors associated with the eigenvalue 2 = 1. These eigenvectors are orthog- 
onal to each other as well as to the eigenvector x that corresponds to the eigenvalue 
A=-3. 

In each of Problems 1 through 5, either solve the given system of 4. 2x, +4x2+ 6x3,=0 
equations, or else show that there is no solution. 2X, + 2X3 = 0 

ite xX, —- x= 0 

3X, +X. + x3= 1 

—X, + X2 + 2x3 =-1 

D4, 2G] Se Xz + x3 = 

2X, + 4x2 + 6x3 = 10 

Xy + 2X> 3X3 = 

3. Ket 2X x3=1 

2X, + Xz + x3=1 

xj - X2 + 2x3 =0 

6X, = 8X2 oP 14x3 = 0 

5, 7X, ae 6X2 + 12x, = 0 

5X, ap 5X2 ap 7X3 =0 

x, + 4x3 =0 

In each of Problems 6 through 9, determine whether the members of 
the given set of vectors are linearly independent. if they are linearly 
dependent, find a linear relation among them. In Problems 6 to 9, 
11, and 12, vectors are written as row vectors to save space but may 
be considered as column vectors; that is, the transposes of the given 
vectors may be used instead of the vectors themselves. 
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6. x) =(7,5,1), x =(6,5,0), x®) = (12,7,4) 
7. x9) =(1,1,3), x®=(2,0,4), x® =(,1,7) 
81x) s1(15 2,2, 3), Mex?) = (EF 0; 3/1), 

x®) = (—2,-1,1,0), x = (—3,0,-1, 3) 

9. x”) =(1,2,-1,0), “x? = (2,2,1,-1), 
x?) = (—1,0,2,2), x = (2,—1,1,3) 

10. Suppose that each of the vectors x™, ... , x has n components, 
where n < m. Show that x, ... , x” are linearly dependent. 

In each of Problems 11 and 12, determine whether the members of 

the given set of vectors are linearly independent for —co < t < oo. If 

they are linearly dependent, find the linear relation among them. 

1. xY() = (sine sint), x?(t) =(sint 3 sin t) 

12.x% (t) = (e55 2e5'),. 9x = (es, e—*), 

x) (t) = (4e7*, 0) 

Lt WS 

ef il 

x(t) = ( } x(t) = ( \ 
te! t 

Show that x(t) and x(t) are linearly dependent at each point 
in the interval 0 < t < 1. Nevertheless, show that x(t) and x(t) 
are linearly independent on 0 <t<1. 

In each of Problems 14 through 20, find all eigenvalues and eigen- 

vectors of the given matrix. 

7 3 
14. iE a 

5 - 5 8 ape iat) ime fen 3) 

Oy ab al 3) 24 

Se kee Ol 1 | A) 

ie loa 0 4 2 3 

a) AS 8 
byt a wa ala 

EP lash po Se 33 
Opel See 0 

Problems 21 through 25 deal with the problem of solving Ax = b 

when det A= 0. 

21. a. Suppose that A is a real-valued n x n matrix. Show that 

(Ax, y) = (x, A’y) for any vectors x and y. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

Hint: You may find it simpler to consider first the case n = 2; 

then extend the result to an arbitrary value of n. 

b. If A is not necessarily real, show that (Ax, y) = (x, A’y) for 

any vectors x and y. 

c. If Ais Hermitian, show that (Ax, y) = (x, Ay) for any vectors 

xand y. 

Suppose that, for a given matrix A, there is a nonzero vector x 

such that Ax = 0. Show that there is also a nonzero vector y such 

that A’y = 0. 

Suppose that det A = 0 and that Ax = b has solutions. Show that 

(b, y) = 0, where y is any solution of A’y = 0. Verify that this 
statement is true for the set of equations in Example 6.3.2. 

Hint: Use the result of Problem 21b. 

Suppose that det A = 0 and that x = x is a solution of Ax = b. 
Show that if € is a solution of Aé = 0 and a is any constant, then 

x = x + @é is also a solution of Ax = b. 

Suppose that det A = 0 and that y is a solution of A’y = 0. Show 

that if (b, y) = 0 for every such y, then Ax = b has solutions. Note 

that this is the converse of Problem 23; the form of the solution 

is given by Problem 24. 

Hint: What does the relation A’y = 0 say about the rows of A? 

Again, it may be helpful to consider the case n = 2 first. 

Prove that A = 0 is an eigenvalue of A if and only if A is singular. 

In this problem we show that the eigenvalues of a Hermitian 

matrix A are real. Let x be an eigenvector corresponding to the 

eigenvalue A. 

a. Show that (Ax, x) = (x, Ax). 

Hint: See Problem 21c. 

b. Show that A(x, x) = rN xan) 

Hint: Recall that Ax = Ax. 

c. Show that A = 1 that is, the eigenvalue J is real. 

Show that if A, and A, are eigenvalues of a Hermitian matrix A, 

and if A, # A;, then the corresponding eigenvectors x and x? 
are orthogonal. 

Hint: Use the results of Problems 21c and 27 to show that 

(Ay = a,x, x) = 0. 
Show that if 2, and A, are eigenvalues of any matrix A, and if 

A, # A), then the corresponding eigenvectors x and x) are 
linearly independent. 

Hint: Start from ¢c,x + cx = 0; multiply by A to obtain 
CA, x + c,A,x® = 0. Then show that c, = c, = 0. 

BASIC THEORY OF SYSTEMS OF FIRST-ORDER LINEAR 

6.4 | EQUATIONS 
The general theory of a system of n first-order linear equations 

X4 = Pry (t) xX ++ + Pin) Xn + 81 ), 

Xn = Pni(t)xX1 ++" + Pan (t) Xn + 8n (t) 

(1) 
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closely parallels that of a single linear equation of nth order. The discussion in this section 

therefore follows the same general lines as that in Sections 3.2 and 4.1. To discuss the system 

(1) most effectively, we write it in matrix notation. That is, we consider x; = X;(0), ... , 

X, = X,(t) to be components of a vector x = x(t); similarly, g;(¢), ... g,(t) are components of 

a vector g(t), and p;(t), ... , Pnn(t) are elements of ann xn matrix P(t). Equation (1) then 

takes the form 

x’ = P(t)x+g(t). (2) 

The use of vectors and matrices not only saves a great deal of space and facilitates 

calculations but also emphasizes the similarity between systems of differential equations 

and single (scalar) differential equations. 

A vector x = x(t) is said to be a solution of equation (2) if its components satisfy the 

system of equations (1). Throughout this section we assume that P and g are continuous 

on some interval a < t < ; that is, each of the scalar functions Py), ... , Pans 1» + » 8n IS 

continuous there. According to Theorem 6.1.2, this is sufficient to guarantee the existence 

of solutions of equation (2) on the interval a <t< . 

It is convenient to consider first the homogeneous equation 

x = Pi()x (3) 

obtained from equation (2) by setting g(t) = 0. Just as we have seen for a single linear 

differential equation (of any order), once the homogeneous equation has been solved, there 

are several methods that can be used to solve the nonhomogeneous equation (2); this is 

taken up in Section 6.9. 

We use the notation 

X11 (t) X1k (t) 

LO = xa ©) xe *2k (t) _ (4) 

Xn1 (t) Xnk (t) 

to designate specific solutions of the system (3). Note that x;; () = x ) (t) refers to the it? 

component of the j” solution x(t). The main facts about the structure of solutions of the 

system (3) are stated in Theorems 6.4.1 to 6.4.5. They closely resemble the corresponding 

theorems in Sections 3.2 and 4.1; some of the proofs are left to you as exercises. 

Theorem 6.4.1 | Principle of Superposition 

If the vector functions x and x are solutions of the system (3), then the linear combination 
ex + c)x®) is also a solution for any constants c, and c. 

The principle of superposition is proved simply by differentiating c.x® + c>x® and 
using the facts that x“) and x® satisfy equation (3). As an example, it can be verified that 

e3t =f} 

x) (t) = al = (;) et x(2) OQ = ee = (5) e-t (5) 

satisfy the equation 

te Gj i} = } (6) 
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Then, according to Theorem 6.4.1, 

3t —t 1 1 CiCue aCe 

- ce7! — 2c,e7 

also satisfies equation (6). 

By repeated application of Theorem 6.4.1, we can conclude that if x®, ... , x are 
solutions of equation (3), then 

X= Cx) (1) + + + ox (t) (8) 

is also a solution for any constants cj, ... , cy. Thus every finite linear combination of 

solutions of equation (3) is also a solution. The question that now arises is whether all 

solutions of equation (3) can be found in this way. By analogy with previous cases, it 

is reasonable to expect that for the system (3) of n first-order differential equations it 

is sufficient to form linear combinations of n properly chosen solutions. Therefore, let 

x), ...,x be n solutions of the system (3), and consider the matrix X(t) whose columns 

are the vectors x(t), ... , x(t): 

TL een Te) 
X(t) = (9) 

Xn (ft). -*-  Xnn (Eb) 

Recall from Section 6.3 that the columns of X(f) are linearly independent for a given value 

of t if and only if det X 4 0 for that value of t. This determinant is called the Wronskian of 

the n solutions x, ... , x and is also denoted by W[x™, = x]; that is, 

W [x,..., x] (t) = det X(t). (10) 

The solutions x, ... , x are then linearly independent at a point if and only if 

W[x®, ... ,x] is not zero there. 

Theorem 6.4.2 

If the vector functions x™, ... , x are linearly independent solutions of the system (3) for 
each point in the interval a < t < 8, then each solution x = x(t) of the system (3) can be 

expressed as a linear combination of x, ... , x 

X(t) = cx (t) + ++ + c,x"™ (t) (11) 

in exactly one way. 

Before proving Theorem 6.4.2, note that according to Theorem 6.4.1, all expressions of 

the form (11) are solutions of the system (3), while by Theorem 6.4.2 all solutions of equation 

(3) can be written in the form (11). If the constants cy, ... , c, are thought of as arbitrary, 

then equation (11) includes all solutions of the system (3), and it is customary to call it 

the general solution. Any set of solutions {x, ... , x} of equation (3) that is linearly 

independent at each point in the interval a < t < f is said to be a fundamental set of 

solutions for that interval. 

To prove Theorem 6.4.2, we will show that any solution x(¢) of equation (3) can be written 

as x(t) = ¢) x(t) + + + c, x(t) for suitable values of ¢, ... , Cy. Let t = to be some point 

in the interval a < t < 6 and let y = x(to). We now wish to determine whether there is any 

solution of the form x = cyx“(t) + -+» + c, x(t) that also satisfies the same initial condition 
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x(to) = y. That is, we wish to know whether there are values of cy, ... » Cn such that 

ey x")) (to) si? GOD Sp cy x (to) =y, (12) 

or, in scalar form, 

C1 X11 (to) t+ +enX1n (Lo) =N, 

(13) 

C1X nq (to) + °** + CnXnn (lo) = Yn- 

The necessary and sufficient condition that equations (13) possess a unique solution ¢,... , 

c, is precisely the nonvanishing of the determinant of coefficients, which is the Wronskian 

W[x,....,x] evaluated at t = to. The hypothesis that x, ... x” are linearly independent 

throughout a < t < £8 guarantees that W[x, ... , x] is not zero at t = to, and therefore 

there is a (unique) solution of equation (3) of the form x = CX Y(t) + + c,x(t) that also 

satisfies the initial condition (12). By the uniqueness part of Theorem 6.1.2, this solution is 

identical to x(t), and hence x(t) = c;x“(t) + --» + ¢,x(), as was to be proved. 

Theorem 6.4.3 | Abel’s Theorem 

If x, ... ,x are solutions of equation (3) on the interval a < t < , then in this interval 
W[x™, ..., x] either is identically zero or else never vanishes. 

The significance of Theorem 6.4.3 lies in the fact that it relieves us of the necessity 

of examining W[x™, ... , x] at all points in the interval of interest and enables us to 
determine whether x, ... , x form a fundamental set of solutions merely by evaluating 

their Wronskian at any convenient point in the interval. 

Theorem 6.4.3 is proved by first establishing that the Wronskian of x, ... , x satisfies 

the differential equation (see Problem 8) 

OF = ul) + Pa) + + Pan OW. (14) 

Hence 

ww =cexp( | (Pir (+ + Pam (O) de) (15) 

where c is an arbitrary constant, and the conclusion of the theorem follows immediately. 
The expression for W(t) in equation (15) is known as Abel’s formula; note the similarity 
of this result to Theorem 3.2.7 and sepecially to equation (23) of Section 3.2. 

Alternatively, Theorem 6.4.3 can be established by showing that if n solutions x™, ... , 
x) of equation (3) are linearly dependent at one point t = fo, then they must be linearly 
dependent at each point in a < t < 6 (see Problem 14). Consequently, if x, ... , x™ are 
linearly independent at one point, they must be linearly independent at each point in the 
interval. 

The next theorem states that the system (3) always has at least one fundamental set of 
solutions. 
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Theorem 6.4.4 

further, let x, ... , x“ be the solutions of the system (3) that satisfy the initial conditions 

xD (t) = eM), ...,x™ (to) = e™, (16) 

respectively, where f is any point in a < t < 8. Then x, ... , x form a fundamental set of 
solutions of the system (3). 

To prove this theorem, note that the existence and uniqueness of the solutions x™, ... , 
x) mentioned in Theorem 6.4.4 are ensured by Theorem 6.1.2. It is not hard to see that 
the Wronskian of these solutions is equal to 1 when t = t; therefore, x), ... , x are a 
fundamental set of solutions. 

Once one fundamental set of solutions has been found, other sets can be generated by 

forming (independent) linear combinations of the first set. For theoretical purposes, the set 

given by Theorem 6.4.4 is usually the simplest. 

Finally, it may happen (just as for second-order linear equations) that a system whose 

coefficients are all real-valued may give rise to solutions that are complex-valued. In this 

case, the following theorem is analogous to Theorem 3.2.6 and enables us to obtain real- 

valued solutions instead. 

Theorem 6.4.5 

Consider the system (3) 

x = P(t) x, 

where each element of P is a real-valued continuous function. If x = u(t) + iv(t) is a complex- 

valued solution of equation (3), then its real part u(t) and its imaginary part v(t) are also 

solutions of this equation. 

To prove this result, we substitute u(t) + iv(t) for x in equation (3), thereby obtaining 

x’ —P(t)x=u (t)-P(thu(t)+iWw @)—-P(@)v(t)) =9. (17) 

We have used the assumption that P(t) is real-valued to separate equation (17) into its real 

and imaginary parts. Since a complex number is zero if and only if its real and imaginary 

parts are both zero, we conclude that u’(t) — P(t)u(t) = 0 and v’(t) — P(t)v(t) = 0. Therefore, 

u(t) and v(t) are solutions of equation (3). 

To summarize the results of this section: 

1. Any set of 7 linearly independent solutions of the system x’ = P(¢)x constitutes a 

fundamental set of solutions. 

Under the conditions given in this section, such fundamental sets always exist. 

3. Every solution of the system x’ = P(t)x can be represented as a linear combination of 

any fundamental set of solutions. 
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Problems ——— ee 

In Problems 1 through 6, you are given a homogeneous system of 

first-order linear differential equations and two vector-valued func- 

tions, x and x®. 

a. 

b. 

Show that the given functions are solutions of the given system of 

differential equations. 

Show that x = c,x)) + c)x is also a solution of the given system 
for any values of c, and c). 

. Show that the given functions form a fundamental set of solutions 

of the given system. 

. For Problems 1-4, find the solution of the given system that 

satisfies the initial condition x(0) = (1, 2)’. For Problems 5 and 

6, use the initial condition x(2) = (1, 2)". 

. Find W[x™, x? (2). 

f. Show that the Wronskian, W = W[x, x], found in e is a 

solution of Abel’s equation: W' = (p;;() + p22(t)W. 

1 0 0 
— (1) = t (2) as —2t x=} : : x Ae x le 

2- —3 —3t+1 
eA Ate x= | ae Sa ai Je" 

0 1 1 1 > Q) — iy HONS ot so Be eal oe ee 
ae 

x =| 2 x xD=e2 | 8 © ; 
a ees — sin (t) 

Neh sin (t) 

cos (ft) 

(0) 1 8 t= 

-X=/3 1'x xVM= , x= 
ee 3t? —t~? 

3) 
, bY = : (; 

. Prove the generalization of Theorem 6.4.1, as expressed in the 

—2 1 2; 
f (1) | Sill (2) = 2 5) (E> x (3) je oss (He 

sentence that includes equation (8), for an arbitrary value of the 

integer k. 

. In this problem we outline a proof of Theorem 6.4.3 in the case 

n= 2. Let x and x” be solutions of equation (3) for a <t < f, 
and let W be the Wronskian of x™ and x®, 
a. Show that 

A 73 
Ane dx‘ ) dx‘ ) x x 

dt a & if dx? dx? 

x2 x2 dt dt 

b. Using equation (3), show that 

dw 
eros (Pi + P22) W. 

c. Solve the differential equation obtained in part b to find 

W(t). Use this expression to obtain the conclusion stated in 

Theorem 6.4.3. 

d. Prove Theorem 6.4.3 for an arbitrary value of n by generaliz- 

ing the procedure of parts a, b, and c. 

9. 

10. 

11. 

12. 

13. 

Problems 14 and 15 

Show that the Wronskians of two fundamental sets of solutions 

of the system (3) can differ at most by a multiplicative constant. 

Hint: Use equation (15). 

Ifx, = y and x, = y’, then the second-order equation 

y"+p(t)y+qOy=0 (18) 

corresponds to the system 

eee, (19) 

x5 = —q(t) x, — p(t) x2. 

Show that if x“ form x form a fundamental set of solutions 
of equations for (19), and ify and y are a fundamental set of 
solutions of equation for (18), then W[y®, y?] = cW[x®, x], 
where c is a nonzero constant. 

Hint: y(t) and y(t) must be linear combinations of x,,() and 

X12(t). 

Show that the general solution of x’ = P(t)x + g(t) is the sum 

of any particular solution x of this equation and the general 

solution x of the corresponding homogeneous equation. 

; t OR 
Consider the vectors x (t) = ( :) and x® (t) = ( 

a. Compute the Wronskian of x and x®. 

b. In what intervals are x and x linearly independent? 

c. What conclusion can be drawn about the coefficients in the 

system of homogeneous differential equations satisfied by 

x and x29 

d. Find this system of equations and verify the conclusions of 

part c. 

2, ef 

Consider the vectors x (t) = i and x®)(t) = ( ) and 
e 

answer the same questions as in Problem 12. 

indicate an alternative derivation of 

Theorem 6.4.2. 

14. 

15. 

Let x, ... x be solutions of x’ = P(t)x on the interval a <t < 
8. Assume that P is continuous, and let tp be an arbitrary point in 

the given interval. Show that x, ... , x” are linearly dependent 
for a <t < @ if (and only if) x(a), ... , x“(to) are linearly 
dependent. In other words, x, ... , x” are linearly dependent 
on the interval (a, 8) if they are linearly dependent at any point 
in it. 

Hint: There are constants cj, ... , C, that satisfy 

CX) (ty) + ++ +X (ty) = 0. 

Let z(t) = ¢x(t) + ++ + ¢_x™(t), and use the uniqueness 
theorem to show that z(t) = 0 for each tina <t< B. 

Let x“, ... ,x be linearly independent solutions of x’ = P(t)x, 
where P is continuous on a <t <p. 
a. Show that any solution x = z(t) can be written in the form 

Z(t) = qx (t) + --» +¢,x™ (t) 

for suitable constants Cj, ... , Cy. 
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Hint: Use the result of Problem 10 of Section 6.3, and also Hint: Show that (k, — ¢)x(t) + --» + (k, — ¢,)x™(t) = 0 
Problem 14 above. for each t in a < t < 8, and use the linear independence of 

b. Show that the expression for the solution z(f) in part a is Ri vptitg a} 
unique; that is, if z(t) = kyx%@ + -- + kx, then 
k, = Cy; eee 9 Kn = Cy: 

HOMOGENEOUS LINEAR SYSTEMS WITH 
as CONSTANT COEFFICIENTS 

We will concentrate most of our attention on systems of homogeneous linear equations with 

constant coefficients—that is, systems of the form 

x’ = Ax, (1) 

where A is a constant n x n matrix. Unless stated otherwise, we will assume further that all 

the elements of A are real (rather than complex) numbers. 

If n = 1, then the system reduces to a single first-order equation 

a = ax, (2) 

whose solution is x(t) = ce“. Note that x = 0 is the only critical point when a + 0. If a < 0, 

then all nontrivial solutions approach x(t) = 0 as t increases, and in this case we say that 

x(t) = 0 is an asymptotically stable equilibrium solution. On the other hand, if a > 0, 

then every solution (except the equilibrium solution x(t) = 0 itself) moves further from the 

equilibrium solution as t increases. Thus, in this case, x(t) = 0 is unstable. 

For systems of n equations, the situation is similar but more complicated. Equilibrium 

solutions are found by solving Ax = 0. We usually assume that det A # 0, so x = 0 is the 

only equilibrium solution. An important question is whether other solutions approach this 

equilibrium solution or depart from it as t increases; in other words, is x = 0 asymptotically 

stable or unstable? Or are there still other possibilities? 

The case n = 2 is particularly important and lends itself to visualization in the x,x>- 

plane, called the phase plane. By evaluating Ax at a large number of points and plotting the 

resulting vectors, we obtain a direction field of tangent vectors to solutions of the system of 

differential equations. A qualitative understanding of the behavior of solutions can usually 

be gained from a direction field. More precise information results from including in the 

plot some solution curves, or trajectories. A plot that shows a representative sample of 

trajectories for a given system is called a phase portrait. A well-constructed phase portrait 

provides easily understood information about all solutions of a two-dimensional system in a 

single graphical display. Although creating quantitatively accurate phase portraits generally 

requires computer assistance, it is usually possible to sketch qualitatively accurate phase 

portraits by hand, as we demonstrate in Examples 6.5.2 and 6.5.3 below. 

Our first task, however, is to show how to find solutions of systems such as equation (1). 

We start with a particularly simple example. 

EXAMPLE 6.5.1 

Find the general solution of the system 

Ke (; ) ba (3) 
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Solution: 

The most important feature of this system is that the off-diagonal entries of the coefficient matrix 

are zero; that is, it is a diagonal matrix. Thus, by writing the system in scalar form, we obtain 

Xf = 2K) Xp = 3X3. 

Each of these equations involves only one of the unknown variables, so we can solve the two 

equations separately. In this way we find that 

Xp = Cie, dp Oe, 

where c, and c, are arbitrary constants. Then, by writing the solution in vector form, we have 

2t 2t 0 

ne he @ 1) o2t Ae = = = : 4 x= Ea a({)+e a Cy (s)e + ¢2 (; e (4) 

Now we define the two solutions x and x® so that 

(1) 1) at (2) O\ -3t x (p= oJ’? * @)= a ae (5) 

The Wronskian of these solutions is 

Ca 0 
W [x®, x®] (t) = =e," (6) 

which is never zero. Therefore, x and x® form a fundamental set of solutions, and the general 

solution of equation (3) is given by equation (4). 

In Example 6.5.1 we found two independent solutions of the given system (3) in the form 

of an exponential function multiplied by a vector. This was perhaps to be expected since we 

have found other linear equations with constant coefficients to have exponential solutions, 

and the unknown x in the system (3) is a vector. So let us try to extend this idea to the general 

system (1) by seeking solutions of the form 

x = Ge", (7) 

where the exponent r and the vector & are to be determined. Substituting from equation (7) 

for x in the system (1) gives 

rée b= Ae", 

Upon canceling the nonzero scalar factor e”, we obtain A€é = r€, or 

(A-rDé =0, (8) 

where I is the n x n identity matrix. Thus, to solve the system of differential equations (1), 
we must solve the system of algebraic equations (8). This latter problem is precisely the one 
that determines the eigenvalues and eigenvectors of the matrix A. Therefore, the vector x 
given by equation (7) is a solution of equation (1), provided that r is an eigenvalue and € an 
associated eigenvector of the coefficient matrix A. 

The following two examples are typical of 2 x 2 systems with eigenvalues that are real 
and different. In each example we will solve the system and construct a corresponding phase 
portrait. We will see that solutions have very distinct geometrical patterns, depending on 
whether the eigenvalues have the same sign or different signs. Later in the section we return 
to a further discussion of the general n x n system. 
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EXAMPLE 6.5.2 

Consider the system 

x= . i) Xx. (9) 

Plot a direction field and determine the qualitative behavior of solutions. Then find the general 
solution and draw a phase portrait showing several trajectories. 

Solution: 

The direction field shown in Figure 6.5.1 consists of 441 arrows drawn on the 21 x 21 grid of the 
square —2.5 <x, < 2.5, -2.5 < xX, < 2.5. (The step size in both x, and x, is 0.25.) At each gridpoint 

(x, X»), the arrow is drawn in the direction 

For example, at (1, 0) the direction vector is (1, 4)? and at (—1, —1) it is (—2, —5)". (These two 

direction vectors appear in green.) All direction vectors are drawn with the same length, which is 

short enough to keep nearby arrows from crossing. 

X92 
Nee NN NG fe fff fa fof 
Wee ee NN er ee Jefe fe fo fal heh: 
fe ela NUN No ff fhe eT 
fee | S\N ON ee fff Lf fe LT 
eee eG NNO eee fap ff ei ffs ff, 
et ee Vo Nee of hee Piaf poh fief 
Vat eye Noy VN ee fof ffi ff ff 
Nac aaa a Ne ne ee Leer cy an wees On ee gfe ay Ra 
Vereen e od eee N LET EPEAC YL fof, of 
$y, LA ject Tea. Pott [eal 

eS) Ro aaa ek ee Sa a fof fie fee ff 
VIEL EI LIL LA Nee eek hie 
py ay i [efeLay f de CNet EP ope 
fe ff fof i Sh Nett feist 
eS ia Gt EEN eal Mea eon fae ea Netti fp hehe of 
ENO SI aS OV LIL. Nee ecto p 
bf fos fff olef A Nee Ne estates 
Pade SV VA VV Le NN oe fe ft 
POS OP PVE I VV Na NN NN et 
LAL VEL LIS LOR NN tt 

| FIGURE 6.5.1 | Direction field for the system (9). 

Solution trajectories follow the arrows in the direction field. In particular, observe that a typical 

solution in the second quadrant eventually moves into the first or third quadrant, and likewise for 

a typical solution in the fourth quadrant. On the other hand, no solution leaves either the first or 

the third quadrant. Further, it appears that a typical solution departs from the neighborhood of the 

origin and ultimately has a slope of approximately 2. 

To find solutions explicitly, we assume that x = €e” and substitute for x in equation (9). We are 

led to the system of algebraic equations 

ae ea a ae : (10) 
4 1-r é 0 

2 

Equations (10) have a nontrivial solution if and only if the determinant of coefficients is zero. Thus 

allowable values of r are found from the equation 

a 
4 pa f= Oar 42-27-3220. 1) 



ES7] chapter 6 / Systems of First-Order Linear Equations 

Equation (11) has the roots r, = 3 and r, = —1; these are the eigenvalues of the coefficient matrix 

in equation (9). 

When r = 3, the two equations in system (10) reduce to the single equation 

—2€,+&, =0. (12) 

Thus €, = 2&,, and the eigenvector corresponding to r; = 3 can be taken as 

éY = a. (13) 

Similarly, corresponding to r, = —1, we find that €, = —2é,, so the eigenvector is 

1 

The corresponding solutions of the differential equation are 

(1) 1) 33 (2) oh ye XE 5 Caeser ex ere) ee a5 Copies (15) 

The Wronskian of these solutions is 

3t = 

W [x®,x®@] (0) = = —4¢%, (16) 
Der = Dent 

which is never zero. Hence the solutions x” and x?) form a fundamental set, and the general 

solution of the system (9) is 

XK = CX (t) + cox (£) 

=¢) (;) e* +C5 ce eres (17) 

where c, and c, are arbitrary constants. 

To visualize the solution (17), it is helpful to consider its graph in the x,x.-plane for various 

values of the constants c, and c,. We start with x = c,x() or, in scalar form, 

i Cees x2 = 206°". 

By eliminating t between these two equations, we see that this solution lies on the straight line 

Xz = 2x,; see Figure 6.5.2(a). This is the line through the origin in the direction of the eigenvector 

&)_ If we look at the solution as the trajectory of a moving particle, then the particle is in the first 

quadrant when c, > 0 and in the third quadrant when c, < 0. In either case the particle departs 

from the origin as ¢ increases. 

Next consider x = c)x)(t), or 

x, = gem, xX2z= —2c,e7!. 

This solution lies on the line x. = —2x,, whose direction is determined by the eigenvector £2), The 
solution is in the fourth quadrant when c, > 0 and in the second quadrant when c, < 0, as shown 
in Figure 6.5.2(a). In both cases the particle moves toward the origin as ¢ increases. 

The general solution (17) is a linear combination of x(¢) and x®(#). For large t, the term 
c,x‘)(t) is dominant and the term c,x(t) becomes negligible. Thus all solutions for which 
c, # 0 are asymptotic to the line x, = 2x, as t > oo. Similarly, all solutions for which Cc, # 0 are 
asymptotic to the line x. = —2x, as t > — ov. Figure 6.5.2(a) is a phase portrait for the system 
(9). The fundamental solutions of x and x® are the solid and dashed black curves, respectively; 
several other trajectories are also displayed. The pattern of trajectories in this figure is typical of all 
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2X 2 systems x’ = Ax for which the eigenvalues are real and of opposite signs. The origin is called a 
saddle point in this case. Saddle points are always unstable because almost all trajectories depart 
from them as t increases. 

es 

ee 

—-— Se SS >> SS 

~~ >> TS ~~~ 
a 

——— 

Gye (c) 

(a) A phase portrait for the system (9); the origin is a saddle point. 

(b) Typical Plots of x, versus t for the system (9). (c) Typical plots of x, versus t for the system 

(9). The component plots in (b) and (c) are color-coded with their trajectory in (a). The solid 

black and dashed black curves show the fundamental solutions x“) and x, respectively. 
The purple curves are for the solution that passes through (—2, —1), red through (—1, —1), 

green (0, —1), orange (1, —1), blue (3/2, —1), and gold (0, 1). 

In the preceding paragraph, we have described how to draw by hand a qualitatively correct 

sketch of the trajectories of a system such as equation (9), once the eigenvalues and eigenvectors 

have been determined. However, to produce a detailed and accurate drawing, such as Figure 

6.5.2(a) and other figures that appear later in this chapter, a computer is extremely helpful, if not 

indispensable. 

As an alternative to Figure 6.5.2(a), you can also plot x, or x, as a function of t; some 

typical plots of x, versus t are shown in Figure 6.5.2(b), and those of x, versus t are shown in 

Figure 6.5.2(c). For certain initial conditions it follows that c, = 0 in equation (17) so that x, = 

c,e' and x, > 0 ast — oo. One such graph is shown in Figure 6.5.2(b), corresponding to a trajectory 

that approaches the origin in Figure 6.5.2(a). For most initial conditions, however, c, # 0 and x, 

is given by x, = c,e* + c,e~. Then the presence of the positive exponential term causes x, to grow 

exponentially in magnitude as ¢ increases. Several graphs of this type are shown in Figure 6.5.2(), 

corresponding to trajectories that depart from the neighborhood of the origin in Figure 6.5.2(a). 

It is important to understand the relation between the direction field in (a) and the component 

plots in (b) and (c) of Figure 6.5.2 and other similar figures that appear later, since you may want 

to visualize solutions either in the x,x,-plane or as functions of the independent variable t. 
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EXAMPLE 6.5.3 

Consider the system 

Draw a direction field for this system and find its general solution. Then plot a phase portrait 

showing several typical trajectories in the phase plane. 

Solution: 

The direction field for the system (18) in Figure 6.5.3 shows clearly that all solutions approach the 

origin. 

x2 
SS NU SES ESSN NGI UE NING Nes aca 
SNES NN SNS NN ay ae 
eISSN ON Ze NNN te eee areca eee 
SNS NISSEN NNN Nee 
SS NNN NN ye eee 
SS NNN NNN NENG fe 
MN NNNNNALEY | 4 eee 
FS ee ENG \ fA 

{ ae, 

Sh ae as re OP) NNO NE 
Seer er Zr tf iN LN 
See FOTN Ns Br a Ne ee 
Sar err ZT hNN RENNES i ee 
ae Of NN oN NN ON SS 
ee fe fea NGNE KONO Ne a SN es 
A771 URN SRS SR Re 

| FIGURE 6.5.3 | Direction field for the system (18). 

To find the solutions, we assume that x = e’"; then we obtain the algebraic system. 

—3 =F V2 $y WelO: 

( poe Je) : () : ae 

The eigenvalues satisfy 

(-3 -r\(-2-r)-2=7r74+5r+4=(r4+1)(7+4) =0, (20) 

sor, = —l andr, = —4. For r = —1, equation (19) becomes 

( “e)-0): a 
Hence €, = 2€,, and the eigenvector é corresponding to the eigenvalue r; = —1 can be 
taken as 

roe 
V2) (22) 

Similarly, corresponding to the eigenvalue r, = —4, we have 6, = -2&,, so the eigenvector is 

@ favo 
2° -( 2). (23) 
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Thus a fundamental set of solutions of the system (18) is 

x) (t) = (75) ef, x@(h= ie e- 4, (24) 

and the general solution is 

dled We —y2\ _ 
K = Cx (t) +x = ¢ (ia)¢ +0 V7) nae (25) 

A phase portrait for the system (18) shown in Figure 6.5.4(a). The trajectory corresponding to 

the solution x(t) is the dashed black curve; it approaches the origin along the line x. = 2x. 

The solid black curve is the trajectory for the solution x(t); it approaches the origin along the line 

x, = —2x>. The slopes of these lines are determined by the eigenvectors € and €®, respectively. 
In general, we have a combination of these two fundamental solutions. As t > oo, because e~*! is 

much smaller than e~, the solution x(t) is negligible compared to x(t). Thus, unless c, = 0, the 

solution (25) approaches the origin tangent to the line x, = 2x). The pattern of trajectories shown 

in Figure 6.5.4(a) is typical of all 2 x 2 systems x’ = Ax for which the eigenvalues are real, different, 

and of the same sign. The origin is called a node for such a system. If the eigenvalues were positive 

rather than negative, then the trajectories would be similar but traversed in the outward direction. 

Nodes are asymptotically stable if the eigenvalues are negative and unstable if the eigenvalues are 

positive. 

% 
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~ > NN \ Pe 

aS ~ it : ~ 
Sa SSD LO tem om tm oe he 

“Ma > \ LAO em ts Pan, tony ane Eon, hoe 

My A Ry in tnd ~™N ~ a SS) 

ao oe! SSITSAS286 %1 
DROS WOES 

N NKR RRS 
> = wK ARGS RRE 

‘ AW RABASK A 
x NAAN NO “SS 
x WN AAARKR SR AN 
—2YERN NRA NORA 
AN ARK RAS ASH 
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(a) 

(b) (c) 

(a) A phase portrait for the system (18); the origin is an asymptotically 

stable node. (b) Typical plots of x, versus t for the system (18). (c) Typical plots of x2 versus ¢ 

for the system (18). The component plots in (b) and (c) are color-coded to their trajectories 

in (a). The solid black and dashed black curves show the fundamental solutions x and 

x®), respectively. The purple curves are for the solution that passes through (—2, —2), red 

through (0, —2), green (2, --2), orange (—2, 2), blue (0, 2), and gold (2, 2). 
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Although Figure 6.5.4(a) was computer-generated, a qualitatively correct sketch of the 

trajectories can be drawn quickly by hand on the basis of a knowledge of the eigenvalues and 

eigenvectors. 

Some typical plots of x, versus t are shown in Figure 6.5.4(b); the corresponding x, versus 

t plots appear in Figure 6.5.4(c). Observe that each of the coordinate graphs in Figures 6.5.4(b) 

and 6.5.4(c) approaches the t-axis asymptotically as t increases, corresponding to a trajectory that 

approaches the origin in Figure 6.5.2(a). 

Examples 6.5.2 and 6.5.3 illustrate the two main cases for 2 x 2 systems having eigenval- 

ues that are real and different. The eigenvalues have either opposite signs (Example 6.5.2) 

or the same sign (Example 6.5.3). The other possibility is that zero is an eigenvalue, but in 

this case it follows that det A = 0, which violates the assumption made at the beginning of 

this section. However, see Problems 5 and 6. 

Returning to the general n x n system (1), we proceed as in the examples. To find 

solutions of the differential equation (1), we must find the eigenvalues and eigenvectors 

of A from the associated algebraic system (8). The eigenvalues r;, ... , 7, (which need not 

all be different) are roots of the n'" degree polynomial equation 

det(A —rI) = 0. (26) 

The nature of the eigenvalues and the corresponding eigenvectors determines the nature of 

the general solution of the system (1). If we assume that A is a real-valued matrix, then we 

must consider the following possibilities for the eigenvalues of A: 

1. All eigenvalues are real and different from each other. 

2. Some eigenvalues occur in complex conjugate pairs. 

3. Some eigenvalues, either real or complex, are repeated. 

If the n eigenvalues are all real and different, as in the three preceding examples, then 

each eigenvalue has algebraic and geometric multiplicity one. Thus, associated with each 

eigenvalue r; is a real eigenvector €, and the n eigenvectors €), ... , €™ are linearly 

independent. The corresponding solutions of the differential system (1) are 

x) (t) = Eerie, ee) (t) = EMernt, (27) 

To show that these solutions form a fundamental set, we evaluate their Wronskian: 

EVerit ie. eMernt e@) cae Ee”) 

Wx, x] (Q=] | ‘vn Te eas Rabe (623, 
EDerit se EMernt eo ARE ee 

First, we observe that the exponential function is never zero. Next, since the eigenvectors 
ED, ..., €™ are linearly independent, the determinant in the last term of equation (28) is 
nonzero. As a consequence, the Wronskian W[x®, eb x')](t) is never zero; hence x ... : 
x‘) form a fundamental set of solutions. Thus the general solution of equation (1) is 

>i ce Vert feet cn €Mernt, (29) 

If A is real and symmetric (a special case of Hermitian matrices), recall from Section 6.3 
that all the eigenvalues ry, ... , 7, must be real. Further, even if some of the eigenvalues are 
repeated, there is always a full set of n eigenvectors €™, ... ,é that are linearly independent 
(in fact, orthogonal). Hence the corresponding solutions of the differential system (1) given 
by equation (27) again form a fundamental set of solutions, and the general solution is again 
given by equation (29). The following example illustrates this case. 
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EXAMPLE 6.5.4 

Find the general solution of 

Bad 4 
x= 1122-11-72 1x. (30) 

hee BAS 

Solution: 

The eigenvalues and eigenvectors of this matrix were found in Example 6.3.5. 

1 neo eS (5) (31) 

1 0 

h=1, n=1; €%=| o}, € =1[1). (32) 
=i 1 

Hence a fundamental set of solutions of equation (30) is 

1 i 0 

XV) =13}e, xMH=lole, xO) = [1] et, (33) 
1 1 1 

and the general solution is 

1 i 0 

X=¢,[3]e "4+ ¢c| O+es -c,11 le’. (34) 
1 =] 1 

This example illustrates the fact that even though an eigenvalue (r = 1) has algebraic multiplicity 

2, it may still be possible to find two linearly independent eigenvectors é?) and e°) and, as a 

consequence, to construct the general solution (34). 

The behaviour of the solution (34) depends critically on the initial conditions. For large t, the 

second and third terms on the right-hand side of equation (34), because of its positive exponential, 

is the dominant one; therefore, if c, # 0 orc; # 0 or both are # 0, all components of x become 

unbounded as t -oo. On the other hand, for certain initial points c) = Oandc; # 0. We have 

unbounded solution if c, #4 0 and c; = 0. The solution is again unbounded if c, = 0 and c3 = 0. 

In these cases, the solution involves only the negative exponential terms, and x > 0.as t >o. The 

initial points that cause cz and c3 both to be zero are precisely those that lie in the plane determined 

by the eigenvectors ev corresponding to one negative eigenvalue. Thus solutions that start in this 

plane approach the origin as t >0o, while all other solutions become unbounded. 

If some of the eigenvalues occur in complex conjugate pairs, then there are still n linearly 

independent solutions of the form (27), provided that all the eigenvalues are different. Of 

course, the solutions arising from complex eigenvalues are complex-valued. However, as in 

Section 3.3, it is possible to obtain a full set of real-valued solutions. This is discussed in 

Section 6.6. 
More serious difficulties can occur if an eigenvalue is repeated. In this event the number 

of corresponding linearly independent eigenvectors may be smaller than the algebraic 

multiplicity of the eigenvalue. If so, the number of linearly independent solutions of 

the form €e” will be smaller than n. To construct a fundamental set of solutions, it is 

then necessary to seek additional solutions of another form. The situation is somewhat 

analogous to that for an n'® order linear equation with constant coefficients; a repeated 

root of the characteristic equation gave rise to solutions of the form e” t te”. te"... The 

case of repeated eigenvalues is treated in Section 6.8. 

Finally, if A is complex, then complex eigenvalues need not occur in conjugate pairs, 

and the eigenvectors are normally complex-valued even though the associated eigenvalue 
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may be real-valued. The solutions of the differential equation (1) are still of the form (27), 

provided that there are n linearly independent eigenvectors, but in general all the solutions 

are complex-valued. 

Problems 

In each of Problems 1 through 4: 

a. © Draw a direction field. 

b. Find the general solution of the given system of equations and 

describe the behavior of the solution as t > oo. 

c. © Plot a few trajectories of the system. 

4 1 

] il 4 
2 x= (i Ss 

fee lo alse 
Sead tenes | 

In each of Problems 5 and 6 the coefficient matrix has a zero eigen- 

value. As a result, the pattern of trajectories is different from those in 

the examples in the text. For each system: 

a. © Draw a direction field. 

b. Find the general solution of the given system of equations. 

c. @ Draw a few of the trajectories. 

In each of Problems 7 through 9, find the general solution of the given 

system of equations. 

SCS 
Tax t= 12 20) 51x 

| Des 

ie a 
eel oe ah Sai 

-§ =5 -3 

ile et cig) 
Oeex == 82h a telex 

ee ee 

In each of Problems 10 through 12, solve the given initial value 

problem. Describe the behavior of the solution as t > oo. 

10. x’ = t 3 x OE =) 

11. x’ = 5 oie x(0) = (a 

jee ee 2 
12.x/=( 0 2 2]x, x(0)=(0 

i 3 3 

13. The system tx’ = Ax is analogous to the second-order Euler 

equation (Section 5.5). Assuming that x = &t’, where € is a 

constant vector, show that é and r must satisfy (A — rDé = 0 

in order to obtain nontrivial solutions of the given differential 

equation. 

Referring to Problem 13, solve the given system of equations in each 

of Problems 14 through 16. Assume that t > 0. 

; ; ‘| 
14. tx = x 

8 -3 

pe || Ww 1 
15. tx = Bs 10 x 

2 3 
— 16. tx (is 3)§ 

In each of Problems 17 through 19, the eigenvalues and eigenvectors 

of a matrix A are given. Consider the corresponding system x’ = Ax. 

a. @ Sketch a phase portrait of the system. 

b. @ Sketch the trajectory passing through the initial point (2, 3). 

c. © For the trajectory in part b, sketch the graphs of x, versus t and 

of x versus ft. 

17. nh = -l, 

1 = 1 
18. “7 =1, g =( MK hh = -2, oes) 

1 
19. 7 =1, SPE b iE if = Oh. n(n) 

20. Consider a 2 x 2 system x’ = Ax. If we assume that r,; 4 r>, the 

general solution is x = c,ée"! + c,€™e"2t, provided that € 
and €%) are linearly independent. In this problem we establish 

the linear independence of & and €® by assuming that they 
are linearly dependent and then showing that this leads to a 

contradiction. 

a. Explain how we know that & satisfies the matrix equation 
(A —r, Dé = 0; similarly, explain why (A — r,Dé® = 0. 

b. Show that (A — r,DéM = (7, — 1 JEM. 

c. Suppose that € and é are linearly dependent. Then c,é 
+ c,é = 0 and at least one of c, and c (say, c,) is not zero. 
Show that (A — r,1)(c,é + c,€é) = 6, and also show that 

(A = rT é® + 2) = (7) — r2)€. Hence c, = 0, 
which is a contradiction. Therefore, & and é® are linearly 
independent. 

d. Modify the argument of part c if we assume that c, # 0. 

e. Carry outa similar argument for the case A is 3 x 3; note that 
the procedure can be extended to an arbitrary value of n. 

21. Consider the equation 

ay” + by’+cy =0, (35) 
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where a, b, and c are constants with a # 0. In Chapter 3 it was 
shown that the general solution depended on the roots of the 
characteristic equation 

ar? +br+c=0. (36) 

a. Transform equation (35) into a system of first-order equa- 

tions by letting x, = y, x. = y’. Find the system of equations 

x’ = Ax satisfied by x = (*) 
x2 

b. Find the equation that determines the eigenvalues of the 

coefficient matrix A in part a. Observe that this equation is 

just the characteristic equation (36) of equation (35). 

22. The two-tank system of Problem 19 in Section 6.1 leads to the 

initial value problem 

eee 
pete lo! 40 shed hell 
ES 4 1 Xe (0) i= _o} 

10 5 

where x, and x, are the deviations of the salt levels Q, and Q, 

from their respective equilibria. 

a. Find the solution of the given initial value problem. 

b. Plot x, versus t and x, versus t on the same set of axes. 

c. @ Find the smallest time T such that |x,(1)| < 0.5 and |x,(t)| 
< 0.5 for all t > T. 

23. Consider the system 

x= chet x 
~\-a@ -1/) 

1 : 
a. Solve the system for ~@ = <=. What are the eigenvalues of 

the coefficient matrix? Classify the equilibrium point at the 

origin as to type. 

6.6 | COMPLEX-VALUED EIGENVALUES 

b. Solve the system for ~ = 2. What are the eigenvalues of 

the coefficient matrix? Classify the equilibrium point at the 

Origin as to type. 

c. In parts a and b, solutions of the system exhibit two quite 

different types of behavior. Find the eigenvalues of the 

coefficient matrix in terms of a, and determine the value 

of a between : and 2 where the transition from one type 

of behavior to the other occurs. This value of a is called a 

bifurcation value for this problem. 

Electric Circuits. Problems 24 and 25 are concerned with the 

electric circuit described by the system of differential equations in 

Problem 18 of Section 6.1: 

apa ee 
Gael L L\fI a(y)=] 1 1 |) 1@=% vo=%. 7” 

C CR; 

24. a. Find the general solution of equation (37), if R, = 1Q, 

R, = 20,1 =1H,andC = 3F 

b. Show that I(t) > Oand V(t) > Oast > oo, regardless of 

the initial values Ip and Y. 

25. Consider the preceding system of differential equations (37). 

a. Find a condition on R;, R,, C, and L that must be satisfied 

if the eigenvalues of the coefficient matrix are to be real and 

different. 

b. If the condition found in part a is satisfied, show that both 

eigenvalues are negative. Then show that J(t) > 0 and 

V(t) 0 ast > ov, regardless of the initial conditions. 

c. If the condition found in part a is not satisfied, then the 

eigenvalues are either complex or repeated. Do you think that 

I(t) > 0 and V(t) > 0 as t > oo in these cases as well? 

Hint: In part c, one approach is to change the system (37) into 

a single second-order equation. We also discuss complex and 

repeated eigenvalues in Sections 6.6 and 6.8. 

In this section we consider again a system of n linear homogeneous equations with constant 

coefficients 

x’ = Ax, (1) 

where the coefficient matrix A is real-valued. If we seek solutions of the form x = €e”, then 

it follows, as in Section 6.5, that r must be an eigenvalue and € a corresponding eigenvector 

of the coefficient matrix A. Recall that the eigenvalues rj, ... 

characteristic equation 

det (A — rl) = 0 

, , of A are the roots of the 

(2) 

and that the corresponding eigenvectors are nonzero vectors that satisfy 

(A—rlDé=0. (3) 
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If A is real-valued, then the coefficients in the polynomial equation (2) for r are 

real-valued, and any complex-valued eigenvalues must occur in conjugate pairs. For exam- 

ple, ifr; =A + iv, where A and uv are real, is an eigenvalue of A, then so is r, = A — iu. To 

explore the effect of complex-valued eigenvalues, we begin with an example. 

EXAMPLE 6.6.1 

Find a fundamental set of real-valued solutions of the system 

Soba 
dd ae vie (4) 

ses gee ee 
2 

Plot a phase portrait and graphs of components of typical solutions. 

Solution: 

A direction field for the system (4) is shown in Figure 6.6.1. This plot suggests that the trajectories 

in the phase plane spiral clockwise toward the origin. 

X92 
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A direction field for the system (4). 

To find a fundamental set of solutions, we assume that 

xi. eet (5) 

and obtain the set of linear algebraic equations 

1 
et 1 (F\-() : 

call or $5 0 . 

=.0; (7) 
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‘ Te Dee s therefore, the eigenvalues are, = — mee and mh = — at, From equation (6), a straightforward 

calculation shows that the corresponding eigenvectors are 

een Ome ee P=() (3) ° 
Observe that the eigenvectors €” and €@) are also complex conjugates. Hence a fundamental set 
of solutions of the system (4) is 

1 ‘ F 
x) (t) = ({) et-V2tit x(2) (t) = ( i" e(-1/2-it | (9) 

To obtain a set of real-valued solutions, we can (by Theorem 6.4.5) choose the real and imaginary 

parts of either x or x. In fact, 

ay —{1)\,-t 3, = e—/2 cos (t) : e~'/2 sin (t) 
Xo) = (ie (cos (t) +i sin(t)) = ap sing) + secur) (10) 

Hence a pair of real-valued solutions of equation (4) is 

os cos (t) SAUL Ne sin (f) 
u(t) =e—!/2 e an oP v(t) =e '/2 We a (11) 

To verify that u(t) and v(¢) are linearly independent, we compute their Wronskian: 

—t/2 =i 2epes Wiu.v](t) = e cCoOs(h)c=e sin (f) 
= e~' (cos? (t) + sin’ (t)) = e~'. 

—e‘/2 sin (t) e=*/2 cos(t) ( ) 

The Wronskian W|[u, v](t) is never zero, so it follows that u(t) and v(t) constitute a fundamental 

set of (real-valued) solutions of the system (4). 

The graphs of the solutions u(t) and v(t) are shown as the solid and dashed black curves in 

Figure 6.6.2(a), a phase portrait for the system (4). Since 

uo)=(5). v=('), 

the graphs of u(t) and v(t) pass through the points (1, 0) and (0, 1), respectively. Other solutions of 

the system (4) are linear combinations of u(t) and v(t), and graphs of a few of these solutions are 

also shown in Figure 6.6.2(a). Each trajectory approaches the origin along a spiral path as t > oo, 

making infinitely many circuits about the origin; this is due to the fact that the solutions (11) are 

products of decaying exponential and sine or cosine factors. Some typical graphs of x, versus t are 

shown in Figure 6.6.2(b); each one represents a decaying oscillation in time. The corresponding 

graphs of x, versus t are shown in Figure 6.6.2(c). 

Figure 6.6.2(a) is typical of all 2 x 2 systems x’ = Ax whose eigenvalues are complex with 

negative real part. The origin is called a spiral point and is asymptotically stable because all 

trajectories approach it as t increases. For a system whose eigenvalues have a positive real part, 

the trajectories are similar to those in Figure 6.6.2(a), but the direction of motion is away from the 

origin, and the trajectories become unbounded. In this case, the origin is unstable. 

If the real part of the eigenvalues is zero, then the trajectories neither approach the origin nor 

become unbounded, but instead repeatedly traverse a closed curve about the origin. Examples of 

this behavior can be seen in Figures 6.6.3(b) and 6.6.4(b) below. In this case, the origin is called 

a center and is said to be stable, but not asymptotically stable. In all three cases, the direction 

of motion may be either clockwise, as in this example, or counterclockwise, depending on the 

elements of the coefficient matrix A. 



EZ] chapter 6 / Systems of First-Order Linear Equations 

x2 

ye oe VAN 
YW NY A 
VN \Y \\h 

” \ \\Y WW 

AALA AE Via 
7 + 4 4 

ty ye 
ALA ge /3 y 

LQ6 4 xX 
tit oT 
fU/4 SSE 4 

Al + a a a ae ae 
\ ‘ ~— ee a ee ae 

\\ ee ee od — 

x \ a ae 

x \ a + <- << 

\ NY ~~. ee 

(a) 

(b) (c) 

(a) A phase portrait for the system (4); the origin is a spiral point. (b) Plots of x, 

versus ¢ for the system (4). (c) Plots of x, versus t for the system (4). The component plots in (b) and 

(c) are color-coded to their trajectories in (a). The solid black curves are for the solution u(¢) that 

passes through (1, 0), the dashed black curves are v(t) that passes through (0.1), the purple curves 

pass through (1, 1), red through (—1, 1), green through (—1, —1), and orange through (1, —1). 

The phase portrait in Figure 6.6.2(a) was drawn by a computer, but it is possible to pro- 

duce a useful sketch of the phase portrait by hand. We have noted that when the eigenvalues 

A + iu are complex, then the trajectories either spiral in (A < 0), spiral out (A > 0), or repeatedly 

traverse a closed curve (A = 0). To determine whether the direction of motion is clockwise or 

counterclockwise, we only need to determine the direction of motion at a single convenient point. 

For instance, in the system (4) we might choose x = (0, 1)’. Then Ax = (1, “5 . Thus at the 

point (0, 1) in the phase plane, the tangent vector x’ to the trajectory at that point has a positive 

x,-component and therefore is directed from the second quadrant into the first. The direction of 

motion is thus clockwise for each trajectory of this system. 

Returning to the general system of linear differential equations (1) 

x’ = Ax, 

we can proceed just as in the example. Suppose that there is a pair of complex conjugate 
eigenvalues, r, = 2 + iu andr, = A — iv. Then the corresponding eigenvectors € and €2) 
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are also complex conjugates. To see that this is so, recall that r; and € satisfy 

(A-1DEY =0. (12) 

On taking the complex conjugate of this equation and noting that A and J are real-valued, 
we obtain 

(A = nI) Ee) = (A = 711) 2 =1() (13) 

where 7; and ED) are the complex conjugates of r; and €™, respectively. In other words, 
—- . : Pd Pits . : 

% = Tf, is also an eigenvalue, and E ) = E isa corresponding eigenvector. The 

corresponding solutions 

x) (t) = EVorit x(2) (t) = eDert (14) 

of the differential equation (1) are then complex conjugates of each other. Therefore, as in 

Example 6.6.1, we can find two real-valued solutions of equation (1) corresponding to the 

eigenvalues r; and r, by taking the real and imaginary parts of x(t) or x(t) given by 

equation (14). 

Let us write € = a + ib, where a and b are real; then we have 

x) () = (a + ib) e@+!! = (a+ ib)” (cos(ut) +i sin (ut). (15) 

Upon separating x(£) into its real and imaginary parts, we obtain 

x) (t) = e4! (acos (ut) — bsin (ut) + ie (asin (ut) + bcos (ut). (16) 

If we write x“)(t) = u(t) + iv(0), then the vectors 

u(t) = e*! (acos (ut) — b sin (ut)), 

v(t) =e (asin (ut) + bcos (ut)) vw) 

are real-valued solutions of equation (1). It is possible to show that u and v are linearly 

independent solutions (see Problem 22). 

For example, suppose that the matrix A has two complex eigenvalues r; = A + iy, 

ro =A— ip, and that r3,..., 7, are all real and distinct. Let the corresponding eigenvectors be 

ED) = a + ib, €2 =a — ib, €®, ..., £. Then the general solution of equation (1) is 

X = cu (t) + Cov (t) + C38 EMS! + + ope Ment, (18) 

where u(t) and v(t) are given by equations (17). We emphasize that this analysis applies 

only if the coefficient matrix A in equation (1) is real, for it is only then that complex-valued 

eigenvalues and eigenvectors must occur in conjugate pairs. 

For 2 X 2 systems with real-valued coefficients, we have now completed our description 

of the three main cases that can occur. The three main cases are: 

1. Eigenvalues are real and have opposite signs; x = 0 is a saddle point. 

2. Eigenvalues are real and have the same sign but are unequal; x = 0 is a node. 

3. Eigenvalues are complex with nonzero real part; x = 0 is a spiral point. 

Other possibilities occur as transitions between two of the cases just listed and are less 

likely to be encountered in real-world applications. For example, A zero eigenvalue occurs 

during the transition between a saddle point and a node. Purely imaginary eigenvalues arise 
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during a transition between asymptotically stable and unstable spiral points. Finally, real 

and equal eigenvalues appear during the transition between nodes and spiral points. 

a ERE 

EXAMPLE 6.6.2 

The System 

x! = £ aie (19) 

Contains a parameter a. Describes how the solutions depend qualitatively on a; in particular, find 

the bifurcation values of a, that is, the values of « where the qualitative behavior of the trajectories 

in the phase plane changes markedly. 

Solution: 

The behaviour of the trajectories is controlled by the eigenvalues of the coefficient matrix. The 

characteristic equation is 

r?—ar+1=0, (20) 

So, the eigenvalues are 

Noe 
r= save (21) 

From equation (21) it follows that the eigenvalues are complex conjugates for -—2 <a <2 andare 

real otherwise. 

Two bifurcation values are a = —2 and a = 2, where the eigenvalues change from real-valued 

to complex-valued, or vice versa. For a < —2 both eigenvalues are negative, so all trajectories 

approach the origin, which is an asymptotically stable node. For a > 2 both eigenvalues are 

positive, so the origin is again a node, this time unstable; all trajectories (except x = 0) become 

unbounded. In the intermediate range, -2 < a < 2, the eigenvalues are complex and the 

trajectories are spirals. However, for -2 < a < 0 the real part of the eigenvalues is negative, 

the spirals are directed inward, and the origin is asymptotically stable, whereas for 0 < a < 2 the 

real part of the eigenvalues is positive and the origin is unstable. 

A third bifurcation value is « = 0, where the direction of the spirals changes from inward to 

outward. When a = 0 the origin is a center and the trajectories are closed curves about the origin, 

corresponding to solutions that are periodic in time. The other bifurcation values, a = +2, yield 

eigenvalues that are real and equal. In this case the origin is again a node, but the phase portrait 

differs somewhat from those in Section 6.5. We take up this case in Section 6.8. 

> A Multiple Spring-Mass System. Consider the system of two masses and three springs 

shown in Figure 6.1.1, whose equations of motion are given by equations (1) in Section 6.1. 

If we assume that there are no external forces, then F\(t) = 0, F(t) = 0, and the resulting 

equations are 

a?x 
m,—> = = (ky + kg) xy + kpXx2, 

dt (22) 

ax 
cea = k>x1 = (kz a k3)X>. 

These equations can be solved as a system of two second-order equations (see Problem 24), 
but, as is consistent with our approach in this chapter, we will transform them into a system 
of four first-order equations. Let y) = xX), y2 = X2, y3 = Xj, and yy = x5. Then 

Vi= V3, Yo = Ys; (23) 
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and, from equations (22), 

My; = —(ky + ko) yy +koy2, mryy = kay, — (kp + kz) yr. (24) 

The following example deals with a particular case of this two-mass, three-spring system. 

EXAMPLE 6.6.3 

Suppose that m, = 2, m, = 9/4, k; = 1, k, = 3, and k, = 15/4 in equations (23) and (24) so that 

these equations become 

t / 3 t 4 

Y=V3, V2=Ya, Y3 =—-2y, + 52 Va = 31 — 3y2. (25) 

Analyze the possible motions described by equations (25), and draw graphs showing typical 

behavior. 

Solution: 

Let y = (1, ¥2, ¥3, ¥4)’. We can write the system (25) in matrix form as 

0 Oia Ee 10) 

0 0 1 

4 
3 =o Ue Oo) 

Keep in mind that y, and y, are the positions of the two masses, relative to their equilibrium 

positions, and that y; and y, are their velocities. We assume, as usual, that y = €e”, where r must 

be an eigenvalue of the matrix A and & a corresponding eigenvector. It is possible, though a bit 

tedious, to find the eigenvalues and eigenvectors of A by hand, but it is easy with appropriate 

computational resources. The characteristic polynomial of A is 

rt + 572 +4 = (r? +1)(r? +4), (27) 

so the eigenvalues are r, =i, ry = —i, r3 = 2i, and r, = —2i. The corresponding eigenvectors are 

3 3 3 3 
ay 2 | 2 (Coa |peeeeg ey IE eee Pare Cee, pets 28 

2i =21 —8i 8i 

The complex-valued solutions Me and ée" are complex conjugates, so two real-valued 
solutions can be determined by finding the real and imaginary parts of either of them. For instance, 

we have 

3 
EVeit = y (cos (t) + isin (t)) 

2i 

3.cos(t) 3 sin (t) (29) 

=] 208143] 282O | Os ivO@, ~3sin(t)}* ‘| 3cos(t) 
—2 sin (t) 2.cos (t) 
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In a similar way, we obtain 

3 

EP) p2it = > (cos (2t) + isin (2t)) 

-8i (30) 
3 cos (2t) 3 sin (2t) 

_ | —4cos (2t) .| —4sin(2t)} a) (2) 

~ | —6sin (2t) a ale 6cos (2b) i) uO +): 

8 sin (2t) —8 cos (2t) 

We leave it to you to verify that u, v, u®, and v® are linearly independent and therefore form 

a fundamental set of solutions. Thus the general solution of equation (26) is 

3cos (t) 3 sin (t) 3 cos (2f) 3 sin (2t) 

2cos (t) 2 sin (t) —4 cos (2t) —4sin (2f) 

= 1) _3sin(t)|* 2] 3cos(t) +63) _ 6 sin cat)|* “41 6cos(2t) |’ ee) 
—2sin(t) 2 cos (t) 8 sin (2t) —8 cos (2t) 

where Cj, Cz, C3, and cy are arbitrary constants. 

The phase space for this system is four-dimensional, and each solution, obtained by a particular 

set of values for c,, Cy, C3, and c, in equation (31), corresponds to a trajectory in this space. Since 

each solution, given by equation (31), is periodic with period 27, each trajectory is a closed curve. 

No matter where the trajectory starts at t = 0, it returns to that point at t = 277, t= 47, and so forth, 

repeatedly traversing the same curve in each time interval of length 27. We do not attempt to show 

any of these four-dimensional trajectories here. Instead, in the figures below we show projections of 

certain trajectories in the y,y3- or y2y4-plane, thereby showing the motion of each mass separately. 

The first two terms on the right-hand side of equation (31) describe motions with frequency 1 

and period 27. Note that y. = : y, in these terms and that y, = ; y3. This means that the two 

masses move back and forth together, always going in the same direction, but with the second 

mass moving only two-thirds as far, and two-thirds as fast, as the first mass. If we focus on the 

solution u(t) and plot y, versus t and y, versus t on the same axes, we obtain the cosine graphs 

of amplitude 3 and 2, respectively, shown in Figure 6.6.3(a). The trajectory of the first mass in the 

yiy3-plane lies on the circle of radius 3 shown in Figure 6.6.3(b), traversed clockwise starting at 

the point (3, 0) and completing a circuit in time 27. This figure also shows the trajectory of the 

second mass in the yzy,-plane, which lies on the circle of radius 2, also traversed clockwise but 

starting at (2, 0) and also completing a circuit in time 27. The origin is a center in the respective 

yi3- and y2y,4-planes. Similar graphs (with an appropriate shift in time) are obtained from v or 
from a linear combination of u® and v™, 

The remaining terms on the right-hand side of equation (31) describe motions with frequency 

2. and period 7. Observe that in this case, y. = -; y, and yy = a y3. This means that the two 

masses are always moving in opposite directions and that the second mass moves four-thirds as 
far, and four-thirds as fast, as the first mass. If we look only at u(¢) and plot y, versus t and y, 
versus t on the same axes, we obtain Figure 6.6.4(a). There is a phase difference of 7, and the 
amplitude of y, is four-thirds that of y,, confirming the preceding statements about the motions of 
the masses. Figure 6.6.4(b) shows a superposition of the trajectories for the two masses in their 
respective phase planes. Both graphs are ellipses, the inner one corresponding to the first mass and 
the outer one to the second. The trajectory on the inner ellipse starts at (3, 0), and the trajectory 
on the outer ellipse starts at (—4, 0). Both are traversed clockwise, and a circuit is completed in 
time z. The origin is a center in the respective y,y3- and y>y,-planes. Once again, similar graphs 
are obtained from v™ or from a linear combination of u@ and v®, 
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(a) (d) 

(a) A plot of y; versus t (solid blue) and y, versus t (dashed green) for the 

solution u(t). (b) Superposition of projections of trajectories in the y1y3- and yzy,4-planes for 

the solution u(t). 

~. Ay? + y3* = 36 

‘\ 

Ayo" + ya? = 64 

(a) Plots of the two components of the solution u(t): y, versus t (solid blue) 

and y, versus t (dashed red). (b) Superposition of projections of trajectories in the y,y3- and 

y2y4-planes for the solution u(t). 

The types of motion described in the two preceding paragraphs are called fundamental modes 

of vibration for the two-mass system. Each of them results from fairly special initial conditions. 

For example, to obtain the fundamental mode of frequency 1, both of the constants c; and c, in 

equation (31) must be zero. This occurs only for initial conditions in which 3y,(0) = 2y,(0) and 

3y,(0) = 2y3(0). Similarly, the mode of frequency 2 is obtained only when both of the constants c, 

and c, in equation (31) are zero—that is, when the initial conditions are such that 3y,(0) = —4y,(0) 

and 3y,(0) = —4y,(0). 
For more general initial conditions, the solution is a combination of the two fundamental 

modes. A plot of y, versus t for a typical case is shown in Figure 6.6.5(a), and the projection of 

the corresponding trajectory in the y,y3-plane is shown in Figure 6.6.5(b). Observe that this latter 

figure may be a bit misleading in that it shows the projection of the trajectory crossing itself. This 

cannot be the case for the actual trajectory in four dimensions, because it would violate the general 

uniqueness theorem: there cannot be two different solutions issuing from the same initial point. 
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(d) 

A solution of the system (25) satisfying the ini- 

tial condition y(0) = (—1, 4, 1, 1)". (a) A plot of y, versus t. (b) The 

projection of the trajectory in the y, y3-plane. As stated in the text, 

the actual trajectory in four dimensions does not intersect itself. 

Problems 

In each of Problems 1 through 4: heen ( 3 i) be 

a. 

b. 

—2 -l 
© Draw a direction field and sketch a few trajectories. 

Express the general solution of the given system of equations in In each of Problems 5 and 6, express the general solution of the given 
terms of real-valued functions. system of equations in terms of real-valued functions. 

. Describe the behavior of the solutions as t > co. 4 06 

a 4 4 0 () It 

ya [2 1 ‘ps | 6 aaa 

0 -3 2 



In each of Problems 7 and 8, find the solution of the given initial- 

value problem. Describe the behavior of the solution as t > oo. 

1h x =|; |e x0)=(5) 

8: x=(1 Tye x0 =(1) 

In each of Problems 9 and 10: 

a. Find the eigenvalues of the given system. 

b. © Choose an initial point (other than the origin) and draw the 

corresponding trajectory in the x,x»-plane. 

ce. @ For your trajectory in part b, draw the graphs of x, versus t and 

of x versus ¢. 

d. © For your trajectory in part b, draw the corresponding graph in 

three-dimensional t,x -space. Note that the projections of this 

plot onto each of the coordinate planes should produce the three 

plots produced in parts b and c 

Pee tO 
Or x7= 7: x 

ee 
4 

Peay 
10. x’=| ° “aks 

B) = 

5 

In each of Problems 11 through 15, the coefficient matrix contains a 

parameter c. In each of these problems: 

a. Determine the eigenvalues in terms of a. 

b. Find the bifurcation value or values of ~ where the qualitative 

nature of the phase portrait for the system changes. 

c. © Draw a phase portrait for a value of a slightly below, and for 

another value slightly above, each bifurcation value. 

5 (pee 2 
nx -| 5 AL. 

‘ 3 a 
125 x =(4 ike 

1S) oS i a) 
1 -4 

ase xe — e Als 
a --3 

aalhes =e 
15. X= le 3 

In each of Problems 16 and 17, solve the given system of equations 

by the method of Problem 13 of Section 6.5. Assume that t > 0. 

-1 2 
16. ya Bal 

QO -il 
ae x 17. tx I 4 

In each of Problems 18 and 19: 

a. Find the eigenvalues of the given system. 
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b. © Choose an initial point (other than the origin) and draw the 

corresponding trajectory in the x,x,-plane. Also draw the trajec- 

tories in the x,x3- and x»x3-planes. 

c. For the initial point in part b, draw the corresponding trajectory 

in X,X2xX3-space. 

il 
-- 1 0 

4 
1 

Sex S) eee x ; 0 

1 0 ese 
4 

1 
—= 1 mi 0 

1G). 3X 3] il ak O|x 
; 4 

il 
0 oO — 

10 

20. Consider the electric circuit shown in Figure 6.6.6. Suppose that 

Reo} Ce 5Fand L = 8H. 

a. Show that this circuit is described by the system of differen- 

tial equations 

‘eee 
Gl \e | oe te Vir 
5(y) = gia | (22) 

52 

where IJ is the current through the inductor and V is the 

voltage drop across the capacitor. Hint: See Problem 18 of 

Section 6.1. 

b. Find the general solution of equations (32) in terms of real- 

valued functions. 

c. Find I(t) and V(t) if (0) = 2 A and V(0) = 3 V. 
d. Determine the limiting values of I(t) and V(t) as t > oo. Do 

these limiting values depend on the initial conditions? 

R, 

Rp 

fa(cUl-daacnems) The circuit in Problem 20. 

21. The electric circuit shown in Figure 6.6.7 is described by the 

system of differential equations 

i 
@) == 

aD = i Hi 

u(y) = meats (v) 2) 
(a RC 

where J is the current through the inductor and V is the voltage 

drop across the capacitor. These differential equations were 

derived in Problem 16 of Section 6.1 

a. Show that the eigenvalues of the coefficient matrix are real 

and different if L > 4R*C; show that they are complex conju- 

gates if L < 4R°C. 
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1 ; 
b. Suppose that R= 10,C = 5F and L = 1 H. Find the general 

solution of the system (33) in this case. 

c. Find I(t) and V(t) if (0) = 2 AV(O)=1V. 

d. For the circuit of part b, determine the limiting values of I(¢) 

and V(t) as t > oo. Do these limiting values depend on the 

initial conditions? 

a{eli}-iaccpceye@2 The circuit in Problem 21. 

22. In this problem we indicate how to show that u(t) and 

v(t), as given by equations (17), are linearly independent. Let 

r,) =A+t+iwandr, = A-— ip bea pair of conjugate eigenvalues 

of the coefficient matrix A of equation (1); let 6 = a + ib and 

BO) = a—ib be the corresponding eigenvectors. Recall that it was 

stated in Section 6.3 that two different eigenvalues have linearly 

independent eigenvectors, so if 7, # 7, then € and é™ are 
linearly independent. 

a. First we show that a and b are linearly independent. 

Consider the equation c,a + c)b = 0. Express a and b in 

terms of €® and é“?, and then show that (c, — ic.) é + 

(cy + ic2) ev =,0. 

b. Show that c, — ic, = 0 and c,; + ic, = 0 and then that c, = 0 

and cy = 0. Consequently, a and b are linearly independent. 

c. To show that u(t) and v(t) are linearly independent, consider 

the equation c,u(ty) + c2V(to) = 0, where fy is an arbitrary 

point. Rewrite this equation in terms of a and b, and then 

proceed as in part b to show that c; = 0 and c, = 0. This shows 

u(t) and v(t) are linearly independent at the arbitrary point 

ty. Therefore, they are linearly independent at every point and 

on every interval. 

23. A mass m on a spring with constant k satisfies the differential 

equation (see Section 3.7) 

mu” +ku=0, 

where u(t) is the displacement at time t of the mass from its 

equilibrium position. 

a. Let x, =u, xX, =u’, and show that the resulting system is 

24. 

25. 

b. Find the eigenvalues of the matrix for the system in part a. 

c. Sketch several trajectories of the system. Choose one of your 

trajectories, and sketch the corresponding graphs of x, versus 

t and x, versus ft. Sketch both graphs on one set of axes. 

d. What is the relation between the eigenvalues of the coeffi- 

cient matrix and the natural frequency of the spring-mass 

system? 

Consider the two-mass, three-spring system of Example 6.6.3 in 

the text. Instead of converting the problem into a system of four 

first-order equations, we indicate here how to proceed directly 

from equations (22). 

a. Show that equations (22) can be written in the form 

eS xX = Ax. (34) 

b. Assume that x = e” and show that 

(A—r7I)é =0. 

Note that r? (rather than r) is an eigenvalue of A correspond- 

ing to an eigenvector &. 

c. Find the eigenvalues and eigenvectors of A. 

d. Write down expressions for x, and x. There should be four 

arbitrary constants in these expressions. 

e. By differentiating the results from part d, write down expres- 

sions for x; and x5. Your results from parts d and e should 

agree with equation (31) in the text. 

Consider the two-mass, three-spring system whose equations of 

motion are equations (22). Let m, = 1, m, = 4/3, k, = 1, ky = 3, 

and k; = 4/3. 

a. As in Example 6.6.3, convert the system to four first-order 

equations of the form y’ = Ay. Determine the coefficient 

matrix A. 

b. Find the eigenvalues and eigenvectors of A. 

c. Write down the general solution of the system. 

d. © Describe the fundamental modes of vibration. For each 

fundamental mode, draw graphs of y, versus t and y, versus 

t. Also draw the corresponding trajectories in the y,y3- and 

y2y4-planes. 

e. © Consider the initial conditions y(0) = (2, 1, 0, 0)". Evaluate 

the arbitrary constants in the general solution in part c What 

is the period of the motion in this case? Plot graphs of y, ver- 

sus ¢ and y, versus ¢. Also plot the corresponding trajectories 

in the y,y3- and y.y,4-planes. Be sure you understand how the 

trajectories are traversed for a full period. 

f. @ Consider other initial conditions of your own choice, and 
plot graphs similar to those requested in part e. 
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The structure of the solutions of systems of linear differential equations can be further 

illuminated by introducing the idea of a fundamental matrix. Suppose that xp), ... ,x(t) 
form a fundamental set of solutions for the equation 

x =P()x (1) 

on some interval a < t < 6. Then the matrix 

1 ara(P) ni-ghnart 260) 
Y(t) = OO) KPO] KM) =|: : (2) 

xn? (t) + xh? (0) 

whose columns are the vectors x(t), ... , x(t), is said to be a fundamental matrix for 

the system (1). Note that a fundamental matrix is nonsingular since its columns are linearly 

independent vectors. 

EXAMPLE 6.7.1 

Find a fundamental matrix for the system 

! 6 1 
x= ( 5 5 x) (3) 

Solution: 

To find solution explicitly, we assume that x = e”' and put x in x’. System of algebraic equation 

are as 

es =I )(E) . (:) 
2 3—7r & 0 

That is, 

r?—9r+20=0> (r—4)(r-—5) =05 =4,4=5 

These are eigenvalues. 

When r = 4, we have 

That is, 

2€, -§,=0> ¢, = 26, 

A 
The eigen vectors corresponding to r = 4 can be taken as él = ( ) 

Similarly, corresponding to r = 5, we have 

Gale) 

=, 
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So eigenvector corresponding to r = 5, we have 

2_ (-1 
elle 

The corresponding solutions of the differential equation are 

eroe(e eoe(e 
These solutions are linearly independent. Thus a fundamental matrix for the system (3) is 

ett est 

¥@) za iS | (4) 

The solution of an initial value problem can be written very compactly in terms of a 

fundamental matrix. The general solution of equation (1) is 

XK = cx) (t) +--+ +e,x™ (t) (5) 

or, in terms of V(t), 

x= W(t)c, (6) 

where c is a constant vector with arbitrary components cj, ... , c,. For an initial value 

problem consisting of the differential equation (1) and the initial condition 

x (to) = x (7) 

where fg is a given point in a <t < $ and x° is a given initial vector, it is only necessary to 

choose the vector c in equation (6) so as to satisfy the initial condition (7). Hence c must 

satisfy 

W (tp)c = x°. (8) 

Therefore, since W(t)) is nonsingular, 

Cs (fo) xe (9) 

and 

= 
XL) Wa) xe (10) 

is the solution of the initial value problem (1), (7). We emphasize, however, that to solve a 
given initial value problem, we would ordinarily solve equation (8) by row reduction and 
then substitute for c in equation (6), rather than compute W~1(t)) and use equation (10). 

Recall that each column of the fundamental matrix is a solution of equation (1). It 
follows that W satisfies the matrix differential equation 

Ww = P(t). (11) 

This relation is readily confirmed by comparing the two sides of equation (11) column by 
column. 



Sometimes it is convenient to make use of the special fundamental matrix, denoted by 
@(t), whose columns are the vectors x(1), ... , x)(f) designated in Theorem 6.4.4. Besides 
the differential equation (1), these vectors satisfy the initial conditions 

x) (tp) = 0), (12) 

where e%) is the unit vector, defined in Theorem 6.4.4, with a 1 in the j® position and zeros 

elsewhere. Thus ®(t) has the property that 

iO ae (@) 

OMelinedis0 
D)=|. . .[=L (13) 

0 O Oc ail 

We will always reserve the symbol ® to denote the fundamental matrix satisfying the initial 

condition (13) and use ¥ when an arbitrary fundamental matrix is intended. In terms of 

@(1), the solution of the initial value problem (1), (7) is even simpler in appearance; since 

®~ (ty) =I, it follows from equation (10) that 

x = @(t)x, (14) 

Although the fundamental matrix ®(t) is often more complicated than W(t), it is especially 

helpful if the same system of differential equations is to be solved repeatedly subject to many 

different initial conditions. This corresponds to a given physical system that can be started 

from many different initial states. If the fundamental matrix @(t) has been determined, then 

the solution for each set of initial conditions can be found simply by matrix multiplication, 

as indicated by equation (14). The matrix ®(¢) thus represents a transformation of the initial 

conditions x° into the solution x(t) at an arbitrary time t. Comparing equations (10) and (14) 

makes it clear that ®(t) = V¥(t)®~1(ty). 

EXAMPLE 6.7.2 

For the system (3) 

in Example 6.7.1, find the fundamental matrix ® such that ® (0) = I. 

Solution: 

The columns of ® are solution of equation (3) that satisfy the initial conditions 

x (0) = o x (0) = a). (15) 

Since the genera! solution of equation (3) is 

4 1 
x= Cc; (;) ef + cy ae 

we can find the solution satisfying the first set of these initial conditions by choosing c, = —1, 

Cc) = 2; similarly, we obtain the solution satisfying the second set of initial condition by choosing 

c,; = 1, and c, = —1. Hence 

ett 4 2¢5t ett — et 

(16) 
—2e4t + 20>! 2e%t a ert 

v= ( 

6.7 Fundamental Matrices [EYE 
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> The Matrix exp(At). Recall that the solution of the scalar initial value problem 

x’ =ax, x(0)=Xpo, (17) 

where a is a constant, is 

X =X exp(at). (18) 

Now consider the corresponding initial value problem for an n x n system, namely, 

x’ = Ax, x(0)=x°, (19) 

where A is a constant matrix. Applying the results of this section to the initial value problem 

(19), we can write its solution as 

x = O(t)x®, (20) 

where (0) = I. Comparing the initial value problems (17) and (19), and their solutions 

(18) and (20), suggests that the matrix @(t) might have an exponential character. We now 

explore this possibility. 

The scalar exponential function exp(at) can be represented by the power series 

COR Tue rh Do) nen 
at a‘t a”t 

exp(at)=1+ > Al Se BC Serene ee = fees, (21) 

n= u : 

which converges for all t. Let us now replace the scalar a by the n x n constant matrix A, 

the scalar 1 by the n x n identity matrix I, and consider the corresponding series 

fee) At A2t2 A™rtn 

fey inti ae oe (22) 

Each term in the series (22) is an n X n matrix. It is possible to show that each element of 

this matrix sum converges for all t as n > oo. Thus the series (22) defines as its sum a new 
matrix, which we denote by exp(Ad); that is, 

— Ann 
exp(At)=I+ )) a (23) 

n=1 

analogous to the expansion (21) of the scalar function exp(at). 

By differentiating the series (23) term by term, we obtain 

d SS ANN1 — ANN 
spes(an) = RE ma (rs 5 e =A exp (Af). (24) 

Therefore, exp(Af) satisfies the differential equation 

d 
aoe (At) = Aexp (At). (25) 

Further, by setting t = 0 in equation (23), we find that exp(At) satisfies the initial condition 

A"0 

n! 

So) n 

exp(At)|;=9 =1+ )) =I. (26) 
n=1 
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The fundamental matrix ® satisfies the same initial value problem as exp(At), namely, 

® =A®, 0(0)=1. (27) 

Then, by the uniqueness part of Theorem 6.1.2 (extended to matrix differential equations), 
we conclude that exp(At) and the fundamental matrix ®(t) are the same. Thus we can write 

the solution of the initial value problem (19) in the form 

x = exp (At)x°®, (28) 

which is analogous to the solution (18) of the initial value problem (17). 

In order to justify more conclusively the use of exp(At) for the sum of the series (22), we 

should demonstrate that this matrix function does indeed have the properties we associate 

with the exponential function. One way to do this is outlined in Problem 12. 

> Diagonalizable Matrices. The basic reason why a system of linear (algebraic or dif- 

ferential) equations presents some difficulty is that the equations are usually coupled. 

In other words, some or all of the equations involve more than one—often all—of the 

unknown variables. Hence the equations in the system must be solved simultaneously. 

In contrast, if each equation involves only a single variable, then each equation can be 

solved independently of all the others, which is a much easier task. This observation 

suggests that one way to solve a system of equations might be by transforming it into an 

equivalent uncoupled system in which each equation contains only one unknown variable. 

This corresponds to transforming the coefficient matrix A into a diagonal matrix. 

Eigenvectors are useful in accomplishing such a transformation. Suppose that then x n 

matrix A has a full set of n linearly independent eigenvectors. Recall that this will certainly 

be the case if the eigenvalues of A are all different, or if A is Hermitian. Letting €™, ... , €™ 
denote these eigenvectors and A, ... , 2, the corresponding eigenvalues, form the matrix T 

whose columns are the eigenvectors—that is, 

1 Bene tyne 

: ; (29) 
1 ae wi ae 

Since the columns of T are linearly independent vectors, det T # 0; hence T is nonsingular 

and T~! exists. A straightforward calculation shows that the columns of the matrix AT are 

just the vectors AE), ..., AE. Since AE = A,,€™, it follows that 

Ae? 1 Es 
AT = : : = TD, (30) 

Ag ¥, ae 

where 

R00 0 

Dict lsioaaaaall graley (31) 

ian 0 aS 

is a diagonal matrix whose diagonal elements are the eigenvalues of A. From equation (30) 

it follows that 

TAT =D. (32) 
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Thus, if the eigenvalues and eigenvectors of A are known, A can be transformed into 

a diagonal matrix by the process shown in equation (32). This process is known as a 

similarity transformation, and equation (32) is summed up in words by saying that A 

is similar to the diagonal matrix D. Alternatively, we may say that A is diagonalizable. 

Observe that a similarity transformation leaves the eigenvalues of A unchanged and 

transforms its eigenvectors into the coordinate vectors eD, ee), 

If A is Hermitian, then the determination of T~! is very simple. The eigenvectors EQ), 

.. , €&Y of A are known to be mutually orthogonal, so let us choose them so that they are 

also normalized by (€, €) = 1 for each i. Then it is easy to verify that T~* = T’; in other 

words, the inverse of T is the same as its adjoint (the transpose of its complex conjugate). 

Finally, we note that if A has fewer than n linearly independent eigenvectors, then there 

is no matrix T such that T-!AT = D. In this case, A is not similar to a diagonal matrix and 

is not diagonalizable. This situation is discussed in more detail in Section 6.8. 

EXAMPLE 6.7.3 

Consider the matrix 

A= ( ae (33) 

Find the similarity transformation matrix T and show that A can be diagonalized. 

Solution: 

Example 6.5.2, we found that the eigenvalues and eigenvectors of A are 

1 1 
n=4, EV = andn =5, & = : (34) 

2 2 

Thus the transformation matrix T and its inverse T~! are 

t=() i) and T-!= ie cl (35) 

Consequently, you can check that 

T 'AT= (3 A =D. : (36) 

Now let us turn again to the system 

xe AX, (37) 

where A is a constant matrix. In Sections 6.5 and 6.6, we described how to solve such a 
system by starting from the assumption that x = €e. Now we provide another viewpoint, 
one based on diagonalizing the coefficient matrix A. 

According to the results stated earlier in this section, it is possible to diagonalize A 
whenever A has a full set of n linearly independent eigenvectors. Let €“), ... , E™ be 
eigenvectors of A corresponding to the eigenvalues rj, ... , 7,, and form the transformation 
matrix T whose columns are €, ... , €™., Then, defining a new dependent variable y by the 
relation 

f 2 (38) 
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we have from equation (37) that 

Ty’ = ATy. (39) 

Multiplying by T~', we then obtain 

y =(T"IAT)y, (40) 

or, using equation (32), 

y’ = Dy. (41) 

Recall that D is the diagonal matrix with the eigenvalues r, ... , 7, of A along the diagonal. 

A fundamental matrix for the system (41) is the diagonal matrix (see Problem 13) 

CL AO), Baca a 

Di Gee Soh 
Oop Dis |e ec]: (42) 

0 Qe re eink 

A fundamental matrix Y for the system (37) is then found from Q by the transformation 

(38) 

Y=TQ; (43) 

that is, 

eMerit oA eMernt 

V(t) = (44) 
eDerit <e EMernt 

The columns of W(t) are the same as the solutions in equation (27) of Section 6.5. The 

diagonalization procedure does not offer any computational advantage over the method of 

Section 6.5, since in either case it is necessary to calculate the eigenvalues and eigenvectors 

of the coefficient matrix in the system of differential equations. 

EXAMPLE 6.7.4 
* Consider once again the system of differential equations 

x = Ax, (45) 

where A is given by equation (33), using the transformation x = Ty, where T is given by 

equation (35), the system (45) reduces to diagonal system 

ve (; 5) y= Dy. (46) 

Obtain a fundamental matrix for the system (46), and then transform it to obtain a fundamental 

matrix for the original system (45). 
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Problems 

Solution: 

By multiplying D repeatedly with itself, we find that 

16... 0 64. OO e) ies ce Age 
=( 0 im y ( 0 a 

(47) 

Therefore, it follows from equation (23) that exp(D2) is a diagonal matrix with the entries e*’ and 

e* on the diagonal, that is, 

(48) 

Finally, we obtain the required fundamental matrix W (¢) by multiplying T and exp(Dt) 

oe 1 1 ett 0 - ett et 

aaa Oat eV pptt ee ese 
(49) 

Observe that this fundamental matrix is the same as the one found in Example 6.7.1. 

In each of Problems 1 through 8: 

a. Find a fundamental matrix for the given system of equations. 

b. Find the fundamental matrix ®(£) satisfying (0) = I. 

10. 

11. 

; es 
Boe Wy =n 

xo : ols 
52 

x =|? 1 
~ Wak it 

elo A 

“18 =6 

oa a lle 
T\ =~ 

EAC el 
~ |p 3 

oe 5 3\ 

ae 

3 <i il 

x’ =| -12 0) 5|x 

A = iil 

. Solve the initial value problem 

YS i 4 Xouex (0) i= ol 

by using the fundamental matrix (t) found in Problem 1. 

Show that ®(t) = Y(t)" !(¢)), where @(t) and W(t) are as defined 
in this section. 

The fundamental matrix @(¢) for the system (3) was found in 

Example 6.7.2. Show that ®(t)@(s) = @(¢ + s) by multiplying 

@(t) and ®(s). 

12. 

13. 

14. 

15. 

Let @(t) denote the fundamental matrix satisfying ®’ = A®, 

(0) = I. In the text we also denoted this matrix by exp(At). 

In this problem we show that ® does indeed have the principal 

algebraic properties associated with the exponential function. 

a. Show that O(1)@(s) = M(t + s); that is, show that exp(At) 

exp(As) = exp(A(t + s)). 

Hint: Show that if s is fixed and ¢ is variable, then both 

@M(t)D(s) and W(t + s) satisfy the initial value problem 

Z' = AZ, Z(0) = Ws). 

b. Show that @()@(—1) = I; that is, exp(Ad) expA(—f) = I. Then 

show that @(—t) = @1(0). 

c. Show that ®(¢ — s) = O(Hb=1(s). 

Show that if A is a diagonal matrix with diagonal elements a,, 

Gp, ... , A,, then exp(Af) is also a diagonal matrix with diagonal 

elements exp(a,t), exp(ayt), ... , exp(a,t). 

Consider an oscillator satisfying the initial value problem 

wow 0) 12:(0)= tp; Ua(O)=aVo8 (50) 

a. Letx, =u,xX, =u’, and transform equations (50) into the form 

xX =Axox(0) =x" (51) 

b. Use the series (23) to show that 

exp (At) =I cos(wt) + amy (52) 

c. Find the solution of the initial value problem (51). 

The method of successive approximations (see Section 2.8) can 
also be applied to systems of equations. For example, consider 
the initial value problem 

oY ee LO, x (0) = x°, (53) 
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where A is a constant matrix and x° is a prescribed vector. c. Repeat this process and thereby obtain a sequence of 
a. Assuming that a solution x = $(f) exists, show that it must approximations $©, 6), 6, ..., 6, .... Use an inductive 

satisfy the integral equation argument to show that 

t (n) t2 t” 

o()=x?+| Ad (s) ds. (54) ® = (THartars eo tan) (56) 
(0) 

d. Let n > o and show that the solution of the initial value b. Start with the initial approximation $(t) = x®. pproximation $“(t) = x°. Substitute problem (53) is 

this expression for $(s) on the right-hand side of equation 

(51) and obtain a new approximation $(t). Show that 
PP oe) @ (t) = exp(At)x°, (57) 

@ (t) = (1+ At)x°. (55) 

6.8 | REPEATED EIGENVALUES 

We conclude our consideration of the linear homogeneous system of differential equations 

with constant coefficients 

xe=pAX (1) 

with a discussion of the case in which the matrix A has a repeated eigenvalue. Recall that in 

Section 6.3 we stated that a repeated eigenvalue with algebraic multiplicity m > 2 may have 

a geometric multiplicity less than m. In other words, there may be fewer than m linearly 

independent eigenvectors associated with this eigenvalue. The following example illustrates 

this possibility. 

EXAMPLE 6.8.1 

Find the eigenvalues and eigenvectors of the matrix 

A= (; oo (2) 

Solution: 

The eigenvalues r and eigenvectors & satisfy the equation (A — rI)é = 0, or 

ee -1 ) $1 ae, (3) 
1 Seale e 0 

' The eigenvalues are the roots of the equation 

ssp sail =r? —4r+4=(r—2) =0. (4) 17 
det (A —rI) = | 

Thus the two eigenvalues are r, => = 2; that is, the eigenvalue 2 has algebraic multiplicity 2. 

To determine the eigenvectors, we must return to equation (3) and use r = 2. This gives 

eeu ° 
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Hence we obtain the single condition €, + €, = 0, which determines ¢, in terms of €,, or vice versa. 

Thus the eigenvector corresponding to the eigenvalue r = 2 is 

= La (6) 

or any nonzero multiple of this vector. Observe that there is only one linearly independent 

eigenvector associated with the double eigenvalue. 
Sa) Ne Se Oe eS ee ————————E 

Returning to the system (1), suppose that r = p is an m-fold root of the characteristic 

equation 

det (A — rl) =0. (7) 

Then p is an eigenvalue of algebraic multiplicity m of the matrix A. In this event, there 

are two possibilities: either there are m linearly independent eigenvectors corresponding to 

the eigenvalue p, or else, as in Example 6.8.1, there are fewer than m linearly independent 

eigenvectors. 

In the first case, let €, ... , £0” be m linearly independent eigenvectors associated 
with the eigenvalue p of algebraic multiplicity m. Then there are m linearly independent 

solutions x(t) = Ee", ..., x(t) = €0Me?! of equation (1). Thus in this case, it makes no 
difference that the eigenvalue r = ¢ is repeated; there is still a fundamental set of solutions of 

equation (1) of the form €e”. This case always occurs if the coefficient matrix A is Hermitian 

(or real and symmetric). 

However, if the coefficient matrix is not Hermitian, then there may be fewer than m 

independent eigenvectors corresponding to an eigenvalue p of algebraic multiplicity m, and 

if so, there will be fewer than m solutions of equation (1) of the form €e?! associated with 

this eigenvalue. Therefore, to construct the general solution of equation (1), it is necessary 

to find other solutions of a different form. Recall that a similar situation occurred in Section 

3.4 for the linear equation ay” + by’ + cy = 0 when the characteristic equation has a double 

root r. In that case we found one exponential solution y,(t) = e”, but a second independent 

solution had the form y2(t) = te”. With that result in mind, consider the following example. 

EXAMPLE 6.8.2 

Find a fundamental set of solutions of 

18 is 

x’ = Ax= ( 3) x (8) 

and draw a phase portrait for this system. 

Solution: 

A direction field for the system (8) is shown in Figure 6.8.1. From this figure it appears that all 
nonzero solutions depart from the origin. 

To solve the system, observe that the coefficient matrix A is the same as the matrix in Example 
6.8.1. Thus we know that r = 2 is a double eigenvalue and that it has only a single corresponding 
eigenvector, which we may take as € = (1, —1)’. Thus one solution of the system (8) is 

x= (jer, ) 

but there is no second solution of the form x = ée”. 
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oo) 
NeN i Waa Reh Yona is ete tot 
Nee heh cNuanentott neck: feet 
N2EA AYE DET HAH 
Walk NNaae eta teat ven) 
NEN NN Netty Saat Bop 
a so tes sey asd ei eee we 
SS noes am hee wsart Beat SE tf 
NENT hehet ote honan 
ON Nee pooh fa pias LL 
SSN fe AGA AE Ae 

A YY NSS loos 

ev vy yoy , \ VNNNSS 
ey eee EY y= VNNANNN SOR 
Wee aes \ \ VY NNNANNSR OS 
444 144 \ \ VN NN NN NNN 
es ee ae ee Nia VX NAN NAN NNS 
tee ee VN \— Woe NEN NEN NESON SN 
Se ee ee \ \ QV ONENU NONE NG NEN SON 
VV VV V VV VON EN YEN NNN NONE NONO NON 

A direction field for the system (8). 

Based on the procedure used for second-order linear differential equations in Section 3.4, it may 

be natural to attempt to find a second independent solution of the system (8) of the form 

x = €te*, (10) 

where € is a constant vector to be determined. Substituting for x in equation (8), we obtain 

2éte*! + Ee?! = Aéte*!. (11) 

For equation (11) to be satisfied for all t, it is necessary to equate the coefficients of te*’ and e*“ on 

each side of equation (11). From the term in e”', we find that 

é=0. (12) 

Hence there is no nonzero solution of the system (8) of the form (10). 

Since equation (11) contains terms in both te* and e~, it appears that in addition to éte”, the 

second solution must contain a term of the form ne”; in other words, we need to assume that 

x = Ete” + ne, (13) 

where é and 7 are constant vectors to be determined. Upon substituting this expression for x in 

equation (8), we obtain 

2éte” + (E + 2n) ec” = A (Ete + ne**). (14) 

» Equating coefficients of te’ and e* on each side of equation (14) gives the two conditions 

: 2& = AE 

nd 

&+2n=An 

for the determination of é and 7. It is helpful to rewrite these conditions as 

(A-21é=0 (15) 

and 

(A-21)n = 6, (16) 
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respectively. Equation (15) is satisfied if € is an eigenvector of A corresponding to the eigenvalue 

r= 2, such as € = (1, —1)’. Since det(A — 21) is zero, equation (16) is solvable only if the right-hand 

side € satisfies a certain condition. Fortunately, € and its multiples are exactly the vectors that allow 

equation (16) to be solved.’ The augmented matrix for equation (16) is 

Tape tel ee 1 

1 It -1)° 

The second row of this matrix is proportional to the first, so the system is solvable. We have 

—7n, — nN, =1, 

so if n, = k, where k is arbitrary, then 7, = —k — 1. If we write 

e=(ata)- (Seal) w 
then by substituting for € and 7 in equation (13), we obtain 

2t 2t 1 2t 0 2t 1 2t x = Ete" + ne“ = a te + ay et +k ee (Sam (18) 

The last term in equation (18) is merely a multiple of the first solution x(t) and may be ignored, 

but the first two terms constitute a new solution: 

x (1). = (a te! 4 (a) ee (19) 

An elementary calculation shows that W[x, x®](f) = —e“ # 0, and therefore x and x® 
form a fundamental set of solutions of the system (8). The general solution is 

x = cx (t) + cx® (£) 

= = et + ¢, ((_1) tev! 4 Gee e) ; (20) 

The main features of a phase portrait for the solution (20) follow from the presence of the 

exponential factor e” in every term. Therefore x > 0 as t > — oo and unless both c, and c, are 

zero, x becomes unbounded as t — oo. If c; and c, are not both zero, then along any trajectory we 

have 

lim ~2\'? (t) = Seve ea (Se aes) ae ig a es) = lim ae Oleg 1 
t>-oco X} (t) c,e2! aF cyte! = t>-0o Cy + Col Gees 

Therefore, as f + — oo, every trajectory approaches the origin tangent to the line x,» = —x, 

determined by the eigenvector; this behavior is clearly evident in Figure 6.8.2(a). Further, as 
t — oo, the slope of each trajectory also approaches —1. However, it is possible to show that 

trajectories do not approach any single asymptote as t > oo. Several trajectories, including x 
(the solid black curve) and x (the dashed black curve), of the system (8) are shown in Figure 
6.8.2(a), and some typical plots of x, versus ft and of x. versus t are shown in Figures 6.8.2(b) and 
6.8.2(c), respectively. 

’This condition is that (€,y) = 0 for any nontrivial solution y of (A — 21)*y = 0. From the fact that every 
matrix and its adjoint have the same eigenvalues (see Problems 21-25 in Section 6.3), we conclude that the 
vectors y are the eigenvectors of A’ corresponding to its (repeated) eigenvalue r = 2. An easy calculation 
shows that y = c(1, 1)’ (see Problem 16). Since € = (1, —1)’, we see that (é,y) = 0. Thus, equation (16) is 
solvable. 
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x2 

KNNSSQRNAWAEL AMMA tat t 
NAKA KAN AY SANA AWN A 4 tt t 
SSRANSRAAZ Dt ttt 
SWANS KAY AA AWW t tt t 
ZAKKAANN AN A a ae a a 
ZRAAN KAN AK 4 t+ att 
SEansNO tt dt tp eet 
SaaS SN NN Vttant reese 
CoS AM ff fHtTtT 

Ae af 
LAOS J J-14/+ WW Borer Xx 
GEN Mt W122 227 : 
i oe Wi \\ \ Rh Ne mp a oe 
Ae dtd W -1T IANS See 
it 14 Wyy x A NASA SS 

+4 ty V\V VY JAAN AAA Sas 
dit VV LY MAMAN ANAS 
ei svg yy \ <e WA AA AANA 
eater a ay |) VAN AW A AAAS 
PV YY VAMW UY NV AN AWA 

(a) 

(a) Phase portrait of the system (8); the origin is an improper node. (b) 

Plots of x, versus t for the system (8). (c) Plots of x, versus t for the system (8). The 

component plots in (b) and (c) are color-coded to their trajectories in (a). The purple curves 

are for the solution that passes through (—1, 1/2), red through (—1, —1/2), green (0, 1/2), 

orange (0, —1/2), blue (1, 1/2), and gold (1, —1/2). 

The pattern of trajectories in Figure 6.8.2(a) is typical of 2 x 2 systems x’ = Ax with 

equal eigenvalues and only one independent eigenvector. The origin is called an improper 

“node in this case. If the eigenvalues are negative, then the trajectories are similar but are 

traversed in the inward direction. An improper node is asymptotically stable or unstable, 

depending on whether the eigenvalues are negative or positive. 

One difference between a system of two first-order equations and a single second-order 

equation is evident from the preceding example. For a second-order linear equation with 

a repeated root r, of the characteristic equation, a term ce’!‘ in the second solution is not 

required since it is a multiple of the first solution. On the other hand, for a system of two 

first-order equations, the term ye"! of equation (13) with r, = 2 is not, in general, a multiple 

of the first solution €e”1', so the term ye"! must be retained. 
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Example 6.8.2 is entirely typical of the general case when there is a double eigenvalue 

and a single associated eigenvector. Consider again the system (1), and suppose that r = p 

is a double eigenvalue of A, but that there is only one corresponding eigenvector &. Then 

one solution, similar to equation (9), is 

Xie ees (21) 

where & satisfies 

(A—plé=0. (22) 

Following the process introduced in Example 6.8.2, we find that a second solution, similar 

to equation (19), is 

x) (t) = Ete?! + neft, (23) 

where € satisfies equation (22) and n is determined from 

(A-pl)n=é. (24) 

Even though det(A — pI) = 0, it can be shown that it is always possible to solve equation 

(24) for n. While we will not present all of the details, an important step is to note that if we 

multiply equation (24) by A — pI and use equation (22), then we obtain 

2 
(A- pI 1 =0. 

The vector 7 is called a generalized eigenvector of the matrix A corresponding to the 

eigenvalue p. 

> Fundamental Matrices. As explained in Section 6.7, fundamental matrices are formed 

by arranging linearly independent solutions in columns. Thus, for example, a fundamental 

matrix for the system (8) can be formed from the solutions x(t) and x?)(t) from equations 

(9) and (19), respectively: 

2t wae e te2t ou 1 t . 

OS pth sap pitem pet ee i eh (25) 

The particular fundamental matrix ® that satisfies @(O) = I can also be readily found from 

the relation ®(t) = ¥(t)¥—1(0). From equation (25), we have 

¥o=(3, oi so that v7 @=(7 ah (26) 

and then 

@(t)=¥(t)¥'(0) = et i )( ; i 

1-t —t Bt 
i ( t eth Se) 

Recall that the fundamental matrix ®(t) with ®(0) = I can also be written as exp(At). For 
the matrix A in Example 6.8.2, the solution to x’ = Ax with x(0) = x° is x(t) = exp(At)x°, 
or x(t) = P()x° with ®(t) given by equation (27). 
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» Jordan Forms. Ann xn matrix A can be diagonalized as discussed in Section 6.7 only 
if it has a full complement of n linearly independent eigenvectors. If there is a shortage 
of eigenvectors (because of repeated eigenvalues), then A can always be transformed into 
a nearly diagonal matrix called its Jordan® form, which has the eigenvalues of A on the 
main diagonal, ones in certain positions on the diagonal above the main diagonal, and zeros 
elsewhere. 

Consider again the matrix A given by equation (2). To transform A into its Jordan form, 
we construct the transformation matrix T with the single eigenvector & from equation (6) 
in its first column and the generalized eigenvector n from equation (17) with k = 0 in the 
second column. Then T and its inverse are given by 

Leo ep aa 
re(4 ie | and Loi ah at (28) 

As you can verify, it follows that 

TAT = (| ;) = J. (29) 

The matrix J in equation (29) is the Jordan form of A. It is typical of all Jordan forms in 

that it has a 1 above the main diagonal in the column corresponding to the eigenvector that 

is lacking (and is replaced in T by the generalized eigenvector). 

If we start again from equation (1) 

Xen ACKe 

the transformation x = Ty, where T is given by equation (28), produces the system 

vy, (30) 

where J is given by equation (29). In scalar form, the system (30) is 

Yj = 2, +y2, V3 = 2yr. (31) 

These equations can be solved readily in reverse order—that is, by starting with the equation 

for y,. In this way we obtain 

yo (t)=cje* and y, (t) =c,te*! + cye. (32) 

Thus two independent solutions of the system (30) are 

y= (fet and ye =(j)er (33) 

and the corresponding fundamental matrix is 

2t 2t 

W(t) = ( ¥ oi) (34) 

8Marie Ennemond Camille Jordan (1838-1922) was professor at the Ecole Polytechnique and the Collége de 

France. He is known for his important contributions to analysis and to topology (the Jordan curve theorem) 

and especially for his foundational work in group theory. The Jordan form of a matrix appeared in his 

influential book Traité des substitutions et des équations algébriques, published in 1870. 
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Since ¥ (0) = I, we can also identify the matrix in equation (34) as exp(Jt). The same result 

can be reached by calculating powers of J and substituting them into the exponential series 

(see Problems 19 through 21). To obtain a fundamental matrix for the original system, we 

now form the product 

e2t te! 
W(t) = Texp (Jt) = ie, pry es) (35) 

which is the same as the fundamental matrix given in equation (25). 

We will not discuss n x n systems x’ = Ax in more detail here. For large n it is possible 

that there may be eigenvalues of high algebraic multiplicity m, perhaps with much lower 

geometric multiplicity qg, thus giving rise to m — q generalized eigenvectors. Problems 17 

and 18 explore the use of Jordan forms for systems of three differential equations. For 

n> 4 there may also be repeated complex eigenvalues. A full discussion? of the Jordan form 

of a general n x n matrix requires a greater background in linear algebra than we assume 

for most readers of this book. 

The amount of arithmetic required in the analysis of a general n x n system may be 

prohibitive to do by hand even if n is no greater than 3 or 4. Consequently, suitable computer 

software should be used routinely in most cases. This does not overcome all difficulties 

by any means, but it does make many problems much more tractable. Finally, for a set of 

equations arising from modeling a physical system, it is likely that some of the elements in 

the coefficient matrix A result from measurements of some physical quantity. The inevitable 

uncertainties in measurements lead to uncertainties in the values of the eigenvalues of A. 

For example, in such a case it may not be clear whether two eigenvalues are actually equal 

or are merely close together. 

Problems 

In each of Problems 1 through 3: Ge ( 2 3/ ;) x, x(0) = ( 3 ) 
7 \=3/2. -1)° ~ \-1 

a. Draw a direction field and sketch a few trajectories. 5/2 i 
~ 1 2 a G BD) b G escribe how the solutions behave as t > co 7 oe Le 1)x, x@ye{ 3 

c. Find the general solution of the system of equations. 1 fT 5/5 os) 

Tey 2 
a Set = 5 8 x = |x x(0) = | 

1 = = : ss x | 3 4 x 4 3 5 

ears ( : ) - In each of Problems 9 and 10: 

es) a. Find the solution of the given initial value problem. 

sk = (; /2 ) x b. © Draw the corresponding trajectory in x,xx3-space. 

c. Sketch the graph of x, versus t. 

In each of Problems 4 and 5, find the general solution of the given 

system of equations. zZ2 —5 0 1 

9. —— = nae ae x ; ; , x, x(0) 1 

ah, oe =|] Tl 0 2]x 0 

0 Pee a} cal il il 
oS 10. x = ; 6 x} SOS iC 

Boe SAO Bp Allee : 

2 2) 
In each of Problems 11 and 12, solve the given system of equations 

in cachiol Proplerssetirouch's: by the method of Problem 13 of Section 6.5. Assume that f > 0. 

me ee beet 
a. Find the solution of the given initial value problem. 11. tx’ = (_ 4 24) x 

b. Sketch the trajectory of the solution in the x,x -plane, and also 

sketch the graph of x, versus ¢. 

eee ee eee 

*For example, see the books listed in the References at the end of this chapter. 
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12. 

13. 

14. 

15. 

16. 

X= : 
=a EP es We 

Show that all solutions of the system 

approach zero as t > oo if and only ifa + d <0 and ad — be> 0. 
Compare this result with that of Problem 28 in Section 3.4. 

Consider again the electric circuit in Problem 21 of Section 6.6. 

This circuit is described by the system of differential equations 

1 
CO rofl 
dt \V hy NV 

CAP aRC 

a. Show that the eigenvalues are real and equal if L = 4R?C. 

b. Suppose that R=1Q,C=1F,and L=4H. Suppose also that 

I(0) = 1 A and V(0) = 2 V. Find I(t) and V(0). 

Consider again the system 

x’ = Ax= (; ees (36) 

that we discussed in Example 6.8.2. We found there that A 

has a double eigenvalue r; = r, = 2 with a single independent 

eigenvector €) = (1, -1)’, or any nonzero multiple thereof. 
Thus one solution of the system (36) is xP (4) = EMe** and a 
second independent solution has the form 

x) (t) = Ete + ne”, 

where € and y satisfy 

(A-2Dé=0, (A-2Dn=é. (37) 

In the text we solved the first equation for € and then the second 

equation for 7. Here, we ask you to proceed in the reverse order. 

a. Show that 7 satisfies (A — 21)*n = 0. 

b. Show that (A — 21)? = 0. Thus the generalized eigenvector 

can be chosen arbitrarily, except that it must be independent 

of €), 

c. Let 7 = (0, —1)’. Then determine & from the second of 

equations (37) and observe that € = (1, -1)" = €. This 

choice of n reproduces the solution found in Example 6.8.2. 

d. Let » = (1, 0)’ and determine the corresponding 

eigenvector &. 

e. Let n= (k,, ky)", where k, and k, are arbitrary numbers. 

What condition on k, and k, ensures that 7 and & are 
linearly independent? Then determine &. How is it related to 

the eigenvector €)? 

In Example 6.8.2, with A given in equation (36) above, it was 

claimed that equation (16) is solvable even though the matrix 

A — 21 is singular. This problem justifies that claim. 

a. Find all eigenvalues and eigenvectors for A’, the adjoint 

of A. 

b. Show that the eigenvectors of A and the corresponding 

eigenvectors of A* are orthogonal. 

c. Explain why this proves that equation (16) is solvable. 

Eigenvalues of Multiplicity 3. If the matrix A has an eigenvalue 

of algebraic multiplicity 3, then there may be either one, two, or 

three corresponding linearly independent eigenvectors. The general 

solution of the system x’ = Ax is different, depending on the number 

of eigenvectors associated with the triple eigenvalue. As noted in 

the text, there is no difficulty if there are three eigenvectors, since 

then there are three independent solutions of the form x = £e". The 

following two problems illustrate the solution procedure for a triple 

eigenvalue with one or two eigenvectors, respectively. 

17. Consider the system 

ui Pail 1 

Ke AX = | cele — In texs (38) 

—-3 2 4 

a. Show that r = 2 is an eigenvalue of algebraic multiplicity 3 

of the coefficient matrix A and that there is only one corre- 

sponding eigenvector, namely, 

0 
Dal 1 

-1 

b. Using the information in part a, write down one solution 

x(t) of the system (38). There is no other solution of the 

purely exponential form x = &e”, 

c. To find a second solution, assume that x = te + ne”'. Show 
that € and 7 satisfy the equations 

(A-2D€=0, (A-2Dn=é. 

Since € has already been found in part a, solve the second 

equation for 7. Neglect the multiple of €™ that appears in 7, 
since it leads only to a multiple of the first solution x. Then 
write down a second solution x(t) of the system (38). 

d. To find a third solution, assume that 

t2 

x= é5e + nte?* + ce. 

Show that &, n, and € satisfy the equations 

(A-21¢é=0, (A-2Dn=, (A-2D¢=7. 

The first two equations are the same as in part c, so solve 

the third equation for ¢, again neglecting the multiple of 

that appears. Then write down a third solution x©(£) of the 
system (38). 

e. Write down a fundamental matrix W(t) for the system (38). 

f. Form a matrix T with the eigenvector €! in the first col- 
umn and the generalized eigenvectors y and ¢ in the second 

and third columns. Then find T~' and form the product 

J = TAT. The matrix J is the Jordan form of A. 
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c. Determine exp(Jt). 

d. Use exp(Jt) to solve the initial value problem x’ = Jx, 
18. Consider the system 

Cpl on x(0) = x®. 
Kee AK 8 |S nO (39) 20. Let 

—4 3 3 

iy W © 

a. Show that r = 1 is a triple eigenvalue of the coefficient Felo A wih 

matrix A and that there are only two linearly independent OO. J 

eigenvectors, which we may take as 

where J is an arbitrary real number. 

1 0 a. Find J?, J3, and J‘. 
2 

EO = [0], ge | a2) (40) b. Use an inductive argument to show that 
2 —3 

enn. {9) 0 

Write down two linearly independent solutions x“(¢) and J™=|0 2 nar} 
x)(t) of equation (39). i 

b. To finda third solution, assume that x = &te’ + ne’; then show Dal A 

that € and 7 must satisfy 
c. Determine exp(Jt). 

(A-Dé=0, (41) d. Observe that if you choose 4 = 1, then the matrix J in this 

problem is the same as the matrix J in Problem 18f Using the 

matrix T from Problem 18f, form the product T exp(Jt) with 

(A-Dn=é. (42) ie 
e. Is the resulting matrix the same as the fundamental matrix 

c. Equation (41) is satisfied if € is an eigenvector, so one way to V(t) in Problem 18e? If not, explain the discrepancy. 
proceed is to choose € to be a suitable linear combination of Pail Is 

€ and €@ so that equation (42) is solvable, and then to solve 
that equation for 7. However, let us proceed in a different Acls 0 

way and follow the pattern of Problem 15. First, show that J=(0 A 1}, 

n satisfies 0 @ 24 

where J is an arbitrary real number. 

a. Find J’, 3, and J‘. 

Further, show that (A — I? = 0. Thus 7 can be chosen b. Use an inductive argument to show that 

arbitrarily, except that it must be independent of &™ and €@. 

(A-D n=0. 

d. A convenient choose for n is 7 = (0, 0, 1)’. Find the corre- Aeeninges’ sn (n—1)A"-? 
sponding & from equation (42). Verify that € is an eigenvector yji= 

of A. 

. Write down a fundamental matrix W(¢) for the system (39). 

f. Form a matrix T with the eigenvector € in the first column 
and with the eigenvector & from part (d) and the generalized 

eigenvector 7 in the other two columns. Find T~! and form 

the product J = T-! AT. The matrix J is the Jordan form of A. 

195 Let J = fe il where J is an arbitrary real number. 

a. Find J’, 3, and J‘. 
n nAn-t 

b. Use an inductive argument to show that J” = ( 5 } 
0 

nan-l 

0 0 we 

. Determine exp(Jt). 

d. Note that if you choose A = 2, then the matrix J in this 

problem is the same as the matrix J in Problem 17f. Using the 

matrix T from Problem 17f, form the product T exp(J¢) with 

A = 2. The resulting matrix is the same as the fundamental 

matrix V(t) in Problem 17e. If not, explain the discrepancy. 

6.9 | NONHOMOGENEOUS LINEAR SYSTEMS 

In this section we turn to the nonhomogeneous system of linear first-order differential 
equations 

x = P(t)x+g(t), (1) 
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where the n x n matrix P(t) and n x 1 vector g(t) are continuous for a < t < £. By the 
same argument as in Section 3.5 (see also Problem 12 in this section), the general solution 
of equation (1) can be expressed as 

x = Cx) (t) + + e,x™ (t) + v(0), (2) 

where c,x‘)(t) + --- + c,x‘)(t) is the general solution of the corresponding homogeneous 
system x’ = P(t)x, and v(t) is a particular solution of the nonhomogeneous system (1). We 
will briefly describe several methods for determining v(t). 

> Diagonalization. We begin with systems of the form 

x’ = Ax + g(t), (3) 

where A is an n X n diagonalizable constant matrix. By diagonalizing the coefficient matrix 

A, as indicated in Section 6.7, we can transform equation (3) into a system of equations that 

is readily solved. 

Let T be the matrix whose columns are the eigenvectors £, ... , € of A, and define a 

new dependent variable y by 

x= Ty. (4) 

Then, substituting for x in equation (3), we obtain 

Ty = ATy+g(¢). 

When we multiply this equation (on the left) by T~, it follows that 

y =(T!AT)y+T~'g(t) = Dy + h(o), (5) 

where h(t) = T~'g(t) and where D is the diagonal matrix whose diagonal entries are the 

eigenvalues r;, ... , , of A, arranged in the same order as the corresponding eigenvectors 

€0), ..., € that appear as columns of T. Equation (5) is a system of n uncoupled first-order 

linear differential equations for y,(t), ... ,y,(t); as a consequence, the differential equations 

can be solved separately. In scalar form, equation (5) has the form 

yH=nyO+rhO, fal (6) 

where h,(¢) is a certain linear combination of g)(t), ... , 8,(t). Equation (6) is a first-order 

‘linear differential equation and can be solved by the methods of Section 2.1. In fact, we 

have 

t 

y(t) =e" | emP hiss cel, f=1,..,n, (7) 
; to 

where the c; are arbitrary constants. Finally, the solution x of equation (3) is obtained from 

equation (4). When multiplied by the transformation matrix T, the second term on the 

right-hand side of equation (7) produces the general solution of the homogeneous equation 

x’ = Ax, while the first term on the right-hand side of equation (7) yields a particular 

solution of the nonhomogeneous system (3). 



EG Chapter 6 / Systems of First-Order Linear Equations 
ae ee eae RT 

EXAMPLE 6.9.1 

Find the general solution of the system 

-2 1 2e5! 
— = 5 8 ei EF ee) Ax + g(t) (8) 

Solution: 

Proceeding as in Section 6.5, we find that the eigenvalues of the coefficient matrix are r, = —3 and 

ry = —1 and that the corresponding eigenvectors are 

gO = ( and £2 a (9) 
il 1 

Thus the general solution of the homogeneous system is 

= Cj ea e* +c, (;) ere, (10) 

Before writing down the matrix T of eigenvectors, we recall that eventually we must find T~'. The 

coefficient matrix A is real and symmetric, so we can use the result stated just above Example 6.7.3: 

T~! is simply the adjoint, which here (since T is real) is just the transpose of T, provided that the 

eigenvectors of A are normalized to have length 1, that is, (€, €) = 1. Hence, because both € and 

£2) have length V2, we define 

Te & i): ahdso -Toh= E =: (11) 
2 NES oa 

Letting x = Ty and substituting for x in equation (8), we obtain the following system of 

equations for the new dependent variable y: 

os 2e' — 3t 
y' = Dy +g) =( ; mre s ) (12) 

Thus 

y+ dy, = Ver — ep, 
V2 ; (23) 

Ys + yo = V2e! + =. 
V2 

Each of equations (13) is a first-order linear differential equation and so can be solved by the 
methods of Section 2.1. In this way we obtain 

Vi 
2 Sob aL Fer Fb Benem 

v2 aii 14 
v= V2te~ + —(t-1l)+ce. we 

2 
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Finally, we write the solution in terms of the original variables: 

++ x= ty= 4 Vi a 

2 Vite) 3 

Chie Lag ( C2 
tet 4) 44 va \W2 

——k 9-3t Oe ar 

y2 2 2 
1 

ky ae e 7 +. kp (;) ane ae : ey enh + (;) te! + (;) t= : 2 

where k, = c, (V2 and k, = c,/V2. The first two terms on the right-hand side of equation (15) form 

the general solution of the homogeneous system corresponding to equation (8). The remaining 

terms are a particular solution of the nonhomogeneous system. 

1 of 4 cf 
—je +ft- — + te 

(15) 

GAS Op = 2 + te! 

If the coefficient matrix A in equation (3) is not diagonalizable (because of repeated 

eigenvalues and a shortage of eigenvectors), it can nevertheless be reduced to a Jordan 

form J by a suitable transformation matrix T involving both eigenvectors and generalized 

eigenvectors. In this case the differential equations for yj, ... , y, are not totally uncoupled 

since some rows of J have two nonzero elements: an eigenvalue in the diagonal position 

and a 1 in the adjacent position to the right. However, the equations for y,, ... , y, can still 

be solved consecutively, starting with y,. Then the solution of the original system (3) can 

be found by the relation x = Ty. 

> Undetermined Coefficients. A second way to find a particular solution of the nonho- 

mogeneous system (1) is the method of undetermined coefficients that we first discussed in 

Section 3.5. To use this method, we assume the form of the solution with some or all of the 

coefficients unspecified, and then seek to determine these coefficients so as to satisfy the 

differential equation. As a practical matter, this method is applicable only if the coefficient 

matrix P is a constant matrix, and if the components of g are polynomial, exponential, or 

sinusoidal functions, or sums or products of these. In these cases the correct form of the 

solution can be predicted in a simple and systematic manner. The procedure for choosing 

the form of the solution is substantially the same as that given in Section 3.5 for a single 

linear second-order differential equation. The main difference is illustrated by the case of 

a nonhomogeneous term of the form uct , where A is a simple root of the characteristic 

equation. In this situation, rather than assuming a solution of the form ate”, it is necessary 

to use ate“! + be*!, where a and b are determined by substituting into the differential 

equation. 

EXAMPLE 6.9.2 

Use the method of undetermined coefficients to find a particular solution of 

—2 1 zene 
‘= = , 16 x fs 3)+(% | Ax+ g(t) (16) 

Solution: 

This is the same system of equations as in Example 6.9.1. To use the method of undetermined 

coefficients, we write g(t) in the form 

g(t) = (‘Jen i (3) t (a7) 
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Observe that r = —1 is an eigenvalue of the coefficient matrix, and therefore we must include both 

ate~' and be~ in the assumed solution. Thus we assume that 

x = v(t) =ate! + be! + ct +d, (18) 

where a, b, c, and d are vectors to be determined. Substituting equation (18) into equation (16) and 

collecting like terms, we obtain the following algebraic equations for a, b, ¢, and d: 

Aa = -a, 

2 
Ab = a-b-(}) 

(19) 
Ac = — ° = 3) 

Ad = c. 

From the first of equations (19), we see that a is an eigenvector of A corresponding to the eigenvalue 

r = —1. Thus a = (a, a)", where a is any nonzero constant. Then we find that the second of 

equations (19) can be solved only if a = 1 and that, in this case, 

-=4()-0 
for any constant k. The simplest choice is k = 0, from which b = (0, -1)’. 

Then the third and fourth of equations (19) yield c = (1, 2)’ andd = ~5 (4, 5): respectively. 

Then, substituting a, b, c, and d into equation (18), we obtain the particular solution 

v(ij= (*) te! — (;) et + (3)¢ ~ ; a) (21) 

The particular solution (21) is not identical to the one contained in equation (15) of 

Example 6.9.1 because the term in e™ is different. However, if we choose k = 5 in equation (20), 

1 : j 
then b = — 5 di, 1): and the two particular solutions agree. 

> Variation of Parameters. Now let us turn to more general problems in which the 

coefficient matrix is not constant or not diagonalizable. Let 

x’ = P(t)x+ g(t), (22) 

where P(¢) and g(t) are continuous on a < t < 8. Assume that a fundamental matrix Y(t) 
for the corresponding homogeneous system 

X= P(t) x (23) 

has been found. We use the method of variation of parameters to construct a particular 
solution, and hence the general solution, of the nonhomogeneous system (22). 

Since the general solution of the homogeneous system (23) is W(f)c, it is natural to 
proceed as in Section 3.6 and to seek a solution of the nonhomogeneous system (22) by 
replacing the constant vector c by a vector function u(t). Thus we assume that 

x= ¥(t)u(), (24) 
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where u(t) is a vector to be found. Upon differentiating x as given by equation (24) and 
requiring that equation (22) be satisfied, we obtain 

Ww (t)u(t) + (t)u’(t)=P(OW¥(thu(t)+g(t). (25) 

Since W(t) is a fundamental matrix, ¥’(t) = P()¥(t); hence equation (25) reduces to 

Wie (y= (Oe (26) 

Recall that W(t) is nonsingular on any interval where P is continuous. Hence ¥~1(t) exists, 
and therefore 

u(t) =P" (g(t). (27) 

Thus for u(t) we can select any vector from the class of vectors that satisfy equation (27). 

These vectors are determined only up to an arbitrary additive constant vector; therefore, we 

denote u(t) by 

u(t) = bz (t)g(t)dt+e, (28) 

where the constant vector c is arbitrary. If the integrals in equation (28) can be evaluated, 

then the general solution of the system (22) is found by substituting for u(t) from equation 

(28) in equation (24). However, even if the integrals cannot be evaluated, we can still write 

the general solution of equation (22) in the form 

t 

x=W(t)e+ vo] w! (s)g(s) ds, (29) 
ty 

where ¢, is any point in the interval (a, 6). The first term on the right-hand side of equation 

(29) is the general solution of the corresponding homogeneous system (23), and the second 

term is a particular solution of equation (22). 

Now let us consider the initial value problem consisting of the differential equation (22) 

and the initial condition 

X(to) =x’. (30) 

We can find the solution of this problem most conveniently if we choose the lower limit 

of integration in equation (29) to be the initial point tp. Then the general solution of the 

differential equation is 

t 

x= Wit)ce+ vo] yo (s) g(s) ds. (31) 
i) 

For t = ty, the integral in equation (31) is zero, so the initial condition (30) is also satisfied 

if we choose 

c= 8! (ty) x°. (32) 

Therefore, 

1 
x= (8) yo! (to) x° + V(t) | WY" (s) g (s) ds (33) 

to 
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is the solution of the given initial value problem. Again, although it is helpful to use W-! to 

write the solutions (29) and (33), it is usually better in particular cases to solve the necessary 

equations by row reduction than to calculate w-1 and substitute into equations (29) 

and (33). 

The solution (33) takes a slightly simpler form if we use the fundamental matrix (2) 

satisfying @(t,) = I. In this case we have 

t 

x= @(t)x9 + @(1)| &7'(s)g(s)ds. (34) 
to 

Equation (34) can be simplified further if the coefficient matrix P(t) is a constant matrix 

(see Problem 16). 

EXAMPLE 6.9.3 

Use the method of variation of parameters to find the general solution of the system 

rd ot ae Den Nee 
r= (5 Js (5, )=axt 80. (35) 

This is the same system of equations as in Examples 6.9.1 and 6.9.2. 

Solution: 

The general solution of the corresponding homogeneous system was given in equation (10). Thus 

e~3t ew! 

W(t) = ( ) (36) 
—e-3t e-t 

is a fundamental matrix. Then the solution x of equation (35) is given by x = W(t)u(t), where u(£) 

satisfies ¥(t)u'(t) = g(t), or 

aS Ye 2e~' eae es ” 
Solving equation (37) by row reduction, we obtain 

uy, =e" — =te*, 

us =1+ <=te! 

Hence 

WAti= se “ ste + ze +c, 

Uz (t)=t+ te! - e! +, 

and 

x=W(t)u(t) 

sal sderes(ijerea sess 4(} on 
which is the same as the solution obtained in Example 6.9.1 (compare with equation (15)) and is 
equivalent to the solution obtained in Example 6.9.2 (compare with equation (21)). 
eee 
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> Laplace Transforms. We will use the Laplace transform in Chapter 7 to solve linear 
equations of arbitrary order. It can also be used in very much the same way to solve systems 
of equations. Since the transform is an integral, the transform of a vector is computed 
component by component. Thus £ {x(t)} is the vector whose components are the transforms 
of the respective components of x(t), and similarly for £{x’(t)}. We will denote £ {x(d)} by 
X(s). Then, by an extension of Theorem 7.2.1 to vectors, we also have 

£ {x’ (t)} = sX(s) — x(0). (39) 

EXAMPLE 6.9.4 

Use the method of Laplace transforms to solve the system 

eS —t 

x’ =( i Nass )=Ax+e0. (40) 

This is the same system of equations as in Examples 6.9.1, 6.9.2, and 6.9.3. 

Solution: 

We take the Laplace transform of each term in equation (40), obtaining 

sX(s) — x(0) = AX(s) + G(s), (41) 

where G(s) is the transform of g(t). The transform G(s) is given by 

2 

Gs ne ; (42) 

§2 

To proceed further we need to choose the initial vector x(0). For simplicity let us choose x(0) = 0. 

Then equation (41) becomes 

(sI — A) X(s) = GG), (43) 

where, as usual, I is the 2 x 2 identity matrix. Consequently, X(s) is given by 

X(s) = (sI— A)’ G(s). (44) 

The matrix (sI — A)~! is called the transfer matrix because multiplying it by the transform of the 

input vector g(t) yields the transform of the output vector x(t). In this example we have 

Sine gestae lh 
-A= 45 eo ( oi 54 (4s) 

and by a straightforward calculation, we obtain 

: | 1 s+2 1 
os pp pes ee ee : 46 

Gk’) aes 1 e) ($5) 

Then, substituting from equations (42) and (46) in equation (44) and carrying out the indicated 

multiplication, we find that 

2(s +2) 3 
(s+ 1y (s +3) s2(s + 1)(s + 3) 

ac 2 3(s +2) G2?) 
(+1643) 1 264 De+3) 
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Problems 

Finally, we need to obtain the solution x(t) from its transform X(s). This can be done by expanding 

the expressions in equation (47) in partial fractions and using Table 7.2.1, or (more efficiently) by 

using appropriate computational tools. In any case, after some simplification the result is 

x)= (:) et — : fe) en st 4 (;) te! + (3)é - : er (48) 

Equation (48) gives the particular solution of system (40) that satisfies the initial condition x(0) = 0. 

Asaresult, it differs slightly from the particular solutions obtained in the preceding three examples. 

To obtain the general solution of equation (40), you must add to the expression in equation (48) 

the general solution (10) of the homogeneous system corresponding to equation (40). 

ee 

Each of the methods for solving nonhomogeneous equations has its own advantages 

and disadvantages. The method of undetermined coefficients requires no integration, but 

it is limited in scope and may entail the solution of several sets of algebraic equations. The 

method of diagonalization requires finding the inverse of the transformation matrix and the 

solution of a set of uncoupled first-order linear differential equations, followed by a matrix 

multiplication. Its main advantage is that for Hermitian coefficient matrices, the inverse of 

the transformation matrix can be written down without calculation—a feature that is more 

important for large systems. The method of Laplace transforms involves a matrix inversion 

to find the transfer matrix, followed by a multiplication, and finally by the determination 

of the inverse transform of each term in the resulting expression. It is particularly useful in 

problems with forcing functions that involve discontinuous or impulsive terms. Variation of 

parameters is the most general method. On the other hand, it involves the solution ofa set of 

linear algebraic equations with variable coefficients, followed by an integration and a matrix 

multiplication, so it may also be the most complicated from a computational viewpoint. 

For many small systems with constant coefficients, such as the one in the examples in this 

section, all of these methods work well, and there may be little reason to select one over 

another. 

In each of Problems 1 through 8 find the general solution of the given 9. Consider the electric circuit described by following system of 

system of equations. 

1. * 

* 

* 

» 

* 

Pa 

1 

2 

: x+( ole 

1 

e ot 
0) 

3/4\ 
—5/4 

Ja cos ¢t 

sec ft 

4t 

ef 

) 
| 

2 

differential equations: 

£)-(3 (ho a 
a. Determine a fundamental matrix W(t) for the homoge- 

neous system corresponding to equation (49). Refer to 

Problem 20 of Section 6.6. 

b. IfI(t) =e‘, determine the solution of the system (49) that also 

satisfies the initial conditions x(0) = 0. 
t>0 

In each of Problems 10 and 11, verify that the given vector is the 
general solution of the corresponding homogeneous system, and 
then solve the nonhomogeneous system. Assume that t > 0. 

a) =i 1 —t? 
10. tx’ = Soleg erica a) 

i = 20 
1. tx = : ‘ x+ ; 

2 -2 t*-1 
8 
RS SE 1 

xo = cy (;) t+, (:) v 
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12. Let x = $(f) be the general solution of x’ = P(t)x + g(t), and 

let x = v(t) be some particular solution of the same system. 

By considering the difference $(¢) — v(t), show that $(t) = u(t) 

+ v(t), where u(‘) is the general solution of the corresponding 

homogeneous system x’ = P(t)x. 

Alternate Derivation of Variation of Parameters. When we first 

encountered the method of variation of parameters for a second- 

order linear differential equation in Section 3.6 and again for 

higher-order linear differential equations in Section 4.4, some of the 

equations used to determine the unknown variable coefficients 

appeared to have been chosen primarily to prevent higher-order 

derivatives of the unknown variable coefficients from entering into 

the process. In fact, as we show in Problems 13 through 15, the 

variation of parameter equations are completely explained when 

viewed from the perspective of the equivalent system of first-order 

linear differential equations. Problems 13 and 14 reconsider two 

problems from Section 3.6; Problem 15 shows that this connection 

is true for any second-order linear differential equation. The same 

ideas can be used to explain variation of parameters for higher-order 

linear differential equations.!° 
In Problems 13 and 14, you are given a nonhomogeneous second- 

order linear differential equation and two linearly independent solu- 

tions, y,; and y,, to the corresponding homogeneous differential 

equation. Use this information to complete the following steps: 

a. Find the equivalent nonhomogeneous system of first-order linear 

differential equations for x, =yandx,=y’. 

b. Show that x = (y,, yi)" and x@ = (jy,, ye are solutions to 
the homogeneous system of differential equations corresponding 

to the system found in a (As a consequence, W = (x |x) is a 

fundamental matrix for the same homogeneous system.) 

c. Find the variation of parameters equations that have to be satis- 

fied for y = y, (Hu, (t) + y2.(Hu2(H) to be a particular solution of the 

given nonhomogeneous second-order differential equation. 

d. Find the variation of parameters equations that have to be satis- 

fied for x = V(t)u(Z) to be a particular solution of the nonhomo- 

geneous system of first-order linear differential equations found 

ina. 

e. Use the definition of x” and x? in b to show that the systems 
of equations found in c and the equations found in d are the 

equivalent. 

Concept Questions 
C6.1. Compare and contrast the Existence and Uniqueness The- 

orem for First-Order Linear Equations (Theorem 2.4.1) and 

First-Order Linear Systems (Theorem 6.1.2). 

C6.2. Compare and contrast the Existence and Uniqueness The- 

orem for First-Order Nonlinear Equations (Theorem 2.4.2) 

and First-Order Nonlinear Systems (Theorem 6.1.1). 

C6.3. Discuss that any linear differential equation of order n can be 

written as a system of first order linear differential equation. 

C6.4. Verify that if yY, y®, ...,y™ be the solution of system 

of n first order linear differential equation then its linear 

combination will also be the solution of the system. 

133 

14. 

15. 

16. 

17. 

y" — 5y! + 6y = 2e,y, =e, y2 = e* (Problem 1, Section 3.6) 

ty” — tt + 2y' + (t+ 2y = 28(¢ > 0), yp = yy = te 

(Problem 11, Section 3.6) 

Carry out steps a through e for the general nonhomogeneous 

second-order linear differential equation y” + p(f)y’ + q(Hy = 

g(t), where y, = y,(t) and y, = y,(t) form a fundamental set 

of solutions to the corresponding homogeneous differential 

equation. 

Consider the initial value problem 

x’ =Ax+g(t), x(0)=x?. 

a. By referring to Problem 12c in Section 6.7, show that 

t 

x = @(t)x° +| ® (t — s) g(s)ds. 
0 

b. Show also that 

t 

x = exp(At) x° + | exp (A(t — s)) g(s) ds. 
0 

Compare these results with those of Problem 22 in 

Section 3.6. 

Use the Laplace transform to solve the system 

Kaa ae =| x+ lea = Ax + g(f) (50) 

used in the examples in this section. Instead of using zero initial 

conditions, as in Example 6.9.4, let 

x(0) = (*) (51) 
05) 

where a, and cr, are arbitrary. How must a, and a, be chosen 

so that the solution is identical to equation (38)? 

C6.5. Discuss briefly about finding the solution of system of first 

order homogeneous linear differential equation. 

C6.6. Explain how the definitions of the Wronskian in Sections 4.1 

and 6.4 are consistent. 

C6.7. How can we relate the linearly dependent or independent 

solutions of system of n homogeneous linear differential 

equation with the Wronskian of the solutions? 

C6.8. What are the eigenvalues and eigenvectors for the projection 

matrices? 

C6.9. How do we establish characteristic equation to find A? 

ee ES 

10These problems were motivated by correspondence with Weishi Liu, University of Kansas. 
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C6.10. 

C6.11. 

C6.12. 

C6.13. 

Cé6.14. 

C6.15. 

C6.16. 

C6.17. 

C6.18. 

C6.19. 

What determines whether a system x’ = Ax has a fundamen- 

tal set of n solutions in the form x = &e’'? (Assume A has 

only real-valued eigenvalues, but not that they are distinct.) 

What distinguishing features does a phase portrait have 

when A is a 2 x 2 matrix with complex-valued eigenvalues. 

How do the trajectories in a phase portrait of x’ = Ax fora 

2x 2 matrix with complex-valued eigenvalues reveal the sign 

of the real part of the eigenvalues? 

How do complex-valued eigenvalues with complex-valued 

eigenvectors produce real-valued solutions to x’ = Ax? 

How do the signs of the eigenvalues of a 2 x 2 matrix A 

determine the qualitative classification of the equilibrium 

solution x = 0 of x’ = Ax? 

Why must every fundamental matrix be nonsingular? 

Once a fundamental matrix, (ft), is known, what additional 

work is needed to find the fundamental matrix, ® (¢), with 

@ (0) = I? When is it worth the extra work to find ® (t)? 

How is it known that the fundamental matrix ®(t) with 

@®(0) = I for a system x’ = Ax is equal to the matrix 

exponential, e4‘? 

Let A be an n X n matrix, and if A* > Oask > oo, it is 

possible only when all the eigenvalues A; of this matrix satisfy 

|A;| <1. 

When A is diagonalizable, how can the fundamental matrix, 

®(t), with ®(0) = I be computed directly from the eigen- 

values and eigenvectors of A? 

Answers to Concept Questions 

C6.1. 

C6.2. 

Cé6.3. 

The two existence and uniqueness theorems for linear equa- 

tions are quite similar. The biggest difference is that instead 

of one coefficient, p(t), there are n? coefficients, p; j (0), and 

instead of one right-hand side, g(t), there are n right-hand 

sides, g; (t). Continuity of the corresponding functions on an 

interval that contains the fp is all that is required to ensure 

the existence of a unique solution throughout the interval. 

The two existence and uniqueness theorems for nonlin- 

ear equations are also quite similar. In the scalar case, 

the two functions F(t, y) and a 

ous on a two-dimensional rectangle containing the initial 

condition (tg, yo). For the system case, the n functions 

need to be continu- 

F(t, x, X2,...,X,) and their n? partial derivatives, a, but 

not the n derivatives with respect to t, need to be continuous 

on an (n + 1)-dimensional rectangle that contains the initial 

condition (t, x;,X2,...,X,). In both cases, the existence of a 

unique solution is guaranteed on some open interval that 

contains f. 

Let the homogeneous linear differential equation of order 

n be 

Y + YOY + apy" + + any + any =0 (52) 

Lety =p, 

yy = >> V3 = Y30°" Vin) =n (53) 

Cé6.20. 

Cé6.21. 

C6.22. 

C6.23. 

C6.24. 

C6.25. 

C6.26. 

C6.27. 

Cé.4. 

Cé6.5. 

C6.6. 

What are the two multiplicities associated with an eigenvalue 

r of a matrix A? Explain, in words, the difference between 

these multiplicities, including their relative sizes. 

Not all repeated eigenvalues are problematic. What are the 

different cases? Which one(s) require special consideration? 

Suppose é is an eigenvector associated with a eigenvalue 9 

of A. Assume the geometric multiplicity of p is less than the 

algebraic multiplicity of . Then x = €e°' is a solution of 

x’ = Ax. Why is x = &te?! not a second linearly independent 

solution of x’ = Ax? What form does lead to a second linearly 

independent solution of x’ = Ax? 

Give an example of a system of two linear homogeneous dif- 

ferential equation, where two linearly independent solution 

does not exist. 

Explain, in words, the basic idea of the diagonalization 

method for solving x’ = Ax + g(t). 

Explain, in words, the basic idea of the undetermined coeffi- 

cients method for solving x’ = Ax + g(¢). 

Explain, using as little notation as possible, the basic idea of 

the variation of parameters method for solving x’ = Ax + 

g(f). 
Explain, using as little notation as possible, the basic idea 

of the Laplace transform method for solving x’ = Ax + 

g(t), x(0) = x°. 

then equation (1) can be written as 

Yn + G1 Yn + A2Yn—1 + +++ + An—2¥3 + Qn-1V2 + Any, = 0 

(54) 

Equations (53) and (54) are system of n first order linear 

differential equation. 

We can easily check that the linear combination of 

y, y, ...,y™ satisfies the system so is the solution. 

Let the system of first order homogeneous linear differential 

equation be 

Yak "AlyA 

Assume that Y = Xe“! is its solution, then it has to satisfy 

the system of differential equation. Therefore XAe*# = 

AXe#!, as e+ # 0, therefore XA = AX, here J is the 
eigenvalue of matrix A, and X is the associated eigenvector. 

In Section 4.1 the Wronskian of a fundamental set of solu- 
tions of a n“-order linear differential equation is 

nt) y(t) Yn (t) 

W Disa Inlt) = det} V1 Y'2O y'n(t) 

oP. «Sead aah eer Nigs 
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6.7. 

C6.8. 

In Section 6.4 the Wronskian of a fundamental set of solu- 
tions of a system of n linear firsts-order differential equations 
is 

Cé6.9. 
X11 (0) Xy2 (t) Xin (t) 

X21 (t) X22 (t) Xn (t) 
W [x,x@, x] (0) = det : . C6.10. 

Xn1 (t) Xn2 (t) Xnn (t) 

An nth order linear differential equation for y(t) has an 

equivalent system of n linear first-order differential equa- 

tions for x(t), where 

y(t) 
y ae 

x(t) = 

yn (t) 
Cé6.11. 

With this association the n functions, y, (t), yz (), ... , Yn (0); 

in a fundamental set of solutions correspond to the n func- 

tions x (t), x (0, ... , x (0), where 
C6.12. 

X11 (¢) y, (t) 

x (t) =| 7 Oli] m ® f 
; (n-1) 

Fin Wenn WM 6.13. 
Xi (¢) y(t) 

‘ (n-1) 
eth) J cent Parks 

Xn1 (t) Yn (t) 

x (t) = *n2 (t) Yn ©) 

(n-1) 

Xan (t)) \Ye © 

With this association, W [y,, ¥2,--, Yn] (t) = W [x?, x, ..., x] (0) 
and the two definitions are consistent. 

Let n solutions of system is 

yD = xX} eh fy? = = X> ef2t | + yD a xe, 

Now 

C6.14. 

W [y®, ah jy] = |x,e4! x ,e42! ae xnern!| 

= eitart tant ly, x ++ Xp 

where ei +424 x,| is determinant 
of n eigenvectors. 

So if W = 0, so the determinant of n eigenvectors is 

zero. Hence vectors are linearly dependent. Again if W # 0, 

vectors are linearly independent. 

Any X in the plane, will be an eigenvector as PX = X, as 
the projection of vector in same plane is the vector itself. 

+4nt % Q and |x, Xz °°: 

Here A = 1. Again any vector perpendicular to the plane 

of projection is an eigenvector as PX = 0, we can write 

PX = OX. Here A = 0. 

We have AX = AX, that is (A — AI) X = 0, as X 4 0 implies 

that A — AI should be singular matrix, hence |A — AI| = 0, 

which is known as characteristic equation. 

If the n x n matrix A has n distinct (real-valued) en 

values, 4, %, ... , %, with corresponding eigenvectors ge 

EP ya pee, thd algebraic and geometric multiplicity ei 

each iseaalite is 1. A fundamental set of solutions is 
feMert, EM orat th EMernt} 

If A has repeated eigenvalues, there is a fundamental set of 

solutions of the form x = &e” only when each eigenvalue 

has geometric multiplicity equal to its algebraic multiplicity. 

If there is a single eigenvalue with geometric multiplicity less 

than the algebraic multiplicity, there will not be n linearly 

independent solutions of the form x = &e". (This case is 

addressed in Section 6.8.) 

The phase portrait for a 2 x 2 system x’ = Ax with complex- 

valued eigenvalues can be identified by the absence of any 

solutions that lie along a straight line through the origin. All 

solution curves spiral around the origin. 

If the spirals move closer to the origin, then the real part of 

the eigenvalues is negative. If the spirals move away from 

the origin, then the real part of the eigenvalues is positive. 

And, if the trajectories lie on circles, then the real part of the 

eigenvalues is zero. 

While the complex-valued eigenvalue r = A + iu with 

associated complex-valued eigenvector € = a + ib pro- 

duce the complex-valued solution x(t) = €&e = 

e+! (cos (ut) a — sin (ut) b) + ie (sin (ut) a + cos (ut) b), the 
real and imaginary parts of this solution are linearly indepen- 

dent real-valued solutions of x’ = Ax: 

x (t) = e# (cos (ut) a — sin (ut) b), 

x) (t) = e#" (sin (ut) a + cos (ut) b). 

Note that the conjugates of the eigenvalue-eigenvector pair r 

and é is also an eigenvalue-eigenvector pair for A. The above 

process also leads to the same two real-valued solutions, 

x) and x). In this way the two eigenvalues, r and 7, with 
corresponding eigenvectors € and €, lead to two real-valued 

solutions. 

If a complex-valued eigenvalue has geometric multiplicity 

equal to the algebraic multiplicity, each of the linearly inde- 

pendent conjugate pair of complex-valued eigenvector pro- 

duces two linearly independent real-valued solutions. 

If the eigenvalues of A are 

. real and positive, x = 0 is a source (node), 

. real and negative, x = 0 is a sink (node), 

. real and have opposite signs, x = 0 is a saddle point, 

. complex with positive real part, x = 0 is a spiral source, 

. complex with negative real part, x = 0 isa spiral sink, and 

mh oa Oo SF pb . complex with zero real part, x = 0 is a center. 

(There are a few more cases on the transition between 

two of the above cases that have not yet been completely 

considered.) 
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C6.15. 

C6.16. 

C6.17. 

C6.18. 

C6.19. 

C6.20. 

C6.21. 

C6.22. 

Because the n columns in a fundamental matrix form a 

fundamental set of solutions for a system of n first-order 

linear differential equations, these n vectors must be lin- 

early independent and so the matrix is nonsingular. (Also, 

note that the determinant of a fundamental matrix is the 

Wronskian of the fundamental set of solutions and so is not 

zero on an appropriate interval) 

The fundamental matrix ® (t) = ¥ (¢) (0), so it is neces- 

sary to find the inverse of ¥ (0), and then multiply the result 

by ¥(t) (on the left). Note that finding this inverse becomes 

increasingly complicated if the system consists of much more 

than three differential equations. But, it may be worthwhile 

if you will need to be solving the same system of differential 

equations with many different initial conditions. 

This is not easy to verify by direct manipulation of the entries 

in either matrix. But, because both matrices satisfy the same 

initial value problem: ®’ = A®, ®(0) = I and this initial 

value problem has a unique solution. 

As we know that A can be diagonalized if there exist n 

linearly independent eigenvectors. By using similarity of 

matrices the result follows. 

Because A is diagonalizable, it has a full set of eigenvectors. 

Create the n xn matrix T whose n columns are the n linearly 

eigenvectors of A. Also, form the diagonal matrix D with 

the eigenvalues of A corresponding to the eigenvectors in T. 

With this construction, A = TDT~!. Then e“! = Te™ T=}, 
where e?! is the diagonal matrix with entries e*’'. 

The algebraic multiplicity of an eigenvalue of A is the num- 

ber of times r appears in the list of n roots of the character- 

istic equation. The sum of the algebraic multiplicities must 

equal n. 

The geometric multiplicity of an eigenvalue r of A is the 

dimension of the null-space of A — rI. The sum of the 

geometric multiplicities will never be larger than n but could 

be smaller than n. 

For each eigenvalue, the geometric multiplicity is always at 

least 1 (because A — rI is singular) and can never be larger 

than the algebraic multiplicity. 

When the geometric multiplicity and algebraic multiplicity 

are equal for each eigenvalue of A, then there is a full set 

of n linearly independent eigenvectors of A and these n 

eigenvectors produce a fundamental set of n solutions of 

Xs 

When there is at least one (repeated) eigenvalue whose geo- 

metric multiplicity is strictly less than the algebraic mul- 

tiplicity, then additional work is needed to complete the 

fundamental set of solutions. 

When x = &te*! is substituted into the differential equation 

x’ = Ax, equating the terms for te®' requires AE = pé and 

equating the terms for e® requires € = 0. Thus x(t) = 0 

is the only solution of this form, and x(t) = 0 this is not 

linearly independent of any other solution to this differential 

equation. 

To find a second linearly independent solution of x’ = Ax, 

use x = &te?! + ne?!. This works when p is an eigenvalue 

of A with corresponding eigenvector € and n is a generalized 

eigenvector of A. That is, (A — pI) € = Oand (A — pI) n= €. 

Cé6.23. 

C6.24. 

C6.25. 

C6.26. 

C6.27. 

The algebraic multiplicity of an eigenvalue of A is the 

number of times r appears in the list of n roots of the char- 

acteristic equation. The sum of the algebraic multiplicities 

must equal n. The geometric multiplicity of an eigenvalue r 

of A is the dimension of the null-space of A — rI. The sum 

of the geometric multiplicities will never be larger than n but 

could be smaller than n. 

When the geometric multiplicity and algebraic multiplicity 

are equal for each eigenvalue of A, then there is a full set of 

n linearly independent eigenvectors of A. When there is at 

least one (repeated) eigenvalue whose geometric multiplicity 

is strictly less than the algebraic multiplicity, then additional 

work is needed to complete the fundamental set of solutions. 

When the coefficient matrix, A, is diagonalizable, the system 

of differential equations can be reformulated as an equivalent 

uncoupled system of first-order linear differential equations. 

Each of these n differential equations can be solved by find- 

ing an integrating factor as discussed in Section 2.1. To finish, 

the diagonalization process needs to be reversed. (If A is not 

diagonalizable, this method will not work.) 

The method of undetermined coefficients for a system of 

linear differential equations works like it did for a single 

linear differential equation. It is applicable only when the 

coefficient matrix is constant (P(t) = A) and the nonhomo- 

geneous term consists only of sums and products of polyno- 

mials, exponentials, sines, and cosines (just as in Chapters 3 

and 4). 

The method requires that the general solution of the cor- 

responding homogeneous problem is known. The biggest 

difference with the scalar case is that the undetermined 

coefficients are vectors, not scalars (numbers). And, because 

of this, when the nonhomogeneous term has the same form 

as a term in the homogeneous solution, instead of just multi- 

plying the guess by an appropriate power of t it is necessary 

to include all of the lower-order powers of t (the lower- 

order terms are not solutions of the homogeneous differ- 

ential equation unless the vector-valued coefficient is an 

eigenvector). 

The method of variation of parameters is applicable to a 

general nonhomogeneous system of linear differential equa- 

tions, provided the general solution of the corresponding 

homogeneous solution is known. 

To explain this method, let Y(t) be a fundamental matrix 

for x’ = P(t)x. The general solution of the corresponding 

homogeneous differential equation is W(t) c, and a particu- 

lar solution found by variation of parameters is found in the 

form x(t) = W(t) u(t), where the parameter vector u(t) sat- 

isfies W(t) u’(t) = g(t). To find a particular solution, solve 
this system for u’(t), integrate, and compute the matrix- 
vector product x(t) = W(t) u(t). 

Recall that Laplace transforms are applicable for systems 
with constant coefficients: x’ = Ax + g(t). The non- 
homogeneous term needs to be something that has a 
Laplace transform, including step functions and impulse 
functions. A complicating requirement for this method is 
finding the inverse of sI — A. And, it is necessary to find 
the inverse Laplace transform of each term in xO) = 
(sI — A)’ (G(s) + X°). 
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THE LAPLACE TRANSFORM 

Many practical engineering problems involve mechanical or electrical systems acted on 

by discontinuous or impulsive forcing terms. For such problems the methods described in 

Chapter 3 are often rather awkward to use. Another method that is especially well suited to 

these problems, although useful much more generally, is based on the Laplace transform. In 

this chapter we describe how this important method works, emphasizing problems typical 

of those that arise in engineering applications. 

7.1 | DEFINITION OF THE LAPLACE TRANSFORM 

> Improper Integrals. Since the Laplace transform involves an integral from zero to 

infinity, a knowledge of improper integrals of this type is necessary to appreciate the 

subsequent development of the properties of the transform. We provide a brief review of 

such improper integrals here. If you are already familiar with improper integrals, you may 

wish to skip over this review. On the other hand, if improper integrals are new to you, then 

you should probably consult a calculus book, where you will find many more details and 

examples. 

An improper integral over an unbounded interval is defined as a limit of integrals over 

finite intervals; thus 

co A 

| f (Oat = jim | fade, (1) 

where A is a positive real number. If the definite integral from a to A exists for each 

A > a, and if the limit of these values as A > oo exists, then the improper integral is said to 

converge to that limiting value. Otherwise the integral is said to diverge, or to fail to exist. 

The following examples illustrate both possibilities. 

EXAMPLE 7.1.1 

: : dt: 
Does the improper integral | Ps diverge or converge? 

1 

Solution: 

From equation (1) we have 

CO 

dt ; dt ; Fite gef $= sm neo 
Since jim In (A) = oo, the improper integral diverges. 
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EXAMPLE 7.1.2 
loo} 

Evaluate the improper integral | edt. For what values of c does this improper integral converge? 
0 

Solution: 

Suppose c is a real nonzero constant. Then 

ee) get A 

e'dt= lim | e“dt= lim — 
0 A> 0 A-w C 0 

1 
= lim —(e°4-1). 
A-o C ( ) 

It follows that the improper integral converges to the value —1/c if c < 0 and diverges if c > 0. If 
c = 0, the integrand e“ is the constant function with value 1. In this case 

lim [aa = lim (A —-0) = 0, 
A 0 A> co 

so the integral again diverges. 

EXAMPLE 7.1.3 

Find all real numbers p for which the improper integral | t~Pdt converges. For what values of p 
1 

does it diverge? 

Solution: 

Suppose that p is a real constant and p # 1; the case p = 1 was considered in Example 7.1.1. Then 

| t P2dt= lim [rea = lim eae (Al-P -1), 
1 A Aso l— Pp => 0O 1 

[oe] 

As A > 00, A!~? > Oif p> 1, but A!~? > ov if p < 1. Hence | t~P dt converges to the value 
1 

1/(p — 1) for p > 1 but (incorporating the result of Example 7.1.1) diverges for p < 1. These results 

are analogous to those for the infinite series y Wee. 
n=1 

Before discussing the possible existence of f o f (t) dt, it is helpful to define certain terms. 

A function f is said to be piecewise continuous on an interval a < t < £ if the interval! 

can be partitioned by a finite number of points a = ty < t) < +++ < t, = f so that 

1. f is continuous 0n each open subinterval t; _, < t < fj. 

2. f approaches a finite limit as the endpoints of each subinterval are approached from 

within the subinterval. 

In other words, f is piecewise continuous on a < t < f if it is continuous there except 

for a finite number of jump discontinuities. If f is piecewise continuous on a < t < @ for 

every 8 > a, then f is said to be piecewise continuous on t > a. An example of a piecewise 

continuous function is shown in Figure 7.1.1. 

1{t is not essential that the interval be closed; the same definition applies if the interval is open at one or both 

ends. 
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A piecewise continuous func- 
tion y = f(t). 

The integral of a piecewise continuous function on a finite interval is just the sum of the 

integrals on the subintervals created by the partition points. For instance, for the function 

f( shown in Figure 7.1.1, we have 

B ty ta B 
| f®Ha= | f @adt +| f@dt+ f @)dt. (2) 

a ty 7) a 

For the function shown in Figure 7.1.1, we have assigned values to the function at the 

endpoints @ and # and at the partition points t; and t,. However, as far as the integrals 

in equation (2) are concerned, it does not matter whether f(f) is defined at these points, 

or what values may be assigned to f(t) at them. The values of the integrals in equation (2) 

remain the same regardless. 

Thus, if f is piecewise continuous on the interval a < t < A, then f “ f (t) dt exists. 

Hence, if f is piecewise continuous for t > a, then fs f (t) dt exists for each A > a. 

However, piecewise continuity is not enough to ensure convergence of the improper 
. foo) . 

integral f, f(t) dt, as the preceding examples show. 

If f cannot be integrated easily in terms of elementary functions, the definition of 

convergence of f a f (©) dt may be difficult to apply. Frequently, the most convenient way to 

test the convergence or divergence of an improper integral is by the following comparison 

theorem, which is analogous to a similar theorem for infinite series. 

If f is piecewise continuous for t > a, if |f(f)l < g(t) when t > M for some positive constant M, 

and if fy; g(t) dt converges, then f~° f (t) dt also converges. 
On the other hand, if f(t) > g(t) > 0 for t > M, and if fy g(t) dt diverges, then f~° f (t) dt 

also diverges. 

The proof of these results from calculus will not be given here. They are made plau- 
sible, however, by comparing the areas represented by f i g(t)dt and f a |f (t) |dt. The 
functions most useful for comparison purposes are e“ and t~?, which we considered in 
Examples 7.1.1, 7.1.2, and 7.1.3. 

> The Laplace Transform. Among the tools that are very useful for solving linear differen- 
tial equations are integral transforms. An integral transform is a relation of the form 

B 
F(s)= I Kose yy (by de, (3) 

where K(s, f) is a given function, called the kernel of the transformation, and the limits of 
integration a and £ are also given. It is possible that a = —oo, or B = oo, or both. The relation 
(3) transforms the function f into another function F, which is called the transform of fi 
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There are several integral transforms that are useful in applied mathematics, but in this 
chapter we consider only the Laplace? transform. This transform is defined in the following 
way. Let f(t) be given for t > 0, and suppose that f satisfies certain conditions to be stated 
a little later. Then the Laplace transform of f, which we will denote by L{f(t)} or by F(s), is 
defined by the equation 

lee) 

Lif} = F() = | et f (8) dt, (4) 
0 

whenever this improper integral converges. The Laplace transform makes use of the kernel 
K(s, t) = e~™. Since the solutions of linear differential equations with constant coefficients 
are based on the exponential function, the Laplace transform is particularly useful for such 
equations. The general idea in using the Laplace transform to solve a differential equation 

is as follows: 

1. Use the relation (4) to transform an initial value problem for an unknown function 

f in the t-domain into a simpler problem (indeed, an algebraic problem) for F in the 
s-domain. 

Solve this algebraic problem to find F. 

Recover the desired function f from its transform F. This last step is known as 

“inverting the transform.” 

In general, the parameter s may be complex, and the full power of the Laplace transform 

becomes available only when we regard F(s) as a function of a complex variable. However, 

for the problems discussed here, it is sufficient to consider only real values of s. 

The Laplace transform F of a function f exists if f satisfies certain conditions, such as 

those stated in the following theorem. 

Suppose that 

(i) f is piecewise continuous on the interval 0 < t <A for any positive A and 

(ii) there exist real constants K, a, and M, with K and M positive, such that 

If (| < Ke’ whent >M. 

Then the Laplace transform L{f(t)} = F(s), defined by equation (4), exists for s > a. 

: To establish this theorem, we must show that the integral in equation (4) converges for 

s > a. Splitting the improper integral into two parts, we have 

M 

iE en® f (f)dt= | eS f (t) dt +| és" f (dh (5) 
0 0 M 

Se 

2The Laplace transform is named for the eminent French mathematician P. S. Laplace, who studied the 

relation (3) in 1782. However, the techniques described in this chapter were not developed until a century or 

more later. We owe them mainly to Oliver Heaviside (1850-1925), an innovative self-taught English electrical 

engineer, who made significant contributions to the development and application of electromagnetic theory. 

He was also one of the developers of vector calculus. 
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The first integral on the right-hand side of equation (5) exists by hypothesis (i) of the 

theorem; hence the existence of F(s) depends on the convergence of the second integral. 

By hypothesis (ii) we have, for t > M, 

lens (t)| < Ke-Stev = Kela-svt 

and thus, by Theorem 7.1.1, F(s) exists provided that f y e(2-S)'dt converges. Referring 

to Example 7.1.2 with c replaced by a — s, we see that this latter integral converges 

when a — s < 0, which establishes Theorem 7.1.2. 

In this chapter (except in Section 7.5), we deal almost exclusively with functions 

that satisfy the conditions of Theorem 7.1.2. Such functions are described as piecewise 

continuous and of exponential order as t > oo. Note that there are functions that are 

not of exponential order as t > oo. One such function is f (t) = e! * Ast > 00, this function 

increases faster than Ke“ regardless of how large the constants K and a may be. 

The Laplace transforms of some important elementary functions are given in the 

following examples. 

EXAMPLE 7.1.4 

Find £ {c}, c is anon zero constant. 

Solution: 

Let f(t) = c. Then, as in Example 7.1.2, 

foe) Er A 
eer C 

ota =| ce~“'dt = —c lim == 8 oO. 
; A>o §S |g 8S 

EXAMPLE 7.1.5 

Find Lfe“}. 

Solution: 

Let f(t) = e”, t > 0. Then, again referring to Example 7.1.2, 

CO foo} 

et eat dt = | eW(S-ayt qt 
0 

Lier ee | 
0 

EXAMPLE 7.1.6 

Find the Laplace transform of the function graphed in Figure 7.1.2. 

y 

1 
| 

h : 
| 

| 1 ‘ 

alci'ls\re@y2) Graph of the piecewise- 

defined function in Example 7.1.6. 
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Solution: 

Let 

LesOS 71: 

JO =4k,, t=1, 
1 Faria eS 

where k is a constant. In engineering contexts f(t) often represents a unit pulse, perhaps of force 
or voltage. 

Note that f is a piecewise continuous function. Then 

ee) 1 enst 1 1-e-5 

e* p(oat = | e“'dt= -——| = » S>0. 
0 5" '0 : 

Ltf(O}= | 
0 

Observe that £{f(t)} does not depend on k, the function value at the point of discontinuity, Even if 

f(0) is not defined at this point, the Laplace transform of f remains the same. Thus there are many 

functions, differing only in their value at a single point, that have the same Laplace transform. 

EXAMPLE 7.1.7 

Find £ {cos (at)}. For what values of s is this transform defined? 

Solution: 

Let f(t) = cos(at),t > 0. Then 

co 

L {cos (at)} = F(s) = | e~*' cos(at)dt, s>O0. 
0 

Since 

F(s) = lim [es cos(at)dt, 
A>0o 0 

upon integrating by parts, we obtain 

e~* sin (at) os 
F(s) = lim | —————~| + — | e~ sin(at)dt 

A> a a 0 0 

Ss co =—St as 

= —f, e—™ sin(at)dt. = J5 (at) 

’ A second integration by parts then yields 

Now, solving for F (s), we have 
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a 
In Problem 5 you will use a similar process to find £ {sin (at)} = ) for s > 0. Now 

+ a? 
let us suppose that f; and f, are two functions whose Laplace transforms exist for s > a; 

and s > dy, respectively. Then, for s greater than the maximum of a, and a, 

Lie fi (t) + 2h O§ =| 

hence 

co 

e* (efi (1) + ofa () dt 
0 

=C} | eS! fi (t) dt + a e—*' f(t) dt; 
0 0 

Ligh t+ ah Os akih Ot oh th Os. (6) 

Equation (6) states that the Laplace transform is a linear operator, and we make frequent 

use of this property later. The sum in equation (6) can be readily extended to an arbitrary 

number of terms. 

EXAMPLE 7.1.8 

Find the Laplace transform of f (t) = 2e~* + 5 sin (2t) — 7cos (3t),t > 0. 

Solution: 

Let F(s) = £{f (}. Then using linear property of Laplace transform given in equation (6), we 

write 

F(s) = 2£ {e~*"} + 5£ {sin (2t)} — 7£ {cos (3t)}. 

Then, from Examples 7.1.5 and 7.1.7, we obtain 

Problems 

In each of Problems 1 through 3, sketch the graph of the given 

function. In each case determine whether f is continuous, piecewise 

continuous, or neither on the interval 0 <t <3. 

ee 0<t<l 
Te, fy S3 stbie ce eS? 

Dain Ghee EG 

ae Or 

2. f@=4h 1<t<2 

SAG 28 Peto 

t/2, OS <i 

8 ( Qeaisonm src? 

1 Dias 

4. Find the Laplace transform of each of the following functions: 
1 

e OVS a(t)2, a is a nonzero constant 
3 

bn (Qs (bt)2, b isa nonzero constant. 
n 

c.f @= t2, wheren isa positive integer 

5. Find the Laplace transform of f(t) = cos(at), where a is a real 

constant. 

2 10 7S 

SO reer a rare rena) 

Recall that 

cosh (bt) = 5 (eh +e") and sinh (bt) = 5 (eee 

In each of Problems 6 through 7, use the linearity of the Laplace 

transform to find the Laplace transform of the given function; a and 

b are real constants. 

6. f(t) = &@ cosh (bt) 

7. f® =e sinh (bt) 

Recall that 

By iia 1 (Gi -i cosh (bt) = 5 (e+e!) and sinh(bt) = a (elbt — e- it) | 

In each of Problems 8 through 11, use the linearity of the Laplace 
transform to find the Laplace transform of the given function; a and b 
are real constants. Assume that the necessary elementary integration 
formulas extend to this case. 

Say @ = psini(bp) 

9. f (©) = pcos(bt), pisaconstant 



10. f (t) = e~™ sin (bt) tf () =e" cos (bt) 

In each of Problems 12 through 15, use integration by parts to find 
the Laplace transform of the given function; n is a positive integer 
and a is a real constant. 

12 (= teme 

af (oer 

13. f Q =t cos(at) 

15. f (t) = t? cosh (at) 

In each of Problems 16 through 18, find the Laplace transform of the 
given function. 

7 
Cc O0<t<= , $ < leur d) = ‘ 2s CAG) one neta 
0, 5 St<o 0 SI = CO 

ts OS? 

18. f(t)=14-t, 2<t<4 
0, 4<t<o 

In each of Problems 19 through 21, determine whether the given 

integral converges or diverges. 

[oe] 

19. | (t24+1) dt 20. | t~3e'dt 
0 1 

Co 

Dik | e~' sint dt 
0 

22. Suppose that f and f’ are continuous for t > 0 and of expo- 

nential order as t > oo. Use integration by parts to show that 

if F(s) = L{f(H}, then lim F(s) = 0. The result is actually true 
S— co 

under less restrictive conditions, such as those of Theorem 7.1.2. 

23. The Gamma Function. The gamma function is denoted by 

I (p) and is defined by the integral 

co 

T(p+ 1) = | ema xeLx: (7) 
0 

The integral converges as x — oo for all p. For p < 0 it is also 

improper at x = 0, because the integrand becomes unbounded 

as x — 0. However, the integral can be shown to converge 

atx =0 for p>-—1. 

a. Show that, for p > 0, 

T(p+1)= pr (p). 

b. Show that (1) =1. 

c. If pisa positive integer n, show that 

T(n+1)=n. 
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Since I'(p) is also defined when p is not an integer, this 

function provides an extension of the factorial function to 

nonintegral values of the independent variable. Note that it 

is also consistent to define 0! = 1. 

d. Show that, for p > 0, 

T(p+n) 
p(p+1)(pt+2)--(ptn—-l= T@) 

Thus ['(p) can be determined for all positive values of p if 

I (p) is known in a single interval of unit length—say, 0 < p 

< 1. It is possible to show that I (5) = yz. Find? (5) and 
11 

(>) 
24. Consider the Laplace transform of t?, where p > —1. 

a. Referring to Problem 23, show that 

oe) 1 foo} 

2 ~st Ss 3 owy=| edt = sn | én xedx 
0 0 

_ I® 
= Set’ = OL 

b. Let p be a positive integer n in part a; show that 

S20} 
n! 

Litt} = rors 

c. Show that 

ofj= 2 eae or 
VsJo 

It is possible to show that 

hence 

bf }=,/2, s>o. 

d. Show that 

ina een 

7.2 | SOLUTION OF INITIAL VALUE PROBLEMS 

In this section we show how the Laplace transform can be used to solve initial value 

problems for linear differential equations with constant coefficients. The usefulness of 

the Laplace transform for this purpose rests primarily on the fact that the transform of 

f’ is related in a simple way to the transform of f. The relationship is expressed in the 

following theorem. 
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Suppose that f is continuous and f’ is piecewise continuous on any interval 0 <t <A.Suppose 
/ 

further that there exist constants K, a, and M such that |f(0)| < Ke” for t > M. Then L{f’(t)} 

exists for s > a, and moreover, 

Lif’ O}= s£LifO}- FO. (1) 

To prove this theorem, we consider the integral 

A 

| e-St F(t) dt, 
0 

whose limit as A > oo, if it exists, is the Laplace transform of f’. To calculate this limit we 

first need to write the integral in a suitable form. If f’ has points of discontinuity in the 

interval 0 < t <A, let them be denoted by fj, tp, ... , t;. Then we can write the integral as 

A A t to 

| ep wmat=[ essa | es prnars + | ea ape(b) ae, 
0) 0 ty tk 

Integrating each term on the right by parts yields 

A 

| et f' ()dt=e" fF (H[d te“ FOP +: +e" FOLD 
0 

A ty tz 

+s(| es faces | es pndrs + | 
0 ty tk 

en f(t) 7 : 

Since f is continuous, the contributions of the integrated terms at ty, ty, ... , t; cancel. Further, 

the integrals on the right-hand side can be combined into a single integral, so that we obtain 

A A 

| e~St f' (t)dt = e-*4 f(A) — f (0) +5 | e-St f (t) dt, Q) 
0 0 

Now we let A — oo in equation (2). The integral on the right-hand side of this equation 

approaches L{f(t)}. Further, for A > M, we have |f(A)| < Ke™4; consequently, le~‘4f(A)| 
< K°-S-@A_ Hence e~S4f(A) > 0 as A > co whenever s > a. Thus the right-hand side 
of equation (2) has the limit s£{f(£)} — f(0). Consequently, the left-hand side of equation 
(2) also has a limit, and as noted above, this limit is C{f’(t)}. Therefore, for s > a, we 
conclude that 

Lif’ O}=sLif O}-f O), 

which completes the proof of Theorem 7.2.1. 

If f’ and f” satisfy the same conditions that are imposed on f and f’, respectively, in 
Theorem 7.2.1, then it follows that the Laplace transform of f” also exists for s > a and is 
given by 

Lif" O}=sLi{f' O}- f'O) 

= s(sL{f()}—- f ) - fF’) 

= L{f O}-sf(0)- f’(). (3) 



7.2 Solution of Initial Value Problems | 383 | 

Indeed, provided the function f and its derivatives satisfy suitable conditions, an expression 
for the transform of the n™ derivative f(” can be derived by n successive applications of this 
theorem. The result is given in the following corollary. 

Corollary 7.2.2 

Suppose that the functions f, f’, ... 7 ) are continuous and that f™ is piecewise continuous 
on any interval 0 < t < A. Suppose further that there exist constants K, a, and M such that 
If(l < Ke”, \f'(t)| < Ke™, ..., if" - DDI < Ke” for t > M. Then L{f((2)} exists for s > a and 
is given by 

LF Oh = s"LEf (Q}- "fF O) —- — sf) fo). (4) 

It should be stated here the following results which is known as Initial value theorem for 
Laplace transform. 

Let F (s) = £ {f (t)} exists for a suitable function f (t). Then lim,_,,, F (s) = 0. Additionally, 

assume that the function f (tf) and its derivatives f" (t) exists when t goes to 0. Then the 

following results hold: 

1. lim [sF(9)] = lim f, 

2. lim [2F(s)- sf @)] = lim f'O, 
lim [s"*1F (s) —s"f (0) — ++» —sf"-1(0)| = lim f" (ey 

EXAMPLE 7.2.1 

Find f (0) and f’ (0) for the given F (s) without the knowledge of f (¢) 

@ FO=ayR Oey 

Solution: 

(a) From the result of Theorem 7.2.1, we write as 

Parte Rae pe ; BSN 
f lim f (© = lim (spa) =o 
‘Further, 
# lim f’ (t) = lim [s?F (s) — sf (0)] 

t0 S00 

+ bs \ae 
. = lim (aR) ay 

(b) From the result of Theorem 7.2.1, we write as 

; ech ane Cre) =o mf) = tim e+ a) =o 
Further, lim f" (t) = lim [s?F (8) ~ sf | 

2 —-SH 2 st se Se Chen) 
4 j Sams ETAL SEAT lle 

lim ( Ties 
POTS in EE OIE OSS tn ec SRE eS 
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We now show how the Laplace transform can be used to solve initial value problems. 

It is most useful for problems involving nonhomogeneous differential equations, as we 

will demonstrate in later sections of this chapter. However, we begin by looking at some 

homogeneous equations, which are a bit simpler. 

te ee ee 

EXAMPLE 7.2.2 

Find the solution of the differential equation 

y’-—y'-2y=0 (5) 

that satisfies the initial conditions 

yO)=1, y(O)=0. (6) 

Solution: 

This initial value problem is easily solved by the methods of Section 3.1. The characteristic 

equation is 

r2?—r—2=(r—2)(r+1) =0, 

and consequently, the general solution of equation (5) is 

y= ce"! +c,e; (7) 

2 
To satisfy the initial conditions (6), we must have c; +c, = 1 and —c, + 2c = 0; hence c; = 3 and 

= 7 so the solution of the initial value problem (4) and (5) is 

2 1 
= p(t) = =e! + =e, 8 y=$(D= Fett 5 (8) 

Now let us solve the same problem using the Laplace transform. To do this, we must assume that 

the problem has a solution y = y (t), which with its first two derivatives satisfies the conditions of 

Corollary 7.2.2. Then, taking the Laplace transform of the differential equation (5), we obtain 

£iy" —y' — ay} = Liy"}— L fy} — 2L fy} = 0, (9) 

where we have used the linearity of the Laplace transform to write the transform of a sum as the 

sum of the separate transforms. Upon using Corollary 7.2.2 to express £ {y”}.and £ {y’} in terms of 

L {y}, we find that equation (9) becomes 

s°L {y} — sy (0) — y’ (0) — (s£ {y} — y(0)) — 2£ fy} = 0, 

or 

(s? -—s—2)Y(s)+(1—s)y()—y’ (0) =0, (10) 

where Y (s) = £ {y}. Substituting for y (0) and y’ (0) in equation (10) from the initial conditions 
(6), and then solving for Y (s), we obtain 

s—1 s-—1 

Ye fa 552 GG ay) 

We have thus obtained an expression for the Laplace transform Y (s) of the solution y(t) of the 
given initial value problem. To determine the solution, y(t), we must find the function whose 
Laplace transform is Y (s), as given in equation (11). 
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This can be done most easily by expanding the right-hand side of equation (11) in partial 
fractions. Thus we write 

as s-1 a Dart) + Otek = 2) 

1S Gane sao boa (s—2)(s+1) ’ a2) 

where the coefficients a and b are to be determined. By equating numerators of the second and 
fourth members of equation (12), we obtain 

s-l=a(s+1)+b(s—2), 

an equation that must hold for all s. In particular, if we set s = 2 then it follows thata = : 

ae . 2 
Similarly, if we set s = —1 then we find that b = 3" Substituting these values for a and b into 

equation (12), we have 

Se a> ¥o= 5+. (a3) 

Finally, if we use the result of Example 7.1.5, it follows that 5e has the transform 3(6 - 2) i 

eke 2 2 sa 
similarly, ae has the transform 365 +1)’. Hence, by the linearity of the Laplace transform, 

ae 1 2t 2 —t y(t)= 3¢ + 3° 

has the transform (13) and is therefore the solution of the initial value problem (4), (5). Observe 

that it does satisfy the conditions of Corollary 7.2.2, as we assumed initially. Of course, this is the 

same solution that we obtained earlier. 

The same procedure can be applied to the general second-order linear equation with 

constant coefficients 

ay” +by’+cy= f(t). (14) 

Assuming that the solution y(t) satisfies the conditions of Corollary 7.2.2 for n = 2, we can 

take the transform of equation (14) and thereby obtain 

a (sey. (s) —sy(0)-y’ (0)) + b(sY (s) — y(0)) + cY (s) = F(s), (15) 

where F(s) is the transform of f(t). By solving equation (15) for Y(s), we find that 

a (as + b) y (0) + ay’ (0) F (s) 
‘ 16 

as? +bs+c as?+bs+c iio) Y (s) 

The problem is then solved, provided that we can find the function y(t) whose transform 

is Y(s). 

Even at this early stage of our discussion we can point out four essential features of 

the Laplace transform method. In the first place, the transform Y(s) of the unknown 

function y(f) is found by solving an algebraic equation rather than a differential equation. 

We have already seen this in two different situations: In Example 7.2.2 where the algebraic 

equation (10) replaced the differential equation (5), and for the general case where the 

differential equation (14) is replaced by the algebraic equation (15). This is the key to 

the usefulness of Laplace transforms for solving linear, constant coefficient, ordinary 

differential equations—the problem is reduced from a differential equation to an algebraic 

one. Next, the solution satisfying given initial conditions is automatically found, so that the 

task of determining appropriate values for the arbitrary constants in the general solution 

does not arise. Further, as indicated in equation (15), nonhomogeneous equations are 
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handled in exactly the same way as homogeneous ones, it is not necessary to solve the 

corresponding homogeneous equation first. Finally, the method can be applied in the same 

way to higher-order equations, as long as we assume that the solution satisfies the condi- 

tions of Corollary 7.2.2 for the appropriate value of n. 

Observe that the polynomial as? + bs + c in the denominator on the right-hand side 

of equation (16) is precisely the characteristic polynomial associated with equation (14). 

Since the use of a partial fraction expansion of Y(s) to determine y(t) requires us to factor 

this polynomial, the use of Laplace transforms does not avoid the necessity of finding roots 

of the characteristic equation. For equations of higher than second order, this may require 

a numerical approximation, particularly if the roots are irrational or complex. 

The main difficulty that occurs in solving initial value problems by Laplace transforms 

lies in the problem of determining the function y(t) corresponding to the transform Y(s). 

This problem is known as the inversion problem for the Laplace transform; y(t) is called the 

inverse Laplace transform corresponding to Y(s), and the process of finding y(t) from 

Y(s) is known as inverting the Laplace transform. We also use the notation L-l{Y(s)} to 

denote the inverse transform of Y(s). There is a general formula for the inverse Laplace 

transform, but its use requires a familiarity with functions of a complex variable, and we 

do not consider it in this book. However, it is still possible to develop many important 

properties of the Laplace transform, and to solve many interesting problems, without the 

use of complex variables. 

In solving the initial value problem (5), (6), we did not consider the question of whether 

there may be functions other than the one given by equation (8) that also have the transform 

(13). By Theorem 3.2.1 we know that the initial value problem has no other solutions. We 

also know that the unique solution (8) of the initial value problem is continuous. Consistent 

with this fact, it can be shown that if f and g are continuous functions with the same Laplace 

transform, then f and g must be identical. On the other hand, if f and g are only piecewise 

continuous, then they may differ at one or more points of discontinuity and yet have the 

same Laplace transform; see Example 7.1.6. This lack of uniqueness of the inverse Laplace 

transform for piecewise continuous functions is of no practical significance in applications. 

Thus there is essentially a one-to-one correspondence between functions and their 

Laplace transforms. This fact suggests the compilation of a table, such as Table 7.2.1, 

giving the Laplace transforms of functions frequently encountered, and vice versa. The 

entries in the second column of Table 7.2.1 are the Laplace transforms of those in the first 

column. Perhaps more important, the functions in the first column are the inverse Laplace 

transforms of those in the second column. Thus, for example, if the transform of the solution 

of a differential equation is known, the solution itself can often be found merely by looking 

it up in the table. Some of the entries in Table 7.2.1 have been used as examples, or appear 
as problems in Section 7.1, while others will be developed later in the chapter. The third 
column of the table indicates where the derivation of the given transforms may be found. 
Although Table 7.2.1 is sufficient for the examples and problems in this book, much larger 
tables are also available (see the list of references at the end of the chapter). Transforms and 
inverse transforms can also be readily obtained electronically by using a computer algebra 
system. 

Frequently, a Laplace transform F(s) is expressible as a sum of several terms 

F(s) =F (s)+ (8) ++: +F,(s). (17) 

Suppose that f,(t) = £7 {F(s)}, ... ,fn(t) = £71 {F,,(s)}. Then the function 

fO=AO+ +h 

has the Laplace transform F(s). By the uniqueness property stated previously, no other 
continuous function f has the same transform. Thus 

LMF (s)} = £7 (s+ + £71 EF, (sf; (18) 

that is, the inverse Laplace transform is also a linear operator. 
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TABLE 7.2,1 

f(D) = LF (s)} 

Elementary Laplace Transforms 

F(s) = Lif (0) 

lees x s>0 S ; “i ee. 715 EX. 7.1.4 

t 1 
ee tera: s>a See, Thilo lees, Walls) 

sacle n!| 
3. t", na positive integer wer 8 >0 Sec. 7.1; Prob. 6 

T(p+1 4. tP, p>-l et) s>0 Sec. 7.1; Prob, 6 

5. sin(at) pieced ; ra’ s>0 Secs 7 Le Ex.Jily7 

6. cos(at) ees IS Sec. 7.1; Prob. 5 
s2 + a2’ pone : 

: a 
7. sinh(at) yep Ore la| Sec. 7.1; Prob. 2 

8. cosh(at) gig’ 8 la| Secq7alubrobwll 

; b 
9. e@ sin(bt) So ee a Sec. 7.1; Prob. 3 

(s—a) + b2 

10. e” cos(bt) ——., s>a Sec. 7.1; Prob. 4 
(s—a) +b? 

| 
11. t"e”, na positive integer ance Sid Sec. 741; Prob.3 

s-a 

Uh U<Se ens 
ete (b) ayes >0 Sec. 7.3 

Lt ¢ 

13. u,(t)f(t — c) e~“F(s) Secn7.3 

14. e“f(t) . F(s —c) Sec. 7.3 
Lys 

15. f(ct) —F (=), c>0 Sec: 7:3; Proby5 
CME 

t 

16. (f *g)@) = | f(@—t)g(t)dt F(s)G(s) Sec. 7.6 
0 

17. d(t—c) Cae Sec. 7.5 

18. f(t) s"F (s)—s"-1f (0) —----— f-Y(0) Sec. 7.2; Cor. 7.2.2 

19. (— dnf(t) Fs) Sec. 7.2; Prob. 1 

- Addition to this, Laplace transform enjoys with the following vanishing property. 

Symbolically, we write 

dim LF ()P=0! (19) 

That is, the function F (s) approaches 0 as s approaches ov. 

In many problems it is convenient to make use of the linearity property by decomposing 

a given transform into a sum of functions whose inverse transforms are already known or 

can be found in the table. Partial fraction expansions are particularly useful for this purpose, 

and a general result covering many cases is given in Problem 29. Other useful properties of 

Laplace transforms are derived later in this chapter. 

As further illustrations of the technique of solving initial value problems by means of 

the Laplace transform and partial fraction expansions, consider the following examples. 
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EXAMPLE 7.2.3 

Find the solution of the differential equation 

y’ + 2y = 12e*, (20) 

satisfying the initial condition 

y (0) = 3. (21) 

Solution: 

We assume that the initial value problem has a solution y(t), which with its first two derivatives 

satisfies the conditions of Corollary 7.2.2. Then taking Laplace transform of the differential 

equation (20), we have 

12 
[sY (s)— yO] + 2Y () = Gy 

where the transform of e*! has been obtained from line 2 of Table 7.2.1. Substituting for y (0) from 

the initial condition (21) and solving for Y (S), we obtain 

J ec 31S +1) 

VG) = Geo 3) Go) 

Using partial fractions, we can write Y (s) in the form 

a b 
Oe (s+2) ef is=3) (23) 

By expanding the numerator on the right-hand side of equation (23) and equating it to the 

numerator in equation (22), we find that 

3s+3=(a+b)s+(—3a+ 2b) 

for all s. Then, comparing coefficients of like powers of s, we have? 

a+b=3, —3a+2b=3 

3) 
Consequently, a = 3 and b = =, from which it follows that 

12 3 
Y(s) = ———— + —— SED SCL) ee 

From line 2 of Table 7.2.1, the solution of the given initial value problem is 

a Spee ee y= ze at ae (25) 
nnn ae cere eee ae NINES ons oat ne oS Ra Ree Si ER Nee nia e eee: 

EE ee eee 

3We could find the value of the four coefficients by evaluating equation (23) for four different values of s 
but, unlike Example 7.1.2, it is not obvious what four values of s will give trivial equations to solve for a, b 
c, and d. ree 



7.2 Solution of Initial Value Problems Ey 

EXAMPLE 7.2.4 

Find the Solution of the initial value problem 

y —4y =0, (26) 

yO)=0, y’O)=1, y"O)=0, y"()=0. (27) 

Solution: 

In this problem we need to assume that the solution y (t) satisfies the conditions of Corollary 7.2.2 
for n = 4. The Laplace transform of the differential equation (26) is 

s*Y (s) — s?y (0) — sy (0) — sy” (0) — y” (0) - 4Y (8) =. 

Then, using the initial conditions (27) and solving for Y (s), we have 

¥(s) = : O=>> (28) 

A partial fraction expansion of Y (s) is 

as+b cs+d 

WS) S an aa a) 

and it follows that 

(as + b)(s? + 2) + (cs + d)(s? — 2) = s? (30) 

for all s. In this problem we use a combination of substituting values of s and equating coefficients 

of like powers of s. First, setting s = V2ands = —y2, respectively, in equation (30), we obtain the 

pair of equations 

5 fie nya 2(-V2a+b) =1 

H a ekree 
and therefore a = 0 and b = a If we set s = 0 in equation (30), then b-—d=0,sod = rt Finally, 

equating the coefficients of the cubic terms on each side of equation (30), we find thata + c=0, 

so c= 0. Thus 

1/2 1/2 
: 31 

s2?—2 s2+2 mee) 
Yes) 

and from line 7 and 5 of Table 7.2.1, the solution of the initial value problem (26), (27) is 

y(t)= oi (sinh (v2t) +sin (v2t)). (32) 

The most important elementary applications of the Laplace transform are in the study of 

mechanical vibrations and in the analysis of electric circuits; the governing equations were 

derived in Section 3.7. A vibrating spring-mass system has the equation of motion 

2 

ep oe itn = PUG); (33) 

where m is the mass, y the damping coefficient, k the spring constant, and F(t) the applied 

external force. The equation that describes an electric circuit containing an inductance L, 
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Problems 

In each of Problems 1 through 7, find the inverse Laplace transform 

of the given function. 

a resistance R, and a capacitance C (an LRC circuit) is 

1 = (34) Q=E(t), 

where Q(t) is the charge on the capacitor and E(t) is the applied voltage. In terms of the 

current I(t) = dQ(t)/dt, we can differentiate equation (34) and write 

(35) 

Suitable initial conditions on u, Q, or J must also be prescribed. 

We have noted previously, in Section 3.7, that equation (33) for the spring-mass system 

and equations (34) or (35) for the electric circuit are identical mathematically, differing 

only in the interpretation of the constants and variables appearing in them. The same 

second-order linear differential equation arises in other physical settings. Thus, once the 

mathematical problem is solved, its solution can be interpreted in terms of whichever 

corresponding physical context is of immediate interest. 

In the problem lists following this and other sections in this chapter are numerous initial- 

value problems for second-order linear differential equations with constant coefficients. 

Many can be interpreted as models of particular physical systems, but usually we do not 

point this out explicitly. 

In each of Problems 17 through 19, find the Laplace transform 

Y(s) = Lf{y} of the solution of the given initial value problem. 

A method of determining the inverse transform is developed in 
SPOS ae 2. F(s)= CES CEST Section 7.3. 

ae) = Se, 4. F(s) = SS 17. yt tay =] Aa ae yO)=1, y'@)=0 

5. F()= sae 6. FQ) = SAB es Haye ly hee OSs POre 

7. F)= soa be yaya] ee yO)=0, y'@-=0 

In each of Problems 8 through 16, use the Laplace transform to solve 

the given initial value problem. 

20. The Laplace transforms of certain functions can be found con- 

veniently from their Taylor series expansions. 

a. Using the Taylor series for sin (t) 

8. y’—y=sinh(2t);- yO)=1, y’()=1 s % 5 yt y2nt1 
9. y"+2y’+2y=0; y(0)=1, y'()=-1 in) =) 

10. ie! as 2y’ fe 2y = 0; y (0) = il, y! (0) =] n=0 (2n se 1)! 

11. y”—4y'+4y=0; y(0)=1, y'(0)=3 ‘ y , Gs % a y (0) = y K ) and assuming that the Laplace transform of this series can be 
-y —2y —3y=0; yO=1, yO=3 computed term-by-term, verify that 

13. YY —4y=0; (0)=1, y'(0)=0, 
” 0 & =$) ur 0 = 0 "0 TIONG Lan > = et 14. y — 4y = 0; y(0) = 1, y'(0) = 0, y"(0) = -2, y” (0) =0 Bs ath 

15. y"—2y’+2y=cost; y(0)=1, y’(0)=1 b. Let 

16. y"—2y’+y=4e"; y(O)=2, y'()=-1 

sin (t) 
, t#0, fies ntee 

it, t=0. 
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Show that f (f) is continuous for all real values of t. Find the 

Taylor series for f about t = 0. Assuming that the Laplace 

transform of this function can be computed term-by-term, 
verify that 

f(b) = arctan (=), Spo ale 

c. The Bessel function of the first kind of order zero, Jy, has the 

Taylor series (see Section 5.8) 

foo} —1)" 12" 
Jo (t) = 2s ied 

n=0 22n (n!) 

Assuming that the following Laplace transforms can be com- 

puted term-by-term, verify that 

Ly (D}=(s2 +1)”, so 

and 

L {Ip (ve)} =5 en) s 0, 

Problems 21 through 27 are concerned with differentiation of the 

Laplace transform. 

215 Let 

co 

F(s)= | e-* f(t) dt. 
0 

It is possible to show that as long as f satisfies the conditions of 

Theorem 7.1.2, it is legitimate to differentiate under the integral 

sign with respect to the parameter s when s > a. 

a. Show that F’ (s) = £ {-¢f(}. 

b. Show that F™(s) = £{—"f(o)}; hence differentiating the 
Laplace transform corresponds to multiplying the original 

function by —t. 

In each of Problems 22 through 25, use the result of Problem 21 to 

find the Laplace transform of the given function; a and b are real 

numbers and n is a positive integer. 

BLE O= te=Y 23. f (t) = t? cos(at) 

Mafoj=stest 25. f (t) = te” cos (bt) 

26. Consider Bessel’s equation of order zero 

ty” +y'+ty=0. 

Recall from Section 5.8 that t = 0 is a regular singular point for 

this equation, and therefore solutions may become unbounded 

as t > 0. However, let us try to determine whether there are 

any solutions that remain finite at tf = 0 and also have finite 

derivatives there. Assuming there is such a solution y = ¢(0), let 

Y(s) = L{PO}. 
a. Show that Y(s) satisfies 

(1 +s?) Y’(s) + sY (s) =0. 

-1/2 ; , 
b. Show that Y(s) = c(1+s?) , where c is an arbitrary 

constant. 
us 9y-1/2 4 =9,-1/2 rae 

c. Writing (1 +s”) = s(1+s~?) ", expanding in a 
binomial series valid for s > 1, and assuming that it is permis- 

sible to take the inverse transform term-by-term, show that 

27. 

28. 

29. 

> & — 1)" 72" ea: 
Y= ,) 

n=0 22 (n!) 

= cJo (t), 

where J, is the Bessel function of the first kind of order zero. 

Note that Jo(0) = 1 and that Jy has finite derivatives of all 

orders at t = 0. It was shown in Section 5.8 that the second 

solution of this equation becomes unbounded as t > 0. 

For each of the following initial value problems, use the results 

of Problem 21 to find the differential equation satisfied by Y (s) 

= L{y(t)}, where y(t) is the solution of the given initial value 

problem. 

a. y”—-ty=0; y(O)=1, y’(0)=0 (Airy’s equation) 

b. (1-¢?)y” —2ty’+a(a+1ly=0; y(0)=0, y’(0)=1 
(Legendre’s equation) 

Note that the differential equation for Y(s) is of first-order in 

part a, but of second-order in part b. This is due to the fact 

that t appears at most to the first power in the equation of 

part a, whereas it appears to the second power in that of 

part b. This illustrates that the Laplace transform is not often 

useful in solving differential equations with variable coeffi- 

cients, unless all the coefficients are at most linear functions 

of the independent variable. 

Suppose that 

t 

s=| f@ar. 
0 

If G(s) and F(s) are the Laplace transforms of g(t) and f (6), 

respectively, show that 

In this problem we show how a general partial fraction expan- 

sion can be used to calculate many inverse Laplace transforms. 

Suppose that 

P(s) 
F(s) = ; 
© Q(s) 

where Q(s) is a polynomial of degree n with n distinct zeros 

11, «>, and P(s) is a polynomial of degree less than n. In this 

case it is possible to show that P(s)/Q(s) has a partial fraction 

expansion of the form 

P(s) Ay An 
—=~ = eee + . 

Q(s) s-KH S—l 

where the coefficients A), ..., A, must be determined. 

a. Show that 

(36) 

gee ede ie es 
W)’ i. 

Hint: One way to do this is to multiply equation (36) bys — r;, 

and then to take the limit as s > r;,. Note that limits are used 

because it is not appropriate to simply evaluate equation (36) 

multiplied by s — r, because equation (36) is not defined at 

each root of Q(s). 

b. Show that 

Ax ples 

“1 mae A ee L PON= 2 ory 
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7.3 | STEP FUNCTIONS 

In Section 7.2 we outlined the general procedure involved in solving initial value problems 

by means of the Laplace transform. Some of the most interesting elementary applications of 

the transform method occur in the solution of linear differential equations with discontin- 

uous or impulsive forcing functions. Equations of this type frequently arise in the analysis 

of the flow of current in electric circuits or the vibrations of mechanical systems. In this 

section and the remaining sections in Chapter 6, we develop some additional properties of 

the Laplace transform that are useful in the solution of such problems. Unless a specific 

statement is made to the contrary, all functions appearing below will be assumed to be 

piecewise continuous and of exponential order, so that their Laplace transforms exist, at 

least for s sufficiently large. 

To deal effectively with functions having jump discontinuities, it is very helpful to 

introduce a function known as the unit step function or Heaviside function. This 

function will be denoted by u, and is defined by 

ON ECs 
(1) 

Since the Laplace transform involves values of t in the interval [0, co), we are also interested 

only in nonnegative values of c. The graph of y = u,(t) is shown in Figure 7.3.1. We 

have somewhat arbitrarily assigned the value one to u, at t = c. However, for a piecewise 

continuous function such as uz, the value at a discontinuity point is usually irrelevant. The 

step can also be negative. For instance, Figure 7.3.2 shows the graph of y = 1 — u,(t). 

Graph of y = u(t). Graph of y= 1 -1u,(t). 

If we associate the value 1 with “on” and 0 with “off,” then the function u,(t) represents 
a switch that is turned on at time c. Likewise, 1 — u,(¢) represents a switch being turned off 
at time c. 

EXAMPLE 7.3.1 

Sketch the graph of y = h(t), where 

A(t) =uq(t)—Ug_(t), t>0. 

Solution: 

From the definition of u,(f) in equation (1), we have 

hie ee | Oh ee 
i eerle> v0 Ee Pas 

ji OsSt<—7, 

Ve OF iS 27, 

27S <0, 

0, Ost <7; 

LivoiniteStamn DIE. 

O; 27S too; 
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Thus the equation y = A(t) has the graph shown in Figure 7.3.3. This function can be thought of 
as a switch that is initially off, turned on at t = z and then turned off at t = 27; this is also often 

referred to as a rectangular pulse. 

Graph of y = u, (t) — up, (t). 

EXAMPLE 7.3.2 

Consider the function 

qi; Oni <5: 

3 DRG 1S Kae} = > —_— ) 2 

f@) —2, 8 <t< 10, (2) 

-1, E> 210; 

Sketch the graph of y = f (t). Express f (¢) in terms of u, (t). 

Solution: 

The graph of y = f (t) is piecewise constant. Paying attention to include the left endpoint of each 

horizontal segment, we arrive at Figure 7.3.4. 

-2 

Graph of the function in equation (2). 

We start with the function f, (t) = 1, which agrees with f (t) on [0, 5). To produce the jump of 

two units at t = 5, we add 2u; (t) to f (t), obtaining 

f(t) =1 +4 2us (4), 
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which agrees with f (t) on [0,8). The negative jump of five units at t = 8 corresponds to adding 

—5usg (t), which gives 

fy (t) = 1+ 2us (t) — Sug (L). 

Finally, we must add w9 (£) to match the jump of two units at f = 10. Thus we obtain 

f (tf) = 1 + 2us (t) — Stig (t) + U0 Ct). (3) 

Sa ce a Ua Ms SS sac NC a NS ER rs a Roc mcae aN ae gC ee au SO 

The Laplace transform of u, for c > 0 is easily determined: 

foe) 

eu (at = | Bis 
c 

oe} 

otue}=| 
(0) 

eae eR (4) 
S 

Notice that 

Clea 
Lito (Si a AA 

This is true because u,(t) = 1 for all t > 0. 

Fora given function f defined for t > 0, we will often want to consider the related function 

g defined by 

Ee 0, Lie, 

BM (fit Cates 

which represents a translation of f a distance c in the positive t direction and is zero for 

t < c; see Figure 7.3.5. Making use of the unit step function, we can write g(t) in the 
convenient form 

§(t) = Uc (t) f(t—c). 

f (0) f (0) _ 
(a) (b) 

A translation of the given function. (a) y = f(t); (b) y = u,(b)f(t — 0). 

The unit step function is particularly important in Laplace transform use because of the 
following relation between the transform of f(t) and that of its translation u(t)f(t — c). 
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If the Laplace transform of f(t), F(s) = L{f(D}, exists for s > a > 0, and if c is a positive 
constant, then 

Liu ft-o}se Lif} =e SF(s), s>a. (5) 

Conversely, if f(t) is the inverse Laplace transform of F(s), f(t) = £~{F(s)}, then 

Ue (t) f (t-—c) = L7" {eS F (s)}. 

Theorem 7.3.1 simply states that the translation of f(t) a distance c in the positive t 
direction corresponds to the multiplication of F(s) by e~®. To prove Theorem 7.3.1, it is 
sufficient to compute the transform of u,(t)f(t — c): 

co 

Bic@ fo} = | e-Stu, (0) f (t—c)dt 
0 

=| eS! F(t —c) dt. 
(6) 

Introducing a new integration variable o = t — c, we have 

Liuc(t) f (t-—o)} = | e408 f(g) do = e-88 | e-89 F (a) do 
0 0 

a Seed MOD 

Thus equation (5) is established; equation (6) follows by taking the inverse transform of 

both sides of equation (5). 

A simple example of this theorem occurs if we take f(t) = 1. Recalling that £{1} = 1/s, 

we immediately have from equation (5) that L{u,(t)} = e~/s. This result agrees with that 

of equation (4). Examples 7.3.3 and 7.3.4 illustrate further how Theorem 7.3.1 can be used 

in the calculation of Laplace transforms and inverse Laplace transforms. 

EXAMPLE 7.3.3 

Given the function f defined by 

us 
sin (t), O<t< ve 

y= 

1 sin (f) + cos(¢- 2), 124, 

sketch the graph of y = f(d) on the interval 0 < t < 3. Find L{f(0)}. 

Solution: © i 
The graph of y = f(£) is shown in Figure 7.3.6. 
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dS) 

y = sin(t)+ ujyalt)costt — 4 

Graph of the function in Example 7.3.3. 

Note that f(t) = sin(¢) + g(t), where 

0, DS 

g(th= ae (:- ‘i =" us, © cos (t - *). 

AIA AIA 

Thus 

: 1 Lf O} = Lisin(O} + L {unr (t) cos (t = a 

= L{sin t} + e~75/4 £ {cos(t)}. 

Recalling the Laplace transforms of sin(t) and cos(t), we obtain 

Lc ppammele® each sens 
SOE Sot Pala y ei 

You should compare this method with the calculation of L{f(} directly from the improper 

integrals in the definition of the Laplace transform. 

EXAMPLE 7.3.4 

Find the inverse Laplace transform of 

1— e735 
F(S)= 2 

Graph y = f (ft). 

Solution: 

Using the linear property of the inverse transform, we have 

f= ae ea ea 
g2 

=t—u,(t)(t —3). 
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To draw the graphing of y = f (t), it is helpful to write the function in a piecewise representa- 
tion. Here that means 

f=r-|> O<t<3 “le Ot <3 

eis ob 3 Stal easy, 

The graph of y = f (t) is shown in Figure 7.3.7. 

FIGURE 7.3.7 

The following theorem contains another very useful property of Laplace transforms that 

is somewhat analogous to that given in Theorem 7.3.1. 

If F(s) = L{f(t)} exists for s > a > 0, and if c is a constant, then 

L{ef(Ht=F(s—c), s>artc. (7) 

Conversely, if f(t) = £~1{F(s)}, then 

et f (t) = L-1{F (s—o)}. 

According to Theorem 7.3.2, multiplication of f(t) by e“ results in a translation of the 

transform F(s) a distance c in the positive s direction, and conversely. To prove this theorem, 

we evaluate L{e“f(t)}. Thus 

foe} 

Lief (N} = | enstect f(t) dt = | e-(S-o)t F(t) dt 
0 0 

=F (s ai ay 

which is equation (7). The restriction s > a + c follows from the observation that, according 

to hypothesis (ii) of Theorem 7.1.2, |f(t)l < Ke; hence le“f(t)l < K%4+ Ol, Equation (8) is 
obtained by taking the inverse transform of equation (7), and the proof is complete. 
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The principal application of Theorem 7.3.2 is in the evaluation of certain inverse 

transforms, as illustrated by Example 7.3.5. 

ee eee 

EXAMPLE 7.3.5 

Find the inverse Laplace transform of 

s-—l 

ES Bones: 

Solution: 

First, to avoid dealing with the complex-valued roots of the denominator s* — 2s + 5 we complete 

the square in the denominator: 

Sia s= 1 
Fo a OR at " 

) SaaS! (4) 44 ae 

where G(s) = and thus, £~! {G (s)} = cos(2r). It follows from the result of Theorem 7.3.2 
S222 

that 

f (t) =e" cos. 2£): 

The results of this section are often useful in solving differential equations, particularly 

those that have discontinuous forcing functions. The next section is devoted to examples 

illustrating this point. 

Problems 
In each of problems 1 through 4, sketch the graph of the given I, Wessus< il, 

function on the interval t > 0. =i iss 2; 
SG) Te PARSE <e 8y 

1. g(t) = uy (£) + 3ug (£) — Sug (¢) Shae 
We > —_— > 

2 g(t) = f (t- >)ux ©, where f() =t OMer <4. 
2 

3. g@)=f(t—3)u,0), where f(t) =2sint In each of Problems 9 through 12, find the Laplace transform of the 
4. g(t) =(t— 3)un(t) — (t- 4)u3(2) given function. 

In each of Problems 5 through 8: 9.=f()= ie : b< 3 
pas, C23 

a. Sketch the graph of the given function. 

b. Express f(t) in terms of the unit step function u,(¢). 10. f@ = e ost 
t?-2t+3, t2>1 

i, O<# <2. ll. fO=/? -—uOHt-D, t>0 
_j-1, 25t<4, 12. f=(t- ud — (t - 2) u(t) 

ie Od <6, : ; 
il, t > 6. In each of Problems 13 through 16, find the inverse Laplace transform 
2 OS ff Sil of the given function. 

A Pees feces, 5 ne 
6 f=40, 3<t<5, SS Ae roe MFG) =a 

ip Nat cat en (s — 2) e75 ON ao 
—4, t>7. kG a iors rarory 16. F(s)= 5— 

t Ona 1) 17. Suppose that F(s) = £ {f(O} exists for s > a> 0. 

HOE flees) <2, a. Show that if c is a positive constant, then 

f—2. pare 3, 
er Se ee Lif co} = <F (=), s>ca. 
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b. Show that if k is a positive constant, then 

dsyp= 2y() LAF (ks)} = pale 

c. Show that if a and b are constants with a > 0, then 

LiF (as +b) = zenbuiag (L). 

In each of Problems 18 through 20, use the results of Problem 17 to 

find the inverse Laplace transform of the given function. 

eze—45 

te 1a) 
(s) 2s—1 

2s+1 
19. F(s) = ———_ 
a 4s? ++4s+5 

1 
20. F = — 

) 9s? — 1254+ 3 

In each of Problems 21 through 23, find the Laplace transform of the 

given function. In Problem 23, assume that term-by-term integration 

of the infinite series is permissible. 

2 auRORSD 1 
1M om 0 ec ie | 0) ISS ce Ay 

Aiea : ={” a 
Fe i c>% ite) 2 Qt <3 

OMe tees 
Cc 

k . 
23. f(t)=1+ >) (-1) u(t). See Figure 7.3.8. 

k=1 

The function f(t) in Problem 23; a 

square wave. 

24. Letf satisfy f (t+ T) =f (0 for allt > 0 and for some fixed positive 

number T; f is said to be periodic with period T on0 <t<o. 

Show that 

wh 

| e~*' f (t) dt 
pe) 

Lif@}= Sy 

In each of Problems 25 through 28, use the result of Problem 24 to 

find the Laplace transform of the given function. 

5. FO=\) geyeg FE+D=SO. 

6. FO=|", paper fC+D=sO. 

See Figure 7.3.9. 

alu tava Re) The function f(t) in Problem 23; a 

square wave. 

gh ojos Wxse ik 

See Figure 7.3.10. 
fe+D=f. 

FIGURE 7.3.10 Busts 

Problem 26; a sawtooth wave. 

function f(t) in 

28. Rectified sine wave function. 

29. a. Iff(t)=1—u,(0), find L {f(D}. Sketch the graph of y = f (0). 

Compare with Problem 21. 
t 

| f (§&) dé, where the function f is defined in 

part a. Sketch the graph of y = g(f) and find Z£ {g(t)}. Use 

your expression for £ {g(t)} to find an explicit formula for g (t) 

(Hint: See Problem 28 in Section 7.2.) 

c. Leth(t) = g(t) — uy,(t) g(t — 1), where g is defined in part b. 

Sketch the graph of y = h(t) and find £ {h()}. Use your 

expression for £ {h(t)} to find an explicit formula for h (¢). 

30. Consider the function p defined by 

bb), Lei B@) S 

Osta: 
1<t<2: p(t+2)=p(). 

t, 
ptt)= et 

a. Sketch the graph of y = p(t). 

b. Find £ {p()} by noting that p is the periodic extension of 

the function h in Problem 29c; and then use the result of 

Problem 24. 

c. Find £ {p(t)} by noting that 

t 

po=| feds 
0 

where f is the function in Problem 26; then use 

Theorem 7.2.1. 
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7.4 DIFFERENTIAL EQUATIONS WITH DISCONTINUOUS 

*" | FORCING FUNCTIONS 

In this section we turn our attention to some examples in which the nonhomogeneous term, 

or forcing function, is discontinuous. 

EXAMPLE 7.4.1 

Find the solution of the differential equation 

2y" + y' + 2y = g(t), (1) 

where 

Lie Sii20) aS i a ’ = 2 
2 g(t) Us (t) U20 (t) ie Osta OL == 20; ( ) 

Assume that the initial conditions are 

y(0)=0, y’ (0) =0. (3) 

This problem governs the charge on the capacitor in a simple electric circuit with a unit voltage 

pulse for 5 < t < 20. Alternatively, y may represent the response of a damped oscillator subject to 

the applied force g(t). 

Solution: 

The Laplace transform of equation (1) is 

2s*Y (s) — 2sy (0) — 2y’ (0) + s¥ (s) — y (0) + 2Y (s) = L {us (t)} — L {uro (t)} 

Pb 1. —5s _ p—20s soe (e gS. 

Introducing the initial values (3) and solving for Y(s), we obtain 

e7s pas e7 20s 

Os orase a) — 
To find y(t), it is convenient to write Y(s) as 

Y (s) = (e7* — eS) F(s), (5) 

where 

AOI ee eet 
 §(2s2 +54 2)" (6) 

Then, if h(t) = £-1{H(s)}, we have 

y(t) = us (t) h(t — 5) ~ Ugo (t) h(t — 20). (7) 

Observe that we have used Theorem 7.3.1 to write the inverse transforms of e->SH(s) and 
e~*°S H(s), respectively. Finally, to determine h(t), we use the partial fraction expansion of H(s): 

bs+c a Hs S84 = 
(s) s rary (8) 
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Upon determining the coefficients, we find that a = > b=-—1,andc = -5. Thus 

1 1 1 
S+-= s+-)+- 

oe ee ey 

PARED ey Jes a AY ee) Pion 
(s+) += 

4 16 

ee Vi5 

255 Sener es (9) ey fis calif : (s4+2) vis s ( a vis 
4 4 4 4 

Then, by referring to lines 9 and 10 of Table 7.2.1, we obtain 

dees by RS v15 1 v15 
h t)= —=—=le t/4 cos |: ——t eR ot OA wa Renae (t) 5 5( 4 ites sin rie ; (10) 

In Figure 7.4.1 the graph of y(t) from equations. (7) and (10) shows that the solution consists 

of three distinct parts. For 0 < t < 5, the differential equation is 

Solution of the initial value problem (1), (2), (3): 2y” + y’ 

+ 2y = Us(t) — Ugo(t), 0) = 0, y'(0) = 0. 

ay” + y' + 2y =0, (11) 

and the initial conditions are given by equation (3). Since the initial conditions impart no energy 

to the system, and since there is no external forcing, the system remains at rest; that is, y = 0 for 

0 <t <5. This can be confirmed by solving equation (11) subject to the initial conditions (3). In 

particular, evaluating the solution and its derivative at t = 5, or, more precisely, as t approaches 5 

from below, we have 

y(5)=0, y'(5)=0. (12) 

Once t > 5, the differential equation becomes 

ay" +y'+2y=1, (13) 

whose solution is the sum of a constant (the response to the constant forcing function) and 

a damped oscillation (the solution of the corresponding homogeneous equation). The plot in 
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Figure 7.4.1 shows this behavior clearly for the interval 5 <t < 20. Anexpression for this portion of 

the solution can be found by solving the differential equation (13) subject to the initial conditions 

(12). Alternatively, since u;(t) = 1 and u9(t) = 0 for 5 < t < 20, equations (7) and (10) reduce to 

y(t) =h(t —5) 

bagel 1 ,-(t-sy/4 cos(EC=®) ae J e-S\/4 gin (Ee), (14) 
Die 2 2/15 

Finally, for tf > 20 the differential equation becomes equation (11) again, and the initial 

conditions are obtained by evaluating the solution of equations (13), (12), that is, equation (14) 

and its derivative, at t = 20. These values are, approximately, 

y (20) ¥ 0.50162, y’ (20) = 0.01125. (15) 

The initial value problem (11), ((15)) contains no external forcing, so its solution is a damped 

oscillation about y = 0, as can be seen in Figure 7.4.1. 

Although it may be helpful to visualize the solution shown in Figure 7.4.1 as composed of 

solutions of three separate initial value problems in three separate intervals, it is somewhat 

tedious to find the solution by solving these separate problems. Laplace transform methods 

provide a much more convenient and elegant approach to the problem in Example 7.4.1 

and to others that have discontinuous forcing functions. 

The effect of the discontinuity in the forcing function can be seen if we examine the 

solution y(t) of Example 7.4.1 more closely. According to the existence and uniqueness 

theorem (Theorem 3.2.1), the solution y(t) and its first two derivatives are continuous except 

possibly at the points t = 5 and t = 20, where g is discontinuous. This can also be seen at 

once from equation (7). One can also show by direct computation from equation (7) that 

y(t) and y(t) are continuous even at t = 5 and t = 20. However, if we calculate y’’(t), we 

find that 

jim y"() = 0, jim y" (f) = 1/2. 

: 1 sale 
Consequently, y’’(t) has a jump of 5 at t= 5. Ina similar way, we can show that y’’(t) has a 

: i : : és ; 
jump of PRs 20. Thus the jump in the forcing term g(t) at these points is balanced by 

a corresponding jump in the highest order term 2y’’ on the left-hand side of the equation. 
Consider now the general second-order linear equation 

y’ + py +a Oy =e), (16) 

where p and q are continuous on some interval a < t < 8, but gis only piecewise continuous 
there. If y(t) is a solution of equation (16), then y(t) and y’(t) are continuous on a < t < B, 
but y” (¢) has jump discontinuities at the same points as g. Similar remarks apply to higher- 
order equations; the highest derivative of the solution appearing in the differential equation 
has jump discontinuities at the same points as the jump discontinuities in the forcing 
function, but the solution itself and its lower derivatives are continuous even at those points. 
ss eS 

EXAMPLE 7.4.2 

Describe the qualitative nature of the solution of the initial value problem 

y" +4y = g(t), (17) 

y(0)=0, y'(0)=0, (18) 
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where 

0, OS 5; 
1 

2) = 5 @-5), Det 1105 (19) 

iy t= 10; 

and then find the solution. 

Solution: 

In this example the forcing function has the graph shown in Figure 7.4.2 and is known as ramp 

loading. It is relatively easy to identify the general form of the solution. For t < 5, the solution is 

simply y = 0. On the other hand, for t > 10, the solution has the form 

y = ¢, cos(2t) +¢> sin (2t) + : (20) 

The constant 1/4 is a particular solution of the nonhomogeneous equation, while the other two 

terms are the general solution of the corresponding homogeneous equation. Thus the solution (20) 

is a simple harmonic oscillation about y = 1/4. Similarly, in the intermediate range 5 < t < 10, the 

solution is an oscillation about a certain linear function. In an engineering context, for example, 

we might be interested in knowing the amplitude of the eventual steady oscillation. 

Ramp loading; y = g(t) from 

equation (19) or equation (21). 

To solve the problem, it is convenient to write 

g(t) = = (us ()(¢- 5) — mo) (= 10), (21) 

as you may verify. Then we take the Laplace transform of the differential equation and use the 

initial conditions, thereby obtaining 

(s*+4)Y¥(s)= —— 

or 

Y(s) = 2 (e-55 — e-!95) H(s), (22) 

where 

H@)s ea: (23) 

Thus the solution of the initial value problem (17), (18), (19) is 

y(t) = = (us (R(t = 5) m9 (DAE 10)), (24) 

where h(t) is the inverse transform of H(s). 
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The partial fraction expansion of H(s) is 

and it then follows from lines 3 and 5 of Table 7.2.1 that 

1/4 1/4 

TUS ee aa aya (25) 

hit)= zt 2 : sin (21), (26) 

The graph of y(t) is shown in Figure 7.4.3. Observe that it has the qualitative form that we 

indicated earlier. To find the amplitude of the eventual steady oscillation, it is sufficient to locate 

one of the maximum or minimum points for t > 10. Setting the derivative of the solution (24) 

equal to zero, we find that the first maximum is located approximately at (10.642, 0.2979), so the 

amplitude of the oscillation is approximately 0.2979 — 0.25 = 0.0479. 

Solution of the initial value problem (12), (13), and (14). 

Note that in this example, the forcing function g is continuous, but g’ is discontinuous at t = 5 

and t = 10. It follows that the solution y(t) and its first two derivatives are continuous everywhere, 
my but y 

points. 

(t) has discontinuities at t = 5 and at t = 10 that match the discontinuities in g’ at those 

In each of Problems 1 through 8: 

a. 

b. 

Sketch the graph of the forcing function on an appropriate 

interval. 

Find the solution of the given initial value problem. 

c. © Plot the graph of the solution. 

iL. 

2. 

3. 

d. Explain how the graphs of the forcing function and the solution 

are related. 

y"+y=f@); yO)=0, yO)=1; 
ie Osis <eye 

sO=|% 34 <t <8 

y +2y +2y=h(): yO)=0) y OH 

< Oe We YES KS Aye 

5 Ossie we Oe ff 2 ye 

y’+4y=sint+u,(t)sin(t-—7); y()=1, y(0)=0 

ny “sSye Qi) by O)=1, 1 .(0)0: 
I (cera cen 

ro={o t>10 

” , 5 us / Wty + Zy=t-un@O(t-F); y@=0, y')=0 24 
an" 5 , 

ay Py ty 8) yO)=1, y’()=0; 

Sint, OR SH 

0, t>7 
20 =| 

7. Y' +Y=Uzz (t); yO)=2, y’'(O)=0 

8. YO — y= u,(O - u,(0); yO)=0, y)=0, y@)=0, 
y" (0) =0 

. Find an expression involving u,(t) for a function f that ramps up 
from zero at t = fo to the value h at t = ty + k. 

. Find an expression involving u,(¢) for a function g that ramps up 
from zero at t = fo to the value h at t = t) + k and then ramps 
back down to zero at t = ty + 2k. 
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11. A certain spring-mass system satisfies the initial value problem 

” 1 / 

u" + qu +u=kg(t), u(O)=0, wu’ (0)=0, 

where g(t) = 3/7 (t) — Us/2 (t) and k > 0 isa parameter. 

a. Sketch the graph of g(t). Observe that it is a pulse of unit 

magnitude extending over one time unit. 

b. Solve the initial value problem. 

c. & Plot the solution for k = 1/2, k = 1, and k = 2. Describe the 

principal features of the solution and how they depend on k. 

d. @ Find, to two decimal places, the smallest value of k for 

which the solution u(t) reaches the value 2. 

e. Suppose k = 2. Find the time z after which |u(t)! < 0.1 for 

allt >t. 

12. Modify the problem in Example 7.4.2 of this section by replacing 

the given forcing function g(t) by 

FO =~ UsOO=5)~ tse OES). 

a. Sketch the graph of f(t) and describe how it depends on k. 

For what value of k is f (¢) identical to g(f) in the example? 

b. Solve the initial value problem 

y"+4y=f@), yO)=0, y'(0)=0. 

c. The solution in part b depends on k, but for sufficiently 

large t, the solution is always a simple harmonic oscillation 

about y = 1/4. Try to decide how the amplitude of this even- 

tual oscillation depends on k. Then confirm your conclusion 

by plotting the solution for a few different values of k. 

Resonance and Beats. In Section 3.8 we observed that an 

undamped harmonic oscillator (such as a spring-mass system) with 

a sinusoidal forcing term experiences resonance if the frequency of 

the forcing term is the same as the natural frequency. If the forcing 

frequency is slightly different from the natural frequency, then the 

system exhibits a beat. In Problems 13 through 17 we explore the 

effect of some nonsinusoidal periodic forcing functions. 

13. Consider the initial value problem 

y"+y=fO), y (0) =0, y’ (0) = 0, 

where 

fO.= Up (t) +2 ¥) (HD tg (0). 
k=1 

a. Draw the graph of f (¢) on an interval such as 0 <¢ < 67. 

b. Find the solution of the initial value problem. 

c. © Let n = 15. Plot the graph of the solution for 0 < t < 60. 

Describe the solution and explain why it behaves as it does. 

d. Investigate how the solution changes as n increases. What 

happens as n > co? 

14. Consider the initial value problem 

y"+01y' +y=f(), yO)=0, y'O)=9, 

15. 

16. 

17. 

where f(t) is the same as in Problem 13. 

a. © Plot the graph of the solution. Use a large enough value of 

nand a long enough t-interval so that the transient part of the 

solution has become negligible and the steady state is clearly 

shown. 

b. Estimate the amplitude and frequency of the steady-state part 

of the solution. 

c. Compare the results of part b with those from Section 3.8 for 

a sinusoidally forced oscillator. 

Consider the initial value problem 

y"+y=g(t), y()=0, y'()=0, 

where 

g(t) = Uy (t) + >) (1) "tye (0). 
k=1 

a. Draw the graph of g(t) on an interval such as 0 < t < 67. 

Compare the graph with that of f (¢) in Problem 13a. 

b. Find the solution of the initial value problem. 

c. © Let n = 15. Plot the graph of the solution for 0 < t < 60. 

Describe the solution and explain why it behaves as it does. 

Compare it with the solution of Problem 13. 

d. Investigate how the solution changes as n increases. What 

happens as n > oo? 

Consider the initial value problem 

y"+0.1y'+y=g(t), yO)=0, y'(0)=0, 

where g(t) is the same as in Problem 15. 

a. © Plot the graph of the solution. Use a large enough value of 

nand a long enough t-interval so that the transient part of the 

solution has become negligible and the steady state is clearly 

shown. 

b. @ Estimate the amplitude and frequency of the steady-state 

part of the solution. 

c. Compare the results of part b with those from Problem 15 and 

from Section 3.8 for a sinusoidally forced oscillator. 

Consider the initial value problem 

il , 
VY ay 1h (0), y(0)=0, y’(0)=0, 

where 

ye 1/2k, 4-k<t<4+k 

fe = 0, 0<t<4-kandt>4+k 

and0<k<4 

a. Sketch the graph of f, ((). Observe that the area under the 

graph is independent of k. If f, (t) represents of force, this 

means that the product of the magnitude of the force and the 

time interval during which it acts does not depend on k. 

b. Write f, () in terms of the unit step function and then solve 

the given initial value problem. 

il ' 
Cc. Plot the solution fork = 2,k=1,andk = 5 Describe how 

the solution depends on k. 
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7.5 | IMPULSE FUNCTIONS 

In some applications it is necessary to deal with phenomena of an impulsive nature—for 

example, voltages or forces of large magnitude that act over very short time intervals. Such 

problems often lead to differential equations of the form 

ay” + by’ +cy = g(t), (1) 

where g(t) is large during a short interval fg — tT <t <t) + t forsome t > 0, and is otherwise 

zero. 
The integral I(r), defined by 

to+T 

I(t) = | g(t) dt, (2) 
toc 

or, since g(t) = 0 outside of the interval (tg — T, to + T), by 

oO 

I(= | g(t) dt, (3) 

is a measure of the strength of the forcing function. In a mechanical system, where g(t) is 

a force, I(r) is the total impulse of the force g(t) over the time interval (to — T, to + T). 

Similarly, if y is the current in an electric circuit and g(t) is the time derivative of the 

voltage, then I(r) represents the total voltage impressed on the circuit during the interval 

(to Eig) 3 Za) 

In particular, let us suppose that f, is zero and that g(t) is given by 

1 
Sen HE EI Rp 

g(t) =d,(t) =4 27 (4) 
0, cuitSat Ofna’ 2215) 

where Tf is a small positive constant (see Figure 7.5.1). According to equation (2) or (3), it 

follows immediately that in this case, J(t) = 1 independent of the value of r, as long as t #0. 

Now let us idealize the forcing function d; by prescribing it to act over shorter and shorter 

time intervals; that is, we consider the functions d-(t) as tT > 0+ (See Figure 7.5.2). Asa 

result of this limiting operation, we obtain 

ma t= 1/2 

y sr=l 

8 alee Any ie 

ale 

t wee Ses 8 t 

Graph of y = d;(t). Graphs of y = d,(t) ast = Ot. 
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Further, since I(t) = 1 for each t ¥ 0, it follows that 

fined (ze) 5, Jim, (t)=1 (6) 

Equations (5) and (6) are used to define an idealized unit impulse function 6, which 
imparts an impulse of magnitude one at tf = 0 but is zero for all values of t other than zero. 
That is, the “function” 6 is defined to have the properties 

d(t)=0, t#0; (7) 

| 6(t) dt=1. (8) 

There is no ordinary function of the kind studied in elementary calculus that satisfies both 

equations (7) and (8). The “function” 6, defined by those equations, is an example of what 

are known as generalized functions; it is usually called the Dirac* delta function. Since 

6(t) corresponds to a unit impulse at t = 0, a unit impulse at an arbitrary point t = tp is given 

by 6(t — to). From equations (7) and (8), it follows that 

O(t—to)=0, t#lo; (9) 

| 5 (t —t)) dt =1. (10) 

The Dirac delta function does not satisfy the conditions of Theorem 7.1.2, but its Laplace 

transform can nevertheless be formally defined. Since 6(t) is defined as the limit of d-(t) as 

t > 0*, it is natural to define the Laplace transform of 6 as a similar limit of the transform 

of d,. In particular, we will assume that ty > 0 and will define £{d(t — tp)} by the equation 

L {S(t — to} = lim, £ id, (t — f)}. (11) 

To evaluate the limit in equation (11), we first observe that if tT < tp, which must eventually 

be the case as t > 07, then ty — t > 0. Since d,(t — tp) is nonzero only in the interval from 

to —T to tg + T, we have 

[o-e) 

£ {dz (t —to)} = | e~'d, (t — to) dt 
0 
to+T 

= | e—“'d_ (t — tg) dt. 
to-T 

a 

4Paul A. M. Dirac (1902-1984), English mathematical physicist, received his Ph.D. from Cambridge in 1926 

and was professor of mathematics there until 1969. He was awarded the Nobel Prize for physics in 1933 

(with Erwin Schrédinger) for fundamental work in quantum mechanics. His most celebrated result was the 

relativistic equation for the electron, published in 1928. From this equation he predicted the existence of 

an “anti-electron,” or positron, which was first observed in 1932. Following his retirement from Cambridge, 

Dirac moved to the United States and held a research professorship at Florida State University. 
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Substituting for d,(t — to) from equation (4), we obtain 

to+t ; t=to+e 

ae =st bidet) = = | edt = -~—-e 
toma t=io=c 

1 —Stg (ST —ST =— —e 
2st. ie ) 

or 

sinh (st 
Lid, (t —to)} = sinise) ) 9-sto, (12) 

ST 

The quotient sinh(st)/(st) is indeterminate as tT > Ot, but its limit can be evaluated by 

L’H6pital’s° rule. We obtain 

hie sinh (st) ats ioctl cosh (st) Lae 

tT 0+ ST TOF S 

Then from equation (11) it follows that 

Lid (t —to)} = e750, (13) 

Equation (13) defines L{6(t — tp)} for any tp) > 0. We extend this result, to allow fp to be zero, 

by letting ty — 0* on the right-hand side of equation (13); thus 

£{5(0} = lim, esto = 1, (14) 

It is reassuring to see that the Laplace transform formulas derived in equations (13) and 

(14) are consistent with the Laplace transform of a horizontally shifted function: 

L{5(t — to)} =e SOL {5 (t)} = e~S'0, 

In a similar way, it is possible to define the integral of the product of the delta function 

and any continuous function f. We have 

co co 

| S(t) f@at= sim, | d,(t — to) f (t) dt. (5) 

Using the definition (4) of d;(t) and the mean value theorem for integrals, we find that 

oo 1 to+T 

| 4¢-mroa-2[ sear 
to=—T 

1 ) * 

where fy — tT < f° <t) +t. Hence t’ > fg as t > 0+, and it follows from equation (15) that 

co 

| 5 (t — to) f (t) dt = f (to). (16) 

The following example illustrates the use of the delta function in solving an initial value 
problem with an impulsive forcing function. 

Sry ESP man pes ee rar 

>Marquis Guillaume de l’H6pital (1661-1704) was a French nobleman with deep interest in mathematics. For 
a time he employed Johann Bernoulli as his private tutor in calculus. L’H6pital published the first textbook 
on differential calculus in 1696; in it appears the property of limits that is named for him. 
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EXAMPLE 7.5.1 

Find the solution of the initial value problem 

ay" +y' + 2y = 6(t—5), (17) 

yO)=0, y(0)=0. (18) 

Solution: 

This initial value problem arises from the study of the same electric circuit or mechanical oscillator 
as in Example 7.4.1. The only difference is in the forcing term. 

To solve the given problem, we take the Laplace transform of the differential equation and use 
the initial conditions, obtaining 

(2s? +5 +2)Y(s) =e, 

Thus 

es e798 1 

¥ (3) = 
(s) 287 +8 +2 2 1 (19) 

4a) +e 

By Theorem 7.3.2, or from line 9 of Table 7.2.1, 

1 4 NE yo Mea = ee sin( 4221) (20) 

(+z) +4} VE 
4 16 

Hence, by Theorem 7.3.1, we have 

Ds ZEN 
y(t) = L7LY (s}} = Taree (t)e-¢-5/4 sin (e (t — 5) (21) 

US 

which is the formal solution of the given problem. It is also possible to write y(t) in the form 

0, L <5, 

15 

The graph of equation (22) is shown in Figure 7.5.3. Since the initial conditions at t = 0 are 

homogeneous and there is no external excitation until t = 5, there is no response in the interval 

+0 < t < 5. The impulse at t = 5 produces a decaying oscillation that persists indefinitely. The 

" response is continuous at t= 5 despite the singularity in the forcing function at that point. However, 

the first derivative of the solution has a jump discontinuity at t = 5, and the second derivative has 

_an infinite discontinuity there. This is required by the differential equation (17), since a singularity 

‘on one side of the equation must be balanced by a corresponding singularity on the other side. 
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Solution of the initial value problem (17), (18): 2y” + y’ + 

2y = 6(t — 5), WO) = 0, y'(0) = 0. 

In dealing with problems that involve impulsive forcing, the use of the delta function 

usually simplifies the mathematical calculations, often quite significantly. However, if the 

- actual excitation extends over a short, but nonzero, time interval, then an error will be 

introduced by modeling the excitation as taking place instantaneously. This error may be 

negligible, but in a practical problem it should not be dismissed without consideration. In 

Problem 12 you are asked to investigate this issue for a simple harmonic oscillator. 

Problems 

In each of Problems 1 through 8: 10. @ Consider the initial value problem 

a. Find the solution of the given initial value problem. 

b. © Plot a graph of the solution. 

"” / 7 / 

. y’ +4y +8y=6(t- >); y(0)=1, y’ (0) =-2 

. y’+4y=d(t-7)-d(t-27z); yO)=0, y'(0)=0 

. y" + 4y=46(t— 7/4); y(0)=0, y'()=0 
_ y" +2y' + 2y=cost+d(t-—7); y(0)=0, y/(0)=0 

y"+yvy'+y=d(t-1), yO)=0, y'(0)=0, 

where y is the damping coefficient (or resistance). 
itl pes ‘ wags 

a. © Let y = =. Find the solution of the initial value problem 

and plot its graph. 

-Y +3y +2a= ett —4)+us; yO)=0, y'O)=1/2 b. Find the time ¢, at which the solution attains its maximum 
. y" + 2y' + 3y=sint+ d(t- 27); y()=0, y’'()=0 value. Also find the maximum value y, of the solution. 

” a = . = ' = 1 y"+y=d(t—27) cos(t); y(O)=0, y'(O)=1 c. @Lety = q and repeat parts a and b. 

d. Determine how ¢, and y, vary as y decreases. What are the 

values of t; and y, when y = 0? 
Qj ay ae = , Bs ” ae m ae yo-y=<d(t-2); y(0)=0, y’(0)=0, y"(0)=0, y”(0)=0 11. Consider the initial value problem 

. Consider again the system in Example 7.5.1, in which an oscilla- 

tion is excited by a unit impulse at t = 5. Suppose that it is desired 

to bring the system to rest again after exactly one cycle—that 

is, when the response first returns to equilibrium moving in the 

positive direction. 

a. @ Determine the impulse k6(t — t)) that should be applied 

y"+yy'+y=kd(t-1), yO)=0, y’(0)=0, 

where k is the magnitude of an impulse at t = 1, and y is the 
damping coefficient (or resistance). 

=: : 
to the system in order to accomplish this objective. Note that a. @Lety = 5. Find the value of k for which the icsponsengs 
k is the magnitude of the impulse and fy is the time of its a peak value of 2; call this value ky. 
application. b. © Repeat part (a) for y = : 

b. © Solve the resulting initial value problem, and plot its 
c. Determine how k, varies as y decreases. i 

solution to confirm that it behaves in the specified manner. ‘ y si Sa cancipeioaiuer dies k, when y = 0? 



12. Consider the initial value problem 

y"+y=fe), y(O)=0, y'(0)=0, 

il 
where fi (t) = 5k (Ug_x (t) — Ugyn (QD) with 0 <k <1. 

a. Find the solution y = ¢(t, k) of the initial value problem. 

b. Calculate jim,  (t, k) from the solution found in part a. 

c. Observe that jim. fx (t) = 5(t — 4). Find the solution ¢9(t) 

of the given initial value problem with f,(t) replaced by 

6(t — 4). Is it true that fy (t) = jim, p(t, k)? 

d. @ Plot (1,5), o(t, ) and ¢(t) on the same axes. 

Describe the relation between ¢(t, k) and ¢,(t). 

Problems 13 through 16 deal with the effect of a sequence of impulses 

on an undamped oscillator. Suppose that 

y"t+y=f@, yO)=0, yO)=0. 

For each of the following choices for f(t): 

a. Try to predict the nature of the solution without solving the 

problem. 

b. Test your prediction by finding the solution and plotting its 

graph. 

c. Determine what happens after the sequence of impulses ends. 

10 

13. f(t) = )) 6(t-kz) 
k=1 

20 

14. f(t) = ¥ (-1)*76¢ — kx) 
k=1 é 

15 

15. f(t)= >) 6(t-(2k-1)z) 
k=1 

20 

16. f(t) = Dy (-1)*"6 ¢ — k/2) 
k=1 

7.6 | THE CONVOLUTION INTEGRAL 

7.6 The Convolution Integral [FRE 

17. The position of a certain lightly damped oscillator satisfies the 

initial value problem 

20 

y"+01y +y= > (-1)60¢-kz), y(0)=0, y'()=0. 
e—ih 

Observe that, except for the damping term, this problem is the 

same as Problem 14. 

a. Try to predict the nature of the solution without solving the 

problem. 

b. © Test your prediction by finding the solution and drawing 

its graph. 

c. Determine what happens after the sequence of impulses 

ends. 

18. © Proceed as in Problem 17 for the oscillator satisfying 

15 

y"+01y'+y= >) d(t-(@k-1)z), yO)=0, y'O)=0. 
k=] 

Observe that, except for the damping term, this problem is the 

same as Problem 15. 

19. a. By the method of variation of parameters, show that the 

solution of the initial value problem 

y" +2y'+2y=f(t); yO)=0, y'O)=0 

is 

t 

y= | e~@-) f (rc) sin (t — r) dr. 
0 

b. Show that if f(t) = 6(t— 7), then the solution of part a 

reduces to 

y=u,(the-"—™ sin(t— z). 

c. Usea Laplace transform to solve the given initial value prob- 

lem with f(t) = 6(t—~7), and confirm that the solution 

agrees with the result of part b. 

Sometimes it is possible to identify a Laplace transform H(s) as the product of two other 

Laplace transforms F(s) and G(s), the latter transforms corresponding to known functions 

f and g, respectively. In this event, we might anticipate that H(s) would be the transform of 

the product of f and g. However, this is not the case; in other words, the Laplace transform 

cannot be commuted with ordinary multiplication. On the other hand, if an appropriately 

defined “generalized product” is introduced, then the situation changes, as stated in the 

following theorem. 
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Theorem 7.6.1 | Convolution Theorem 

If F(s) = L{f(H} and G(s) = L{g(f} both exist for s > a > 0, then 

H(s) SF) GG) =]=ZikOe saa, (1) 

where 

t t 

nw=| fa-sgde = | eG ode (2) 
(0) (0) 

The function h is known as the convolution of f and g; the integrals in equation (2) are 

called convolution integrals. 

The equality of the two integrals in equation (2) follows by making the change of variable 

t —t = € in the first integral. Before giving the proof of this theorem, let us make some 

observations about the convolution integral. According to this theorem, the transform of 

the convolution of two functions, rather than the transform of their ordinary product, is 

given by the product of the separate transforms. It is conventional to emphasize that the 

convolution integral can be thought of as a “generalized product” by writing 

h(t) = (*g)(@). (3) 

In particular, the notation (f * g)(t) serves to indicate the first integral appearing in 

equation (2); the second integral in equation (2) is denoted as (g « f) (t). 

The convolution f *g has many of the properties of ordinary multiplication. For example, 

it is relatively simple to show that 

Woe SOA) (commutative law) (4) 

f*(8i1+82) = f*gitf*g2 (distributive law) (5) 

(fseaeh = fx(geh) (associative law) (6) 

[20 =0-8 f =O. (zero property) (7) 

In equation (7) the zeros denote not the number 0 but the function that has the value 0 for 

each value of t. The proofs of these properties are left to you as exercises. 
However, there are other properties of ordinary multiplication that the convolution 

integral does not have. For example, it is not true in general that f * 1 is equal to f. To 
see this, note that 

t t 

GDO=| fe—#) adr = | f(t-—1t)dr. 
0 0 

If, for example, f(t) = cos(t), then 

aq I o t 

G#*1)O= | cos (t — t)dt = —sin(t — 7) 
0 

= —sin (0) + sin (t) 

= sin(t). 

t=0 

Clearly, (f * 1) (¢) # f (£) in this case. Similarly, it may not be true that f « f is nonnegative. 
See Problem 3 for an example. 

Convolution integrals arise in various applications in which the behavior of the system 
at time ¢t depends not only on its state at time ¢ but also on its past history. Systems of this 
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kind are sometimes called hereditary systems and occur in such diverse fields as neutron _ 
transport, viscoelasticity, and population dynamics, among others. 

Turning now to the proof of Theorem 7.6.1, we note first that if 

F(s)= | eS f(E)dE and G(s) =| Cae (ty ar, 
1) 0 

then 

F (s)G(s) =| e~55 f (€) at | ere (ac, (8) 
0 0 

Since the integrand of the first integral does not depend on the integration variable of the 

second, we can write F(s)G(s) as an iterated integral 

F(s)G(s) = | et g(r) ( | eS f (&) as) de 
0 0 

=| (| e697 ab) a. (9) 
0 0 

The latter integral can be put into a more convenient form by introducing a change of 

variable. Let § = t — t, for fixed t, so that d& = dt. Further, € = 0 corresponds to t = t, and 

& = co corresponds to t = oo; then the integral with respect to € in equation (9) is transformed 

into one with respect to ¢: 

CO 

F()G()= | 
0 

g(t) ({ ef (t—T) i) dr. (10) 

The iterated integral on the right-hand side of equation (10) is carried out over the shaded 

triangular region extending to infinity in the tr-plane shown in Figure 7.6.1. Assuming that 

the order of integration can be reversed, we rewrite equation (10) so that the integration 

with respect to t is executed first. In this way we obtain 

(oe) t 

E(s)G(s)= | Cast (| ft-—nDg() | dt (11) 
0 0 

Region of integration in F(s)G(s). 

or 

FING)=| eM ar= LI}, (12) 
0 

where h(t) is defined by equation (2). This completes the proof of Theorem 7.6.1. 
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EXAMPLE 7.6.1 

Find the inverse Laplace transform of 

1 

Solution: 

It is convenient to think of H (s) as the product of s~? and 1/(s — a), which, according to lines 2 and 

3 of Table 7.2.1, are the transforms of t and e“, respectively. Hence, by Theorem 7.6.1, the inverse 

Laplace transform of H (s) is 

et —qt—1 a4) 
t 

h(t) = | (t-—t)e“dt = 
0 

You can verify that the same result is obtained if h (¢) is written in the alternative form 

t 

ite i cel"), 
0 

which confirms equation (2) in this case. Of course, h (t) can also be found by expanding H (s) in 

partial fractions. 

EXAMPLE 7.6.2 

Find the solution of the initial value problem 

y" + 4y = g (0), (15) 

y¥OQ=3,.y O)==1: (16) 

Solution: 

By taking the Laplace transform of the differential equation and using the initial conditions, 

we obtain 

s?Y (s)— 3s +14 4Y (s) = G(s) 

or 

OS = LGC8) 

TO)! aa a) 

Observe that the first and second terms on the right-hand side of equation (17) contain the 
dependence of Y(s) on the initial conditions and forcing function, respectively. It is convenient 
to write Y(s) in the form 

Ss Dee ed YG) so ee 
‘S) = 3 ay a 3 ed oe) Gs) 

Then, using lines 5 and 6 of Table 7.2.1 and Theorem 7.6.1, we obtain 

t 

y = 3 cos(2t) — ; sin (2t) + 3 | sin (2(t — r)) g(t) dr. (19) 
0 

If a specific forcing function g is given, then the integral in equation (19) can be evaluated (by 
numerical means, if necessary). 

eee 

Example 7.6.2 illustrates the power of the convolution integral as a tool for writing the 
solution of an initial value problem in terms of an integral. In fact, it is possible to proceed 
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in much the same way in more general problems. Consider the problem consisting of the 
differential equation 

ay” + by’ +cy = g(t), (20) 

where a, b, and ¢ are real constants and g is a given function, together with the initial 
conditions 

yO)=y, y O)=y. (21) 

The Laplace transform approach yields some important insights concerning the structure 

of the solution of any problem of this type. 

The initial value problem (20), (21) is often referred to as an input-output problem. The 

coefficients a, b, and c describe the properties of some physical system, and g(t) is the input 

to the system. The values yo and yg describe the initial state, and the solution y is the output 

eas the Laplace transform of equation (20) and using initial conditions (21), 

we obtain 

(as* + bs +c) Y (s) — (as + b) yo — ayy = G(s). 

If we let 

(5) = et and W(s) = a, (22) 

then we can write 

Y (s) = ®(s) + V(s). (23) 

Consequently, 

YH=PO+¥O, (24) 

where $(t) = L7{®(s)} and p(t) = £ — 1 (s). Observe that ¢(t) is the solution of the initial 

value problem 

ay” +by'+cy=0, yO)=y, y'()=y, (25) 

obtained from equations (20) and (21) by setting g(t) equal to zero. Similarly, p(t) is the 

solution of 

ay” +by’+cy=g(t), y(0)=0, y’(0)=0, (26) 

in which the initial values yy and yo are each replaced by zero. 

Once specific values of a, b, and c are given, we can use Table 7.2.1 to find g(t) = 

L~{(s)}, possibly in conjunction with a translation or a partial fraction expansion. To 

find p (t) = L — 1p (s), it is convenient to write ~ (s) as 

W(s) = H(s)G(s), (27) 
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Problems 

1. Prove the commutative, distributive, and associative properties of 9. F(s)= 

the convolution integral. 

EMP Sars ap 
b. f*@i+ad=f*eaitf*8e 

c. f¥(geh)=(fxg)eh 

where H(s) = (as*+bs+ gy The function H is known as the transfer function® 

and depends only on the properties of the system under consideration; that is, H(s) is 

determined entirely by the coefficients a, b, and c. On the other hand, G(s) depends only 

on the external excitation g(t) that is applied to the system. By Convolution Theorem 

(Theorem 7.6.1) we can write 

t 

¥(t) = L7H (s) G()} = | h(t —t)g(t)dr, (28) 
0 

where h(t) = £~{H(s)}, and g(t) is the given forcing function. 

To obtain a better understanding of the significance of h(t), we consider the case in which 

G(s) = 1; consequently, g(t) = 6(t) and #(s) = H(s). This means that y = h(t) is the solution 

of the initial value problem 

ay” +by’+cy=d(t), y(0)=0, y’(0)=0, (29) 

obtained from equation (26) by replacing g(t) by 5(t). Thus h(£) is the response of the system 

to a unit impulse applied at t = 0. It is natural to call h(t) the impulse response of the 

system. Equation (28) then says that 7 (t) is the convolution of the impulse response and 

the forcing function. 

Referring to Example 7.6.2, we note that the transfer function is H(s) = 1/(s? + 4) and 

the impulse response is h (t) = ; sin (2t). Also, the first two terms on the right-hand side of 

equation (19) constitute the function ¢(t), the solution of the corresponding homogeneous 

equation that satisfies the given initial conditions. 

1 

(S+ 1): (s? + 4) 

10. a. Iff(.)=t” and g(t) = t”, where m and n are positive integers, 

show that 

1 

2. Find an example different from the one in the text showing that Saga ee | u™(1 —u)"du. 
(f * 1)(t) need not be equal to f (2). e 

3. Show, by means of the example f(t) = sin(¢), that f * f is not b. Use the convolution theorem to show that 
necessarily nonnegative. 

it 
mn n min! 

In each of Problems 4 through 6, find the Laplace transform of the IIIS (m+n+1)!' 
given function. ; 

t : c. Extend the result of part b to the case where m and n are 
NG) = [ (t—t) cos(3t) drt positive numbers but not necessarily integers. 

t 

5. f(t)= | e~¢-7) sin (27) dt In each of Problems 11 through 15, express the solution of the given 
0 initial value problem in terms of a convolution integral. 

6. f@ -| sin (t — t)cos(2r) dt ll. x'(t)+3xQ)=f(@); xO@)=5 
0 ” 12. *x"(t) + w’x(t) = f(); t > 0,x(0) = a,x’ (0) = U,a > 

In each of Problems 7 through 9, find the inverse Laplace transform ° a [Hint: This is Harmonic oscillator equation, where f (£) 
of the given function by using the convolution theorem. is external driving force and wis frequency] 

i 13. y" + 2y’+ 2y=sin(a@t); y(0)=0, y'(0)=1 

LENO) es eoner 14. y" + 3y’ + 2y=cos(at); y(0)=2, y'@)=-1 
8. F(s)= s 15. YO —y=g(t); y(0)=0, y')=0, y"@)=0, y”"=0 

(s+1(s2 +9) 

®This terminology arises from the fact that H(s) is the ratio of the transforms of the output and the input of 
the problem (20). 



16. Consider the equation 

E 

s+] k(t )9$(6adt = f (0), 
; 0 

in which f and k are known functions, and ¢ is to be determined. 

Since the unknown function ¢ appears under an integral sign, 

the given equation is called an integral equation; in particular, 

it belongs to a class of integral equations known as Volterra 

integral equations’. Take the Laplace transform of the given 

integral equation and obtain an expression for L {$(t)} in terms 

of the transforms £ {f(t)} and L {k(t)} of the given functions f and 

k. The inverse transform of £ {(£)} is the solution of the original 

integral equation. 

17. Consider the Volterra integral equation (see Problem 16) 

t 

o(t)+ | (t— £)$()aé =sin(2t). (30) 
0 

a. Solve the integral equation (30) by using the Laplace 

transform. 

b. By differentiating equation (30) twice, show that ¢(t) satisfies 

the differential equation 

g” (t)+ $0) = —4 sin(2t). 

Show also that the initial conditions are 

¢(O)=0, $'(0)=2. 

c. Solve the initial value problem in part b, and verify that the 

solution is the same as the one in part a. 

In each of Problems 18 and 19: 

a. Solve the given Volterra integral equation by using the Laplace 

transform. 

b. Convert the integral equation into an initial value problem, as in 

Problem 17b. 

c. Solve the initial value problem in part b, and verify that the 

solution is the same as the one in part a. 

J t 

18. sor] (¢-$(Odt =2 
10) 

t 

19, p42] cos(t — €£)$(&) dé =e 
0 

There are also equations, known as_ integro-differential 

equations, in which both derivatives and integrals of the unknown 

function appear. In each of Problems 20 and 21: 

a. Solve the given integro-differential equation by using the Laplace 

transform. 

b. By differentiating the integro-differential equation a sufficient 

number of times, convert it into an initial value problem. 
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c. Solve the initial value problem in part b, and verify that the 

solution is the same as the one in part a. 

t 

20. s+] (-Dd(G)de=t, $0) =0 
0 

t 

n. 9 -5| ¢- Od =-, gO=1 
0 

22. The Tautochrone. A problem of interest in the history of math- 

ematics is that of finding the tautochrone®—the curve down 

which a particle will slide freely under gravity alone, reaching 

the bottom in the same time regardless of its starting point on 

the curve. This problem arose in the construction of a clock 

pendulum whose period is independent of the amplitude of 

its motion. The tautochrone was found by Christian Huygens 

(1629-1695) in 1673 by geometric methods, and later by Leibniz 

and Jakob Bernoulli using analytic arguments. Bernoulli’s solu- 

tion (in 1690) was one of the first occasions on which a differen- 

tial equation was explicitly solved. The geometric configuration 

is shown in Figure 7.6.2. The starting point P(a, b) is joined to 

the terminal point (0, 0) by the arc C. Arc length s is measured 

from the origin, and f(y) denotes the rate of change of s with 

respect to y: 

f= = = (: ae (2)) (31) 
dy 

Then it follows from the principle of conservation of energy 

that the time T(b) required for a particle to slide from P to the 

origin is 

1h) T (b) = —— | dy. (32) 
2g Jo Vb—-y 

yA 

Pta, 6) 

C 

eA 

x 

aleil:iaaraceae The tautochrone. 

a. Assume that T(b) = Ty, a constant, for each b. Apply the 

Laplace transform of equation (32) in this case, then use the 

convolution theorem, Theorem 7.6.1, to show that 

PO= Ee (33) 

NN) —— 

7See the footnote about Vito Volterra in Section 9.5. 

8The word “tautochrone” comes from the Greek words tauto, which means “same,” and chronos, which 

means “time.” 
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b. 

Concept Questions 

Cle 

C7.2. 

C7.4. 

C7.5. 

Answers to Concept Questions 

C7.1. 

C7.2. 

Then show that 

28 To foy= =. (34) my 
Hint: See Problem 24 of Section 7.1. 

Combining equations (32) and (34), show that 

dx _ eli (35) 
dy y 

where a = 973/77. 

State two functions which are bounded and exponentially 

bounded as well. 

A function which is of exponential order and piecewise 

continuous has a well defined Laplace transform. Is this 

condition sufficient or necessary? 

. a. Describe, using only words, the derivative of the Laplace 

transform. 

b. Summarize this definition using only symbols. 

Let F (s) be the Laplace transform of the function f (t). Then 

as Ss > oo, does F (s) approach any finite value. If so, state the 

value. 

Compare the solution process for solving an initial value 

problem for a nonhomogeneous second-order linear dif- 

ferential equation with constant coefficients developed in 

Chapter 3 with the process using Laplace transforms. 

. What is the purpose of expressing a discontinuous forcing 

function in terms of Heaviside functions? 

The functions ¢” and sin (at) are bounded as well as expo- 

nentially bounded functions. 

The existence condition for Laplace transform is sufficient 

condition only. 

. (a) Derivative of Laplace transform of a function is equal to 

the Laplace transform of —t times of the given function. 

(b) Let F(s): = L{f (O}(s). Then fF (s) = L{-tf (}. 

Yes. As s > co, F (s) approaches zero. 

The method in Chapter 3 requires several steps: (i) find a 

fundamental set of solutions to the corresponding homo- 

geneous differential equation, (ii) find a particular solution 

(by Undetermined Coefficients or Variation of Parameters) 

(iii) find a general solution by adding the solutions found in 

(i) and (ii), and (iv) find the unique values of the constants 

that produce a solution that satisfies the initial conditions. 

In contrast, taking the Laplace transform of the initial value 

problem produces an equivalent algebraic equation that can 

be solved for Y (s), the Laplace transform of the solution. Use 

the partial fraction decomposition to express Y (s) in terms 

of expressions that appear in a table of Laplace transforms. 

This method simultaneously produces the complementary 

C7.7. 

C7.8. 

C7.9. 

C7.10. 

C7: 

C7.12. 

C7.13. 

C7.14. 

C7.6. 

C7.7. 

C7.8. 

C7.9: 

. Use the substitution y = 2a sin?(6/2) to solve equation (35), 

and show that 

x=a(6+sin(@)), y=a(1—cos(@)). (36) 

Equations (36) can be identified as parametric equations ofa 

cycloid. Thus the tautochrone is an arc of a cycloid. 

When is the main clue that the inverse Laplace transform 

involves the Heaviside function. Does this mean the solution 

is discontinuous? 

Describe, in words, the basic process for finding the inverse 

Laplace transform of an expression e~ °F (s). 

Describe, in words, the essential properties of the Dirac delta 

function. 

Why is it a misnomer to call the Dirac delta function a 

“function”? 

How does the convolution integral change the way in which 

inverse Laplace transforms are found? 

What is the transfer function for this initial value problem? 

What initial value problem does the inverse Laplace trans- 

form of the transfer function satisfy? 

How is the transfer function used to find the solution to the 

initial value problem at the beginning of this question? 

solution and the particular solution and applies the initial 

conditions. 

Expressing a discontinuous function in terms of Heaviside 

functions facilitates finding its Laplace transform without 

having to explicitly evaluate an improper integral. 

When an expression involves an exponential (e~%), its 

inverse Laplace transform will be written in terms of uz (ft). 

This means the solution is piecewise-defined, but does not 

mean the solution will be discontinuous at t = a. (In fact, 

in almost all cases, the solution of a well-posed initial value 
problem will be continuous throughout the domain where it 
exists.) 

The e~°* factor indicates that the inverse Laplace transform 
includes a step function, u, (t). The other factor in the inverse 
Laplace transform is the inverse Laplace transform of F (s), 
that is, f(¢), with a horizontal translation (to the right) 
by c. That is, the inverse Laplace transform of e~°SF (s) is 
Uc (t) f (t —c). 
What is so special about 6(t) is that the area under the 
function is 1, but the value of the function is 0 for all inputs 
except one isolated number, t = 0, where the function is not 
defined. 
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C7.10. There is no value assigned to 6 (0). All that can be said about 

its definition at t = 0 is that [° 5 (¢) dt = 1. 

C7.11. When an expression can be identified as the product of 

two Laplace transforms, its inverse Laplace transform can 

be found as the convolution integral of the inverse Laplace 

transforms of the two terms. The advantage of this is that it 

provides a way to avoid finding the partial fraction decompo- 

sition of the product. (But the convolution integrals can be 

tedious to evaluate.) 

The next three questions deal with the initial value problem: 

ay" + by’ + cy = g(t), (1) 

y (0) = 0, y’ (0) = 0. (2) 
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NUMERICAL METHODS OF SOLVING 

FIRST ORDER EQUATIONS 

Up to this point we have discussed methods for solving differential equations by using 

analytical techniques such as integration or series expansions. Usually, the emphasis was 

on finding an exact expression for the solution. Unfortunately, there are many important 

problems in engineering and science, especially nonlinear ones, to which these methods 

either do not apply or are very complicated to use. In this chapter we discuss an alternative 

approach, the use of numerical approximation methods to obtain an accurate approxima- 

tion to the solution of an initial value problem. We present these methods in the simplest 

possible context, namely, a single scalar first-order equation. However, they can readily 

be extended to systems of first-order equations, and this is outlined briefly in Section 8.5. 

The procedures described here can be executed easily on a wide variety of computational 

devices, from smartphones to supercomputers. 

8.1 | THE EULER OR TANGENT LINE METHOD 

To discuss the development and use of numerical approximation procedures, we will 

concentrate mainly on the first-order initial value problem consisting of the differential 

equation 

dy 

and the initial condition 

y (to) = Yo- (2) 

We assume that the functions f and f, are continuous on some rectangle in the ty-plane 

containing the point (to, yo). Then, by Theorem 2.4.2, there exists a unique solution 

y = ¢(t) of the given problem in some interval about tg. If equation (1) is nonlinear, then the 

interval of existence of the solution may be difficult to determine and may have no simple 
relationship to the function f. However, in all our discussions we assume that there is a 
unique solution of the initial value problem (1), (2) in the interval of interest. 

In Section 2.7 we described the oldest and simplest numerical approximation method, 
namely, the Euler or tangent line method. To derive this method, let us write the differential 
equation (1) at the point t = ft, in the form 

d oF Cin) =F ned in): 3) 
Then we approximate the derivative in equation (3) by the corresponding (forward) 
difference quotient, obtaining 

g (tn41) me p (tn) 

In+1 —ty 
Sue KO) (4) 



8.1 The Euler or Tangent Line Method 

Finally, ifwe replace ¢(t,,,) and $(t,) by their approximate values y,,,; and y,,, respectively, _ 
and solve for y,,,.,, we obtain the Euler formula 

Yn+1 =In +f (tr Yn) (tn41—tn), n=0,1,2,.... (5) 

If the step size t,4; — t, has a uniform value h for all n and if we denote f(t,, yn) by fn» 
then equation (5) simplifies to 

Ynt1 =Ynthfn, n=0,1,2,... (6) 

Euler’s method consists of repeatedly evaluating equation (5) or (6), using the result of each 
step to execute the next step. In this way we obtain a sequence of values yo, V1, V5 «sno «= 

that approximate the values of the solution $(t) at the points fo, t1, to, .. 5 tyy «+ - 

A computer program for Euler’s method has a structure such as that shown below. The 

specific instructions can be written in any convenient programming language. 

The Euler Method 

define f(t, y) 

input initial values t = t0 and y = yO 

input step size h and number of steps n 

output (0 and yO 

for j from 1 ton do 

Sn = f (t,y) 

y=yth fy 
t=t+h 

output ¢ andy 

end 

Some examples of Euler’s method appear in Section 2.7. As another example, consider 

the initial value problem 

'=1-t+4y, (7) 

VO) =a: (8) 

Equation (7) is a first-order linear equation, and you can easily verify that the solution 

satisfying the initial condition (8) is 

y=$W=7t- a+ pet (9) 

Since the exact solution of the initial value problem (7), (8) is known, we do not need 

numerical methods to approximate its solution. On the other hand, the availability of the 

exact solution makes it easy to monitor the accuracy of any numerical procedure that we 

use on this problem. We will use this problem throughout the chapter to illustrate and to 

compare different numerical methods. The solutions of equation (7) diverge rather rapidly 

from each other, so we should expect that it will be fairly difficult to approximate the 

solution (9) well over any interval of moderate length. Indeed, this is the reason for choosing 

this particular problem; it will be relatively easy to observe the benefits of using more 

efficient methods. 

EXAMPLE 8.1.1 

Using the Euler formula (6) and step sizes h = 0.05, 0.025, 0.01, and 0.001, determine approximate 

values of the solution y = ¢(#) of the problem (7), (8) on the interval 0 < t < 2. 
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Solution: 

The indicated calculations were carried out, and some of the results are shown in Table 8.1.1. 

Their accuracy is not particularly impressive. For h = 0.01 the percentage error is 3.85% at 

t = 0.5, 7.49% at t = 1.0, and 14.4% at t = 2.0. The corresponding percentage errors for h = 0.001 

are 0.40%, 0.79%, and 1.58%, respectively. Observe that if h = 0.001, then it requires 2000 steps 

to traverse the interval from t = 0 to t = 2. Thus considerable computation is needed to obtain 

even reasonably good accuracy for this problem using the Euler method. When we discuss other 

numerical approximation methods later in this chapter, we will find that it is possible to obtain 

comparable or better accuracy with much larger step sizes and many fewer computational steps. 

A Comparison of Results for the Numerical Approximation of 

TABLE 8.1.1 the Solution of y’ = 1 — t + 4y, y(0) = 1 Using the Euler Method 

for Different Step Sizes h 

0.0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 

0.1 1.5475000 1.5761188 1.5952901 1.6076289 1.6090418 

0.2 2.3249000 2.4080117 2.4644587 2.5011159 2.5053299 

0.3 3.4333560 3.6143837 3.7390345 3.8207130 3.8301388 

0.4 5.0185326 5.3690304 5.6137120 5.7754845 5.7942260 

OS 7.2901870 7.9264062 8.3766865 8.6770692 8.7120041 

1.0 45.588400 53.807866 60.037126 64.382558 64.897803 

1e5 282.07187 361.75945 426.40818 473.55979 479.25919 

2.0 1745.6662 2432.7878 3029.3279 3484.1608 3540.2001 

To begin to investigate the errors in using numerical approximations, and also to suggest 

ways to construct more accurate algorithms, it is helpful to mention some alternative ways 

to look at the Euler method. 

One way to proceed is to write the problem as an integral equation. Let y = (t) be the 

solution of the initial value problem (1), (2); then, by integrating from t,, tot, , ;, we obtain 

tnt1 tn+1 

| #'(oar= | (qd) dt, 
tn tn 

or 

En+1 

#(tns1) =n) + | fed (O)at. (10) 
tn 

The integral in equation (10) is represented geometrically as the area under the curve in 
Figure 8.1.1 between t = t, and t = t,, . If we approximate the integral by replacing 
f(t, P(t) by its value f(tn, P(tn)) at t = t,, then we are approximating the actual area by 
the area of the shaded rectangle. Assuming each step is of size h, that is, t, +1 —t,=h tor 
all n, we obtain 

p (tn41) e p (tn) as fi (th, p (tr) (tn41 ry. tn) 
11 

= $ (tn) + hf (ns $ (tn). a 

Finally, to obtain an approximation y, , ; for $(ty +1), we make a second approximation by 
replacing ¢(t,,) by its approximate value y,, in equation (11). This gives the Euler formula 
Yn+1=Yn + hf (tn, Yn). A more accurate algorithm can be obtained by approximating the 
integral more accurately. This is discussed in Section 8.2. 
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y' =f 

(tn, O(t,)) 

Integral derivation of the Euler 
method. 

Another approach is to assume that the solution y = ¢(t) has a Taylor series about the 

point t,. Then 

2 

Blin +h) =$(tn) +4! (tn)h + 8" (tn) op bos 
or 

2 

# (tna) =$(tn) +S Cn Btn) 2+ 9" (tn) or to (12) 

If the series is terminated after the first two terms, and ¢(t,, , ;) and $(t,,) are replaced by 

their approximate values y, , ; and y,, we again obtain the Euler formula (6). If more terms 

in the series are retained, a more accurate formula is obtained. Further, by using a Taylor 

series with a remainder, it is possible to estimate the magnitude of the error in the formula. 

This is discussed later in this section. 

> The Backward Euler Formula. A variation on the Euler formula can be obtained by 

approximating the definite integral in integral equation (10) by the area of the rectangle 

with height determined by the value of the function at the right-hand end of the interval. 

That is, 

$ (tn+i) = (tn) + f ns $ Cn41)) Cn41 — fn)- 

This yields what is commonly known as the backward Euler formula 

Yn41 =n thf (tn41,Yn41)- (13) 

Assuming that y, is known and y, , , is to be calculated, observe that equation (13) does 

not provide an explicit formula for y, , ;. Rather, it is an equation that implicitly defines 

Yn+1 and must be solved to determine the value of y, 4 ;. For this reason this method is 

sometimes referred to as the implicit Euler formula. How difficult it is to solve for y, +1 

depends entirely on the nature of the function f- 

EXAMPLE 8.1.2 

Use the backward Euler formula (13) and step size h =0.05, 0.025, 0.01 to find approximate values 

of the solution of the initial value problem 

y =1-t+y, y()=1 

on the interval 0 <t <2. 
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Solution: 

For this problem, the backward Euler formula (13) becomes, 

Yn+1 = Yn + hd = th41 + Yn41) 

Because the differential equation is linear, the above equation for y,,,, is also linear. Solving this 

equation for y,,,;, we obtain 

_ Yn thd— try) 
Yn+1 = Aca 

At the first step with h = 0.05 and n = 0, we have 

yy, =Y thA—t, +) =1+ (.05)(1 — 0.05 +). 

Solving this equation for y,, we obtain 

_ 1.0475 
= ——— =1, od Wy = “jog = 1.10263 

Then, using the formula for y,,,, with n = 1, we find that 

yy = y, th — ty + y2) = 1.102632 + (0.05)(1 — 0.05 + yp), 

and thus 

_ 1.147632 
y2 = "70.05... = 1.208034. 

Continuing the computations, we obtain the results shown in Table 8.1.2. The values given by the 

backward Euler method are uniformly too large for this problem, whereas the values obtained from 

the Euler method were too small. 

A Comparison of Results for the Numerical Approxima- 

TABLE 8.1.2 tion of the Solution of y’ = 1—7+ y, y(0) = 1 Using the 
Backward Euler Method for Different Step Sizes h 

Exact 

0.0 1.000000 1.000000 1.000000 1.000000 1.000000 

0.1 1.208033 1.206577 1.020055 1.205226 1.205171 

0.2 1.427738 1.424512 1.040212 1.421525 1.421403 

0.3 1.660374 1.655017 1.06047 1.650061 1.649859 

0.4 1.90734 1.89943 1.080832 1.892123 1.891825 

0.5 2.170183 2.159234 1.101297 2.149134 2.148721 

1.0 3.78951 3.753058 1.205226 3.719642 3.718282 

i 6.158991 6.067968 1.311921 5.985054 5.981689 

2.0 9.781365 9.579329 1.421525 9.396454 9.389056 

Observe that the backward Euler formula gets its name from the fact that it can be 

obtained by using the backward difference quotient " ($ (tn) — $ (ty-1)) to approximate 
the derivative in the differential equation (3) instead of the forward difference quotient used 
in equation (4). 

Since the backward Euler method appears to be no more accurate than the Euler 
method, and is somewhat more complicated, a natural question is why it should even be 
mentioned. The answer is that it is the simplest example of a class of methods known as 
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backward differentiation formulas that are very useful and more accurate for certain types 
of differential equations. We will return to this issue at the end of Section 8.4. 

> Errors in Numerical Approximations. The use of a numerical procedure, such as the 
Euler formula, on an initial value problem raises a number of questions that must be 
answered before the approximate numerical solution can be accepted as satisfactory. One of 
these is the question of convergence. That is, as the step size h tends to zero, do the values 
of the numerical approximation yj, y2, ... , Yj, ... approach the corresponding values of the 
actual solution? If we assume that the answer is affirmative, there remains the important 

practical question of how rapidly the numerical approximation converges to the solution. In 
other words, how small a step size is needed in order to guarantee a given level of accuracy? 

We want to use a step size that is small enough to ensure the required accuracy, but not too 

small. An unnecessarily small step size slows down the calculations and in some cases may 

even cause a loss of accuracy. 

There are three fundamental sources of error in approximating the solution of an initial 

value problem numerically. 

1. The formula, or algorithm, used in the calculations is an approximate one. For instance, 

the Euler formula uses straight-line approximations to the actual solution. 

2. Except for the first step, the input data used in the calculations are only approximations 

to the actual values of the solution at the specified points. 

3. The computer used for the calculations has finite precision; in other words, at each 

stage only a finite number of digits can be retained. 

Let us temporarily assume that our computer can execute all computations exactly; 

that is, it can retain infinitely many digits (if necessary) at each step. Then the difference 

E,, between the solution y = ¢(t) of the initial value problem (1), (2) and its numerical 

approximation y,, at the point t = ¢,, is given by 

En = $(tn) —Yn- (14) 

The error E,, is known as the global truncation error. It arises entirely from the first two 

error sources listed above—that is, by applying an approximate formula to approximate 

data. 
However, in reality we must carry out the computations using finite-precision arith- 

metic, which means that we can keep only a finite number of digits at each step. This leads 

to a round-off error R,, defined by 

Rn = Yn - Yn, (15) 

where Y,, is the value actually computed from the given numerical method. 

The absolute value of the total error in computing ¢(¢,,) is given by 

I$ (tn) — Yn! = 16 (tn) — Yn +n — Yal- (16) 

Making use of the triangle inequality, la + bl < lal + |bI, we obtain, from equation (16), 

I$ (tn) — Yul S16 (tn) — Yl + lyn — Yul 

< |En| + |Rnl- (17) 

Thus the total error is bounded by the sum of the absolute values of the global truncation 

and round-off errors. 

For the numerical procedures discussed in this book, it is possible to obtain useful 

estimates of the global truncation error. The round-off error is more difficult to analyze, 
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since it depends on the type of computer used, the sequence in which the computations are 

carried out, the method of rounding off, and so forth. A careful examination of round-off 

error is beyond the scope of this book, but see, for example, the book by Henrici listed in the 

references. Some of the dangers of round-off error are discussed in Problems 22 through 24 

and in Section 8.6. 

It is often useful to consider separately the part of the global truncation error that is 

due only to the use of an approximate formula. We can do this by assuming at the nth step 

that the input data are accurate—that is, that y, = P(t,). This error is known as the local 

truncation error; we will denote it by é,. 

> Local Truncation Error for the Euler Method. Assume that the solution y = $(£) of the 

initial value problem (1), (2) has a continuous second derivative in the interval of interest. 

To ensure this, we can assume that f, f;, and f are continuous. For if f has these properties 

and if ¢ is a solution of the initial value problem (1), (2), then 

¢ OHO=f to), 

and, by the chain rule, 

PO=fCEO+HGEOHO 

=f EEGO+ HEE OLEPO). (18) 

Since the right-hand side of this equation is continuous, ¢” is also continuous. 

Then, making use of a Taylor polynomial with a remainder to expand ¢ about tp, 

we obtain 

b(t +) =$ (tn) +4 (tn) + 5" (in) h?, (19) 

where f, is some point in ty < ty, < t, +h. Then, noting that ¢(t, + h) = $(t, +1) and 

(tn) =f(t,, P(t,)), we can rewrite equation (19) as 

8 (tna) = $n) + Af (tn (tnd) + 58" (in) h?. (20) 

Now let us use the Euler formula to calculate an approximation to ¢(t, , ) under the 

assumption that we know the correct value for y,, at t,, namely y, = $(t,). The result is 

Yn+1 = (tn) + hf (tn $ (tn), (21) 

where the asterisk is used to designate this hypothetical approximate value for $(t, 4. ;). The 

difference between ¢(¢, , ;) and y,,, is the local truncation error for the (n + 1)* step in 

the Euler method, which we will denote by e, , ,. Thus, by subtracting equation (21) from 

equation (20), we find that 

* 1 Wt (ea 
€n+1 = P(tn41) — Ynai = 5? (tr) Ome (22) 

since the remaining terms in equations (20) and (21) cancel. 

Thus the local truncation error for the Euler method is proportional to the square of the 
step size h, and the proportionality factor depends on the second derivative of the solution 
f. The expression given by equation (22) depends on n and, in general, is different for each 
step. A uniform bound, valid on an interval [a, b], is given by 

1 2» lenl < 5Mh?, ae) 
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where M is the maximum of |¢”(t)| on the interval [a, b]. Since equation (23) is based on 
a consideration of the worst possible case—that is, the largest possible value of |¢” (t)I—it 
may well be a considerable overestimate of the actual local truncation error in some parts 

of the interval [a, b]. 

One use of equation (23) is to choose a step size that will result in a local truncation error 

| no greater than some given tolerance level. For example, if the local truncation error must 

not exceed ¢, then from equation (23) we have 

1 2 / 2€ 
= ee 24 5Mh <3 Oe es : (24) 

The primary difficulty in using equation (22), (23), or (24) lies in estimating |¢”(t)| or M. 

However, the central fact expressed by these equations is that the local truncation error is 

proportional to h?. For example, if a new value of h is used that is one-half of its original 

value, then the resulting error will be reduced to one-fourth of its previous value. 

More important than the local truncation error is the global truncation error E,. The 

analysis for estimating E,, is much more difficult than that for e,. Nevertheless, it can be 

shown that the global truncation error in using the Euler method on a finite interval is no 

greater than a constant times h. Thus 

|En| < Kh (25) 

for some constant K; see Problem 20 for more details. The Euler method is called a first- 

order method because its global truncation error is proportional to the first power of the 

step size. 

Because it is more accessible, we will hereafter use the local truncation error as our 

principal measure of the accuracy of a numerical method and for comparing different 

methods. If we have a priori information about the solution of the given initial value 

problem, we can use the result (22) to obtain more precise information about how the local 

truncation error varies with tf. 

As an example, consider the illustrative problem 

y =1-t+4y, yO)=1 (26) 

on the interval 0 < t < 2. Let y = ¢(t) be the solution of the initial value problem (26). Then, 

as noted previously, 

p(t) = e (4t — 3 + 19e**) 

and therefore 

p” (t) = 19e**. 

Equation (22) then states that 

19¢4én 2 oe 
en+1 = ei ae tn < tn < ty + h. (27) 

The appearance of the factor 19 and the rapid growth of e* explain why the results in 

Table 8.1.1 are not very accurate. 

For instance, for h = 0.05 the error in the first step is 

19e4%o (0.0025) = 
y= $(4)-y1 = 7 ee eT oe 0 < ty < 0.05. 
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Problems 

It is clear that e, is positive, and since e*40 < e°*, we have 

2 19e°-* (0.0025) 
= 2 

e1 ~ 0.02901. (28) 

Note also that e440 > 1; hence e; > — 5 (0. 0025) = 0.02375. The actual error is 0.02542. It 

follows from equation (27) that the fit becomes progressively worse with increasing ¢; 

this is also clearly shown by the results in Table 8.1.1. Similar computations for bounds for 

the local truncation error give 

2.8 4 (0.0025 
1.0617 & se < ex) < wer oon) ~ 1.2967 (29) 

in going from 0.95 to 1.0 and 

7.8 8 

57.96 & veo) toe a ~ 70.80 (30) 

in going from 1.95 to 2.0. 

These results indicate that for this problem, the local truncation error is about 2500 

times larger near t = 2 than near t = 0. Thus, to reduce the local truncation error to 

an acceptable level throughout 0 < t < 2, we must choose a step size h based on an 

analysis near t = 2. Of course, this step size will be much smaller than necessary near 

t = 0. For example, to achieve a local truncation error of 0.01 for this problem, we need a step 

size of about 0.00059 near t = 2 and astep size of about 0.032 near t = 0. The use of a uniform 

step size that is smaller than necessary over much of the interval results in more calculations 

than necessary, more time consumed, and possibly more danger of unacceptable round-off 

errors. 

Another approach is to keep the local truncation error approximately constant through- 

out the interval by gradually reducing the step size as t increases. In the example problem, 

we would need to reduce h by a factor of about 50 in going from t = 0 to t = 2. A method 

that provides for variations in the step size is called adaptive. All modern computer codes 

for solving differential equations have the capability of adjusting the step size as needed. 

We will return to this question in the next section. 

1. @ Complete the calculations leading to the entries in columns 

three and four of Table 8.1.1. 

2. 9) Complete the calculations leading to the entries in columns 

three and four of Table 8.1.2. 

In each of Problems 3 through 7, find approximate values of the 

solution of the initial value problem at t = 0.1, 0.2, 0.3, and 0.4. 

a. () Use the Euler method with h = 0.05. 

. (Use the Euler method with h = 0.025. 

. @ Use the backward Euler method with h = 0.05. 

. (Use the backward Euler method with h = 0.025. 

. ¥ =5t—2/y, y(0) =2 

. Y= 2y-3t, W(0)=1 

y =t+e-’, yO)=1 

.yY=(y tty) (2+07), yO=01 

. y =(t? +y?)sin(y), y(0) =1 

ao St 

Na ne wW 

In each of Problems 8 through 12, find approximate values of the 

solution of the initial value problem at t = 0.5, 1.0, 1.5, and 2.0. 

a. @) Use the Euler method with h = 0.025. 

b. @ Use the Euler method with h = 0.0125. 

c. @ Use the backward Euler method with h = 0.025. 

d. @ Use the backward Euler method with h = 0.0125. 

Shey a= enna (0) al 

9. y’ = 5t—2/y, y(0) =2 

100 y' = ‘ eae vO)=1 

1h, SY : ao y(0) = 

12. y' =(y* +ty)(2+07), yO= 

13. Using three terms in the Taylor series given in equation (12) and 
taking h = 0.1, determine approximate values of the solution of 
the illustrative example y’ = 1 — t + 4y, (0) = 1 att = 0.1 and 
0.2. Compare the results with those using the Euler method and 
with the exact values. Hint: If y’ = f(t, y), what is y"? 
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In each of Problems 14 and 15, 

a. 

b. 

14. 

Jey 

@ Estimate the local truncation error for the Euler method in 
terms of the solution y = ¢(¢). 

© Obtain a bound for €y +1 in terms of t and ¢(t) that is valid on 
the interval 0 <t <1. 

. @ By using a formula for the solution, obtain a more accurate 
error bound for e,, , ;. 

. OM Forh=01 compute a bound for e, and compare it with the 

actual error at t = 0.1. 

. © Compute a bound for the error e, in the fourth step. 

y’ =3y-1, y¥O)=1 

y'=1-t+2y, WO)=1 

In each of Problems 16 through 18, obtain a formula for the local 

truncation error for the Euler method in terms of t and the exact 

solution y = (ft). 

20. 

y' =t-3Vy, y() =2 
Y=t+y, y0)=1 
y =tt+e’,y(0)=1 

. Consider the initial value problem 

Va= COS (Sib) an yO) = 10 

. @ Determine approximate values of ¢(t) at t = 0.2, 0.4, and 0.6 

using the Euler method with h = 0.2. 

. © Determine the solution y = ¢(t), and draw a graph of 
y= P(t) for0 <t<1. 

. © Draw a broken-line graph for the approximate solution, and 

compare it with the graph of the exact solution. 

. © Repeat the computation of part a for 0 < t < 0.4, but take 

n= 0" 

. © Show by computing the local truncation error that neither of 

these step sizes is sufficiently small. 

. @ Determine a value of h to ensure that the local truncation error 

is less than 0.05 throughout the interval 0 < t < 1. That sucha 

small value of h is required results from the fact that max |¢”(0)| 

is large. 

In this problem we discuss the global truncation error associated 

with the Euler method for the initial value problem y’ = f(t, y), 

y(to) = Yo. When the functions f and f are continuous in a 

closed, bounded region R of the ty-plane that includes the point 

(to, Yo), it can be shown that there exists a constant L such that 

If(.y)-f(@I)| < Lily—Yyl, where (, y) and (¢,¥) are any 
two points in R with the same ¢ coordinate (see Problem 14 of 

Section 2.8). Further, we assume that f, is continuous, so the 

solution ¢ has a continuous second derivative. 

a. Using equation (20), show that 

lEn+1| < IEn| 

a h\f (tn; fp (tn)) ime f (tris In)| 

+5h2|$" (Fm) SalEnl+ 8h, GU) 

z 1 ; 

where a =1+hL and 6 = max 5 |p” (t)| on fy StS tyyr. 

21. 

22. 

23. 

24. 

b. Assume that if Ey = 0, and if |E,| satisfies equation (31), 

then |E,,| < Bh?(a" — 1)/(a — 1) for « #1. Use this result to 
show that 

lE,| < Bh. (32) 
G@-bhE) S1 

L 

Equation (32) gives a bound for |E,,| in terms of h, L, n, and 

8. Notice that for a fixed h, this error bound increases with 

increasing n; that is, the error bound increases with distance 

from the starting point fo. 

c. Show that (1 + hL)" < e”""; hence 

e il 
E,| < ——— fh. El $ ——fh 

If we select an ending point T greater than ty and then choose 

the step size h so that n steps are required to traverse the 

interval [t), T], then nh = T — tp, and 

ae ys = Kh, 
. e(T-to)L 

< Enl < — 

which is equation (25). Note that K depends on the length 

T — ty of the interval and on the constants L and £ that are 

determined from the function f. 

Derive an expression analogous to equation (22) for the local 

truncation error for the backward Euler formula. 

Hint: Construct a suitable Taylor approximation to ¢(t) about 

t=t,44. 

Using a step size h = 0.05 and the Euler Method, but retain- 

ing only three digits throughout the computations, determine 

approximate values of the solution at t = 0.1, 0.2, 0.3 and 0.4 for 

each of the following initial value problems: 

a. My =14+1t+2y,y()=1 

b. My’ =2+t+y,y(0)=1 

c. My’ =y+2t,y()=1 

Compare the results of a with those obtained in Example 8.1.1 

and in Problem 1 and the results of c with those obtained in 

Problem 4. The small differences between some of those results 

rounded to three digits and the present results are due to round- 

off error. The round-off error would become important if the 

computation required many steps. 

The following problem illustrates a danger that occurs because 

of round-off error when nearly equal numbers are subtracted 

and the difference is then multiplied by a large number. Evaluate 

the quantity 

6.010 18.04 

oe ew Sed 

in the following ways: 

a. @ First round each entry in the determinant to two digits. 

b. @ First round each entry in the determinant to three digits. 

c. @ Retain all four digits. Compare this value with the results 

in parts a and b. 

The distributive law a(b — c) = ab — ac does not hold, in general, 

if the products are rounded off to a smaller number of digits. To 

show this in a specific case, take a = 0.22, b = 3.19, and c= 2.17. 

After each multiplication, round off the last digit. 
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8.2 | IMPROVEMENTS ON THE EULER METHOD 

For many problems the Euler method requires a very small step size to produce sufficiently 

accurate results. Much effort has been devoted to the development of more accurate 

methods. In the next three sections, we will discuss some of these methods. Consider the 

initial value problem 

y =f(ty), y (to) = Yo (1) 

and let y = ¢(t) denote its solution. Recall from equation (10) of Section 8.1 that by 

integrating the given differential equation from t,, to f, . ;, we obtain 

In+1 

$ (tn+1) = (tn) +| f (t,¢ (0) dt. (2) 
In 

The Euler formula 

Yn+1 =n thf (tn Yn) (3) 

is obtained by replacing the integrand f(t, ¢(t)) in equation (2) by its approximate value 

f (ty, Yn) at the left endpoint of the interval of integration. Other approximations of the 

definite integral lead to other numerical solution methods for initial value problems. 

>» improved Euler Formula. A better approximate formula for the solution of initial value 

problem (1) can be obtained if the definite integral in equation (2) is approximated more 

accurately. One way to do this is to replace the integrand by the average of its values 
: 1 nek : 

at the two endpoints, namely, 5 Cf (tn $ (tn) + f (tn41,¢ (tn41))). This is equivalent to 

approximating the area under the curve in Figure 8.2.1 between t = t, and t = t,, 1 by 

the area of the shaded trapezoid. Further, we replace $(t,) and $(t, , ;) by their respective 

approximate values y, and y, , ;. In this way we obtain, from equation (2), 

ths + t f Ja ee f (tns yn) a n+1 Yn+1) (4) 

y' =F it, pt) 

Fens rar) 

(tu bl, iin. dts) 5 (f (tn, Plté,)) + 
Fitna P(tn41))) 

GATEEREZB Derivation of the improved Euler method. 

Since the unknown y, +; appears as one of the arguments of f on the right-hand side of 
equation (4), this equation defines y, , ; implicitly rather than explicitly. Depending on 
the nature of the function f, it might be fairly difficult to solve equation (4) for y, 4 1. This 
difficulty can be overcome by replacing y, , ; on the right-hand side of equation (4) by the 
value obtained using the Euler formula (3). Thus 

Vins Sha or 

=ynt+ Sn +f (th te Yn + hin) (5) 

f (tn Yn) +f (tn thn + hf (tins Yn), 

2 

where f,,  ; has been replaced by t,, + h. 
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Equation (5) gives an explicit formula for computing y, 41, the approximate value of 
P(tn + 1), in terms of the data at t,. This formula is known as the improved Euler formula 
or the Heun! formula. The improved Euler formula is an example of a two-stage method; 
that is, we first calculate y,, + hf, from the Euler formula and then use this result to calculate 
Yn +1 from equation (5). 

The improved Euler formula (5) is an improvement over the Euler formula (3) because 
the local truncation error in using equation (5) is proportional to h?, while for the Euler 

method it is proportional to h?. This error estimate for the improved Euler formula is 
established in Problem 12. It can also be shown that for a finite interval, the global 

truncation error for the improved Euler formula is bounded by a constant times h?, so this 

method is a second-order method. Note that this greater accuracy is achieved at the expense 

of more computational work, since it is now necessary to evaluate f(t, y) twice in order to 

go from t,, to ty, +4. 

If f(t, y) depends only on ¢ and not ony, then solving the differential equation y’ = f(t, y) 

reduces to integrating f(t). In this case the improved Euler formula (5) becomes 

Yast =Int oF (tn) +f (in +h), (6) 
which is just the trapezoid rule for numerical integration. 

EXAMPLE 8.2.1 

Use the improved Euler formula (5) with step sizes of h = 0.025 and h = 0.01 to calculate 

approximate values of the solution of the initial value problem 

y =1-t+4y, y(0)=1. (7) 

on the interval 0 < t <2. 

Solution: 

To make clear exactly what computations are required, we show a couple of steps in detail. For this 

problem f(t, y) = 1 —t + 4y; hence 

Sn =1-tht+4¥n 

and 

f (tn + As Yn + hfn) =1- (th + +40n + hhr): 

Further, fy = 0, yp = 1, and fy = 1 — ty + 4y = 5. When h = 0.025, then 

f (to +A, Yo + hfo) = 1— 0.025 + 4(1 + (0.025)(5)) = 5.475. 

Then, from equation (5), 

yy = 1+ (0.5)(5 + 5.475)(0.025) = 1.1309375. (8) 

At the second step we must calculate 

fi =1— 0.025 + 4(1.1309375) = 5.49875, 

y, + hf, = 1.1309375 + (0.025)(5.49875) = 1.26840625, 

a a
 

lThe formula is named for the German mathematician Karl Heun (1859-1929), who was a professor at 

Technische Hochschule Karlsruhe. 
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and 

f (toy + hf) = 1— 0.05 + 4 (1.26840625) = 6.023625. 

Then, from equation (5), 

Yo = 1.1309375 + (0.5)(5.49875 + 6.023625)(0.025) = 1.2749671875. (9) 

Further results for 0 < t < 2 obtained by using the improved Euler method with h = 0.025 and 

h = 0.01 are given in Table 8.2.1. To compare the results of the improved Euler method with those 

of the Euler method, note that the improved Euler method requires two evaluations of f at each 

step, while the Euler method requires only one. This is significant because typically, most of the 

computing time in each step is spent in evaluating f, so counting these evaluations is a reasonable 

way to estimate the total computing effort. Thus, for a given step size h, the improved Euler method 

requires twice as many evaluations of f as the Euler method. Alternatively, the improved Euler 

method for step size h requires the same number of evaluations of f as the Euler method for step 

size h/2. 
The approximate solutions shown in Table 8.2.1 confirm that the improved Euler method with 

h = 0.025 gives much better results than the Euler method with h = 0.01. Note that to reach 

t = 2 with these step sizes, the improved Euler method requires 160 evaluations of f, while the 

Euler method requires 200. More noteworthy is that the improved Euler method with h = 0.025 is 

also slightly more accurate than the Euler method with h = 0.001 (2000 evaluations of f). In other 

words, with something like one-twelfth of the computing effort, the improved Euler method yields 

results for this problem that are comparable to, or a bit better than, those generated by the Euler 

method. This illustrates that, compared to the Euler method, the improved Euler method is clearly 

more efficient, yielding substantially better results or requiring much less total computing effort, 

or both. 

The percentage errors at t = 2 for the improved Euler method are 1.23% for h = 0.025 and 0.21% 

for h = 0.01. 

A Comparison of Results Using the Euler and Improved 

TABLE 8.2.1 Euler Methods for the Initial Value Problem y’ = 1 — t + 4y, 

y(0) =1 
Improved Euler 

h = 0.025 h=0.01 

0.0 1.0000000 1.0000000 1.0000000 1.0000000 1.0000000 

0.1 1.5952901 1.6076289 1.6079462 1.6088585 1.6090418 

0.2 2.4644587 2.5011159 2.5020618 2.5047827 2.5053299 

0.3 3.7390345 3.8207130 3.8228282 3.8289146 3.8301388 

0.4 5.6137120 5.7754845 5.7796888 5.7917911 5.7942260 

0.5 8.3766865 8.6770692 8.6849039 8.7074637 8.7120041 

1.0 60.037126 64.382558 64.497931 64.830722 64.897803 

LS 426.40818 473.55979 474.83402 478.51588 479.25919 

2.0  3029.3279 3484.1608 3496.6702 3532.8789 3540.2001 
eee 

A computer program for the Euler method can be readily modified to implement the 
improved Euler method instead. All that is required is to replace Step 6 in the algorithm in 
Section 8.1 by the following: 

The Improved Euler Method 

Step 6. kl = f(y) 

k2=f(t+thy+hx*kl) 

y=yt(h/2) *(k1 + k2) 

t=tt+h 
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> Variation of Step Size. In Section 8.1 we mentioned the possibility of adjusting the step 
size as a calculation proceeds so as to maintain the local truncation error at a more or less 
constant level. The goal is to use no more steps than necessary and, at the same time, to 
keep some control over the accuracy of the approximation. Here, we will describe how this 
can be done. First, we choose the error tolerance ¢, which is the local truncation error that 
we are willing to accept. Suppose that after n steps we have reached the point (t,,, y,). We 
choose a step size h and calculate y, ,. 1. Next we need to estimate the error we have made in 
calculating y, , ;. Not knowing the actual solution, the best that we can do is to use a more 
accurate method and repeat the calculation starting from (t,, y,). For example, if we used 
the Euler method for the original calculation, we might repeat it with the improved Euler 
method. Then the difference between the two calculated values is an estimate e°! , of the 
error in using the original method. If the estimated error is larger than the error tolerance ¢, 
then we adjust the step size and repeat the calculation. The key to making this adjustment 

efficiently is knowing how the local truncation error e, , ; depends on the step size h. For 

the Euler method, the local truncation error is proportional to h, so to bring the estimated 

error down (or up) to the tolerance level ¢, we must multiply the original step size by the 

est factor 4/€/ep. 1. 

To iJlustrate this procedure, consider the example problem (7): 

y =1-t+4y, yQO)=1. 

Suppose that we choose the error tolerance ¢€ to be 0.05. You can verify that after one step 

with h = 0.1, we obtain the values 1.5 and 1.595 from the Euler method and the improved 

Euler method, respectively. Thus the estimated error in using the Euler method is 0.095. 

Since this is larger than the tolerance level of 0.05, we need to adjust the step size downward 

by the factor -/ 0.05/0.095 = 0.73. Rounding downward to be conservative, let us choose the 

adjusted step size h = 0.07. Then, from the Euler formula, we obtain 

y, = 1+ (0.07) f (0,1) = 1.35 = $(0.07). 

Then, using the improved Euler method with h = 0.07, we obtain y, = 1.39655, so the 

estimated error in using the Euler formula is 0.04655, which is slightly less than the 

specified tolerance. The actual error, based on a comparison with the exact solution, is 

somewhat greater, namely, 0.05122. 

We can follow the same procedure at each step of the calculation, thereby keeping the 

local truncation error approximately constant throughout the entire numerical process. 

Modern adaptive codes for solving differential equations adjust the step size in very much 

this way as they proceed, although they usually use more accurate formulas than the Euler 

and improved Euler formulas. Consequently, they are able to achieve both efficiency and 

accuracy by using very small steps only where they are really needed. 

Problems 
1. @ Complete the calculations leading to the entries in columns 3. y=yt+2t, yo=1 

four and five of Table 8.2.1. 4. y'=3y-4t, y0)=1 
2 

In each of Problems 2 through 6, find approximate values of the 5 y= = = , y)=1 

solution of the given initial value problem at t = 0.1, 0.2, 0.3, and 

0.4. Compare the results with those obtained by the Euler method 

and the backward Euler method in Section 8.1 and with the exact 

solution (if available). 

6. y =(?—y*)sin(y), y()=-2 

In each of Problems 7 through 11, find approximate values of the 

solution of the initial value problem at t = 0.5, 1.0, 1.5, and 2.0. 

a. © Use the improved Euler method with h = 0.05. 

b. @ Use the improved Euler method with h = 0.025. 

c. (Use the improved Euler method with h = 0.0125. 

a. @ Use the improved Euler method with h = 0.025. 

b. (9 Use the improved Euler method with h = 0.0125. 

7. y =1-t+2y, y(0)=-0.001 
2, y=2+t-y, yO0)=1 
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13. 

.y¥ =3t-2/y, yO)=1 

y=rt+y, yO)=3 

_y =2t+e-%, yO)=1 
3—ty 

‘= = —2 ei ye y(0) 

. In this problem we establish that the local truncation error for 

the improved Euler formula is proportional to h>. If we assume 

that the solution ¢ of the initial value problem y’= f(t, y), 

(ty) = Yo has derivatives that are continuous through the third 

order (f has continuous second partial derivatives), then it 

follows that 

Whe en t= 

$ (tn th) = (ta) +H! (taht Ohta) “ alae 

where t,, < ft, <t, +h. Assume that y, = f(ty). 

a. Show that, for y, ,, as given by equation (5), 

eCn+1 = $ (tn41) = Wace 

= ¢" (tn) US Gf (tn ar h, Yn AF hf (ths Yn)) = fn Yn) p 

2! 
i o” (&) 3 

3! : 

b. Use the facts that ’(t) = f(t, 6) + fy $()¢'(/ and that 

the Taylor approximation with a remainder for a function 

F(t, y) of two variables is 

(10) 

F(a+h,b+k)=F(a,b)+F (a,b)h+F, (a, b)k 
1 + 5 (WR, + 2hkFy + PRy)) Rie 

where é lies between a and a + h, and 7 lies between b and 

b + k, to show that the first term on the right-hand side of 

equation (10) is proportional to h? plus higher-order terms. 

This is the critical estimate needed to prove that the local 

truncation error is proportional to h’. 

c. Show that if f(t, y) is linear in t and y, then e,,,; = 
1 
rae (f,) h for some f, with th < ty <th41- 

Hint: What are fi, fi, and fy? 

Consider the improved Euler method for solving the illustrative 

initial value problem y’ = 1 — t + 4y, y(0) = 1. 

a. Using the result of Problem 12c and the exact solution of the 

initial value problem, determine e, ,, and a bound for the 

error at any step on0 <t <2. 

b. Compare the error found in a with the one obtained in 

equation (27) of Section 8.1 using the Euler method. 

c. Also obtain a bound for e, for h = 0.05, and compare it with 

equation (28) of Section 8.1. 

In each of Problems 14 and 15, 

a. Use the actual solution ¢(t) to determine e, ,; and a bound for 

€, +1 at any step on 0 <t <1 for the improved Euler method for 

the given initial value problem. 

b. Also obtain a bound for e; for h = 0.1, and compare it with the 

similar estimate for the Euler method and with the actual error 

for the improved Euler method. 

14. y=1-t+2y, yO)=1 

15, y=3y—1,, yo)=1 

In each of Problems 16 through 19, carry out one step of the Euler 

method and of the improved Euler method, using the step size h = 

0.1. Suppose that a local truncation error no greater than ¢ = 0.0025 

is required. Estimate the step size that is needed for the Euler method 

to satisfy this requirement at the first step. 

16. My’ =05-t+2y, y()=1 

17. My’ =5t-3Vy, y)=2 

18. My'=Vt+y, y(0)=3 

,_ y+t 19. Oy = 5S, y@=1 
20. The modified Euler formula for the initial value problem 

y’ = f(t, y), Wo) = Yo is given by 

ut 1 Yast = In thf (tn + 52Yn + SMP (ns In)). 

Following the procedure outlined in Problem 12, show that the local 

truncation error in the modified Euler formula is proportional to h?. 

In each of Problems 21 through 24, use the modified Euler formula 

of Problem 20 with h = 0.05 to compute approximate values of the 

solution of the given initial value problem at t = 0.1, 0.2, 0:3, and 0.4. 

21. My’ =24+t+y, yO)=1 

22. My =5t-2/y, yo) =2 

23. My’ =2y+3t, yO)=1 

24. My’ =3y-4t, wo)=1 

25. Show that the modified Euler formula of Problem 20 is identical 

to the improved Euler formula of equation (5) for y’ = f(t, y) iff 

is linear in both t and y. 

8.3 | THE RUNGE-KUTTA METHOD 

The Euler formula, the backward Euler formula, and the improved Euler formula were 
introduced, in Sections 8.1 and 8.2, as ways to numerically approximate the solution of the 
initial value problem 

y=f(t.y), y(to) =yo- (1) 



8.3 The Runge-Kutta Method 435 | 

The local truncation errors for these methods are proportional to h?, h?, and h3, respectively. ~ 
The Euler and improved Euler methods belong to what is now called the Runge-Kutta? class 
of methods. 

In this section we discuss the method originally developed by Runge and Kutta. This 
method is now called the classic fourth-order four-stage Runge-Kutta method, but it 
is often referred to simply as the Runge-Kutta method, and we will follow this practice for 
brevity. This method has a local truncation error that is proportional to h5. Thus it is two 
orders of magnitude more accurate than the improved Euler method and three orders of 
magnitude better than the Euler method. It is relatively simple to use and is sufficiently 
accurate to handle' many problems efficiently. This is especially true of adaptive Runge- 
Kutta methods, in which provision is made to vary the step size as needed. We return to 
this issue at the end of the section. 

The Runge-Kutta formula involves a weighted average of values of f(t, y) at four different 
points in the interval t, <t<t, 4. It is given by 

Kyi + 2kyo + 2ky3 +k ae = yn +n ( “na Ons Ent) (2) 

where 

Kn = i Ens Vi) 

1 it 
kno =f & + 5h Yn a5 shkn1) 

(3) 
1 1 kins =f (tn + 5h.n + shkn2), 

Kna = ha SP hy Vin =F hky3) : 

il ‘ 
The sum 7A (Kyi + 2ky2 + 2ky3 + ky4) can be interpreted as an average slope. Note that k,, 

is the slope at the left end of the interval, k,,. is the slope at the midpoint using the Euler 

formula to go from t, tot, + h/2,k,3 isa second approximation to the slope at the midpoint, 

and k,,4 is the slope at t, + h using the Euler formula and the slope k,,3 to go from ft, to 

t, th. 

Although in principle it is not difficult to show that equation (2) differs from the Taylor 

expansion of the solution ¢ by terms that are proportional to h°, the algebra is rather 

lengthy.* Thus we simply state without proof that the local truncation error in using 

equation (2) is proportional to h° and that for a finite interval the global truncation error 

is at most a constant times h*. The earlier description of this method as a fourth-order 

four-stage method reflects the facts that the global truncation error is of fourth order in the 

step size h and that there are four intermediate stages in the calculation (the calculation of 

beeen kag 

It is obvious that the Runge-Kutta formula, equations (2) and (3), is more complicated 

than any of the formulas discussed previously. This is of relatively little significance, 

however, since it is not hard to write a computer program to implement this method. 

Such a program has:the same structure as the algorithm for the Euler method outlined 

in Section 8.1. To be specific, the lines in Step 6 in the Euler algorithm must be replaced by 

the following: 

2Carl David Runge (1856-1927), a German mathematician and physicist, worked for many years in spec- 

troscopy. The analysis of data led him to consider problems in numerical computation, and the Runge-Kutta 

method originated in his paper on the numerical solution of differential equations in 1895. The method . 

was extended to systems of equations in 1901 by Martin Wilhelm Kutta (1867-1944). Kutta was a German 

mathematician and aerodynamicist who is also well known for his important contributions to classical airfoil 

theory. 

3See, for example, Chapter 3 of the book by Henrici listed in the references. 
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The Runge-Kutta Method 

k1=f (t,y) 
k2 = f (t +h/2,y + (h/2) *k1) 

k3 = f (t +h/2,y + (h/2) * k2) 

k4=f(tthy+hxk3) 

y=yt(h/6) *(k1+2*k2+2%*k3+k4) 

t=tt+h 

Note that if f does not depend on y, then 

h ket =F tn» Kn2= kins =F (tu+5)s kng = Stn +P (4) 

and equation (2) reduces to 

h h Yue —In =F (fn) +4f (tn + Z) + Fn +4): (5) 

Equation (5) can be identified as Simpson’s* rule for the approximate evaluation of the 

integral of y’ = f(t). The fact that Simpson’s rule has an error proportional to h? is consistent 

with the local truncation error in the Runge-Kutta formula. 

EXAMPLE 8.3.1 

Use the Runge-Kutta method to calculate approximate values of the solution y = ¢(¢) of the initial 

value problem 

y =1-t+y, yO=1. (6) 

Solution: 

Taking h = 0.2, we have 

1 
kon eer fO, 1) = 2; 5 hko = 02; 

Ko. = f (0+ 0.1,1 + 0.2) = 2.1; shtko2 = 0.21, 

Ko3 = f (0+ 0.1,1 + 0.21) = 2.21; hk; =.0.422, 

kos = f (0 + 0.2,1 + 0.422) = 2.222. 

Thus 

0.2 
Wy = 1+ = (2+ 2(2.1) +2 (2.21) + 2.222) 

= 1+ 0,428 = 1.428 

Further results using the Runge-Kutta method with h = 0.2, h = 0.1 and h = 0.05 are given in 
Table 8.3.1. Note that the Runge-Kutta method yield a value at t = 2 that differs from the exact 
solution by only 0.64509593% if the step size is h = 0.1 and by only 0.000029% if h = 0.05. 

To compare the computational requirements of these methods, note that both the Runge-Kutta 
method with h = 0.05 and the improved Euler method with h = 0.025 require 160 evaluations of f 
to reach t = 2. The improved Euler method yields a result at t = 2 that is in error by 1.98%. Although 
this error may be acceptable for some purposes, it is more than 135 times the error yielded by the 

aaa a Se 

4Simpson’s rule is named for Thomas Simpson (1710-1761), an English mathematician and textbook author, 
who published it in 1743. 
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Runge-Kutta method with comparable computing effort. Note also that the Runge-Kutta method 
with h = 0.2, or 40 evaluations of f, produces a value at t = 2 with an error of 1.60%, which is only 
slightly greater than the error in the improved Euler method with h = 0.025, or 160 evaluations 
of f. Thus we see again that a more accurate algorithm is more efficient; it produces better results 
with similar effort, or similar results with less effort. 

A Comparison of Results for the Numerical 
TABLE 8.3.1 Approximation of the Solution of the Initial 

Value Problem y’ = 1-—t+y,y(0)=1 

Improved Euler Runge-Kutta 

h = 0.025 h=0.1 h = 0.05 Exact 

0.0 1.0000 1.0000 1.0000 1.0000 1.000000 

0.1 1.0503 1.0402 1.2052 1.1013 1.205171 

0.2 1.0994 1.4484 1.4214 1.2026 1.421403 

0.3 1.1472 1.9248 1.6499 1.304 1.649859 

0.4 1.1936 2.4845 1.8919 1.4055 1.891825 

0.5 1.2387 3.146 2.1488 1.5071 2.148721 

1.0 1.2824 3.9318 2.4222 1.6087 3.718282 

1.5 1.3145 4.7809 2.6718 1.6899 5.981689 

2.0 1.3348 5.7073 2.895 1.7496 9.389056 

The classic Runge-Kutta method suffers from the same shortcoming as other methods 

with a fixed step size for problems in which the local truncation error varies widely over 

the interval of interest. That is, a step size that is small enough to achieve satisfactory 

accuracy in some parts of the interval may be much smaller than necessary in other parts 

of the interval. This has stimulated the development of adaptive Runge-Kutta methods that 

provide for modifying the step size automatically as the computation proceeds, so as to 

maintain the local truncation error near or below a specified tolerance level. As explained in 

Section 8.2, this requires the estimation of the local truncation error at each step. One way to 

do this is to repeat the computation with a fifth-order method—which has a local truncation 

error proportional to h°—and then to use the difference between the two results as an 

estimate of the error. If this is done in a straightforward manner, then the use of the fifth- 

order method requires at least five more evaluations of f at each step, in addition to those 

required originally by the fourth-order method. However, if we make an appropriate choice 

of the intermediate points and the weighting coefficients in the expressions for ky, ... , kn4 

in a certain fourth-order Runge-Kutta method, then these expressions can be used again, 

together with one additional stage, in a corresponding fifth-order method. This results in a 

substantial gain in efficiency. It turns out that this can be done in more than one way. 

The first fourth- and fifth-order Runge-Kutta pair was developed by Erwin Fehlberg> 

in the late 1960s and is now called the Runge-Kutta-Fehlberg, or RKF,° method. The 

popularity of the RKF method was considerably enhanced by the appearance in 1977 of 

its Fortran implementation RKF45 by Lawrence F. Shampine and H. A. Watts. The RKF 

method and other adaptive Runge-Kutta methods are very powerful and efficient means of 

approximating numerically the solutions of an enormous class of initial value problems. 

Specific implementations of one or more of them are widely available in commercial 

software packages. 

5Erwin Fehlberg (1911-1990) was born in Germany, received his doctorate from the Technical University 

of Berlin in 1942, emigrated to the United States after World War II, and was employed by NASA for many 

years. The Runge-Kutta-Fehlberg method was first published in a NASA Technical Report in 1969. 

6The details of the RKF method may be found, for example, in the books by Ascher and Petzold and by 

Mattheij and Molenaar that are listed in the References 
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Problems. ——————— 

1. @ Confirm the results in Table 8.3.1 by executing the indicated 7. y =1+t+2y, yO)=1 

computations. 8. y =5t-A/y, y(O)=2 

In each of Problems 2 through 6, find approximate values of the 9. y=ytty, yO=1 

solution of the given initial value problem at ft = 0.1, 0.2, 0.3, and 10. y' =2t+e'Y, yO)=1 

0.4. Compare the results with those obtained by using other methods lL. y’ =(y? +ty)/ (241), yO)=1 

and with the exact solution (if available). 12. Consider the initial value problem 

a. @ Use the Runge-Kutta method with h = 0.1. 
: = ss ft py, (0) =1. 

b. @) Use the Runge-Kutta method with h = 0.05. VE AUF AZ 

ees eet Ly yO) = 1 a. © Draw a direction field for this equation. 

See ty 0) = 2 b. @ Use the Runge-Kutta method or another method to find 

ay = 3) — At 0) =1 approximate values of the solution at t = 0.8, 0.9, and 0.95. 

5. y =(y? +ty)/(2+17), yO)=1 Choose a small enough step size so that you believe your 

6. y= (0? = y?) sin(y), y(0)=-1 results are accurate to at leat four ces 

c. Try to extend the calculations in part b to obtain an accurate 

In each of Problems 7 through 11, find approximate values of the approximation to the solution at t = 1. If you encounter 

solution of the given initial value problem at t = 0.5, 1.0, 1.5, and difficulties in doing this, explain why you think this happens. 

2.0. Compare the results with those obtained by other methods and The direction field in part a may be helpful. 

with the exact solution (if available). 

a. () Use the Runge-Kutta method with h = 0.1. 

b. @ Use the Runge-Kutta method with h = 0.05. 

8.4 | MULTISTEP METHODS 

In previous sections we have discussed numerical procedures for approximating the solu- 

tion of the initial value problem 

y =f(t.y), y (to) = Yo, (1) 

in which data at the point t = t,, are used to calculate an approximate value of the solution 

P(t, +1) at the next mesh point t = t,, , ;. In other words, the calculated value of the exact 

solution ¢ at any mesh point depends only on the data at the preceding mesh point. Such 

methods are called one-step methods. However, once approximate values of the. exact 

solution y = f(t) have been obtained at a few points beyond fo, it is natural to ask whether we 

can make use of more of this information—not just the value at the last point—to calculate 

the value of $(¢) at the next point. Specifically, ify, at t), yz at fa, ...,y, at t, are known, how 

can we use this information to determine y, , ; at ty 4 1? Methods that use information at 

more than the last mesh point are referred to as multistep methods. In this section we will 

describe two types of multistep methods: Adams’ methods and backward differentiation 
methods. Within each type, we can achieve various levels of accuracy, depending on the 
number of preceding data points that are used. For simplicity, we will assume throughout 
our discussion that the step size h is constant. 

7John Couch Adams (1819-1892), an English mathematician and astronomer, is most famous as codiscov- 
erer, with Joseph Leverrier, of the planet Neptune in 1846. He was associated with Cambridge University for 
most of his life, as student (1839-1843), fellow, Lowdean Professor, and director of the Observatory. Adams 
was extremely skilled at computation; his procedure for numerical integration of differential equations 
appeared in 1883 in a book on capillary action written with Francis Bashforth. 
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> Adams Methods. Recall that the solution f(t) of the initial value problem (1) satisfies 

tn+1 

$(tn+i) —$ (tn) = | g' (t) dt. (2) 
tn 

The basic idea of an Adams method is to approximate ¢'(t) by a polynomial P,(t) of degree 
k and to use the polynomial to evaluate the integral on the right-hand side of equation (2). 
The coefficients in P,(t) are determined by using k + 1 previously calculated data points. 

For example, suppose that we wish to use a first-degree polynomial P, (t) = At + B. Then 
we need only the two data points (t,, y,) and (ty — 1, ¥p — 1). For P, to interpolate ¢’ at both 
t=t, and t = t, _ 1, we require both that P,(t,) = $'(t,) = f(tn, yp) and that P,(t, 1) = 
P' (tn —1) =f (tn — 1. Yn — 1)- Recall that we denote F(t, yj) by f; for an integer j. Thus A and B 
must satisfy the equations 

Atn +B= fh; 
(3) 

Atn-1 + B= fyi. 

Solving for A and B, we obtain 

is Sn ie Sn-1 and B= Sn-itn Be Sntn=1 (4) 

h h 

Replacing ¢’(t) by P;(t) and evaluating the integral in equation (2), we find that 

tn+1 

$ (nei) — O(n) = | (At+B)dt = 3 (Ry, — 18) + Blues ~ tn. 
tn 

Finally, we replace (t, +1) and $(t,) by y, 41 and y,, respectively, and carry out some 

algebraic simplification. For a constant step size h, we obtain 

3 1 
Yn+1 = Yn + 53 fn ai 5 /In-1- (5) 

Equation (5) is the second-order Adams-Bashforth® formula. It is an explicit formula 

for y, +; in terms of y, and y, _, and has a local truncation error proportional to h°. 

We note in passing that the first-order Adams-Bashforth formula, based on the 

polynomial Po(t) =f, of degree zero, is just the original Euler formula. (See Problem 11a.) 

More accurate Adams formulas can be obtained by following the procedure outlined 

above, but using a higher degree polynomial and correspondingly more data points. For 

example, suppose that a polynomial P3(t) of degree three is used. The coefficients are 

determined from the four points (ty, Vn), (tr —1 Yn — 1)» (tn —2» Yn —2), and (ty — 3, Yn — 3)- 

Substituting this polynomial for ¢’(t) in equation (2), evaluating the integral, and simplify- 

ing the result, we eventually obtain the fourth-order Adams-Bashforth formula 

h 
Yn+1 = Yn ag 4 G5 fp S90 fpen +t 37 [ns one) (6) 

The local truncation error of this fourth-order formula is proportional to h°. 

A variation on the derivation of the Adams-Bashforth formulas gives another set of 

formulas called the Adams-Moulton’? formulas. To see the difference, let us again 

8 Francis Bashforth (1819-1912), English mathematician and Anglican priest, was a classmate of J.C. Adams 

at Cambridge. He was particularly interested in ballistics and invented the Bashforth chronograph for 

measuring the velocity of artillery projectiles. 

°Forest Ray Moulton (1872-1952), an American astronomer and administrator of science, was for many years 

professor of astronomy at the University of Chicago. During World War I, he was in charge of the Ballistics 

Branch of the U.S. Army at Aberdeen (MD) Proving Ground. In the course of calculating ballistics trajectories 

he devised substantial improvements in the Adams formula. 
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consider the second-order case. Again we use a first-degree polynomial Q,(t) = at + B, but 

we determine the coefficients by using the points (t,, y,) and (tn 41> Yn+ 1): Thus a and 6 

must satisfy 

ath +B = fn, (7) 

Ath41 +B = fn4i 

and it follows that 

ts fn+1 a Jn B nt fntn+1 = Sn+itn (8) 

i h h 

Substituting Q,(t) for $’(1) in equation (2) and simplifying, we obtain 

1 it 
Yn+1 = Yn + 5lIn ats shf (tn41>Yn+1): (9) 

which is the second-order Adams-Moulton formula. We have written f(t, +1, ¥n+1) in 

the last term to emphasize that the Adams-Moulton formula is implicit, rather than explicit, 

since the unknown y, , ; appears on both sides of the equation. The local truncation error 

for the second-order Adams-Moulton formula is proportional to h°. 

The first-order Adams-Moulton formula is just the backward Euler formula, as 

you might anticipate by analogy with the first-order Adams-Bashforth formula. (See 

Problem 11b.) 

More accurate higher order formulas can be obtained by using an approximating 

polynomial of higher degree. The fourth-order Adams-Moulton formula, with a local 

truncation error proportional to h°, is 

h 
Yn+1 = Yn + 4 (Capea ipo Ry) Pes Naas (10) 

Observe that this is also an implicit formula, because y,, , ; appears in f;, 4 1. 

Although both the Adams-Bashforth and Adams-Moulton formulas of the same order 

have local truncation errors proportional to the same power of h, the Adams-Moulton 

formulas of moderate order are in fact considerably more accurate. For example, while 

the two fourth-order formulas (6) and (10) both have local truncation errors proportional 

to h°, the proportionality constant for the Adams-Moulton formula is less than ats of the 

proportionality constant for the Adams-Bashforth formula. se 

Is it better to use the explicit (and faster) Adams-Bashforth formula or the more accurate 

but implicit (and slower) Adams-Moulton formula? The answer depends on whether, 

by using the more accurate formula, you can increase the step size, and thereby reduce 
the number of steps enough to compensate for the additional computations required at 
each step. 

In fact, numerical analysts have attempted to achieve both simplicity and accuracy by 
combining the two formulas in what is called a predictor-corrector method. Once y,, _ 3, 
Yn —2»Yn—1,and y, are known, we can compute f;, -3,fn—2,fn—1,andf,,, and then use the 
Adams-Bashforth (predictor) formula (6) to obtain a first value for y,, +1. Then we compute 
f+. and use the Adams-Moulton (corrector) formula (10), which is no longer implicit, to 
obtain an improved value of y, , ;. We can, of course, continue to use the corrector formula 
(10) ifthe change iny,, , ; is too large. However, if it is necessary to use the corrector formula 
more than once or perhaps twice, it means that the step size h is too large and should 
be reduced. 

In order to use any of the multistep methods, it is necessary first to calculate a few Yj 
by some other method. For example, the fourth-order Adams-Moulton method requires 
values for y,; and y2, while the fourth-order Adams-Bashforth method also requires a value 
for y3. One way to proceed is to use a one-step method of comparable accuracy to calculate 
the necessary starting values. Thus, for a fourth-order multistep method, we might use the 



fourth-order Runge-Kutta method to calculate the starting values. This is the method used 
in the next example. 

Another approach is to use a low-order method with a very small h to calculate y,, and 
then to increase gradually both the order and the step size until enough starting values have 
been determined. 

EXAMPLE 8.4.1 

Consider again the initial value problem 

y =1-t+4y, . yO) =1. (11) 

With a step size of h = 0.1, determine an approximate value of the solution y = ¢(¢) at t = 0.4 
using the fourth-order Adams-Bashforth formula, the fourth-order Adams-Moulton formula, and 
the associated fourth-order predictor—-corrector method. 

Solution: 

For starting data, we use the values of y,, y2, and y3 found by the Runge-Kutta method. These are 

tabulated in Table 8.3.1. Next, calculating the corresponding values of f(t, y), we obtain 

oS, fo =5, 

y;, = 16089333, _f, = 7.3357332, 

Y> = 2.5050062, _f, = 10.820025, 

y3 = 3.8294145, _f; = 16.017658. 

Then, from the Adams-Bashforth formula, (6), we find that y, = 5.7836305. The exact value of the 

solution at t = 0.4, correct through eight digits, is 5.7942260, so the error is —0.0105955. 

The Adams-Moulton formula, (10), leads to the equation 

yq = 4.9251275 + 0.1594, 

from which it follows that y, = 5.7942676 with an error of only 0.0000416. 

Finally, using the result from the Adams-Bashforth formula as a predicted value of 4(0.4), we 

can then use equation (10) as a corrector. Corresponding to the predicted value of y,, we find that 

fis = 23.734522. Hence, from equation (10), the corrected value of y, is 5.7926721. This result is in 

error by —0.0015539, 

Observe that the Adams-Bashforth method is the simplest and fastest of these methods, since 

it involves only the evaluation of a single explicit formula. It is also the least accurate. Using the 

Adams-Moulton formula as a corrector increases the amount of calculation that is required, but 

the method is still explicit. In this problem the error in the corrected value of y, is reduced by 

approximately a factor of 7 (14.7%) when compared to the error in the predicted value. The Adams- 

Moulton method alone yields by far the best result, with an error that is about = as large (2.7%) 

as the error from the predictor-corrector method. 

_ Remember, however, that the Adams-Moulton method is implicit, which means that an 

equation must be solved at each step. In the problem considered here this equation is linear, so 

the solution is quickly, found, but in nonlinear problems this part of the procedure may be much 

more time-consuming. 
The Runge-Kutta method with h = 0.1 gives y, = 5.7927853 with an error of —0.0014407; see 

Table 8.3.1. Thus, for this problem, the Runge-Kutta method is comparable in accuracy to the 

predictor-corrector method. 

> Backward Differentiation Formulas. Another type of multistep method uses a poly- 

nomial P;(t) to approximate the solution ¢(t) of the initial value problem (1) rather than 

its derivative $’(t), as in the Adams methods. We then differentiate P,(t) and set PB. (tn41) 

equal to f(t, +1, Yn 41) to obtain an implicit formula for y, , ;. These are called backward 

differentiation formulas. These methods became widely used in the 1970s because of the 

8.4 Multistep Methods [ZZFW 
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work of C, William Gear!? on so-called stiff differential equations, whose solutions are very 

difficult to approximate by the methods discussed up to now; see Section 8.6. 

The simplest case uses a first-degree polynomial P,(t) = At + B. The coefficients are 

chosen so that P;(t,) and P;(t, 41) agree with the computed values of the solution y, and 

Yn +1) respectively: Py (ty) =p and Py(tn41)=Yn+41- Thus A and B must satisfy 

At, +B=Yn, (12) 

Atn41 + B= Yn41- 

Solving the linear algebraic equations (12) for A and B yields 

Oe a Yn nadune Yn+iln eet (13) 

Since P’ (t) = A, the requirement that P! (tr41) = f (tn41,Yn41) is just A = f(th41-Yn4 1): 

Equating this value of A and the value of A given in equation (13) and rearranging terms, 

we obtain the first-order backward differentiation formula 

Yn41 =n thf (tn41.Yn+1)- (14) 

Note that equation (14) is just the backward Euler formula that we first saw in Section 8.1. 

By using higher-order polynomials and correspondingly more data points, we can 

obtain backward differentiation formulas of any order. The second-order backward 

differentiation formula is 

1 
Yn+1 = 3 (4¥n — Yn-1 + 2hf (tn41,Yn+1)), (15) 

and the fourth-order backward differentiation formula is 

1 
Yn+1 = 56 (48yyn — 36Yn—1 + 16¥n-2 — 3Yn—3 + 12hf (tn41,Yn41))- (16) 

These formulas have local truncation errors proportional to h? and h°, respectively. 

EXAMPLE 8.4.2 

Use the fourth-order backward differentiation formula with h = 0.1 and the data given in 
Example 8.4.1 to determine an approximate value of the solution y = ¢(f) at t = 0.4 for the initial 
value problem (11). 

Solution: 

Using equation (16) with n = 3, h = 0.1, and with yo, ... , y; given in Example 8.4.1, we obtain 
the equation 

Ya = 4.6837842 + 0.1924. 

Thus 

¥4 = 5.7967626. 

een 

10C, William Gear (1935-), born in London, England, received his undergraduate education at Cambridge 
University and his doctorate in 1960 from the University of Illinois. He was a member of the faculty at the 
University of Illinois for most of his career and made significant contributions to both computer design and 
paimeaee analysis. His influential book on numerical methods for differential equations is listed in the 
eferences. 
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Comparing the calculated value with the exact value $(0.4) = 5.7942260, we find that the error 
is 0.0025366. This is somewhat better than the result using the fourth-order Adams-Bashforth 
method, but it is not as good as the result using the fourth-order predictor-corrector method, and 
not nearly as good as the result using the fourth-order Adams-Moulton method. 
sneer 

A comparison between one-step and multistep methods must take several factors into 
consideration. The fourth-order Runge-Kutta method requires four evaluations of f at 
each step, while the fourth-order Adams-Bashforth method (once past the starting values) 

requires only one, and the predictor-corrector method only two. Thus, for a given step size 

h, the latter two methods may well be considerably faster than Runge-Kutta. However, if 

Runge-Kutta is more accurate and therefore can use fewer steps, the difference in speed 

will be reduced and perhaps eliminated. 

The Adams-Moulton and backward differentiation formulas also require that the dif- 

ficulty in solving the implicit equation at each step be taken into account. All multistep 

methods have the possible disadvantage that errors in earlier steps can feed back into later 

calculations with unfavorable consequences. On the other hand, the underlying polynomial 

approximations in multistep methods make it easy to approximate the solution at points 

between the mesh points, should this be desirable. Multistep methods have become popular 

largely because it is relatively easy to estimate the error at each step and to adjust the order 

or the step size to control it. For a further discussion of such questions as these, see the 

books listed at the end of this chapter; in particular, Shampine (1994) continues to be an 

authoritative source. 

Sie iCMiseeiar es a 

In each of Problems 1 through 5, determine an approximate value of b. @ Use the fourth-order Adams-Moulton method with h = 0.05. 

the solution at t = 0.4 and tf = 0.5 using the specified method. For —_¢_ ) Use the fourth-order backward differentiation method with 
starting values, use the values given by the Runge-Kutta method; h=0.05. 

see Problems 2 through 6 of Section 8.3. Compare the results of . 

the various methods with each other and with the actual solution ye eye VO) = 1 
(if available). . y =S5t-2/y, y(0)=2 

6 

7 

a. @ Use the fourth-order predictor-corrector method with BSN EY, V0) 
9 Pe = a 

h = 0.1. Use the corrector formula once at each step. ave 2 a Y, y(0)=1 

b. @ Use the fourth-order Adams-Moulton method with h = 0.1. 10. y' = en - , y(0)=-2 

c. @ Use the fourth-order backward differentiation method with 11. a. Show that the first-order Adams-Bashforth method is the 
= 0x Euler method. 

1 y=2+t+y, yO=ul b. Show that the first-order Adams-Moulton method is the 

2. y' =St-2%fy, y(0)=2 backward Euler method. 

3. y' =3y-4t, W0)=1 12. Show that the third-order Adams-Bashforth formula is 

4. y' = (y? +2ty)/(3+02), y=05 . 
5 y’ aa ( + y?) cos (y) y(0) =] Yn+1 = Yn + 12 (23h, a 16fn-1 ar 5 fn-2)- 

In each of Problems 6 through 10, find approximate values of the 13. Show that the third-order Adams-Moulton formula is 

solution of the given initial value problem at t = 0.5, 1.0, 1.5, and 

2.0, using the specified method. For starting values, use the values Ynt1 = Yn + 4 (5frei + 8hr — fri): 

given by the Runge-Kutta method; see Problems 7 through 11 in 

Section 8.3. Compare the results of the various methods with each 14. Derive the second-order backward differentiation formula given 

other and with the actual solution (if available). by equation (15) in this section. 

a. @ Use the fourth-order predictor-corrector method with 

h = 0.05. Use the corrector formula once at each step. 
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8.5 | SYSTEMS OF FIRST-ORDER EQUATIONS 

So far in this chapter we have discussed only numerical methods for approximating 

the solution of an initial value problem associated with a single first-order differential 

equation. These methods can also be applied to a system of first-order differential equations. 

Since a higher-order differential equation can always be reduced to a system of first-order 

differential equations, it is sufficient to deal with systems of first-order differential equations 

alone. For simplicity, we consider a system of two first-order differential equations 

x =f (t,x.y), V =eex,y), (1) 

with the initial conditions 

X(to) = Xo, Y(to) =Yo- (2) 

The functions f and g are assumed to satisfy the conditions of Theorem 6.1.1 so that the 

initial value problem (1) has a unique solution in some interval of the t-axis containing the 

point to. We wish to determine approximate values x1, X2, ... , Xp, «-- ANd Yj, V2, «+ » Vn» + OF 

the solution x = g(t), y = (ft) at the points ¢, = tp + nh withn = 1, 2,.... 

In vector notation, the initial value problem (1) can be written as 

KeHi (x), x) axa (3) 

where x is the vector with components x and jy, f is the vector function with components f 

and g, and x is the vector with components xX, and yp. One advantage of the vector notation 

is that, regardless of the number of equations in the system, the initial value problem always 

has the same form. All that changes is the number of components in the vectors x, f, 

and Xo. 

The methods of the previous sections can be readily generalized to handle systems of 

two (or more) equations. All that is needed (formally) is to replace the scalar variable y by 

the vector x and the scalar function f by the vector function f in the appropriate equations. 

For example, the Euler formula becomes 

Xn+1 = Xn + hf, (4) 

where f,, = f(t, x;,), or, in component form, 

fas a (*") wy é ee) (5) 

Yn+1 Yn & (tn, Xn, Yn) 

The initial conditions are used to determine f) = f(to, Xo). The observation that fy = $(to) 
means that fp is the vector tangent to the graph of the solution x = $(t) at the initial point 
Xq in the xy-plane. The approximate solution moves in the direction of this tangent vector 
for a time step h in order to find the next point x,. Then we calculate a new tangent vector 
f, at x;, move along it for a time step h to find x), and so forth. 

In a similar way, the Runge-Kutta method can be extended to a system. For the step from 
ty to ty + 1 we have 

h 
Xn4+1 = Xn + 6 (Ky + 2Ky2 + 2ky3 + Kya), (6) 
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where 

Kni = (tn. Xn), 

h h 
ky2 = £(tn ata (5). fF (F) kn), 

h h 
k,3 = £(tn ate (5 ).%n + (F) kn), 

Kya = LC, sf hs xy, + hky3) ; 

(7) 

The formulas for the fourth-order Adams-Moulton predictor-corrector method as it applies 

to the initial value problem (1) is given in Problem 8. 

Building on the previous observation that every system of first-order differential equa- 

tions can be written in the form given in (3), equation (4) is the Euler formula and 

equations (6) and (7) are the fourth-order Runge-Kutta formulas for any system of first- 

order differential equations. All that changes is the number of components in the vectors. 

EXAMPLE 8.5.1 

Determine approximate values of the solution x = ¢(t), y = ~( of the initial value problem 

x’ =x+4y, x(0)=1 yo=S x+y, y(0)=0 

at the point t = 0.2. Use the Euler method with h = 0.1 and the Runge-Kutta method with h = 0.2. 

Compare the results with the values of the exact solution: 

—e + et 
$(t) = 2e%,() = —> 

Solution: 

Let us first use the Euler method. For this problem, f, =x, + 4y, and g, =x, +y,; hence 

fo =X +4¥ and go =X +M =1. 

Then, from the Euler formula (5), we obtain 

x) =1+(01)(1)=11 and y, =0+(0.1)()=0.1. 

At the next step, 

f=11+(4O1)=15 and g,=11+01=122. 

Consequently, 

X, =114+(0.1)(1.5)=1.25 and y,=0.1+ (0.1) (1.2) = 0.22. 

‘i f= xi + 4y, = 1.25+(4)(0.12)=1.73 and gz = x2 +) = 1.37. 

The values of the exact solution, correct to four digits, are (0.2) = 3.6442 and ~ (0.2) = 0.2013. 

Thus the values calculated from the Euler method are in error by about 2.3242 and 0.0533, 

respectively, corresponding to percentage errors of about 1.76075758% and 0.02098%. 

Now let us use the Runge-Kutta method to approximate ¢ (0.2) and tp (0.2). To make use of the 

vector-valued equations (7), define 

a= ()o0-(23)-(223) = (0 
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With h = 0.2, we obtain the following values from equations (7): 

wv =*(o(2))=() : 
ko = e(04, (5) +0.1 (7) £(o3, al = (t2): 

kas = ¢(01,(5) +0.1 ie 3) = e(o. i 8 a) (tan) 

ko4 = F(02, (5) ee 02(t = r(02, (al) = (ea 

Then, substituting these values in equation (6), we obtain 

1 0.2 (/1 5 1.63 2.342 

A (5) are ((;) ne he i ey ah eel 
EADY) 
2 eA 

These values of x, and y, are in error by about 1.76075758 and 0.02098, respectively. 

This example again illustrates the great gains in accuracy that are obtainable by using a more 

accurate approximation method, such as the Runge-Kutta method. In the calculations we have just 

outlined, the Runge-Kutta method requires only twice as many function evaluations as the Euler 

method, but the error in the Euler method is about 200 times greater than that in the Runge-Kutta 

method. 

Problems 

In each of Problems 1 through 5, determine approximate values of 

the solution x = ¢(t), y = ~() of the given initial value problem at 

t= 0.2, 0.4, 0.6, 0.8, and 1.0. Compare the results obtained by different 

methods and different step sizes. 

a. @) Use the Euler method with h = 0.1. 

b. @ Use the Runge-Kutta method with h = 0.2. 

c. () Use the Runge-Kutta method with h = 0.1. 

x =3x+ty, y=xy; x0)=1,K0)=1 
ie Sipe thy abil S28, 5 O)S iL y@) = i 

x’ =x+yt+1,y’ =3x+2y-—xy,x(0)=0,y(0)=1 

x’ =x(x+y+1),y =y(x+y),x(0)=1,y0)=1 

. x’ =exp(x+y),y’ =sin(x+ y),x(0)=1,y(0) =1 

. @ Consider the problem from Example 8.6.1: x’ = x — 4y, 

y = -x + y with the initial conditions x(0) = 1 and y(0) = 0. 

Use the Runge-Kutta method to find approximate values of the 

solution of this problem on the interval 0 < t < 1. Start with h = 

0.2, and then repeat the calculation with step sizes h = 0.1, 0.05, ... , 

each half as long as in the preceding case. Continue the process 

until the first five digits of the solution at t = 1 are unchanged for 

successive step sizes. Determine whether these digits are accurate 

by comparing them with the exact solution given in equations (8) 

in the text. 

Aw PWN 

7. @ Consider the initial value problem 

x” +tx’ $3x=t, xO) =i x iO? 

Convert this problem to a system of two first-order equations, 

and determine approximate values of the solution at t = 0.5 and 

t = 1.0 using the Runge-Kutta method with h = 0.1. 

. @ Consider the general initial value problem x’ = f(t, x, y) and 

y’ = g(t, x, y) with x(t) = x) and Wty) = yp. The Adams-Moulton 

predictor-corrector method of Section 8.4 generalizes to 

i! 
Xn+1 = Xn + 54 (S5fnr—-59fn—1 + 37fn-2 - 9fn—3)» 

1 
Yn+1 = Yn + 54 1 (558n = S98n-1 + 378-7 — 98n-3) 

and 

1 
Xn+1 = Xp + 34 Ofn+1 +19 fn Sint Ineo): 

1 
Yn+1 = Yn + 742 O8n41 +196 Sn ea ae) 

Determine an approximate value of the solution at t = 0.4 for 
the example initial value problem x’ = x — 4y, y’ = —x + y with 
x(0) = 1, (0) = 0. Take h = 0.1. Correct the predicted value once. 
For the values of x;, ... , y3 use the values of the exact solution 
rounded to six digits: x, = 1.12735, x. = 1.32042, x; = 1.60021, 
1 = —0.111255, y, = —0.250847, and y; = —0.429696. 
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8.6 | MORE ON ERRORS; STABILITY 

In Section 8.1 we discussed some ideas related to the errors that can occur in a numerical 

approximation of the solution of the initial value problem 

y =f(ty), y(to) =yo- (1) 

In this section we continue that discussion and also point out some other difficulties that 

can arise. Some of the points that we wish to make are fairly difficult to treat in detail, so 

we will illustrate them by means of examples. 

> Truncation and Round-Off Errors. Recall that, for the Euler method with equal time 

steps of size h, we showed the local truncation error is proportional to h? and, for a finite 

interval, the global truncation error is at most a constant times h. In general, for a method 

of order p, the local truncation error is proportional to h? + | and the global truncation error 

on a finite interval is bounded by a constant times h?. For example, Euler’s method is an 

order 1 method. 

To achieve high accuracy, we normally use a numerical procedure for which p is 

fairly large, perhaps 4 or higher. As p increases, the formula used in computing y, 4 

normally becomes more complicated, and hence more calculations are required at each 

step. However, this is usually not a serious problem unless f(t, y) is very complicated or the 

calculation must be repeated very many times. 

If the step size h is decreased, the global truncation error is decreased by the same 

factor raised to the power p. However, as we mentioned in Section 8.1, if h is very small, a 

great many steps will be required to cover a fixed interval, and the global round-off error 

may be larger than the global truncation error. The situation is shown schematically in 

Figure 8.6.1. We assume that the round-off error R, is proportional to the number of 

computations performed and therefore is inversely proportional to the step size h. On the 

other hand, the truncation error E,, is proportional to a positive power of h. From equation 

(17) of Section 8.1, we know that the total error is bounded by |E,,| + IR,|; hence we wish 

to choose h so as to minimize this quantity. The optimum value of h occurs when the rate 

of increase of the truncation error (as h increases) is balanced by the rate of decrease of the 

round-off error, as indicated in Figure 8.6.1. 

Error 

|E,| + |R| 

Ropt 

The dependence of 
truncation error |E,| (black), round- 

off error IR, (blue), and total error 

|E,,| + IR,| (red) on the step size h. 

EXAMPLE 8.6.1 

Consider the example problem 

y =1-t+4y, y@)=1. (2) 



| 448 | Chapter 8 / Numerical Methods of Solving First Order Equations 

Using the Euler method with various step sizes, calculate approximate values for the solution 

o(t) at t= 0.5 and t = 1. Try to determine the optimum step size. 

Solution: 

Table 8.6.1 shows the results of applying Euler’s method for nine different values of h. The results 

were obtained using software configured to use only four significant digits. This was done on 

purpose to have round-off errors become significant for larger values of h than if more significant 

digits are used in floating-point operations. The first two columns are the step size h and the 

number of steps N required to traverse the interval 0 <t <1. Then yyj2 and yy are approximations 

to (0.5) = 8.712 and $(1) = 64.90, respectively. These quantities appear in the third and fifth 

columns. The fourth and sixth columns display the differences between the calculated values and 

the actual value of the solution. 

Approximations to the Solution of the Initial Value Problem 

TABLE 8.6.1 y’ =1-—t+4y,y(0) =1 Using the Euler Method with Different 

Step Sizes 

0.01 100 8.390 —0.322 60.12 —4.78 

0.005 200 8.551 —0.161 62.51 —2.39 

0.002 500 8.633 —0.079 63.75 =1.15 

0.001 1000 8.656 —0.056 63.94 0.96 

0.0008 1250 8.636 —0.076 63.78 112 

0.000625 1600 8.616 —0.096 64.35 =-0195 

0.0005 2000 8.772 0.060 64.00 —0.90 

0.0004 2500 8.507 0.205 63.40 =1.50 

0.00025 4000 8.231 0.481 56.77 OS 

For relatively large step sizes, the round-off error is much less than the global truncation error. 

Consequently, the total error is approximately the same as the global truncation error, which for 

the Euler method is bounded by a constant times h. Thus, as the step size is reduced, the error is 

reduced proportionally. The first three lines in Table 8.6.1 show this type of behavior. For h = 0.001 

the error has been further reduced, but much less than proportionally; this indicates that round- 

off error is becoming important. As h is reduced still more, the total error begins to fluctuate, and 

further improvements in accuracy become problematic. For values of h less than 0.0005, the error 

is clearly increasing; this is a clear indication that the round-off error is now the dominant part of 

the error. 

These results can also be expressed in terms of the number of steps N. For N less than about 

1000, accuracy is improved by taking more steps, while for N greater than about 2000, using more 

steps has an adverse effect. Thus for this problem it is best to use an N somewhere between 1000 
and 2000. For the calculations shown in Table 8.6.1, the best result at t = 0.5 occurs for N = 1000, 
while at tf = 1.0 the best result is for N = 1600. 

You should be careful not to read too much into the results shown in Example 8.6.1. The 
optimum ranges for h and N depend on the differential equation, the numerical method 
that is used, and the number of digits that are retained in floating-point calculations. 
Nevertheless, it is generally true that if too many steps are required in a calculation, then 
eventually round-off error is likely to accumulate to the point where it seriously degrades 
the accuracy of the procedure. For many problems this is not a concern: for them, any 
of the fourth-order methods we have discussed in Sections 8.3 and 8.4 will produce good 
results with a number of steps far less than the level at which round-off error becomes 
important. For some problems, however, round-off error does become vitally important. For 
such problems, the choice of method may be crucial. This is also one reason why modern 
codes provide a means of adjusting the step size as they go along, using a larger step size 
wherever possible and a very small step size only where necessary. 



8.6 More on Errors; Stability 449 | 

> Vertical Asymptotes. Asa second example, consider the problem of approximating the 
solution y = ¢(t) of 

y=? +y*, y()=1. (3) 

Since the differential equation is nonlinear, the existence and uniqueness theorem 
(Theorem 2.4.2) guarantees only that there is a solution in some interval about t = 0. Suppose 
that we try to compute an approximation to the solution of the initial value problem on the 
interval 0 < t < 1 using different numerical procedures. 

If we use the Euler method with h = 0.1, 0.05, and 0.01, we find the following approxi- 
mate values at t = 1: 7.189548, 12.32093, and 90.75551, respectively. The large differences 
among the computed values are convincing evidence that we should use a more accurate 
numerical procedure—the Runge-Kutta method, for example. Using the Runge-Kutta 

method with h = 0.1, we find the approximate value 735.0991 at t = 1, which is quite 

different from those obtained using the Euler method. Repeating the calculations using 

step sizes of h = 0.05 and h = 0.01, we obtain the information shown in Table 8.6.2. 

Approximations to the Solution of the 

TABLE 8.6.2 Initial Value Problem y’ = ?¢? + y’, 

y(0) = 1 Using the Runge-Kutta Method 

0.1 14.02182 735.0991 

0.05 iE pep lg, 1.75863 x 10° 

0.01 14.30478 2.0913 x 107899 

0,001 14.30486 

The values at t = 0.9 are reasonable, and we might well believe that the solution has a 

value of about 14.305 at t = 0.9. However, it is not clear what is happening between t = 0.9 

and t = 1.0. To help clarify this, let us turn to some analytical approximations to the solution 

of the initial value problem (3). Note that on0 <t <1, 

Vt ay ey (4) 

This suggests that the solution y = ¢,(t) of 

y=1+y*, y@)=1 (5) 

and the solution y = ¢,(t) of 

y=y’, yO)=1 (6) 

are upper and lower bounds, respectively, for the solution y = $(¢) of the original problem, 

since all these solutions pass through the same initial point. Indeed, it can be shown (for 

example, by the iteration method of Section 2.8) that $2(t) < $(£) < $1 (1) as long as these 

functions exist. The important thing to note is that we can solve initial value problems (5) 

and (6) for ¢, and ¢ by separation of variables. We find that 

(= tan(t+7), i=. (7) 

1 ; 
Thus ¢,(t) > co ast > 1, and ¢(t) > co ast > a = 0.785. These calculations show that 

5 7 

the solution of the original initial value problem exists at least for 0 < t < a and at most 
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for 0 <t<1.The solution of the problem (3) has a vertical asymptote for some tin a Seal 

and thus does not exist on the entire interval 0 <¢ <1. es 

Our numerical calculations, however, suggest that we can go beyond t = a? and 

probably beyond t = 0.9. Assuming that the solution of the initial value problem exists at 

t = 0.9 and has the value 14.305, we can obtain a more accurate estimate of what happens 

for larger t by considering the initial value problems (5) and (6) with y(0) = 1 replaced by 

y(0.9) = 14.305. Then we obtain 

$) (tf) = tan (t + 0.60100), (8) 
1 

$2 (1) = 996901 — 0 

where five decimal places have been kept in the calculation. Therefore, ¢,(t) — oo as 

t- a — 0.60100 & 0.96980 and ¢,(t) > oo as t > 0.96991. We conclude that the asymptote 

of the solution of the initial value problem (3) lies between these two values. This example 

illustrates the sort of information that can be obtained by a judicious combination of 

analytical and numerical work. 

> Stability. The concept of stability is associated with the possibility that small errors that 

are introduced in the course of a mathematical procedure may die out as the procedure 

continues. Conversely, instability occurs if small errors tend to increase, perhaps without 

bound. For example, in Section 2.5 we identified equilibrium solutions of a differential 

equation as (asymptotically) stable or unstable, depending on whether solutions that 

were initially near the equilibrium solution tended to approach it or to depart from it 

as t increased. Somewhat more generally, the solution of an initial value problem is 

asymptotically stable if initially nearby solutions tend to approach the given solution, and 

unstable if they tend to depart from it. Visually, in an asymptotically stable problem the 

graphs of solutions will come together, while in an unstable problem they will separate. 

If we are investigating an initial value problem numerically, the best that we can hope 

for is that the numerical approximation will mimic the behavior of the actual solution. We 

cannot make an unstable problem into a stable one merely by approximating its solution 

numerically. However, it may well happen that a numerical procedure will introduce 

instabilities that were not part of the original problem, and this can cause trouble in approx- 

imating the solution. Avoidance of such instabilities may require us to place restrictions on 

the step size h. 

To illustrate what can happen in the simplest possible context, consider the differential 

equation 

dy 
ie (9) 

where r is a constant. Suppose that in approximating the solution of this equation, we have 
reached the point (t,,, y,). Let us compare the exact solution of equation (9) that passes 
through this point, namely, 

f (t) = yn exp(r (t — ty)), (10) 

with numerical approximations obtained from the Euler formula 

Ynt1 =In +hf (tn yn) (11) 

and from the backward Euler formula 

Yn+1 =In thf (tn4iYn+1)- (12) 
From the Euler formula (11) we obtain 

Yn+1 =Yn t+ hryn = yn (1 +rh). (13) 
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Similarly, from the backward Euler formula (12) we have 

Yn+1 = Yn + hrynsi, 

or 

Yh 
Yna+1 = aa =), (1+ rh+(rhy+--), (14) 

Finally, evaluating the solution (10) at t, +h, we find that 

(rh) pin i $ (tn41) = yn exp (rh) = yy, (1 +rh+ 

Comparing equations (13), (14), and (15), we see that the errors y, , ; — $(t, 4.) in both the 

Euler formula and the backward Euler formula are of order h?, as the theory predicts. 

Now suppose that we change the value y, to y, + 6. Think, if you wish, of 6 as the 

error that has accumulated by the time we reach t = t,,. The question is whether this error 

increases or decreases in going one more step to ty + 1. 

For the exact solution (15), the change in ¢(t, , ;) due to the change 6 in y, is just 6 

exp(rh). This quantity is less than 6 if exp(rh) < 1, or in other words if r < 0. This confirms 

our conclusion in Chapter 2 that equation (9) is asymptotically stable ifr < 0, and is unstable 

ifr >0. 

For the backward Euler method, the change in y, , ; in equation (14) due to replacing 

Yn by y, + 6 is 5/(1 — rh). For r < 0 the quantity 1/(1 — rh) is always nonnegative and less 

than 1. Thus, if the differential equation is stable, then so is the backward Euler method for 

an arbitrary step size h. 

On the other hand, for the Euler method, the change in y,, , ; in equation (13) due to 

replacing y, by y, + 6 is 6(1 + rh). For r < 0 we can write 1 + rh as 1 — Irlh. Then the 

requirement that |1 + rh| < 1 is equivalent to 

tee riot. Ore O<i(rihi< 2. 

Consequently, h must satisfy h < Thus the Euler method is not stable for this problem = 

unless h is sufficiently small. A 

The restriction on the step size h in using the Euler method in the preceding example 

is rather mild unless |r| is quite large. Nonetheless, the example illustrates that it may be 

necessary to restrict h in order to achieve stability in the numerical method, even though 

the initial value problem itself is stable for all values of h. Problems for which a much 

smaller step size is needed for stability than for accuracy are called stiff. The backward 

differentiation formulas described in Section 8.4 (of which the backward Euler formula is 

the lowest order example) are the most popular formulas for dealing with stiff problems. 

The following example illustrates the kind of instability that can occur when we try to 

approximate the solution of a stiff problem. 

EXAMPLE 8.6.2 A Stiff Problem 

Consider the initial value problem 

y’ =-100y +100f+1, y(0)=1. (16) 

Find numerical approximations to the solution for 0 < t < 1 using the Euler, backward Euler, 

and Runge-Kutta methods. Compare the numerical results with the exact solution. 
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Solution: 

Since the differential equation is linear, it is easy to solve, 

problem (16) is 

and the solution of the initial value 

y= (t) a e7 100t of (17) 

A graph of the solution is shown in Figure 8.6.2. There is a thin layer (sometimes called a 

boundary layer) to the right of t = 0 in which the exponential term is significant and the solution 

varies rapidly. Once past this layer, however, #(t) = t and the graph of the Solution is essentially a 

straight line. The width of the boundary layer is somewhat arbitrary, but it is certainly small. At 

t = 0.1, for example, exp(—100t) = 0.000045. 

The solution of the initial value problem y’ = —100y + 

100t +1, y(0) =1. 

Some values of the solution ¢(f), correct to six significant digits, are given in the second column 

of Table 8.6.3. 

If we plan to approximate the solution (17) numerically, we might intuitively expect that a small 

step size will be needed only in the boundary layer. To make this expectation a bit more precise, 

recall from Section 8.1 that the local truncation errors for the Euler and backward Euler methods 

are proportional to ¢"(t). For this problem ¢”(t) = 104e7!°, which varies from a value of 10* at 
t = 0 to nearly zero for t > 0.2. Thus a very small step size is needed for accuracy near t = 0, but a 

much larger step size is adequate once ¢ is a little larger. 

Numerical Approximations to the Solution of the Initial Value 
TABLE 8.6.3 problem y’ = —100y + 100t +1, y(0) =1 

Euler Backward 

Euler h= Runge-Kutta Runge-Kutta Euler 
Exact h=0.025 0.0166... h=0.0333... h = 0.025 h=0.1 

0.0 1.000000 1.000000 —_ 1.000000 1.000000 1.000000 1.000000 

0.05 0.056738 2.300000 —0.246296 0.470471 

0.1 0.100045 5.162500 0.187792 10.6527 0.276796 0.190909 
0.2 0.200000 25.8289 0.207707 111.559 0.231257 0.208264 
0.4 0.400000 657.241 0.400059 1.24 x 104 0.400977 0.400068 
0.6 0.600000 1.68 x 10* 0.600000 1.38 x 10° 0.600031 0.600001 
0.8 0.800000 4.31 10° 0.800000 1.54 x 108 0.800001 0.800000 
1.0 1.000000 1.11 x 10’ 1.000000 L710! 1.000000 1.000000 

On the other hand, the stability analysis in equations (9) through (15) also applies to this 
problem. Since r = —100 for equation (16), it follows that for stability we need h < 2/Ir| = 0.02 
for the Euler method, but there is no corresponding restriction for the backward Euler method. 
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Some results obtained from the Euler method are shown in columns three (h = 0.025) and four 
(h = 0.01666 ...) of Table 8.6.3. The values for h = 0.025 are worthless because of instability, while 
those for h = 0.01666 ... are reasonably accurate for t > 0.2. However, comparable accuracy for this 
range of t is obtained for h = 0.1 by using the backward Euler method, as shown by the results in 
column seven of the table. 

The situation is not improved by using, instead of the Euler method, a more accurate one, such 
as Runge-Kutta. For this problem the Runge-Kutta method is unstable for h = 0.033 ... but stable 

for h = 0.025, as shown by the results in columns five and six of Table 8.6.3. 

The results given in the table for tf = 0.05 and for t = 0.1 show that in the boundary layer, a 

smaller step size is needed to obtain an accurate approximation. You are invited to explore this 

matter further in Problem 3. 

The following example illustrates some other difficulties that may be encountered in 

dealing with numerical approximations for unstable differential equations. 

EXAMPLE 8.6.3 

Consider the task of finding numerical approximations to two linearly independent solutions of 

the second-order linear differential equation 

y” —1077y = 0 (18) 

for t > 0. Note any difficulties that may arise. 

Solution: 

Since we contemplate a numerical approach to this problem, we first convert equation (18) into a 

system of two first-order differential equations so that we can use the methods of Section 8.5. Thus 

we let x; = yand x, = y’. In this way we obtain the system 

Beets ky = LON X], 

Ondt x = Ga2 x5)". 

0 1 
x’ — > (19) 

107? 0 

The eigenvalues and eigenvectors of the coefficient matrix in equation (19) are 

i= Vi07, ey = ( in)! b= -10z, ee a (_ rae) (20) 

so two linearly independent solutions of the system (19) are 

x (t) = ( Si) eVl0zt = x2 (t) = U in) (21) 

The corresponding solutions of the second-order differential equation (18) are the first components 

of x(t) and x(t): y, (t) = eV107t and y, (t) = e~V107t | respectively. 

We also wish to consider another pair of linearly independent solutions obtained by forming 

linear combinations of x®() and x?(0): 

(22) 
1 1 Sp cosh (V10zt) 

x(t) = 5x9 O+ 5x?) (1) = ae sinh (Vi0zt) 
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and 

sinh 4/10zt 

xO = oe (= 3° are (= a ra) Se 

Although the expressions for x(t) and x(t) are quite different, recall that for large t we have 

cosh (Vi0zt) = sein ‘ and sinh (Vi0zt) = sevm . Thus if ¢ is large enough and only a fixed 

number of digits are retained, then numerically the two vector functions xt) and x(t) look 

exactly the same. For instance, correct to eight digits, we have, for t = 1, 

sinh (vio7) = cosh (vior) = 10,315.894. 

If we retain only eight digits, then the two solutions x@)(¢) and x(t) are identical at = 1 

and indeed for all t > 1. Even if we retain more digits, eventually the two solutions will appear 

(numerically) to be identical. This phenomenon is called numerical dependence. 

Which solution a numerical method produces depends on the initial condition. In parce 
T 

x is obtained with the initial condition x (0) = (1, J 107) , x?) from x(0) = (1, —/ 107) x) 
T 

from x (0) = (1,0), and x) from x (0) = (0, 307) 
For the system (19) we can avoid the issue of numerical dependence by calculating instead 

the solutions x™(¢) and x(t). From equation (21) we know that x(t) is proportional to eV lone 

while x(t) is proportional to en Vi0re so they behave very differently as t increases. Even so, 

we encounter difficulty in calculating x(t) correctly on a large interval. Recall that x?(£) is the 
solution of equation (19) subject to the initial condition 

x(0) = [ Jin) (24) 

If we attempt to approximate the solution of the initial value problem (19), (24) numerically, then 
at each step of the calculation we introduce truncation and round-off errors. Thus, at any point t¢,,, 

the data to be used in advancing to the next point are not precisely the values of the components 

of x(t,,). The solution of the initial value problem with these data at t,, involves not only e-V10nt 

but also eV!07", Because the error in the data at t, is small, the latter function appears with a very 

small coefficient. Nevertheless, since e~¥107" tends to zero and eV107# grows very rapidly, the latter 

eventually dominates, and ultimately the calculated solution is very far from x(t). 

To be specific, suppose that we try to approximate the solution of the initial value problem (19), 

(24), the first component of which is the solution y (t) = e-V107t of the second-order initial value 

problem 

y"—10x*y=0, y(0)=1, y'(0)=-yloz. (25) 

Using the Runge-Kutta method with a step size h = 0.01 and keeping eight digits in the calculations, 
we obtain the results in Table 8.6.4. It is clear from these results that the numerical approximation 
begins to deviate significantly from the exact solution for t > 0.5, and soon differs from it by 
many orders of magnitude. The reason is the presence, in the numerical approximation, of a 
small component of the exponentially growing quantity eV107t With eight-digit arithmetic we 
can expect a round-off error of the order of 10-8 at each step. Since eV107¢ grows by a factor of 
3.7 x 107! from t = 0 to t = 5, an error of order 10-8 near t = 0 can produce an error of order 1013 
at t = 5 even if no further errors are introduced in the intervening calculations. The results given 
in Table 8.6.4 demonstrate that this is exactly what happens. 

You should bear in mind that the numerical values of the entries in the second column of 
Table 8.6.4 are extremely sensitive to slight variations in how the calculations are executed. 
Regardless of such details, however, the exponential growth of the approximation will be clearly 
evident. 

Equation (18) is highly unstable, and the behavior shown in this example is typical of unstable 
problems. We can track a solution accurately for a while, and the interval can be extended by using 
smaller step sizes or more accurate methods, but eventually the instability in the problem itself 
takes over and leads to large errors. 



Exact Solution of y” — 102’y = 0, y(0) = 1, y’ (0) = —V/10a and 
TABLE 8.6.4 Numerical Approximation Using the Runge-Kutta Method 

with h = 0.01 

y 

Runge-Kutta (h = 0.001) Exact 

0.0 1.0000 1.0000 

0.25 8.3439 x 1077 8.3438 x 10-7 

0.5 6.9623 x 1073 6.9620 x 1073 

0.75 5.8409 x 1074 5.8089 x 107+ 

1.0 8.6688 x 10-> 4.8469 x 10-5 

eS 5.4900 x 1073 3.3744 x 1077 

2.0 7.8852 X 1071 2.3492 x 10? 

2:5 1.1326 x 10? 1.6355 x 10-2) 

3.0 1.6268 x 104 1.1386 x 107 

3.5 2.3368 x 10° 7.9272 x 10-16 

4.0 3.3565 x 108 5.5189 x 10- 

4.5 4.8211 x 10° 3.842210 

5.0 6.9249 x 10? 2.6749 x 10-72 

8.6 More on Errors; Stability 

> Some Comments on the Selection of a Numerical Method. In this chapter we have 

introduced several numerical methods for approximating the solution of an initial value 

problem. We have tried to emphasize some important ideas while limiting the level of 

complexity. For one thing, except for the comments at the end of Section 8.2, we have always 

used a uniform step size, whereas production codes that are currently in use provide for 

varying the step size as the calculation proceeds. 

There are several considerations that must be taken into account in choosing step sizes. 

Of course, one is accuracy; too large a step size leads to an inaccurate result. Normally, an 

error tolerance is prescribed in advance, and the step size at each step must be consistent 

with this requirement. As we have seen, the step size must also be chosen so that the method 

is stable. Otherwise, small errors could grow and render the subsequent computations 

worthless. Finally, for implicit methods an equation must be solved at each step, and the 

method used to solve the equation may impose additional restrictions on the step size. 

In choosing a method, one must also balance the considerations of accuracy and stability 

against the amount of time required to execute each step. An implicit method, such as 

the Adams-Moulton method, requires more calculations for each step, but if its accuracy 

and stability permit a larger step size (and consequently fewer steps), then this may more 

than compensate for the additional calculations. The backward differentiation formulas of 

moderate order (say, four) are highly stable and are therefore indicated for stiff problems, 

for which stability is the controlling factor. 

Some current production codes also permit the order of the method to be varied, as well 

as the step size, as the calculation proceeds. The error is estimated at each step, and the 

order and step size are chosen to satisfy the prescribed error tolerance. In practice, Adams 

methods up to order twelve and backward differentiation formulas up to order five are in 

use. Higher-order backward differentiation formulas are unsuitable because of a lack of 

stability. 

Finally, we note that the smoothness of the function f—that is, the number of continuous 

derivatives that it possesses—is a factor in choosing the order of the method to be used. 

High-order methods lose some of their accuracy iff is not smooth to a corresponding order. 

A numerical analysis course is likely to provide a more in-depth investigation of errors, 

stability, and efficiency. Similar information can be found in the References at the end of 

this chapter. 
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Peoples) me 

1. To obtain some idea of the possible dangers of small errors in the 

initial conditions, such as those due to round-off, consider the 

initial value problem 

y=t+y-4, y(0)=3. 

Show that the solution is y= ¢, () =3—-t. 

. Suppose that in the initial condition a mistake is made, and 

3.001 is used instead of 3. Determine the solution y = ¢,(t) in 

this case, and compare the difference $,(t) — ¢,(0) att = 1 and 

ast— ©. 

SP 

2. Consider the initial value problem 

y =t? +e, yO)=0. ‘ (26) 

Using the Runge-Kutta method with step size h, we obtain the 

results in Table 8.6.5, These results suggest that the solution has 

a vertical asymptote between t = 0.9 and t = 1.0. 

Approximations to the Solution of 

the Initial Value Problem y’ = ¢? + 
eee’, y(0) = 0 Using the Runge-Kutta 

Method 

h y(0.9) y(1.0) 

0.02 3.42985 > 10% 

0.01 3.42982 > 108 

a. Let y = ¢(t) be the solution of initial value Problem (26). 

Further, let y = ¢,(£) be the solution of 

y =1l+e’, y(0)=0, (27) 

and let y = ¢,(t) be the solution of 

y=e, y(0)=0. (28) 

Show that 

hO<dO<h() (29) 

on some interval, contained in 0 < t < 1, where all three 

solutions exist. 

Concept Questions 

C8.1. After learning so many solution methods that produce exact 

solutions to a wide variety of differential equations, why is 

it now necessary to discuss numerical methods that produce 
approximate solutions? 

C8.2. Describe Euler’s method. 

C8.3. What do you mean by percentage error? 

C8.4. Describe absolute error. 

C8.5. What does it mean when Euler’s method is described as a 
first-order method? 

C8.6. What is the uniform bound on the local truncation error for 
Euler’s method on an interval [a, b]? 

b. Determine ¢,(t) and ¢,(). Then show that $(¢) > co for some 

t between ¢ = In (2) & 0.69315 and t = 1. 

c. Solve the differential equations y’ = e” and y' =1+ 2, respec- 

tively, with the initial condition y(0.9) = 3.4298. Use the results 

to show that ¢(t) > co when t = 0.932. 

3. Consider again the initial value problem (16) from Example 8.6.2. 

Investigate how small a step size h must be chosen to ensure that 

the error at t = 0.05 and at t = 0.1 is less than 0.0005. 

a. @) Use the Euler method. 

b. @ Use the backward Euler method. 

c. € Use the Runge-Kutta method. 

4. Consider the initial value problem 

y’ = —-10y + 2.5t7 +0.5t, y(0)=4. 

a. Find the solution y = ¢(f) and draw its graph forO <t <5. 

b. @ The stability analysis in the text suggests that for this 

problem, the Euler method is stable only for h < 0.2. Confirm 

that this is true by applying the Euler method to this problem 

for 0 <t <5 with step sizes near 0.2. 

c. @ Apply the Runge-Kutta method with various step sizes to 

this problem for 0 < t < 5. What can you conclude about the 

stability of this method? 

d. @ Apply the backward Euler method with various step sizes 

to this problem for 0 <t <5. What step size is needed to ensure 

that the error at t = 5 is less than 0.01? 

In each of Problems 5 and 6: 

a. Find a formula for the solution of the initial value problem, and 

note that it is independent of A. 

b. @ Use the Runge-Kutta method with h = 0.01 to compute approx- 

imate values of the solution for 0 < t < 1 for various values of A 

such as A = 1, 10, 20, and 50. 

c. Explain the differences, ifany, between the exact solution and the 

numerical approximations. 

y(0)=0 

y(0)=0 

5. y"-Ay=1+4A4t, 

6. y’ —Ay = 2t -Ar?, 

C8.7. What does it mean that Improved Euler’s method is a two- 
stage method? 

C8.8. Describe convergence of an algorithm. 

C8.9. Explain why a second-order method is better than a first- 
order method? 

C8.10. Describe Runge-Kutta second order method. 

C8.11. Given the effectiveness of the Runge-Kutta method, why 
would anyone want to consider other methods that are no 
more accurate than the ones already introduced? 

C8.12. What differentiates the Adams-Bashforth and Adams- 
Moulton methods? Why are these differences important? 



C8.13. 

C8.14. 

C8.15. 

Answers to Concept Questions 

C8.1. 

C8.2. 

C8.3. 

C8.4. 

C8.5. 

C8.6. 

C8.7. 

C8.8. 

What new idea is introduced with the backward differentia- 

tion formulas? How does these methods compare with other 

multistep methods? 

A lot of ideas have been introduced in this chapter. The first 

few were introduced in a lot of detail, but some of the latter 

ones were pretty brief. What can you take away from all of 

these ideas? 

All of the numerical methods introduced in this chapter 

have been for first-order differential equations. Why is it not 

necessary to consider numerical methods for higher-order 

differential equations? 

Numerical methods are needed because the types of differ- 

ential equations that have explicit solutions is very small. 

Nonlinear differential equations are particularly problem- 

atic, unless they happen to be separable. 

For a differential equation dy/dx = f (x,y), let the initial 

value of x be xy and the corresponding value of y be yp. Then 

the value of y, at corresponding value of x can be calculated 

using Euler’s method as 

Yn = Yo +h* f (Xn-1,Yn-1) 

Percentage error is determined by finding the difference 

between estimated value and actual value in comparison to 

the actual value and is expressed as a percentage. In other 

words, the percent error is the relative error multiplied 

by 100. 

Error can be calculated as, 

Error = True or actual value — Approximate value 

The above error is also called true error. If only magnitude 

of the error is considered then it is called absolute error. 

That is, 

Absolute error = |True or actual value — Approximate value| 

Saying that Euler’s method is a first-order method means that 

the global truncation error is no greater than a constant times 

h to the first power: |E,| < Kh. 

The uniform bound for the local truncation error is |e,| < 

5M, where M is the maximum of |¢’’ (t)| on [a, b]. 

Two-stage methods are characterized by the fact that approx- 

imating the solution at the next time step requires two sep- 

arate evaluations of the right-hand side of the differential 

equation at two different points, and the second evaluation 

point involves the result of the first evaluation: 

Un = Yn thf (tas Yn) 

1 
Yn+1 = Yn + 2 Cf Gn Yn) + fn + h,Un)). 

Numerical methods do not give exact solutions. Hence for 

approaching towards the approximate solution, we have to 

set pre-defined criteria to terminate the algorithm. If the 

C8.16. 

C8.17. 

C8.18. 

C8.19. 

C8.20. 

C8.9. 

C8.10. 

C8.11. 

C8.12. 

C8.13. 
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Explain the terms order, stage, and steps when used in 

the context of an approximate solution of an initial value 

problem. 

Explain why p-order method has local truncation propor- 

tional to hP*?, 

Why do smaller step sizes not always result in smaller errors? 

What does it mean to say that a numerical method is stable? 

In choosing a numerical method for an initial value problem, 

what are the main considerations? 

algorithm reaches its exact solution and its error is accepted, 

the algorithm is said to converge. 

For a first-order method, reducing the step size by a factor of 

10 should also reduce the global truncation error by a factor 

of 10. 

For a second-order method, reducing the step size by a 

factor of 10 should reduce the global truncation error by a 

factor of 10* = 100. 
Note that the actual global truncation error may not 

decrease by these factors, but the upper bound on the global 

truncation error does decrease by these amounts. 

For a differential equation dy/dx = f (x,y), let the initial 

value of x be Xp and the corresponding value of y be yo. Then 

the value of y, at corresponding value of x can be calculated 

using Runge-Kutta second order method as 

yg =Yot+k 

Let h be the step size. 

k, =h* f (Xo, Yo) 

ky =h* f (Xo +h, Yo +k) 

I 
Vg = Yo + 5 (ki + ka) 

A key advantage of multistep methods is their use of previ- 

ously computed approximate values to create an improved 

approximate value at the next time point. This is particularly 

important if evaluating f (t,x) is “expensive.” 

The most significant difference between Adams-Bashforth _ 

and Adams-Moulton formulas of the same order is that 

Adams-Bashforth formulas provide an explicit formula for 

Yn41 whereas the Adams-Moulton formulas require the solu- 

tion of an implicit equation for y,,,. The implicit equa- 

tion for y,,, is generally nonlinear and requires more time 

to solve. 

The backward differentiation formulas are derived by assum- 

ing the solution on a time interval is a polynomial and then 

requiring that the derivative of this polynomial matches the 

slope given by the differential equation at the end of the next 

time step. The previously discussed methods are all based on 

approximating the derivative of the solution. 

The backward differentiation formulas are generally 

implicit, like the Adams-Moulton formulas, so this compli- 

cation has to be addressed. 
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One advantage of the backward differentiation formulas 

is that there is a (polynomial) formula that provides an 

approximate solution at any point in the interval, not just at 

the endpoints of each interval. 

C8.14. The formulas are not the main point. While they are useful 

to illustrate some of the differences between the methods 

(implicit or explicit, one-step or multistep, ...), the real pur- 

pose of this chapter is to present some of the different ideas 

that can be used to create a numerical method to approximate 

the solution of an initial value problem. 

Each problem needs to be evaluated on its own merits. 

While some general conclusions can be made, most prob- 

lems require careful consideration and experimentation to 

develop an optimal numerical approximation. Some of the 

considerations include complexity, speed, cost, accuracy, .... 

Another important consideration is how the approximate 

solution will be used. 

As decisions about the specific methods of interest are 

made, more details and options can be found in the refer- 

ences or online. 

C8.15. Recall that any n'”-order differential equation can be equiv- 

alently formulated as a system of n first-order differential 

equations. Then any of the numerical methods for a system 

of first-order differential equations can be used to produce an 

approximate solution. 

C8.16. Order is the power of h in the upper bound on the global 

truncation error of a method. A p'®-order method has |E,,| < 

KhP. 

Stage is the number of separate computations (usually 

evaluations of f at appropriate values of the argument) 

needed to complete one step of the numerical method. 
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NONLINEAR DIFFERENTIAL 
EQUATIONS AND STABILITY 

There are many differential equations, especially nonlinear ones, that are not susceptible 
to analytical solution in any reasonably convenient manner. Numerical approximation 
methods, such as those discussed in Chapter 8, provide one means of dealing with these 
equations. Another approach, presented in this chapter, is geometric in character and 
leads to a qualitative understanding of the behavior of solutions rather than to detailed 

quantitative information. 

9.1 | THE PHASE PLANE: LINEAR SYSTEMS 

Since many differential equations cannot be solved conveniently by analytical methods, it is 

important to consider what qualitative! information can be obtained about their solutions 

without actually solving the equations. The questions that we consider in this chapter are 

associated with the idea of stability of a solution, and the methods that we employ are 

basically geometric. Both the concept of stability and the use of geometric analysis were 

introduced in Chapter 1 and used in Section 2.5 for first-order autonomous equations 

d 
* = f(y). (a) dis 

In this chapter we refine the ideas and extend the discussion to autonomous systems of 

equations. We are particularly interested in nonlinear systems because they typically cannot 

be solved in terms of elementary functions. Further, we consider primarily systems of two 

equations because they lend themselves to geometric analysis in a plane, rather than in a 

higher-dimensional space. 

However, before taking up nonlinear systems, we want to summarize some of the 

results that we obtained in Chapter 6 for two-dimensional systems of first-order linear 

homogeneous equations with constant coefficients. Such a system has the form 

x 
Wik Ax, (2) 

where A is a 2 X 2 constant matrix and x is a 2 X 1 vector. In Sections 6.5 through 6.8, 

we found that we could solve such systems by seeking solutions of the form x = &e". By 

substituting for x in equation (2), we find that 

(A-rI§ =0. (3) 

1The qualitative theory of differential equations was created by Henri Poincaré (1854-1912) in several major 

papers between 1880 and 1886. Poincaré was a professor at the University of Paris and is generally considered 

the leading mathematician of his time. He made fundamental discoveries in several different areas of 

mathematics, including complex function theory, partial differential equations, and celestial mechanics. 

In a series of papers beginning in 1894, he initiated the use of modern methods in topology. In differential 

equations he was a pioneer in the use of asymptotic series, one of the most powerful tools of contemporary 

applied mathematics. Among other things, he used asymptotic expansions to obtain solutions about irregular 

singular points, thereby extending the work of Fuchs and Frobenius discussed in Chapter 5. 
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Thus r must be an eigenvalue and £ a corresponding eigenvector of the coefficient matrix A. 

The eigenvalues are the roots of the polynomial equation 

det (A —rI) =0, (4) 

and the eigenvectors are determined from equation (3) up to an arbitrary multiplicative con- 

stant. Although we presented graphs of solutions of equations of the form (2) in Sections 6.5, 

6.6, and 6.8, our main emphasis there was on finding a convenient expression for the general 

solution. Our goal in this section is to bring together the geometric information for linear 

systems in one place and to develop the ability to sketch trajectories in the phase plane by 

hand. We use this information in the rest of the chapter to introduce comparable qualitative 

methods that can be applied to much more difficult nonlinear systems. 

In Section 2.5 we found that points where the right-hand side of equation (1) is zero 

are of special importance. Such points correspond to constant solutions, or equilibrium 

solutions, of equation (1) and are often called critical points. Similarly, for the system 

(2), points where Ax = 0 correspond to equilibrium (constant) solutions, and again they 

are called critical points. We will assume that A is nonsingular, or that det A #0. It follows 

that x = 0 is the only critical point of the system (2). 

Recall that a solution of equation (2) is a vector function x = x(t) that satisfies the 

differential equation. Such a function can be viewed as a parametric representation for a 

curve in the x,x>-plane. It is often useful to regard this curve as the path, or trajectory, 

traversed by a moving particle whose velocity dx/dt is specified by the differential equation. 

The x,x>-plane itself is called the phase plane, and a representative set of trajectories is 

referred to as a phase portrait. 

In analyzing the system (2), we must consider several different cases, depending on the 

nature of the eigenvalues of A. We will characterize the differential equation according 

to the geometric pattern formed by its trajectories in a phase portrait. In each case we 

discuss the behavior of the trajectories in general and illustrate it with an example. With 

a little practice it is easy to visualize or to sketch a qualitatively correct phase portrait once 

you know the eigenvalues and eigenvectors of the system. It is important that you become 

familiar with the types of behavior that the trajectories have for each case, because these are 

the basic ingredients of the qualitative theory of linear and nonlinear differential equations. 

CASE1 Real, Unequal Eigenvalues of the Same Sign. In this case, the general solution 

of equation (2) is 

x= cE Vel! + coEBerrt, (5) 

where r and rz are either both positive or both negative. Suppose first that 

r <y < Oand that the eigenvectors € and €@) are as shown in Figure 9.1.1. It 
follows from equation (5) that x > 0 as t > oo regardless of the values of c, and 
C7; in other words, all solutions approach the critical point at the origin as t > oo. 

If the solution starts at an initial point on the line through €“, then ein b 
This solution remains on the line through €“ for all t and approaches the origin 
as t > oo. Similarly, if the initial point is on the line through €), then the solution 
approaches the origin along that line. 

In the general situation, it is helpful to rewrite equation (5) in the form 

x= ef! (cy, EDe(ri -rayt + c,&)) . (6) 

Observe that r; — r2 < 0. Therefore, as long as c, # 0, the term c,€ exp((r, — r3)t) 
is of negligible magnitude compared to that of c,é@ for t sufficiently large. Thus, 
as t > oo, the trajectory not only approaches the origin but also tends toward the 
line through &@, Hence all solutions are tangent to €®) at the critical point except 
for those solutions that start exactly on the line through €“), Several trajectories 
are sketched in Figure 9.1.1. This type of critical point is called a node or a 
nodal sink. 
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EXALEEERY Trajectories in the phase 
plane when the origin is a node with r, 

< ry < 0. The solid black and dashed 

black curves show the fundamental 

solutions é%ert and eMerat, 
respectively. 

Let us now look backward in time and inquire what happens as t > —oo. 

Still assuming that r; < r, < 0, we note that if c; # 0, then the dominant 

term in equation (5) as t > —oo is the term involving e”!*. Thus, except for the 

trajectories lying along the line through &, for large negative t the trajectories 

have slopes that are very nearly that of the eigenvector €“). This is also indicated in 

Figure 9.1.1. 

If, and r2 are both positive, and 0 <r; < r;, then the trajectories have the same 

pattern as in Figure 9.1.1, but the direction of motion is away from, rather than 

toward, the critical point at the origin. In this case x; and xz grow exponentially 

as functions of t. Again, the critical point is called a node or a nodal source. 

Another example of a node occurs in Example 6.5.3, and its trajectories and 

component plots are shown in Figure 6.5.4. 

CASE2 Real Eigenvalues of Opposite Sign. The general solution of equation (2) is 

where r, > 0 and r, < 0. Suppose that the eigenvectors &) and &%) are as shown 
by the solid and dashed black curves in Figure 9.1.2. If the solution starts at an 

initial point on the line through €, then it follows that c, = 0. Consequently, the 

solution remains on the line through é™, then it follows that c, = 0. Consequently, 

the solution remains on the line through &) for all t, and since r, > 0, |[x|| > 00 
ast — ©. 

If the solution starts at an initial point on the line through €2), then it always 

remains on this line and ||x|| > 0 as t > oo because r, < 0. For solutions starting 

at other initial points the positive exponential is the dominant term in equation 

(7) for large t, so eventually all these solutions approach infinity asymptotic to the 

line determined by the eigenvector €“) corresponding to the positive eigenvalue 
r,. The only solutions that approach the critical point at the origin are those that 

start precisely on the line determined by €?). 
For large negative t, the dominant term in equation (7) is the negative expo- 

nential, so a typical solution is asymptotic to the line through the eigenvector €2) 

as t > —oo. The exceptions are those solutions that lie exactly on the line through 

the eigenvector ); these solutions approach the origin as t > —oo. The phase 

portrait shown in Figure 9.1.2 is typical of the case in which the eigenvalues are 

real and of opposite sign. The origin is called a saddle point in this case. 
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Saetiiatee ey Trajectories in the phase 
plane when the origin is a saddle point 

with r; > 0, r2 < 0. The solid black 

and dashed black curves show the fun- 

damental solutions €e"! and €™e"2!, 
respectively. 

Another example of a saddle point occurs in Example 6.5.2, and its trajectories 

and component plots are shown in Figure 6.5.2. 

CASE 3 Equal Eigenvalues. We now suppose that r; = r, = r. We consider the case in 

which the eigenvalues are negative; if they are positive, the trajectories are similar 

but the direction of motion is reversed. There are two subcases, depending on 

whether the repeated eigenvalue has two independent eigenvectors or only one. 

(a) 

(b) 

Two independent eigenvectors. The general solution of equation (2) is 

K = Cp EMert 4 cr ERert, (8) 

where € and €@) are the independent eigenvectors. The ratio x>/x, is 
independent of t but depends on the components of €@) and €@) and on 
the arbitrary constants c, and c,. Thus every trajectory lies on a straight 

line through the origin, as shown in Figure 9.1.3a and the graphs of the x, 

and x, components are exponential curves, as shown in Figures 9.1.3b and 

9.1.3c, respectively. The critical point is called a proper node, or sometimes 

a star point. 

One independent eigenvector. As shown in Section 6.8, the general 

solution of equation (2) in this case is 

x = c Fe"! + cp (Stel! + ne’), (9) 

where € is an eigenvector and 7 is a generalized eigenvector associated with 
the repeated eigenvalue, that is, (A — rl)é = 0 and (A — rl)n = €. For large t 
the dominant term in equation (9) is c,€te’. Thus, as t > oo, every trajectory 
approaches the origin tangent to the line through the eigenvector. This is 
true even if c, = 0, for then the solution x = c, €e” lies on this line. Similarly, 
for large negative t the term c,&te” is again the dominant one, so ast > —o, 
the slope of each trajectory approaches the slope of the eigenvector é. 
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(a) Trajectories in the phase plane when the origin is a proper node with r, = r, < 0. 
(b) and (c) show the corresponding component plots for x, vs. t and x, vs. t, respectively. The solid black 

and dashed black curves show the fundamental solutions EYe nit and Ee rt respectively. The purple 

curve is for the solution that passes through (—1, 1), orange through (—1/2, —1), cee (—3/2, 3), red 

(1, 1/2), brown (1/2, —1/4), and gold (0, 2). 

The orientation of the trajectories depends on the relative positions of § and 7. 

One possible situation is shown in Figure 9.1.4a. To locate the trajectories, it is 

helpful to write the solution (9) in the form 

x = ((c,§ + com) + cat)e” = ye", (10) 

where y = (c,¢ + cy) + c2§t. Observe that the vector y determines the direction 

of x, whereas the scalar quantity e” affects only the magnitude of x. Also note 

that for fixed values of c, and c, the expression for y is a vector equation of the 

straight line through the point c,& + c2n and parallel to €. 

To sketch the trajectory corresponding to a given pair of values of c, and c, 

you can proceed in the following way. First, draw the line given by (c,§ + cm) 

+ c,ét and note the direction of increasing t on this line. Two such lines are 

shown in Figure 9.1.4a, one for c, > 0 and the other for c, < 0. Next, note that 

the given trajectory passes through the point c,§ + c)y when ¢ = 0. Further, 

as t increases, the direction of the vector x given by equation (10) follows the 

direction of increasing t on the line, but the magnitude of x rapidly decreases 

and approaches zero because of the decaying exponential factor e”, Finally, as t 
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decreases toward —oo, the direction of the vector x is determined by points on the 

corresponding part of the line, and the magnitude of x approaches infinity. In this 

way we obtain the black trajectories in Figure 9.1.4a. A few other trajectories are 

sketched as well, to help complete the diagram. 

The other possible situation is shown in Figure 9.1.4b, where the relative 

orientation of & and 7 is reversed. This reverses the orientation of the trajectories, 

as can be seen in Figure 9.1.4b. 

If; =r > 0, youcan sketch the trajectories by following the same procedure. 

In this event the trajectories are traversed in the outward direction, and the 

orientation of the trajectories with respect to that of § and 7 is also reversed. 

When a double eigenvalue has only a single independent eigenvector, the 

critical point is called an improper or degenerate node. A specific example of 

this case is Example 6.8.2; the trajectories are shown in Figure 6.8.2. 

SATEEN (a) The phase plane for an improper node with eigenvalues r, = 
ry < O and one independent eigenvector &. (b) The phase plane for a system with 

the same eigenvalues r; = 7; < 0 and eigenvector € but a different generalized 

eigenvector 7. 

CASE 4 Complex Eigenvalues with NonzeroReal Part. Suppose that the eigenvalues 

are A + iu, where A and ware real, A # 0, and yu > O. In Section 6.6 it was shown 

that it is possible to write the general solution in terms of the eigenvalues and 

eigenvectors. However, we proceed in a different way. 

Let us consider the system 

Af Wes mes x = ( 2 xs (11) 

whose scalar form is 

Xy = AX, + Mx, X54 = —ux, + Ax. (12) 

It is sufficient to examine the system (11) since every 2 x 2 system with eigenvalues 
A + iu can be converted into the form (11) by a linear transformation (an 
example of how this can be done is found in Problem 19). We introduce the polar 
coordinates r, 8 given by 

x 
re xT xe, tan(O) = 

x} 
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By differentiating these equations, we obtain 

: XXz — XX} 
rr’ = X4X1+X2X>, (sec? (6)) 6’ = i a (13) 

1 

Substituting from equations (12) in the first of equations (13), we find that 

ft =Arn (14) 

and hence 

r=cett, (15) 

where c is a constant. Similarly, substituting from equations (12) in the second of 

equations (13), and using the fact that sec? (6) = r?/x?, we have 

6’ = —p. (16) 

Hence 

= [lear 0; (17) 

where 6, is the value of 8 when t = 0. 

Equations (15) and (17) are parametric equations in polar coordinates of the 

trajectories of the system (11). Since yz > 0, it follows from equation (17) that @ 

decreases as t increases, so the direction of motion on a trajectory is clockwise. 

As t > o, we see from equation (15) that r > 0ifAa<Oandr7>wifd>o0. 

Thus the trajectories are spirals, which either approach or recede from the origin, 

depending on the sign of A. The case when A < 0 is shown in Figure 9.1.5a. 

Figure 9.1.5b shows the corresponding graph when A > 0. The critical point is 

called a spiral point in these cases. Frequently, the terms spiral sink and spiral 

source, respectively, are used to refer to spiral points whose trajectories approach 

(A < 0), or depart from (A > 0), the critical point. 

More generally, the trajectories are spirals for any system with complex eigen- 

values A + iu, where A # 0. The spirals are traversed in the inward or outward 

direction, depending on whether J is negative or positive. They may be elongated 

and skewed with respect to the coordinate axes, and the direction of motion may 

be either clockwise or counterclockwise. Further, it is easy to obtain a general 

idea of the orientation of the trajectories directly from the differential equations. 

Suppose that 

dt a b\(x 

wre ab) as) 
dt 

has complex eigenvalues 2 + iu, and look at the point (0, 1) on the positive 

y-axis. At this point it follows from equations (18) that dx/dt = b and dy/dt = d. 

Depending on the signs of b and d, we can infer the direction of motion and the 

approximate orientation of the trajectories. For instance, if b is positive and d is 

negative, then as the trajectory that passes through (1, 0) moves to the right (dx/dt 

= b > 0) and down (dy/dt = b < 0), it moves and into the first quadrant. If 1 < 0 

also, then the trajectories must be inward-pointing spirals such as those in 

Figure 9.1.5a; when 2 > 0 the trajectories spiral away from the origin as in 

Figure 9.1.5b. Another case was given in Example 6.6.1, whose trajectories and 

component plots are shown in Figure 6.6.2. 
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(a) 

§REUEEEET Trajectories in the phase plane for a linear system with eigenvalues 
A + iu. (a) A spiral sink, A < 0, and (b) a spiral source, 2 > 0. 

CASES Pure Imaginary Eigenvalues. In this case A = 0, and the system (11) reduces to 

Kates ce Be (19) 

with eigenvalues + iu. Using the same argument as in Case 4, we find that 

Pee O SIG tir, (20) 

and consequently, 

r=c, 0=-—pt+, (21) 

where c and 6p are constants. Thus the trajectories are circles, with center at the 

origin, that are traversed clockwise if u > 0 and counterclockwise if u < 0. A 

complete circuit about the origin is made in a time interval of length 27/1, so 

all solutions are periodic with period 27r/. The critical point is called a center. 

In general, when the eigenvalues are pure imaginary, it is possible to show 

(see Problem 16) that the trajectories are ellipses centered at the origin. A typical 

situation is shown in Figure 9.1.6, which also includes some typical graphs of x, 

versus t and x2 versus t. See also Example 6.6.3, especially Figures 6.6.3 and 6.6.4. 
Reflecting on these five cases and examining the corresponding figures, we can 

make several observations: 

1. After a long time, each individual trajectory exhibits one of only three types 
of behavior. As t > on, each trajectory approaches the critical point x = 0, 
repeatedly traverses a closed curve (corresponding to a periodic solution) that 
surrounds the critical point, or becomes unbounded. 

2. Viewed as a whole, the pattern of trajectories in each case is relatively simple. 
To be more specific, through each point (x, yo) in the phase plane there is only 
one trajectory; thus trajectories do not cross each other. Do not be misled by 
the figures, in which it sometimes appears that many trajectories pass through 
the critical point x = 0. In fact, the only solution passing through the origin 
is the equilibrium solution x = 0. The other solutions that appear to pass 
through the origin actually only approach this point as t > oo or t > —0o. 
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3. In each case, the set of all trajectories is such that one of three situations 
occurs. 

(a) All trajectories approach the critical point x = 0 as t > oo. This is the 
case if the eigenvalues are real and negative or complex with negative 
real part. The origin is either a nodal sink or a spiral sink. 

(b) All trajectories remain bounded but do not approach the origin as 
t — oo. This is the case if the eigenvalues are pure imaginary. The origin 
is a center. 

(c) Some trajectories, and possibly all trajectories except x = 0, become 
unbounded as t — ov. This is the case if at least one of the eigenvalues 

is positive or if the eigenvalues have positive real part. The origin is a 

nodal source, a spiral source, or a saddle point. 

(b) (c) 

(a) Trajectories in the phase plane when the linear system has eigenvalues +i. 

(b) and (c) show the component plots for x; vs. t and x vs. t, respectively. The orange curves pass 

through (1/2, 0, red through (1, 0), and the green through (2, 0). 

The situations described in 3(a), (b), and (c) above illustrate the concepts 

of asymptotic stability, stability, and instability, respectively, of the equilibrium 

solution x = 0 of the system (2). The precise definitions of these terms will be 

given in Section 9.2, but their basic meaning should be clear from the geometrical 

discussion in this section. The information that we have obtained about the system 

(2) is summarized in Table 9.1.1. Also see Problems 17 and 18. 
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TABLE 9.1.1 

Eigenvalues 

ry > >0 

1, <1 <0 

17 <O0<1r; 

ry =p, >0 

Testo <0 

ree Ney esd) 84 

A>0O 

A<0 

A=0 

Type of Critical Point 

Stability Properties of Linear Systems x’ = Ax with 

det(A — rl) = 0 and det A # 0 

Stability 

Node Unstable 

Node Asymptotically stable 

Saddle point Unstable 

Proper or improper node Unstable 

Proper or improper node Asymptotically stable 

Spiral point Unstable 

Spiral point Asymptotically stable 

Center Stable 

The analysis in this section applies only to second-order systems x’ = Ax with 

det A # 0 whose solutions can be visualized as curves in the phase plane. A 

similar, though more complicated, analysis can be carried out for an n'” order 

system, with an n x n coefficient matrix A, whose solutions are represented 

geometrically by curves in an n-dimensional phase space. The cases that can occur 

in higher-order systems are essentially combinations of those we have seen in two 

dimensions. For instance, in a third-order system with a three-dimensional phase 

space, one possibility is that solutions in a certain plane may spiral toward the 

origin, while other solutions may tend to infinity along a line transverse to this 

plane. This will be the case if the coefficient matrix has two complex eigenvalues 

with negative real part and one positive real eigenvalue. However, because of their 

complexity, we will not discuss systems of higher than second order. 

Problems 

For each of the systems in Problems 1 through 10: 

a. Find the eigenvalues and eigenvectors. 

b. Classify the critical point (0, 0) as to type, and determine whether 

it is stable, asymptotically stable, or unstable. 

c. Sketch, by hand (without using any graphing device), several 

trajectories in the phase plane. 

d. © Use an appropriate graphing device to plot accurately several 

trajectories in the phase plane and the corresponding graphs of 

x, versus t and x, versus f. 

1 x=; ls 2 Xl |. 

aXe ; le 4 x =(1 a 

Se). « Saee 
ra a)?  & Ga( a 
9. x=) |e 10. x =|; ab 

Problems 11 through 13 involve classifying the type and examin- 

ing the stability of a critical point of a nonhomogeneous differential 

equation in the form x’ = Ax + b. A critical point, if it exists, 

is a vector x = x° that satisfies Ax + b = 0. The transformation 

u = x—x° reduces the nonhomogeneous problem to a homogeneous 

differential equation u’ = Au. The type and stability of the critical 

points u = 0 for u’ = Au and x = x° for x’ = Ax + bare the same. 

In each problem, determine the nonhomogeneous problem’s critical 

point, show that u = x—x° satisfies the corresponding homogeneous 

problem, and use this problem to classify the type and examine the 

stability of the critical point x = x° of the original nonhomogeneous 

differential equation. 

7 =e ili 2 
Lex =|i Ak: 3 

po |ak sal " 3 ave [ 2 e-[ 3 
dx —-1 -1 1 

3s ae 2 ~1)s+(i) 

14. The equation of motion of a spring - mass system with damping 
(see Section 3.7) is 



where m, c, and k are positive. Write this second-order equation 
as a system of two first-order equations for x = u, y = du/dt. Show 
that x = 0, y = 0 isa critical point, and analyze the nature and 
stability of the critical point as a function of the parameters m, c, 
and k. Note that the same analysis can be applied to the electric 
circuit equation (see Section 3.7) 

15. Consider.the system x’ = Ax, and suppose that A has one zero 

eigenvalue. 

a. Show that det A = 0. 

b. Show that x = 0 isa critical point and that, in addition, every 

point on a certain straight line through the origin is also a 

critical point. 

c. Letr; =O and % # 0, and let € and €@ be corresponding 
eigenvectors. Show that the trajectories are as indicated in 

Figure 9.1.7. 

Aleta elye) Trajectories for a linear system 

with nonisolated critical points, that is r; = 0 and 

r, % 0. Every point on the line through € is a 
critical point. 

What is the direction of motion on the trajectories? What 

determines the direction of motion along a trajectory? 

16. In this problem we indicate how to show that the trajectories are 

ellipses when the eigenvalues are pure imaginary. Consider the 

system 

aa a is 5/20 il (22) 

Wy Q1 22 yy 

a. Show that the eigenvalues of the coefficient matrix are pure 

imaginary if and only if 

1422 — A242) > 0. (23) a1 + Azz = 0, 

b. The trajectories of the system (22) can be found by converting 

equations (22) into the single equation 

dy a dy/dt = A2,X Uz (24) 

dx dx/dt aX +a@,2y 
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Use the first of equations (23) to show that equation (24) is 

an exact differential equation. (See Section 2.6.). 

c. Solve equation (24) as an exact differential equation and 

show that 

A,X? + 2ay xy — ayy” =k, (25) 

where k is a constant. Use equations (23) to conclude that the 

graph of equation (25) is always an ellipse. 

Hint; What is the discriminant of the quadratic form in 

equation (25)? 

17. Consider the linear system 

a | .. dy _ 
ee ou + yy, Pam a + Ap, 

where ay, 12, A>, and ay, are real-valued constants. Let p = ay, 

+ Ay, J = Ay, Q2 — A,24y,, and A = p* — 4q. Observe that p and 

q are the trace and determinant, respectively, of the coefficient 

matrix of the given system. Show that the critical point (0, 0) isa 

a. Nodeifg>0Oand A> 0; 

b. Saddle point if q < 0; 

c. Spiral point if p #0 and A <0; 

d. Center ifp=0Oandq>0. 

Hint: These conclusions can be reached by studying the eigen- 

values r; and r. It may also be helpful to establish, and then to 

use, the relations r,r, = gq andr, +7’) =p. 

18. Continuing Problem 17, show that the critical point (0, 0) is 

a. Asymptotically stable if q > 0 and p < 0; 

b. Stable if q > 0 and p = 0; 

c. Unstable if qg <0Oorp>0. 

The results of Problems 17 and 18 are summarized visually in 

Figure 9.1.8 

q 

Asymp. stable, spiral point Unstable, spiral point 
Stable ©) 

© center 

Asymp. stable 

Unstable, saddle point 

alcu;{acyales3 Stability and classification of critical point (0, 0) as 

a function of p = ay, + dg and q = 1022 — 4420). 

19. Inthis problem we illustrate how a 2 x 2 system with eigenvalues 

A + iu can be transformed into the system (11). 

= ( ‘ 2a) x= Ax (26) 

a. Show that the eigenvalues of this system are 7,» = 0.5 + 1.5i. 
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b. Show that the eigenvector corresponding to r, is Let x = Py and substitute for x in equation (26). Show that 

= (P“1AP)y. (29) Be) life Sim aL 4p) Be (27) Actin 
3 — 31 3 —3 

d. Find P~! and show that 

c. Let P be the matrix whose columns are the real and imagi- 

nary parts of €, Thus Paap ee es) (30) 

5) 0 

tie 5 i : ey Thus equation (30) has the form of equation (11). 

9.2 | AUTONOMOUS SYSTEMS AND STABILITY 

In this section we begin to draw together, and to expand on, the geometric ideas introduced 

in Section 2.5 for certain first-order equations and in Section 9.1 for systems of two first- 

order linear homogeneous equations with constant coefficients. These ideas concern the 

qualitative study of differential equations and the concept of stability, an idea that will be 

defined precisely later in this section. 

> Autonomous Systems. Weare concerned with systems of two simultaneous differential 

equations of the form 

dx 
= F (x,y), 

dy _ 
Ae dt = G (xe). (1) 

d 

Assume that the functions F and G are continuous and have continuous partial derivatives 

in some domain D of the xy-plane. If (x9, yo) is a point in this domain, then by Theorem 

7.1.1 there exists a unique solution x = x(t), y = y(t) of the system (1) satisfying the initial 

conditions 

X(to)=Xo, Y(to) =yo- (2) 

The solution is defined in some time intervai J that contains the point to. 

Frequently, we will write the initial value problem (1), (2) in the vector form 

d Gr = Es X(lo) =%°, ) 

where x = (x, y)’, f (x) = (F(x, y), G(x, y))", and x° = (xo, yo)". In this case the solution is 
expressed as x = (x(t), y(t)’. As usual, we interpret a solution x = x(t) as a curve traced by 
a moving point in the xy-plane, the phase plane. 

Observe that the functions F and G in equations (1) do not depend on the independent 
variable t, but only on the dependent variables x and y. A system with this property is said 
to be autonomous. The system 

x = Ax, (4) 

where A is a constant 2 x 2 matrix, is a simple example of a two-dimensional autonomous 
system. On the other hand, if one or more of the elements of the coefficient matrix 
A is a function of the independent variable t, then the system is nonautonomous. The 
distinction between autonomous and nonautonomous systems is important, because the 
geometric qualitative analysis in Section 9.1 can be effectively extended to two-dimensional 
autonomous systems in general but is not nearly as useful for nonautonomous systems. 

In particular, the autonomous system (1) has an associated direction field that is 
independent of time. Consequently, there is only one trajectory passing through each point 
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(Xo, Yo) in the phase plane. In other words, all solutions that satisfy an initial condition of 
the form (2) lie on the same trajectory, regardless of the time to at which they pass through 
(Xo, Yo). Thus, just as for the constant coefficient linear system (4), a single phase portrait 
simultaneously displays important qualitative information about all solutions of the system 
(1). We will see this fact confirmed repeatedly in this chapter. 

Autonomous systems occur frequently in applications. Physically, an autonomous sys- 
tem is one whose configuration, including physical parameters and external forces or 
effects, is independent of time. The response of the system to given initial conditions is 
then independent of the time at which the conditions are imposed. 

> Stability and Instability. The concepts of stability, asymptotic stability, and instability 

have already been mentioned several times in this book. It is now time to give a precise 

mathematical definition of these concepts, at least for autonomous systems of the form 

eet 460), (5) 

In the following definitions, and elsewhere, we use the notation ||x|| to designate the length, 

or magnitude, of the vector x. 

The points, if any, where f (x) = 0 are called critical points of the autonomous system 

(5). At such points, x’ = 0 also, so critical points correspond to constant, or equilibrium, 

solutions of the system of differential equations. A critical point x° of the system (5) is said 

to be stable if, given any € > 0, there is a 6 > O such that every solution x = x(t) of the 

system (1) which at t = 0 satisfies 

|k@) —x°|| <6 (6) 

both exists for all positive t and satisfies 

|[k(0) — x°|| <e (7) 

for all t > 0. This is illustrated geometrically in Figures 9.2.1(a) and 9.2.1(b). These 

mathematical statements say that all solutions that start “sufficiently close” (i.e., within 

the distance 5) to x° stay “close” (within the distance ¢) to x°. Note that in Figure 9.2.1(a) 

the trajectory is within the circle ||x — x°|| = 6 at t = 0 and, although it soon passes outside 

of this circle, it remains within the circle ||x — x°|| = ¢ for all t > 0. However, the trajectory of 

the solution does not have to approach the critical point x° as t > oo; it only has to remain 

within the circle of radius ¢, as illustrated in Figure 9.2.1(b). A critical point that is not stable 

is said to be unstable. 

BN 

((0); 

(a) (b) 

Graphical representation of trajectories that exhibit 

(a) asymptotic stability and (b) stability. 
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A critical point x° is said to be asymptotically stable if, in addition to being stable, 

there exists a dy (59 > 0) such that if a solution x = x (t) satisfies 

\|x (0) — x°|| < 6p, (8) 

then 

lim x(t) = x, (9) 

Thus trajectories that start “sufficiently close” to x° not only must stay “close” to x° but 

also must eventually approach x° as t > oo. This is the case for the trajectory in Figure 

9.2.1(a), but not for the one in Figure 9.2.1(b). Note that asymptotic stability is a stronger 

property than stability, since a critical point must be stable before we can even consider 

whether it might be asymptotically stable. On the other hand, the limit condition (9), which 

is an essential feature of asymptotic stability, does not by itself imply even ordinary stability. 

Indeed, examples can be constructed in which all the trajectories approach x9 as t > 0, 

but for which x° is not a stable critical point. Geometrically, all that is needed is a family of 

trajectories having members that start arbitrarily close to x° and then depart an arbitrarily 

large distance before eventually approaching x° as t > oo. 

In this chapter we are concentrating on systems of two equations, but the definitions just 

given are independent of the size of the system. If you interpret the vectors in equations 

(5) through (9) as n-dimensional, then the definitions of stability, asymptotic stability, and 

instability apply also to systems of n equations. The concepts expressed in these definitions 

can be seen more clearly by interpreting them in terms of a specific physical problem. 

> The Oscillating Pendulum. The concepts of asymptotic stability, stability, and instability 

can be easily visualized in terms of an oscillating pendulum. Consider the configuration 

shown in Figure 9.2.2, in which a mass m is attached to one end of a rigid, but weightless, 

rod of length L. The other end of the rod is supported at the origin O, and the rod is 

free to rotate in the plane of the paper. The position of the pendulum is described by the 

angle 6 between the rod and the downward vertical direction, with the counterclockwise 

direction taken as positive. The gravitational force mg acts downward, while the damping 

force cld@/dt|, where c is positive, is always opposite to the direction of motion. We assume 

that both @ and d@/dt are positive. The equation of motion can be quickly derived from 

the principle of angular momentum, which states that the time rate of change of angular 

momentum about any point is equal to the moment of the resultant force about that point. 

The angular momentum about the origin is mL? (d@/dt), so the governing equation is 

d*6 dé ; 
Lee = LS — mgL sin(@). (10) 

The factors L and L sin(@) on the right-hand side of equation (10) are the moment arms 
of the resistive force and of the gravitational force, respectively; the minus signs are due to 
the fact that the two forces tend to make the pendulum rotate in the clockwise (negative) 
direction. You should verify, as an exercise, that the same equation is obtained for the other 
three possible sign combinations of 6 and d@/dt. 

By straightforward algebraic operations, we can write equation (10) in the standard form 

di0ms seudl pl a ip h = me Se ey + F sin (6) =0, (11) 

or 

ges Goren (0) 216 nad a (12) 
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c|do/dt| 

ETRE F An oscillating pendulum. 

c 
where y = ca and w2 = ©. To convert equation (12) to a system of two first-order 

equations, we let x = 6 and y = d0/dt; then 

— = —w* sin(x)—yy. (13) 

Since y and w? are constants, the system (13) is an autonomous system of the form (1). 

The critical points of equations (13) are found by solving the equations 

y=0, —w?sin(x)—yy =0. 

We obtain y = 0 and x = +nz, where nis an integer. These points correspond to two physical 

equilibrium positions, one with the mass directly below the point of support (6 = 0) and the 

other with the mass directly above the point of support (6 = 7). Our intuition suggests that 

the first is stable and the second is unstable. 

More precisely, if the mass is slightly displaced from the lower equilibrium position, it 

will oscillate back and forth with gradually decreasing amplitude, eventually converging to 

the equilibrium position as the initial potential energy is dissipated by the damping force. 

This type of motion illustrates asymptotic stability and is shown in Figure 9.2.3(a). 

Qualitative motion of a pendulum. 
(a) With air resistance. (b) With or without air resis- 

tance. (c) Without air resistance. 

On the other hand, if the mass is slightly displaced from the upper equilibrium position, 

it will rapidly fall, under the influence of gravity, and will ultimately converge to the 

lower equilibrium position in this case also. This type of motion illustrates instability. See 
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Figure 9.2.3(b). In practice, it is impossible to maintain the pendulum in its upward equi- 

librium position for any extended length of time without an external constraint mechanism, 

since the slightest perturbation will cause the mass to fall. 

Finally, consider the ideal situation in which the damping coefficient c (or y) is zero. 

In this case, if the mass is displaced slightly from its lower equilibrium position, it will 

oscillate indefinitely with constant amplitude about the equilibrium position. Since there 

is no dissipation in the system, the mass will remain near the equilibrium position but 

will not approach it asymptotically. This type of motion is stable but not asymptotically 

stable, as indicated in Figure 9.2.3(c). In general, this motion is impossible to achieve 

experimentally, because the slightest degree of air resistance or friction at the point of 

support will eventually cause the pendulum to converge to its rest position. 

Solutions of the pendulum equations are discussed in more detail in the next section. 

> The Importance of Critical Points. Critical points correspond to equilibrium solutions— 

that is, solutions for which x(t) and y(t) are constant. For such a solution, the system 

described by x and y is not changing; it remains in its initial state forever. It might seem 

reasonable to conclude that such points are not very interesting. Recall, however, that for 

linear homogeneous systems with constant coefficients, x’ = Ax, the nature of the critical 

point at the origin determines to a large extent the behavior of trajectories throughout the 

xy-plane. 

For nonlinear autonomous systems this is no longer true, for at least two reasons. 

First, there may be several, or many, critical points that are competing, so to speak, for 

influence on the trajectories. Second, the nonlinearities in the system are also of great 

importance, especially far away from the critical points. Nevertheless, critical points of 

nonlinear autonomous systems can be classified just as for linear systems. We will discuss 

this in detail in Section 9.3. Here we illustrate how it can be done graphically, assuming 

that you have software that can construct direction fields and perhaps plot good numerical 

approximations to a few trajectories. 

EXAMPLE 9.2.1 

Consider the system 

f=-«-ya-x-y, 2 = = xQ+y). (14) 

Find the critical points for this system, and draw direction fields on rectangles containing the 
critical points. By inspecting the direction fields, classify each critical point as to type, and state 
whether it is asymptotically stable, stable, or unstable. 

Solution: 

The critical points are found by solving the algebraic equations 

(x-y)1-x-y)=0, x(2+y)=0. (15) 

One way to satisfy the second equation is by choosing x = 0. Then the first equation becomes 
y@Q —y)=0, so y = 0 or y=1. More solutions can be found by choosing y = —2 in the second 
equation. Then the first equation becomes (x + 2)(3 — x) = 0, sox = —2 or x = 3. Thus we have 
obtained the four critical points (0, 0), (0, 1), (—2, —2), and (3, —2). 

Figure 9.2.4 shows a direction field containing the first two of the critical points. Comparing 
this figure with those in Section 9.1 and in Chapter 6 should make it clear that the origin is a saddle 
point and that (0, 1) is a spiral point (actually, a spiral sink). Of course, the saddle point is unstable. 
The trajectories near the spiral point appear to be approaching this point, so we conclude that it is 
asymptotically stable. 
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Direction field for the system 

(14) containing the critical points (0, 0) and (0, 1); 

the former is a saddle point and the latter is a 

spiral sink. 

A direction field for the other two critical points is shown in Figure 9.2.5. Each of these points 

is a node. The arrows point toward the point (—2, —2) and away from the point (3, —2); thus the 

former is asymptotically stable (a sink) and the latter is unstable (a source). 
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Direction field for the system 
(14) containing the critical points (—2, —2) and 

(3, —2); the former is a nodal sink and the latter 

is a nodal source. 

For a two-dimensional autonomous system with at least one asymptotically stable 

critical point, it is often of interest to determine where in the phase plane the trajectories 

lie that ultimately approach a given critical point. Let P be a point in the xy-plane with 



Chapter 9 / Nonlinear Differential Equations and Stability 

the property that a trajectory passing through P ultimately approaches the critical point as 

t > co. Then this trajectory is said to be attracted by the critical point. Further, the set of all 

such points Pis called the basin of attraction or the region of asymptotic stability of the 

critical point. A trajectory that bounds a basin of attraction is called a separatrix because 

it separates trajectories that approach a particular critical point from other trajectories that 

do not do so. Determination of basins of attraction is important in understanding the large- 

scale behavior of the solutions of an autonomous system. 

EXAMPLE 9.2.2 

Consider again the system (14) from Example 9.2.1. Describe the basin of attraction for each of the 

asymptotically stable critical points. 

Solution: 

Figure 9.2.6 shows a phase portrait for this system with a direction field in the background. 

Observe that there are two trajectories that approach the saddle point at the origin as tf > oo. One of 

these lies in the fourth quadrant and is almost a straight line from the unstable node at (3, —2). The 

other approaches the saddle point from the second quadrant, and if we follow it backward in time 

we find that it loops around the spiral point and ultimately approaches the unstable node (3, —2) 

as t > —oo. These two trajectories are separatrices; the region between them (but not including the 

separatrices themselves) is the basin of attraction for the spiral point at (0, 1). This region is shaded 

in Figure 9.2.6. 
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| FIGURE 9.2.6 | Direction field, trajectories, and critical 
points of the system (14). The separatrices are shown in 
black. The basis of attraction for the spiral point (0, 1) is 
shaded. 

The basin of attraction for the asymptotically stable node at (—2, —2) consists of the rest of the 
xy-plane, with only a handful of exceptions. The separatrices approach the saddle point, as we have 
noted already, rather than the node. The saddle point itself and the unstable node are equilibrium 
solutions and thus remain fixed for all time. Finally, there is a trajectory lying on the line y = —2 for 
x > 3 on which the direction of motion is always to the right; this trajectory also does not approach 
the point (—2, —2). 
eee 

Figures 9.2.4, 9.2.5, and 9.2.6 show that in the immediate vicinity of a critical point, the 
direction field and pattern of trajectories resemble those for a linear system with constant 
coefficients. This becomes even more unmistakable if you use a graphing utility to zoom in 
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closer and closer to a critical point. Thus we have visual evidence that a nonlinear system 
behaves very much like a linear system, at least in the neighborhood of a critical point. We 
will pursue this idea in the next section. 

> Determination of Trajectories. The trajectories of a two-dimensional autonomous 
system 

dx dy —=f Pe ‘ 16 EGY == Gy) (16) 

can sometimes be found by solving a related first-order differential equation. From equa- 

tions (16) we have 

dy _ dy/dt _ G(x,y) 

dx dx/dt  F(x,y)’ (17) 

which is a first-order differential equation in the variables x and y. Observe that such a 

reduction is not usually possible if F and G depend also on t. If equation (17) can be solved 

by any of the methods of Chapter 2, and if we write solutions (implicitly) in the form 

H(x,y)=c, (18) 

then equation (18) is an equation for the family of trajectories of the system (16). In other 

words, each trajectory lies on a level curve of H (x, y). Keep in mind that there is no general 

way of solving equation (17) to obtain the function H, so this approach is applicable only in 

special cases. 

EXAMPLE 9.2.3 

Find the trajectories of the autonomous system 

dx dy 
pick eos eX, 19 
dp ne ge o) 

Solution: 

In this case, equation (17) becomes 

ae (20) 
ax. 4y 

This equation is separable since it can be written as 

4ydy = xdx, 

and its solutions are given by 

H (x,y) = 2y? - x? =, (21) 

where c is arbitrary. Therefore, the trajectories of the system (19) are the hyperbolas shown in 

Figure 9.2.7. The two black trajectories correspond to the two solutions with (x y) = 0, that is, 

y = x (solid) and y = -x (dashed). The direction of motion on the trajectories can be inferred from 

the fact that both dx/dt and dy/dt are positive in the first quadrant. The only critical point is the 

saddle point at the origin. 

Another way to obtain the trajectories is to solve the system (19) by the methods of Section 6.5. 

We omit the details, but the result is 

(ce! — ce"). 
Nik 

x=cqet+oe', y= 
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Eliminating t between these two equations again leads to equation (21). 

WS 
ZN 
Direction field and trajectories of the system (19); the origin is a 

saddle point. 

EXAMPLE 9.2.4 

Find the trajectories of the system 

dx s ay =. > 
an 2ty FA x7, (22) 

Solution: 

From the equations 

2+y=0, 4-x?=0 

we find the critical points of the system (22) are the points (2,-2) and (-2,-2). To determine the 
trajectories, note that for this system, equation (17) becomes 

dy 4+x? 
as Daye (23) 

Separating the variables in equation (23) and integrating, we find that solutions satisfy 

H (x,y) = 12y + 3y* — 72x + x3 =¢, (24) 

where c is an arbitrary constant. A computer plotting routine is helpful in displaying the level 
curves of H (x,y),some of which are shown in Figure 9.2.8. The direction of motion on the 
trajectories can be determined by drawing a direction field for the system (22), or by evaluating 
dx/dt and dy/dt at one or two selected points. From Figure 9.2.8 you can see that the critical point 
(—2, —2) is a saddle point and the critical point (2, —2) is a center. Observe that there isa separatrix 
(shown in black) that leaves the saddle point (as t > —0o), loops around the center, and returns to 
the saddle point (as t > +00). Within the separatrix are closed trajectories, or periodic solutions, 
that surround the center. Outside the separatrix, trajectories become unbounded, except for the 
(red) trajectory that enters the saddle point from the right. 
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Trajectories of the system (22). The point (2, —2) is a center, and 

the point (—2, —2) is a saddle point. The black curve is a separatrix. 

Problems 

In each of Problems 1 through 3, use an appropriate graphing device 

to draw the direction field and sketch the trajectories corresponding 

to the solution satisfying the specified initial conditions, and indicate 

the direction of motion for increasing t. 

1. @dx/dt =x, dy/dt =-y, x(1)=3, y()=2 

2. @dx/dt =-x, dy/dt=y, x(1)=4, y(1)=2 and 

x@)=1, yd)=0 

3. @dx/dt = -y, dy/dt = x; 
x(0)=3, y(0)=0 and x(0)=0, y(0)=3 

For each of the systems in Problems 4 through 13: 

a. Find all the critical points (equilibrium solutions). 

b. © Use an appropriate graphing device to draw a direction 

field and phase portrait for the system. 

c. From the plot(s) in part b, determine whether each critical 

point is asymptotically stable, stable, or unstable, and classify 

it as to type. 

d. Describe the basin of attraction for each asymptotically stable 

critical point. 

4. dx/dt=x(1+y), .dy/dt=x—-y 

5. dx/dt =1+2x, dy/dt =—2y 
6. dx/dt=y(2-—x-—y), dy/dt =—x —y-— 2xy 

7. dx/dt =(x+y)x, dy/dt=-yQ-—x) 

8. dx/dt=—-x+2xy, dy/dt=y-x?-y* 

9. dx/dt=(3+x\(y—x), dy/dt=y(2+x-x’) 

10. dx/dt=x(y-x), dy/dt =(4-y)(y+x) 

11. dx/dt =(y+x), dy/dt=y(1+x-x’) 

12. dx/dt =2(y+x), dy/dt=-y+2x+xy 

13. dx/dt =x(2 —x-—y), dy/dt=—x + 3y— 2xy 

In each of Problems 14 through 20: 

a. Find an equation of the form H (x, y) = ¢ satisfied by the 

trajectories. 

b. © Plot several level curves of the function H. These are tra- 

jectories of the given system. Indicate the direction of motion 

on each trajectory. 

14. dx/dt=y, dy/dt = 4x 15. dx/dt=y, dy/dt = —4x 

16. dx/dt=2y, dy/dt=y+x 

17. dx/dt=-y, dy/dt=-(y+x) 

18. dx/dt=-x+y+x*, dy/dt=y-—2xy 

19. dx/dt = (2y?+x), dy/dt = (y + 2x”) 

20. dx/dt =x, dy/dt =—y +x? 

21. Given that x = ¢(t), y = ~() is a solution of the autonomous 

system 

# rey, Say) 

for a < t < 8, show that 

x=O(= 90-8), y=¥OQ=H(t-s) 

is a solution fora +s<t< +s for any real number s. 

22. Prove that for the system 

d 
= = G(x,y) 

dx 
— =F (x,y), d 
dt 

there is at most one trajectory passing through a given point 

(Xo, Yo). 
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23. 

Hint: Let Cy be the trajectory generated by the solution x = 

$o (t), y = Po (A), with go (to) = Xo» Po (fo) = Yo, and let C, be 
the trajectory generated by the solution x = ¢, (0), y = ~ 

with ¢, (t;) = Xo, Yi (ty) = Yo. Use the fact that the system is 

autonomous, and also the existence and uniqueness theorem, to 

show that Cy and C, are the same. 

Prove that ifa trajectory starts at a noncritical point of the system 

dx d 
X -F(,y), 2 =GG,y), dt dt 

then it cannot reach a critical point (Xo, yo) in a finite length of 

time. 

24. 

Hint: Assume the contrary; that is, assume that the solution 

x= $(t), y= pO satisfies $ (a) = Xo, ~ (a) = yo. Then use the 

fact that x = Xp, ¥ =p is a solution of the given system satisfying 

the initial condition x = Xp, y= Yo att =a. 

Assuming that the trajectory corresponding to a solution 

x= 90, y= Pp, —0 << 0, of an autonomous system is 

closed, show that the solution is periodic. 

Hint: Since the trajectory is closed, there exists at least one point 

(Xp, Yo) such that ¢ (to) = Xo, P (to) = Yo and a number T > 0 such 

that $(t) + T) = Xo, P (to + T) = Yo. Show that x = ®(t)= dt 

+ T) and y = W(t) = p(t + T) is a solution, and then use the 

existence and uniqueness theorem to show that ® (t) = $ (t) and 

W(j = for allt. 

9.3 | LOCALLY LINEAR SYSTEMS 

In Section 9.1 we described the stability properties of the equilibrium solution x = 0 of the 

two-dimensional linear system 

xX Axe (1) 

The results are summarized in Table 9.1.1. Recall that we required that det A # 0, so 

x = Ois the only critical point of the system (1). Now that we have defined the concepts of 

asymptotic stability, stability, and instability more precisely, we can restate these results in 

the following theorem. 

Theorem 9.3.1 

The critical point x = 0 of the linear system (1) 

1. is asymptotically stable if the eigenvalues r,, r, are real and negative or have negative 

real part; 

2. is stable, but not asymptotically stable, ifr, and r, are pure imaginary; and 

3. is unstable ifr, and r, are real and either is positive, or if they have positive real part. 

> Effect of Small Perturbations. It is apparent from this theorem or from Table 9.1.1 that 

the eigenvalues r; and r of the coefficient matrix A determine the type of critical point at 

x = 0 and its stability characteristics. In turn, the values of r; and r, depend on the coeffi- 

cients in the system (1). When such a system arises in some applied field, the coefficients 
usually result from the measurements of certain physical quantities. Such measurements 
are often subject to small uncertainties, so it is of interest to investigate whether small 
changes (perturbations) in the coefficients can affect the stability or instability of a critical 
point and/or significantly alter the pattern of trajectories. 

Recall that the eigenvalues r, and ry are the roots of the polynomial equation 

det(A — rI) = 0. (2) 

It is possible to show that small perturbations in some or all of the coefficients are reflected 
in small perturbations in the eigenvalues. The most sensitive situation occurs when 
r = iw and r, = —iy. Then the critical point is a center and the trajectories are closed 
curves (ellipses) surrounding it. If a slight change is made in the coefficients, then the 
eigenvalues r; and r, will take on new values r/ = J’ + iw’ andy = 2’ — ip’, where 2’ is 
small in magnitude and yw’ = pu (see Figure 9.3.1). If 2’ £ 0, which almost always occurs, 
then the trajectories of the perturbed system are spirals rather than ellipses. The system is 
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asymptotically stable if A’ < 0 but unstable if 2’ > 0. Thus, in the case of a center, small 
perturbations in the coefficients may well change a stable system into an unstable one 
and, in any case, may be expected to change the trajectories from ellipses to spirals (see 
Problem 24). 

(a) (b) 

Schematic perturbation of r, = iy, 
rz = —iy into complex conjugate eigenvalues with 

(a) positive real part or (b) negative real part. 

Another slightly less sensitive case occurs if the eigenvalues r,; and r2 are equal; in 

this case the critical point is a node. Small perturbations in the coefficients will normally 

cause the two equal roots to separate (bifurcate). If the separated roots are real, then the 

critical point of the perturbed system remains a node, but if the separated roots are complex 

conjugates, then the critical point becomes a spiral point. These two possibilities are shown 

schematically in Figure 9.3.2. In this case the stability or instability of the system is not 

affected by small perturbations in the coefficients, but the type of the critical point may be 

changed (see Problem 25). 

Im(r) 

(a) (b) 

Schematic perturbation of r; = rz into (a) a 

pair of different real eigenvalues or (b) complex conjugate 

eigenvalues. 

In all other cases the stability or instability of the system is not changed, nor is the type of 

critical point altered, by sufficiently small perturbations in the coefficients of the system. For 

example, ifr, and r, are real, negative, and unequal, then a small change in the coefficients 

will neither change the sign of r; and r, nor allow them to coalesce. Thus the critical point 

remains an asymptotically stable node. 

> Linear Approximations to Nonlinear Systems. Now let us consider a nonlinear 

autonomous two-dimensional system 

x’ = f(x). (3) 
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Our main object is to investigate the behavior of trajectories of the system (3) near a critical 

point x°. Recall that in Example 9.2.1 we noted that near each critical point of that nonlinear 

system the pattern of trajectories resembles the trajectories of a certain linear system. This 

suggests that near a critical point we may be able to approximate the nonlinear system (3) by 

an appropriate linear system, whose trajectories are easy to describe. The crucial question 

is whether and how we can find an approximating linear system whose trajectories closely 

match those of the nonlinear system near the critical point. 

It is convenient to choose the critical point to be the origin. This involves no loss of 

generality, since if x° # 0, it is always possible to make the substitution u = x — x° in 

equation (3). Then u will satisfy an autonomous system with a critical point at the origin. 

First, let us consider what it means for a nonlinear system (3) to be “close” to a linear 

system (1). Accordingly, suppose that 

x’ = Ax + g(x) (4) 

and that x = 0 is an isolated critical point of the system (4). This means that there is 

some circle about the origin within which there are no other critical points. In addition, we 

assume that det A #0, so that x = 0 is also an isolated critical point of the linear system x’ = 

Ax. For the nonlinear system (4) to be close to the linear system x’ = Ax, we must assume 

that g(x) is small. More precisely, we assume that the components of g have continuous 

first partial derivatives and satisfy the limit condition 

lig) | 
0 as x->0; 5 

|x| et 

that is, ||g(x)|| is small in comparison to ||x|| itself near the origin. Such a system is called a 

locally linear system in the neighborhood of the critical point x = 0. 

It may be helpful to express the condition (5) in scalar form using polar coordinates. 

If we let x = (x, y)", then ||x|| = (x? + y*)!”? = r. Similarly, if g(@&) = (g1 (x,y), 82.9)’, 
1/2 : oe ; 

then || g(x) |l= (g? (x,y) + 93 (x, y)) . Then it follows that condition (5) is satisfied if and 
only if 

g1 (rcos (@), r sin (@)) La 22 (r cos (9), r sin (@)) ts 
; p ; 0 as r—Oforall0 <6 <2z. 

EXAMPLE 9.3.1 

Determine whether the system 

Os0 St ae ; 
is locally linear in the neighborhood of the origin. 

Solution: 

Observe that the system (7) is of the form (4), that (0, 0) is a critical point, and that det A + 0. 

It is not hard to show that the other critical points of equations (7) are (0, 2), (1, 0), and (5 =); 
: 202 consequently, the origin is an isolated critical point. In checking the condition (6), it is convenient 

to introduce polar coordinates by letting x = r cos(6), y = r sin(@). Then 

81%) _ —x?—xy ui —r? cos? 6 — r? sin (8) cos (8) 
r ie r 

= —r (cos? 6 + sin (6) cos (8)) +0 

asT > 0. Ina similar way, you can show that g, (x, y)/r > 0asr > 0. Hence the system (7) is locally 
linear near the origin. 
a eee 
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EXAMPLE 9.3.2 

The motion of a pendulum is described by the system (see equation (13) of Section 9.2) 

GE RAs Gres ap ae sin(x)+yy (8) 

The critical points are (0,0), (+72,0) , (+2770), ... , so the origin is an isolated critical point of this 
system, show that the system is locally linear near the origin. 

Solution: 

To convert equations (8) into the form of system (4), we rewrite the former so that the linear and 
nonlinear terms are clearly identified. If we write sin(x) = x + (sin(x) — x) and substitute this 
expression in the second of equations (8), we obtain the equivalent system 

(;) : 2 4 (5) ly be © “ ) (9) 

Thus we see that g; (x,y) = 0 and g, (x,y) = w*(sin(x) — x). From the Taylor series for sin (x), 

we know that sin (x) - x behaves like x?/3! = (r? cos? (6)) /3! when x is small. Consequently, 
(sin (x) — x)/r > Oasr — 0. Thus the conditions (6) are satisfied, and the system (9) is locally 

linear near the origin. 

Let us now return to the general nonlinear system (3), which we write in the scalar form 

x’=F(x,y), y' =G(x,y); (10) 

that is, x = (x, y)? and f (x) = (F(x, y), G(x, y))’. 

Theorem 9.3.2 

The system (10) is locally linear in the neighborhood of a critical point (xg, yo) whenever the 

functions F and G have continuous partial derivatives up to order two. 

To show this, we use Taylor expansions about the point (Xp, yo) to write F(x, y) and 

G(x, y) in the form 

F (x,y) = F (Xo, Yo) + Fe (Xo, Vo (X — Xo) + Fy (Xo, Vo — Yo) + 1 (%, y), 

G (x,y) = G(X0, Yo) + Gx (Xo, Yo MX — Xo) + Gy (Xo, YoOMY — Yo) + N2 (X,Y), 

: D2 alee 
where 7; (x, y)/ ((x - oye +(y- yo) ) — Oas (x, y) > (%, Yo), and similarly for 7. 

Note that F (xo, Yo) = G (Xo, Yo) = 0, and that dx/dt = d(x — X9)/dt and dy/dt = d(y — yo)/dt. 

Then the system (10) reduces to 

d (x-%0\ _ [Fe(toYo) Fy al = ei i (” (x, 1 (11) 

dt \y — yo Gx (X,Y) Gy(X0,¥0)/\y-Yo/ \m (xy) 

or, in vector notation, 

dub cats 12 eae x°)u+n(x), (12) 

where u = (x — Xo, ¥—Yo)' and 9 = (41,72)"- . : 
The significance of Theorem 9.3.2 is twofold. First, if the functions F and G are twice 

differentiable, then the system (10) is locally linear, and it is unnecessary to resort to 
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the limiting process used in Examples 9.3.1 and 9.3.2. Second, the linear system that 

approximates the nonlinear system (10) near (Xp, yo) is given by the linear part of equations 

(11)/or (12); 

d (m4) _ F, (X0;¥0) Fy (Xo, Yo) \() (13) 

dt \up Gy (X0,¥o) Gy (Xo, ¥o)/ \u2 

where u, = xX — Xp and u, = y — yo. Equation (13) provides a simple and general method 

for finding the linear system corresponding to a locally linear system near a given critical 

point. 

The matrix 

F, (XY) a (14) 
J=J[F,G](x,y)= ( 

Gy (x,y) Gy (x, y) 

which appears as the coefficient matrix in equation (13), is called the Jacobian’ matrix of 

the functions F and G with respect to x and y. We need to assume that det J is not zero at 

(x, Yo) So that this point is also an isolated critical point of the linear system (13). 

EXAMPLE 9.3.3 

Use equation (13) to find the linear system corresponding to the pendulum equations (8) near the 

origin; near the critical point (7, 0). 

Solution: 

In this case we have, from equation (8), 

F(x,y)=y, G(x,y) =? sin(x) + yy; (15) 

Since these functions are differentiable as many times as necessary, the system (8) is locally linear 

near Critical point. The first partial derivatives of F and G are 

F,=0, Fp=1, G,=0* cos(x), G)=y (16) 

Thus, at the origin the corresponding linear system is 

Ae IG) an 
which agrees with equation (9) from Example 9.3.2. 

Similarly, evaluating the partial derivatives in equation (16) at (zr, 0), we obtain 

$(-L2 ]C). as 
where u = x — 2,v = y. This is the linear system corresponding to equations (8) near the point 
(7,0). 
aR ae ee ee SOE SR ate I eR al Sn eo tNEA Lie eel ee 

Ee es ee eee eee 

2Carl Gustav Jacob Jacobi (1804-1851), a German analyst who was professor and lecturer at the Universities 
of Konigsberg and Berlin, made important contributions to the theory of elliptic functions. The determinant 
of J and its extension to n functions of n variables is called the Jacobian because of his notable paper in 
1841 on the properties of this determinant. The corresponding matrix is also named for Jacobi, even though 
matrices were not developed until after his death. 
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Stability and Instability Properties of Linear and Locally 
Linear Systems 

TABLE 9.3.1 

Linear System Locally Linear System 

Eigenvalues Stability Type Stability 

ry > >0 N Unstable N Unstable 

ry <r, <0 N Asymptotically stable N Asymptotically stable — 

yn <O0<7r, SP Unstable SP Unstable 

ry =r,>0 PN or IN Unstable Nor SpP Unstable 

im) Sie SO) PNorIN Asymptotically stable NorSpP Asymptotically stable 

Aso =A tin 

A>0O SpP Unstable SpP Unstable 

A<0 SpP Asymptotically stable SpP Asymptotically stable 

A= 0 ZB Stable C or SpP Indeterminate 

Key: N, node; IN, improper node; PN, proper node; SP, saddle point; SpP, spiral point; C, center. 

We now return to the locally linear system (4). Since the nonlinear term g(x) is small 

compared to the linear term Ax when x is small, it is reasonable to hope that the trajectories 

of the linear system (1) are good approximations to those of the nonlinear system (4), at 

least near the origin. This turns out to be true in many (but not all) cases, as the following 

theorem states. 

Theorem 9.3.3 

Let r, and r, be the eigenvalues of the linear system (1), x’ = Ax, corresponding to the locally 

linear system (4), x’ = Ax + g(x). Then the type and stability of the critical point (0, 0) of the 

linear system (1) and the locally linear system (4) are as shown in Table 9.3.1. 

At this stage, the proof of Theorem 9.3.3 is too difficult to give, so we will accept the 

results without proof. The statements for asymptotic stability and instability follow as a 

consequence of a result discussed in Section 9.6, and a proof is sketched in Problems 9 to 

11 of that section. Essentially, Theorem 9.3.3 says that for small x (or x — x°) the nonlinear 

terms are also small and do not affect the stability and type of critical point as determined 

by the linear terms, except in two sensitive cases. If r, and r, are pure imaginary, then 

the small nonlinear terms may change the stable center into a spiral point, which may be 

either asymptotically stable or unstable. If r, and r, are real, equal, and positive or real, 

equal, and negative, then the nonlinear terms may change the node into a spiral point, but 

its asymptotic stability or instability remains unchanged. Recall that earlier in this section 

we stated that small perturbations in the coefficients of the linear system (1), and hence 

in the eigenvalues r; and r, can alter the type and stability of the critical point only in 

these two cases. It is reasonable to expect that the small nonlinear term in equation (4) 

might have a similar substantial effect, at least in these two cases. This is so, but the main 

significance of Theorem 9.3.3 is that in all other cases the small nonlinear term does not 

alter the type or stability of the critical point. The essential understanding to take from 

this discussion is this: except in the two sensitive cases, the type and stability of the critical 

point of the nonlinear system (4) can be determined from a study of the much simpler linear 

system (1). 

Even if the critical point is of the same type as that of the linear system, the trajectories 

of the locally linear system may be considerably different in appearance from those of the 

corresponding linear system, except very near the critical point. However, it can be shown 
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that the slopes at which trajectories “enter” or “leave” the critical point are given correctly 

by the linear system. 

> Damped Pendulum. We continue the discussion of the damped pendulum begun in 

Examples 9.3.2 and 9.3.3. Near the origin the nonlinear equations (8) are approximated 

by the linear system (17), whose eigenvalues are 

= aly2 — 4q@2 
hot = ve. (19) 

The nature of the solutions of equations (8) and (17) depends on the sign of y? — 40? as 

follows: 

1. Ify? — 4w2 > 0, then the eigenvalues are real, unequal, and negative. 

The critical point (0, 0) is an asymptotically stable node of the linear system (17) and 

of the locally linear system (8). 

2. Ify? —4w* =0, then the eigenvalues are real, equal, and negative. 
The critical point (0, 0) is an asymptotically stable (proper or improper) node of the 

linear system (17). It may be either an asymptotically stable node or spiral point of the 

locally linear system (8). 

3. Ify? —4w* <0, then the eigenvalues are complex with negative real part. 
The critical point (0, 0) is an asymptotically stable spiral point of the linear system (17) 

and of the locally linear system (8). 

Thus the critical point (0, 0) is a spiral point of the system (8) if the damping y is small and 

a node if y is large enough. In either case, the origin is asymptotically stable. 

Let us now consider the case y? — 4w* < 0, corresponding to small damping, in more 

detail. The direction of motion on the spirals near (0, 0) can be obtained directly from 

equations (8). Consider the point at which a spiral intersects the positive y-axis (x = 0 and 

y > 0). It follows from equations (8) that at such a point, dx/dt > 0. Thus the point (x, y) on 

the trajectory is moving to the right, so the direction of motion on the spirals is clockwise. 

The behavior of the pendulum near the critical points (+ nz, 0), with n even, is the same 

as its behavior near the origin. We expect this on physical grounds since all these critical 

points correspond to the downward equilibrium position of the pendulum. The conclusion 

can be confirmed by repeating the analysis carried out above for the origin. Figure 9.3.3 

shows the clockwise spirals at a few of these critical points. 

Asymptotically stable spiral points at (+ 2nzr, 0) 
for the damped pendulum with small damping, y? — 4a? < 0. 

Now let us consider the critical point (7, 0). Here the nonlinear equations (8) are 
approximated by the linear system (18), whose eigenvalues are 

—y +72 + 402 
i= ete aD AEE: (20) 
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One eigenvalue (11) is positive and the other (r2) is negative. Therefore, regardless of the 
amount of damping (y), the critical point (x, y) = (z, 0) is an unstable saddle point both of 
the linear system (18) and of the locally linear system (8). 

To examine the behavior of trajectories near the saddle point (z, 0) in more detail, we 
write down the general solution of equations (18), namely, 

u 1 1 
( ) =C; eM 4+C,{ erat, (21) 
“4 4 oy) 

where C, and C} are arbitrary constants. Since r; > 0 and r, < 0, it follows that the solution 

that approaches zero as t > oo corresponds to C, = 0. For this solution v/u = r3, so the 

slope of the entering trajectories is negative; one lies in the second quadrant (C> < 0), and 

the other lies in the fourth quadrant (C, > 0). For C2 = 0 we obtain the pair of trajectories 

“exiting” from the saddle point. These trajectories have slope r; > 0; one lies in the first 

quadrant (C; > 0), and the other lies in the third quadrant (C, < 0). 

The situation is the same at other critical points (nz, 0) with n odd. These all correspond 

to the upward equilibrium position of the pendulum, so we expect them to be unstable. The 

analysis at (7r, 0) can be repeated to show that they are saddle points oriented in the same 

way as the one at (7, 0). Diagrams of the trajectories in the neighborhood of two saddle 

points are shown in Figure 9.3.4. 

‘Unstable saddle points at (+ (2n + 1)z, 0) for 
the damped pendulum with small damping, y? — 4w? < 0. 

EXAMPLE 9.3.4 

The equations of motion of a certain pendulum are 

dx dy : 1 
—= —= = 22 Waste (x) + sy (22) 

where x = 6 and y = d@/dt. Draw a phase portrait for this system, and explain how it shows the 

possible motions of the pendulum. 

Solution: 

By plotting the trajectories starting at various initial points in the phase plane, we obtain the phase 

portrait shown in Figure 9.3.5. As we have seen, the critical points (equilibrium solutions) are 

the points (n 7, 0), where n = 0, +1, +2, ... . Even values of n, including zero, correspond to the 

downward position of the pendulum, while odd values of n correspond to the upward position. Near 

each of the asymptotically stable critical points, the trajectories are clockwise spirals that represent 

a decaying oscillation about the downward equilibrium position. The wavy horizontal portions 

of the trajectories that occur for larger values of lyl represent whirling motions of the pendulum. 

Note that a whirling motion cannot continue indefinitely, no matter how large lyl is; eventually, 

the angular velocity is so much reduced by the damping term that the pendulum can no longer go 

over the top and, instead, begins to oscillate about its downward position. 
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Phase portrait for the damped pendulum of Example 

9.3.4. The shaded region is the basin of attraction for (0, 0). 

The basin of attraction for the origin is the shaded region in Figure 9.3.5. It is bounded by the 

(black) trajectories that enter the two adjacent saddle points at (zr, 0) and (—7, 0). The bounding 

trajectories are separatrices. Each asymptotically stable critical point has its own basin of attraction, 

which is bounded by the separatrices entering the two neighboring saddle points. All of the basins 

of attraction are congruent to the shaded one; the only difference is that they are translated 

horizontally by integer multiples of 277. Note that it is mathematically possible (but physically 

unrealizable) to choose initial conditions exactly on a separatrix so that the resulting motion leads 

to a balanced pendulum in a vertically upward position of unstable equilibrium. 

An important difference between nonlinear autonomous systems and the linear systems 

discussed in Section 9.1 is illustrated by the pendulum equations. Recall that the linear 

system (1) has only the single critical point x = 0 if detA # 0. Thus, if the origin is 

asymptotically stable, then not only do trajectories that start close to the origin approach it, 

but, in fact, every trajectory approaches the origin. In this case the critical point x = 0 is said 

to be globally asymptotically stable. This property of linear systems is not, in general, 

true for nonlinear systems, even if the nonlinear system has only one asymptotically stable 

critical point. Therefore, for nonlinear systems, it is important to determine (or to estimate) 

the basin of attraction for each asymptotically stable critical point. 

Problems 

In each of Problems 1 through 3, verify that (0, 0) is a critical point, d. © Draw a phase portrait of the nonlinear system to confirm 
show that the system is locally linear, and discuss the type and your conclusions, or to extend them in those cases where the 
stability of the critical point (0, 0) by examining the corresponding linear system does not provide definite information about the 
linear system. nonlinear system. 

1. dx/dt=x+y*, dy/dt=x+2y+x? 

2. dx/dt =(1—x)sin(y), dy/dt = 1+ x —cos(y) 

3. dx/dt=x+y*, dy/dt=x+y 
In each of Problems 4 through 15: 

a. Determine all critical points of the given system of equations. 

. dx/dt =(3+x)(y—x), dy/dt =(4—x)(y+x) 

. ax/dt=x+x+y), dy/dt=y3+x+4+2y) 

. ax/dt=1+y, dy/dt = x? —y? 

. dx/dt =(2—y)(—x + 2y), dy/dt =(2+x) (2y + x) 

b. Find the corresponding linear system near each critical point. dx/dt = x* +y’—x, dy/dt = y + xy 
c. Find the eigenvalues of each linear system. What conclusions - dx/dt = (1—x)sin(y), dy/dt = 1+ x + cos (y) 

can you then draw about the nonlinear system? 10. dx/dt=x*+y, dy/dt = 8x —y? 

won Am S 



11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

9.3 Locally Linear Systems 

dx/dt=x-—x*—xy, dy/dt =3y—xy—2y? 

dx/dt=y+x(1-—x?-y?), dy/dt = —x + y(1—x?—y?) 
dx/dt = -y—x(x*+y?-4), dy/dt=-x+y (x? + y? — 4) 

dx/dt=4-y’, dy/dt=(1.54+x)\(y—-x) 

dx/dt =(2—y)(2x-—y), dy/dt = (2+ x)(x — 2y) 

Consider the autonomous system 

xian dy _ x 
Tine Bi ee 

a. Show that the critical point (0, 0) is a saddle point. 

b. Sketch the trajectories for the corresponding linear system by 

integrating the equation for dy/dx. Show from the parametric 

form of the solution that the only trajectory on which x > 0, 

y>Oast> wisy=-x. 

c. Determine the trajectories for the nonlinear system by inte- 

grating the equation for dy/dx. Sketch the trajectories for the 

nonlinear system that correspond to y = —x and y = x for the 

linear system. 

Consider the autonomous system 

diteppe rds Siar = ~2y + x3, 
True errant ee 

a. Show that the critical point (0, 0) is a saddle point. 

b. Sketch the trajectories for the corresponding linear system, 

and show that the trajectory for which x > 0, y > Oast — 00 

is given by x = 0. 

c. Determine the trajectories for the nonlinear system for x # 0 

by integrating the equation for dy/dx. Show that the trajectory 

corresponding to x = 0 for the linear system is unaltered, but 

that the one corresponding toy =Oisy = x°/5. Sketch several 

of the trajectories for the nonlinear system. 

The equation of motion of an undamped pendulum is d?6/dt? + 
w* sin (6) = 0, where w* = g/L. Let x = 6, y = d@/dt to obtain the 

system of equations 

a =, o = —qw* sin(x). 

a. Show that the critical points are (+ nz, 0),n =0, 1, 2,..., and 

that the system is locally linear in the neighborhood of each 

critical point. 

b. Show that the critical point (0, 0) is a (stable) center of the 

corresponding linear system. Using Theorem 9.3.3, what can 

you say about the nonlinear system? The situation is similar 

at the critical points (+ 2n7, 0), n = 1, 2, 3, .... What is the 

physical interpretation of these critical points? 

c. Show that the critical point (, 0)is an (unstable) saddle point 

of the corresponding linear system. What conclusion can you 

draw about the nonlinear system? The situation is similar at 

the critical points (+ (2n — 1)z, 0), n = 1, 2, 3, .... What is the 

physical interpretation of these critical points? 

d. © Choose a value for ? and plot a few trajectories of the 

nonlinear system in the neighborhood of the origin. Can you 

now draw any further conclusion about the nature of the 

critical point at (0, 0) for the nonlinear system? 

19. 

20. 

21. 

e. © Using the value of w? from part d, draw a phase portrait 

for the pendulum. Compare your plot with Figure 9.3.5 for 

the damped pendulum. 

a. By solving the equation for dy/dx, show that the equation of 

the trajectories of the undamped pendulum of Problem 18 

can be written as 

7 + w* (1 — cos(x)) =c, (23) 

where c is a constant of integration. 

b. Multiply equation (23) by mL”. Then express the result in 

terms of 6 to obtain 

1 2 

=m? (=) + mgL (1 — cos(@)) = E, 
2 dt C 

where E = mL?c. 

c. Show that the first term in equation (24) is the kinetic energy 

of the pendulum and that the second term in equation (24) 

is the potential energy due to gravity. Thus the total energy E 

of the pendulum is constant along any trajectory; its value is 

determined by the initial conditions. 

The motion ofa certain undamped pendulum is described by the 

equations 

dx ei dy) i. 
oe — =4sin(x). 

Clee 

If the pendulum is set in motion with an angular displace- 

ment A and no initial velocity, then the initial conditions are 

x(0) = A, y(0) = 0. 

a. © Let A = 0.25 and plot x versus ¢. From the graph, estimate 

the amplitude R and period T of the resulting motion of the 

pendulum. 

b. © Repeat part a for A = 0.5, 1.0, 1.5, and 2.0. 

c. © How do the amplitude and period of the pendulum’s 

motion depend on the initial position A? Draw a graph to 

show each of these relationships. Can you say anything about 

the limiting value of the period as A > 0? 

d. ©@Let A=4and plotx versus t. Explain why this graph differs 
from those in parts a and b. For what value of A does the 

transition take place? 

Consider again the pendulum equations (see Problem 20) 

a ay, @ = 4 sin(x). 

if the pendulum is set in motion from its downward equilibrium 

position with angular velocity v, then the initial conditions are 

x(0) = 0, y(0) =v. 

a. © Plot x versus t for v = 2 and also for v = 5. Explain the 

differing motions of the pendulum that these two graphs 

represent. 

b. There isa critical value of v, which we denote by v,, such that 

one type of motion occurs for v < v, and the other for v > v,. 

Estimate the value of v,. 
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22. 

23. 

24. 

This problem extends Problem 21 to a damped pendulum. The 

equations of motion are 

aay, © = 4 sin (x)- 79, 

where y is the damping coefficient, with the initial conditions 

x(0) = 0, y(O) = v. 

a. @ For y = 0.25, plot x versus t for v = 2 and for v = 5. 

Explain these plots in terms of the motions of the pendulum 

that they represent. Also explain how they are related to the 

corresponding graphs in Problem 21a. 

b. Estimate the critical value v, of the initial velocity where the 

transition from one type of motion to the other occurs. 

c. Repeat part b for other values of y and determine how v, 

depends on y. 

Theorem 9.3.3 provides no information about the stability of a 

critical point of a locally linear system if that point is a center of 

the corresponding linear system. That this must be the case is 

illustrated by the systems 

dx _ Dane) a =y+x(x?+y’), 

(25) 

dy __ 24 y Fie x+y (x? +y?) 

and 

dx _ 2 2 a x(x? +y?), 

(26) 
OV on eats Dene at ad y (x* +). 

a. Show that (0, 0) is a critical point of each system and, further- 

more, is a center of the corresponding linear system. 

b. Show that each system is locally linear. 

c. Let r? = x* + y’, and note that x dx/dt + y dy/dt = r dr/dt. 

For system (ii), show that dr/dt < 0 and that r > Oast > ~; 

hence the critical point is asymptotically stable. For system 

(i), show that the solution of the initial value problem for r 

with r = ry at t = 0 becomes unbounded as t > 1/273, and 

hence the critical point is unstable. 

In this problem we show how small changes in the coefficients 

of a system of linear equations can affect a critical point that is a 

center. Consider the system 

Show that the eigenvalues are +i so that (0, 0) is a center. Now 

consider the system 

where lel is arbitrarily small. Show that the eigenvalues are € + i. 

Thus no matter how small lel # 0 is, the center becomes a spiral 
point. If € < 0, the spiral point is asymptotically stable; if € > 0, 
the spiral point is unstable. 

25. 

26. 

In this problem we show how small changes in the coefficients 

of a system of linear equations can affect the nature of a critical 

point when the eigenvalues are equal. Consider the system 

rey TIEN 
Bits i eae! 4 a) 

Show that the eigenvalues are r, = —1, 2 = —1so that the critical 

point (0, 0) is an asymptotically stable node. Now consider the 

system 

yf 1 ¢ 
x = st esy 3s 

where |¢| is arbitrarily small. Show that ife > 0, then the eigenval- 

ues are —1+iv/e, so that the asymptotically stable node becomes 

an asymptotically stable spiral point. If ¢ < 0, then the roots are 

—1+7/|e|, and the critical point remains an asymptotically stable 

node. 

In this problem we derive a formula for the natural period of 

an undamped nonlinear pendulum (equation (10) with c = 0 in 

Section 9.2). Suppose that the bob is pulled through a positive 

angle a and then released with zero velocity. 

a. We usually think of 6 and d@/dt as functions of t. However, if 

we reverse the roles of t and 0, we can regard ¢ as a function 

of 6 and, consequently, can also think of d@/dt as a function 

of 6. Then derive the following sequence of equations: 

Li eidir/(dO\\is ; 
gml ie ((#) ) =-mezsin(@, 

2 
zm ( =) = mgL (cos (@) — cos(a)), 

dt=-— Li Pea cele 

\) 28 4/cos (@) — cos (a) 

Why was the negative square root chosen in the last 

equation? 

b. If T is the natural period of oscillation, derive the formula 

at - a peel 
4 28 J «/cos (6) — cos (a) 

c. Use the identities cos(@) = 1 — 2sin? (5) and cos(a) = 

eye 
1-2sin? (=), followed by the change of variable sin (5) = 

k sin (¢) with k = sin (5), show that 

70/2 

g . \— sin? @) 

The integral is called the elliptic integral of the first kind. 
Note that the period depends on the ratio L/g and also on the 
initial displacement @ through k = sin(«/2), 
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d. Q By evaluating the integral in the expression for T, obtain 
values for T that you can compare with the graphical esti- 
mates you obtained in Problem 20. 

27. A generalization of the damped pendulum equation discussed 
in the text, or a damped spring-mass system, is the Liénard3 
equation 

ax dx 
Pee ig SRO 

Ifc (x) isa constant and g (x) = kx then this equation has the form 

otherwise, the damping force c(x)dx/dt and the restoring force 

g(x) are nonlinear. Assume that c is continuously differentiable, 

g is twice continuously differentiable, and g(0) = 0. 

a. Write the Liénard equation as a system of two first-order 

equations by introducing the variable y = dx/dt. 

b. Show that (0, 0) is a critical point and that the system is locally 

linear in the neighborhood of (0, 0). 

c. Show that if c(0) > 0 and g’ (0) > 0, then the critical point is 

asymptotically stable, and that if c(0) < 0 or g’ (0) < 0, then 

the critical point is unstable. 

Hint: Use Taylor series to approximate c and g in the neigh- 
of the linear pendulum equation (compare with equation (12) of borhood of x = 0. 
Section 9.2 with sin (@) replaced by its linear approximation, 6); 

9.4 | COMPETING SPECIES 

In this section and the next, we explore the application of phase plane analysis to some 

problems in population dynamics. These problems involve two interacting populations 

and are extensions of those discussed in Section 2.5, which dealt with a single population. 

Although the equations discussed here are extremely simple compared to the very complex 

relationships that exist in nature, it is still possible to acquire some insight into ecological 

principles from a study of these model problems. The same, or similar, models have 

also been used to study other types of competitive situations—for instance, businesses 

competing in the same market. 

Suppose that in some closed environment there are two similar species competing for 

a limited food supply—for example, two species of fish in a pond that do not prey on each 

other but do compete for the available food. Let x and y be the populations of the two species 

at time t. As discussed in Section 2.5, we assume that the population of each of the species, 

in the absence of the other, is governed by a logistic equation. Thus 

a = x (€] — 0X), 

(1) 
d 
~ = y(€2 — oy), 

respectively, where ¢€, and ¢€, are the growth rates of the two populations, and ¢€,/o, and 

€,/c> are their saturation levels. However, when both species are present, each will tend to 

diminish the available food supply for the other. In effect, they reduce each other’s growth 

rates and saturation populations. The simplest expression for reducing the growth rate of 

species x due to the presence of species y is to replace the growth rate factor €,; — 01x in 

the first of equations (1) by €; — 0x — ay, where a, is a measure of the degree to which 

species y interferes with species x. Similarly, in the second of equations (1) we replace 

€> — Oxy by €2 — ony — &px. Thus we have the system of equations 

dx 
dt 
d y 
— —< — — AX). dt y (Ez — Oy 2x) 

= X (€, — 0,X — ayy), 

(2) 

The values of the positive constants €1, 01, 41, €2, 02, and a depend on the particular 

species under consideration and, in general, must be determined from observations. We are 

interested in solutions of equations (2) for which x and y are nonnegative. In the following 

3Alfred-Marie Liénard (1869-1958), a French physicist and engineer, was professor at l’Ecole des Mines 

in Paris. He worked primarily in electricity, mechanics, and applied mathematics. The results of his 

investigation of this differential equation were published in 1928. 
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two examples, we discuss two typical problems in some detail. At the end of the section we 

return to the general equations (2). 

rc I ALTE 

EXAMPLE 9.4.1 

Discuss the qualitative behavior of solutions of the system 

Ope. one (3) 
yee Kia ey) 

dy _y — =-(3—4y—-2x). 
tis A. Cometic 

Solution: 

We find the critical points by solving the system of algebraic equations 

x(—x-—y)=0, * 3-4y — 2x) = 0. (4) 

The first equation can be satisfied by choosing x = 0; then the second equation requires that y 

Son vea E Similarly, the second equation can be satisfied by choosing y = 0, and then the 

first equation requires that x = 0 or x = 1. Thus we have found three critical points, namely, 

(0, 0), (0, =), and (1, 0). If neither x nor y is zero, then equations (4) are also satisfied by 

solutions of the system 

1—x-y=0, 3-4y-2x=0, (5) 

g Lindl ie : 
which leads to a fourth critical point (5. 5). These four critical points correspond to the 

equilibrium solutions of the system (3). The first three of these points involve the absence of 

one or both species; only the last corresponds to the presence of both species. Other solutions 

are represented as curves or trajectories in the xy-plane that describe the evolution of the 

populations in time. To begin to discover their qualitative behavior, we can proceed in the 

following way. 

First, observe that the coordinate axes are themselves trajectories. This follows directly 

from equations (3) since dx/dt = 0 on the y-axis (where x = 0) and, similarly, dy/dt = 0 on the 

x-axis (where y = 0). Thus no other trajectories can cross the coordinate axes. For a population 

problem only nonnegative values of x and y are significant, and we conclude that any trajectory 

that starts in the first quadrant remains there for all time. 

A direction field for the system (3) in the positive quadrant is shown in Figure 9.4.1; the 

black dots in this figure are the critical points or equilibrium solutions. Based on the direction 

> 5) attracts other solutions and is therefore asymptotically 

stable, while the other three critical points are unstable. To confirm these conclusions, we can 

look at the linear approximations near each critical point. 

The system (3) is locally linear in the neighborhood of each critical point. There are two 
ways to obtain the linear system near a critical point (X, Y). First, we can use the substitution 
x=X+u,y=Y +vin equations (3), retaining only the terms that are linear in u and v. Or, as 
we saw in Section 9.3, we can evaluate the Jacobian matrix J at each critical point to obtain the 
coefficient matrix in the approximating linear system; see equation (13) in Section 9.3. When 
several critical points are to be investigated, it is usually better to use the Jacobian matrix. For 
the system (3), we have 

field, it appears that the point ( 

F(x,y)=xQ-x-y), G(x,y) = y(0.75 —- y —0.5x), (6) 
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Critical points and direction field for the system (3). 

so 

1—2x-y ee J= . ’ = J[F,G] (x,y) ( -0.5y 0,75. — 2y — se q 

We will now examine each critical point in turn. 

(x, y) = (0, 0). This critical point corresponds to the state in which neither species is present. 

To determine what happens near the origin we can set x = y = 0 in equation (7), which leads 

to the corresponding linear system 

ii(s)= (0 oxs)) ® 
The eigenvalues and eigenvectors of the system (8) are 

1 0 
A =1, £0 =(5); n=0.75, &=('), (9) 

so the general solution of the system is 

()-sG)ere()en if 
Thus the origin is.an unstable node both of the linear system (8) and of the nonlinear system 

(3). In the neighborhood of the origin, because r, = 1 is the dominant eigenvalue, all trajectories 

are tangent to the y-axis except for one trajectory that lies along the x-axis. If either or both of 

the species are present in small numbers, the population(s) will grow. 

(x, y) = (1, 0). This corresponds to a state in which species x is present but species y is not. 

By evaluating J from equation (7) at (1, 0), we find that the corresponding linear system is 

Ga ae (11) 
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Its eigenvalues and eigenvectors are 

4 
R= —l, EQ) = GE R= 1/4, E@) ce (3). (12) 

and its general solution is 

()=a()erea( de © 
Since the eigenvalues have opposite signs, the point (1, 0) is a saddle point, and so it is an 

unstable equilibrium point of the linear system (11) and of the nonlinear system (3)2 The 

behavior of the trajectories near (1, 0) can be seen from equation (13). If c. = 0, then there 

is one pair of trajectories that approaches the critical point along the x-axis. In other words, 

if the y population is initially zero, then it remains zero forever. All other trajectories depart 

from the neighborhood of (1, 0); ify is initially small and positive, then the y population grows 

with time. As t > —oo, one trajectory approaches the saddle point tangent to the eigenvector 

&2) whose slope is —5/4. 

(x,y) = (0, >). This critical point is a state where species y is present but x is not. The 

analysis is similar to that for the point (1, 0). The corresponding linear system is 

do (U\ a (0:25 0 u 

GENY |e N=0375 0-5 uNvoe 

The eigenvalues and eigenvectors are 

1 8 3 0 if\ Zz’ ED) = eas Ip) = ae E) a (°). (15) 

so the general solution of equation (14) is 

()-a(Jersa(on : 
The point (0, 3/4) is also a saddle point. All trajectories leave the neighborhood of this point 

except one pair that approaches along the y-axis. The trajectory that approaches the saddle 

point as t > —co is tangent to the line with slope —3/8 = —0.375 determined by the eigenvector 

&“). If the x population is initially zero, it will remain zero, but a small positive x population 
will grow. 

11 Beye : : 
(oy) = (5. 5): This critical point corresponds to a mixed equilibrium state, or coexis- 

tence, in the competition between the two species. The eigenvalues and eigenvectors of the 
corresponding linear system 

wlele tga See) a7 
are 

ieee (18) (-2+ 2) =-0146, &) = ee ; : 
4 es ; (-2- V2) = -0.854, £2) = eal 

— 

Therefore, the general solution of equation (17) is 

6 =¢ a e-0-146t 4 ¢, (2 e-0-854t (19) 



Since both eigenvalues are negative, the critical point (1/2, 1/2) is an asymptotically stable 
node of the linear system (17) and of the nonlinear system (3). All nearby trajectories approach 
the critical point as t > oo. One pair of trajectories approaches the critical point along the 
line with slope 2/2 & 0.707 determined from the eigenvector €?. All other trajectories 
approach the critical point tangent to the line with slope —/2/2 = —0.707 determined from the 
eigenvector é. 

A phase portrait for the system (3) is shown in Figure 9.4.2. By looking closely at the 
trajectories near each critical point, you can see that they behave in the manner predicted 
by the linear system near that point. In addition, note that the quadratic terms on the right- 
hand side of equations (3) are all negative. Since for x and y large and positive these terms are 
the dominant ones, it follows that far from the origin in the first quadrant both x’ and y’ are 

negative; that is, the trajectories are directed inward. Thus all trajectories that start at a point 

(Xo, Yo) with xy > 0 and yy > 0 eventually approach the point (0.5, 0.5). In other words, the 

entire open first quadrant is the basin of attraction for (0.5, 0.5). 

a 

0.25 0.5 0.75 1 G25 x 

A phase portrait of the system (3). The critical points at (0, 0) is 

an unstable node, the ones at (1, 0) and (0, 3/4) are saddle points, and (1/2, 1/2) is 

an asymptotically stable node. 

EXAMPLE 9.4.2 

Discuss the qualitative behavior of the solutions of the system 

dx 
= CL XY), 

dy 
— = y(0.5 —0.25y — 0.75x), woo y ) 

when x and y are nonnegative. Observe that this system is also a special case of the system (2) for 

two competing species. 

Solution: 

Once again, there are four critical points, namely, (0, 0), (1, 0), (0, 2), and (0.5, 0.5), corresponding 

to equilibrium solutions of the system (20). Figure 9.4.3 shows a direction field for the system 

(20), together with the four critical points. From the direction field it appears that the mixed 

equilibrium solution (0.5, 0.5) is a saddle point, and therefore unstable, while the points (1, 

0) and (0, 2) are asymptotically stable. Thus, for competition described by equations (20), one 

species will eventually overwhelm the other and drive it to extinction. The surviving species is 

determined by the initial state of the system. To confirm these conclusions, we can look at the 
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linear approximations near each critical point. For later use, we record the Jacobian matrix J for 

the system (20): 

F, (x,y) F, (x, y) bod 1-—2x-y =x ) (21) 

=" Gy (x,y) Gy (x,y) =( -0.75y 0.5—0.5y — 0.75x 

DUS SLE LE Oe 

2S LL LL LOL LLL LL LL IN AE 

Mi A tL MOA ME TE MEE JEM HOO ME GE 

KHL SL LL LL LL LLL MOI 

OL et et es ee ae ae ee ee ee 

Ne a a a et a a ae a ae ee ee ee 

LOIN eee LLL LOONIE 

Ne 
NON a a ee a 

\ N66 6 ELL LLL 

NO N66 6 6 i 8 aaa aa 

N \ Nee eee ee ee eee 

1 ae ee 

DAA A AP POON ff Ce ee ee eee 

eae aero Om > oe ae ho ho eo a ee 

0.5 Loree 

Critical points and direction field for the system (20). 

(x, y) = (0, 0). Using the Jacobian matrix J from equation (21) evaluated at (0, 0), we obtain the 
linear system 

d {x Te (9) Ni fae 

a(,)=(0 03)() ea) 
which is valid near the origin. The eigenvalues and eigenvectors of the system (22) are 

iL 0) 
Asal E() = ue =1015, &@) = (°) (23) 

so the general solution is 

()-a (reste c 
Therefore, the origin is an unstable node of the linear system (22) and also of the nonlinear system 
(20). All trajectories leave the neighborhood of the origin tangent to the y-axis except for one 
trajectory that lies along the x-axis. 
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(x, y) = (1, 0). The corresponding linear system is 

fle) Te ses) as 
Its eigenvalues and eigenvectors are 

1 4 Rei Oe (;); h= 0.25, 62) = con (26) 

and its general solution is 

(") = (;) ee! +c, eek (27) 

The point (1, 0) is an asymptotically stable node of the linear system (25) and of the nonlinear 

system (20). If the initial values ofx and y are sufficiently close to (1, 0), then the interaction process 

will lead ultimately to that state—that is, to the survival of species x and the extinction of species 

y. There is one pair of trajectories that approaches the critical point along the x-axis. All other 

trajectories approach (1, 0) tangent to the line with slope —3/4 that is determined by the eigenvector 
é2), 

(x, y) = (0, 2). The analysis in this case is similar to that for the point (1, 0). The appropriate 

linear system is 

d fu —1 ON iu 

dt a a a ) 

The eigenvalues and eigenvectors of this system are 

4 =-1, f= (3); = —0.5, f= (7) 7 (29) 

and its general solution is 

(") =; (;) e' +c, (;) en (30) 

Thus the critical point (0, 2) is an asymptotically stable node of both the linear system (28) and 

the nonlinear system (20). All nearby trajectories approach the critical point tangent to the y-axis 

except for one trajectory that approaches along the line with slope 3. 

y):= (5. 5). The corresponding linear system is 

d (u -05 -05 \fu 

dt (") - iss elt 
(31) 

The eigenvalues and eigenvectors are 

Ile a - (3 +57) = 0.1594, §D = (; (-3- V57)) 
iE 

—1.3187/’ 

1 

0.5687)’ 

(32) 

= 7 (-5 - V7) = -0.7844, £ = (5 (-3+ V57)) Il 

so the general solution is 

Us 1 0.1594t 1 —0.7844t 33 

(‘=a anal Se? NOISGRTIE Weer S 
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Since the eigenvalues are of opposite signs, the critical point (0.5, 0.5) isa saddle point and therefore 

is unstable, as we had surmised earlier. All trajectories depart from the neighborhood of the critical 

point except for one pair that approaches the saddle point as t > oo. As they approach the critical 

point, the entering trajectories are tangent to the line with slope (V57 _- 3) /8 = 0.5687 determined 

from the eigenvector £2). There is also a pair of trajectories that approach the saddle point as 

t approaches —oo. These trajectories are tangent to the line with slope —1.3187 corresponding 

to €%, 

A phase portrait for the system (20) is shown in Figure 9.4.4. Near each of the critical points, the 

trajectories of the nonlinear system behave as predicted by the corresponding linear approximation. 

Of particular interest is the pair of red trajectories that enter the saddle point. These trajectories 

form a separatrix that divides the first quadrant into two basins of attraction. Trajectories starting 

above the separatrix ultimately approach the node at (0, 2), while trajectories starting below the 

separatrix approach the node at (1, 0). If the initial state lies precisely on the separatrix, then 

the solution (x, y) will approach the saddle point as t > oo. However, the slightest perturbation 

of the point (x, y) as it follows this trajectory will dislodge the point from the separatrix and cause 

it to approach one of the nodes instead. Thus, in practice, one species will survive the competition 

and the other will not. 

a 

2 

LS 

ONS 

0.25 0.5 0.75 1 125 x 

A phase portrait of the system (20). The red curve 
is the separatrix. Solutions with initial conditions above the sep- 
aratrix approach the critical point (0, 2). Solutions with initial 
conditions below the separatrix approach the critical point (1, 0). 
The critical point (0, 0) is an unstable node and the critical point 
(1/2, 1/2) is a saddle point. 

Examples 9.4.1 and 9.4.2 show that in some cases the competition between two species 
leads to an equilibrium state of coexistence, while in other cases the competition results in 
the eventual extinction of one of the species. To understand more clearly how and why this 
happens, and to learn how to predict which situation will occur, it is useful to look again 
at the general system (2). There are four cases to be considered, depending on the relative 
orientation of the lines 
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€)-%X—-ay=0 and €—-—ay-—ax =0, (34) 

as shown in Figure 9.4.5. These lines are called x- and y-nullclines* of system (2), 
respectively, because x’ is zero on the first and y’ is zero on the second. In each of the four 
cases in Figure 9.4.5, the x-nullcline is the solid blue line and the y-nullcline is the dashed 
green line. 

€,/a9 €,/o, 

(0) 

€,/a> €,/o, x 

(c) 

The four cases for the competing-species system 

(2). The x-nullcline is the solid blue line, and the y-nullcline is 

the dashed green line. 

Let (X, Y) denote any critical point in any one of the four cases. As in Examples 9.4.1 

and 9.4.2, the system (2) is locally linear in the neighborhood of this point because the 

right-side of each differential equation is a quadratic polynomial. To study the system (2) 

in the neighborhood of this critical point, we can look at the corresponding linear system 

obtained from equation (13) of Section 9.3: 

d (") Cj 20,X a a1Y =x (") (35) 

dt \v 7” —a,Y Co 202Y = AnX Ve 

We now use equation (35) to determine the conditions under which the model described 

by equations (2) permits the coexistence of the two species x and y. Of the four possible cases 

shown in Figure 9.4.5, coexistence is possible only in cases (c) and (d). In these cases, the 

4The vertical line x = 0 is also an x-nullcline of system (2). The horizontal line y = 0 is also a y-nullcline of 

system (2). 
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nonzero values of X and Y are obtained by solving the algebraic equations (34); the general 

result is 

= Enes E50) — €1A a iad os eed Ree (36) 
0102 — A102’ 0102 — &1A2 

Further, since €; — 0,X — a Y =O and €) — 02Y — a,X = 0, equation (35) immediately 

reduces to 

a (") yes : (") (37) 
dt \v —a@Y —mY/\v 

The eigenvalues of the system (37) are found from the equation 

r2 + (o,X + Y)r t+ (0102 — a2) XY = 0. (38) 

Thus 

— (0X + mY) +1 (4X + oY) —4(0107 — & a2) XY (39) 

If 010, — & a> < 0, then the radicand of equation (39) is positive and greater than 

(o,X +0 Y)*. Thus the eigenvalues are real and opposite in sign. Consequently, the critical 

point (X, Y) is an (unstable) saddle point, and coexistence is not possible. This is the case 

in Example 9.4.2, where o, = 1, a, = 1, 02 = 0.25, a, = 0.75, and 0,02 — aa, = —0.5. 

On the other hand, if 0,0, — aa > 0, then the radicand of equation (39) is less than 

(o,X + ,Y)*. In these cases the eigenvalues could be real, negative, and unequal, or they 

could be complex-valued with negative real part. A straightforward analysis of the radicand 

of equation (39) shows that the eigenvalues cannot be complex (see Problem 5). Thus the 

critical point is an asymptotically stable node, and sustained coexistence is possible. This is 
; il 
illustrated by Example 9.4.1, where 0; = 1, a, = 1,0, = 1, a2 = =, and 0,0 — a a2 = a 

Let us relate this result to Figures 9.4.5(c) and 9.4.5(d). In Figure 9.4.5(c) we have 

oad €} €2 
—>— or €&%>60, and —>— or 6a) >€10. ag sale 1&2 > €20) al tas 241 > €102 (40) 

These inequalities, coupled with the condition that X and Y given by equations (36) be 

positive, yield the inequality 0,02 < aa . Hence in this case the critical point is a saddle 

point. On the other hand, in Figure 9.4.5d we have 

7 < os Or €]4,<6€)0, and 7m < a OF €201 < €0>. (41) 

Now the condition that X and Y be positive yields o;0 > aa. Hence the critical point 
is asymptotically stable. For this case we can also show that the other critical points (0, 0), 
(€,/0,, 0), and (0, €2/02) are unstable. Thus for any positive initial values of x and y, the two 
populations approach the equilibrium state of coexistence given by equations (36). 

Equations (2) provide the biological interpretation of the result that whether coexistence 
occurs depends on whether 0,02 — ap is positive or negative. The o’s are a measure of 
the inhibitory effect that the growth of each population has on itself, whereas the a’s are a 
measure of the inhibiting effect that the growth of each population has on the other species. 
Thus, when 0,02 > a1}, interaction (competition) is “weak” and the species can coexist; 
when 0103 < @@, interaction (competition) is “strong” and the species cannot coexist— 
one must die out. 



Problems 

Each of Problems 1 through 4 can be interpreted as describing the 

interaction of two species with populations x and y. In each of these 

problems, carry out the following steps. 

a. 

b. 

© Draw a direction field and describe how solutions behave. 

Find the critical points. 

c. For each critical point find the corresponding linear system. Find 

the eigenvalues and eigenvectors of the linear system; classify 

each critical point as to type, and determine whether it is asymp- 

totically stable, stable, or unstable. 

d. Sketch trajectories in the neighborhood of each critical point. 

e. © Compute and plot enough trajectories of the given system to 

. ax/dt =x(2—x— 0.5y) 

. dx/dt = x(1.5+ x —0.5y) 

show clearly the behavior of the solutions. 

. Determine the limiting behavior of x and y as t > oo, and interpret 

the results in terms of the populations of the two species. 

3. dx/dt=x(1-—x-—-y) 

dy/dt=y(2—y—x) . 

4. dx/dt=x(1—x+0.5y) 

dy/dt = y (1.5 — 1.5y + 0.25x) 

dy/dt = y(2 — y — 0.75x) 

dy/dt = y(2+0.5y — 1.5x) 

5. Consider the eigenvalues given by equation (39). Show that 

(aX a> oY) = 4 (010 == Ay) XY = (aX = OY) aF 40, aX Y. 

Hence conclude that the eigenvalues can never be complex- 

valued. 

. Two species of fish that compete with each other for food, but do 

not prey on each other, are bluegill and redear. Suppose that a 

pond is stocked with bluegill and redear, and let x and y be the 

populations of bluegill and redear, respectively, at time t. Sup- 

pose further that the competition is modeled by the equations 

2 = x(€, —x- My), 2 = (Ez — HY — ax). 

a. If €,/a, > €,/o, and €,/0, > €,/a,, show that the only 

equilibrium populations in the pond are no fish, no redear, 

or no bluegill. What will happen for large t? 

b. If €;/0, > €)/a@ and €,/a, > €,/0,, show that the only 

equilibrium populations in the pond are no fish, no redear, 

or no bluegill. What will happen for large t? 

. Consider the competition between bluegill and redear men- 

tioned in Problem 6. Suppose that €,/a > €,/a, and €,/a, > 

€,/0, 80, as shown. in the text, there is a stable equilibrium 

point at which both species can coexist. It is convenient to 

rewrite the differential equations of Problem 6 in terms of the 

carrying capacity of the pond for bluegill in the absence of redear 

(B = €,/0,) and its carrying capacity for redear in the absence of 

bluegill (R = €3/a) 
a. Show that the equations of Problem 6 take the form 

1 Nn dy _ (1-5 — 12 
B 3) pune? shee? 7%) 
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where y, = @/0, and y, = a/c. Determine the coexistence 

equilibrium point (X, Y) in terms of B, R, y;, and y>. 

b. Now suppose that an angler fishes only for bluegill with the 

effect that B is reduced. What effect does this have on the 

equilibrium populations? Is it possible, by fishing, to reduce 

the population of bluegill to such a level that they will die 

out? 

8. Consider the system (2), and assume that 0,0, — aa, =0. 

a. Find all the critical points of the system. Observe that the 

result depends on whether o,€, — @€, is zero. 

b. If o,€, — a&2€, > 0, classify each critical point and deter- 

mine whether it is asymptotically stable, stable, or unstable. 

Note that Problem 3 is of this type. Then do the same if 

O1€ — A2€, <0. 

c. Analyze the nature of the trajectories when ¢,€, — a,¢€, = 0. 

. Consider the system (3) in Example 9.4.1 of the text. Recall that 

this system has an asymptotically stable critical point at (0.5, 

0.5), corresponding to the stable coexistence of the two pop- 

ulation species. Now suppose that immigration or emigration 

occurs at the constant rates of da and db for the species x and 

y, respectively. In this case equations (3) are replaced by 

dx _ dy _y 
ap x—y)+6a, paige 4y — 2x) + 6b. 

(42) 

The question is what effect this has on the location of the stable 

equilibrium point. 

a. To find the new critical point, we must solve the equations 

x(-x-y)+d6a=0, - 

* (3 —4y— 2x) + 6b = 0. oe) 

One way to proceed is to assume that x and y are given by 

power series in the parameter 6; thus 

X=Xj+xX,64+--, Y=Y+tyot-. (44) 

Substitute equations (44) into equations (43) and collect 

terms according to powers of 6. 

b. From the constant terms (the terms not involving 6), show 

that xp = 0.5 and yy = 0.5, thus confirming that in the absence 

of immigration or emigration, the critical point is (0.5, 0.5). 

c. From the terms that are linear in 6, show that 

x, =4a-—4b, y, =—2a+4b. (45) 

d. Suppose that a > 0 and b > 0 so that immigration occurs for 

both species. Show that the resulting equilibrium solution 

may represent an increase in both populations, or an increase 

in one but a decrease in the other. Explain intuitively why 

this is a reasonable result. 
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10. The system 

-y, y =-yvy—x(x —0.15)(x — 2) 

results from an approximation to the Hodgkin-Huxley” equa- 

tions, which model the transmission of neural impulses along 

an axon. 

a. Find the critical points, and classify them by investigating the 

In each of Problems 11 through 14: 

_ Sketch the nullclines and describe how the critical points 

move as @ increases. 

. Find the critical points. 

c. @ Let a = 2. Classify each critical point by investigating 

the corresponding approximate linear system. Draw a phase 

portrait in a rectangle containing the critical points. 

d. @ Find the bifurcation point a at which the critical points 

approximate linear system near each one. coincide. Locate this critical point, and find the eigenvalues 

b. @ Draw phase portraits for y = 0.8 and for y = 1.5. of the approximate linear system. Draw a phase portrait. 

c. @ Consider the trajectory that leaves the critical point e. @For a> ap, there are no critical points. Choose such a value 
(2, 0). Find the value of y for which this trajectory ultimately of a and draw a phase portrait. 

approaches the origin as t > co. Draw a phase portrait for this i 5 eg 
value of y. 11. = 4% + — Xs; aa a 

Bifurcation Points. Consider the system De ; ay, yt Saas 

x! =F(x,y,a), y' =G(x,y,a), (46) Sey. y' =4x-y-x? 

14. x’ =4x-y—-x?, y'=a-x+y 

where « is a parameter. The equations Problems 15 through 17 deal with competitive systems much like 

those in Examples 9.4.1 and 9.4.2, except that some coefficients 

F(x,y,a)=0, G(x,y,a)=0 (47) depend on a parameter a. In each of these problems, assume 

that x, y, and @ are always nonnegative. In each of Problems 15 

through 17: 

a. Sketch, by hand, the nullclines in the first quadrant, as in 

Figure 9.4.5. For different ranges of w, your sketch may resem- 

ble different parts of Figure 9.4.5. 

determine the x- and y-nullclines, respectively; any point where 

an x-nullcline and a y-nullcline intersect is a critical point. As 

a varies and the configuration of the nullclines changes, it may 

well happen that, at a certain value of a, two critical points coa- 

lesce into one. For further variation in a, the critical point may b. Find the critical points. 
once again separate into two critical points, or it may disappear c. Determine the bifurcation points. 

altogether. Or the process may occur in reverse: For a certain d. Find the Jacobian matrix J, and evaluate it for each of the 

value of a, two formerly nonintersecting nullclines may come 

together, creating a critical point, which, for further changes in 

a, may split into two. A value of a at which such phenomena 

occur is a bifurcation point. It is also common for a critical point 

to experience a change in its type and stability properties at a 

bifurcation point. Thus both the number and the kind of critical 

points may change abruptly as « passes through a bifurcation 

point. Since a phase portrait of a system is very dependent on 

the location and nature of the critical points, an understanding 

of bifurcations is essential to an understanding of the global 

behavior of the system’s solutions. 

critical points. 

e. Determine the type and stability property of each critical 

point. Pay particular attention to what happens as a passes 

through a bifurcation point. 

£. © Draw phase portraits for the system for selected values of 

a to confirm your conclusions. 

15. dx/dt=xQ+x+y), dy/dt=y(a+y+t0.5x) 

16. dx/dt=xQ+x+y), dy/dt = y(0.75 + ay +0.5x) 

17. dx/dt=x(1+x+y), dy/dt=y(a+y+(2a—1)x) 

9.5 | PREDATOR-PREY EQUATIONS 

In the preceding section we discussed a model of two species that interact by competing for 
a common food supply or other natural resource. In this section we investigate the situation 
in which one species (the predator) preys on the other species (the prey), while the prey lives 
on a different source of food. For example, consider foxes and rabbits in a closed forest. The 
foxes prey on the rabbits, the rabbits live on the vegetation in the forest. Other examples 
are bass in a lake as predators and redear as prey, and ladybugs as predators and aphids as 
prey. We emphasize again that a model involving only two species cannot fully describe the 

See a eee 

°Sir Alan L. Hodgkin (1914-1998) and Sir Andrew F. Huxley (1917-_), British physiologists and biophysicists, 
studied the excitation and transmission of neural impulses at Cambridge University and the Marine 
Biological Association Laboratory in Plymouth. This work was both theoretical (resulting in a system 
of nonlinear differential equations) and experimental (involving measurements on the giant axon of the 
Atlantic squid). They were awarded the Nobel Prize in Physiology or Medicine in 1963. 
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complex relationships among species that actually occur in nature. Nevertheless, the study 
of simple models is the first step toward an understanding of more complicated phenomena. 

We will denote by x and y the populations of the prey and predator, respectively, at 
time ft. In constructing a model of the interaction of the two species, we make the following 
assumptions: 

1. In the absence of the predator, the prey grows at a rate proportional to the current 
population; thus dx/dt = ax,a > 0, when y = 0. 

In the absence of the prey, the predator dies out; thus dy/dt = —cy, c> 0, when x = 0. 

The number of encounters between predator and prey is proportional to the product 

of their populations. Each such encounter tends to promote the growth of the predator 

and to inhibit the growth of the prey. Thus the growth rate of the predator is increased 

by a term of the form yxy, while the growth rate of the prey is decreased by a term —axy, 

where y and @ are positive constants. 

As a consequence of these assumptions, we are led to the equations 

dx 
di 
d 
= =-cy+yxy=y(-c+yx). 

=ax-axy=x(a-«ay), 

(1) 

The constants a, c, a, and y are all positive; a and c are the growth rate of the prey 

and the death rate of the predator, respectively, and a and y are measures of the effect 

of the interaction between the two species. Equations (1) are known as the Lotka- 

Volterra equations. They were developed in papers by Lotka® in 1925 and by Volterra’ 

in 1926. Although these are rather simple equations, they do characterize a wide class of 

problems. Ways of making them more realistic are discussed at the end of this section and 

in the problems. Our goal here is to determine the qualitative behavior of the solutions 

(trajectories) of the system (1) for arbitrary positive initial values of x and y. We first do this 

for a specific example and then return to the general equations (1) at the end of the section. 

EXAMPLE 9.5.1 

Discuss the solutions of the system 

ios =x(1-0.5y)=x-—0.5xy =F (x,y), 
dt 

(2) 

a = y(+0.75 + 0.25x) = —0.75y + 0.25xy = G(x, y) 

for x and y positive. 

Solution: 

The critical points of this system are the solutions of the algebraic equations 

| x(1—0.5y)=0, y(—0.75 + 0.25x) = 0, (3) 

pee en ene ee ee 

6 Alfred J. Lotka (1880-1949), an American biophysicist, was born in what is now Ukraine and was educated 

mainly in Europe. He is remembered chiefly for his formulation of the Lotka-Volterra equations. He was also 

the author, in 1924, of the first book on mathematical biology; it is now available as Elements of Mathematical 

Biology (New York: Dover, 1956). 

7Vito Volterra (1860-1940), a distinguished Italian mathematician, held professorships at Pisa, Turin, and 

Rome. He is particularly famous for his work in integral equations and functional analysis. Indeed, one of the 

major classes of integral equations is named for him; see Problem 16 of Section 7.6. His theory of interacting 

species was motivated by data collected by his son-in-law, Humberto d’Ancona, concerning fish catches in 

the Adriatic Sea. A translation of his 1926 paper can be found in an appendix to R. N. Chapman, Animal 

Ecology with Special Reference to Insects (New York: McGraw-Hill, 1931). 
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namely, the points (0, 0) and (3, 2). Figure 9.5.1 shows the critical points and a direction field for 

the system (2). From this figure, it appears that trajectories in the first quadrant encircle the critical 

point (3, 2). Whether the trajectories are actually closed curves, or whether they slowly spiral in 

or out, cannot be definitely determined from the direction field. The origin appears to be a saddle 

point. Just as for the competition equations in Section 9.4, the coordinate axes are trajectories of 

equations (1) or (2). Consequently, no other trajectory can cross a coordinate axis, which means 

that every solution starting in the first quadrant remains there for all time. 

Next we examine the local behavior of solutions near each critical point. 

(x, y) = (0, 0). Near the origin we can neglect the nonlinear terms in equations (2) to obtain the 

corresponding linear system 

d (x Ie) x —|{ |= 4 ail;)= (0. “o7s)ly) o 
The eigenvalues and eigenvectors of equation (4) are 

n= 1, p= (5); n=-o75, £0 =(1) (5) 

Weer AZT ASS PATS Yuet ZZ AA PADS PLT NSS ALSIP ATS PL LS NNSA ZA AL PPP A LTS NMS ZAPPED TL AST 

\ \ I f f / / 

Nees FL SSL ST Wee 7 27/7 Eff NS aA AAS ALT 
££ KKK RRRKKAKKA 

NN ALT EST 

“ie --— Om — > See ee eee 

“Sao -->r > p> OO Oo Or > Sr OO OO > > > 

PE OOOO a 

J. ee ee ee 

| FIGURE 9.5.1 | Critical points and direction field for the predator-prey system (2). 

so its general solution is 

()--()eeo6)-om : 
Thus the origin is a saddle point both of the linear system (4) and of the nonlinear system (2) and 
therefore is unstable. One trajectory enters the origin along the y-axis; all other trajectories depart 
from the neighborhood of the origin. 

(x, y) = (3, 2). To examine the critical point (3, 2), we can use the Jacobian matrix 

J= HIF, o}G59)= (FO ee —0.5x ) as 
G, (x, y) Gy (x,y) 0.25y —0.75 + 0.25x 
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Evaluating J at the point (3, 2), we obtain the linear system 

ile) Meso No) @) 
where u = x — 3 and v = y — 2. The eigenvalues and eigenvectors of this system are 

n= pe(_) )) n= g@=(35), (9) ~i/V3 

Since the eigenvalues are imaginary, the critical point (3, 2) is a center of the linear system (8) and 

is therefore a stable critical point for that system. Recall from Section 9.3 that this is one of the cases 

in which the behavior of the linear system may or may not carry over to the nonlinear system, so the 

nature of the point (3, 2) for the nonlinear system (2) cannot be determined from this information. 

The simplest way to find the trajectories of the linear system (8) is to divide the second of 

equations (8) by the first so as to obtain the differential equation 

dv _dv/dt_ OSu ou 

du du/dt' —-1.5v = 3v’ 

or 

udu + 3vdv=0. (10) 

Consequently, 

u* + 3yv* =k, (11) 

where k is an arbitrary nonnegative constant of integration. Thus the trajectories of the linear 

system (8) are ellipses centered at the critical point and elongated somewhat in the horizontal 

direction. 

Now let us return to the nonlinear system (2). Dividing the second of equations (2) by the first, 

we obtain 

dy y(—0.75 + 0.25x) 
POCA ED celta abla aati 2 dx. x(@-0.5y) (@) 

Equation (12) is a separable equation and can be put in the form 

1-0.5y ge =0.75 +0.25x 4 
y x 

from which it follows that 

0.75Inx + Iny —0.5y — 0.25x =, (13) 

where c is a constant of integration. Although by using only elementary functions we cannot solve 

equation (13) explicitly for either variable in terms of the other, it is possible to show that the graph 

of the equation for a fixed value of c is a closed curve surrounding the critical point (3, 2). Thus the 

critical point is also a center of the nonlinear system (2), and the predator and prey populations 

exhibit a cyclic variation. 

Figure 9.5.2 shows a phase portrait of the system (2). For some initial conditions, the trajectory 

represents small variations in x and y about the critical point and is almost elliptical in shape, 

as the linear analysis suggests. For other initial conditions, the oscillations in x and y are more 

pronounced, and the shape of the trajectory is significantly different from an ellipse. Observe that 

the trajectories are traversed in the counterclockwise direction. The dependence of x and y on t for 

the red trajectory in Figure 9.5.2 is shown in Figure 9.5.3. Note that x and y are periodic functions 

of t, as they must be since the trajectories are closed curves. Further, the oscillation of the predator 

population lags behind that of the prey. Starting from a state in which both predator and prey 
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edation. Then the 
populations are relatively small, the prey first increase because there is little pr 

predators, with abundant food, increase in population also. This causes heavier predation, and 

the prey tend to decrease. Finally, with a diminished food supply, the predator population also 

decreases, and the system returns to its original state. From here the trajectory begins to repeat 

itself. 

| FIGURE 9.5.2 | A phase portrait of the system (2). The critical point at (3, 2) isa center 

and the one at (0, 0) is a saddle point. The component plots for the red curve, with 

initial condition x (0) = 2, y(0) = 1 are shown in Figure 9.5.3. 
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| FIGURE 9.5.3 | Variations of the prey (dotted red curve) and predator 

(dashed red curve) populations with time for the system (2) with initial 

condition x (0) = 2, y(0) = 1. 

The general system (1) can be analyzed in exactly the same way as in the example. The 

critical points of the system (1) are the solutions of 

x(a—ay)=0, y(-c+yx)=0, 

that is, the points (0, 0) and (c/y, a/c). We first examine the solutions of the corresponding 
linear system near each critical point. 

In the neighborhood of the origin, the corresponding linear system is 

ager JU a 
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The eigenvalues and eigenvectors are 

aes (8x esta) ie 
so the general solution is 

(*) =O) (;) et +c (3) ence (16) 

Thus the origin is a saddle point and hence unstable. Entrance to the saddle point is along 
the (positive) y-axis; all other trajectories depart from the neighborhood of the critical point. 

Next consider the critical point (c/y, a/a). The Jacobian matrix is 

ya (t-X —ax 

yy —c+yx}° 

Evaluating J at (c/y, a/a), we obtain the approximate linear system 

(io (C5 0 -ac/y\/u ils) (rae ols} a 
where u = x —c/y andv=y—a/a. The eigenvalues of the system (17) are r = +i,/ ac, so the 

critical point is a (stable) center of the linear system. To find the trajectories of the system 

(17), we can divide the second equation by the first to obtain 

dv _dv/dt__— (ya/a)u 

du ~ du/dt ~~ (acly)v’ ve 
or 

y2au du + a2cvdv = 0. (19) 

Consequently, 

y2au2 + acy" =k, (20) 

where k is a nonnegative constant of integration. Thus the trajectories of the linear system 

(17) are ellipses, just as in the example. 

Returning briefly to the nonlinear system (1), observe that it can be reduced to the single 

equation 

dy” “dy/dt" 'y (—¢ + 7x) 
—_—= = : 21 dx ~ axidi x(a—ay) (21) 

Equation (21) is separable and has the solution 

alny-—ay+clnx-—yx=C, (22) 

where C is a constant of integration. Again, it is possible to show that for fixed C, the graph 

of equation (22) is a closed curve surrounding the critical point (c/y, a/a). Thus this critical 

point is also a center for the general nonlinear system (1). 

The cyclic variation of the predator and prey populations can be analyzed in more detail 

when the deviations from the point (c/y, a/a) are small and the linear system (17) can be 

used. The solution of the system (17) can be written in the form 
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u= ok cos (act re $), y= 2 /£x sin (act + ¢), (23) 

where the constants K and ¢ are determined by the initial conditions. Thus 

x= : + K cos (act + #), 

y= 242) /£xsin (fact +4). 
a 

(24) 

These equations are good approximations for the nearly elliptical trajectories close to 

the critical point (c/y, a/c). We can use them to draw several conclusions about the cyclic 

variation of the predator and prey on such trajectories. 

1. The sizes of the predator and prey populations vary sinusoidally with period 277/y ac. 

This period of oscillation is independent of the initial conditions. 

2. The predator and prey populations are out of phase by one-quarter of a cycle. The prey 

leads and the predator lags, as explained in the example. 

3. The amplitudes of the oscillations are Kc/y for the prey and .\/ acK/a for the predator, 

and hence depend on the initial conditions as well as on the parameters of the problem. 

4. The average populations of predator and prey over one complete cycle are c/y and a/a, 

respectively. These are the same as the equilibrium populations; see Problem 10. 

Cyclic variations of predator and prey as predicted by equations (1) have been observed 

in nature. One striking example is described by Odum (pp. 191-192); based on the records 

of the Hudson’s Bay Company of Canada, the abundance of lynx and snowshoe hare, as 

indicated by the number of pelts turned in over the period 1845-1935, shows a distinct 

periodic variation with a period of 9 to 10 years. The peaks of abundance are followed by 

very rapid declines, and the peaks of abundance of the lynx and hare are out of phase, with 

that of the hare preceding that of the lynx by a year or more. 

Since the critical point (c/y, a/a) is a center, we expect that small perturbations of 

the Lotka-Volterra equations may well lead to solutions that are not periodic. To put 

it another way, unless the Lotka-Volterra equations exactly describe a given predator- 

prey relationship, the actual fluctuations of the populations may differ substantially from 

those predicted by the Lotka-Volterra equations, due to small inaccuracies in the model 

equations. This has led to many attempts® to replace the Lotka-Volterra equations by other 
systems that are less susceptible to the effects of small perturbations. Problem 13 introduces 
one such alternative model. 

Another criticism of the Lotka-Volterra equations is that in the absence of the predator, 
the prey will grow without bound. This can be corrected by allowing for the natural 
inhibiting effect that an increasing population has on the growth rate of that population. 
For example, the first of equations (1) can be modified so that when y = 0, it reduces toa 
logistic equation for x. The effects of this modification are explored in Problems 11 and 12. 
Problems 14 through 16 deal with harvesting in a predator-prey relationship. The results 
may seem rather counterintuitive. 

Finally, we repeat a warning stated earlier: relationships among species in the natural 
world are often complex and subtle. You should not expect too much of a simple system of 
two differential equations in describing such relationships. Even if you are convinced that 
the general form of the equations is sound, the determination of numerical values for the 
coefficients may present serious difficulties. 

nn ne 

See the book by Brauer and Castillo-Chavez listed in the References for an extensive discussion of 
alternative models for predator - prey relationships. 



9.5 Predator—Prey Equations | 509 | 

Problems AY 

Each of Problems 1 through 5 can be interpreted as describing the 
interaction of two species with population densities x and y. In each 
of these problems, carry out the following steps. 

a. @ Draw a direction field and describe how solutions seem to 

b. 

behave. 

Find the critical points. 

c. Foreach critical point, find the corresponding linear system. Find 

Tao - © & 

the eigenvalues and eigenvectors of the linear system; classify 

each critical point as to type, and determine whether it is asymp- 

totically stable, stable, or unstable. 

. Sketch the trajectories in the neighborhood of each critical point. 

. ODrawa phase portrait for the system. 

. Determine the limiting behavior of x and y as t > o. 

. Interpret the results in terms of the populations of the two species. 

1. dx/dt = x(2 — 0.5y) 

dy/dt = y(—0.5 + x) 

. dx/dt = x(1+0.5y) 

dy/dt = y(0.25 + 0.5x) 

. dx/dt = x(1.5 — 0.5x — 0.5y) 

dy/dt = y(—0.25 + 0.5x) 

. dx/dt = x (1—2.5x + 0.3y + x?) 
dy/dt = y(1.5—x) 

. ax/dt = x(—1 + 2.5x — 0.5y — x?) 

dy/dt = y(—1.5 + x) 

. In this problem we examine the phase difference between the 

cyclic variations of the predator and prey populations as given 

by equations (24) of this section. Suppose we assume that K > 0 

and that t is measured from the time that the prey population x 

is a maximum; then ¢ = 0. 

a. Show that the predator population y reaches a maximum at 

t=7/ (2\/ac) = T/4, where T is the period of the oscillation. 

b. When is the prey population increasing most rapidly? 

decreasing most rapidly? a minimum? 

c. Answer the questions in part b for the predator population. 

d. Draw a typical elliptic trajectory enclosing the point 

(c/y, a/a), and mark on it the points found in parts a, b, 

and c. 

a. Find the ratio of the amplitudes of the oscillations of 

the prey and predator populations about the critical point 

(c/y, a/c), using the approximation (24), which is valid for 

small oscillations. Observe that the ratio is independent of 

the initial conditions. 

b. Evaluate the ratio found in part a for the system (2). 

c. Estimate the amplitude ratio for the solution of the nonlinear 

system (2) shown in Figure 9.5.3. Does the result agree with 

that obtained from the linear approximation? 

d. Determine the prey-predator amplitude ratio for other 

solutions of the system (2)—that is, for solutions satisfying 

other initial conditions. Is the ratio independent of the initial 

conditions? 

a. Find the period of the oscillations of the prey and predator 

populations, using the approximation (24), which is valid for 

small oscillations. Note that the period is independent of the 

amplitude of the oscillations. 

9. 

10. 

11. 

b. For the solution of the nonlinear system (2) shown in Figure 

9.5.3, estimate the period as well as possible. Is the result the 

same as for the linear approximation? 

c. © Calculate other solutions of the system (2)—that is, solu- 

tions satisfying other initial conditions—and determine their 

periods. Is the period the same for all initial conditions? 

Consider the system 

ites ax (1- *), dt 2 a = by(1-3) dia 3 

where a and b are positive constants. Observe that this system 

is the same as in the example in the text if a = 1 and b = 0.75. 

Suppose the initial conditions are x (0) = 5 and y(0) = 2. 

a. @ Let a=1 and b = 1. Plot the trajectory in the phase plane, 

and determine (or estimate) the period of the oscillation. 

b. Repeat part a fora = 3 anda = 1/3, with b=1. 

c. © Repeat part a for b = 3 and b = 1/3, witha = 1. 

d. Describe how the period and the shape of the trajectory 

depend on a and b. 

The average sizes of the prey and predator populations are 

defined as 

1 fs T +T 

x== x (t) dt, eal y (t) dt, 
T A T A 

respectively, where T is the period of a full cycle, and A is any 

nonnegative constant. 

a. Using the approximation (24), which is valid near the critical 

point, show that x = c/y andy = a/a. 

b. @ For the solution of the nonlinear system (2) shown in 

Figure 9.5.3, estimate x and y as well as you can. Try to deter- 

mine whether x and y are given by c/y and a/a, respectively, 

in this case. Hint: Consider how you might estimate the value 

of an integral even though you do not have a formula for the 

integrand. 

c. © Calculate other solutions of the system (2) — that is, 

solutions satisfying other initial conditions — and determine 

x and y for these solutions. Are the values of x and y the same 

for all solutions? 

In Problems 11 and 12, we consider the effect of modifying the 

equation for the prey x by including a term —ox? so that this 

equation reduces to a logistic equation in the absence of the 

predator y. Problem 11 deals with a specific system of this kind, 

and Problem 12 takes up this modification to the general Lotka- 

Volterra system. The systems in Problem 3 is another example of 

this type. 

Consider the system 

x’ =x(l1-—ox-0.5y), y’ = y(—0.75 + 0.25x), 

where o > 0. Observe that this system is a modification of the 

system (2) in Example 9.5.1. 

a. Find all of the critical points. How does their location change 

as o increases from zero? Observe that there is a critical point 

in the interior of the first quadrant only if a < 1/3. 

b. Determine the type and stability property of each critical 

point. Find the value where the nature of the critical point 
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in the interior of the first quadrant changes. Describe the 

change that takes place in this critical point as a passes 

through o,. 

c. © Draw a direction field and phase portrait for a value of o 

between zero and @;; for a value of o between , and 1/3. 

d. Describe the effect on the two populations as o increases 

from zero to 1/3. 

12. Consider the system 

dx/dt=x(a-—ox-—ay), dy/dt=y(-c+yx), 

where a, ¢, a, c, and y are positive constants. 

a. Find all critical points of the given system. How does their 

location change as ¢ increases from zero? Assume that a/o 

> c/y, that is, o < ay/c. Why is this assumption necessary? 

b. Determine the nature and stability characteristics of each 

critical point. 

c. Show that there is a value of o between zero and ay/c where 

the critical point in the interior of the first quadrant changes 

from a spiral point to a node. 

d. Describe the effect on the two populations as o increases 

from zero to ay/c. 

13. Inthe Lotka-Volterra equations, the interaction between the two 

species is modeled by terms proportional to the product xy of 

the respective populations. If the prey population is much larger 

than the predator population, this may overstate the interaction; 

for example, a predator may hunt only when it is hungry and 

ignore the prey at other times. In this problem we consider an 

alternative model proposed by Rosenzweig and MacArthur.” 

a. Consider the system 

x! =x(1-2- ey ), yi=y(-Z+ z i 

Find all of the critical points of this system. 

b. Determine the type and stability characteristics of each criti- 

cal point. 

c. © Draw a direction field and phase portrait for this system. 

Harvesting in a Predator-Prey Relationship. In a predator-prey 

situation, it may happen that one or perhaps both species are valuable 

sources of food. Or, the prey species may be regarded as a pest, 

leading to efforts to reduce its numbers. In a constant-effort model 

of harvesting, we introduce a term —E,x in the prey equation and a 

term —E,y in the predator equation, where E, and E, are measures 

of the effort invested in harvesting the respective species. A constant- 

yield model of harvesting is obtained by including the term —H, in 

the prey equation and the term —H, in the predator equation. The 

constants E,, E,, H,, and H, are always nonnegative. Problems 14 

and 15 deal with constant-effort harvesting, and Problem 16 deals 

with constant-yield harvesting. 

14. Applying a constant-effort model of harvesting to the Lotka- 

Volterra equations (1), we obtain the system 

x'=x(a-ay-,), y =y(-c+yx—£)). 

When there is no harvesting, the equilibrium solution is 

(c/y, a/a). 
a. Before doing any mathematical analysis, think about the 

situation intuitively. How do you think the populations will 

change if the prey alone is harvested? if the predator alone is 

harvested? if both are harvested? 

b. How does the equilibrium solution change if the prey is 

harvested, but not the predator (E, > 0, E, = 0)? 

c. How does the equilibrium solution change if the predator is 

harvested, but not the prey (E, = 0, E, > 0)? 

d. How does the equilibrium solution change if both are 

harvested (FE; > 0, Ey > 0)? 

15. If we modify the Lotka-Volterra equations by including a self- 

limiting term —ox? in the prey equation, and then assume 

constant-effort harvesting, we obtain the equations 

x'=x(a-—ox-—ay—-E,) y =y(-c+yx—£). 

In the absence of harvesting, the equilibrium solution of interest 

isx = c/y, y = (a/a) — (ac)/(ay). 

a. How does the equilibrium solution change if the prey is 

harvested (E, > 0), but not the predator (Ey = 0)? 

b. How does the equilibrium solution change if the predator is 

harvested (E, > 0), but not the prey (FE; = 0)? 

c. How does the equilibrium solution change if both predator 

and prey are harvested (E, > 0, Ey > 0)? 

16. In this problem we apply a constant-yield model of harvesting to 

the situation in Example 9.5.1. Consider the system 

x’ =x(1-05y)-H,, y’ =y(-0.75 + 0.25x) — Hp, 

where H, and H, are nonnegative constants. Recall that if H, = 

H, = 0, then (3, 2) is an equilibrium solution for this system. 

a. Before doing any mathematical analysis, think about the 

situation intuitively. How do you think the populations will 

change if the prey alone is harvested? if the predator alone is 

harvested? if both are harvested? 

b. How does the equilibrium solution change if the prey is 

harvested (H, > 0), but not the predator (H, = 0)? 

c. How does the equilibrium solution change if the predator is 

harvested (H, > 0), but not the prey (H, = 0)? 

d. How does the equilibrium solution change if both predator 
and prey are harvested (H, > 0, H, > 0)? 

9.6 | LYAPUNOV’S SECOND METHOD 

In Section 9.3 we showed how the stability of a critical point of a locally linear system 
can usually be determined from a study of the corresponding linear system. However, no 

a a a 

*See the book by Brauer and Castillo-Chavez for further details. 
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conclusion can be drawn when the critical point is a center of the corresponding linear 
system. Examples of this situation are the undamped pendulum, equations (1) and (2) 
below, and the predator-prey problem discussed in Section 9.5. Also, for an asymptotically 
stable critical point, it may be important to investigate the basin of attraction—that is, the 
domain such that all solutions starting within that domain approach the critical point. The 
theory of locally linear systems does not help us to answer this question. 

In this section we discuss another approach, known as Lyapunov’s!° second method 
or direct method. The method is referred to as a direct method because no knowledge 
of the solution of the system of differential equations is required. Rather, conclusions 
about the stability or instability of a critical point are obtained by constructing a suitable 
auxiliary function. The technique is a very powerful one that provides a more global type 
of information—for example, an estimate of the extent of the basin of attraction of a critical 

point. Lyapunov’s second method can also be used to study systems of differential equations 

that are not locally linear; however, we will not discuss such problems. 

> The Pendulum Equations. Basically, Lyapunov’s second method is a generalization of 

two physical principles for conservative systems, namely, (i) a rest position is stable if the 

potential energy is a local minimum, otherwise it is unstable, and (ii) the total energy is 

a constant during any motion. To illustrate these concepts, again consider the undamped 

pendulum (a conservative mechanical system), which is governed by the equation 

d*0@ mg. 1 
maa + => sin (9) =0. (1) 

The corresponding system of first-order equations is 

dx dy rae 
pesca 22, ie (aS 2 Wn? ap tT In @): (2) 

where x = 6 and y = d@/dt. If we omit an arbitrary constant, the potential energy U is the 

work done in lifting the pendulum above its lowest position, namely, 

U (x,y) = mgL (1 — cos(x)); (3) 

see Figure 9.2.2. The critical points of the system (2) are (x, y) = (+nz, 0), for n = 0, 1, 2, 

3, ..., corresponding to @ = +nz, d@/dt = 0. Physically, we expect the points (x, y) = (0, 0), 

(+277, 0), corresponding to 0 = 0, + 27, ... , to be stable, since for them the pendulum bob 

is vertical with the weight down. Further, we expect the points (x, y) = (+71, 0), (+37, 0), 

... , corresponding to 6 = +7, + 37, ..., to be unstable, since for them the pendulum bob is 

vertical with the weight up. This agrees with statement (i), for at the former points U is a 

minimum equal to zero, and at the latter points U is a maximum equal to 2mgL. 

Next consider the total energy V, which is the sum of the potential energy U and the 

kinetic energy sl? (d@/dt)*. In terms of x and y, 

: 1 
V (x, yy = U(x, y) + sml?y? = mgL (1 —cos(x)) + 5m’ y*. (4) 

On a trajectory corresponding to a solution (x, y) = (x(t), y(t)) of equations (2), V can be 

considered a function of t. The derivative of V((xt), y(t) ( with respect to t is called the rate 

of change of V along the trajectory. By the chain rule, 

10 Jexander M. Lyapunov (1857-1918), a student of Chebyshev at St. Petersburg, taught at the University of 

Kharkov from 1885 to 1901, when he became an academician in applied mathematics at the St. Petersburg 

Academy of Sciences. In 1917 he moved to Odessa because of his wife's frail health. His research in stability 

encompassed both theoretical analysis and applications to various physical problems. His second method 

formed part of his most influential work, General Problem of Stability of Motion, published in 1892. 
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dx dy (t) VEOVO <ye0.9) SO + COO) Gr 
= (mgL sin (x)) a + miey®, (5) 

where it is understood that x and y are actually functions of t : x = x(t), y = y(t). Finally, 

because (x, y) is a solution of system (2), we know dx/dt = y and dx/dt = —(g/L) sin(x); 

substituting these in equation (5) for dx/dt and dy/dt, we find that dV/dt = 0. Hence Visa 

constant along any trajectory of the system (2), which is principle (ii). 

It is important to note that at any point (x, y), the rate of change of V along the trajectory 

through that point was computed without actually solving the system (2). It is precisely this 

fact that enables us to use Lyapunov’s second method for systems whose solution we do not 

know, which is the main reason for its importance. 

At the stable critical points, (x, y) = (+2n7, 0), n = 0, 1, 2, ... , the energy V is zero. If 

the initial state (x,, y,) of the pendulum is sufficiently near a stable critical point, then the 

energy V (x;,);) is small, and the motion (trajectory) associated with this energy stays close 

to the critical point. It can be shown that if V (x;,y) is sufficiently small, then the trajectory 

is closed and encloses the critical point. For example, suppose (xj, ;) is near (0, 0) and that 

V (x1,1) is very small. The equation of the trajectory with energy V (xj, y;) is 

V (x,y) = mgL (1 — cos(x)) + 5mb2y? = V (x1,91). 

For x small, we have 1 — cos(x) = 1 — (1 — x?/2! 4+ ...) = x?/2. Thus the equation of the 
trajectory is approximately 

1 1 
5mgx? + ml y? =V(%1,)1), 

or 

x2 y? 

QV @ yO OMED) OV GT Gn) 

This is an ellipse enclosing the critical point (0, 0); the smaller V (x,, y,) is, the shorter are 

the major and minor axes of the ellipse. Physically, the closed trajectory corresponds to a 

solution that is periodic in time—the motion is a small oscillation about the equilibrium 
point. 

If damping is present, however, it is natural to expect that the amplitude of the motion 
decays in time and that the stable critical point (center) becomes an asymptotically stable 
critical point (spiral point). See the phase portrait for the damped pendulum in Figure 9.3.5. 

This can almost be argued from a consideration of & . For the damped pendulum, the total 

energy is still given by equation (4), but now when (x, y) = (x(0), y(£) is a solution of from 
; : dx dy Oi « c 

equations (13) of Section 9.2, ae a, and de AT (x) - mL Substituting these 

expressions for dx/dt and dy/dt in equation (5) gives o = —cLy* < 0. Thus the energy 
is nonincreasing along any trajectory and, except for the trajectory approaching the origin 
along the line y = 0, the motion is such that the energy decreases. Hence each trajectory 

must approach a point of minimum energy—a stable equilibrium point. If < < 0 instead 
t 

dv se ‘ 
of —— < 0, itis reasonable to expect all trajectories that start sufficiently close to the origin, 
a stable equilibrium point, will approach the origin as t increases. 
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» General Systems. To pursue these ideas further, consider the autonomous system 

xe dy _ 
GE oy), Ge = EY): (6) 

and suppose that the point (x, y) = (0, 0) is an asymptotically stable critical point. Then 
there exists some domain D containing (0, 0) such that every trajectory that starts in D must 
approach the origin as t > oo. Suppose that there exists an “energy” function V such that 
V 2 O for (x, y) in D with V = 0 only at the origin. Since each trajectory in D approaches the 
origin as t > oo, then following any particular trajectory, V decreases to zero as t approaches 
infinity. The type of result we want to prove is essentially the converse: if, on every trajectory, 
V decreases to zero as t increases, then the trajectories must approach the origin as t > oo, 

and hence the origin is asymptotically stable. First, however, it is necessary to make several 

definitions. 

Let V be defined on some domain D containing the origin. Then V is said to be positive 

definite on D if V (0, 0) = 0 and V (x, y) > 0 for all other points in D. Similarly, V is said 

to be negative definite on D if V (0, 0) = 0 and V (x, y) < 0 for all other points in D. If the 

inequalities > and < are replaced by > and <, then V is said to be positive semidefinite 

and negative semidefinite, respectively. We emphasize that when we speak of a positive 

definite (negative definite, ...) function on a domain D containing the origin, the function 

must be zero at the origin in addition to satisfying the proper inequality at all other points 

in D. 

EXAMPLE 9.6.1 

Verify that 

V (x, y) = cos (x? + y”) 

is positive definite on x? + y? < 77/2. 
Also, verify that 

Wo y)=(@-y)? 
is positive semidefinite for all (x, y). 

Solution: 

Since V (0,0) = Oand V(x, y) > 0 for0 < x?+y? < 7/2, Vis positive definite on 0 < x?+y? < 7/2. 
Likewise W (0, 0) = 0 and W (x, y) > 0 for all (x, y). But, the fact that W (x, y) = 0 along the line 

y =x means that w is only positive semidefinite. 

We also want to consider the function 

V(x, y) = Vy (xy) F(x, y) +, y)G(,y), (7) 

where F and G are the same functions as in equations (6). We choose this notation because 

V (x, y) can be identified as the rate of change of V along the trajectory of the system (6) that 

passes through the point (x, y). That is, if (x, y) = (x(t), y(O) is a solution of the system (6), 

then 

KOO) 29 + yoo 2 
= Vie VWF Oy) + Vy (x,y) G (x,y) 

=V (x,y). (8) 

dv (x(t), y() _ 
dt 

The function V is often referred to as the derivative of V with respect to the system (6). 
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We now state two Lyapunov theorems, the one dealing with stability, the other with 

instability. 

Theorem 9.6.1 | Lyapunov Stability Theorem 

Suppose that the autonomous system (6) has an isolated critical point at the origin. If there 

exists a function V that is continuous and has continuous first partial derivatives, that is 

positive definite, and for which the function V given by equation (7) is negative definite on 

some domain D in the xy-plane containing (0, 0), then the origin is an asymptotically stable 

critical point. If V is negative semidefinite, then the origin is a stable critical point. 

Theorem 9.6.2 | Lyapunov Instability Theorem 

Let the origin be an isolated critical point of the autonomous system (6). Let V be a function 

that is continuous and has continuous first partial derivatives. Suppose that (i) V (0, 0) = 0 
and (ii) in every neighborhood of the origin there is at least one point at which V is positive 

(negative). If there exists a domain D containing the origin such that the function V given by 

equation (7) is positive definite (negative definite) on D, then the origin is an unstable critical 

point. 

The function V is called a Lyapunov function. Before sketching geometric arguments 

for Theorems 9.6.1 and 9.6.2, we note that the difficulty in using these theorems is that 

they tell us nothing about how to construct a Lyapunov function, assuming that one exists. 

In cases where the autonomous system (6) represents a physical problem, it is natural 

to consider first the actual total energy function of the system as a possible Lyapunov 

function. However, Theorems 9.6.1 and 9.6.2 are applicable in cases where the concept of 

physical energy is not pertinent. In such cases a judicious trial-and-error approach may be 

necessary. 

Now consider the second part of Theorem 9.6.1—that is, the case V < 0. Letc < Obe 

a constant, and consider the implicitly-defined curve in the xy-plane given by V (x, y) =c. 

For c = 0, the curve reduces to the single point (x, y) = (0, 0). We assume that if 0 < c, < 

Cy, then the curve V (x, y) = c; contains the origin and lies within the curve V(x, y) = c, 

as illustrated in Figure 9.6.1(a). We show that a trajectory starting inside a closed curve 

V (x, y) = ¢ cannot cross to the outside. Thus, given a circle of radius € about the origin, 

by taking c sufficiently small, we can ensure that every trajectory starting inside the closed 

curve V (x, y) = c stays within the circle of radius ¢; indeed, it stays within the closed curve 

V (x, y) = c itself. Thus the origin is a stable critical point. 

dy (t)), _ 
+ wares = T(t,) 

EETLEEREY (a) The point V (x, y) = 0 and the level curves V (x, y) = c, and V(x, Yeo 
with 0 < c; < cp. (b) Geometric interpretation of Lyapunov’s second method. 
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To show this, recall from calculus that the vector 

W (x,y) = Vy (x, y)it Y (x, y)j, 

known as the gradient of V, is normal to the level curve V (x, y) = c and points in the 
direction of increasing V. In the present case, V increases outward from the origin, so VV 
points away from the origin, as indicated in Figure 9.6.1(b). Next, consider a trajectory 
(x,y) = (x(t), y @) of the system (6), and recall that the vector T(t) = x’ (f)i+ y’ (tj is tangent 
to the trajectory at each point; see Figure 9.6.1(b). Let (x1, y,) = (x«(t,), y(t,)) be a point of 
intersection of the trajectory and a closed curve V (x, y) = c. At this point x’ (t,) = F (x;, 1), 
y(t) = G(X, y;), So from equation (7) we obtain 

V (x1, 91) = Ve 1.1) x’ (4) + Or. ny’ (4) 

= (VY (x, y)it Vy (x) j)-O' (ity (DD 

= W (x11): T(h). (10) 

From this construction we recognize V (x,,y,) as the scalar product of the vector 

VV (x;, 1) and the vector T(t). Since V (x;, y,) < 0, it follows that the cosine of the angle 

between VV (x,, y,) and T(¢,) is also less than or equal to zero; hence the angle itself is in 
: a 37 ; : : : oat : 

the closed interval EB =|. Thus the direction of motion on the trajectory is inward with 

respect to V (x,,y,) = cor, at worst, tangent to this curve. Trajectories starting inside a closed 

curve V (x,,),) =c(no matter how small cis) cannot escape, so the origin is a stable point. If 

V (x1, y1) < 0, then the angle between VV (x), y,) and T(t;) is in the open interval (F. =), 

and the trajectories passing through points on the curve are actually pointed inward. As a 

consequence, it can be shown that trajectories starting sufficiently close to the origin must 

approach the origin; hence the origin is asymptotically stable. 

A geometric argument for Theorem 9.6.2 follows in a somewhat similar manner. Briefly, 

suppose that V is positive definite, and suppose that given any circle about the origin, there 

is an interior point (x;, y,) at which V (x;, y,) > 0. Consider a trajectory that starts at (x,y). 

It follows from equation (8) that along this trajectory, V must increase since V (x1, y,) > 0; 

furthermore, since V (x,, y;) > 0, the trajectory cannot approach the origin because V (0, 0) 

= 0. This shows that the origin cannot be asymptotically stable. By further exploiting the 

fact that V (x,y) > 0, it is possible to show that the origin is an critical unstable critical 

point; however, we will not pursue this argument. 

EXAMPLE 9.6.2 

Use Theorem 9.6.1 to show that (x, y) = (0, 0) is a stable critical point for the undamped pendulum 

equations (2). 

Solution: 

Before we begin, observe that the stability of the origin cannot be determined by Theorem 9.3.2 

because (0, 0) is a center of the corresponding linear system. To apply the Lyapunov Stability 

Theorem (Theorem 9.6/1), let V be the total energy given by equation (4): 

V (x,y) = mgL (1 — cos(x)) + sml?y?, (4) 

If we take D to be the domain —77/2 < x < 2/2, —co <y < o, then V is positive there except at the 

origin, where it is zero. Thus V is positive definite on D. Further, as we have already seen, 

V= (mgL sin (x) (y) + (mI’y) (-2 sin (x)) =0 

for all x and y. Thus V is negative semidefinite on D; and so, Consequently, by the last statement 

in Theorem 9.6.1, the origin is a stable critical point for the undamped pendulum. 

cen nS 
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TES 

EXAMPLE 9.6.3 

Use the Lyapunov Theorem (Theorem 9.6.2) to show that (-7r, 0) is an unstable critical point for 

the undamped pendumum equations (2). 

Solution: 

For the critical point (-7,0) the Lyapunov function given by equation (4) is no longer suitable 

because Theorem 9.6.2 calls for a function V for which V is either positive or negative definite. To 

analyse the point (—7, 0), it is convenient to move this point to the origin by the change of variables 

x =—2+u,y = v. Then the differential equations (2) become 

du dv eas Be Ee aD) 11 rae v, ; sin (u), (11) 

and the critical point is (0,0) in the wv-plane. Consider the function 

V (u,v) = vsin (u) (12) 

and let D be the domain -77/4 < u < 77/4,-co < v < co. Then 

eu : Ses ie) Soa Bi NeneD V = (Vcos(u)) (v) = (sin(u)) G sin (u)) ==1)-.COS (12) = 7sin (u) (13) 

is positive definite in D. The only remaining question is whether there are points in every 

neighborhood of the origin where V itself is positive. From equation (12) we see that V (u,v) > 0 in 

the first quadrant (where both sin(u) and v are positive) and in the third quadrant (where both are 

negative). Thus the conditions of Theorem 9.6.2 are satisfied, and the point (0,0) in the uv-plane, 

corresponding to the point (—7z, 0) in the xy-plane, is unstable. 

The damped pendulum equations are discussed in Problem 6. 

From a practical point of view, we are often interested in the basin of attraction. The 

following theorem provides some information on this subject. 

Theorem 9.6.3 

Let the origin be an isolated critical point of the autonomous system (6). Let the function V 

be continuous and have continuous first partial derivatives. If there is a bounded domain Dx 

containing the origin where V (x, y) < K for some positive K, V is positive definite, and V is 

negative definite, then every solution of equations (6) that starts at a point in Dg approaches 
the origin as t approaches infinity. 

In other words, Theorem 9.6.3 says that if (x, y) = (x (f), y(£)) is the solution of equations 
(6) for initial data lying in Dx, then (x, y) approaches the critical point (0, 0) as t > oo. 
Thus Dx gives a region of asymptotic stability; of course, it may not be the entire basin of 
attraction. This theorem is proved by showing that (i) there are no periodic solutions of 
the system (6) in Dx, and (ii) there are no other critical points in Dg. It then follows that 
trajectories starting in Dx cannot escape and therefore must tend to the origin as t tends to 
infinity. 

Theorems 9.6.1 and 9.6.2 give sufficient conditions for stability and instability, respec- 
tively, but these conditions are not necessary. Also, our failure to find a suitable Lyapunov 
function does not mean that there is no such function. Unfortunately, there are no general 
methods for the construction of Lyapunov functions; however, there has been extensive 
work on the construction of Lyapunov functions for special classes of equations. An 
elementary algebraic result that is often useful in constructing positive definite or negative 
definite functions is stated without proof in the following theorem. 
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Theorem 9.6.4 

The function 

V (x,y) = ax? + bxy + cy” (14) 

is positive definite if, and only if, 

a>0O and 4ac—b?>0 (15) 

and is negative definite if, and only if, 

a<0O and 4ac—b*>0. 

The use of Theorem 9.6.4 is illustrated in the following example. 

EXAMPLE 9.6.4 

Show that the critical point (x, y) = (0, 0) of the autonomous system 

dx _ 2 2 ey (17) 

is asymptotically stable. 

Solution: 

The only equilibrium solution of system (17) is (x, y) = (0, 0). We try to construct a Lyapunov 

function of the form (14). Then V,, (x, y) = 2ax + by, V, (x, y) = bx + 2cy, so 

V (x,y) = (2ax + by)(-x — xy?) + (bx + 2cy)(—y — xy) 

= — (2a (x? + x?y*) + b(2xy + xy? + x3y) + 2c (y? + x?y?)). 

If we choose b = 0, and a and ¢ to be any positive numbers, then V is negative definite and V is 

positive definite by Theorem 9.6.4. Thus, by Theorem 9.6.1, the origin is an asymptotically stable 

critical point. 

EXAMPLE 9.6.5 

Consider the system 
; co : 

ae ey) 
(18) 

ih 

In Example 9.4.1, we found that this system models a certain pair of competing species and that 

the critical point (5: 5) is asymptotically stable. Confirm this conclusion by finding a suitable 

Lyapunov function. 

Solution: 

It is helpful to transform the point (5 5) to the origin. To accomplish this, let 

1 1 
= == 4 19 x=5tu y=ztv (19) 
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Then, substituting for x and y in equations (18), we obtain the new system 

GU ey ey ey 
dt 2 2 (20) 

dv 

To keep the calculations relatively simple, consider the function V (u, v) = u? + v? asa possible 

Lyapunov function. This function is clearly positive definite, so we need only to determine whether 

there is a region containing the origin in the wv-plane where the derivative V with respect to the 

system (20) is negative definite. We compute V (u,v) and find that 

: du dv 
V (u,v) = V, — +Y4— (u v) Y“ dt wat ; : 

Pe 1 1 2 1 alloy eax fei a 
= 2u(-su-5v—u uv) + 2v( qu 5V zu Vale 

or 

V (u,v) =—- ((w? + Suv + ) + (2u3 + 2u7v + uv? + 2v8)), (21) 

where we have collected together the quadratic and cubic terms. We want to show that the 

expression in square brackets in equation (21) is positive definite, at least for u and v sufficiently 

small. By Theorem 9.6.4 with a = c = 1 and b = 1.5, the quantity 4ac — b? is positive so that 

u? + 1.5uv + v’ is positive definite. On the other hand, the cubic terms in equation (21) may be 

of either sign. Thus we must show that, in some neighborhood of (u, v) = (0, 0), the cubic terms are 

smaller in magnitude than the quadratic terms. Toward this end, we will find it helpful to observe 

that the quadratic terms can be written as 

3 1 3 
uw? + suv tv a que +?) + gut. (22) 

Thus, our goal is to show that, for u and v sufficiently small, 

|2u3 + 2u2v + uv? + 2v7| < . (u? +?) + ; (utvy. (23) 

To estimate the left side of equation (23), we introduce polar coordinates u = r cos(@), 

v=rsin(@), Then 

|2u3 + 2u2v + uv? + 2v3| = r3 \2 cos? (@) + 2cos? (8) sin (6) + cos (@) sin* (@) + 2sin? (6)| 

cups (2 |cos? (8)| + 2 cos? (6) |sin ()| + |cos (6)| sin? (@) + 2 |sin® (6)|) 

Sr: 

since both |sin 6] and |cos 6| are bounded above by 1. To satisfy equation (23), it is now certainly 
sufficient to satisfy the more stringent requirement 

1 i 
knee a (u2 +?) = re 

EL 1 eet ae 
which yields r < 58° Thus, at least in this disk, the hypotheses of Theorem 9.6.1 are satisfied, so 
the origin is an asymptotically stable critical point of the system (20). The same is then true of the 

ae F ial Ses 
critical point (5. | of the original system (18). 

If we refer to Theorem 9.6.3, the preceding argument also shows that the disk with center ( > 5) 

SW F . ee 
and radius 3g 18a region of asymptotic stability for the system (18). This is a severe underestimate 

of the full basin of attraction, as the discussion in Section 9.4 shows. To obtain a better estimate of 
the actual basin of attraction from Theorem 9.6.3, we would have to estimate the terms in equation 
(23) more accurately, or use a better (and presumably more complicated) Lyapunov function, 
or both. 
Se ee se a es IN SE EEE SEATS RSIS SSIES 



Problems 

In each of Problems 1 through 3, construct a suitable Lyapunov 

function of the form ax? + cy”, where a and c are to be determined. 

Then show that the critical point at the origin is of the indicated type. 

1. 

. dx/dt = —2x3 + 2y>,  dy/dt = —2xy’; 

. ax/dt = 2x3 —y>, dy/dt = 2xy? + 4x?y + 2y%; 

. Consider the system of equations 

dx/dt = —x? + xy?, 
unstable 

dy/dt = —2x*y — y>; asymptotically 

stable (at least) 

unstable 

= y-xf %y), ® = —x-yf (oy), 

where f is continuous and has continuous first partial deriva- 

tives. Show that if f (x, y) > 0 in some neighborhood of the origin, 

then the origin is an asymptotically stable critical point, and 

that if f (x, y) < 0 in some neighborhood of the origin, then the 

origin is an unstable critical point. Hint: Construct a Lyapunov 

function of the form c(x? + y’). 

. A generalization of the undamped pendulum equation is 

2 
TH +g(u)=0, (24) 

where g(0) = 0, g(u) > 0 for0 < u<k, and g(u) < 0 for —k <u 

< 0; that is, ug(u) > 0 for u 4 0, -—k < u<k. Notice that g(u) = 

sin (u) has this property on (—7z/2, 77/2). 

a. Letting x = u, y = du/dt, write equation (24) as a system of 

two equations, and show that x = 0, y = 0 is a critical point. 

b. Show that 

x 

Vins) = 5+ | g(s) ds, —k<x<k (25) 
0 

is positive definite. Use this result to show that the critical 

point (0, 0) is stable. Note that the Lyapunov function V 

given by equation (25) corresponds to the energy function 

V@y)= sy + (1 — cos(x)) for the case g(u) = sin (u). 

. By introducing suitable dimensionless variables, we can write 

the system of nonlinear equations for the damped pendulum 

(equations (8) of Section 9.3) as 

dx dy _ : 
ae hs y —sin(x). 

a. Show that the origin is a critical point. 

b. Show that although V(x, y) = x” + y’ is positive definite, 

V (x, y) takes on both positive and negative values in any 

domain containing the origin, so that V is not a Lyapunov 

function. 

Hint: x — sin (x) > 0 for x > 0, and x — sin(x) < 0 forx <0. 

Consider these cases with y positive but y so small that y” can 

be ignored compared to y. 
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c. Using the energy function V (x,y) = sv? + (1 —cos(x)) 

mentioned in Problem 5b, show that the origin is a stable 

critical point. Since there is damping in the system, we can 

expect that the origin is asymptotically stable. However, it 

is not possible to draw this conclusion using this Lyapunov 

function. 

d. To show asymptotic stability, it is necessary to construct a 

better Lyapunov function than the one used in part c. Show 

that V (x,y) = 5 (x +y) x24 5y° is such a Lyapunov 

function, and conclude that the origin is an asymptotically 

stable critical point. Hint: From Taylor’s formula with a 

remainder, it follows that sin) = x — ax?/3!, where a 

depends on x but 0 < @ < 1 for —7/2 <x < 77/2. Then, letting 

x =rcos(@), y =r sin(@), show that V (r cos (@),rsin(@)) = 

—r* (1+ h(r,6@)), where |h(r, @)| < 1ifris sufficiently small. 

7. The Liénard equation (Problem 27 of Section 9.3) is 

d*u du 
oP +e(u) = + g(u) =0, 

where g satisfies the conditions of Problem 5 and c(u) > 0. Show 

that the point u = 0, du/dt = 0 is a stable critical point. 

8. a. A special case of the Liénard equation of Problem 7 is 

d*u du 
span tagagr ENT Oe 

where g satisfies the conditions of Problem 5. Letting 

x = u, y = du/dt, show that the origin is a critical point 

of the resulting system. This equation can be interpreted as 

describing the motion ofa spring—mass system with damping 

proportional to the velocity and a nonlinear restoring force. 

Using the Lyapunov function of Problem 5, show that the ori- 

gin isa stable critical point, but note that even with damping, 

we cannot conclude asymptotic stability using this Lyapunov 

function. 

b. Asymptotic stability of the critical point (0, 0) can be shown 

by constructing a better Lyapunov function, as was done in 

part d of Problem 6. However, the analysis for a general 

function g is somewhat sophisticated, and we mention only 

that an appropriate form for V is 

x 

V (x,y) = 37 + Ayg (x) + | g(s)ds, 
0 

where A is a positive constant to be chosen so that V is 

positive definite and V is negative definite. For the pendulum 

problem g(x) = sin(x), use V as given by the preceding 

equation with A = 5 to show that the origin is asymptotically 

stable. Hint: Use sin (x) = x — ax?/3! and cos (x) = 1 — Bx?/2!, 

where a and 8 depend on x, andO<a<land0<f6<1 
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for —72/2 <x < 2/2; letx =rcos(@), y=rsin(@), and show 

that V (r cos (6),r sin (6)) = -3r (1 + ; sin2(@)+h (r,8)), 

where |h(r,@)| < S if r is sufficiently small. To show that V 

is positive definite, use cos(x) = 1 — x?/2 + yx*/4!, where y 

depends on x, and 0 < y <1 for —2/2<x<7/2. 

In Problems 9 and 10, we will prove part of Theorem 9.6.3: If the 

critical point (0, 0) of the locally linear system 

d 
ae AyX + Ay + G, (x,y) = 4X + Any + F (x,y), at 

(26) 

On 
dt 

is an asymptotically stable critical point of the corresponding 

linear system 

d 
a A,X + Ag2y, (27) 

dx 
= = AX + Ay2y, at 
dt 

then it is an asymptotically stable critical point of the locally 

linear system (26). Problem 11 deals with the corresponding 

result for instability. 

9. Consider the linear system (27). 

a. Since (0, 0) is an asymptotically stable critical point, show 

that a,, + Ay. < 0 and a4)ay) — aA, > 0. (See Problem 18 of 

Section 9.1.) 

b: Construct a Lyapunov function V(x, y) = Ax? + Bxy + Cy’ 

such that V is positive definite and V is negative definite. One 

way to ensure that V is negative definite is to choose A, B, and 

C so that V (x, y) = —x?—y?. Show that this leads to the result 

2 2 
yan: G1 Fai (41.422 — 42431) 

ae ’ 
2A 

Bie Q12A22 + A142) 
A > 

2 2 
Gheabek: Aq, + Ajz + (A11Ay2 — A424) 

e 2A ; 

where A = (4); + Qy9)(@41422 — @y2@1). 

10. 

11. 

c. Using the result of part a, show that A > 0 and then show 

(several steps of algebra are required) that 

4AC — B? = 

2 
(aj, + af, + a, + 035) (Ay Q22 — 212421) + 2(411.A22 — 4242) 

A2 

Thus, by Theorem 9.6.4, V is positive definite. 

In this problem we show that the Lyapunov function constructed 

in the preceding problem is also a Lyapunov function for the 

locally linear system (26). We must show that there is some 

region containing the origin for which V is negative definite. 

a. Show that 

V (x, y) = — (x? + y*) + (2Ax + By) F (x, y) 

+ (Bx + 2Cy) G, (x,y). 

b. Recall that F, (x,y)/r > Oand G, (x, y)/r > Oasr=(x? +’)? 
— 0. This means that, given any € > 0, there exists a circle 

r = R about the origin such that for 0 <r < R, IF, (x, y)| < er 

and |G, (x, y)| < er. Letting M be the maximum of |2Al, |BI, 

and |2C\|, show by introducing polar coordinates that R can 

be chosen so that V (x, y) < 0 forr<R. 
Hint: Choose ¢€ sufficiently small in terms of M. 

In this problem we prove a part of Theorem 9.6.3 related to 

instability. 

a. Show that if aj, + ay. > 0 and a,,dy) — a)2Q>, > 0, then the 

critical point (0, 0) of the linear system (27) is unstable. 

b. The same result holds for the locally linear system (26). As 

in Problems 9 and 10, construct a positive definite function 

V such that V (x, y) = x? + y? and hence is positive definite, 
and then invoke Theorem 9.6.2. 

9.7 | PERIODIC SOLUTIONS AND LIMIT CYCLES 

In this section we discuss further the possible existence of periodic solutions of two- 
dimensional autonomous systems 

Xe= f(s). (1) 

Such solutions satisfy the relation 

x(t +T) = x(t) (2) 

> 0. 

for all t and for some positive constant T called the period. The corresponding trajectories 
are closed curves in the phase plane. Periodic solutions often play an important role in physi- 
cal problems because they represent phenomena that occur repeatedly. In many situations a 
periodic solution represents a “final state” that is approached by all “neighboring” solutions 
as the transients due to the initial conditions die out. 
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A special case of a periodic solution is a constant solution x = x°, which corresponds to a 
critical point of the autonomous system. Such a solution is clearly periodic with any period. 
In this section, when we speak of a periodic solution, we mean a nonconstant periodic 
solution. The period T is usually chosen as the smallest positive number for which equation 
(2) is valid. 

Recall that the solutions of the linear autonomous system 

Sa (3) 

are periodic if and only if the eigenvalues of A are pure imaginary. In this case the critical 
point at the origin is a center, as discussed in Section 9.1. We emphasize that if the eigenval- 
ues of A are pure imaginary, then every solution of the linear system (3) is periodic, while if 

the eigenvalues are not pure imaginary, then there are no (nonconstant) periodic solutions. 

The predator-prey equations discussed in Section 9.5, although nonlinear, behave similarly: 

all solutions in the first quadrant are periodic. The following example illustrates a different 

way in which periodic solutions of nonlinear autonomous systems can occur. 

EXAMPLE 9.7.1 

Discuss the qualitative properties of the solutions of the system 

ite x+y—x(x?+y?) oo) ‘ y —x+y—y(x?+y?) 

Solution: 

It is not difficult to show that (0, 0) is the only critical point of the system (4), and also that the 

system is locally linear in the neighborhood of the origin. The corresponding linear system 

, 

G) (4 6) seo y cee TINY 

has eigenvalues 1 + i. Therefore, the origin is an unstable spiral point for both the linear system (5) 

and the nonlinear system (4). Thus any solution that starts near the origin in the phase plane will 

spiral away from the origin. 

Since there are no other critical points, we might think that all solutions of equations (4) 

correspond to trajectories that spiral out to infinity. However, we now show that this is incorrect, 

because far away from the origin the trajectories are directed inward. 

The presence of x* + y* in system (4) suggests the introduction of polar coordinates r 

and @, where 

X= TCOs(O)y, ayia sin'(G)); (6) 

and r > 0. Differentiation of both sides of r? = x? + y’, with respect to f, gives 

dr dx dy 
ar = 2x a er 

If we multiply the first of equations (4) by x, multiply the second by y, and add (and divide 

by 2), we obtain 

dx dy yee) Be sON ecole fp Ages 4 y2)— ate 5 (7) 
> aE vat “ - ) Cs) ) 

In terms of polar coordinates, equation (7) can be written as 

rf =r (i-r). (8) 



522 | Chapter 9 / Nonlinear Differential Equations and Stability 

This equation is similar to the equations discussed in Section 2.5. The critical points (for r > 0) 

are the origin and the point r = 1, which corresponds to the unit circle in the phase plane. From 

dr ; pies pile 
equation (8), it follows that x S O0ifr<1and — < Oifr> 1. Thus, inside the unit circle the 

trajectories are directed outward, while outside the unit circle they are directed inwar
d. Apparently, 

the circle r = 1 is a limiting trajectory for this system. teh 

To complete the conversion of system (4) to polar coordinates, we need an equation involving 

ser d E 
o. To find this equation, notice that upon calculating ae and = from equations (6), we can see 

t 
that 

dx dy de () 
Te da ae 

eta dx dy , : 
Thus, when the two equations in system (4) are used to replace a and ay in equation (9), we 

arrive at 

> dé dx dy 
—/L = 

LSccagGe tS Ss Sista A ele) 
Go dea 

Cancelling the common factor of r?, this reduces to 

ees SS (10) 

The system of equations (8), (10) for r and @ is equivalent to the original system (4). One solution 

of the system (8), (10) is 

r=1, 0@=-t+fo, (11) © 

where fy is an arbitrary constant. As t increases, a point satisfying equations (11) moves clockwise 

around the unit circle. Thus the autonomous system (4) has a periodic solution. Other solutions 

can be obtained by solving equation (8) by separation of variables; ifr #4 0 and r #1, then 

dr 
Par) Eats (12) 

Equation (12) can be solved by using partial fractions to rewrite the left side and then integrating. 

By performing these calculations, we find that the solution of equations (10) and (12) is 

1 
[ES Ga 6 =-t+ lo, (13) 

1+ coe 

where Cp and ¢) are arbitrary constants. The solution (13) also contains the solution (11), which is 
obtained by setting cy = 0 in the first of equations (13), 

The solution satisfying the initial conditions r = p, @ = @ at t = 0 is given by 

1 

apo bes = (14) 

Ifo <1, thenr — 1 from the inside as t > 00; if e > 1, then r > 1 from the outside as t > co. Thusin 
all cases, the trajectories spiral toward the red circle r = 1 as t > oo. Several trajectories are shown 
in Figure 9.7.1. 
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All Trajectories of the system (4) spiral 

toward the red circler=last > ow. 

In this example, the circle r = 1 not only corresponds to periodic solutions of the system 

(4), but it also attracts other nonclosed trajectories that spiral toward it as t > oo. In general, 

a closed trajectory in the phase plane such that other nonclosed trajectories spiral toward 

it, from either the inside or the outside, as t — oo, is called a limit cycle. Thus the circle 

r = 1 isa limit cycle for the system (4). If all trajectories that start near a closed trajectory 

(both inside and outside) spiral toward the closed trajectory as t > oo, then the limit cycle 

is asymptotically stable. 

Since the limiting trajectory is itself a periodic orbit rather than an equilibrium point, 

this type of stability is often called orbital stability. If the trajectories on one side spiral 

toward the closed trajectory, while those on the other side spiral away as t > oo, then the 

limit cycle is said to be semistable. If the trajectories on both sides of the closed trajectory 

spiral away as t > oo, then the closed trajectory is unstable. It is also possible to have 

closed trajectories that other trajectories neither approach nor depart from—for example, 

the periodic solutions of the predator-prey equations in Section 9.5. In this case the closed 

trajectory is stable. 

In Example 9.7.1 the existence of an asymptotically stable limit cycle was established 

by solving the equations explicitly. Unfortunately, this is usually not possible, so it is 

worthwhile to know general theorems concerning the existence or nonexistence of limit 

cycles of nonlinear autonomous systems. In discussing these theorems, it is convenient to 

rewrite the system (1) in the scalar form 

it dx 

dt - FiGexy), 

dy _ 
a =i1G, (x; y) . (15) 

Theorem 9.7.1 

Let the functions F and G have continuous first partial derivatives in a domain D of the xy- 

plane. A closed trajectory of the system (15) must necessarily enclose at least one critical 

(equilibrium) point. If it encloses only one critical point, the critical point cannot be a saddle 

point. 



524 | Chapter 9 / Nonlinear Differential Equations and Stability 

Although we omit the proof of this theorem, it is easy to show examples of it. One is 

given by Example 9.7.1 and Figure 9.7.1, in which the closed trajectory encloses the critical 

point (0, 0), a spiral point. Another example is the system of predator-prey equations in 

Section 9.5; see Figure 9.5.2. Each closed trajectory surrounds the critical point (3, 2); in 

this case the critical point is a center. 

Theorem 9.7.1 is also useful in a negative sense. If a given region contains no critical 

points, then there can be no closed trajectory lying entirely in the region. The same 

conclusion is true if the region contains only one critical point, and this point is a saddle 

point. For instance, in Example 9.4.2, which deals with two competing species, the only 

critical point in the interior of the first quadrant is the saddle point (0.5, 0.5). Therefore, 

using the contrapositive of Theorem 9.7.1, this system has no closed trajectory lying in the 

first quadrant. 

A second result about the nonexistence of closed trajectories is given in the following 

theorem. 

Theorem 9.7.2 

Let the functions F and G have continuous first partial derivatives in a simply connected 

domain D of the xy-plane. If F, + G, has the same sign throughout D, then there is no closed 

trajectory of the system (15) lying entirely in D. 

A simply connected two-dimensional domain is one with no holes. Theorem 9.7.2 is a 

straightforward consequence of Green’s theorem in the plane; see Problem 13. The quantity 

F,. + G, that appears in Theorem 9.7.3 can be recognized as the divergence of the vector field 

F; + G;. Note that if F,, + Gy changes sign in the domain, then no conclusion can be drawn; 

there may or may not be closed trajectories in D. 

To illustrate Theorem 9.7.2, consider the system (4). A routine calculation shows that 

F, (x,y) + Gy (x,y) = 2-4 (x? + y*) =2(1-2r?), (16) 

where, as usual, r? = x? + y*. Hence F,, + Gy is positive for 0 <r < 1/1/2, so Theorem 9.7.2 
assures us that there is no closed trajectory in this circular disk. Of course, we showed in 

Example 9.7.1 that there is no closed trajectory in the larger region r < 1. This illustrates 

that the information given by Theorem 9.7.2 may not be the best possible result. Again 

referring to equation (16), note that F, + G, < 0 for r > 1/V2. However, the theorem is 

not applicable in this case because this annular region is not simply connected. Indeed, as 

shown in Example 9.7.1, the unit circle is a limit cycle for system (4). 

The following theorem gives conditions that guarantee the existence of a closed 
trajectory. 

Theorem 9.7.3 | Poincaré-Bendixson™ Theorem 

Let the functions F and G have continuous first partial derivatives in a domain D of the Xy- 
plane. Let D, be a bounded subdomain in D, and let R be the region that consists of D, plus 
its boundary (all points of R are in D). Suppose that R contains no critical point of the system 
(15). If there is a solution of the system (15) that exists and stays in R for all t > ty (for some 
constant fo), then either the solution is a periodic solution (closed trajectory), or the solution 
spirals toward a closed trajectory as t > oo. In either case, the system (15) has a periodic 
solution in R. 

es i eit beagles A saat 1b 

"Ivar Otto Bendixson (1861-1935) a Swedish mathematician, received his doctorate from Uppsala Univer- 
sity and was professor and for many years rector of Stockholm University. This theorem improved on an 
earlier result of Poincaré and was published in a paper by Bendixson in Acta Mathematica in 1901. 
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Note that if R does contain a closed trajectory, then necessarily, by Theorem 9.7.1, this 
trajectory must enclose a critical point. However, this critical point cannot be in R. Thus R 
cannot be simply connected; it must have a hole. 

As an application of the Poincaré-Bendixson theorem, consider again the system (4). 
Since the origin is a critical point, it must be excluded. For instance, we can consider the 
region R defined by 0.5 <r < 2. Next, we must show that there is a solution whose trajectory 
stays in R for all t greater than or equal to some fy. This follows immediately from equation 
(8). For r = 0.5, dr/dt > 0, so r increases, while for r = 2, dr/dt < 0, so r decreases. Thus 
any trajectory that crosses the boundary of R is entering R. Consequently, any solution of 
equations (4) that starts in R at t = ty cannot leave but must stay in R for t > to. Of course, 
other numbers could be used instead of 0.5 and 2; all that is important is that r = 1 is 
included. 

One should not infer from this discussion of the preceding theorems that it is easy to 

determine whether a given nonlinear autonomous system has periodic solutions; often it 

is not a simple matter at all. Theorem 9.7.1 and 9.7.2 are frequently inconclusive, and for 

Theorem 9.7.3 it is often difficult to determine a region R and a solution that always remains 

within it. 

We close this section with another example of a nonlinear system that has a limit cycle. 

EXAMPLE 9.7.2 

The van der Pol’*equation 

u” —u(1-u?)u' +u=0, (17) 

where uu is a nonnegative constant, describes the current u in a triode oscillator. Discuss the 

solutions of this equation. 

Solution: 

If u = 0, equation (17) reduces to u” + u = 0, whose solutions are sine or cosine waves of period 

2 7. For sx > O, the second term on the left-hand side of equation (17) must also be considered. 

This is the resistance term, proportional to uw’, with a coefficient —u (1 — uw?) that depends on u. For 

large u, this term is positive and acts as usual to reduce the amplitude of the response. However, 

for small u, the resistance term is negative and so causes the response to grow. This suggests that 

perhaps there is a solution of intermediate size that other solutions approach as t increases. 

To analyze equation (17) more carefully, we write it as a system of two equations by introducing 

the variables x = u and y = wu’. Then it follows that 

x'=y and y=-x+yu(1-x?)y. (18) 

The only critical point of the system (18) is the origin. Near the origin the corresponding linear 

system of differential equations is 

O) =a aloh a y Be NY 

whose eigenvalues are ‘ (u ty 2 — 4). Thus the origin is an unstable spiral point for 0 <u <2and 

an unstable node for z > 2. In all cases, a solution that starts near the origin grows as ¢ increases. 

With regard to periodic solutions, Theorem 9.7.1 and Theorem 9.7.2 provide only partial 

information. From Theorem 9.7.1 we conclude that if there are closed trajectories, they must 

enclose the origin. Next F (x,y) =yand G(x, y)=—-x+ ud - x”)y, we calculate 

F, (x,y) + G, (x,y) = “(1 - x’). (20) 

CO eS 
eee 

12 Balthasar van der Pol (1889-1959) was a Dutch physicist and electrical engineer who worked at the Philips 

Research Laboratory in Eindhoven. He was a pioneer in the experimental study of nonlinear phenomena 

and investigated the equation that bears his name in a paper published in 1926, 
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Then, because F,, + G, > 0 when |x| < 1, it follows from Theorem 9.7.2 that closed trajectories, if 

there are any, are not contained in the vertical strip |x| < 1. 

The application of the Poincaré-Bendixson theorem to this problem is not nearly as simple 

as for Example 9.7.1. If we introduce polar coordinates, we find that the equation for the radial 

variable r is (see Problem 12) 

r’ = u(1—r* cos? (6))r sin? (6). (21) 

As in Example 9.7.1, consider an annular region R given by r; <r <2, where ry is small and ry 

is large. When r = rj, the linear term on the right-hand side of equation (21) dominates, and r’ > 

0 except on the x-axis, where sin 6 = 0 and consequently r’ = 0 also. Thus trajectories are entering 

Rat every point on the circle r = r,, except possibly for those on the x-axis, where the trajectories 

are tangent to the circle. When r = r, the cubic term on the right-hand side of equation (21) is 

the dominant one. Thus r’ < 0, except for points on the x-axis where r’ = 0 and for points near the 

y-axis where r? cos?(@) < 1 and the linear term makes r’ > 0. Thus, no matter how large a circle is 

chosen, there will be points on it (namely, the points on or near the y-axis) where trajectories are 

leaving R. Therefore, the Poincaré-Bendixson theorem is not applicable unless we consider more 

complicated regions. 

It is possible to show, by a more intricate analysis, that the van der Pol equation does have a 

unique limit cycle. However, we will not follow this line of argument further. We turn instead 

to a different approach in which we plot numerically-computed approximations to solutions. 

Experimental observations indicate that the van der Pol equation has an asymptotically stable 

periodic solution whose period and amplitude depend on the parameter ju. By looking at graphs of 

trajectories in the phase plane and of u versus t, we can gain some understanding of this periodic 

behavior. 

Figure 9.7.2 shows two trajectories of the van der Pol equation in the phase plane for 

f= 0.2. The trajectory passing through (0, 1/3) spirals outward in the clockwise direction; this is 

consistent with the behavior of the linear approximation near the origin. The other trajectory passes 

through (—3, 2) and spirals inward, again in the clockwise direction. Both trajectories approach a 

closed curve that corresponds to a stable periodic solution. In Figure 9.7.3 we show the plots of 

u versus t for the solutions corresponding to the trajectories in Figure 9.7.2. The solution that is 

initially smaller gradually increases in amplitude, while the larger solution gradually decays. Both 

solutions approach a stable periodic motion that corresponds to the limit cycle. Figure 9.7.3 also 

shows that there is a phase difference between the two solutions as they approach the limit cycle. 

The plots of u versus ¢ are nearly sinusoidal in shape, consistent with the nearly circular limit cycle 

in this case. 

Two trajectories of the van der Pol equation 
(17) for 4 = 0.2. The red trajectory passes through (—3, 2); the 

blue trajectory passes through (0, 1/3). 
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Plots of u versus t for the trajectories in Figure 9.7.2. The blue curve 

is the trajectory through (0, 1/3); the red curve passes through (—3, 2). 

Figures 9.7.4 and 9.7.5 show similar plots for the case « = 1. Trajectories again move clockwise 

in the phase plane, but the limit cycle is considerably different from a circle. The plots of u versus 

t tend more rapidly to the limiting oscillation, and again show a phase difference. The oscillations 

are somewhat less symmetric in this case, rising somewhat more steeply than they fall. 

Two trajectories of the van der Pol equation (17) 

tot p= by 
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ae) {-yA-§) Plots of u versus t for the trajectories in Figure 9.7.4. Note that the 

waveforms are periodic and completely out of phase. 

Figure 9.7.6 shows the phase plane for x = 5. The motion remains clockwise, and the limit cycle 

is even more elongated, especially in they direction. Figure 9.7.7 is a plot of u versus t. Although the 

solution starts far from the limit cycle, convergence to the limiting oscillation is virtually complete 

in a fraction of a period. Starting from one of its extreme values on the x-axis in the phase plane, 

the solution moves toward the other extreme position slowly at first, but once a certain point on 

the trajectory is reached, the remainder of the transition is completed very swiftly. The process is 

then repeated in the opposite direction. The waveform of the limit cycle, as shown in Figure 9.7.7, 

is quite different from a sine wave. 

0s Ae3) Four trajectories of the van der Pol equa- 
tion (17) for u = 5. 
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Plot of u versus t for the outward spiralling trajectory through (0, 1/3) (blue) 

and the inward spiralling trajectory through (—3, 2) (red). While these waveforms for yz = 5 are 

much less smooth than the waveforms for « = 1, they are still periodic and out of phase. 

These graphs clearly show that in the absence of external excitation, the van der Pol oscillator 

has a certain characteristic mode of vibration for each value of . The graphs of u versus t show that 

the amplitude of this oscillation changes very little with 1, but the period increases as 4 increases. 

We emphasize that for small values of yu the limit cycle is nearly a circle of radius 2. As yz increases, 

the limit cycle is stretched in the y direction but remains in the interval |—2, 2] horizontally. At the 

same time, the waveform changes from a smooth oscillation to a much more jumpy type of motion. 

The presence of a single periodic motion that attracts all (nearby) solutions—that is, an asymp- 

totically stable limit cycle—is one of the characteristic phenomena present in many nonlinear 

differential equations. 

Problems 

In each of Problems 1 through 6, an autonomous system is expressed 

in polar coordinates. Determine all periodic solutions, all limit cycles, 

and the stability characteristics of all periodic solutions. 

if: f= (4-P), eal 

2. = r2-1), ea-l 

St f ar(r-2D(r-3), o a1 

4. # =ra-nr-3) o=-1 

5. ci = sin(zr), & = 

6. o = rir 2\(r-4), oe e-l 

7. a. Show that the system 

dx dy _ 
7 mde IO as amie LL 

has periodic solutions corresponding to the zeros of f(r). 

What is the direction of motion on the closed trajectories in 

the phase plane? 

b. Let f(r) = r(r — 2)°(r? — Sr + 4). Determine all periodic 

solutions, and determine their stability characteristics. 

8. Determine the periodic solutions, if any, of the system 

9. 

10. 

11. 

12. 

13. 

dx 38 

fat AER eat ars 

dy —x + —*— (x? + y?— 3). 
dia. x2 + y2 

Using Theorem 9.7.2, show that the linear autonomous system 

(x? + y? — 3), 

dx dy 
Ss = 1X + Ary, Ape Az1X + Ag2y 
dt 

does not have a periodic solution (other than x = 0, y = 0) if 

ay; + Ay #0. 
In each of Problems 10 and 11, show that the given system has 

no periodic solutions other than constant solutions 

ax _ Dare Se dy _ ee) 3 ee Vi= 612, a ety x*y+y 

ax _ eee yas? 2 3 ee ore X+y+x*y+y/3 

Derive equation (21) in Example 9.7.2. 

Prove Theorem 9.7.2 by completing the following argument. 

According to Green’s theorem in the plane, if C is a sufficiently 

smooth simple closed curve, and if F and G are continuous and 

have continuous first partial derivatives, then 
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14. 

15. 

16. 

| @,»)dy- Gyo = || (F, (x,y) + Gy (x,y) dA, 
C R 

where C is traversed counterclockwise and R is the region 

enclosed by C. Assume that x = ¢(¢), y = (0) is a solution of the 

system (15) that is periodic with period T. Let C be the closed 

curve given by x = ¢(t), y = p(t) for 0 < t < T. Show that for this 

curve, the line integral is zero. Then show that the conclusion of 

Theorem 9.7.2 must follow. 

a. © By examining the graphs of u versus t in Figures 9.7.3, 

9.7.5, and 9.7.7, estimate the period T of the van der Pol 

oscillator in these cases. 

b. © Plot the graphs of solutions of the van der Pol equation 

for other values of the parameter jz. Estimate the period T in 

these cases also. 

c. © Plot the estimated values of T versus yu. Describe how T 

depends on pu. 

The equation 

1 
u" — w(1- zu )u' +u=0 

is often called the Rayleigh}? equation. 
a. Write the Rayleigh equation as a system of two first-order 

equations. 

b. Show that the origin is the only critical point of this system. 

Determine its type and whether it is asymptotically stable, 

stable, or unstable. 

c. © Let y = 1. Choose initial conditions, and graph the corre- 

sponding solution of the system on an interval such as 0 < 

t < 20 or longer. Plot u versus t, and also plot the trajectory 

in the phase plane. Observe that the trajectory approaches a 

closed curve (limit cycle). Estimate the amplitude A and the 

period T of the limit cycle. 

d. © Repeat part c for other values of jz, such as fz = 0.2, 0.5, 

2, and 5. In each case estimate the amplitude A and the 

period T. 

e. Describe how the limit cycle changes as mw increases. For 

example, make a table of values and/or plot A and T as 

functions of pu. 

Consider the system of equations 

x’ =uxty—-x(x?+y?), y =-x+uy—y(x?+y?), 
(22) 

where yu is a parameter. Observe that this system is the same as 

the one in Example 9.7.1, except for the introduction of yu. 

17. 

a. Show that the origin is the only critical point. 

b. Find the linear system that approximates equations (22) near 

the origin, and find its eigenvalues. Determine the type and 

stability of the critical point at the origin. How does this 

classification depend on yx? 

c. Referring to Example 9.7.1 if necessary, rewrite equations 

(22) in polar coordinates. 

d. © Show that when p > 0, there is a periodic solution r = 

JH. By solving the system found in part c, or by plotting 

numerically computed approximate solutions, conclude that 

this periodic solution attracts all other nonzero solutions. 

Note: As the parameter y increases through the value zero, 

the previously asymptotically stable critical point at the ori- 

gin loses its stability, and simultaneously a new asymptoti- 

cally stable solution (the limit cycle) emerges. Thus the point 

4 = 0isa bifurcation point; this type of bifurcation is called 

a Hopf “bifurcation. 

Consider the system 

x=-y, y =x+u(1—x’)y, 

where now we allow the parameter y to any real number. 

a. show that the origin is the only critical point. Determine its 

type, its stability property, and how these depend on y. 

b. © Let y= -1; draw a phase portrait, and conclude that there 

is a periodic solution that surrounds the origin. Observe that 

this periodic solution is unstable. 

c. © Draw a portrait for a few other negative values of yu. 

Problems 18 and 19 extend the consideration of the Rosenzweig- 

MacArthur predator - prey model introduced in Problem 13 of 

Section 9.5. 

18. 

19. 

Consider the system 

2y ) 

x+4/7 

a. Find all of the critical points. 

x 
— (8) ‘= ¢ ———} Be x( x y y (0.25 + ) 

b. Determine the type and stability of each critical point. 

c. © Draw a phase portrait in the first quadrant, and conclude 

that there is an asymptotically stable limit cycle. 

Consider the system 

where a is a positive parameter. 

a. Find all of the critical points. 

John William Strutt (1842-1919), the third Lord Rayleigh, made notable contributions in several areas of 
mathematical physics. His theory of scattering (1871) provided the first correct explanation of why the sky 
is blue, and his two-volume treatise The Theory of Sound, published in 1877 and 1878, is one of the classics 
of applied mathematics. Apart from five years as Cavendish Professor of Physics at Cambridge, he worked 
primarily in his private laboratory at home. He was awarded the Nobel Prize for Physics in 1904 for the 
discovery of argon. 

‘4Eberhard Hopf (1902-1983) was born in Austria and educated at the University of Berlin but spent much 
of his life in the United States, mainly at Indiana University. He was one of the founders of ergodic theory. 
Hopf bifurcations are named for him in honor of his rigorous treatment of them in a 1942 paper. 
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b. Consider the critical point in the interior of the first quad- c. Classify the critical point as to type and stability. How does 
rant. Find the eigenvalues of the approximate linear system. the classification depend on b? 

c. @ Draw phase portrait for a value of a slightly greater than d. As b increases through a certain value bo, the critical point 
ay. Observe that a limit cycle has appeared. How does the changes from asymptotically stable to unstable. What is that 
limit cycle change as a increases further? value bo. 

20. There are certain chemical reactions in which the constituent 21. Consider the system 
concentration oscillate periodically over time. Consider the 

system j 1 7 y' XG =3(x+y- 527 +k), y = (x40 Sy = 0-7) 

x’ =1+(b+1)x+x?y, C= bx x? 
) a , ” a. Show that the system has one critical point . 

Assume that b is a positive parameter, and consider solutions in Par ea noceicsepomt tor = 0. 
the first quadrant of the plane. c. & Find the value kywhere the critical point changes from 
a. Find the critical point. asymptotically stable to unstable. Find the critical point and 

b. Find the eigen values of the approximate linear system at the Beye nee eomralt tor the'sysvemiin each case. 
critical point. 

CHAOS AND STRANGE ATTRACTORS: THE LORENZ 
9-8 | EQUATIONS 

In principle, the methods described in this chapter for second-order autonomous systems 

can be applied to higher dimensional systems as well. In practice, several difficulties arise 

when we try to do this. One problem is that there is simply a greater number of possible cases 

that can occur, and the number increases with the number of equations in the system (and 

the dimension of the phase space). Another problem is the difficulty of graphing trajectories 

accurately in a phase space of more than two dimensions; even in three dimensions it may 

not be easy to construct a clear and understandable plot of the trajectories, and it becomes 

more difficult as the number of variables increases. Finally—and this has been widely 

recognized only since the 1970s—there are different and very complex phenomena that can 

occur, and frequently do occur, in n-dimensional systems with n > 3 that are not present in 

two-dimensional systems. Our goal in this section is to provide a brief introduction to some 

of these phenomena by discussing one particular three-dimensional autonomous system 

that has been intensively studied. In some respects, the presentation here is similar to the 

treatment of the logistic difference equation in Section 2.9. 

An important problem in meteorology, and in other applications of fluid dynamics, 

concerns the motion ofa layer of fluid, such as the earth’s atmosphere, that is warmer at the 

bottom than at the top; see Figure 9.8.1. If the vertical temperature difference AT is small, 

then there is a linear variation of temperature with altitude but no significant motion of 

the fluid layer. However, if AT is large enough, then the warmer air rises, displacing the 

cooler air above it, and a steady convective motion results. If the temperature difference 

increases further, then eventually the steady convective flow breaks up and a more complex 

and turbulent motion ensues. 

} Temperature 
difference AT 

Cooler ‘) r) y 

iets 
) Warmer 

A layer of fluid heated from below. 
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While investigating this phenomenon, Edward N. Lorenz! was led (by a process too 

involved to describe here) to the nonlinear autonomous three-dimensional system 

Os o(-x+y), & = rx—y—xz, G2 = bz + xy, (1) 

The system of differential equations (1) is now commonly referred to as the Lorenz equa- 

tions.!© Observe that the first equation is linear, but that the second and third equations 

involve quadratic nonlinearities. However, except for being a system of three equations, 

superficially the Lorenz equations appear no more complicated than the competing species 

and predator-prey equations discussed in Sections 9.4 and 9.5. 

The variable x in equations (1) is related to the intensity of the fluid motion, while the 

variables y and z are related to the temperature variations in the horizontal and vertical 

directions. The Lorenz equations also involve three parameters a, r, and b, all of which are 

real and positive. The parameters o and b depend on the material and geometric properties 

of the fluid layer. For the earth’s atmosphere, reasonable values of these parameters are 

o=10andb= = they will be assigned these values in much of what follows in this section. 

The parameter r, on the other hand, is proportional to the temperature difference AT, 

and our purpose is to investigate how the nature of the solutions of equations (1) changes 

with r. 

Before proceeding further, we note that for an autonomous system of three first-order 

equations 

dx dy dz 
aeee Noo) aS 994) = = Vo e)s 2 rT (x,y, Z) a G(x, y,Z) y H (x,y,z) (2) 

the Jacobian matrix J is defined by 

Foun Fy) uke 

J=J[F,G,H](x,y,z)=|G, Gy G,}. (3) 

(shops diye slat 

Thus, for the Lorenz equations (1), the Jacobian matrix is 

-—O oO 0 

J='r-z -1 -x). (4) 

y x —b 

The first step in analyzing the Lorenz equations is to locate the critical points by solving 
the (nonlinear) algebraic system 

ox —oy=0, 

(ei = 59% = (0), (5) 

—bz+xy=0. 

a Ee a 

'SEdward N. Lorenz (1917-2008), an American meteorologist, received his Ph.D. from the Massachusetts 
Institute of Technology in 1948 and was associated with that institution throughout his scientific career. His 
first studies of the system (1) appeared in a famous 1963 paper (cited in the references) dealing with the 
stability of fluid flows in the atmosphere. 

16 very thorough treatment of the Lorenz equations appears in the book by Sparrow listed in the references 
at the end of this chapter. 
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From the first equation we have y = x. Then, eliminating y from the second and third 
equations, we obtain 

x(r-—1-z)=0, 

—bz+x*=0. (6) 

One way to satisfy the first equation in (6) is to choose x = 0. Then it follows that y = 0 and, 
from the second equation in (6), z = 0. Alternatively, we can satisfy the first equation in (6) 
by choosing z = r — 1. Then the second equation in (6) requires that x = +/b(r — 1) and 
then y = +vVb(r — 1) also. Observe that these expressions for x and y are real only when 
r > 1. Thus (0, 0, 0), which we will denote by Pp, is a critical point for all values of r, and it is 
the only critical point for r < 1. However, when r > 1, there are also two other critical 

points, namely, (vb (r—1),Vb(r—-1),r- 1) and (-Vb (r —1),-Vb(r —1),r—- 1). We 

will denote the latter two points by P, and P3, respectively. Note that all three critical points 

coincide when r = 1. As r increases through the value 1, the critical point Pp at the origin 

bifurcates,'” and, in addition to Po, the critical points P, and P, come into existence. 

Next we will determine the local behavior of solutions in the neighborhood of each 

critical point. Although much of the following analysis can be carried out for arbitrary 

values of o and b, we will simplify our work by using the values o = 10 and b = S Near the 

origin (the critical point P,), the approximating linear system is 

Xs —10 10 0 x 

Pilar. .=le 0 ae (7) 

iz 0 Oj 8/3) \z 

The eigenvalues!® are determined from the equation 

10 A Aina 0 5 
ae PLY 0 -(5 +A)(10 +) +2) - 107) 
0 0 a Pay) (8) 

-(5 +A)? + 112 — 10(r —1)) =0. 

ll 

Therefore, 

ait 2e7 —11++/81 + 40r rh aa yee Ee ee ea (9) 

Note that all three eigenvalues are negative for r < 1; for example, when r = 1/2, the 

eigenvalues are 2; = —8/3, A, = —10.52494, and A; = —0.47506. Hence the origin is 

asymptotically stable for 0 < r < 1 both for the linear approximation (7) and for the original 

system (1). However, 23 changes sign when r = 1 and is positive for r > 1. The value r = 1 

corresponds to the initiation of convective flow in the physical problem described earlier. 

When r > 1. the origin is an unstable equilibrium solution for both the linearized problem 

and for the nonlinear Lorenz equations. All solutions to the linearized system starting 

near the origin tend to grow, except for those lying precisely in the plane determined by 

the eigenvectors associated with A, and A). For the nonlinear system (1), the same is true 

except that the exceptional solutions are those lying in a certain surface tangent to the plane 

determined by the eigenvectors associated with A, and A, at the origin. 

17Because this transition is from one critical point for r < 1 to three critical points for r > 1, technically, 

we should say that at r = 1 the critical point Py trifurcates into Po, P;, and P2. But, it is customary to use 

bifurcate whenever there is a change in the number or classification of the critical points of a problem. 

18Since r appears as a parameter in the Lorenz equations, we will use A to denote the eigenvalues. 
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The second critical point is R = (V 8(r —1)/3,V8(r — 1)/3,r - 1) for p> ino consider 

the neighborhood of this critical point, let u, v, and w be the perturbations from the critical 

point in the x-, y-, and z-directions, respectively. The approximating linear system is 

—10 10 0 

u\” 8 u 

oles 1 -1 ig 7- Dy]. (10) 
W 8 8 8 W Vs =1) Wf ZO=D ; 

The eigenvalues of the coefficient matrix of equation (10) are determined from the equation 

343 + 4122 + 8(r + 10)A + 160(r — 1) = 0, (11) 

which is obtained by straightforward algebraic steps that are omitted here. (See Problem 2.) 

The solutions of equation (11) depend on r in the following way: 

For 1<r<rj, & 1.3456 there are three distinct negative real eigenvalues. 

For 1, <r < ry & 24.737 there are one negative real eigenvalue and two complex 

eigenvalues with negative real part. 

For r > rz there are one negative real eigenvalue and two complex eigenvalues with 

positive real part. 

The same results are obtained for the critical point P,. Thus there are several different 

situations. 

For 0 < r < 1 the only critical point is P) and it is asymptotically stable. All solutions 

approach this point (the origin) as t > oo. 

For 1 <r</rj,, the critical points P; and P, are asymptotically stable and Pp is unstable. 

All nearby solutions approach one or the other of the points P; and P, exponentially. 

For r, <r <r, the critical points P; and P, are asymptotically stable and Po is unstable. 

All nearby solutions approach one or the other of the points P, and P,; most of them spiral 

inward to the critical point. 

For r > ry, all three critical points are unstable. Most solutions near P or Pz spiral away 

from the critical point. 

However, this is by no means the end of the story. Let us consider solutions for r 

somewhat greater than r. In this case Pp has one positive eigenvalue, and each of P, and 

P, has a pair of complex eigenvalues with positive real part. A trajectory can approach any 

one of the critical points, but only when it starts on one of several highly restricted paths. 

highly restricted paths. The slightest deviation from these paths causes the trajectory to 

depart from the critical point. Since none of the critical points are stable, one might expect 

that most trajectories would approach infinity for large t. However, it can be shown that 

all solutions remain bounded as t > oo; see Problem 5. In fact, it can be shown that all 

solutions ultimately approach a certain limiting set of points that has zero volume. Indeed, 

this is true not only for r > rz but for all positive values of r. 

A plot of computed values of x, y, and z versus t for a typical solution with r > r, is shown 
in Figure 9.8.2. Note that the x and y solutions oscillate back and forth between positive 
and negative values in a rather erratic manner. Indeed, the graphs of x versus t and y versus t 
resemble a random vibration, although the Lorenz equations are entirely deterministic and 
the solution is completely determined by the initial conditions. Nevertheless, the solution 
also exhibits a certain regularity in that the frequency and amplitude of the oscillations are 
essentially constant in time. 
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A plot of x (solid blue), y (dotted red), and z (dashed 
green) versus t of the Lorenz equations (1) with r = 28; the initial 

point is (5, 5, 5). 

The solutions of the Lorenz equations are also extremely sensitive to perturbations in 

the initial conditions. Figure 9.8.3 shows the graphs of computed values of x versus t 

for the two solutions whose initial points are (5, 5, 5) and (5.01, 5, 5). The solid blue graph 

is the same as the one in Figure 9.8.2, while the solid black graph starts at a nearby point. 

The two solutions remain close until t is near 10, after which they are quite different and, 

indeed, seem to have no relation to each other. (The y and z components of the solution 

exhibit similar differences starting a little after t = 10.) It was this property that particularly 

attracted the attention of Lorenz in his original study of these equations, and it caused him 

to conclude that accurate detailed long-range weather predictions are probably not possible. 
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Plots of x versus ¢ for two initially nearby solutions of the Lorenz 

equations with r = 28; the initial point is (5, 5, 5) for the dashed blue curve and 

is (5.01, 5, 5) for the solid black curve. 
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The attracting set in this case, although of zero volume, has a rather complicated 

structure and is called a strange attractor. The term chaotic has come into general use 

to describe systems of differential equations with the property that solutions with similar 

initial conditions can have very different solutions, such as the ones in Figure 9.8.3. 

To determine how and when the strange attractor is created, it is illuminating to 

investigate solutions for smaller values of r. For r = 21, solutions starting at three different 

initial points are shown in Figure 9.8.4. For the initial point (3, 8, 0), the solution begins to 

converge to the point P, = (—7.303, —7.303, 20) almost at once; see Figure 9.8.4(a). For the 

second initial point (5, 5, 5), there is a fairly short interval of transient behavior, after which 

the solution converges to P; = (7.303, 7.303, 20); see Figure 9.8.4(b). However, as shown in 

Figure 9.8.4(c), for the third initial point (5, 5, 10), there is a much longer interval of transient 

chaotic behavior before the solution eventually converges to P2. As r increases, the duration 

of the chaotic transient behavior also increases. When r = r3 = 24.06, the chaotic transients 

appear to continue indefinitely, and the strange attractor comes into being. 

We can also show the trajectories of the Lorenz equations in the three-dimensional 

phase space, or at least projections of them in various planes. Figures 9.8.5 and 9.8.6 

show projections in the xy- and xz-planes, respectively, of the trajectory starting at (5, 5, 5). 

Observe that while the graphs in these figures appear to cross over themselves repeatedly, 

the general uniqueness theorem ensures this cannot be true for the actual trajectories in 

three-dimensional space. The apparent crossings are due wholly to the two-dimensional 

character of the figures. 
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Plots of x (solid), y (dotted), and z (dashed) versus t for solutions of the Lorenz 
equations with r = 21 with different initial conditions. (a) When the initial point is (3, 8, 0), the 
solution converges to P2. (b) When the initial point is (5, 5, 5), the solution converges to P;. (c) 
When the initial point is (5, 5, 10), the solution converges (eventually) to P,. 
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Projection in the xy-plane of a trajectory of the Lorenz 
equations (with r = 28) with initial condition (5, 5, 5). 

Projection in the xz-plane of a trajectory of the Lorenz 
equations (with r = 28) with initial condition (5, 5, 5). 

The sensitivity of solutions to perturbations of the initial data also has implications for 

numerical computations, such as those reported here. Different step sizes, different numer- 

ical algorithms, and even the execution of the same algorithm on different machines can 

introduce small differences in the computed solution, which can eventually lead to large 

deviations. For example, the exact sequence of positive and negative loops in the calculated 

solution depends strongly on the precise numerical algorithm and its implementation, as 



538 | Chapter 9 / Nonlinear Differential Equations and Stability 

Problems 

well as on the initial conditions. However, the general appearance of the solution and the 

structure of the attracting set are independent of all these factors. 

Solutions of the Lorenz equations for other parameter ranges exhibit other interesting 

types of behavior. For example, for certain values of r greater than rp, intermittent bursts of 

chaotic behavior separate long intervals of apparently steady periodic oscillation. For other 

ranges of r, solutions show the period-doubling property that we saw in Section 2.9 for the 

logistic difference equation. Some of these features are taken up in the problems. 

Since about 1975, the Lorenz equations and other higher-dimensional autonomous 

systems have been studied intensively, and this is one of the most active areas of current 

mathematical research. Chaotic behavior of solutions appears to be much more common 

than was suspected at first, and many questions remain unanswered. Some of these are 

mathematical in nature, while others relate to the physical applications or interpretations 

of solutions. 

Problems 1 through 3 ask you to fill in some of the details of the 6. © For r = 25, plot x versus t for the cases shown in Figures 9.8.2 

analysis of the Lorenz equations in this section. 

1. a. Show that the eigenvalues of the linear system (8), valid near 

and 9.8.3. Do your graphs agree with those shown in the figures? 

Recall the discussion of numerical computation in the text. 

the origin, are given by equation (9). 

b. Determine the corresponding eigenvectors. 

c. Determine the eigenvalues and eigenvectors of the system (7) 

in the case where r = 28. 

. a. Show that the linear approximation valid near the critical 

point P, is given by equation (10). 

b. Show that the eigenvalues of the system (10) satisfy 

equation (11). 

c. @ For r = 28, solve equation (11) and thereby determine the 

eigenvalues of the system (10). 

. a. @ By solving equation (11) numerically, show that the real 

part of the complex roots changes sign when r = 24.737. 

b. Show that a cubic polynomial x* + Ax? + Bx + C has one real 

zero and two pure imaginary zeros only if AB= C. 

c. Apply the result of part b to equation (11) to show that the real 
470 

49.° 
. Use the Lyapunov function V(x, y, z) = x? + ay” + 02? to show 

that the origin is a globally asymptotically stable critical point for 

the Lorenz equations (1) ifr < 1. 

part of the complex roots changes sign when r = 

. Consider the ellipsoid 

V (x,y,z) =rx? +ay2+¢0(z—-2r =c>0. 

dV ; : : 
a. Calculate ap along trajectories of the Lorenz equations (1). 

b. Determine a sufficient condition on c so that every trajectory 

crossing V(x, y, Z) = cis directed inward. 

c. Evaluate the condition found in part b for the case o = 10, 

D=8/oy n= 28, 

10. 

. & For r = 25, plot the projections in xy- and xz-planes, respec- 

tively, of the trajectory starting at (5, 5, 5). Do the graphs agree 

with those in Figures 9.8.5 and 9.8.6? 

. @ For r = 27, plot x versus t for the solutions starting at initial 

points (3, 8, 0), (5, 5, 5) and (5, 5, 10). Use a t-interval of at least 

Ot 30) 

. For certain r intervals, or windows, the Lorenz equations exhibit 

a period-doubling property similar to that of the logistic differ- 

ence equation discussed in Section 2.9. Careful calculations may 

reveal this phenomenon. 

a. © One period-doubling window contains the value r = 100. 

Let r = 100 and plot the trajectory starting at (5, 5, 5) or some 

other initial point of your choice. Does the solution appear to 

be periodic? What is the period? 

b. © Repeat part a for slightly smaller values of r. When r 

= 99.98, you may be able to observe that the period of the 

solution doubles. Try to observe this result by performing 

calculations with nearby values of r. 

c. @ As r decreases further, the period of the solution doubles 

repeatedly. The next period doubling occurs at about r = 

99.629. Try to observe this by plotting trajectories for nearby 

values of r. 

Now consider values of r slightly larger than those in Problem 9. 

a. @ Plot trajectories of the Lorenz equations for values of r 

between 100 and 100.78. You should observe a steady peri- 

odic solution for this range of r values. 

b. © Plot trajectories for values of r between 100.78 and 100.8. 
Determine as best you can how and when the periodic 
trajectory breaks up. 

The Réssler!? System. The system 

Problems 6 through 10 suggest some further investigations of the 

Lorenz equations. 
x =-y-z, y=x+tay, 2’ =b+z(x—0), (12) 

eee eee 

Otto E. Réssler (1940-), a German medical doctor and biochemist, was a student and later became a faculty 
member at the University of Tiibingen. The equations named for him first appeared in a paper he published 
in 1976. 
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where a, b, and ¢ are positive parameters, is known as the Réssler 
system°, It is a relatively simple system, consisting of two linear 
equations and a third equation with a single quadratic nonlinearity. 
In Problems 11 through 15, we ask you to carry out some numeric 
investigations of this system, with the goal of exploring its period- 
doubling property. To simplify matters, set a = 1/4, set b = 1/2, and 

let c > 0 remain arbitrary. 

li. a. 

12. a. 

Show that there are no critical points when c < 1/\/2, 

there is one critical point for c = 1/-/2, and there are two 

critical points when c > 1/V2. 

. Find the critical point(s) and determine the eigenvalues of 

the associated Jacobian matrix when c = 1/V2 and when 

(Ole 

. @Howdo you think trajectories of the system will behave for 

c= 1? Plot the trajectory starting at the origin. Does it behave 

the way that you expected? 

. Choose one or two other initial points, and plot the 

corresponding trajectories. Do these plots agree with your 

expectations? 

Let c = 1.3. Find the critical points and the corresponding 

eigenvalues. What conclusions, if any, can you draw from 

this information? 

. © Plot the trajectory starting at the origin. What is the lim- 

iting behavior of this trajectory? To see the limiting behavior 

clearly, you may wish to choose a t-interval for your plot so 

that the initial transients are eliminated. 

Concept Questions 

C9.1. 

C9.2. 

C9.3 

C9.4. 

C9.5; 

C9.6. 

C9.7. 

Consider the two-dimensional system of first-order linear 

homogeneous differential equations, xe Ax, where A is 

a 2 x 2 constant nonsingular matrix. Describe the different 

types of qualitative behavior that are possible. What proper- 

ties must the matrix A have to produce the different qualita- 

tive behaviors? 

Consider the system of linear differential equations x’ = Ax. 

What is the significance of the assumption that the coeffi- 

cient matrix A is singular? 

Explain in words, how trajectories of an autonomous system 

of differential equations x’ = A (x), can be found. 
; j d 

For a two-dimensional first-order system, “= F(x,y), 
dt 

2 = G(x,y), how can the trajectory through (x9, yo) be 

found? 

Explain, as briefly, as possible, the effect of small perturba- 

tions for x’ = Ax. (Do not worry about special cases; these 

will be addressed separately.) 

What is the process of finding and classifying the type and 

stability of the critical points of a nonlinear system of differ- 

ential equations x’ = F (x,y), y’ = G(x, y)? 

What are the two cases where the qualitative classification of 

x = 0 for nearby systems cannot be predicted? What are the 

possible classifications in each case? 

Cc. © Choose one or two other initial points, and plot the corre- 

sponding trajectories. Are the limiting behavior(s) the same 

as in part b? 

. @ Observe that there is a limit cycle whose basin of attraction 

is fairly large (although not all of xyz-space). Draw a plot of x, 

y, or Z versus ¢t, and estimate the period T, of motion around 

the limit cycle. 

13. The limit cycle found in Problem 12 comes into existence as a 

result of a Hopf bifurcation at a value c, of c between 1 and 1.3. 

Determine, or at least estimate more precisely, the value of c,. 

There are several ways in which you might do this. 

a. 

b. 

14. a. 

15. a. 

© Draw plots of trajectories for different values of c. 

Calculate eigenvalues at critical points for different values 

of c. 

Let c = 3. Find the critical points and the corresponding 

eigenvalues. 

. © Plot the trajectory starting at the point (1, 0, —2). Observe 

that the limit cycle now consists of two loops before it closes; 

it is often called 2-cycle. 

F Plot x, y, or z versus t, and show that the period T, of 

motion on the 2-cycle is very nearly double the period T, of 

the simple limit cycle in Problem 12. There has been a period- 

doubling bifurcation of cycles for a certain value of c between 

1.3 and 3. 

@ Let c = 3. Find the critical points and the corresponding 

eigenvalues. 

. © Plot the trajectory starting at the point (1, 0, 2). 

. Explain the basin of attraction. Why isn’t the basin of attrac- 

tion discussed for linear systems? (Assume A is nonsingular.) 

Explain competing species with example. 

What is the basic competing species model? 

Describe nullclines. What role do nullclines play in the iden- 

tification of critical points for a system? 

What is the fundamental question being asked in most com- 

peting species problems? 

When does the competing species model have an asymptoti- 

cally stable coexistence critical point? 

Describe the modeling assumptions associated with the 

predator-prey model. 

Explain basic predator-prey model with an example. 

What is another name associated with the predator-prey 

model? 

What is the purpose of Lyapunov’s second method? 

What are the defining properties of a Lyapunov function for 

a system x’ = F (x,y), y’ = G(x, y) with a critical point at 

(0, 0)? 

Define Lyapunov function. 

What is orbital stability? 

ny eer en el ee 

20See the book by Strogatz for a more extensive discussion and further references. 
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C9.21. What simple relationships between equilibrium points and 

Answers to Concept Questions 

C9.1. 

C9.4. 

C9.5. 

C9.6. 

limit cycles can be used to conclude x’ = F(x,y), y’ = 

G (x, y) does not have a closed trajectory? 

The fact that A is nonsingular means x = Ois the only critical 

point. There are three distinct behaviors that are possible: 

1. Alltrajectories approach the origin ast — ov; the origin is 

asymptotically stable. This occurs when both eigenvalues 

of A are negative (nodal sink) or both eigenvalues of A 

have negative real parts (spiral sink). 

2. All trajectories remain bounded but do not approach the 

origin ast > oo; the origin is stable. This occurs when the 

eigenvalues of A are purely imaginary (center). 

3. Some or all trajectories become unbounded ast — oo; the 

origin is unstable. This occurs when at least one eigen- 

value of A is positive (nodal source) or if the eigenvalues 

have a positive real part (spiral source). 

. X= Ois the trivial solution. Other than that ,this system has 

infinite number of solutions. 

. We need to find eigenvalues and eigenvectors of the matrix 

A then based on these values we find the corresponding 

trajectories. 

dy G(x.) From the two differential equations we know — = : 
dx F(x,y) 

Passing through a specific point, (xy, Yo), becomes an initial 

condition: y(x)) = yo. This is a first-order initial value 

problem for y = y(x). Its solution is the trajectory for the 

original first-order system. (It might not be possible to solve 

the differential equation, but it should be possible to show 

that Initial Value Problem has a solution.) 

Here are two of the many possible brief explanations of the 

effect of small perturbations of x’ = Ax: 

1. Because eigenvalues depend continuously on the coeffi- 

cients in the matrix A, the stability and type of the critical 

point x = 0 are generally the same for both systems. 

2. Small changes in the coefficients in A lead to small 

changes in the eigenvalues (and eigenvectors), so the 

common critical point (x = 0) of the two systems gener- 

ally have the same qualitative classification (stability and 

type). 
The first step is to find all critical points by solving the two 

equations F (x,y) = 0 and G(x,y) = 0. Then, for each 

critical point, (x9, yo), complete the following three steps: 

1. Find the Jacobian matrix,. 

F. (X0,¥o) Fy (Xo, Yo) 
J[F,G] (x 0) =( 

Maes Ge (X05 Yo) Gy (X0,Yo)- 

2. Determine the eigenvalues, 7,2, of A = J[F,G] (Xo, yo). 

3. Use 7, and ry to determine the stability and the type of the 

critical point (x9, yo), if possible. 

. The two cases where the qualitative classification of x = 0 for 

nearby systems cannot be predicted are: 

1. Ifr = +iy are complex-conjugate pure imaginary eigen- 

values, then the corresponding eigenvalues of the nearby 

system could have positive real part or negative real part. 

If the real parts become positive, then x = 0 changes 

C9.22. 

C9.9. 

C9.10. 

C9.11. 

C9.12. 

C9.13. 

What does it mean when a system of differential equations is 

called chaotic? 

from a stable center to an unstable spiral. Likewise, if the 

real parts become negative, then the critical point changes 

from a stable center to an asymptotically stable spiral. 

2. Ifr is a repeated real eigenvalue, then the corresponding 

eigenvalues of the nearby system could be two (possibly 

distinct) real eigenvalues or two complex-valued eigen- 

values with a nonzero imaginary part. In this case the 

stability or instability is not affected (because the real 

parts will still be either positive or negative in both cases) 

but the type of the critical point may be unchanged (from 

node to node) or may be changed (node to spiral). 

In all other cases the eigenvalues have room to move (at least 

a little) and not change the stability or type of the critical 

point atx = 0. 

. The basin of attraction for a critical point (x9, yo) is the set 

of all points P with the property that the trajectory passing 

through P ultimately approaches (x9, yo). (Finding the basin 

of attraction can be very difficult.) 

For linear systems with A nonsingular, there is a single 

critical point. If this critical point is asymptotically stable, 

then all trajectories approach the critical point. That is, the 

basin of attraction is the entire phase plane. (If the critical 

point is unstable, then the basin of attraction is just a single 

point: the critical point itself.) Thus, there is no real purpose 

to talking about the basin of attraction for linear systems. 

The competing species are those different species whose food 

sources are shared in aclosed environment. For example, two 

types of fishes which are preying on same sea food but do not 

prey on each other can be referred as competing species. 

The basic competing species model is 

dx 
La y (0) = Xo 

d 
= =X(E2.-MyY-—ax) yO)=Y\. 

The six constants are all positive, as are the initial popu- 

lations x9 and yo. 

An x-nullcline is the curve(s), where a = Olean eal 

y-nullcline is curve(s), where ee 0. Critical points occur 

at intersections of a x-nullcline and a y-nullcline. 

Is there a (stable) equilibrium state with both species 

coexisting? 

In words, the coexistence critical point is asymptotically sta- 
ble when the competition is weak compared to the inhibitory 
effect that the growth of each population has on itself. When 
the competition is strong, the coexistence critical point is 
unstable; one of the two species must die out. In terms 
of the model parameters, the coexistence critical point is 

€102-€2% = &n —€) Ap : Le oy se. 
2g = | ———_., ———_]. Th = (x,y) Ges ane ET ) is critical point is asymp 

totically stable when o,0, > a qa, and is unstable when 
O10 < Mp. 



9.8 Chaos and Strange Attractors: The Lorenz Equations | 541 | 

C9.14. The four modeling assumptions associated with the preda- 
torprey model are: 

1. Two similar species that compete for a limited food 
supply. 

2. These species do not prey on each other. 

3. In the absence of the other species, each species is gov- 

erned by a logistic equation. 

4. When both species are present, each species reduces the 

other species’ growth rate. 

C9.15. Letx(t) and y(t) be two population sizes at time t. These popu- 

lation size functions are considered as continuous functions. 

X’ represents the change in population size with respect to 

time. A basic model of interacting population is given by 

X=xf@%y) W=ygs@y) 

where f and g represent per capita growth rates of the two 
species. 

C9.16. The predator-prey model is also known as the Lotka-Volterra 

equations. 

C9.17. Lyapunov’s second method provides a way to determine the 

stability of a critical point and even to estimate the basin of 

attraction of a critical point. 

C9.18. A Lyapunov function, V = V (x, y), is a continuous function 

with continuous first partial derivatives, which is positive 

definite on a domain D that includes the origin. Moreover, 

V = = (x(t),y(@)) = VF + VG is negative definite. 

(Positive definite means that V (0,0) = 0 and V (x,y) > 0 

for all other (x, y) in D.) 

C9.19. Let V(X) be a continuous differentiable function in the 

neighborhood of origin. The function V(X) is termed as 

Lyapunov function for an autonomous system 

X'= f (X) if the following criteria are met 
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PARTIAL DIFFERENTIAL 
EQUATIONS AND FOURIER SERIES 

In many important physical problems there are two or more independent variables, so 
the corresponding mathematical models involve partial, rather than ordinary, differential 
equations. This chapter treats one important method for solving partial differential equa- 

tions, a method known as separation of variables. Its essential feature is the replacement of 

the partial differential equation by a set of ordinary differential equations, which must be 

solved subject to given initial or boundary conditions. The first section of this chapter deals 

with some basic properties of boundary value problems for ordinary differential equations. 

The desired solution of the partial differential equation is expressed as a sum, usually an 

infinite series, formed from solutions of the ordinary differential equations. In many cases 

we ultimately need to deal with a series of sines and/or cosines, so part of the chapter 

is devoted to a discussion of such series, which are known as Fourier series. With the 

necessary mathematical background in place, we then illustrate the use of separation of 

variables in a variety of problems arising from heat conduction, wave propagation, and 

potential theory. 

10.1 | TWO-POINT BOUNDARY VALUE PROBLEMS 

Up to this point in the book we have dealt with initial value problems, consisting of a 

differential equation together with suitable initial conditions at a given point. A typical 

example, which was discussed at length in Chapter 3, is the differential equation 

y"+p(t)y'+q(t)y =g(t), (1) 

with the initial conditions 

y(to)= yo, Y’ (to) =o: (2) 

Physical applications often lead to another type of problem, one in which the value of 

the dependent variable y or its derivative is specified at two different points. Such conditions 

are called boundary conditions to distinguish them from initial conditions that specify the 

value of y and y’ at the same point. A differential equation and suitable boundary conditions 

form a two-point boundary value problem. A typical example is the differential equation 

y" +p(x)y' +q(x)y =8(x) (3) 

with the boundary conditions 

y(a)=y, y(b)=y.- (4) 

The natural occurrence of boundary value problems usually involves a space coordinate 

as the independent variable, so we have used x rather than ¢ in equations (3) and (4). To 

solve the boundary value problem (3), (4), we need to find a function y = y (x) that satisfies 

the differential equation (3) in the interval a < x < @ and that takes on the specified values 

Yo and y, at the endpoints of the interval. Usually, we first seek the general solution of the 
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differential equation and then use the boundary conditions to determine the values of the 

arbitrary constants. 

Boundary value problems can also be posed for nonlinear differential equations, but 

we will restrict ourselves to a consideration of linear equations only. It is important to 

determine whether a linear boundary value problem is homogeneous or nonhomogeneous. 

If the function g has the value zero for each x, and if the boundary values yo and y; are 

also zero, then the problem (3), (4) is called homogeneous. Otherwise, the problem is 

nonhomogeneous. 

Although the initial value problem (1), (2) and the boundary value problem (3), (4) 

may superficially appear to be quite similar, they actually differ in some very important 

ways. Under mild conditions on the coefficients, initial value problems are certain to have 

a unique solution. On the other hand, boundary value problems under similar conditions 

may have a unique solution, but they may also have no solution or, in some cases, infinitely 

many solutions. In this respect, linear boundary value problems resemble systems of linear 

algebraic equations. 

Let us recall some facts (see Section 6.3) about the system 

Ax = b, (5) 

where A is a given n X n matrix, b is a given n X 1 vector, and x is an n X 1 vector to 

be determined. If A is nonsingular, then the system (5) has a unique solution for any b. 

However, if A is singular, then the system (5) has no solution unless b satisfies a certain 

additional condition, in which case the system has infinitely many solutions. Now consider 

the corresponding homogeneous system 

Ax = 0, (6) 

obtained from the system (5) when b = 0. The homogeneous system (6) always has the 

solution x = 0, which is often referred to as the trivial solution. If A is nonsingular, then 

this is the only solution, but if A is singular, then there are infinitely many nonzero, or 

nontrivial, solutions. Note that it is impossible for the homogeneous system to have no 

solution. These results can also be stated in the following way: the nonhomogeneous system 

(5) has a unique solution if and only if the homogeneous system (6) has only the trivial 

solution x = 0, and the nonhomogeneous system (5) has either no solution or infinitely 

many solutions if and only if the homogeneous system (6) has nonzero solutions. 

We now turn to some examples of linear boundary value problems that illustrate very 

similar behavior. A more general discussion of linear boundary value problems appears in 
Chapter 11. 

EXAMPLE 10.1.1 

Solve the boundary value problem 

y”+y=0, y'(z)=1 y)=0. (7) 

Solution: 

The general solution of the ordinary differential equation (7) is 

y (x) = c, cos (x) + cy sin (x), (8) 

where c, and c, are arbitrary constants. Considering the second boundary condition, we have 

0=y(0O) =c, cos(0)+c,sin(0) > c, =0. 
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Therefore, y (x) = c2 sin (x). Taking its derivative, we have 

y’ (x) = c) cos (x). 

Imposing the first boundary condition, we get 

© cos(z)=1- > co = —1. 

Thus the solution of the boundary value problem (7) is 

y(x) = —sin(x). (9) 

This example illustrates the case of a nonhomogeneous boundary value problem with a unique 
solution. 

EXAMPLE 10.1.2 

Solve the boundary value problem 

y"+y=0, y(3r)=k, y)=1, (10) 

where k is some constant. 

Solution: 

The general solution of this ordinary differential equation is 

y =c, cos(x) + cp sin (x), (11) 

where c, and c, are arbitrary constants. Imposing the first boundary condition, we get — 

Nec eae c, cos (377) +c, sin(3z) => c, =-k. 

Considering the second boundary condition, we have 

1=y(0)=c,cos(0)+c,sin(0) > c, =1. 

Note that, these two conditions on c, are compatible only if k = —1, and hence the problem has no 

solution in general. However, if we take k = —1, then both boundary conditions are satisfied on c;, 

irrespective of the value of c,. In this case there are infinitely many solutions of the form 

y = cos(x) + c, sin (x), : (12) 

where c pants arbitrary. This example illustrates that a nonhomogeneous boundary value 

problem may have no solution — and also that under special circumstances it may have infinitely 

many solutions. 

The nonhomogeneous boundary value problem (3), (4) has a corresponding homoge- 

neous problem consisting of the differential equation 

y"+p(x)y' +a(x)y =0 (13) 

and the boundary conditions 

y(a@)=0, y(B)=9. ery 
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Observe that this problem has the solution y = 0 for all x, regardless of the coefficients 

p(x) and q (x). This (trivial) solution is rarely of interest. What we usually want to know is 

whether the problem has other, nonzero solutions. Consider the following two examples. 

TT eee 

EXAMPLE 10.1.3 

Solve the boundary value problem 

y"+y=0, y'(z)=0, y(0)=0. (15) 

Solution: 

The general solution of the differential equation is 

y (x) = c; cos (x) + c, sin (x), 

where c, and c, are arbitrary constants. Considering the second boundary condition, we have 

0 = y(0) =c,cos(0)+c,sin(0) > c, =0. 

Therefore, y (x) = c, sin (x). Taking its derivative, we have 

y’ (x) = ¢, cos(x). 

Imposing the first boundary condition, we get 

C5 COS(7z) S01 e5-=)0: 

Hence, the solution of the boundary value problem is y (x) = 0 for all values of x. This example 

illustrates that a homogeneous boundary value problem may have only the trivial solution y = 0. 

EXAMPLE 10.1.4 

Solve the boundary value problem 

y"+y=0, yO)=0, y(r)=0. (16) 

Solution: 

The general solution is given by equation (11), 

y = Cc, COS(X) +c, sin (x), 

and the first boundary condition requires that c, = 0. Since sin (zz) = 0, the second boundary con- 

dition is also satisfied when c, = 0, regardless of the value of c,. Thus the solution of problem (16) 

is y = C) sin (x), where c, remains arbitrary. This example illustrates that a homogeneous boundary 

value problem may have infinitely many solutions. 

Examples 10.1.1 through 10.1.4 illustrate (but, of course, do not prove) that there 
is the same relationship between homogeneous and nonhomogeneous linear boundary 
value problems as there is between homogeneous and nonhomogeneous linear algebraic 
systems. The nonhomogeneous boundary value problem (Example 10.1.1) has a unique 
solution, and the corresponding homogeneous problem (Example 10.1.3) has only the 
trivial solution. Further, the nonhomogeneous problem (Example 10.1.2) has either no 
solution or infinitely many, and the corresponding homogeneous problem (Example 10.1.4) 
has nontrivial solutions. 



10.1 Two-Point Boundary Value Problems 

> Eigenvalue Problems. Recall the matrix equation 

Ax = Ax (17) 

that we discussed in Section 6.3. Equation (17) has the solution x = 0 for every value of 
A, but for certain values of A, called eigenvalues, there are also nonzero solutions, called 
eigenvectors. The situation is similar for boundary value problems. 

Consider the problem consisting of the differential equation 

y” +dy =0, (18) 

together with the boundary conditions 

y(0)=0, y(z)=0. (19) 

Observe that the boundary value problem (18), (19) is the same as the problems in Examples 

10.1.3 and 10.1.4 if A = 2 and A = 1, respectively. Recalling the results of these examples, 

we note that for A = 2, equations (18), (19) have only the trivial solution y = 0, while 

for 4 = 1, the problem (18), (19) has other, nontrivial solutions. By extension of the 

terminology associated with equation (17), the values of A for which nontrivial solutions of 

(18), (19) occur are called eigenvalues, and the nontrivial solutions themselves are called 

eigenfunctions. Restating the results of Examples 10.1.3 and 10.1.4, we have found that 

A = 1 is an eigenvalue of the problem (18), (19) and that 2 = 2 is not. Further, any nonzero 

multiple of sin(x) is an eigenfunction corresponding to the eigenvalue A = 1. 

Let us now turn to the problem of finding other eigenvalues and eigenfunctions of the 

problem (18), (19). We need to consider separately the cases 1 > 0, A = 0, and A < 0, because 

the form of the solution of equation (18) is different in each of these cases. 

CaseIA>0 To avoid the frequent appearance of radical signs, it is convenient in this 

case to let A = 7? and to rewrite equation (18) as 

y" + py =0. (20) 

The characteristic polynomial equation for equation (20) is r? + u? = 0 with 

roots r = +i, so the general solution is 

y =, COS (UX) + Cp Sin (Ux). (21) 

Note that yz is nonzero (since A > 0) and there is no loss of generality if we 

also assume that yu is positive. The first boundary condition requires that 

Cc; = 0, and then the second boundary condition reduces to 

C2 sin (uz) = 0. (22) 

We are seeking nontrivial solutions, so we must require that c, #0. Con- 

sequently, sin (uz) must be zero, and our task is to choose yu so that this 

will occur. We know that the sine function has the value zero at every 

integer multiple of 7, so we can choose 4 to be any (positive) integer. The 

corresponding values of A are the squares of the positive integers, so we have 

determined that 

Ay — 1M, 7) = 4, A3 = 9, sony An = n?, eee (23) 

are eigenvalues of the problem (18), (19). The eigenfunctions are given 

by equation (21) with c, = 0, so they are just multiples of the functions 

sin (nx) for n = 1, 2, 3, ... . Observe that the constant c, in equation (21) 
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is never determined. Eigenfunctions are determined only up to an arbitrary 

multiplicative constant, in the same way that the eigenvectors of the matrix 

problem (17) are determined up toa multiplicative constant. We will usually 

choose the multiplicative constant to be 1 and write the eigenfunctions as 

y, (x) = sin(x), y2 (x) =sin(2x),..., Yn (x) = sin (AX) (24) 

remembering that multiples of these functions are also eigenfunctions. 

Case IIA <0 In this case we let A = —z?, so that equation (18) becomes 

y" —p’y =0. (25) 

The characteristic equation for equation (25) is r? — yu? = 0 with roots 

r = +, so its general solution can be written as 

y = c; cosh (ux) + cz sinh (ux). (26) 

We have chosen the hyperbolic functions cosh (wx) and sinh (wx), rather 

than the exponential functions exp (jx) and exp (—jzx), as a fundamental 

set of solutions for convenience in applying the boundary conditions. The 

first boundary condition requires that c, = 0; then the second boundary 

condition gives c sinh (uz) = 0. Since sinh (u7r) = 0 if and only if uz = 0, 

the fact that «#0 means that sinh (wz) #0, and therefore we must have 

C) = 0. Consequently, y = 0 and there are no nontrivial solutions for A < 0. 

In other words, the problem (18), (19) has no negative eigenvalues. 

Case IIIA =0 Now equation (18) becomes 

y” =0, (27) 

and its general solution is 

Y=CiX+ Cp. (28) 

The first of the boundary conditions (19) forces c, = 0; then the second 

boundary condition reduces to c,7 = 0, so c, = 0. There is only the trivial 

solution y = 0 in this case as well. That is, A = 0 is not an eigenvalue of 

problem (18), (19). 

To summarize our results: we have shown that the two-point boundary 

value problem (18), (19) has an infinite sequence of positive eigenvalues 

A, = n? for n = 1, 2, 3, ... and that the corresponding eigenfunctions 

are proportional to sin(nx). Further, there are no other real eigenval- 

ues. There remains the possibility that there might be some complex 

eigenvalues; recall that a matrix with real elements may very well have 

complex eigenvalues. In Problem 23 we outline an argument showing 

that the particular problem (18), (19) cannot have complex eigenvalues. 

Later, in Section 11.2, we discuss an important class of boundary value 
problems that includes (18), (19). One of the useful properties of this class 
of problems is that all their eigenvalues are real. 

In later sections of this chapter we will often encounter the problem 

y"+ay=0, y(0)=0, y)=0, (29) 

which differs from the problem (18), (19) only in that the second boundary 
condition is imposed at an arbitrary point x = L rather than at x = zx. The 
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solution process for A > 0 is exactly the same as before, up to the step where 
the second boundary condition is applied. For problem (29), this condition 
requires that 

cy sin (uL) = 0 (30) 

rather than equation (22), as in the former case. Consequently, “ must be 
an integer multiple of zr, so ¢ = nz/L, where nis a positive integer. Hence 

the eigenvalues and eigenfunctions of problem (29) are given by 

n? 7? 
oe 2s 

df PILX 
ery, OO) = sin (=), (Sk DBs (31) 

As usual, the eigenfunctions y,, (x) are determined only up to an arbitrary 

multiplicative constant. In the same way as for the problem (18), (19), you 

can show that the problem (29) has no eigenvalues or eigenfunctions other 

than those in equation (31). 

The problems following this section explore to some extent the effect of different 

boundary conditions on the eigenvalues and eigenfunctions. A more systematic discussion 

of two-point boundary and eigenvalue problems appears in Chapter 11. 

Problems 

In each of Problems 1 through 13, either solve the given boundary Tey Ay — Oey (O05 y (2) 0 

value problem or else show that it has no solution. (Problems 11 19. y"-Ay=0, y()=0, y’(L)=0 

through 13 involve Euler equations; see Section 5.5.) 20. x2y”—xy’+dy=0, y(1)=0, y(L)=0, L>1 

= 

= = wn et oO 

ee NANA WH 

In each of Problems 14 through 20, find the eigenvalues and eigen- 

functions of the given boundary value problem. Assume that all 

eigenvalues are real. 

14. 

aS: 

16. 

17. 

y”-Ay=0, y(0)=0, y(z)=0 

y”—-Ay=0, y(0)=0, y(r)=0 
y’+4Ay=0, y'(0)=0, y(t) =0 

y”+9y=0, y’(0)=0, y(2)=0 

The axially symmetric laminar flow of a viscous incompressible 

fluid through a long straight tube of circular cross section under 

a constant axial pressure gradient is known as Poiseuille! flow. 

The axial velocity w is a function of the radial variable r only and 

w(r) bounded for 0 <r < R, 

where R is the radius of the tube, G is the pressure gradient, and 

_y”+y=0, yO)=0, y'(x)=2 21. 
.y”+2y=0, y’(0)=2, y'(z7)=0 

_y"+7y=0, y(r)=0, y(0)=0 

eae ey AO) = 1,5 CL) = 0 satisfies the boundary value problem 
y"+4y=x, y)=0, y()=0 

y"+3y=x, y(0)=0, y(m)=0 w'tew=-2, w(R)=0, 
y” +16y =cos(x), y()=0, y(z)=0 f : 
y” +4y =3 sin(x), y(0)=0, y(z)=0 

. y’ +4y =3 cos(x), y'(0)=0, y’ (xm) =0 wis the coefficient of viscosity of the fluid. 

. y’+2y=cos(x), y’(0)=0, y(x)=0 a. Find the velocity profile w(r) . 

. x*y"—4xy’+6y=0, yl)=-1, yQ)=1 b. By integrating w(r) over a cross section, show that the total 

. xy” + 5xy +4y=x’?, yQ)=0, y(e)=0 flow rate Q is given by 

. x2y" + 5xy' + (44 727)y =2 Inx, 1) =0, e)=0 x?y" + Sxy! + ( )y y (1) y(e) on RG 
Sra: 

Since Q, R, and G can be measured, this result provides a 

practical way to determine the viscosity yu. 

c. Suppose that R is reduced to 3/4 of its original value. What 

is the corresponding reduction in Q? This result has implica- 

tions for blood flow through arteries constricted by plaque. 

I IEEE 

1Jean Louis Marie Poiseuille (1797-1869) was a French physician who was also trained in mathematics and 

physics. He was particularly interested in the flow of blood and published his first paper on the subject in 

1840. 
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22. Consider a horizontal metal beam of length L subject to a vertical c. Clamped at x = 0, free at x = L: 

load f(x) per unit length. The resulting vertical displacement in y(0) =y’ (0) = y” (L) =y” (L) = 0 

the beam y(x) satisfies the differential equation 23. In this problem we outline a proof that the eigenvalues of the 

boundary value problem (18), (19) are real. 

dty a. Write the solution of equation (18) as y = k, exp(ijc) + 

ae wh od k, exp(—iux), where 2 = yw’, and impose the boundary 

conditions (19). Show that nontrivial solutions exist if and 

where E is Young’s modulus and I is the moment of inertia of the only if 

cross section about an axis through the centroid perpendicular 

to the xy-plane. Suppose that f (x)/EI is a constant k. For each of elvr — e-ee = 0, (32) 

the boundary conditions given below, solve for the displacement 

y(x), and plot y versus x in the case that L = 1 and k = —1. b. Let w= + io and use Euler’s relation exp (iv7) = cos (vz) + 

a. Simply supported at both ends: i sin(vz) to determine the real and imaginary parts of 
y(0)=y" (0) = y(L) =y"(L) = 0 equation (32). 

b. Clamped at both ends: c. By considering the equations found in part (b), show that 

1O=) O=y Day (hy=0 y is an integer and that o = 0. Consequently, yu is real and 

so is A. 

10.2 | FOURIER SERIES 

Later in this chapter you will find that you can solve many important problems involving 

partial differential equations, provided that you can express a given function as an infinite 

sum of sines and/or cosines. In this and the following two sections we explain in detail how 

this can be done. These trigonometric series are called Fourier series’; they are somewhat 

analogous to Taylor series in that both types of series provide a means of expressing quite 

complicated functions in terms of certain familiar elementary functions. 

We begin with a series of the form 

2 =f 3 (an cos (E*) + Bm sin(=*)). (1) 
m=1 

On the set of points where the series (1) converges, it defines a function f, whose value 

at each point is the sum of the series for that value of x. In this case the series (1) is said 

to be the Fourier series for f. Our immediate goals are to determine what functions can 

be represented as a sum of a Fourier series and to find some means of computing the 

coefficients in the series corresponding to a given function. The first term in the series (1) is 

written as dp/2 rather than as dy to simplify a formula for the coefficients that we derive 

below. Besides their association with the method of separation of variables and partial 

differential equations, Fourier series are also useful in various other ways, such as in the 

analysis of mechanical or electrical systems acted on by periodic external forces. 

> Periodicity of the Sine and Cosine Functions. To discuss Fourier series, it is necessary 
to develop certain properties of the trigonometric functions sin (mzrx/L) and cos (mzx/L), 
where m is a positive integer. The first property is their periodic character. A function f is 
said to be periodic with period T > 0 if the domain of f contains x + T whenever it contains 
x, and if 

f(%+T) = f(x) (2) 

*Jean Baptiste Joseph Fourier (1768-1830) was twice imprisoned during the French Revolution, later served 
as scientific advisor in Napoleon’s army in Egypt, and was prefect of the department of Isére (Grenoble) 
from 1801 to 1815. He made the first systematic use, although not a completely rigorous investigation, of 
trigonometric series in 1807 and 1811 in his papers on heat conduction. The papers were not published due 
to objections from the referees, principally Lagrange. Although it turned out that Fourier’s claim of generality 
was somewhat too strong, his results inspired a flood of important research that has continued to the present 
day. See Grattan-Guinness or Carslaw (Historical Introduction) for a detailed history of Fourier series. 
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for every value of x. An example of a periodic function is shown in Figure 10.2.1. It follows 
immediately from the definition that if T is a period of f, then 2T is also a period, and so 
indeed is any integral multiple of T. The smallest value of T for which equation (2) holds 
is called the fundamental period of f. A constant function is a periodic function with an 
arbitrary period but no fundamental period. 

-— 
Be ZA 

ESLER RG A periodic function of period T. 

If f and g are any two periodic functions with common period T, then any linear 

combination c,f + c2g is also periodic with period T. To prove this statement, begin by 

defining F (x) = c;f (x) + cg (x); then, for any x, 

F(x +T)=c)f (x +T)+ce9(x+T) =c)f (x) + g(x) = F(x). (3) 

Moreover, it can be shown that the sum of any finite number, or even the sum of a 

convergent infinite series, of functions of period T is also periodic with period T. In a similar 

way, you can show that the product fg is periodic with period T. 

In particular, the functions sin (mzx/L) and cos (mzx/L),m = 1, 2, 3, ..., are periodic with 

fundamental period T = 2L/m. To see this, recall that sin (x) and cos (x) have fundamental 

period 27 and that sin (ax) and cos (ax) have fundamental period 277/a. If we choose a = 

m7/L, then the period T of sin (mzrx/L) and cos (m7rx/L) is given by T = 277L/(mz) = 2L/m. 

Note also that, since every positive integral multiple of a period is also a period, each of 

the functions sin (m7rx/L) and cos (m7zrx/L) has the common period 2L. 

> Orthogonality of the Sine and Cosine Functions. To describe a second essential prop- 

erty of the functions sin (mzx/L) and cos(mzx/L), we generalize the concept of orthogo- 

nality of vectors (see Section 6.2). The standard inner product (u, v) of two real-valued 

functions u and v on the interval a <x < f is defined by 

B 
Gi;vy= | u(x) v(x) dx. (4) 

a 

The functions u and v.are said to be orthogonal on a < x < £ if their inner product is 

zero—that is, if 

B 
| u(x)v(x)dx = 0. (5) 
a 

A set of functions is said to be mutually orthogonal if each distinct pair of functions in 

the set is orthogonal. 

The functions sin (mzx/L) and cos (m7x/L), m = 1, 2, ... form a mutually orthogonal set 

of functions on the interval —L < x < L. In fact, they satisfy the following orthogonality 
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relations: 

‘ 0, fn, 
I. cos (™**) cos (“*) ax =| ee (6) 

L 

7) sin(“*)dx=0, all mn; (7) 
id cos ( ) sin ( L ) 0, allm,n 

[,,0CE) eB e-(e Boh ° 
These results can be obtained by direct integration. For example, to derive equation (8), 

note that 

) sin (=) dx= ; lie (cos p= | — cos (een)) dx 

i 
1 

f - (ane 

—L 

sin(@m —n)zx/L) _ sin(m+n) a) ' 

( m—n m+n LP 

as long asm + nand m — nare not zero. Since m and n are positive, m + n # 0. On the other 

hand, if m — n = 0, then m = n, and the integral must be evaluated in a different way. In 

this case 

2 

iE sin (=**) sin (*) dx = fos (sin(*)) dic 

Lit 1— cos (77) 
kts sin (222) 

This establishes equation (8); equations (6) and (7) can be verified by similar computations. 

(See Problem 12.) 

> The Euler-Fourier Formulas. Now let us suppose that a series of the form (1) converges 

for all real numbers x on the interval —L < x < L, and let us call its sum f (x): 

f= 24 T (ayy 00s (MEE) + dp sin (ME), (9) 
m=1 

The coefficients a,, and b,, can be related to f(x) as a consequence of the orthogonality 
conditions (6), (7), and (8). First multiply equation (9) by cos (n7x/L), where n is a fixed 
positive integer (n > 0), and integrate with respect to x from —L to L. Assuming that the 



integration can be legitimately carried out term by term,? we obtain 

(oe) EL 

+ » Dm | sin (=) cos (“2*) de. (10) 

Keeping in mind that n is fixed whereas m ranges over the positive integers, it follows from 
the orthogonality relations (6) and (7) that the only nonzero term on the right-hand side of 
equation (10) is the one for which m = n in the first summation. Hence 

ii is 
| tae) cos (“**) dx = an | cos? (==)ax Ease) ne (11) 
=f) -L 

Equation (11) is valid for all n = 1, 2, 3, .... To determine ap, we can integrate equation (9) 

from —L to L, obtaining 

L 
ants = : mmx = bomnx 

[ foow= BI] act Ss am | cos ( L ) dx + Sy bm | sin(—) dx 
m=1 

= aoL, (12) 

since each integral involving a trigonometric function over an interval of length 2L (one 

period) is zero. Thus 

E 

a, = r| yt (x) cos (“*) dx, W=i0, 12. (13) 
=f 

By writing the constant term in equation (9) as a,/2, it is possible to compute all the a,, from 

equation (13). Otherwise, a separate formula, with an extra factor of 1/2, would have to be 

used for dp. 

A similar expression for b,, may be obtained by multiplying equation (9) by sin(n7rx/L), 

integrating termwise from —L to L, and using the orthogonality relations (7) and (8); thus 

ie 
ieee ) sin(™*)dx, n=1,2,3,.... (14) [_ fe sin ( 7, ) n 

Equations (13) and (14) are known as the Euler-Fourier formulas for the coefficients in a 

Fourier series. Hence, if the series (9) converges to f (x), and if the series can be integrated 

term-by-term, then the coefficients must be given by equations (13) and (14). 

Note that equations (13) and (14) are explicit formulas for a, and b,, in terms off, and that 

the determination of any particular coefficient is independent of all the other coefficients. 

Of course, the difficulty in evaluating the integrals in equations (13) and (14) depends very 

much on the particular function f involved. 

Note also that the formulas (13) and (14) depend only on the values of f (x) in the interval 

—L <x <L. Since each of the terms in the Fourier series (9) is periodic with period 2L, the 

series converges for all x whenever it converges in —L <x < L, and its sum is also a periodic 

function with period 2L. Hence f (x) is determined for all x by its values in the interval 

—L<x<L. 

We ee ee Oe 

3This is a nontrivial assumption, because not all convergent series with variable terms can be so integrated. 

For the special case of Fourier series, however, term-by-term integration can always be justified. 

10.2 Fourier Series Ee 
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It is possible to show (see Problem 27) that if g is periodic with period T, then every 

integral of g over an interval of length T has the same value. If we apply this result to the 

Euler-Fourier formulas (13) and (14), it follows that the interval of integration, -L <x <L, 

can be replaced, if it is more convenient to do so, by any other interval of length 2L. 

ee Se ee en ee 

EXAMPLE 10.2.1 

Assume that there is a Fourier series converging to the function f defined by 

—x, —2<x <0, 

fo) =| ths O Ss (1s) 

fixt+4=f). 

Determine the coefficients in this Fourier series. 

Solution: 

| FIGURE 10.2.2, The triangular wave in Example 10.2.1. 

This function represents a triangular wave (see Figure 10.2.2) and is periodic with period 4. Thus 

the Fourier series has the form 

[MO= 2 + 3 (am cos (=) + Dm sin(*)), (16) 
m=1 

where the coefficients are computed from equations (13) and (14) with L = 2. Substituting for f (x) 

in equation (13) with m = 0, we have 

0 2 

a= 5 | Cx)de+5 | xde-141=2 (17) 
Zo 0 

For m > 0, equation (13) yields 

feel : mmx Lf mmx 
C= Ae cos (=) dx + ae cos (=) dx. 

These integrals can be evaluated through integration by parts, with the result that 

5 Sed Bane ea) mx \\|° 

Pie Ok trate 2 mi cos ( 2 ) 6 

Lf . (MIX pane mmx 
+3 (ee sin{ > )+(=) cos ( 5) ) | 

2(-(aaz) +(aex) costmnd+ (see) cosenmd~ (22) ) 
(cos mz—1), m=1,2,... 

i 

(mx) (18) 

8 
—-—-, modd, 

0, m even. 



Finally, from equation (14), it follows in a similar way that 

by, = 0, °) m= 1,2... (19) 

By substituting the coefficients from equations (17), (18), and (19) in the series (16), we obtain the 
Fourier series for f: 

f(x)=1- s (cos (=) + oS cos (=) ae - cos (=~) a -) 
2 32 2 52 2 

=1- = y = cos (=) 
7? NESTS Sy m? 2 

ake (2n — 1) 2x 
ee oe: COS (5h). 20 12 comet (2n mo 1) D ( ) 

EXAMPLE 10.2.2 

Let 

0,--=3 <x <=], 

iGo) ee e< Xe: (21) 

0, de<xe<, 3 

and suppose that f (x + 6) = f (x). Graph three periods of y = f (x). Find the coefficients in the 

Fourier series for f. 

Solution: 

The graph of y = f(x) is shown in Figure 10.2.3. 

Graph of f(x) in Example 10.2.2. 

Note that f (x) is not assigned a value at the points of discontinuity, such as x = —1 and x = 1, orat 

the ends of the period, such as x = —9, x = —3, x = 3, and x = 9. This has no effect on the values 

of the Fourier coefficients, because they result from the evaluation of integrals, and the value of an 

integral is not affected by the value of the integrand at a single point or at a finite number of points. 

Thus the coefficients are the same regardless of what value, if any, f (x) is assigned at a point of 

discontinuity. 

Since f has period 6, it follows that L = 3 in this problem. Consequently, the Fourier series for 

f has the form 

f= 2 ie . (a, cos (“*) + by sin(“*)), (22) 

3 1 

a= 3 | fonax= 3] Ldx= ¢. (23) 
=3 -1 

10.2 Fourier Series [ERY 
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Similarly, 

com tf cos (“*) de = — si (=) =o sin(), A= 12s, (24) 

and 

bat sin(“)ae=-% 5(2)| =0, n=1,2-. 5) 

Thus the Fourier series for f is 

soe 5+ Dy me sin ("F) cos(") 
x30 Blom 2) +} (2H) } o()-Fea(S)4-). 0 

EXAMPLE 10.2.3 

Consider again the function in Example 10.2.1 and its Fourier series (20). Investigate the speed 

with which the series converges. In particular, determine how many terms are needed so that the 

error is no greater than 0.01 for all x. 

Solution: 

The m' partial sum in this series 

ey te 1 (2n —1)7x 
im (x) =1- »», Cae ay cos (A= ) (27) 

can be used to approximate the function f. The coefficients diminish as (2n — 1)~?, so the series 

converges fairly rapidly. This is borne out by Figure 10.2.4, where the partial sums for m = 1 

(dotted blue) and m = 2 (dashed red) are plotted. To investigate the convergence in more detail, 

we can consider the error e,,(x) = f (x) — S,(x). Figure 10.2.5 shows a plot of !eg(x)| versus x for 0 

<x < 2. Observe that le,(x)| is greatest at the points x = 0 and x = 2, where the graph of f (x) has 

corners. It is more difficult for the series to approximate the function near these points, resulting 

in a larger error there for a given m. Similar graphs are obtained for other values of m. 

Partial sums in the Fourier series, equation (20) for 
m = 1 (dotted blue) and for m = 2 (dashed red), for the triangular wave 
(gold). 
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| FIGURE 10.2.5 | Plot of le.(x)l versus x for the triangular wave in 

Example 10.2.3. 

Once you realize that the maximum error always occurs at x = 0 or x = 2, you can obtain a 

uniform error bound for each m simply by evaluating le,,(x)| at one of these points. For example, 

for m = 6, we have e,(2) = 0.03370, so leg(x)l < 0.034 for 0 < x < 2 and, consequently, for 

all x, Table 10.2.1 shows corresponding data for other values of m; these data are plotted in 

Figure 10.2.6. From this information you can begin to estimate the number of terms that are 

needed in the series in order to achieve a given level of accuracy in the approximation. From Table 

10.2.1, we see that the maximum error drops below 0.01 somewhere between m = 20 and m = 25. 

In fact, to guarantee that le,,(x)| < 0.01, we need to choose m = 21, for which the error is 

>, (2) = 0.00965. 

Values of the Error e,,, (2) 

REE) * for the Triangular Wave 

m ee #9) 

2 0.09937 
4 0.05040 

6 0.03370 

10 0.02025 

15 0.01350 

20 0.01013 

PES, 0.00810 

Plot of e,,(2) versus m for the triangular wave. 
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Problems 

In this book, Fourier series appear mainly as a means of solving certain problems 

in partial differential equations. However, Fourier series have much wider application 

in science and engineering and, in general, are valuable tools in the investigation of 

periodic phenomena. A basic problem is to resolve an incoming signal into its harmonic 

components, which amounts to constructing its Fourier series representation. In some 

frequency ranges, the separate terms correspond to different colors or to different audible 

tones. The magnitude of the coefficient determines the amplitude of each component. This 

process is referred to as spectral analysis. 

In each of Problems 1 through 8, determine whether the given 

function is periodic. If so, find its fundamental period. 

1. 

3: 

5. 

10. 

11. 

12. 

sin (7x) 2. cos (47x) 
; we HE 

sinh (5x) 4. sin ee 

tan (27x) 6. <7 

0 2n-1<x<2n 
: Sy’ 7 : = 0, +1, +2, ... 
F@) ee 2n<x<2n+1, Bao 

Cl) un) <x =< on, 
; = Ok sell, ae, o.. 
To) Me DNiSGX <a (ae 

. If f (x) = —2x for -—L < x < L, and if f(x + 2L) = f (@), find 

a formula for f (x) in the interval L < x < 2L; in the interval 

—3L <x <-—-2L. 

x+2, —-2<x<0, 

tfc) =|* Nee aacg 2, 

a formula for f (x) in the interval 3 < x < 4; in the interval 

Oe 38 << IN), 

If f(x) = 1—x for0 < x < 2and if f(x +2) = f (x), finda 

formula for f (x) in the interval -1 < x < 0. 

and if f (x + 4) = f (x), find 

Verify equations (6) and (7) in this section by direct integration. 

In each of Problems 13 through 18: 

a. Sketch the graph of the given function for three periods. 

b. Find the Fourier series for the given function. 

PCNeS28 SNe se<il 

My ah s36< qi je, Fae 

fo) =|% bene TORO 

fq oe ieee 

fiat e te fee 
0, PIES SO SAB 

(FOS 2, =l<se ie f(x+4) =f) 

0, INES By pe 

In each of Problems 19 through 24: 

a. Sketch the graph of the given function for three periods. 

b. Find the Fourier series for the given function. 

c. © Plot the partial sum Sy(X) versus x for m = 5, 10, and 20. 

d. Describe how the Fourier series seems to be converging. 

19. 

23 

24 

25. 

—-2, —2<x<0, * [Giaia, necieen: Forts) = S09) 
fe) xX Sf Oot 2 afl) 

(x) ee} SKS 8 << PR f(x+4)=f (x) 

x2; e-25 x= 0; ie 

Lm | Samp 
OR ce OR fx+4)=f() 

ea —2<x <0, 

ae 1 f(xt+4 =f (x) 
ax — 5x’, Grae: 

Tabblo f(x+6) =f (x) = 

an i 

T@ eras: 0<x <3; x 

Consider the function f defined in Problem 21, and let 

Cm (Xx) = f &) — S00). 

a. © Plot le,,(x)l versus x for 0 < x < 2 for several values 

of m. 

b. @ Find the smallest value of m for which le,,(x)| < 0.01 
for all x. 

Consider the function f defined in Problem 24, and let 

Cm(x) = f OX) — Sn). 
a. & Plot le,,(x)| versus x for 0 < x < 3 for several values 

of m. 

b. @ Find the smallest value of m for which le»(x)l < 0.1 
for all x. 

Suppose that g is an integrable periodic function with period T. 

a. If0 <a<T, show that 

hy at+T 

| g (x)= | g(x) dx 
0 a 

a a+T 

Hint: Show first that | 9) @be = | g(x) dx. Then, 
0 T 

in the second integral, consider the change of variable 
sS=x-—T. 

b. Show that for any value of a, not necessarily in 0 < a <T, 

T 

| 
c. Show that for any values of a and b, 

a+T 

g(x) ax = | g(x) dx. 
a 

a+T b+T 

| 8 (x) dx= g(x) dx. 
a b 
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28. Let g be a differentiable and periodic function with period T. 
Then show that g’ is also periodic with period T. Determine 
whether 

x 

ow =| g(t)dt 
0 

is always periodic. 

29. In this problem we indicate certain similarities between three- 

dimensional geometric vectors and Fourier series. 

a. Let vj, V2, and v; be a set of mutually orthogonal vectors in 

three dimensions, and let u be any three-dimensional vector. 

Show that 

u=a\Vv, + A2V2 + 3V3, (28) 

where 

u-vj é 
a; = ; =i 112.35 29 i Vy U (29) 

Show that a; can be interpreted as the projection of u in the 

direction of v; divided by the length of vj. 

b. Define the inner product (u, v) by 

L 

(hy) = | u(x) v(x) dx. (30) 
=i) 

Also let 

$n (x) = cos (=), n=0,1,2,...3 

Yn (x) =sin(==), n=1,2.... (31) 

Show that equation (10) can be written in the form 

oo 

(F.bn) = FP Gorn) + D) dm ms $n)+ Dy Om ms bn): 
1 m=1 m= 

(32) 

c. Use equation (32) and the corresponding equation for (f, ,,), 

together with the orthogonality relations, to show that 

_ Sf dn) 
on = bn)’ W=NOP U2 eens 

— (f%n) - 
[By = ep (hee sD oe (33) 

Note the resemblance between equations (33) and equation 

(29). The functions ¢, and ~,, play a role for functions similar 

to that of the orthogonal vectors v,, v, and v; in three- 

dimensional space. The coefficients a, and b, can be inter- 

preted as projections of the function f onto the base functions 

$y, and Pp. 
Observe also that any vector in three dimensions can be 

expressed as a linear combination of three mutually orthog- 

onal vectors. In a somewhat similar way, any sufficiently 

smooth function defined on —L < x < L can be expressed as 

a linear combination of the mutually orthogonal functions 

cos (n7x/L) and sin (nzx/L), that is, as a Fourier series. 

10.3 | THE FOURIER CONVERGENCE THEOREM 

In the preceding section we showed that if the Fourier series 

[oe) 
do mmx 

oR 
m=1 

+ (am cos (==) + bm sin( 7 (1) 

converges and thereby defines a function f, then f is periodic with period 2L, and the 

coefficients a,, and b,, are related to f (x) by the Euler-Fourier formulas: 

fee LT cos (=) die IT =O, Wye (2) 

MIX 
E 

1 F 
m=z) Fe) sin ( L ) dx, gel Pe Pra (3) 

In this section we suppose that a function f is given. If this function is periodic with 

period 2L and integrable on the interval [—L, L], then a set of coefficients a,, and b,, 

can be computed from equations (2) and (3), and a series of the form (1) can be formally 

constructed. The question is whether this series converges for each value of x and, if so, 
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whether its sum is f (x). Examples have been discovered showing that the Fourier series 

corresponding to a function f may not converge to f (x) and may even diverge. Functions 

whose Fourier series do not converge to the value of the function at isolated points are easily 

constructed, and examples will be presented later in this section. Functions whose Fourier 

series diverge at one or more points are more pathological, and we will not consider them 

in this book. 

To guarantee convergence of a Fourier series to the function from which its coefficients 

were computed, it is essential to place additional conditions on the function. From a 

practical point of view, such conditions should be broad enough to cover all situations of 

interest, yet simple enough to be easily checked for particular functions. Through the years, 

several sets of conditions have been devised to serve this purpose. 

Before stating a convergence theorem for Fourier series, recall that during the intro- 

duction of the Laplace transform in Section 7.1, we defined a function f to be piecewise 

continuous on a bounded interval a < x < b if the interval can be partitioned by a finite 

number of points a = Xy < X, < +++ <x, = bso that 

1. f is continuous on each open subinterval x; _ 1 <x < Xj. 

2. f approaches a finite limit as the endpoints of each subinterval are approached from 

within the subinterval. 

The graph of a piecewise continuous function is shown in Figure 10.3.1. 

(EteTEETERT A piecewise continuous 
function. 

The notation f (ct) is used to denote the limit of f (x) as x > c from the right; and, 

similarly, f (c~) denotes the limit of f (x) as x approaches c from the left. That is, f (Car 

lim cr (ean (Ce) — Nite ey 

Note that it is not essential that the function even be defined at the partition points x;. For 

example, in the following theorem we assume that f’ is piecewise continuous; but certainly 

f’ does not exist at those points where f itself is discontinuous. It is also not essential that 

the interval be closed; it may also be open, or open at one end and closed at the other. 

Theorem 10.3.1 | Fourier Convergence Theorem 

Suppose that f and f’ are piecewise continuous on the interval —L <x < L. Further, suppose 
that f is defined outside the interval —L < x < L so that it is periodic with period 2L. Then f 
has a Fourier series 

tas y (an cos (=) + Dy, sin(“*)), (4) 

whose coefficients are given by equations (2) and (3). The Fourier series converges to f(x) at 

all points where f is continuous, and it converges to ; (f (x*) + f (x7)) at all points where f 
is discontinuous. 
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1 : Note that 5 (f (x*) + f (x7 )) is the mean value of the right- and left-hand limits at the 
point x. At any point where f is continuous, f (x+) =f (x~) = f (x). Thus it is correct to say 

that the Fourier series converges to : (f (x*) + f (x7)) at all points. Whenever we say that 
a Fourier series converges to a function f, we always mean that it converges in this sense. 

We emphasize that the conditions given in this theorem are only sufficient for the 
convergence of a Fourier series; they are by no means necessary. Nor are they the most 
general sufficient conditions that have been discovered. In spite of this, the proof of the 
theorem is fairly difficult, and we do not discuss it here.* Under more restrictive conditions, 

a much simpler convergence proof is possible; see Problem 18. 

To obtain a better understanding of the content of the theorem, it is helpful to consider 

some classes of functions that fail to satisfy the assumed conditions. Functions that are 

not included in the theorem are primarily those with infinite discontinuities in the interval 

[—L, L], such as 1/x? as x > 0, or In Ix — Ll asx > L. Functions having an infinite number 

of jump discontinuities in this bounded interval are also excluded; however, such functions 

are rarely encountered. 

It is noteworthy that a Fourier series may converge to a sum that is not differentiable, 

or even continuous, in spite of the fact that each term in the series (4) is continuous, and 

even differentiable infinitely many times. The example below is an illustration of this, as is 

Example 10.2.2. 

EXAMPLE 10.3.1 

et 

Os =< <0 = > > 5 

fO) o O0<x<L, (5) 

and let f be defined outside this interval so that f (x + 2L) = f (x) for all x. We will temporarily 

leave open the definition of f at the points x = 0, +L. Find the Fourier series for this function and 

determine where it converges. 

felt] 1 Tie iy ~The square wave in Example 10.3.1. 

Solution: 

Three periods of the graph of y = f(x) are shown in Figure 10.3.2; it extends periodically to infinity 

in both directions. It can be thought of as representing a square wave. The interval [—L, L] can 

be partitioned into the two open subintervals (—L, 0) and (0, Dyin (0; Lo.) dang fo) :0, 

Clearly, both f and f’ are continuous and furthermore have limits as x > 0 from the right and as 

x > L from the left. The:situation in (—L, 0) is similar. Consequently, both f and f’ are piecewise 

continuous on [—L, L), so f satisfies the conditions of Theorem 10.3.1. If the coefficients a, and b,, 

are computed from equations (2) and (3), the convergence of the resulting Fourier series to f (x) is 

ensured at all points where f is continuous. Note that the values of the Fourier coefficient a,, and 

Dy» are the same regardless of the definition of f at its points of discontinuity. This is true because 

4Proofs of the convergence of a Fourier series can be found in most books on advanced calculus. See, for 

example, Kaplan (Chapter 7) or Buck (Chapter 6). 
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the value of an integral is unaffected by changing the value of the integrand at a finite number of 

points. From equation (2), 

1 i vb 

a=T] foo ae | Idx = L 

and 

ay, LE se cos (MH) acm f cos (= E) dx 

= (sin(mz)-0)=0, m#0. 

Similarly, from equation (3), 

bo LE ye sin (MEE) a= | sin (™™*) ax 
’ 

0, m even; 
se am ot 7 cos (mm) = oe m odd. 

mx 

Hence 

1 ea? BX od BAX: a =) Wome ogg ae oe) fare mmx eile >» = sin{——— 
2 3 Ms Ss oet mM ( 2 ) 

fo ie ee oe => SY. 
SO ay 

| 
3+ Lima =a : 

i 
At the points x = 0, +nL, where the function f in the example is not continuous, all terms in the 

series after the first vanish and the sum is L/2. This is the mean value of the limits from the right 

and left, as it should be. Thus we might as well define f at these points to have the value L/2. If 

we choose to define it otherwise, the series still gives the value L/2 at these points, since all of the 

preceding calculations remain valid. The series simply does not converge to the function at those 

points unless f is defined to have the value L/2. This illustrates the possibility that the Fourier series 

corresponding to a function may not converge to it at points of discontinuity unless the function is 

suitably defined at such points. 

The manner in which the partial sums 

ea s+ = (sin() +--+ 
1 IG 2n—1 1G 

sin (@=7*)), n=1,2,... 

of the Fourier series (6) converge to f (x) is indicated in Figure 10.3.3, where L has been chosen to 

be 1 and the graph of sg(x) is plotted. The figure suggests that at points where f is continuous, 

the partial sums do approach f (x) as n increases. However, in the neighborhood of points of 

discontinuity, such as x = 0 and x = L, the partial sums do not converge smoothly to the mean 

value. Instead, they tend to overshoot the mark at each end of the jump, as though they cannot 
quite accommodate themselves to the sharp turn required at this point. This behavior is typical of 
Fourier series at points of discontinuity and is known as the Gibbs’ phenomenon. 

Additional insight is attained by considering the error e,(x) = f (x) — s,(x). Figure 10.3.4 shows 
a plot of !e,(x)| versus x for n = 8 and for L = 1. The least upper bound of |eg(x)! is 0.5 and is 
approached as x > 0 and as x > 1. Asn increases, the error decreases in the interior of the interval 

°The Gibbs phenomenon is named after Josiah Willard Gibbs (1839-1903), who is better known for his work 
on vector analysis and statistical mechanics. Gibbs was professor of mathematical physics at Yale and one of 
the first American scientists to achieve an international reputation. The Gibbs phenomenon is discussed in 
more detail by Carslaw (Chapter 9). 
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(where f (x) is continuous), but the least upper bound does not diminish with increasing n. Thus 
we cannot uniformly reduce the error throughout the interval by increasing the number of terms. 

Figures 10.3.3 and 10.3.4 also show that the series in this example converges more slowly 
than the one in Example 10.2.1. This is due to the fact that the coefficients in the series (6) are 
proportional only to 1/(2n — 1). 

afeitsi3alseeee ie) The partial sum s(x) in the Fourier series, 

equation (6), for the square wave. 

iaCeiel:t-ealeeee 2) A plot of the error leg(x)! versus x for the square wave. 

Problems 

In each of Problems 1 through 6, assume that the given function is 

periodically extended outside the original interval. 

a. 

b. 

1 

2 

3 

4 

wn 

Find the Fourier series for the extended function. 

Sketch the graph of the function to which the series converges for 

three periods. 

+24 1S7e < 0, 
fe) =| De ke 

0, —m% <x <0, 

$=], O<x<z 

ie, “al seecelyy 

het O0<x<1 

mo 2x") Ser <1 

0, -z<x<-z7/2, 

Leet, -2/25x%< 7/2, 
Oe ei ae 

-1<x <0, 0, 
O, 7#E) = 

t 3, E52 Zl 

In each of Problems 7 through 12, assume that the given function is 

periodically extended outside the original interval. 

a. Find the Fourier series for the given function. 

b. © Let e,(x) = f (x) — s,(x). Find the least upper bound or the 

maximum value (if it exists) of le,(x)| for n = 10, 20, and 40. 

c. @If possible, find the smallest n for which le,(x)| < 0.01 for all x. 

She, yl S09 << (0). a 1 fe—\07 “yegay, fe+™=so 
a6cae lls a ilkssieg <0) a f@)—|tte been, fE+D=f@) 

(see Section 10.2, Problem 16) 

Com 2 — Lex 1 of x2) =f) 
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Meta, —2<x <0, * 10. fat eyes fEtMaL@ 
(see Section 10.2, Problem 22) 

0, -1<x <0, , 
1. fxX)=) , f(x+2)= f(x) 

x*/4, ae < ile 

12, f@)=x—-x*, -1sx<1; f@+2)=f@) 

Periodic Forcing Terms. In this chapter we are concerned mainly 

with the use of Fourier series to solve boundary value problems 

for certain partial differential equations. However, Fourier series 

are also useful in many other situations where periodic phenomena 

occur. 

Problems 13 through 16, indicate how they can be employed to 

solve initial value problems with periodic forcing terms. 

13. Find the solution of the initial value problem 

y" +a*y =cos(nt), y(0)=0, y’(0)=0 

where n is a positive integer and a? 4 n?. What happens if 
2 2 a*-=n*? 

14. Find the formal solution of the initial value problem 

y”’+o*y = >) by sin(nt), y()=0, y’()=0, 
n=1 

where w > 0 is not equal to a positive integer. How is the solution 

altered if @ = m, where m is a positive integer? 

15. Find the formal solution of the initial value problem 

y"t+o°y=f(), y)=0, y'(0)=0, 

where f is periodic with period 27 and 

2 OLte—azes 

QE 0, 8SO), 7 28 

PR UR KSS SG 

See Problem 1. 

0, -1<x <0; 
16. Suppose f (x) = 

10x?, OS 
series for the extended function. 

then find the Fourier 

17. Assuming that 

show formally that 

Lp 2 oo 
1 r | Pe@yrae= 8 4 5° (ah +62). 

n=1 

This relation between a function f and its Fourier coefficients is 

known as Parseval’s® equation. This relation is very important 

in the theory of Fourier series; see Problem 9 in Section 11.6. 

Hint: Multiply equation (7) by f (x), integrate from —L to L, and 

use the Euler-Fourier formulas. 

18. This problem indicates a proof of convergence of a Fourier series 

under conditions more restrictive than those in Theorem 10.3.1. 

a. Iff and f’ are piecewise continuous on —L <x < L, and iff is 

periodic with period 2L, show that na, and nb, are bounded 

as n> oo. 

Hint: Use integration by parts. 

b. Iff iscontinuous on —L <x < Land periodic with period 2L, 

and iff’ and f” are piecewise continuous on —L <x < L, show 

that na, and n*b, are bounded as n > ov. If f is continuous 
on the closed interval, then it is continuous for all x. Why is 

this important? 

Hint: Again, use integration by parts. 
co co 

c. Using the result of part b, show that >) ja,,| and »s |b,,| 
il ah 

converge. a 

d. From the result in part c, show that the Fourier series (4) 

converges absolutely’ for all x. 

Acceleration of Convergence. In the next problem, we show how 

it is sometimes possible to improve the speed of convergence of a 

Fourier series. 

19. Suppose that we wish to calculate values of the function g, where 

= (2n — 1) 
B=): PE fie y sin ((2n — 1) 7x). (8) 

It is possible to show that this series converges, albeit rather 

slowly. However, observe that for large n, the terms in the series 

(8) are approximately equal to sin ((2n — 1)zx)/(2n — 1) and that 

the latter terms are similar to those in the example in the text, 

equation (6). 

a. Show that 

> ot i sin ((2n — 1) 7x) = 5 (Fe - >). (9) 

where f is the square wave in the example with L = 1. 

b. Subtract equation (9) from equation (8) and show that 

. (10) gtx) = 2(pop—1)- yo — Sina) 

The series (10) converges much faster than the series (8) and thus 

provides a better way to calculate values of g(x). 

°Marc-Antoine Parseval (1755-1836) was a relatively obscure French mathematician for whom an important 
result has been named. He presented a forerunner of this result in 1799, though not in the context of Fourier 
series. 

7It also converges uniformly; for an explanation of what this means, see a book on advanced calculus or 
analysis. 
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10.4 | EVEN AND ODD FUNCTIONS 

Before looking at further examples of Fourier series, it is useful to distinguish two classes of 
functions for which the Euler-Fourier formulas can be simplified. These are even and odd 
functions, which are characterized geometrically by the property of symmetry with respect 
to the y-axis and with respect to the origin, respectively (see Figure 10.4.1). 

Analytically, f is an even function if its domain contains the point —x whenever it 
contains the point x, and if 

f(-x) = f (x) (1) 

for each x in the domain of f. Similarly, f is an odd function if its domain contains —x 
whenever it contains x, and if 

f (—x) = -f (x) (2) 

for each x in the domain of f. Examples of even functions are 1, x”, cos (nx), |x|, cosh (nx), 

and x". The functions x, x, sin (nx), sinh (nx), and x2"+! are examples of odd functions. 

Note that according to equation (2), f(0) must be zero if f is an odd function whose domain 

contains the origin. Most functions are neither even nor odd; an example is e*. Only one 

function, f identically zero, is both even and odd. 

y uy, 

x x 

(a) (b) 

(a) An even function. (b) An odd function. 

Elementary properties of even and odd functions include the following:® 

The sum (difference) and product (quotient) of two even functions are even. 

The sum (difference) of two odd functions is odd; the product (quotient) of two odd 

functions is even. 

3. The sum (difference) of an odd function and an even function is neither even nor odd; 

the product (quotient) of an odd function and an even function is odd. 

The proofs of all thesé assertions are simple and follow directly from the definitions. For 

example, if both f, and f, are odd, and if g(x) =f, (x) + f2 (x), then 

g(-x) = fi(-x) + h(-x) = fi) -— AO) 

=—(fi (x) + fA) = -8), (3) 

oe ee eee 

8These statements may need to be modified if either function vanishes identically. 
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so f; +f> is an odd function also. Similarly, if h(x) = f; COf2 ©), then 

h(-x) = fi (-x) A(x) = (i OCA) = fi COC) = hd), (4) 

so that f;f2 is even. 

Also of importance are the following two integral properties of even and odd functions: 

4. Iff isan even function, then 

16; L 

| fa) de=2] WN (Coyncus (5) 
-L 0) 

5. Iff is an odd function, then 

1D 

| fCo@a=i0. (6) 
—L 

Properties 4 and 5 are intuitively clear from the interpretation of an integral in terms of 

area under a curve, and they also follow immediately from the definitions. For example, if 

f is even, then 

L 0 IG 

| f(x) d= | foxy a+ | f(x) ae. 
-L -L 0 

Letting x = —s in the first term on the right-hand side and using equation (1), we obtain 

L L 0 

| fo) de=—| fs) ds+ | f(x) dx 
Il, 0) L 

L 0 L 
--| f(s) as | f(x) dx =2 | if C)iax: 

i, 0 0 

The proof of the corresponding property for odd functions is similar. (See Problem 31.) 

Even and odd functions are particularly important in applications of Fourier series since 

their Fourier series have special forms, which occur frequently in physical problems. 

> Cosine Series. Suppose that f and f’ are piecewise continuous on —L < x < L and that 

f is an even periodic function with period 2L. Then it follows from properties 1 and 3 that 

f (x) cos (n7x/L) is even and f (x) sin (nzx/L) is odd. As a consequence of equations (5) and 

(6), the Fourier coefficients of f are then given by 

L iE; 1 2 pen z| f (x) cos (2*) dx = ?| f (x) cos (=) ax, 0 ee 
=— 0 

by = 0, nie 12s. 
(7) 

Thus f has the Fourier series 

hes s— 2 + ys a, cos (==). 

In other words, the Fourier series of any even function consists only of the even trigonomet- 
ric functions cos (n7rx/L) and the constant term; it is natural to call such a series a Fourier 
cosine series. From a computational point of view, observe that only the coefficients a,,, 
for n = 0, 1, 2, ..., need to be calculated from the integral formula (7). Each of the b,, for 



n=1,2,...,is automatically zero for any even function and so does not need to be calculated 
by integration. 

P Sine Series. Suppose that f and f’ are piecewise continuous on —L < x < L and that f 
is an odd periodic function of period 2L. Then it follows from Properties 2 and 3 that CX) 
cos (n7x/L) is odd and f (x) sin (n7x/L) is even. Thus, from equations (5) and (6), the Fourier 
coefficients of f are 

ay, = 0, ne— 0M eOhe, 

L L 
hy z|_ fe sin (=) de = 7) fe sin (==) dx, n=1,2,..., 

and the Fourier series for f is 

f[Mme= sy by sin (==). 
n=l 

Thus the Fourier series for any odd function consists only of the odd trigonometric 

functions sin (n7rx/L); such a series is called a Fourier sine series. Again observe that 

only half of the coefficients need to be calculated by integration, since each a,, for 

n= 0,1, 2,...,is zero for any odd function. 

EXAMPLE 10.4.1 

Let f (x) =x, -—L <x <L, and let f (—L) =f (L) = 0. Let f be defined elsewhere so that it is periodic of 

period 2L. The function defined in this manner is known as a sawtooth wave. Graph three periods 

of y = f (x). Find the Fourier series for this function. 

Solution: 

The graph of y = f (x) on [-L, L] and one period to the left and one period to the right is shown in 

Figure 10.4.2. 

ale)taalte es) The sawtooth wave in Example 10.4.1. 

Since f is an odd function, its Fourier coefficients are, according to equation (8), 

(a OS ay en Od Pee 

16 

=2(£) (sin(™) -"% c0s(“2*))| 

10.4 Even and Odd Functions [Ety@ 
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Hence the Fourier series for f, the sawtooth wave, is 

co n+1 

f= Ze ys Sa sin (=~) 

a ee (9) 
PAD OS Ly 2X ) Lee ( 3X ) ) 

= — —j)--= ——)+ = sin{ —)--:::}. — (sin (=) = sin(2 uve L 

Observe that the periodic function f is discontinuous at the points +L, +3L, ... , aS shown in 

Figure 10.4.2. At these points the series (9) converges to the mean value of the left and right limits, 

namely, to zero. The partial sum of the series (9) for n = 9 is shown in Figure 10.4.3. The Gibbs 

phenomenon (mentioned in Section 10.3) again occurs near the points of discontinuity. 

A partial sum (blue) in the Fourier series, 

equation (9), for the sawtooth wave (red). 

Note that in this example f (—L) = f (L) = 0, as well as f (0) = 0. This is required if the 

function f is to be both odd and periodic with period 2L. When we speak of constructing a 

sine series for a function defined on 0 < x < L, it is understood that, if necessary, we must 

first redefine the function to be zero atx =O andx=L. 

It is important to point out that we have now found two different Fourier series 

representations of the function f (x) = x on the interval 0 < x < 2. In Example 10.2.1, we 

found a Fourier cosine series for f (x) on 0 < x < 2. On the other hand, in Example 10.4.1, 

just above, with L = 2, we expressed the same function with a Fourier sine series. Thus, if it 

is required to represent the function f (x) = x on 0 <x < 2 bya Fourier series, it is possible 

to do this by either a cosine series or a sine series. In the former case, f is extended as an even 

function into the interval —2 < x < 0 and elsewhere periodically (the triangular wave). In 

the latter case, f is extended into —2 < x < 0 as an odd function and elsewhere periodically 

(the sawtooth wave). If f is extended in any other way, the resulting Fourier series will still 

converge to x in 0 <x < 2 but will involve both sine and cosine terms. 

In solving problems in differential equations, it is often useful to expand in a Fourier 

series of period 2L a function f originally defined only on the interval [0, L]. As indicated 

previously for the function f (x) = x, with L = 2, several alternatives are available. Explicitly, 
we Can 

1. Define a function g of period 2L so that 

_ hf), OS x= 1; 
FOO ann We eee 0 (10) 

The function g is thus the even periodic extension of f. Its Fourier series, which is a cosine 
series, represents f on [0, L]. 
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2. Define a function h of period 2L so that 

ES; Oral 

R= 0, x= 090, (11) 

—f(—x), -L<x <0. 

The function h is thus the odd periodic extension of f. Its Fourier series, which is a sine 
series, also represents f on (0, L). 

3. Define a function k of period 2L so that 

kK(x)=f(x), O<x<L, (12) 

and let k(x) be defined for (—L, 0) in any way consistent with the conditions of 

Theorem 10.3.1. Sometimes it is convenient to define k(x) to be zero for —L <x < 

0. The Fourier series for k, which involves both sine and cosine terms, also represents f 

on [0, L], regardless of the manner in which k (x) is defined in (—L, 0). Thus there are 

infinitely many such series, all of which converge to f (x) in the original interval. 

Usually, the form of the expansion to be used will be dictated (or at least suggested) by the 

purpose for which it is needed. However, if there is a choice as to the kind of Fourier series to 

be used, the selection can sometimes be based on the rapidity of convergence. For example, 

the cosine series for the triangular wave (equation (20) of Section 10.2) converges more 

rapidly than the sine series for the sawtooth wave (equation (9) in this section), although 

both converge to the same function for 0 < x < L. This is because the triangular wave is 

a smoother function than the sawtooth wave and is therefore easier to approximate. In 

general, the more continuous derivatives possessed by a function over the entire interval 

—co < xX < o, the faster its Fourier series will converge. See Problem 18 of Section 10.3. 

EXAMPLE 10.4.2 

Suppose that 

ae Saks Sh, 
13 

Ree: G>) 
fe)=15 

As indicated previously, we can represent f either by a cosine series or by a sine series. Sketch the 

graph of three periods of the sum of each of these series for —6 <x < 6. 

Solution: 

In this example, L = 2,'so the cosine series for f converges to the even periodic extension of f of 

period 4, whose graph is sketched in Figure 10.4.4. 

Even periodic extension of f (x) given by 

equation (13). 

Similarly, the sine series for f converges to the odd periodic extension off of period 4. The graph 

of this function is shown in Figure 10.4.5. 
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equation (13). 

Odd periodic extension of f (x) given by 

ee eee ee —————————— 

Problems 

In each of Preblems 1 through 6, determine whether the given 

function is even, odd, or neither. 

1. x° — 4x 2. xt xP =x == 1 

3. tan (4x) 4. sec (3x) 

cy, bal? 6. e2% 

In each of Problems 7 through 12, a function f is given on an interval 

of length L. In each case sketch the graphs of the even and odd 

extensions of f of period 2L. 

Hh, (O52 
‘i fa)={% eee) 

0, Ole ele 

‘ fom fy 1<x<2 
Y). fF EVHSSSse, Ox rexes 

WO: #CHNSeS7 Wsesec<4! 

Oe Osa cm, 

oa fay={5 2<x<4 
In fx) =2— x, O<x <1 

13. Prove that any function can be expressed as the sum of two other 

functions, one of which is even and the other odd. That is, for 

any function f, whose domain contains —x whenever it contains 

x, show that there are an even function g and an odd function 

h such that f (x) = g(x) + h(x). Hint: What can you say about 

f(x) +f (-x)? 
14. Find the coefficients in the cosine and sine series of the function 

2-xX, (WSS 36 SS 

0, DEXA: 
f=| 

In each of Problems 15 through 22: 

a. Find the required Fourier series for the given function. 

b. Sketch the graph of the function to which the series converges over 

three periods. 

Pip, Wika ee . , : 
Se = Wee 47 (3) once oe: cosine series, period 4 

Le Oh <ex7 el sae : ; 
16. = f (x) 0, 1lexye<z, sineseries, period 4 

We : ; : 
GE CNS se < > cosine series, period 77 

Tiger : 7 
I, (C3) 2, Wssees< 3: sine series, period 7 

0, ORE << 705 

19. f(x)=31, m<x<2z, _ sine series, period 67 

Phy CHE Ee GR 

20. f(x) = 2x, 0 <x <1, series of period 1 

21. f (x)=2-—x,0 <x <2, cosine series, period 4 

22. f(x) =2-—x,0 <x <2, sine series, period 4 

In each of Problems 23 through 26: 

a. Find the required Fourier series for the given function. 

b. Sketch the graph of the function to which the series converges for 

three periods. 

c. © Plot one or more partial sums of the series. 

239i (x)= ie By? fi vip cosine series, period 477 

24. f(x)=-3x, —m<x<0; _ sineseries, period 27 

25. f(x)=4-x?, 0<x <2; sine series, period 4 

26. f (x)=x?-2x, 0<x<4; cosine series, period 8 

In each of Problems 27 through 30, a function is given on an interval 

O0<x<L. 

a. Sketch the graphs of the even extension g(x) and the odd exten- 

sion h(x) of the given function of period 2L over three periods. 

b. Find the Fourier cosine and sine series for the given function. 

c. © Plot a few partial sums of each series. 

d. © For each series, investigate the dependence on n of the maxi- 

mum error on [0, L]. 

DT (XS — OEE 

Mees, Axe oe << I 
28. = ‘ F@) ts bane 
29. f (x) = (4x? -4x-3)/4, 0<x<2 

30. f(x) =x? —5x7+5x4+1, 0<x <3 

31. Prove that if f is an odd function, then 

L 

| ij CO) Gke= ©. 
-L 

32. Prove Properties 2 and 3 of even and odd functions, as stated in 
the text. 

33. Prove that the derivative of an even function is odd and that the 
derivative of an odd function is even. 

x 

34, Let f(x) = | f @)dt. Show that iff is even, then F is odd, and 
0 

that if f is odd, then F is even. 
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35. The Perseval’s identity is given by 

ae ane ee 
—_ 2 = 0 5 [_ iro dx= +) (ah +b). 

Using it prove the following 

36. The Perseval’s identity is given by 

ee ; oi 
z[ treorar= 2+ mu (a2 + b?). 

Using it obtain the value of 

37. Assume that f has a Fourier sine series 

OSG 
= Se TUE 

f@= py by, sin(—~), 
n=1 

a. Show formally that 

2 L oo 
2 7 | woo ax= > o, 

n=1 

Compare this result (Parseval’s equation) with that of 

Problem 17 in Section 10.3. What is the corresponding result 

if f has a cosine series? 

b. Apply the result of part a to the series for the sawtooth wave 

given in equation (9), and thereby show that 

This relation was discovered by Euler in about 1735. 

More Specialized Fourier Series. Let f be a function originally 

defined on 0 <x < Land satisfying there the continuity conditions of 

Theorem 10.3.1. In this section we have shown that it is possible to 

represent f by either a sine series or a cosine series by constructing 

odd or even periodic extensions of f, respectively. Problems 38 and 39 

concern some other, more specialized Fourier series that converge to 

the given function f on (0, L). 

38. Let f be extended into (L, 2L] in an arbitrary manner subject to 

the continuity conditions of Theorem 10.3.1. Then extend the 

resulting function into (—2L, 0) as an odd function and elsewhere 

as a periodic function of period 4L (see Figure 10.4.6). Show that 

this function has a Fourier sine series in terms of the functions 

sin (=) TOK M— alee oes thats; 

fm= % by, sin (=), 
n=1 

where 

Graph of one period of 

the function in Problem 38. 

39. Let f first be extended into (L, 2L) so that it is symmetric about 

aL elbhenifjesatishies fi(2L) —:x)i— f &) for Ol <x <sLs Let 

the resulting function be extended into (—2L, 0) as an odd 

function and elsewhere as a periodic function of period 4L (see 

Figure 10.4.7). Show that this function has a Fourier series in 
37x 57x 

t in | —— : erms of the functions sin (= aT, =), sin (=~ ar ), sin ( ar i Pethat 

is, 

— . {(2n—1) 2x 
Oe DiS ire a Ge »y sin ( ar 

where 

_ 2 ._ ((2n—1) 7x 
=o [Foosin (sD ) ax 

This series converges to the original function on (0, L]. 

Graph of one period of 

the function in Problem 39. 

40. If you have a Fourier series corresponding to f (x) in (—L,L), 

then prove the following. 

Ay f@oPdx = 2 8 +5) (ah +88). 

The above equality is known as Parseval’s identity. 
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SEPARATION OF VARIABLES; HEAT 

CONDUCTION INA ROD 

The basic partial differential equations of heat conduction, wave propagation, and potential 

theory that we discuss in this chapter are associated with three distinct types of physical 

phenomena: diffusive processes, oscillatory processes, and time-independent or steady- 

state processes. These three partial differential equations are of fundamental importance in 

many branches of physics. They are also of considerable significance from a mathematical 

point of view. The partial differential equations whose theory is best developed and whose 

applications are most significant and varied are the linear equations of second order. 

All such equations can be classified into one of three categories: the heat conduction 

equation, the wave equation, and the potential equation, respectively, are prototypes of 

these categories. Thus a study of these three equations yields much information about more 

general second-order linear partial differential equations. 

During the last two centuries, several methods have been developed for solving partial 

differential equations. The method of separation of variables is the oldest systematic 

method, having been used by d’Alembert, Daniel Bernoulli, and Euler about 1750 in their 

investigations of waves and vibrations. It has been considerably refined and generalized in 

the meantime, and it remains a method of great importance and frequent use today. To show 

how the method of separation of variables works, we consider first a basic problem of heat 

conduction in a solid body. The mathematical study of heat conduction originated? about 

1800, and it continues to command the attention of modern scientists. For example, analysis 

of the dissipation and transfer of heat away from its sources in high-speed machinery is 

frequently an important technological problem. 

Let us now consider a heat conduction problem for a straight bar of uniform cross section 

and homogeneous material. Let the x-axis be chosen to lie along the axis of the bar, and let 

x = 0 and x = L denote the ends of the bar (see Figure 10.5.1). Suppose further that the 

sides of the bar are perfectly insulated so that no heat passes through them. We also assume 

that the cross-sectional dimensions are so small that the temperature u can be considered 

constant on any given cross section. Then u is a function only of the axial coordinate x and 
the time t. 

10.5 

TTD A heat-conducting solid bar. 

The variation of temperature in the bar is governed by a partial differential equation 
derived in Appendix A at the end of this chapter. The equation is called the heat conduc- 
tion equation and has the form 

OF use pg Ol ovate peti Os (1) 

*The first important investigation of heat conduction was carried out by Joseph Fourier. He presented basic 
papers on the subject to the Academy of Sciences of Paris in 1807 and 1811, Although these papers were 
controversial and were not published at the time, Fourier continued to develop his ideas and eventually 
wrote one of the classics of applied mathematics, Théorie analytique de la chaleur, published in 1822. 
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where a is a constant known as the thermal diffusivity. The parameter a* depends only 
on the material from which the bar is made and is defined by 

ek, (2) 

where x is the thermal conductivity, ¢ is the density, and s is the specific heat of the material 
in the bar. The units of a are length squared per time. Typical values of a? are given in 
Table 10.5.1. 

Values of the Thermal Diffusivity for Some 

TABLE 10.5.1 Common Materials 

Material a?(cm2/s) 

Silver (99.9% pure) 1.6563 

Gold 127 

Copper (at 25°C) 1.11 

Silicon 0.88 

Aluminum 0.8418 

Iron 0.23 

Air (at 300K) 0.19 

Cast Iron 0.12 

Steel (1% carbon) 0.1172 

Steel (stainless 310 at 25°C) 0.03352 

Quartz 0.014 

Granite 0.011 

Brick 0.0038 

Water 0.00144 

Wood (yellow pine) 0.00082 

In addition, we assume that the initial temperature distribution in the bar is given; thus 

UC O= PO) Osx <1, (3) 

where f is a given function. Finally, we assume that the ends of the bar are held at fixed 

temperatures: the temperature T, at x = 0 and the temperature T, at x = L. However, it 

turns out that we need only consider the case where T; = T2 = 0. We show in Section 10.6 

how to reduce the more general problem to this special case. Thus, in this section we will 

assume that u is always zero when x = 0 or x = L: 

u(0,t)=0, u(L,t)=0, t>0. (4) 

The fundamental problem of heat conduction is to find u(x, t) that satisfies the differential 

equation (1) for 0 <x < Land for t > 0, the initial condition (3) when t = 0, and the boundary 

conditions (4) atx =O andx = L. 

The problem described by equations (1), (3), and (4) is an initial value problem in 

the time variable t; an initial condition is given, and the differential equation governs 

what happens later. However, with respect to the space variable x, the problem is a 

boundary value problem; boundary conditions are imposed at each end of the bar, and the 
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differential equation describes the evolution of the temperature in the interval between 

them. Alternatively, we can consider the problem as a boundary value problem in the xt- 

plane (see Figure 10.5.2). The solution u (x, t) of equation (1) is sought in the semi-infinite 

strip 0 <x < L,t> 0, subject to the requirement that u (x, t) must assume a prescribed value 

at each point on the boundary of this semi-infinite strip. 

u(O,t) =O u(L,t) =0 

u(x, 0) = f(x) x 

Boundary value problem for 

the heat conduction equation. 

The heat conduction problem (1), (3), (4) is linear since the unknown temperature 

function u appears only to the first power throughout. The differential equation and 

boundary conditions are also homogeneous. This suggests that we might approach the 

problem by seeking solutions of the differential equation and boundary conditions, and 

then superposing them to satisfy the initial condition. The remainder of this section 

describes how this plan can be implemented. 

> Method of Separation of Variables. One solution of the differential equation (1) that 

satisfies the boundary conditions (4) is the function u (x, t) = 0, but this solution does not 

satisfy the initial condition (3) except in the trivial case in which f (x) is also zero. Thus our 

goal is to find other, nonzero solutions of the differential equation and boundary conditions. 

To find the needed solutions, we start by making a basic assumption about the form of the 

solutions that has far-reaching, and perhaps unforeseen, consequences. The assumption is 

that u (x, t) is a product of two functions, one depending only on x and the other depending 

only on ft; thus 

TEA AP OSs ME ae (5) 

Substituting from equation (5) for u in the differential equation (1) yields 

GANT (OT ix (x) (bk 

We will simplify this derivation by often omitting the independent variables x and t; our 
notation is intended to indicate that the functions X and T depend on the variables x and t, 
respectively. Thus, we will write the above equation as 

ge = XT (6) 

where primes refer to ordinary differentiation with respect to the independent variable, 
whether x or t. Dividing both sides of equation (6) by a?XT yields the equivalent equation 

pel 1 pl 

xa ) 
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in which the variables are separated; that is, the left-hand side depends only on x and the 
right-hand side only on t. 

It is now crucial to realize that for equation (7) to be valid at each point (x, t) in the semi- 
infinite strip 0 < x < L, t > 0, it is necessary that both sides of equation (7) must be equal 
to the same constant. Otherwise, if one independent variable (say, x) were kept fixed and 
the other were allowed to vary, one side (the left in this case) of equation (7) would remain 
unchanged while the other varied, thus violating the equality. If we call this separation 
constant —A, then equation (7) becomes 

XGu i GRY 

mk ee oO) 
Hence we obtain the following two ordinary differential equations for X (x) and T(t): 

X" +AX =0, (9) 

T’ +a7AT =0. (10) 

We denote the separation constant by —A (rather than A) because in this problem it turns 

out that it must be negative, and it is convenient to exhibit the minus sign explicitly. 

The assumption (5) has led to the replacement of the partial differential equation (1) by 

the two ordinary differential equations (9) and (10). Each of these equations is linear and 

homogeneous, with constant coefficients, and so can be readily solved for any value of A. 

The product of two solutions of equation (9) and (10), respectively, provides a solution of 

the partial differential equation (1). However, we are interested only in those solutions of 

equation (1) that also satisfy the boundary conditions (4). As we now show, this severely 

restricts the possible values of 2. 

Substituting for u (x, t) from equation (5) in the boundary condition at x = 0, we obtain 

u(0,t) =X (0)T (t) =0. (11) 

If equation (11) is satisfied by choosing T(t) to be zero for all t, then u (x, t) is zero for all x and 

t, and we have already rejected this possibility. Therefore, equation (11) must be satisfied 

by requiring that 

X (0) = 0. (12) 

Similarly, the boundary condition at x = L requires that 

X{L).= 0, (13) 

We now want to consider equation (9) subject to the boundary conditions (12) and (13). 

This is an eigenvalue problem and, in fact, is the same problem that we discussed in detail 

at the end of Section 10.1; see especially the paragraph containing equation (29) in that 

section. The only difference is that the dependent variable there was called y rather than X. 

If we refer to the results obtained earlier (equation (31) of Section 10.1), the only nontrivial 

solutions of equations (9), (12), and (13) are the eigenfunctions 

Xn (x) = sin (=), Mi SPE rs (14) 

associated with the eigenvalues 

An = Ph pice ly 2S hae (15) 
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Turning now to equation (10) for T (t) and substituting n77/L? for A, we have 

Qe Di mre wt ETE 
T’ + R jl 0) (16) 

Thus T(t) is proportional to exp(—n?7?a?t/L?). Hence, multiplying solutions of 

equations (9) and (10) together, and neglecting arbitrary constants of proportionality, 

we conclude that the functions 

Un (x,t) = eT PUL* sin (==), Hel ae (17) 

satisfy the partial differential equation (1) and the boundary conditions (4) for each positive 

integer value of n. The functions u, are sometimes called fundamental solutions of the 

heat conduction problem (1), (3), and (4). 

It remains only to satisfy the initial condition (3): 

u(x;0) = f Goya Onl, (18) 

Recall that we have often solved a linear initial value problem by using the principle of 

superposition; that is, we form a linear combination of a set of fundamental solutions of the 

differential equation and then choose the coefficients to satisfy the initial conditions. The 

analogous step in the present problem is to form a linear combination of the functions (17) 

and then to choose the coefficients to satisfy equation (18). The main difference from earlier 

problems is that there are infinitely many functions (17), so a general linear combination 

of them is an infinite series. Thus we assume that 

=), (19) 
foe) fo) 

Dae pye ie % 
t(D ep ice oct) ee ements a ine 

n=1 n=1 

where the coefficients c,, are as yet undetermined. The individual terms in the series (19) 

satisfy the differential equation (1) and boundary conditions (4). We will assume that the 

infinite series of equation (19) converges and also satisfies equations (1) and (4). To satisfy 

the initial condition (3), we must have 

ui (x;0)i= > Cy, sin (“**) =a Oar (20) 
n=1 

In other words, we need to choose the coefficients c, so that the series of sine functions in 

equation (20) converges to the initial temperature distribution f (x) for 0 <x < L. The series 

in equation (20) is just the Fourier sine series for f; according to equation (8) of Section 10.4, 
its coefficients are given by 

EL 
N7TX ep a f (x)sin ("*) a. (21) 

Hence the solution of the heat conduction problem of equations (1), (3), and (4) is given by 
the series in equation (19) with the coefficients computed from equation (21). 

LL TS 

EXAMPLE 10.5.1 

Find the temperature u (x, f) at any time in a metal rod 50 cm long, insulated on the sides, which 
initially has a uniform temperature of 20°C throughout and whose ends are maintained at 0°C for 
allt > 0. 
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Solution: 

The temperature in the rod satisfies the heat conduction problem (1), (3), (4) with L = 50 and 

f (x) = 20 for 0 <x < 50. Thus, from equation (19), the solution is 

co 

eS —n?7?@?t/2500 gin ( WAX u(x, t) Py Cyne sin ( 50 ), (22) 

where, from equation (21), 

0 80 
4 en MIOX 40 —, nodd; 

m= 2 | sin (=~ ) dx = Tag 61 7 008 (nz) = nr (23) 
0 0, n even. 

Finally, by substituting for c, in equation (22), we obtain 

ree =n?7?@7t/2500 cin ( WEX U(X) = ms 2e =e sin ad 5 (24) 

The expression (24) for the temperature is moderately complicated, but the negative exponential 

factor in each term of the series causes the series to converge quite rapidly, except for small values 

of t or a”. Therefore, accurate results can usually be obtained by using only the first few terms of 

the series. 

In order to display quantitative results, let us measure t in seconds; then a has the units of 

cm?/s. If we choose a = 1 for convenience, this corresponds to a rod of a material whose thermal 

properties are somewhere between copper and aluminum. The behavior of the solution can be 

seen from the graphs in Figures 10.5.3 through 10.5.5. In Figure 10.5.3 we show the temperature 

distribution in the bar at several different times. Observe that the temperature diminishes steadily 

as heat in the bar is lost through the end points. The way in which the temperature decays at a 

given point in the bar is indicated in Figure 10.5.4, where temperature is plotted against time for 

a few selected points in the bar. Finally, Figure 10.5.5 is a three-dimensional plot of u versus both 

x and t. Observe that we obtain the graphs in Figures 10.5.3 and 10.5.4 by intersecting the surface 

in Figure 10.5.5 by planes on which either t or x is constant. Note that the temperature is constant 

along each of the curves drawn on the surface in Figure 10.5.5; in this case, these level curves are 

known as isotherms. The slight waviness in Figure 10.5.5 at t = 0 results from using only five 

terms in the series for u (x, t) and from the slow convergence of the series for t = 0 (remember the 

Gibbs phenomenon introduced in Section 10.3). 

Temperature distributions at several times using 

the first five terms of the series solution (24) of the heat conduction 

problem in Example 10.5.1. 
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Temperature profiles as a function of time at several 

locations using the first five terms of the series solution (24) of the heat 

conduction problem in Example 10.5.1. 

250 

Ui eee) Plot of temperature u versus x and t using the first 10 terms in 
the series solution (24) of the heat conduction problem in Example 10.5.1. 

A problem with possible practical implications is to determine the time r at which the entire bar 
has cooled to a specified temperature. For example, when is the temperature in the entire bar no 
greater than 1 °C? Because of the symmetry of the initial temperature distribution and the boundary 
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conditions, the warmest point in the bar is always the center. Thus t is found by solving u(25,t)=1 
for t. Using one term in the series expansion (24), we obtain 

T= — In (=) ~ 8205, 
a 

Problems 

In each of Problems 1 through 6, determine whether the method 

of separation of variables can be used to replace the given partial 

differential equation by a pair of ordinary differential equations. If 

so, find the equations. 

Met 2 =O 2. tly, + 3xu;=0 

3. Uy +l tu, =0 4. (p(x) ux), — r(x) uy, = 0 

5. Ug, +(X+y)uy =0 6. Ug + Uy +yu=0 

7 . Find the solution of the heat conduction problem 

Un = 4u;, U<x% <2, > 0; 

BWOMY=O, UMA SO, ws 

u(x,0) = 2 sin(zx/2) — sin(zx) +4 sin(37x), O<x <2. 

8. Find the solution of the heat conduction problem 

LOOM = Ole <a E> 0: 

WONSO, BGyh SQ iSO 

u(x, 0) = sin (27x) — sin(37zx), 0<x <1. 

Consider the conduction of heat in a rod 40 cm in length whose 

ends are maintained at 0°C for all t > 0. In each of Problems 9 

through 12, find an expression for the temperature u (x, f) if the initial 

temperature distribution in the rod is the given function. Suppose 

that a? = 1. 

O71 (x%,.0) = 100; 0<x < 40 

28/2 OG 205 

so u(%,0)= fa” 20 <x < 40 
0, 0<x < 10, 

11. u(x,0)= 4100, 10<x < 30, 
0, 30 < x < 40 

Te (x, 0) = 10x; 0<x<40 

13. @ Consider again the rod in Problem 9. For x = 20 and t = 6, 
determine how many terms are needed to find the solution 

correct to three decimal places. A reasonable way to do this is to 

find n so that including one more term does not change the first 

three decimal places of u (20, 5). Repeat for t = 21 and t = 81. 

Form a conclusion about the speed of convergence of the series 

for u (x,t). 

14. 9 Repeat Problem 13 for the rod in Problem 10. 

15. @ Repeat Problem 13 for the rod in Problem 11. 

16. @ Repeat Problem 13 for the rod in Problem 12. 

17. Consider the one-dimensional diffusion equation 

ar _ er 
at ax?" 

Discuss the possible solution of the heat condition equation. 

18. Solve the one-dimensional diffusion equation 

aT _ oer 
Ot «Ax? 

in the region 0 < x < 7, t > 0, with the conditions 

a = OMe = Orand = 77 tonalite. 

b. T is finite when t > oo. 

ce Att=0,T=xif0<x <z/2andT =xz—-xifz/2<x <7. 

19. A L length uniform rod whose surface at initial temperature 

6 = @ is thermally insulated. One end is cooled to 6 = 0 at time 

t = 0 and maintained the at this temperature; where as the 

other end stayed thermally insulated. Find @ (x, t) which is the 

temperature distribution. 

20. Along x axis, a conducting uniform bar lie with ends x = L and 

= 0. Initially, it is kept at 0 °C temperature having insulated its 

lateral surface. At the end x = L, a sudden heat is applied and 

the end x = 0 is maintained at 0 °C. Asa result, at x = L, there 

is a flux qo. Obtain the temperature distribution. 

21. Leta metallic rod 20 cm long be heated to a uniform temperature 

of 50°C. Suppose that at t= 0, the ends of the bar are plunged into 

an ice bath at 0 °C and thereafter maintained at this temperature, 

but that no heat is allowed to escape through the lateral surface. 

Find an expression for the temperature at any point in the bar 

at any later time. Determine the temperature at the center of the 

bar at time t = 30 s if the bar is made of a. silver, b. aluminum, 

c. and cast iron. 

22. Let AB is a conducting uniform rod of length 10 cm. The end 

A is kept at 0 °C temperature and the other end B is kept at 

100 °C temperature until the steady state. Temperature at the 

end A is increased suddenly to 20 °C and at the end B is decreased 

suddenly to 60 °C. Obtain the temperature distribution. 

23. For the rod of Problem 21 find the time that will elapse before 

the center of the bar cools to a temperature of 10 °C if the bar is 

made of a. silver, b. aluminum, and c. cast iron. 

24. In solving differential equations, the computations can almost 

always be simplified by the use of dimensionless variables. 

a. Show that ifthe dimensionless variable § = x/L is introduced, 

the heat conduction equation becomes 

O7uael? Ou 
eres Wessel, ieeattt 
0&2? Ot $ 

b. Since L?/a? has the units of time, it is convenient to use this 
quantity to define a dimensionless time variable t = (a/L?)t. 

Then show that the heat conduction equation reduces to 

du du u 
—— Oe < 10) 

0&2 Or $ 
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25. Consider the equation 

au,, — bu, + cu = 0, (25) 

where a, b, and c are constants. 

a. Let u(x, t) = e*w(x, t), where 6 is constant, and find the 

corresponding partial differential equation for w. 

b. If b # 0, show that 6 can be chosen so that the partial 

differential equation found in part a has no term in w. Thus, 

by a change of dependent variable, it is possible to reduce 

equation (25) to the heat conduction equation. 

26. 

27. 

The heat conduction equation in two space dimensions is 

a? (Uy + Uyy) = Up 

Assuming that u(x, y, t) =X (x)Y O)T (t), find ordinary differen- 

tial equations that are satisfied by X (x), Y (), and T (t). 

The heat conduction equation in two space dimensions may be 

expressed in terms of polar coordinates as 

Ps 1 1 = a (ur, a8 Filed ar 72 Hee = u;,. 

Assuming that u(r, 6, t) = R(r)@(6)T (0), find ordinary differen- 

tial equations that are satisfied by R(r), O(@), and T (). 

10.6 | OTHER HEAT CONDUCTION PROBLEMS 

In Section 10.5 we considered the problem consisting of the heat conduction equation 

OA = un Oa XL tO; (1) 

the boundary conditions 

UO; 6) = 02) UUs t) = Ob (2) 

and the initial condition 

U0 = f(x), 05% SF: (3) 

We found the solution to be 

— n 
(Cy Oana Chev etiL? sin (==); (4) 

n=l 

where the coefficients c,, are the same as in the series 

(5) 
<<) 

f@= Cy sin(——). »y sin (= 

The series in equation (5) is just the Fourier sine series for f; according to Section 10.4, its 
coefficients are given by 

as al ti) sin (—) de. (6) 

Hence the solution of the heat conduction problem, equations (1) to (3), is given by the 
series in equation (4) with the coefficients computed from equation (6). 

We emphasize that, at this stage, the solution (4) must be regarded as a formal solution; 
that is, we obtained it without rigorous justification of the limiting processes involved. 
Such a justification is beyond the scope of this book. However, once the series (4) has been 
obtained, it is possible to show that in the semi-infinite strip 0 <x < L,t> O, it converges 
to a continuous function; that the derivatives u,, and u, can be computed by differentiating 
the series (4) term by term; and that the heat conduction equation (1) is indeed satisfied. 
The argument relies heavily on the fact that each term of the series (4) contains a negative 
exponential factor, and this results in relatively rapid convergence of the series. A further 
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argument establishes that the function u given by equation (4) also satisfies the boundary 
and initial conditions; this completes the justification of the formal solution. 

It is interesting to note that although f satisfies the conditions of the Fourier Conver- 
gence Theorem (Theorem 10.3.1), it may have points of discontinuity. In this case the 
initial temperature distribution u(x, 0) = f (x) is discontinuous at one or more points. 
Nevertheless, the solution u(x, t) is continuous for arbitrarily small values of t > 0. This 
illustrates the fact that heat conduction is a diffusive process that instantly smooths out 
any discontinuities that may be present in the initial temperature distribution. Finally, 
since f is bounded, it follows from equation (6) that the coefficients c,, are also bounded. 
Consequently, the presence of the negative exponential factor in each term of the series (4) 
guarantees that 

lim u(x,t) =0 (7) 
too 

for all x regardless of the initial condition. This is in accord with the result expected from 

physical intuition. 

We now consider two other problems of one-dimensional heat conduction that can be 

handled by the method developed in Section 10.5. 

> Nonhomogeneous Boundary Conditions. Suppose now that one end of the bar is held 

at a constant temperature T, and the other is maintained at a constant temperature T). 

The differential equation (1) and the initial condition (3) remain unchanged. The boundary 

conditions are 

u(0,t)=T;,, u(L,t)=T, t>0. (8) 

This problem is only slightly more difficult, because of the nonhomogeneous boundary 

conditions, than the one in Section 10.5. We can solve it by reducing it to a problem 

having homogeneous boundary conditions, which can then be solved as in Section 10.5. 

The technique for doing this is suggested by the following physical argument. 

After a long time—that is, as t > co—we anticipate that the temperature approaches 

a steady-state temperature distribution, which is independent of the time ¢ and the initial 

conditions; we denote this distribution as v(x). Since v(x) does not depend on f, its time 

derivative v; is zero and spatial derivatives are ordinary derivatives: v, = v’. The heat 

conduction equation (1) for v then becomes 

Prec y= 07 0 <8 <b (9) 

Hence the steady-state temperature distribution is a linear function of x. Further, v(x) must 

satisfy the boundary conditions 

v(0) = Ti, v(L) = Tp, (10) 

which are valid even as t > oo. The solution of equation (9) satisfying equations (10) is 

Me 
v@)=(h-T); +f. (11) 

Returning to the original problem, equations (1), (3), and (8), we will try to express 

u(x, t) as the sum of the steady-state temperature distribution v(x) and another (transient) 

temperature distribution w (x, t); thus we write 

U(x, ty=— v(x) +w,!): (12) 

Since v(x) is given by equation (11), the problem will be solved provided that we can 

determine w(x, t). The boundary value problem for w(, t) is found by substituting the 

expression in equation (12) for u (x, t) in equations (1), (3), and (8). 
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From equation (1), we have 

a (v+w),, =W+w),; 

since Vy, = 0 and », = 0, it follows that 

a2 Wie = Wes (13) 

Similarly, from equations (12), (8), and (10), 

w(0,t) =u(0,t)-v(0) =T, —-T; = 0, 
(14) 

w(L,t)=u(L,t)-—v() =T, — Th = 0. 

Finally, from equations (12) and (3), 

w(x, 0) = u(x, 0) — v(x) = f (x) — v(x), (15) 

where v(x) is given by equation (11). Thus the transient part of the solution to the original 

problem for u(x, t) is found by solving the problem consisting of equations (13), (14), and 

(15). This latter problem for w (x, t) is precisely the one solved in Section 10.5, provided that 

f (x) — v(x) is now regarded as the initial temperature distribution. Hence 

co 

x xX PP OY ie Se LIES 
u(x,t)=(2-T +ht & Oye snack ra i (16) 

where 

“ xX, NIX 
Ch = L |, (f (x) = (T> = T;) ‘a ma T;) ain( ==) dx. (17) 

This is another case in which a more difficult problem is solved by reducing it to a 

simpler problem that has already been solved. The technique of reducing a problem with 

nonhomogeneous boundary conditions to one with homogeneous boundary conditions by 

subtracting the steady-state solution has wide application. 

EXAMPLE 10.6.1 

Consider the heat conduction problem 

Ug =) UX 930, =f > 0! (18) 

UEKOSD) = 20 i (G0rt) = 50 tO (19) 

u(x,0)=60—2x, 0<x < 30. (20) 

Find the steady-state temperature distribution and the boundary value problem that determines 
the transient distribution. 

Solution: 

We seek the solution in the form u(x,t) = v(x) + w(x,t). The steady-state temperature v(x) 
satisfies v” (x) = 0 and the boundary conditions v(0) = 20 and v(30) = 50. Thus v (x) = 20+x. 
The transient distribution w (x, t) satisfies the heat conduction equation 

Wye aWea ie 0 <x <b >.0, (21) 

the homogeneous boundary conditions 

w(0,t)=0, w(30,t)=0, t>0, (22) 
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and the modified initial condition 

w(x,0) = 60 — 2x —(20+ x) = 40-—3x, O0<x<L. (23) 

Note that this problem is of the form (1), (2), (3) with f (x) = 40 — 3x, a? = 1, and L = 30. Thus the 
solution is given by equations (4) and (6). 

Figure 10.6.1 shows a plot of the initial temperature distribution 60 — 2x, the final temperature 
distribution 20 + x, and the temperature at three intermediate times found by solving equations 
(21) through (23). Note that while the initial condition does not satisfy the boundary conditions, 
the intermediate temperature satisfies the boundary conditions (19) for any t > 0. As ¢ increases, 
the effect of the boundary conditions gradually moves from the ends of the bar toward its center. 

10 15 20 ao 

Temperature distributions at several times 

using the first 10 terms of the series solution of the heat con- 

duction problem in Example 10.6.1. 

> Bar with Insulated Ends. A slightly different problem occurs if the ends of the bar are 

insulated so that there is no passage of heat through them. According to equation (2) in 

Appendix A, the rate of flow of heat across a cross section is proportional to the rate of 

change of temperature in the x direction. Thus, in the case of no heat flow, the boundary 

conditions are 

He (0,8) = 00 is (L, t)) =O; -ti> 0. (24) 

The problem posed by equations (1), (3), and (24) can also be solved by the method of 

separation of variables. If we let 

u(x,t) =X (x)T(t), (25) 

and substitute for u in equation (1), then it follows, as in Section 10.5, that 

Xa 1 ap 

iy = aT =-A, (26) 

where A is a constant. Thus we obtain again the two ordinary differential equations 

x HIS. = 0,50 < ORL. (27) 

T’ +a7AT =0, t>0. (28) 

For any value of 2, a product of solutions of equations (27) and (28) is a solution of the partial 

differential equation (1). However, we are interested only in those solutions that also satisfy 

the boundary conditions (24). 
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If we substitute for u(x, t) from equation (25) in the boundary condition at x = 0, we 

obtain X’(0)T (t) = 0. We cannot permit T (t) to be zero for all t, since then u(x, t) would 

also be zero for all t. Hence we must have 

X’(0) =0. (29) 

Proceeding in the same way with the boundary condition at x = L, we find that 

X'(L) =0. (30) 

Thus we wish to solve equation (27) subject to the boundary conditions (29) and (0) sit 

is possible to show that nontrivial solutions of this problem can exist only if A is real. One 

way to show this is indicated in Problem 18; alternatively, we can appeal to a more general 

theory to be discussed in Section 11.2. We will assume that A is real and will consider, in 

turn, the three cases 2 < 0,A = 0, andA > 0. 

Casel: If dA <0, we let A = —y?, where yp is real and positive, so that equation (27) 

becomes X” — 7X = 0. It is convenient to write its general solution as 

X (x) = k, sinh (ux) + k> cosh (ux). (31) 

so that the boundary conditions are easier to apply. In this case the boundary 

conditions can be satisfied only by choosing k,; = k, = 0. Since this forces the 

solution to be the trivial solution u (x, t) = 0, it follows that A cannot be negative; 

in other words, the problem (27), (29), and (30) has no negative eigenvalues. 

Case II: IfA =0, then equation (27) is X” = 0, and therefore, 

X (x) = kyx + kp. (32) 

The boundary conditions (29) and (30) require that k, = 0 but do not determine 

k,. Thus A = 0 is an eigenvalue, corresponding to the eigenfunction X (x) = 1. 

For A = 0, it follows from equation (28) that T(t) is also a constant, which 

can be combined with k,. Hence, for 2 = 0, we obtain the constant solution 

Ug Xn) eels 

Case III: Finally, if A > 0, let A = u*, where y is real and positive. Then equathen (27) 

becomes X” + «2X = 0, and consequently, 

X (x) = k; sin (ux) + k2 cos (ux). (33) 

The boundary condition (29) requires that k, = 0, and the boundary condition 

(30) requires that u = nz/L for n = 1, 2, 3, ... but leaves k arbitrary. Thus the 
problem (27), (29), and (30) has an jnfinite sequence of positive eigenvalues 
A, = n’n?/L? with the corresponding eigenfunctions X,,(x) = cos (n7x/L). 
For the eigenvalue 2,,, the solution T,,(t) of equation (28) is proportional to 
exp (—n?77a7t/L?). 

Combining these results, we have the following fundamental solutions for the problem 
(1), (3), and (24): 

uo (Ce. t) = Il, 

Un (x,t) = ewer t/L? cos (“*), n=l oe ae 
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where arbitrary constants of proportionality have been dropped. Each of these functions 
satisfies the differential equation (1) and the boundary conditions (24). Because both the 
differential equation and the boundary conditions are linear and homogeneous, any finite 
linear combination of the fundamental solutions satisfies them. We will assume that this is 
true for convergent infinite linear combinations of fundamental solutions as well. Thus, to 
satisfy the initial condition (3), we assume that u (x, f) has the form 

foe) 

u(x,t) = uy (x,t) + & Cry (Xs b) 

eget y crew mar til? cos ("7"). (35) 
2 Set L 

The coefficients c, are determined by the requirement that 

2) anes rd 5 ener (36) 
Zeb iL 

Thus the unknown coefficients in equation (35) must be the coefficients in the Fourier 

cosine series of period 2L for f. Hence 

i 
Ch = z| f (x) cos (==) dx, n=0, 1,2, 2.5 (37) 

0 

With this choice of the coefficients co, c;, C2, ..., the series (35) provides the solution to the 

heat conduction problem for a rod with insulated ends, equations (1), (3), and (24). 

It is worth observing that the solution (35) can also be thought of as the sum of a steady- 

state temperature distribution (given by the constant c)/2), which is independent of time 

t, and a transient distribution (given by the rest of the infinite series) that approaches zero 

in the limit as t approaches infinity. That the steady-state is a constant is consistent with 

the expectation that the process of heat conduction will gradually smooth out the initial 

temperature distribution in the bar as long as no heat is allowed to enter from, or to escape 

to, the outside. The physical interpretation of the term 

L 

| f(x) de (38) 
0 

€& 1 

Diet 

is that the steady-state temperature distribution is the mean value of the original tempera- 

ture distribution. 

EXAMPLE 10.6.2 

Find the temperature u (x,t) in a metal rod of length 100 cm that is insulated on the ends as well 

as on the sides and whose initial temperature distribution is u (x, 0) = x for 0 < x < 100. 

Solution: 

The temperature in the tod satisfies the heat conduction problem (1), (3), and (24) with L = 100. 

Thus, from equation (35), the solution is 

nITX ), (39) 
Cc 

Cc a Dal 
u(x,t) = = + > Che n°7*ot*t/10000 cos (sey 

n=1 

where the coefficients are determined from equation (37). We have 

100 

= — x dx = 100 (40) 
POF 100 |, 
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Problems 

In each of Problems 1 through 8, find the steady-state solution of the 

heat conduction equation au, = u, that satisfies the given set of 

boundary conditions. 

1. u(0,t) = 10, u(50,t) = 60 

and, forn > 1, 

100 
2 nr 

= — —— Jax fa 100 : x 008 (55) 

400 dd: 

= ces =D |e oS 31) ne712 
0, neven. 

Thus 

A00 mie 1 _n2n2a2t/10000 ie 42 LO ea, rid al ae) oe 
’ 

is the solution of the given problem. 

>» More General Problems. The method of separation of variables can also be used to solve 

heat conduction problems with boundary conditions other than those given by equations 

(8) and equations (24). For example, the left end of the bar might be held at a fixed 

temperature T while the other end is insulated. In this case the boundary conditions are 

u(0,t)=T, uy (L,t)=0, t>0. (43) 

The first step in solving this problem is to reduce the given boundary conditions to 

homogeneous ones by subtracting the steady-state solution. The resulting problem is solved 

by essentially the same procedure as in the problems previously considered. However, the 

extension of the initial function f outside of the interval [0, L] is somewhat different from 

that in any case considered so far (see Problem 15). 

A more general type of boundary condition occurs when the rate of heat flow through 

the end of the bar is proportional to the temperature. It is shown in Appendix A that the 

boundary conditions in this case are of the form 

uy (0,t)—hyu0,f)=0, u,(L,t)+hju(l,t)=0, t>0, (44) 

where h, and h are nonnegative constants. If we apply the method of separation of 

variables to the problem consisting of equations (1), (3), and (44), we find that X (x) must 

be a solution of 

X" +)K =0, X'(0)—h,X (0) =0, X’(L) +h2X(L) =0, (45) 

where A is the separation constant. Once again, it is possible to show that nontrivial 

solutions can exist only for certain nonnegative real values of A, the eigenvalues, but 
these values are not given by a simple formula (see Problem 20). It is also possible to 
show that the corresponding solutions of equations (45), the eigenfunctions, satisfy an 
orthogonality relation and that we can satisfy the initial condition (3) by superposing 
solutions of equations (45). However, the resulting series is not included in the discussion 
of this chapter. There is a more general theory that covers such problems, and it is outlined 
in Chapter 11. 

2. u(0,t) = 30, u(40,t) = —10 

32) 1 (ORE) = OK (255) =10 

Ck POMS O, mOsm 

5. u(0,t)=0, uy (20,t)=0 
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we eon an 

10. 

ge 

12. 

13. 

14. 

5 VK) = I, 

» HMO SHOL SO, Wi(Gls, a) E70 

ail (On) =e 

. Assume a bar of length 20 cm whose initial temperature is 

ux (10, t) = 0 

Ux (30, t) + u(30,t) = 0 

given by 

_ x(40—-x) 
TCS) = 0 : 

Suppose that a = 1/3, cm?/s and that both ends of the bar are 

insulated. Then find the temperature u (x, ft). 

a. Let the ends of a copper rod 100 cm long be maintained at 

0°C. Suppose that the center of the bar is heated to 80°C by 

an external heat source and that this situation is maintained 

until a steady-state results. Find this steady-state temperature 

distribution. 

b. At a time t = 0 (after the steady-state of part a has been 

reached), let the heat source be removed. At the same instant, 

let the end x = 0 be placed in thermal contact with a reser- 

voir at 20°C, while the other end remains at 0°C. Find the 

temperature as a function of position and time. 

c. © Plot u versus x for several values of t. Also plot u versus t 

for several values of x. 

d. @ what limiting value does the temperature at the center 

of the rod approach after a long time? How much time must 

elapse before the center of the rod cools to within 1°C of its 

limiting value? 

Let an uniform rod of length 10 cm be at 15°C temperature 

initially. Assume that at time t = 0, the end x = 0 is cooled 

to while the end x = 10 is heated to 40°C, and after that both 

the ends are maintained at those temperatures. Then find the 

temperature distribution in the rod at any time ¢. 

Consider a uniform rod of length L with an initial temperature 

given by u(x, 0) = 2 sin (77x/L), 0 <x <L. Assume that both ends 

of the bar are insulated. 

a. Find the temperature u (x, f). 

b. What is the steady-state temperature as t > oo? 

c. Let a? = 1 and L = 40. Plot u versus x for several values 

of t. Also plot u versus t for several values of x. 

d. Describe briefly how the temperature in the rod changes as 

time progresses. 

Let us assume a rod of length 20 with «? = 1. Suppose the initial 

temperature distribution is given by u(x, 0) = x (40 — x) /20and 

that the boundary conditions are u (0, t) = 20 and u(20,t) = 0. 

Then find the temperature in the rod as a function of position 

and time. 

Consider a bar 30 cm Jong that is made of a material for which 

a? = 1 and whose ends are insulated. Suppose that the initial 

temperature is zero except for the interval 5 < x < 10, where the 

initial temperature is 20°C. 

a. Find the temperature u (x, f). 

b. Plot u versus x for several values of t. Also plot u versus ¢ 

for several values of x. 

(& Plot u(4, t) and u(11, t) versus t. Observe that the points 

x = 4 and x = 11 are symmetrically located with respect to 

the initial temperature pulse, yet their temperature plots are 

significantly different. Explain physically why this is so. 

15. 

16. 

17. 

18. 

19. 

20. 

Consider a uniform bar of length L having an initial temperature 

distribution given by f (x), 0 <x < L. Assume that the tempera- 

ture at the end x = 0 is held at 0°C, while the end x = Lis insulated 

so that no heat passes through it. 

a. Show that the fundamental solutions of the partial differen- 

tial equation and boundary conditions are 

Up (X,t) = e~2N-W na? t/41? gin (= a aX 

b. Find a formal series expansion for the temperature u(x, t) 

), i Yas 

WGI) =>) Cilla 0) 
n=1 

that also satisfies the initial condition u(x, 0) =f (x). 

Hint: Even though the fundamental solutions involve only 

the odd sines, it is still possible to represent f by a Fourier 

series involving only these functions. See Problem 39 of 

Section 10.4. 

In the bar of Problem 15, suppose that L = 30, a? = 1, and the 

initial temperature distribution is f (x) = 60 — 2x for 0 <x < 30. 

a. Find the temperature u (x, ¢). 

b. @ Plot u versus x for several values of t. Also plot u versus t 

for several values of x. 

c. How does the location x,, of the warmest point in the bar 

change as t increases? Draw a graph of x,, versus t. 

d. © Plot the maximum temperature in the bar versus tf. 

Suppose that the conditions are as in Problems 15 and 16 except 

that the boundary condition at x = 0 is u(0, t) = 50. 

a. Find the temperature u (x, t). 

b. Plot u versus x for several values of t. Also plot u versus t 

for several values of x. 

c. Compare the plots you obtained in this problem with those 

from Problem 16. Explain how the change in the boundary 

condition at x = 0 causes the observed differences in the 

behavior of the temperature in the bar. 

Consider the boundary value problem 

X"+’X =0, X’(0)=0, X’(L)=0. (46) 

Let A = w?, where uw = v + io with v and o real. Show that if 
ao # 0, then the only solution of equations (46) is the trivial 

solution X (x) = 0. 

Hint: Use an argument similar to that in Problem 23 of 

Section 10.1. 

The right end of a bar of length a with thermal conductivity 

x, and cross-sectional area A, is joined to the left end of a 

bar of thermal conductivity x, and cross-sectional area A,. The 

composite bar has a total length L. Suppose that the end x = 0 

is held at temperature zero, while the end x = L is held at tem- 

perature T. Find the steady-state temperature in the composite 

bar, assuming that the temperature and rate of heat flow are 

continuous atx =a. 

Hint: See equation (2) of Appendix A. 

Consider the problem 

Ory ey OI x <1, > 0; (47) 

u(0,t)=0, u,(L,t)+yu(L,t) = 0, 

AEEOSy(egh Wiss 28 5sI4 

be 103 
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a. Let u(x, t) = X (x)T (0), and show that 

X"4AX=0, X(0)=0, X’(L)+yX(L)=0, (48) 

and 

T’ + \a?T = 0, 

where J is the separation constant. 

b. Assume that A is real, and show that problem (48) has no 

nontrivial solutions if A < 0. 

c. IfA > 0, let A = yw? with u > 0. Show that problem (48) has 

nontrivial solutions only if 1 is a solution of the equation 

cos (UL) + y sin (uL) = 0. (49) 

d. Rewrite equation (49) as tan(u L) = —y/y. Then, by drawing 

the graphs of y = tan (uw L) andy = —y/y for u > 0 on the same 

set of axes, show that equation (49) is satisfied by infinitely 

many positive values of jz; denote these by (1), Mo, ..., My,» 

ordered in increasing size. 

e. Determine the set of fundamental solutions u, (x, t) corre- 

sponding to the values yu, found in part d. 

An External Heat Source. Consider the heat conduction problem 

in a bar that is in thermal contact with an external heat source or 

sink. Then the modified heat conduction equation is 

Uy = Ure Sas (50) 

where the term s(x) describes the effect of the external agency; s(x) 

is positive for a source and negative for a sink. Suppose that the 

10.7 

boundary conditions are 

WO ws Tt Ue Olas (51) 

and the initial condition is 

u(x,0) = f (x). (52) 

Problems 21 through 23 deal with this kind of problem. 

21. Write u(x, t) = v(x) + w(x, t), where v and w are the steady- 

state and transient parts of the solution, respectively. State the 

boundary value problems that v(x) and w(x, 0), respectively, 

satisfy. Observe that the problem for w is the fundamental heat 

conduction problem discussed in Section 10.5, with a modified 

initial temperature distribution. 

22. a. Suppose that «? =1 and s(x)=k,a constant, in equation (50). 

Find v (x). 

b. Assume that T, =0, T, =0, L= 20, k= 1/5, and that f@) = 

0 for 0 <x < L. Determine w (x, 2). 

c. © Plot u(x, t) versus x for several values of t; on the same 

axes. 

d. © Plot the steady-state part of the solution v(x). 

23. a. Leta? =1lands(x) =kx/L, where k isa constant, in equation 

(50). Find v(x). 

b. Assume that T, = 10, T, = 30, L = 10, k = 1/2, and that 

f(x) = 0 for 0 <x < L. Determine w (x, f). 

c. @ Plot u(x, t) versus x for several values of t; on the same 

axes. 

d. © Plot the steady-state part of the solution v(x). 

THE WAVE EQUATION: VIBRATIONS OF 

AN ELASTIC STRING 

A second partial differential equation that occurs frequently in applied mathematics is the 

wave equation. Some form of this equation, or a generalization of it, almost inevitably arises 

in any mathematical analysis of phenomena involving the propagation of waves in a con- 

tinuous medium. For example, the studies of acoustic waves, water waves, electromagnetic 

waves, and seismic waves are all based on this equation. 

Perhaps the easiest situation to visualize occurs in the investigation of mechanical 
vibrations. Suppose that an elastic string of length L is tightly stretched between two 
Supports at the same horizontal level so that the x-axis lies along the string (see 
Figure 10.7.1). 

aussie A vibrating string. 
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The elastic string may be thought of as a guitar string, a guy wire, or possibly an electric 
power line. Suppose that the string is set in motion (for example, by plucking) so that it 
vibrates in a vertical plane, and let u(x, t) denote the vertical displacement experienced by 
the string at the point x at time t. If damping effects, such as air resistance, are neglected, and 
if the amplitude of the motion is not too large, then u (x, f) satisfies the partial differential 
equation 

OU, = Uy (1) 

in the domain 0 < x < L, t > 0. Equation (1) is known as the one-dimensional wave 
equation’® and is derived in Appendix B at the end of the chapter. The constant coefficient 
a? appearing in equation (1) is given by 

a“ ==, (2) 

where T is the tension (force) in the string, and p is the mass per unit length of the string 

material. It follows that a has the units of length/time—that is, of velocity. In Problem 14 it 

is shown that a is the velocity of propagation of waves along the string. 

To describe the motion of the string completely, it is necessary also to specify suitable 

initial and boundary conditions for the displacement u(x, t). The ends are assumed to 

remain fixed, and therefore the boundary conditions are 

WO, PON Fut, (= 10, StS 0: (3) 

Since the differential equation (1) is of second order with respect to t, it is plausible to 

prescribe two initial conditions. These are the initial position of the string 

UO) = f.Cn =O S:.c-<-1 (4) 

and its initial velocity 

uz (x,0)=g(x), OSX K<L, (5) 

where f and g are given functions. In order for equations (3), (4), and (5) to be consistent, 

it is also necessary to require that 

fO=fC)=0, gO)=g)=0. (6) 

The mathematical problem then is to determine the solution of the wave equation (1) 

that also satisfies the boundary conditions (3) and the initial conditions (4) and (5). Like the 

heat conduction problem of Sections 10.5 and 10.6, this problem is an initial value problem 

in the time variable t and a boundary value problem in the space variable x. Alternatively, it 

can be considered as a boundary value problem in the semi-infinite strip 0 <x < L,t> 0 of 

the xt-plane (see Figure 10.7.2). One condition is imposed at each point on the semi-infinite 

sides, and two are imposed at each point on the finite base. 

10The solution of the wave equation was one of the major mathematical problems of the mid-eighteenth 

century. The wave equation was first derived and studied by d’Alembert in 1746. It also attracted the attention 

of Euler (1748), Daniel Bernoulli (1753), and Lagrange (1759). Solutions were obtained in several different 

forms, and the merits of, and relations among, these solutions were argued, sometimes heatedly, in a series 

of papers extending over more than 25 years. The major points at issue concerned the nature of a function 

and the kinds of functions that can be represented by trigonometric series. These questions were not resolved 

until the nineteenth century. 
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u(O,t) =0 

u(x, 0) =f (x) 
U AGO) = 212) 

Boundary value problem 
for the wave equation. 

It is important to realize that equation (1) governs a large number of other wave problems 

besides the transverse vibrations of an elastic string. For example, it is only necessary to 

interpret the function u and the constant a appropriately to have problems dealing with 

water waves in an ocean, acoustic or electromagnetic waves in the atmosphere, or elastic 

waves in a solid body. If more than one space dimension is significant, then equation (1) 

must be slightly generalized. The two-dimensional wave equation is 

7 (Uy htlyy) = tly. (7) 

This equation would arise, for example, if we considered the motion of a thin elastic sheet, 

such as a drumhead. Similarly, in three (spatial) dimensions the wave equation is 

a? (ux + Uyy + Ugz) = Ute. (8) 

In connection with the latter two equations, the boundary and initial conditions must also 

be suitably generalized. 

We now solve three boundary value problems involving the wave equation in one 

dimension. 

> Elastic String with Nonzero Initial Displacement. First suppose that the string is 

disturbed from its equilibrium position and then released at time t = 0 with zero velocity to 

vibrate freely. Then the vertical displacement u (x, t) must satisfy the wave equation (1) 

oT IES Ty (a SCS SSA 

the boundary conditions (3) 

U(O,.6)a= 0, me ULL) 00 at 0: 

and the initial conditions 

Utx;0) =F (CO) uy O70) 0 Sear (9) 

where f is a given function describing the configuration of the string at t = 0. 
The method of separation of variables can be used to obtain the solution of equations 

(1), (3), and (9). Assuming that 

IR CM OEIC (10) 
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and substituting for u in equation (1), we obtain 

Ili Te a 
APRN? Tey oD 

where A is a separation constant. Thus we find that X (x) and T(t) satisfy the ordinary 
differential equations 

X" +AX =0, (12) 

T” +a2AT =0. (13) 

Further, by substituting from equation (10) for u(x, t) in the boundary conditions (3), we 

find that X (x) must satisfy the boundary conditions 

X(0)=0, X(L)=0. (14) 

Finally, by substituting from equation (10) into the second of the initial conditions (9), we 

also find that T (t) must satisfy the initial condition 

T’ (0) =0. (15) 

Our next task is to determine X (x), T(t), and A by solving equation (12) subject to the 

boundary conditions (14) and solving equation (13) subject to the initial condition (15). 

The problem of solving the differential equation (12) subject to the boundary conditions 

(14) is precisely the same problem that arose in Section 10.5 in connection with the heat 

conduction equation. Thus we can use the results obtained there and at the end of Section 

10.1: the problem (12), (14) has nontrivial solutions if and only if / is an eigenvalue 

n2 72 
— Spee n= Aree 4 (16) 

and X (x) is proportional to the corresponding eigenfunction sin (n7rx/L). 

Using the values of A given by equation (16) in equation (13), we obtain 

OE. pe ANE OSes, « 
ee 0: (17) 

Therefore, 

t : t 
T (t) = k, cos ( poe ) + k, sin (“= ), (18) 

where k, and k, are arbitrary constants. The initial condition (15) requires that kz = 0, so 

T (t) must be proportional to cos (nzrat/L). 

Thus the functions 

t, (X,t) = sin (=) cos (“7 ), (tes ees (19) 

satisfy the partial differential equation (1), the boundary conditions (3), and the second 

initial condition (9). These functions are the fundamental solutions for the given problem. 

To satisfy the remaining (nonhomogeneous) initial condition (9), we will consider a 

superposition of the fundamental solutions (19) with properly chosen coefficients. Thus 

we assume that u (x, t) has the form 

oo co es nat NG ee cau (xt) = >) Cn sin (=) cos( ; ), (20) 
n=1 n=1 
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where the constants c,, remain to be chosen. The initial condition u(x, 0) = f (x) requires 

that 

u(x,0)= ‘ Cy sin (=) eof (x), (21) 

n=l 

Consequently, the coefficients c,, must be the coefficients in the Fourier sine series of period 

2L for f; hence 

L oni soon as naa a 0 

Thus the formal solution of the problem of equations (1), (3), and (9) is given by 

equation (20) with the coefficients calculated from equation (22). 

For a fixed value of n, the expression sin (n7rx/L) cos (nzat/L) in equation (19) is periodic 

in time t with the period 2L/na; it therefore represents a vibratory motion of the string 

having this period, or having the frequency nzra/L. The quantities nza/L for n = 1, 2, ... 

are the natural frequencies of the string—that is, the frequencies at which the string will 

freely vibrate. The factor sin (n7x/L) represents the displacement pattern occurring in the 

string when it is executing vibrations of the given frequency. Each displacement pattern 

is called a natural mode of vibration and is periodic in the space variable x; the spatial 

period 2L/n is called the wavelength of the mode of frequency nza/L. Thus the eigenvalues 

n’77/L* of the problem (12), (14) are proportional to the squares of the natural frequencies, 

and the eigenfunctions sin (n7rx/L) give the natural modes. The first three natural modes 

are sketched in Figure 10.7.3. The total motion of the string, given by the function u (x, t) of 

equation (20), is thus a combination of the natural modes of vibration and is also a periodic 

function of time with period 2L/a. 

u u 

1 1 

(bh, e8 

il =a 

(c) 

First three fundamental modes of vibration of an elastic 
string. (a) Frequency = za/L, wavelength = 2L; (b) frequency = 2za/L, 
wavelength = L; (c) frequency = 3zra/L, wavelength = 2L/3. 

EXAMPLE 10.7.1 

Consider a vibrating string of length L = 90 that satisfies the wave equation 

Une = Uy, Om < 90; t > 0: (23) 

Assume that the ends of the string are fixed and that the string is set in motion with no initial 
velocity from the initial position 

x/10, O< X10; 

(90-x)/20, 10<x<90. (24) u(x, 0) =| 

Find the displacement u (x, t) of the string. 
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Solution: 

The solution is given by equation (20) with a = 1 and L = 90; that is, 

U(X b) = yo sin (=) cos(—), (25) 

where c,, is calculated from equation (22). Substituting from equation (24) into equation (22), we 
obtain 

90 10 
2 X . (NMX 2 90 > xs (NIX 

c= — — — — ———— —— nog | 10 sin ( 90 )dx+ = E 0 sin ( 0 ) dx. (26) 

By evaluating the integrals in equation (26), we find that 

Ce PAV Al a 
Cn = Fan? sin (=), Wa 1 ene (27) 

The solution (25), (27) gives the displacement of the string at any point x at any time t. The motion 

is periodic in time with period 90, so it is sufficient to analyze the solution for 0 < t < 90. 

> Justification of the Solution. As in the heat conduction problem considered earlier, 

equation (20) with the coefficients c,, given by equation (22) is only a formal solution of 

equations (1), (3), and (9). To determine whether equation (20) actually represents the 

solution of the given problem requires some further investigation. As in the heat conduction 

problem, it is tempting to try to show this directly by substituting equation (20) for u (x, t) in 

equations (1), (3), and (9). However, upon formally computing u,,., for example, we obtain 

Ux (x,t) = — = Ch (ey sin(™*) cos (2); 

n=1 

due to the presence of the n? factor in the numerator, this series may not converge. This 

would not necessarily mean that the series (20) for u(x, t) is incorrect, but only that the 

series (20) cannot be used to calculate u,, and uz. A basic difference between solutions of 

the wave equation and those of the heat conduction equation is that the latter contain neg- 

ative exponential terms that approach zero very rapidly with increasing n, which ensures 

the convergence of the series solution and its derivatives. In contrast, series solutions of the 

wave equation contain only oscillatory terms that do not decay with increasing n. 

However, there is an alternative way to establish the validity of equation (20) indirectly. 

At the same time, we will gain additional information about the structure of the solution. 

First we will show that equation (20) is equivalent to 

ee : Gale: eda cera), (28) 

where h is the function obtained by extending the initial data f into (—L, 0) as an odd 

function, and to other values of x as a periodic function of period 2L. That is, 

f (x), Qe 1, 
=f (—x), -L <x <0; G) 

h(x) = 

h(x + 2L) = h(x). 
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To establish equation (28), note that h has the Fourier series 

= nx 
= in {| —— 30 h(x) = J en sin| L iF (30) 

where c,, is given by equation (22). Then, using the trigonometric identities for the sine of 

a sum or difference, we obtain 

h(x —at)= D2 Cr (sin (=) cos ("2") — cos (=) sin (me). 

h(x+at)= S Cn (sin (a cos (2) + cos i) sin (=)). 
= ll = 

and equation (28) follows immediately upon adding the last two equations. From 

equation (28), we see that u(x, t) is continuous for 0 < x < L, t > 0, provided that h is 

continuous on the interval (—oo, oo). This requires f to be continuous on the original interval 

[0, L]. Similarly, u is twice continuously differentiable with respect to either variable in 0 < 

x < L, t > 0, provided that h is twice continuously differentiable on (—co, oo). This requires 

f’ and f” to be continuous on [0, L]. Furthermore, since h” is the odd extension of f”, we 

must also have f”(0) = f”(L) = 0. (See Problem 33 in Section 10.4.) However, since h is the 

even extension of f’, no further conditions are required on f’. Provided that these conditions 

are met, U,, and uy, can be computed from equation (28), and it is an elementary exercise to 

show that these derivatives satisfy the wave equation. Some of the details of the argument 

just indicated are given in Problems 19 and 20. 

If some of the continuity requirements stated in the last paragraph are not met, then 

u is not differentiable at some points in the semi-infinite strip 0 < x < L, t > 0, and thus 

is a solution of the wave equation only in a somewhat restricted sense. An important 

physical consequence of this observation is that if there are any discontinuities present in 

the initial data f, then they will be preserved in the solution u(x, t) for all time. In contrast, in 

heat conduction problems, initial discontinuities are instantly smoothed out (Section 10.6). 

Suppose that the initial displacement f has a jump discontinuity at x = xp,0 <x, < L. Since 

his the odd periodic extension of f, the same discontinuity is present in h (€) at € = x9 + 2nL 

and at € = —x, + 2nL, where n is any integer. Thus h (x — at) is discontinuous at points (x, t) 

when x — at = Xq + 2nL or when x — at = —Xp + 2nL. Fora fixed x in [0, L], the discontinuity 

that was originally at xo will reappear in h(x — at) at t = (x + xp — 2nL)/a. Similarly, 

h(x + at) is discontinuous at the point x at t = (—x +X) + 2mL)/a, whete m is any integer. 

If we refer to equation (28), it then follows that the solution u(x, t) is also discontinuous 

at the given point x at these values of t. Since the physical problem is posed for t > 0, only 

those values of m and n that yield positive values of t are of interest. 

> Elastic String with Nonzero Initial Velocity. Let us modify the problem just considered 
by supposing that the string is set in motion from its equilibrium position with a given 
velocity. Then the vertical displacement u (x, t) must satisfy the wave equation 

Give =, Ole <0: 

the boundary conditions 

U0; 1) =O) = Oat =.0: 
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and the initial conditions 

WOO) =O, n01t, ( X30) = 8(X%),2 OSX < L, (31) 

where g (x) is the initial velocity at the point x of the string. 

The solution of this new problem can be obtained by following the procedure described 
above for the problem (1), (3), and (9). Upon separating variables, we find that the 
problem for X (x) is exactly the same as before. Thus, once again, A = n27?/L? and X (x) is 
proportional to sin (n7rx/L). The differential equation for T (t) is also the same as before (see 
equation (17)), 

n2712q2 
" 

fhe RB 10) (32) 

but the associated initial condition is now 

T (0) = 0, (33) 

corresponding to the first of the initial conditions (31). Recall that the general solution of 

equation (32) is 

n7zat 
T (t) = k, cos ( ede ), ) + kp sin( L 

but now the initial condition (32) requires that k, = 0. Therefore, T (t) is now proportional 

to sin (nzrat/L), and the fundamental solutions for the problem (1), (3), and (31) are 

(34) 

ts (ink) = sin (==) sin(“*), (pS Os oo (35) 

Each of the functions u,, (x, t) satisfies the wave equation (1), the boundary conditions 

(3), and the first of the initial conditions (31). The main consequence of using the initial 

conditions (31) rather than (9) is that the time-dependent factor in u,, (x, t) involves a sine 

rather than a cosine. 

To satisfy the remaining (nonhomogeneous) initial condition, we assume that u (x, t) can 

be expressed as a linear combination of the fundamental solutions (33); that is, 

n7zat ) 
u(x;t)= >> Katg(x;t)= >> Ra sin (“*) sin( (36) 

n=1 n= 

To determine the values of the coefficients k,,, we differentiate equation (36) with respect 

to t, set t = 0, and use the second initial condition (31); this gives the equation 

U; (x, 0) = Y kn sin (=) = 9(X). (37) 
n=1 

Stare EE 
Hence the quantities | L k, are the coefficients in the Fourier sine series of period 2L 

for g. Therefore 

£ 
n7a 2 Peale 
—k, == — | oe 38 7 n= 7) 809 sin ( i ) de, = es (38) 

Thus equation (34), with the coefficients given by equation (36), constitutes a formal 

solution to the problem of equations (1), (3), and (31). The validity of this formal solution 

can be established by arguments similar to those previously outlined for the solution of 

equations (1), (3), and (9). 
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> General Problem for the Elastic String. Finally, we turn to the problem consisting 

of the wave equation (1), the boundary conditions (3), and the general initial conditions 

(4), (S): 

u(x,0) = f(x), uz (x,0)=g(x), 0<x<L, (39) 

where f (x) and g(x) are the given initial position and velocity, respectively, of the string. 

Although this problem can be solved by separating variables, as in the cases discussed 

previously, it is important to note that it can also be solved simply by adding together the 

two solutions that we obtained above. To show that this is true, let v(x, t) be the solution of 

the problem (1), (3), and (9), and let w (x, t) be the solution of the problem (1), (3), and (31). 

Thus v(x, t) is given by equations (20) and (22), and w(, f) is given by equations (36) and 

(38). Now let u(x,t) =v(x,t) +w(x,t). What problem does u (x, t) satisfy? First, observe 

that 

Aux — Upp = (A2Vxx — Vzp) + (G2Wxx — Wet) =04+0=0, (40) 

so u(x, t) satisfies the wave equation (1). Next, we have 

u(0,t)=v(0,t)+w0,t)=0+0=0, u(L,t)=v(L,t)+wL,t)=0+0=0, (41) 

so u(x, t) also satisfies the boundary conditions (3). Finally, we have 

u(x,0) = v(x,0) + w(x, 0) =f (x) +0= f (x) (42) 

and 

uy (x, 0) = v; (X,0) + w; (x,0) = 0+ g(x) = g(x). (43) 

Thus u (x, t) satisfies the general initial conditions (37). 

We can restate the result we have just obtained in the following way. To solve the wave 

equation with the general initial conditions (39), you can solve instead the somewhat 

simpler problems with the initial conditions (9) and (31), respectively, and then add 

together the two solutions. This is another use of the principle of superposition. 

Problems 
1. Consider an elastic string of length 10 whose ends are held fixed. Then, find the displacement u (x, t) for the given initial position 

The string is set in motion with no initial velocity from an initial VCH 

position 3. Consider an elastic string of length 10 whose ends are held fixed. 

uU(x,0) =f @), where f (x)= 

The string is set in motion with no initial velocity from an initial 
ves). OSS; position 
@0—=23))/Syo ee 103 

u(x,0) = f(x), where f (x)= ~-(~0-x)’, 
Then, find the displacement u (x, t) for the given initial position 125 

f (). 
2. Consider an elastic string of length 10 whose ends are held fixed. 

The string is set in motion with no initial velocity from an initial 

position 

u(x,0) = f(x), where f (x)= 

Then, find the displacement u (x, t) for the given f (x). 

. Consider an elastic string of length L whose ends are held fixed. 
The string is set in motion with no initial velocity from an initial 
position 

Bee Osx 35/2; 0 0<x =< Deer 
5/2 <x < 15/2; u(x,0) = f (x), where f(x)=41, L/2-1<x<L/2+4+1 

AeG@iiess9) WSR se << NOE 0; “LQ Se< iE 



Let L = 20 and a = 1 in parts (b) through (d). 

a. Find the displacement u (x, t) for the given initial position f (x). 

b. Plot u(x, t) versus x for 0 < x < 20 and for several values of 
t between t = 0 and t = 40. 

c Plot u( ¢) versus t for 0 < t < 40 and for several values 

of x. 

d. G | Construct an animation of the solution in time for at least 

one period. 

e. Describe the motion of the string in a few sentences. 

5. Consider an elastic string of length 10 whose ends are held fixed. 

The string is set in motion from its equilibrium position with an 

initial 

39/5}. Wis va<d Sp u; (x,0) = g(x), where g(x) = Fi =x)/5 << 20 << 1l0P 

Then, find the displacement u (x, t) for the given g(x). 

. Consider an elastic string of length 10 whose ends are held fixed. 

The string is set in motion from its equilibrium position with an 

initial 

Xs OR 5/25 

u; (x,0) = g(x), where g(x) = 

(10 — x), 
UNF uly 

Then, find the displacement u (x, t) for the given g(x). 

. Consider an elastic string of length 10 whose ends are held fixed. 

The string is set in motion from its equilibrium position with an 

initial 

ul, (x,0) = 2(%), where 2s) = 0 — x), 

Then, find the displacement u (x, t) for the given g(x). 

. Consider an elastic string of length L whose ends are held fixed. 

The string is set in motion from its equilibrium position with an 

initial velocity 

u, (x, 0) = g(x) where 

g@)=41, L/2-1<x<L/2+1 

Oj /2 lt Se, 

(assume L > 2), 

Let L = 20 and a = 1 in parts (b) through (d). 

a. Find the displacement u (x, t) for the given g (x). 

SYP 38 << NSyPR 

5/2 10% 
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u(x, t) in an elastic string of length L, fixed at x = 0 and free at 

x = L, set in motion with no initial velocity from the initial 

position u (x, 0) = f (x), where f is a given function. 

Hint: Show that the fundamental solutions for this problem, 

satisfying all conditions except the nonhomogeneous initial con- 

dition, are 

Uy (x,t) = sin (A,X) cos (A, at), 

where A, = (2n — 1)7/(2L), n = 1, 2, .... Compare this problem 

with Problem 15 of Section 10.6; pay particular attention to the 

extension of the initial data out of the original interval [0, L]. 

10. Consider an elastic string of length L. The end x = 0 is held fixed, 

while the end x = L is free; thus the boundary conditions are 

u(0, t) = Oand u, (L, t) = 0. The string is set in motion with no 

initial velocity from the initial position u (x, 0) =f (x), where 

0 O<x<L/2-1 

if Co) lea 2p ea al Qe (assumes iy =)2))s 

Oy db Pachilss eeS3U 

a. Find the displacement u(x, £). 

b. @ With L = 10 anda = 1, plot u versus x for0 <x < 10 

and for several values of t. Pay particular attention to values 

of t between 3 and 7. Observe how the initial disturbance is 

reflected at each end of the string. 

(, With L = 10 and a = 1, plot u versus t for several values 

of x. 

d. © Construct an animation of the solution in time for at least 

one period. 

e. Describe the motion of the string in a few sentences. 

11. © Suppose that the string in Problem 10 is started instead from 

the initial position f (x) = 8x(L — x)*/L’. Follow the instructions 

in Problem 10 for this new problem. 

12. Dimensionless variables can be introduced into the wave equa- 

tion a7, = U, in the following manner: 

a. Let s = x/L and show that the wave equation becomes 

Gti — Ea 

b. Show that L/a has the dimensions of time and therefore can 

be used as the unit on the time scale. Let t = at/L and show 

that the wave equation then reduces to 

Uss = Ur. 

b. Plot u(x, t) versus x for 0 < x < 20 and for several values of 

t between t = 0 andt = 40. 

C; Plot u(x, t) versus t for 0 < t < 40 and for several values 

of x. 

d. Construct an animation of the solution in time for at least 

one period. 

e. Describe the motion of the string in a few sentences. 

9. If an elastic string is free at one end, the boundary condition 

to be satisfied there is that wu, = 0. Find the displacement 

Problems 13 and 14 indicate the form of the general solution of the 

wave equation and the physical significance of the constant a. 

13. a. Show that the wave equation 

AU x = Uyy 

can be reduced to the form uz, = 0 by the change of variables 

—E=x-at,n=x-+at. 
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b. Show that u(x, t) can be written as Figure 10.7.7. Observe that an initial displacement produces 

two waves moving in opposite directions away from the 

u(x,t) = ¢(x -—at)+p(x + at), original location; each wave consists of one-half of the initial 

displacement. 

where ¢ and ~ are arbitrary functions. 

14. a. @ Lets ¢(s) = sin(s). Plot ¢(x — at) for t = 0, 1/a, 2/a, and 
ty/a where ty is the fundamental period of ¢(s). Note that 

for any t # 0, the graph of y = (x — at) is the same as that 

of y = (x) when t = 0, but displaced a distance at in the 

positive x direction. Thus a represents the velocity at which 

a disturbance moves along the string. 

b. What is the interpretation of ¢ (x + at)? 

15. A steel wire 5 m in length is stretched by a tensile force of 900 N. 

The wire has a weight per unit length of 0.04 kg/m. 

a. Find the velocity of propagation of transverse waves in the 

wire. 

b. Find the natural frequencies of vibration. 

c. If the tension in the wire is increased, how are the natural 

frequencies changed? Are the natural modes also changed? 

16. Consider the wave equation 

2 a 
a°Uxy = Ute 

in an infinite one-dimensional medium subject to the initial 

conditions 

WES iC, CHO SO, Se) <pe< ck 

a. Using the form of the solution obtained in Problem 13, show 

that d and w must satisfy 
Propagation of an initial disturbance in an infinite 

SO) GS PO) one-dimensional medium. 

—¢' (x) +! (x) =0. 17. Consider the wave equation 

b. Solve the equations of part a for ¢ and wp, and thereby show Us = Ur 
that 

‘ in an infinite one-dimensional medium subject to the initial 

u(x,t) = 5(f(@-at)+ f(x +at)). conditions 

This form of the solution was obtained by d’Alembert in 1746. U(~,0)=0, up (x,0)= B(x), —co<x< ow. 
Hint: Note that the equation p’(x) = ¢’(x) is solved by ; 

choosing ~ (x) = $(x) +c. a. Using the form of the solution obtained in Problem 13, show 

Cy Let aoe 

sa=[? al <x <i, $ (x) + p(x) =0, 
0, otherwise. —af' (x) + ap’ (x) = g(x). 

Show that b. Use the first equation of part a to show that »)’ (x) = —¢’ (x). 

Then use the second equation to show that —2a¢’ (x) = g(x) 

f(xe—at)= 2, -l+at<x<1+at, and therefore that 
0, otherwise. 

1 x 

Also determine f (x + at). $(x) = mipa | g(S)d§ + $(xo), 
Xo 

d. Sketch the solution found in part b at t = 0, t = 1/2a, 

t = 1/a, and t = 2/a, obtaining the results shown in where xq is arbitrary. Finally, determine 7 (x). 
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c. Show that 

18. By combining the results of Problems 16 and 17, show that the 

solution of the problem 

Z pos 
QUyx, = Ure 

u(x,0)= f(x), u,(x,0)=g(x), -w<x<o 

is given by 

23. 
x+at 

UOD=5F@-ah+faeran+e[ — gat. 
at 

Problems 19 and 20 indicate how the formal solution (20), (22) of 

equations (1), (3), and (9) can be shown to constitute the actual 

solution of that problem. 

19. Use the identity sin (A) cos(B) = 5 (sin(A + B) + sin(A — B)), 

to show that the solution (20) of the problem of equations (1), 

(3), and (9) can be written in the form (28). 

20. Let h(&) represent the initial displacement in [0, L], extended 

into (—L, 0) as an odd function and extended elsewhere as a 

periodic function of period 2L. Assuming that h, h’, and h” are 

continuous, show by direct differentiation that u (x, t) as given in 

equation (28) satisfies the wave equation (1) and also the initial 

conditions (9). Note also that since equation (20) clearly satisfies 

the boundary conditions (3), the same is true of equation (28). 

Comparing equation (28) with the solution of the corresponding 

problem for the infinite string (Problem 16), we see that they 

have the same form, provided that the initial data for the finite 

string, defined originally only on the interval 0 < x < L, are 

extended in the given manner over the entire x-axis. If this is 

done, the solution for the infinite string is also applicable to the 

finite one. 

21. The motion of a circular elastic membrane, such as a drumhead, 

is governed by the two-dimensional wave equation in polar 

coordinates 

1 1 = 
Upp + yt aF 72 M60 =a “Up. 

Assuming that u(r, 6, t) = R(r)© (8)T (0), find ordinary differen- 

tial equations satisfied by R(r), © (6), and T(t). 

For the displacement u (x, t) given by equation (20)—that is, 

for the solution of the string problem with zero initial velocity— 

show that 

SEE 95 EQ)=— 2a C2. (45) 

Note that the right-hand side of equation (45) does not depend 

on t. Thus the total energy E is a constant and therefore is 

conserved during the motion of the string. 

Hint: Use Parseval’s equation (Problem 37 of Section 10.4 and 

Problem 17 of Section 10.3), and recall that a* = T/p. 

Dispersive Waves. Consider the modified wave equation 

Gur ty Us Us, LOK xX <1, -t s0 (46) 

with the boundary conditions 

u(0,t)=0, u(L,t)=0, t>0 (47) 

and the initial conditions 

HCE O) S (Coy VERO, We<secsil, (48) 

a. Show that the solution can be written as 

he Paige Pe 

u(x,t) = »Z, Cr cos( “3 + rat) sin (=). 
n=1 

where 

2 i NIX Cy = zi f (x)sin (=) de. 

b. By using trigonometric identities, rewrite the solution as 

1 as (nt 
OKI) = 5 au C (sin (= (x + ant)) + sin ce (x - ant))) é 

Determine a,,, the speed of wave propagation. 

c. Observe that a,, found in part b, depends on n. This means 

that components of different wave lengths (or frequencies) 

are propagated at different speeds, resulting in a distortion 

of the original wave form over time. This phenomenon is 

called dispersion. Find the condition under which a,, is 

independent of n—that is, there is no dispersion. 

22. The total energy E(t) of the vibrating string is given as a function 24. Consider the situation in Problem 23 with a2 = 1, L = 10, and 

of time by Ny 

1 1 
E(t)= =u? (x,t) + =Tu2 (x, t)) dx (44) () [Gow x1) +5 ) 

the first term is the kinetic energy due to the motion of the 

string, and the second term is the potential energy created by the 

displacement of the string away from its equilibrium position. 

xX=—4, 4<x%< 5; 

f@)es;6—x, 55x<6, 
0, otherwise. 

a. Determine the coefficients c,, in the solution of Problem 23a. 
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b. © Plot c. @ Let y =0. Plot u(x, t) versus x for t = 60. 

d. @ Let y = 1/4. Plot w(x, t) versus x for t = 20 and 60. 

e. @ Let y = 1/8. Plot u(x, f) versus x for t = 20 and 40. 

choosing N large enough so that the plot accurately displays 

the graph of f(x). Use this value of N for the remaining plots 

called for in this problem. 

10.8 | LAPLACE’S EQUATION 

One of the most important of all partial differential equations occurring in applied mathe- 

matics is that associated with the name of Laplace:"! in two dimensions 

Uxx + Uyy = 0, (1) 

and in three dimensions 

Uxx + Uyy + Uzz = 0. (2) 

For example, in a two-dimensional heat conduction problem, the temperature u (x, y, t) 

must satisfy the differential equation 

a (Uxy + Uyy) = Uy, (3) 

where a’ is the thermal diffusivity. If a steady-state exists, then the time derivative vanishes 

and u is a function ofx and y only; in this case equation (3) reduces to equation (1). Similarly, 

for the steady-state heat conduction problem in three dimensions, the temperature must 

satisfy the three-dimensional form of Laplace’s equation. Equations (1) and (2) also occur 

in other branches of mathematical physics. In the consideration of electrostatic fields, the 

electric potential function in a dielectric medium containing no electric charges must satisfy 

either equation (1) or equation (2), depending on the number of space dimensions involved. 

Similarly, the potential function of a particle in free space acted on only by gravitational 

forces satisfies the same equations. Consequently, Laplace’s equation is often referred 

to as the potential equation. Another example arises in the study of the steady (time- 

independent), two-dimensional, inviscid, irrotational motion of an incompressible fluid. 

This study centers on two functions, known as the velocity potential function and the 

stream function, both of which satisfy equation (1). In elasticity, the displacements that 

occur when a perfectly elastic bar is twisted are described in terms of the so-called warping 

function, which also satisfies equation (1). 

Since there is no time dependence in any of the problems just mentioned, there are 
no initial conditions to be satisfied by the solutions of equation (1) or (2). They must, 
however, satisfy certain boundary conditions on the boundary of the region in which the 
differential equation is to be solved. Since Laplace’s equation is of second order, it might 
be plausible to expect that two boundary conditions would be required to determine the 
solution completely. This, however, is not the case. Recall that in the heat conduction 
problem for the finite bar (Sections 10.5 and 10.6), it was necessary to prescribe one 
condition at each end of the bar—the bar is represented as a (one-dimensional) interval 
and one condition is specified at each endpoint of the interval, that is, at each boundary 
point. If we generalize this observation to multidimensional problems, it is then natural to 
prescribe one condition on the function u at each point on the boundary of the region in 

‘'Laplace’s equation is named for Pierre-Simon de Laplace, who, beginning in 1782, studied its solutions 
extensively while investigating the gravitational attraction of arbitrary bodies in space. However, the equation 
first appeared in 1752 in a paper by Euler on hydrodynamics. 
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which a solution of equation (1) or (2) is sought. When the region is a subset of the (two- 
dimensional) plane, the boundary is a (one-dimensional) curve; if the region is a subset in 
(three-dimensional) space, the boundary is a (two-dimensional) surface. 

The most common boundary condition occurs when the value of u is specified at each 
boundary point; in terms of the heat conduction problem, this corresponds to prescribing 
the temperature on the boundary. In some problems the value of the derivative, or rate of 
change, of u in the direction normal to the boundary is specified instead; the condition on 
the boundary ofa thermally insulated body, for example, is of this type. It is entirely possible 

for more complicated boundary conditions to occur; for example, u might be prescribed on 

part of the boundary and its normal derivative specified on the remainder. The problem of 

finding a solution of Laplace’s equation that takes on given boundary values is known as a 

Dirichlet problem, in honor of P.G.L. Dirichlet.!? On the other hand, if the values of the 

normal derivative are prescribed on the boundary, the problem is said to be a Neumann 

problem, in honor of C.G. Neumann.!? The Dirichlet and Neumann problems are also 

known as the first and second boundary value problems of potential theory, respectively. 

Physically, it is plausible to expect that the types of boundary conditions just mentioned 

will be sufficient to determine the solution completely. Indeed, it is possible to establish 

the existence and uniqueness of the solution of Laplace’s equation under the boundary 

conditions mentioned, provided that the shape of the boundary and the functions appearing 

in the boundary conditions satisfy certain very mild requirements. However, the proofs of 

these theorems, and even their accurate statement, are beyond the scope of the present 

book. Our only concern will be solving some typical problems by means of separation of 

variables and Fourier series. 

While the problems chosen as examples have interesting physical interpretations (in 

terms of electrostatic potentials or steady-state temperature distributions, for instance), our 

purpose here is primarily to point out some of the features that may occur during their 

mathematical solution. It is also worth noting again that more complicated problems can 

sometimes be solved by expressing the solution as the sum of solutions of several simpler 

problems (see Problems 3 and 4). 

> Dirichlet Problem for a Rectangle. Consider the mathematical problem of finding the 

function u satisfying Laplace’s equation 

Uxx + Uyy = 0, (4) 

in the rectangle 0 <x <a,0<y<b, and also satisfying the boundary conditions 

u(x,0) = 0, u(x, b) = 0, OX, 

u(0,y)=0, u(ay)=f(y) 0<y<b, (5) 

where f is a given function on 0 < y < b (see Figure 10.8.1). 

ED 

12Peter Gustav Lejeune Dirichlet (1805-1859) was born in Germany of Belgian ancestry. He was a professor 

at Berlin and, after the death of Gauss, at Gottingen. In 1829 he provided the first set of conditions sufficient 

to guarantee the convergence of a Fourier series. The definition of function that is usually used today in 

elementary calculus is essentially the one given by Dirichlet in 1837. Although he is best known for his 

work in analysis and differential equations, Dirichlet was also one of the leading number theorists of the 

nineteenth century. 

13Carl Gottfried Neumann (1832-1925), a German mathematician and professor at Leipzig for more than 

forty years, made contributions to differential equations, integral equations, and complex variables. 
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Dirichlet problem for a rectangle. 

To solve this problem, we wish to construct a fundamental set of solutions satisfying 

the partial differential equation and the homogeneous boundary conditions; then we will 

superpose these solutions so as to satisfy the remaining boundary condition. Let us assume 

that 

u(x,y) =X (x) YY) (6) 

and substitute for u in equation (4). This yields 

xe yu 

ious 

where J is the separation constant. Thus we obtain the two ordinary differential equations 

KEE IOE Op A OK DES ON (7) 

YA Yo 0 Oc Vic be (8) 

If we now substitute for u from equation (6) in each of the homogeneous boundary 

conditions (5), we find that 

X (0) =0 (9) 

and 

¥(O) = 05 Y (b)i=,0, (10) 

We will first determine the solution of the differential equation (8) subject to the bound- 

ary conditions (10). Notice that this problem is essentially identical to one encountered 
previously in Sections 10.1, 10.5, and 10.7. We conclude that there are nontrivial solutions 
if and only if A is an eigenvalue, namely, 

re (22 \s5 nalowd (11) 

and Y (y) is proportional to the corresponding eigenfunction sin (nzry/b). Next, we substi- 
tute from equation (11) for A in equation (7), obtaining 

x" —(—) 9440) 
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To solve this equation subject to the boundary condition (9), it is convenient to write the 
general solution as 

X (x) = k, cosh (“= ~) + kz sinh =) ; (12) 

The boundary condition (9) then requires that k, = 0. Therefore, X (x) must be proportional 
to sinh (n7rx/b). Thus we obtain the fundamental solutions 

Ux, y) = sinh (=~) sin (=), i) = PAs end (13) 

These functions satisfy the differential equation (4) and all the homogeneous boundary 

conditions for each value of n. 

To satisfy the remaining nonhomogeneous boundary condition at x = a, we assume, as 

usual, that we can represent the solution u (x, y) in the form 

oy > Cyl hy) y Cr sinh (=) sin ( —*). (14) 
n=l 

The coefficients c,, are determined by the boundary condition 

u(a,y)= > Cy, sinh (= =) sin (= *) = LO): (15) 

Therefore, the quantities c,, sinh (nza/b) must be the coefficients in the Fourier sine series 

of period 2b for f and are given by 

cy, sinh (=) = < ir f Q)sin (=*) dy. (16) 
0 

Thus the solution of the partial differential equation (1) satisfying the boundary conditions 

(5) is given by equation (14) with the coefficients c,, computed from equation (16). 

From equations (14) and (16), we can see that the n term of the solution contains 

the factor sinh(n7rx/b)/sinh(nza/b). To estimate this quantity for large n, we can use the 

approximation sinh (¢) = Se and thereby obtain 

Slr 5 alton nna) 

Thus this factor has the character of a negative exponential; consequently, the series (14) 

converges quite rapidly unless a — x is very small. 

EXAMPLE 10.8.1 
Solve 

V7uU = Uyy +Uyy =0, OS xa, O<sy<b (17) 

having the boundary conditions 

UE 0=0, u(,y)=0,  wlx,b) =0, SH (a, y) = Tsin® (72), (18) 



604 | Chapter 10 / Partial Differential Equations and Fourier Series 

Solution: 

Let u(x, y) = X (x) Y (y) is the solution of V?u = uy, + Uyy = 0. Substituting it, we have 

X"Y+Y"X=0 

Kus a ya “e 2 

i unis eee (say) 

OX f4 he Ghee 
—__ — -— a va = 0 aa xX =0 and age +p 

=> X=ceP*+c,e-P* and Y =c3cos(py) +c, sin (py) 

Thus the solution of Vu = uy, + Uyy = Ois 

u (x,y) = (cyeP* + c,e~P*)(c3 cos (py) + C4 sin (py)). 

Let us now use the boundary condition u (x, 0) = 0, we have 

0 = c3 (ceP* + c2e7*). 

This implies c; = 0. Therefore, 

u(x, y) = cq sin (py)(cyeP* + cre P*) 

Using the given boundary condition u (x, b) = 0, we get 

0 = cq sin(pb)(c,e?* + c,e-P*). 

Here, c, # 0 (ifc4 = 0, we lead to a trivial solution) which implies sin (pb) = 0. 

pO Via p= =, where n = 1, 2,3; ::. 

Thus, we get 

nz 
WIGS; Vae=iCa sin ( 5 y)(ce?* + c,e7P*) 

After renaming constants c,c, = C and cc, = D we get 

u(x,y) = sin (*y) [c exp (x) + Dexp (-*)I, w= 1,253... 

Using the boundary condition u (0, y) = 0, we have 

Bee ie 
0 = sin (—y)c +D), 

this gives C + D = 0; which implies C = —D. 

u(x, y) = C sin (=) [exp (=x) — exp (-*x)| 

nq 
= 2C sin ( 5 y) sinh (=x), Ni==shi2, Sank 

Differentiating with respect to x, we obtain 
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Now, the last boundary condition gives 

eg TE i Ne) KATE ni 
T sin on co sin (= y) cosh (=~ a). 

Hence, we get the solution as 

FDIS AS ICY Hite. nr 
u(x,y) = an in = sech (=a) sinh (2) 

Applying the principle of superposition, we have the required solution as follows 

u(x,y)= >, he sin® (=) sech (a) sinh (*x). 

> Dirichlet Problem for a Circle. Consider the problem of solving Laplace’s equation in a 

circular region r < a subject to the boundary condition 

u(a, 9) =f (@), .0< 6 < 27, (19) 

where f is a given function on 0 < 6 < 27 with f (0) = f (27) (see Figure 10.8.2). In polar 

coordinates u(r, 8), Laplace’s equation has the form (see Problem 15) 

1 1 Urr + [Ur + Ugg =0, O<r<a, 0<O<2z. (20) 

To complete the statement of the problem, we note that the assumption that f (0) = f (277) 

ensures that the periodic extension of f to the entire real line will be, at least, continuous. 

Therefore, u(r, @) must also be periodic in 0 with period 27. Moreover, we state.explicitly 

that u(r, 6) must be bounded for r < a; the reason for this boundedness assumption will 

become clear later. . 

u(a,é) = f(0) 

1 seh Men Upp + -Uy + ~pllgg = O 

Aalliiseieee Dirichlet problem Laplace’s 

equation in a circuler region. 

To apply the method of separation of variables to this problem, we assume that 

u(r,@) = R(r) O08) (21) 
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and substitute for u in the differential equation (20). This yields 

” 1 / 1 " RO + -RO+ ho, = 0; 
‘4 r 

or 
sR R’ @” 

pres ee ee 202 Meroe rs 6 A, (22) 

where / is the separation constant. Thus we obtain the two ordinary differential equations 

r2R" +rR’ —AR =0, (23) 

@” +20 = 0. (24) 

In this problem there are no homogeneous boundary conditions; recall, however, that 

solutions must be bounded and also periodic in @ with period 27. It is possible to show 

(see Problem 9) that the periodicity condition requires 2 to be real. We will consider, in 

turn, the cases in which A is negative, zero, and positive. 

Casel: IfA <0, let A = —y?, where yw > 0. Then equation (24) becomes 0” — x70 = 0, 

and consequently, 

© (0) = cye#® + ce ¥E. (25) 

Thus O(@) can be periodic only if c} = c, = 0, and we conclude that A cannot be 

negative. 

Case Il: IfA=0, then equation (24) becomes ©” = 0, and thus 

© (@) =cy)+ C20. (26) 

For @(8) to be periodic, we must have c, = 0 so that ©(@) is a constant. Further, 

for A = 0, equation (23) becomes 

r2R" + rR’ =0. (27) 

This equation is of the Euler type and has the solution 

Rr) =k, +k In(r). (28) 

The logarithmic term cannot be accepted if u(r, @) is to remain bounded as 

r > 0; hence ky = 0. Thus, corresponding to A = 0, we conclude that u(r, @) 

must be a constant—that is, proportional to the solution 

Ug (r, 0) = 1. (29) 

Case III: Finally, ifA > 0, we let A = x”, where ys > 0. Then equations (23) and (24) become 

r?R" + rR’ — p2R=0 (30) 

and 

©” + 70 =0, (31) 

respectively. Equation (30) is an Euler equation and has the solution 

R(r) = kyr4 + kar-¥, (32) 
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while equation (31) has the solution 

© (@) = c; sin (uO) + cz cos (U6). (33) 

In order for © to be periodic with period 27, it is necessary for u to be a 

positive integer n. Since y = n is a positive integer, it follows that the solution 

r¥ in equation (32) becomes unbounded as r > 0 and so must be discarded. 

Consequently, k, = 0 and the appropriate solutions of equation (20) are 

un (r,ey=r" cos(nd), v, (r,6) =r" sin(né), n= 1,2,.... (34) 

These functions, together with uy (r, 6) = 1, form a set of fundamental solutions 

for the present problem. 

In the usual way, we now assume that u can be expressed as a linear combination of the 
fundamental solutions; that is, 

u(r,@) = 2 + 5) r” (cy cos (nd) + ky sin (n8)). (35) 
n=1 

The boundary condition (19) then requires that 

oo 

Co n : u(a,@)= > + >) a” (cy cos (n6) + k, sin (n@)) = f (6) (36) 
n=1 

for 0 < @ < 27. The function f may be extended outside this interval so that it is periodic with 

period 27 and therefore has a Fourier series of the form (36). Since the extended function 

has period 277, we may compute its Fourier coefficients by integrating over any period of 

the function. In particular, it is convenient to use the original interval (0, 27r); then 

270 

aon = Z| f(@) cos(nd)d8, = 01,2, G7) 
0 

1 270 

chy = 2 f(@) sin(n6)d9, n=1,2,.. (38) 
0 

With this choice of the coefficients, equation (35) represents the solution of the boundary 

value problem of equations (19) and (20). Note that in this problem we needed both sine 

and cosine terms in the solution. This is because the boundary data were given on 0 < 0 < 

2n and have period 27. As a consequence, the full Fourier series is required, rather than 

sine or cosine terms alone. 

Problems 

1. a. Find the solution u(x, y) of Laplace’s equation in the rectan- c. © For a = 3 and b = 1, plot u versus x for several values 

gle0<x<a,0<y<b, that satisfies the boundary conditions of y and also plot u versus y for several values of x. (Use 

enough terms in the Fourier series to accurately approximate 

u(0,y)=0, u(a,y) =0, Ovid; the nonhomogeneous boundary condition.) 

u(%,0)=0, u@,b)=g(), 0<x <a. d. © Plot u versus both x and y in three dimensions. Also draw 

a contour plot showing several level curves of u(x, y) in the 

b. Find the solution if xy-plane. 

Ks 0 <x <a/2, 

s@=]e a/2<x<a 



2. Find the solution u (x, y). of Laplace’s equation in the rectangle 

0 <x < 3,0 <y <2, that satisfies the boundary conditions 

HMEZOSO, WE ANad, O<we<s 

u(0,y)=0, u3,y)=f), 0<y <2, 

where 

3. a. Find the solution u (x, y) of Laplace’s equation in the rectan- 

gle0<x<a,0<y<b, that satisfies the boundary conditions 

u (0, y) = 0, 
CEO) = lA(Ce), 

0<y<b, 

OFG<Gas 

u(a,y) = f(y), 
ViKes(o) =O. 

Hint: Consider the possibility of adding the solutions of 

two problems, one with homogeneous boundary conditions 

except for u(a, y) = f(y), and the other with homogeneous 

boundary conditions except for u(x, 0) = h(x). 

b. Find the solution if h(x) = (x/a)* and f (vy) =1-—y/b. 

c. © Let a = 2 and b = 2. Plot the solution in several ways: u 

versus x (for a uniform sample of y values), u versus y (for 

a uniform sample of x values), u versus both x and y, and a 

contour plot. 

. Show how to find the solution u(x, y) of Laplace’s equation in 

the rectangle 0 < x < a, 0 < y < b, that satisfies the boundary 

conditions 

u(0,y) =k), 
UC) = 1HE3) 

u(a,y)=fQ), 
u(x, b) = g(x), 

0<y<b, 

(N38 <0h, 

Hint: See Problem 3. 

. Find the solution u(r, @) of Laplace’s equation 

1 1 
Ure + Ur + Ugo = 0, P= Ch (Nel) <— ye, 

outside the circle r = a, that satisfies the boundary condition 

u(a,@) = f (@), 0<@<2z, 

on the circle. Assume that u(r, @) is single-valued and bounded 

forr>a. 

6. a. Find the solution u(r, @) of Laplace’s equation in the semi- 

circular region r < a, 0 < 6 < 7,, that satisfies the boundary 

conditions 

HAO) 0) 

u(a,0) = f (8), 

VCR GSO 

OSC 7r. 

Oia—<aa, 

Assume that u is single-valued and bounded in the given 

region. 

b. Find the solution if f (@) = 6 (z — 6). 

c. Let a = 3 and plot the solution in several ways: u versus r, 

u versus @, u versus both r and @, and a contour plot. 

the 

10. 
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a. Find the solution u(x, y) of Laplace’s equation in the semi- 

infinite strip 0 < x < a, y > 0, that satisfies the boundary 

conditions 

u(0,y)=0, u(a,y)=0, y>0O, 
HELO) = 7 (C8), OS Se 

and the additional condition that ua y) ~ 0 as y > o. 

b. Find the solution if f (x) =x(a— x). 

c. @ Let a = 4. Find the smallest value of y) for which u (% y) < 

0.1 for all y > yo. 

a. Find the solution u (x, y) of Laplace’s equation in the semi- 

infinite strip 0 < x < 2, y > 0, that satisfies the boundary 

conditions 

u(0,y)=0, u(2,y)=0, y>0, 

WEE OSs(@—= 59), Ox se< 4 

and the additional condition that u(x, y) > 0as y > oo. 

b. Find the solution if f (x) = x(a — x). 

c. @ Let a=5. Find the smallest value of yy for which u(x, y) < 

0.1 for all y > yo. 

. Show that equation (24) has periodic solutions only if A is real. 

Hint: Let A = —y*, where uw = v + io with v and ¢ real. 

Consider the problem of finding a solution u(x, y) of Laplace’s 

equation in the rectangle 0 < x < a, 0 < y < b, that satisfies the 

boundary conditions 

Ux (0, y) = 0, 0<y<b, 

Uy (x,0) = 0, 

ux (a,y) = f (Y), 

Uy (x, b) = 0, Oxia 

This is an example of a Neumann problem. 

a. Show that Laplace’s equation and the homogeneous bound- 

ary conditions determine the fundamental set of solutions 

Uo (X,Y) = Co, 

Un (X,Y) = Cy cosh (“F*) cos (=), W152; Syne 

b. By superposing the fundamental solutions of part (a), for- 

mally determine a function u satisfying the nonhomoge- 

neous boundary condition u, (a, y) = f (y). Note that when 

Ux (a, y) is calculated, the constant term in u(x, y) is elim- 

inated, and there is no condition from which to determine 

Co. Furthermore, it must be possible to express f by means of 

a Fourier cosine series of period 2b, which does not have a 

constant term. This means that 

b 

|, fonar=o 

is a necessary condition for the given problem to be solvable. 

Finally, note that cy remains arbitrary, and hence the solution 
is determined only up to this additive constant. This is a 
property of all Neumann problems. 



11. 

12. 

1 

14. 

15. 

Find a solution u(r, @) of Laplace’s equation inside the circle 
r = a that satisfies the boundary condition on the circle 

UG) =s91(6) an 00 < O77. 

Note that this is a Neumann problem and that its solution is 

determined only up to an arbitrary additive constant. State a 

necessary condition on g(@) for this problem to be solvable by 

the method of separation of variables (see Problem 10). 

a. Find the solution u(x, y) of Laplace’s equation in the rectan- 

gle0<x<a,0<y<b, that satisfies the boundary conditions 

2E(Osy) = 105 

Uy (x, 0) = 0, 

u(a, y) = 0, 

u(x, b) = g(x), 

O<jy <b; 

OES .2' SS, Co), 

Note that this is neither a Dirichlet nor a Neumann problem, 

but a mixed problem in which u is prescribed on part of the 

boundary and its normal derivative on the rest. 

b. Find the solution if 

x, OS 072) 

a-x, 
g)=| 

c. @Leta=4andb=1. By drawing suitable plots, compare 

this solution with the solution of Problem 1. 

a. Find the solution u (x, y) of Laplace’s equation in the rectan- 

gle0<x<a,0<y<b, that satisfies the boundary conditions 

me (Ory) =O} 

1 (XO) = 05 

u(a,y)=f 0), 

Uy (x, b) = 0, 

Orayr<op; 

ON YS a 

Hint: Eventually, it will be necessary to expand f(y) in a series 

that makes use of the functions sin (zy/2b), sin (37ty/2b), 

sin (5zry/2b), ... . 

b. Find the solution if f(y) = y(2b — y). 

c. @ Let a = 6 and b = 4; plot the solution in several ways. 

a. Find the solution u(x,y) of Laplace’s equation in the 

rectangle 0 < x < 3,0 < y < 2, that satisfies the boundary 

conditions 

ux (0,y)=0, ux (3,y)=0, O<y <2, 

u(x,0)=0, u(x,2)=14+x2(x-3), 0<x <3. 

b. Find the solution if g(x) = 1+x?(x - a)’. 

CG Let a = 3 and b = 2; plot several different views of the 

solution. 

Show that Laplace’s equation in polar coordinates is 

jeipat wd) =0 ie Ua Se Na 2 : 

Hint: Use x = r cos(@) and y = r sin (@) and the chain rule. 

16. 

17. 

18. 

19. 
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Show that Laplace’s equation in cylindrical coordinates is 

1 I 
UF ph pur oF 72 406 + uz, = 0. 

Hint: Usex = r cos(@), y=r sin (@), z = z and the chain rule. 

Show that Laplace’s equation in spherical coordinates is 

cot(p) P 1 
Uoo =P pe ate y2 “66 aia oD) +Uge + ¢ = 9. 

(2 sin? ) 

Hint: use x = e sin(¢) cos (9), y = ep sin (¢) sin @), z = p cos(¢), 

and the chain rule. 

a. Laplace’s equation in cylindrical coordinates was found in 

Problem 15 Show that axially symmetric solutions (i.e., 

solutions that do not depend on @) satisfy 

il 
Upy + pur + uz, = 0. 

b. Assuming that u(r, z) = R(r)Z(z), show that R and Z satisfy 

the equations 

rR" +R'+A*rR=0, Z"” —A2Z =0. 

Note: The equation for R is Bessel’s equation of order zero 

with independent variable Ar. 

Flow in an Aquifer. Consider the flow of water in a porous 

medium, such as sand, in an aquifer. The flow is driven by the 

hydraulic head, a measure of the potential energy of the water 

above the aquifer. Let R:0 < x < 3,0 < z < 2 bea vertical 

section of an aquifer. In a uniform, homogeneous medium, the 

hydraulic head u (x, z) satisfies Laplace’s equation 

Uxy +Uzz =0 in R (39) 

If water cannot flow through the sides and bottom of R, then the 

boundary conditions there are 

Pie Oy) SOs Die, 2) SO, WS Ae (40) 

Uy (0) = 0 ORba<3i (41) 

Finally, suppose that the boundary condition at z = 2 is 

NCP) Ace Cor. (<< ae << 3) (42) 

where @ is the slope of the water table. 

a. Solve the given boundary value problem for u (x, z). 

b. © Let a = 1000, b = 500, and @ = 0.1. Draw a contour plot of 

the solution in R; that is, plot some level curves of u (x, Z). 

(i. Water flows along paths in R that are orthogonal to the 

level curves of u(x, z) in the direction of decreasing u. Plot 

some of the flow paths. 
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Concept Questions 

C10.1. 

C10.2. 

C10.3. 

C10.4. 

C10.5. 

C10.6. 

C10.7. 

C10.8. 

C10.9. 

C10.10. 

C10.11. 

C10.12. 

C10.13. 

C10.14. 

C10.15. 

C10.16. 

C10.17. 

C10.18. 

C10.19. 

C10.20. 

Answers to Concept Questions 

C10.1. 

C10.2. 

C10.3. 

What is a fundamental difference between homogeneous 

initial value problems for a second-order linear differential 

equation and a homogeneous boundary value problem for 

a second-order linear differential equation? (Assume the 

coefficients are continuous functions, or even constants.) 

How does one find the eigenvalues and eigenfunctions for 

a given boundary value problem (for a second-order linear 

differential equation)? 

What assumptions do we make to consider the three cases: 

A>0,A=0,andd < 0? 

What is the fundamental difference between a Taylor series 

and a Fourier series? 

What does it mean for two functions to be orthogonal on an 

interval? (Answer with words and complete sentences and 

no notation.) 

What are even and odd functions? 

What are integral properties of even and odd functions 

permit to simplify the Euler-Fourier formulas? 

Define Parseval’s identity. * 

What are the assumptions of the Fourier Convergence 

Theorem (Theorem 10.3.1)? 

When does the Fourier series of a function f (x) converge 

to f (x)? 

When does the Fourier series of a function f (x) not con- 

verge to f (x)? What does it converge to in these cases? 

Write the diffusion equation in the cylindrical coordinate 

system. 

Write diffusion equation in spherical coordinates. 

What is Laplace equation in cylindrical coordinates? 

Depict Laplace equation in spherical coordinates. 

What is the even periodic extension of f (x)? 

What is the odd periodic extension of f (x)? 

What do you mean by the fundamental period of a function? 

Write the orthogonality condition for two functions defined 

on an interval. 

What can you say about the Fourier series convergence of a 

function f? 

While the initial value problem will have only the trivial 

solution (y = 0), the boundary value problem could have 

an infinite number of nontrivial solutions. 

Typically, we consider three cases: A > 0,A = 0, and 

A < 0. In each case we are looking for nontrivial solutions. 

Most values of A will probably have only trivial solutions. 

Eigenvalues are the values of A that do have nontrivial 

solutions, and the solutions for these values of A are the 

corresponding eigenfunctions. 

For positive values, consider 2 = «? where 4 > 0. For 

negative values, consider A = —u? where u = 0. The case 

with A = 0 is simple: just plug in A = 0. 

C10.21. 

C10.22. 

C10.23. 

C10.24, 

C10.25. 

C10.26. 

C10.27. 

C10.28. 

C10.29. 

C10.30. 

C10.31. 

C10.32. 

C10.33. 

C10.34. 

C10.4. 

C10.5. 

C10.6. 

When the method of separation of variables is to be used for 

a heat conduction problem, what is the assumed form of the 

solution? 

When separation of variables is applied to a heat conduction 

problem with fixed temperatures at the ends of the bar, 

explain (in words) the type of problem obtained for each 

variable. 

Once separated, which problem should be solved first? 

Why? How is the general solution heat conduction problem 

obtained? 

How is the initial temperature utilized in solution process? 

What basic assumption makes the original heat conduction 

problem easily solvable but is overly restrictive from a prac- 

tical perspecive? 

What “other” types of heat conduction problems are consid- 

ered? Howare they different but still solvable by the method 

discussed previously? 

How does the wave equation differ from the heat equation? 

How are they similar? 

Explain the principle of superposition in the context of a 

wave equation. 

Laplace’s equation is like the heat and wave equations in 

that it involves two independent variables. But it is the first 

partial differential equation considered without time as one 

of the variables. What replaces the initial conditions in the 

heat and wave equation? 

What are the most common types of boundary conditions 

used in boundary value problems for Laplace’s equation? 

What is Laplace’s equation in polar coordinates? 

When a Dirichlet condition on the boundary of a circular 

domain appears, what extra condition is needed to ensure a 

continuous solution? 

What assumption is made about solutions u(r,@) that 

is needed to find the eigenvalues and eigenfunctions of 

Laplace’s equation in polar coordinates? 

Explain how you would use the principle of superposition 

to solve the Dirichlet problem for Laplace’s equation on a 

rectangle. 

The terms in a Taylor (or Maclaurin) series involve different 

powers of (x — a) (or of x) and Fourier series involve sines 

and cosines with different periods. 

Two functions are orthogonal on an interval when their 
inner product on that interval is zero. For functions, this 
inner product is the definite integral of the product of the 
two functions over the interval. 

A function f is an even function if its domain contains 
the point —x whenever it contains the point x, that is, 
f (—x) = f (x) for each x in the domain. A function f is an 
odd function if its domain contains the point —x whenever 
it contains the point x, that is, f (—x) = —f (x) for each x 
in the domain. 
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The integral properties is 

L L 
gs 2] f(x)dx, f isan even function, [Sear i 

0, f is an odd function. 

The relation 

| ceorar= 24 
n=1 

between a function f and its Fourier coefficients is known 

as Parseval’s identity. 

The function, f (x), and its derivative, f’ (x), are assumed 

to be piecewise continuous on [-L,L]. Also, f(x) is 

assumed to be periodic with period 2L. 

The Fourier series of a function f (x) converges to f (x) at 

all points x where f (x) is continuous. 

When f (x) is discontinuous at a point, its Fourier series 

does not converge to f (x). Instead, it converges to the aver- 

age of the limits of f (x) at the discontinuity from the left 
‘ 1 : 

and from the right: 51 (f (x*) + f (x7)). (In fact, the Fourier 

series always converges to the average of the values from the 

left and from the right; when the function is continuous, 

these two limits are equal and their average is just f (x).) 

In cylindrical coordinates (r, 6, z), the diffusion equation is 

DigeeD el Otel or OT 
a dt Or2  rd@r- r2062 ° Qz2’ 

where T = T(r, 6, z, t). 

In the spherical coordinate system (r,6,¢), the diffusion 

equation can be written as 

Or |, 297 sang a (sine) + jot 
6r2  r Or r2sin@ 06 ele) r2 sin? 6 O¢? 

_ ler 
7 aor 

where T = T(r, 9, 9, t). 

The Laplace equation in cylindrical coordinates has the 

form 

1 1 Dine Be = = VU = Upp + 7 Ur + 77 Hee + Use 0, 

where u = u(r, 0, Z). 

The Laplace equation in spherical coordinates has the form 

0 (_,dul 1 0 (.. du 1 ou Pi yep teva hp eda — SS a nt Ys sdive cei ( aia 06 (sino 55) + a5 58 

where u = u(r, 6, d). 

The even periodic extension of f (x) is defined to be f (x) on 

[0,L], and f (—x) on [-L, L].f Then it is defined for all other 

x so that it is periodic with period 2L: f (x + 2L) = f (x). 

The odd periodic extension of f (x) is defined to be f (x) 

on [0,L], and —f (—x) on [-L, L] .f Then it is defined for all 

other x so that it is periodic with period 2L: f (x + 2L) = 

f (x). It is also customary to impose f (x) = 0 at x = 0 and 

x = L (and hence also at x = —L.) 

C10.18. 

C10.19. 
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A function f is said to be periodic with period T > 0 if the 

domain of f contains x + T whenever it contains x, that is, 

f(x+T) = f (x), for every value of x. The smallest value 

of T for which the equation satisfies is called a fundamental 

period of function f. 

The functions f and g are said to be orthogonal on a < 

x < £ if their inner product is zero, that is, if f : f@) 

g(x)dx =0. 

The Fourier series converges to f (x) at all points where 

f (x) is continuous, and it converges to 5 Cf (xt) +f (x7)) 

at all points where f is discontinuous. 

It is assumed that solutions are of the form u(x,t) = 

X (x)T (t). 

The problem for the spatial variable (x) is a two-point 

boundary value problem for a second-order linear differen- 

tial equation. The problem for the temporal variable (ft) is 

an initial value problem for a first-order linear differential 

equation. 

The second-order two-point boundary value problem for 

X (x) should be solved first. Finding nontrivial solutions 

for this problem yields an infinite collection of (positive) 

eigenvalues and corresponding eigenfunctions. Then, the 

first-order initial value problems for T (t) can be solved for 

each eigenvalue. Multiplying the corresponding X,, (x) and 

Ty (t) yields a fundamental solution u, (x, t) = X, (x) T, (0) 

LOLCAC HN lwo eee 

The general solution is a linear combination of the fun- 

damental solutions: u (x,t) = etx Crur (Oost): 

The initial temperature is the last piece of information used. 

When the general solution is evaluated at t = 0, the result is 

a Fourier sine series that is supposed to agree with the initial 

temperature on [0, L]. Thus, the coefficients in the general 

solution must be the coefficients in the Fourier sine series 

for the initial temperature. 

The original heat conduction problem assumed the temper- 

ature at both ends of the bar was held fixed at a temperature 

of 0 (in the appropriate unit system). This is not a very 

realistic or practical assumption. Mathematically, it was 

convenient in that it produced a two-point boundary value 

problem with homogeneous boundary conditions. 

When the temperatures at both ends are constant, but not 

necessarily 0, then it is necessary to identify the steady-state 

solution. Then the transient solution will satisfy a initial- 

boundary value problem with homogeneous boundary 

conditions. 

If other boundary conditions are applied at the end, 

either insulated ends or more general boundary conditions 

involving both the temperature and flux at the endpoint, 

then the eigenvalues and eigenfunctions will be different, 

but the overall solution method is unchanged. (And if these 

boundary conditions are not homogeneous, it is still nec- 

essary to find the steady-state solution and then find the 

appropriate problem solved by the transient solution.) 

The wave and heat equations are both second-order partial 

differential equations. While the heat equation is first order 

in time, the wave equation is second order in time. For this 

reason it is necessary to provide both the initial displace- 

ment and the initial velocity for the wave equation (but just 

the initial temperature for the heat equation). 
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When the method of separation of variables is applied, 

both equations involve exactly the same second-order two- 

point boundary value problem, so both have the same eigen- 

values and eigenfunctions. But the initial value problems 

for the time variable are different. This problem for the heat 

equation is first order, and the corresponding time equation 

for the wave equation is second order. 

Once the fundamental solutions are combined to form 

the general solution, the application of the initial conditions 

proceeds in the same manner for both equations. The main 

difference here is that the initial displacement has to be 

represented as a Fourier cosine series and the initial velocity 

has to be represented as a Fourier sine series. 

The linearity of the boundary value problem for the wave 

equation allows the solution to be found by breaking the 

problem into two (simpler) pieces. They are simpler prob- 

lems because each problem has only one nonhomoge- 

neous term. Instead of dealing with both initial conditions, 

u(x,0) = f (x) and u; (x,0) = g(x), simultaneously, solve 

the problem with initial conditions u(x,0) = f (x) and 

u; (x, 0) = 0, then solve the problem with initial conditions 

u(x, 0) = Oand u; (x, 0) = g(x), and add the two solutions. 

In this case, only two initial conditions, it might seem 

we are making too much of a deal about the principle 

of superposition. This will become more important in 

problems with more nonhomogeneous terms (as will be 

seen when we consider Laplace’s equation). 

Instead of a combination of initial and boundary conditions, 

the problems for Laplace’s equation involve only boundary 

conditions: one on each part of the boundary. When the 

domain is a rectangle, one condition will be specified on 

each of the four sides of the rectangle. (The specific form 

of these boundary conditions can vary for different types of 

problems.) 

Boundary conditions that specify the value of the solution 

on a portion of the boundary are called Dirichlet conditions. 

Boundary conditions that specify the normal derivative 

of the solution on a portion of the boundary are called 

Neumann conditions. In some settings both types of con- 

ditions can appear. (The existence and uniqueness theory 

for Laplace’s equation depend critically on the shape of the 

domain and on the boundary conditions applied. While the 

details are beyond the scope of this course, it should be 

remembered.) 

C10.31. 

C10.32. 

C10.33. 
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The change of coordinates x = rcos(@), y = rsin (@), 

converts Laplace’s equation ux, + Uyy = 0 on the circle 

x? + y? < a? into uy, + “U + SUes = 0 on the polar 

rectangle 0 <r<a,0 <6 < 2z. 

In polar coordinates, a Dirichlet boundary condition 

appears as u(a,@) = f (@) for0 < @ < 27 where f (0) = 

f 27). 

The appearance of the singularities in the coefficients of u, 

and ugg can allow there to be solutions that are unbounded 

at r = 0. To eliminate these from consideration, we require 

that all solutions remain bounded for r < a. 

In words, the idea is to consider the four problems in 

which exactly one of the four sides has a nonzero boundary 

condition. This will cause most of the coefficients to be 

zero, which simplifies the solution of each problem. Then, 

adding these four solutions together will provide the general 

solution of the full Dirichlet problem. 

In equations, suppose we have u,, +Uyy =Oind<x< 

a, 0 < y < b, with boundary conditions u(x,0) = f (x) 

and u(x,b) = g(x) for0 < x < aandu(0,y) = h(y) and 

u(a,y) = k(y) for0 < y < b. The principle of superposition 

says to solve Laplace’s equation in that rectangle with the 

following four sets of Dirichlet conditions: 

(CO) HELO) Ss Eas Calo) = Om) <<  — wraiirel 

u(0,y) =0,u(a,y)=O0on0<y<b, 

(Ci) PKESO) 3 05 CEA) =) (C9) On W Kee << Aine! 

u(0,y) = 0,u(a,y)=Oon0<y<b, 

(iii) u(x,0) = 0,u(x,b) = 00n0 < x < aandu(0,y) = 

h(y), u(a,y) =Oon0<y<b, 

(iv) u(x, 0) = 0,u(x,b) = 0on0 <x <aandu(0,y) = 0, 

u(a,y)=k(y)on0<y<pb. 

Then, the sum of these four solutions is the general solution 

of the full problem. (Note that if f (x), g(x), h(y), or k (y) 

happens to be zero, then the solution to the corresponding 

problem is u(x, y) = 0, so no work needs to expended to 

solve that part of the problem.) 
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Derivation of the Heat Conduction Equation In this section we derive the linear partial 
differential equation that, to a first approximation at least, governs the conduction of heat in 
solids. It is important to understand that the mathematical analysis of a physical situation 
or process such as this ultimately rests on a foundation of empirical knowledge of the 
phenomenon involved. The mathematician must have a place to start, so to speak, and this 
place is furnished by experience. 

Consider a uniform rod insulated on the lateral surfaces so that heat can flow only in the 
axial direction. It has been demonstrated many times that if two parallel cross sections of 
the same area A and different temperatures T, and T2, respectively, are separated by a small 
distance d, an amount of heat per unit time will pass from the warmer section to the cooler 

one. Moreover, this amount of heat is proportional to the area A and to the temperature 

difference |T, — T,| and is inversely proportional to the separation distance d. Thus 

wit A |T> — 
Amount of heat per unit time = ces (1) 

where the positive proportionality factor x is called the thermal conductivity and depends 

primarily on the material! of the rod. The relation (1) is often called Fourier’s law of heat 

conduction. We repeat that equation (1) is an empirical, not a theoretical, result and that it 

can be, and often has been, verified by careful experiment. It is the basis of the mathematical 

theory of heat conduction. 

Now consider a straight rod of uniform cross section and homogeneous material, 

oriented so that the x-axis lies along the axis of the rod (see Figure 10.A.1). Let x = 0 and 

x = L designate the ends of the bar. 

H =-xAu, —/ +f H =xAu, 

X=Xo x= Xo + Ax 

tee saaue ees Conduction of heat in an 

element of a rod. 

We will assume that the sides of the bar are perfectly insulated so that there is no passage 

of heat through them. We will also assume that the temperature u depends only on the 

axial position x and the time ¢, and not on the lateral coordinates y and z. In other words, 

we assume that the temperature remains constant on any cross section of the bar. This 

assumption is usually satisfactory for thin rods, that is, rods where the lateral dimensions 

of the rod are small compared to its length. 
The differential equation governing the temperature in the bar is an expression of a 

fundamental physical balance; the rate at which heat flows into any portion of the bar 

is equal to the rate at which heat is absorbed in that portion of the bar. The terms in the 

equation are called the flux (flow) term and the absorption term, respectively. 

We will first calculate the flux term. Consider an element of the bar lying between 

the cross sections x = x) and x = Xp + Ax, where xp is arbitrary and Ax is small. The 

NN TF 

14 actually, x also depends on the temperature, but if the temperature range is not too great, it is satisfactory 

to assume that « is independent of temperature. 
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instantaneous rate of heat transfer H (xo, t) from left to right across the cross section 

X = Xp is given by 

VOB u(Xp9 + d/2,t) — u (Xp — d/2, t) 
H (x,t) = — jim KA 7 (2) 

= —KAU, (Xo,¢). 

The minus sign appears in this equation because there will be a positive flow of heat from 

left to right only if the temperature is greater to the left of x = xo than to the right; in this 

case U,(Xq, t) is negative. In a similar manner, the rate at which heat passes from left to right 

through the nearby cross section x = Xp + Ax is given by 

H (xp + Ax, t) = —KAu, (Xo + Ax, t). (3) 

The net rate at which heat flows into the segment of the bar between x = Xp) and X = Xp + 

Ax is thus given by 

Q = (Xo, t) ic, A (Xo ape Ae t) =KA (ux (Xo ur Ax, t) mle (Xo; t)), (4) 

and the amount of heat entering this bar element in a short time interval of length At is 

QAt = KA (Uy, (Xp + Ax, t) — Ux (Xo, £)) At. (5) 

Let us now calculate the absorption term. The average change in temperature Au, in 

the time interval At, is proportional to the amount of heat QAt introduced and is inversely 

proportional to the mass Am of the segment. Since the rod is assumed to be homogeneous, 

with density o and cross-sectional area A, the mass of the segment between Xp and xp + Ax 

is Am = pAAx. Thus 

A = 
4 = sam spAAx’ 

where the constant of proportionality s is known as the specific heat of the material of the 

bar.!° The average temperature change Au in the bar element under consideration is the 

actual temperature change at some intermediate point x = x) + @Ax, where 0 < 6 < 1. Thus 

equation (6) can be written as 

At 
+ OAx,t + At) — = Q u (Xo x,t + At) — u(Xp + OAx, t) Pe: (7) 

or as 

QAt = (u(Xo + OAx, t + At) — u(x + OAXx, t)) SOAAX. (8) 

To balance the flux and absorption terms, we equate the two expressions for QAt: 

KA (ux (Xo + Ax, t) — Uy (Xp, t)) At = seA (u(x + OAx, t + At) —u (Xo + OAx, t)) Ax. 

(9) 

Upon dividing equation (9) by spAAxAt, we obtain 

K Ux (Xp + Ax, t) — Ux (X,t) _ U(X + OAx, t + At) — u(xp + OAx, t) 
rye) AX - At 

er ee es ee ee a 

‘The dependence of the density and specific heat on temperature is relatively small and will be neglected. 
Thus both p and s will be considered as constants. 
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Now, letting Ax > 0 and At — 0 leads us to the heat conduction or diffusion equation 

Ct EU, (10) 

where the quantity a defined by 

ae = (11) 

is called the thermal diffusivity and is a parameter that depends only on the material of 
the bar. The units of «? are (length)?/time. Typical values of «? are given in Table 10.5.1. 

Several relatively simple conditions may be imposed at the ends of the bar. For example, 

the temperature at an end may be maintained at some constant value T. This might be 

accomplished by placing the end of the bar in thermal contact with some reservoir of 

sufficient size so that any heat that flows between the bar and the reservoir does not 

appreciably alter the temperature of the reservoir. At an end where this is done, the 

boundary condition is 

u=T. (12) 

Another simple boundary condition occurs if the end is insulated so that no heat passes 

through it. The amount of heat crossing the cross section of the bar at x = X is given 

by expression (2): —xAu,(X, t). At an insulated end, no heat crosses the boundary. The 

boundary condition that enforces an insulated end is 

= 0, (13) 

A more general type of boundary condition occurs if the rate of flow of heat through an 

end of the bar is proportional to the temperature there. Let us consider the end x = 0, where 

the rate of flow of heat from left to right is given by —xAu,,.(0, t); see equation (2). Hence the 

rate of heat flow out of the bar (from right to left) at x = 0 is xAu,(0, t). If this quantity is 

proportional to the temperature u(0, t), then we obtain the boundary condition 

u, (0,t) -—hu(0,t)=0, t>O0, (14) 

where h, is a nonnegative constant of proportionality. Note that h; = 0 corresponds to an 

insulated end and that h, — co corresponds to an end held at zero temperature. 

If heat flow is taking place at the right end of the bar (x = L), then in a similar way we 

obtain the boundary condition 

uy (L,t) + hou(L,t)=0, t>0, (15) 

where again h, is a nonnegative constant of proportionality. 

Finally, to determine completely the flow of heat in the bar, it is necessary to state the 

temperature distribution at one fixed instant, usually taken as the initial time ¢ = 0. This 

initial condition is of the form 

WC Oy) Ge Ok < L, (16) 

The problem then is to determine the solution of the differential equation (10) subject 

to one of the boundary conditions (12) to (15) at each end and to the initial condition (16) 

ath; 

Several generalizations of the heat equation (10) also occur in practice. First, the bar 

material may be nonuniform and the cross section may not be constant along the length of 

the bar, In this case, the parameters x, e, s, and A may depend on the axial variable x. Going 
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back to equation (2), we see that the rate of heat transfer from left to right across the cross 

section at x = Xp is now given by 

H (X9,t) = —K (Xo) A (Xo) Ux (Xo; ¢) (17) 

with a similar expression for H(xp + Ax, t). If we introduce these quantities into equation 

(4) and eventually into equation (9), and proceed as before, we obtain the partial differential 

equation 

(xAUux), = SPAUz. (18) 

We will usually write equation (18) in the form 

r(x)uz = (p(X) ux), » (19) 

where p(x) = «(x)A(x) and r(x) = s(x)e(x)A(x). Note that both of these quantities are 

intrinsically positive. 
A second generalization occurs if there are other ways in which heat enters or leaves the 

bar. Suppose that there is a source that adds heat to the bar at a rate G (x, t, uv) per unit time 

per unit length, where G(x, t, u) > 0. In this case we must add the term G(x, t, u)AxAt to 

the left-hand side of equation (9), and this leads to the differential equation 

r(x) Uy = (p(x) ux), + §(%,t,u). (20) 

If G(x, t, u) < 0, then we speak of a sink that removes heat from the bar at the rate G(x, t, 

u) per unit time per unit length. To make the problem tractable, we must restrict the form 

of the function G. In particular, we assume that G is linear in u and that the coefficient of u 

does not depend on t. Thus we write 

8 (x,t,u) = f(x, t)-q(x)u. (21) 

The minus sign in equation (21) has been introduced so that certain equations that appear 

later will have their customary forms. Substituting from equation (21) into equation (20), 

we obtain 

r(x) up = (p(x) ux), —a(x)ut f (x,t). (22) 

This equation is sometimes called the generalized heat conduction equation. Boundary 

value problems for equation (22) will be discussed to some extent in Chapter 11. 

Finally, if instead of a one-dimensional bar, we consider a body with more than one 

significant space dimension, then the temperature is a function of two or three space 

coordinates rather than of x alone. Considerations similar to those leading to equation (10) 
can be employed to derive the heat conduction equation in two dimensions 

or in three dimensions 

2 = A? (Uxy + Uyy + Uzz) = Uy. (24) 

The boundary conditions corresponding to equations (12) and (13) for multidimensional 
problems correspond to a prescribed temperature distribution on the boundary, or to an 
insulated boundary. Similarly, the initial temperature distribution will, in general, be a 
function of x and y for equation (23) and a function of x, y, and z for equation (24). 
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Derivation of the Wave Equation In this appendix we derive the wave equation in one 
space dimension as it applies to the transverse vibrations of an elastic string or cable; the 
elastic string may be thought of as a guitar string, a guy wire, or possibly an electric power 
line. The same equation, however, with the variables properly interpreted, occurs in many 
other wave problems having only one significant space variable. 

Consider a perfectly flexible elastic string stretched tightly between supports fixed at 
the same horizontal level (see Figure 10.B.1(a)). Let the x-axis lie along the string with the 

endpoints located atx = 0 andx = L. If the string is set in motion at some initial time t = 0 (for 

example, by plucking) and is thereafter left undisturbed, it will vibrate freely in a vertical 

plane, provided that damping effects, such as air resistance, are neglected. To determine 

the differential equation governing this motion, we will consider the forces acting on a 

small element of the string of length Ax lying between the points x and x + Ax (see Figure 

10.B.1(b)). We assume that the motion of the string is small and that, as a consequence, 

each point on the string moves solely in a vertical line. We denote by u(x, ft) the vertical 

displacement of the point x at the time ft. Let the tension in the string, which always acts in 

the tangential direction, be denoted by T (x, t), and let e denote the mass per unit length of 

the string. 

T(x + Ax, t) 

6 + A@ 

u | 
fh c | 

satel ta 0 | 

= eR 2 | : 
INES 1) | 

x= O by ia iE | : 

| | 

x x x + Ax 

(a) (bd) 

m9 V=T (sin@) 

aie H = T(cos @) 

(c) 

(a) An elastic string under tension. (b) An element of the displaced string. 
(c) Resolution of the tension T into components. 

Newton’s law, as it applies to the element Ax of the string, states that the net external 

force, due to the tension at the ends of the element, must be equal to the product of the 

mass of the element and the acceleration of its mass center. Since there is no horizontal 

acceleration, the horizontal components must satisfy 

T (x + Ax, t) cos (@ + A@) — T (x,t) cos (9) = 0. (1) 

If we denote the horizontal component of the tension (see Figure 10.B.1(c)) by H, then 

equation (1) states that H is independent of x. 

On the other hand, the vertical components satisfy 

T (x + Ax,t) sin(@ + A@)—T (x,t) sin(@) = pAxuy; (x,t), (2) 
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where x is the coordinate of the center of mass of the element of the string under 

consideration. Clearly, x lies in the interval x < x < x + Ax. The weight of the string, 

which acts vertically downward, is assumed to be negligible and has been neglected in 

equation (2). 

Let the vertical component of T be denoted by V; then equation (2) can be written as 

V (x + Ax, t) -V(,t) 

Ax 
eb ahlby | athe 

Passing to the limit as Ax — 0 gives 

Va (x,t) = purge (x,t). (3) 

To express equation (3) entirely in terms of u, we note that 

V.@, t)= H(t)tan(@) =F @) up). 

Hence equation (3) becomes 

(Hux), = Pures 

or, since H is independent of x, 

Auyy = pure. (4) 

For small motions of the string, the angle theta is small, and H = T cos(@) is accurately 

approximated by T. Then equation (4) takes its customary form 

Oley = Utt, (5) 

where 

ih 2 af =-. (6) 
p 

We will assume further that a’ is a constant, although this is not required in our deriva- 

tion, even for small motions. Equation (5) is called the wave equation for one space 

dimension. Since T has the dimension of force, and p that of mass/length, it follows that 

the constant a has the dimension of velocity. It is possible to identify a as the velocity with 

which a small disturbance (wave) moves along the string. According to equation (6), the 

wave velocity a varies directly with the tension in the string, but inversely with the density 

of the string material. These facts are in agreement with experience. 

As in the case of the heat conduction equation, there are various generalizations of the 

wave equation (5). One important equation is known as the telegraph equation and has 

the form 

Ur +cu +ku = a2uy, +f (x, 0), (7) 

where c and k are nonnegative constants. The terms cu,, ku, and F(x, t) arise from a viscous 
damping force, an elastic restoring force, and an external force, respectively. Note the 
similarity of equation (7), except for the term a*u,,, to the equation for the spring—mass 
system derived in Section 3.7; the additional term au, arises from a consideration of 
internal elastic forces. 

The telegraph equation also governs the flow of voltage, or current, in a transmission 
line (hence its name); in this case the coefficients are related to electrical parameters in the 
line. 
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For a vibrating system with more than one significant space coordinate, it may be 
necessary to consider the wave equation in two dimensions 

a* (uyx + Uyy) = Utes 

or in three dimensions 

a? (Ux + Uyy + Uzz) = Uy. 
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BOUNDARY VALUE PROBLEMS AND 

STURM-LIOUVILLE THEORY 

As a result of separating variables in a partial differential equation in Chapter 10, we 

repeatedly encountered the differential equation 

X”"+AX =0; O<x<L 

with the boundary conditions 

X (0) = 0X (Le 0) 

This boundary value problem is the prototype of a large class of problems that are impor- 

tant in applied mathematics. These problems are known as Sturm-Liouville boundary 

value problems. In this chapter we discuss the fundamental properties of Sturm-Liouville 

problems, including existence and uniqueness of solutions; in the process we are able to 

generalize somewhat the method of separation of variables for partial differential equations. 

THE OCCURRENCE OF TWO-POINT BOUNDARY 

eh VALUE PROBLEMS 

In Chapter 10 we described the method of separation of variables as a means of solving 

certain problems involving partial differential equations. The heat conduction problem 

consisting of the partial differential equation 

uy, OK tS 0 (1) 

subject to the boundary conditions 

W055) = 0,0 by On 0 (2) 

and the initial condition 

UO) =7 ki Use oe (3) 

is typical of the problems considered there. A crucial part of the process of solving such 
problems is to find the eigenvalues and eigenfunctions of the differential equation 

AUX = Or Oe (4) 

with the boundary conditions 

X(0)=0, X(L)=0 (5) 

or perhaps 

X'(0)=0, X’(L)=0. (6) 
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The sine or cosine functions that result from solving equation (4) subject to the boundary 
conditions (5) or (6), respectively, are used to expand the initial temperature distribution 
f(x) in an appropriate Fourier series. 

In this chapter we extend and generalize the results of Chapter 10. Our main goal is to 
show how the method of separation of variables can be used to solve problems somewhat 
more general than that of equations (1), (2), and (3). We are interested in three types of 

generalizations. 

First, we wish to consider more general partial differential equations—for example, the 

equation 

r(x) up = (p(x) ux), —q(x)ut F(x,t). (7) 

This equation can arise, as indicated in Appendix A of Chapter 10, in the study of heat 

conduction in a bar of variable material properties in the presence of heat sources. If p(x) 

and r(x) are constants, and if the source terms q(x)u and F(x, t) are zero, then equation (7) 

reduces to equation (1). The partial differential equation (7) also occurs in the investigation 

of other phenomena of a diffusive character. 

A second generalization is to allow more general boundary conditions. In particular, we 

wish to consider boundary conditions of the form 

ux (0,t)—hyu(0,t)=0, ux (L,t)+hu(L,t) =0. (8) 

Such conditions occur when the rate of heat flow through an end of the bar is proportional 

to the temperature there. Usually, h; and hz are nonnegative constants, but in some cases 

they may be negative or depend on t. The boundary conditions (2) are obtained in the limit 

as h; > co and h, > oo. The other important limiting case, h, = h, = 0, gives the boundary 

conditions for insulated ends. 

The final generalization that we discuss in this chapter concerns the geometry of 

the region in which the problem is posed. The results of Chapter 10 are adequate only 

for a rather restricted class of problems, chiefly those in which the region of interest is 

rectangular or, in a few cases, circular. Later in this chapter we consider certain problems 

posed in a few other geometrical regions. 

Let us consider the equation 

r(x) Uy = (p(x) ux), — q(x) u (9) 

obtained by setting the term F(x, t) in equation (7) equal to zero. To separate the variables, 

we assume that 

Uiet) =X (xX)t ) (10) 

and substitute for u in equation (9). We obtain 

r(x)XT! = (p(x) X’) T —q(x)XT, (11) 

or, upon dividing by r(x)XT, 

iD GCSE. Oc ae 
ey) er) a ) 

We have denoted the separation constant by —A in anticipation of the fact that usually it will 

turn out to be real and negative. From equation (12) we obtain the following two ordinary 

differential equations for X and T: 

(p(x) X")' — q(x) X + Ar (x) X =0, (13) 

POAT = 0: (14) 



622 | Chapter 11 / Boundary Value Problems and Sturm-Liouville Theory 

If we substitute from equation (10) for u in equations (8) and assume that h, and hy are 

constants, then we obtain the boundary conditions 

X’ (0) —h,X (0) =0, X'(L) + hpX (L) = 0. (15) 

To proceed further we need to solve equation (13) subject to the boundary conditions 

(15). Although this is a more general linear homogeneous two-point boundary value 

problem than the problem consisting of the differential equation (4) and the boundary 

conditions (5) or (6), the solutions behave in very much the same way. For every value 

of A, the two-point boundary value problem (13), (15) has the trivial solution X(%) =A! 

For certain values of A, called eigenvalues, there are also other, nontrivial solutions called 

eigenfunctions. These eigenfunctions form the basis for series solutions of a variety of 

problems in partial differential equations, such as the generalized heat conduction equation 

(9) subject to the boundary conditions (8) and the initial condition (3). 

In this chapter we discuss some of the properties of solutions of two-point boundary 

value problems for second-order linear equations. Sometimes we consider the general linear 

homogeneous equation 

P(x)y" +Q(x)y’ + R(X) y =0, (16) 

investigated in Chapter 3. However, for most purposes it is better to discuss equations in 

which the first and second derivative terms are related as in equation (13). It is always 

possible to transform the general equation (16) so that the derivative terms appear as in 

equation (13) (see Problem 11). 

Boundary value problems with higher-order differential equations can also occur; in 

them the number of boundary conditions must equal the order of the differential equation. 

As a rule, the order of the differential equation is even, and half the boundary conditions 

are given at each end of the interval. It is also possible for a single boundary condition to 

involve values of the solution and/or its derivatives at both boundary points; for example, 

y(0)—y(L) = 0. (17) 

The following example involves one boundary condition of the form (15) and is therefore 

more complicated than the problems in Section 10.1. 

EXAMPLE 11.1.1 

Find the eigenvalues and the corresponding eigenfunctions of the boundary value problem 

y" + dy =0, (18) 

y()=0, yd)+y@)=0. (19) 

One place where this problem occurs is in the heat conduction problem in a bar of unit length. The 
boundary condition at x = 0 corresponds to a zero temperature there. The boundary condition at 
x = 1 corresponds to a rate of heat flow that is proportional to the temperature there, and units are 
chosen so that the constant of proportionality is 1 (see Appendix A of Chapter 10). 

Solution: 

The solution of the differential equation may have one of several forms, depending on A, so it is 
necessary to consider several cases. 

Case I: First, if A = 0, the general solution of the differential equation (18) is 

Y=CyX+Cp. (20) 
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The two boundary conditions (19) require that 

Cp = 0~7 2C, +(C, = 0, (21) 

respectively. The only solution of equations (21) is c} = c, = 0, so the boundary value 
problem has no nontrivial solution in this case. Hence A = 0 is not an eigenvalue. 

Case II: IfA > 0, then the general solution of the differential equation (18) is 

y =¢, sin (vax) + C) COS (Vax), (22) 

where V/A > 0. The boundary condition at x = 0 requires that c, = 0; from the boundary 
condition at x = 1 we then obtain the equation 

Cy (sin (va) +VAcos (va) = 0: 

For a nontrivial solution y we must have c, # 0, and thus 2 must satisfy 

sin (v2) + VA cos (va) ='0); (23) 

Note that if 2 is such that cos (v2) = 0, then sin (va) # 0, and equation (23) is 

not satisfied. Hence we may assume that cos CZ) # 0; dividing equation (23) by 

cos (v2), we obtain 

VA = -tan (va) (24) 

The solutions of equation (24) cannot be determined exactly; they must be approxi- 

mated numerically. They can also be estimated by sketching the graphs of f (va) = 

Va and g (va) = —tan (va) for Va > 0 on the same set of axes and identifying 

the points of intersection of the two curves (see Figure 11.1.1). The point Va = 0 

is specifically excluded from this argument because the solution (22) is valid only for 

Va # 0. Despite the fact that the curves intersect there, A = 0 is not an eigenvalue, as 

we have already shown. The first four positive solutions of equation (24) are Vay = 

2.02876, A> = 4.91318, 3 & 7.97867, and V/A, & 11.08554. Figure 11.1.1 shows 
that the roots can be approximated with reasonable accuracy by Vay & (2n—1)7/2 

for n = 5, 6, ..., the precision of this estimate improving as n increases. Hence the 

eigenvalues are 

A, = 4.11586, A, = 24.13934, Az = 63.65911, Aq, = 122.88916, 

= 1972 (25) 
An = (Galea 10 5s Once. 

4 

Finally, since c, = 0, the eigenfunction corresponding to the eigenvalue A, is 

Gn (%,An)=kysin(V4nx); n=1,2,..., (26) 

where the constant k, remains arbitrary. 

Case III: Next consider A < 0. In this case let A = —y so that yz > 0. Then equation (14) becomes 

y" — py =0, (27) 

and its general solution is 

y =¢, sinh (ux) + ¢ cosh (Vux), (28) 
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u =g(vA) 
= —tan(Va) 

| FIGURE 11.1.1 | Graphical solution of Va = —tan (va). 

where Ju > 0. Proceeding as in the previous case, we find that « must satisfy the 

equation 

Ju = —tanh(,/z). (29) 

From Figure 11.1.2 it is clear that the graphs of f (JH) = 4/m and g (Vz) r= 

— tanh (Vz) intersect only at the origin. Hence there are no positive values of Vu 

that satisfy equation (29), and hence the boundary value problem (18), (19) has no 

negative eigenvalues. 

2 

Graphical representation of \/” = —tanh (JH). 

Finally, it is necessary to consider the possibility that A may be complex. It is 
possible to show by direct calculation that the problem (18), (19) has no complex 
eigenvalues. However, in Section 11.2 we consider in more detail a large class of 
problems that includes this example. One of the things we show there is that every 
problem in this class has only real eigenvalues. Therefore, we omit the discussion of 
the nonexistence of complex eigenvalues here. Thus all the eigenvalues and eigen- 
functions of the problem (18), (19) are given by equations (25) and (26). 
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Problems 

In each of Problems 1 through 6, state whether the given boundary 
value problem is homogeneous or nonhomogeneous. 

1. y” —2xy’ +y =0,-y(0)=0, y(1) =0 
. (A +x?)y']' + 4y=0, y(0)=0, yw1)=2 
y’+4y=cosx y0)=0, y1)=0 
—y"+x’y=Ady, y'(0)—y0)=0, y’ (1) +21) =0 

. -[A+2xy'J'=Ay+2, w-l)=0, yw4)=0 

. -y’=AL+x)y, wO)=0, y'(1)+4y)=0 An PF wWwWhnd 

In each of Problems 7 through 10, assume that all eigenvalues are 

real. 

a. Determine the form of the eigenfunctions and the determinantal 

equation satisfied by the nonzero eigenvalues. 

b. Determine whether A = 0 is an eigenvalue. 

c. Find approximate values for 2, and A,, the nonzero eigenvalues 

of smallest absolute value. 

d. Estimate /,, for large values of n. 

7. y’+Ay=0, y(O)=0, y’()=0 
8 y”+Ay=0, y’(0)=0, y’'()=0 
9. y"+Ay=0, y()+y' (0) =0and y(1)+y'() =0 

10. y"+Ay=0, y(0)=0, y'(1)+yQ)=0 
11. Consider the general linear homogeneous second-order 

equation 

P(x)y"+Q(x)y' +R(x)y =0. (30) 

We seek an integrating factor u(x) such that, upon multiplying 

equation (30) by u(x), we can write the resulting equation in 

the form 

(u(x) P(x) y') +uQ)Rw)y = 0. (31) 

a. By equating coefficients of y’ in equations (30) and (31), show 

that must be a solution of 

Py’ =(Q—-P') yu. (32) 

b. Solve equation (32) and thereby show that 

1 * Q(s) 
= —— ——ds). 33 K(x) rem $6 (33) 

Compare this result with that of Problem 31 in Section 3.2. 

In each of Problems 12 through 15, use the method of Problem 11 to 

transform the given equation into the form (p(x)y’)’ + qQ)y = 0. 

12. y’+xy’ +Ay =0 (Hermite equation) 

13. x2y" + xy! + (2x? +n?) y=0 (Bessel equation) 

14. xy” +(1—x)y’+Ay=0 (Laguerre equation) 

15. x?y”+xy’+Ay=0 (Euler equation) 

16. The equation 

Uy, + cu, +ku = a?u,, + F (x,t), (34) 

where a? > 0, c > 0, and k > 0 are constants, is known as the 

telegraph equation. It arises in the study of an elastic string 

under tension (see Appendix B of Chapter 10). Equation (34) 

also occurs in other applications. Consider equation (34) with 

F(x, t) = 0. Let u(x, t) = X(x)T(0), separate variables, and derive 

ordinary differential equations for X and T. 

17. Consider the boundary value problem 

y"—4y'+(4+A)y=0, y(0)=0, y()=0. 

a. Introduce a new dependent variable u by the relation 

y = s(x)u. Determine s(x) so that the differential equation for 

u has no uw’ term. 

b. Solve the boundary value problem for u and thereby deter- 

mine the eigenvalues and eigenfunctions of the original prob- 

lem. Assume that all eigenvalues are real. 

c. Also. solve the 

introducing u). 

given problem directly (without 

18. Consider the boundary value problem 

y” +2y’+(14+9A)y=0, y(O)=0, y’(L)=0. 

a. Determine, at least approximately, the real eigenvalues 

and the corresponding eigenfunctions by proceeding as in 

Problem 17 a and b. 

b. Also solve the given problem directly (without introducing a 

new variable). 

Hint: In part a, be sure to pay attention to the boundary 

conditions as well as the differential equation. 

The differential equations in Problems 19 and 20 differ from those 

in previous problems in that the parameter A multiplies the y’ term 

as well as the y term. In each of these problems, determine the real 

eigenvalues and the corresponding eigenfunctions. 

19. y"+(1—-A)y’-Ay=0, y(O)=0, y’'G)+yQ)=0 
20. x?y”—A(xy’—y)=0, y)=0, y2)-y'@)=0 
21. Consider the problem 

y”"+Ay=0, y(0)=0, 2y’GQ)+yQ)=0. 

a. Find the determinantal equation satisfied by the positive 

eigenvalues. 

b. Show that there is an infinite sequence of such eigenvalues. 

c. Find A, and A. Then show that A, = ((2n+1) n/2)° for 

large n. 

d. Find the determinantal equation satisfied by the negative 

eigenvalues. 

e. Show that no negative eigenvalue exists. 
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22. 

23. 

24. 

Consider the problem 

y"+dy=0, y@)=0, ay’Q)+yQ)=0, 

where a is a given constant. 

a. Show that for all values of « there is an infinite sequence of 

positive eigenvalues. 

b. If a < 1, show that all (real) eigenvalues are positive. Show 

that the smallest eigenvalues approaches zero as a 

approaches 0 from below. 

c. Show that A = 0 is an eigenvalue only if a = —1. 

d. If a > 1, show that there is exactly one negative eigenvalue 

and that this eigenvalue decreases as a increases. 

Consider the problem 

y"+Ay=0, y(0)=0, yr) =0. 

Show thatif¢,, and ¢, are eigenfunctions corresponding to the 

eigenvalues 2,, and A,, respectively, with A), # Ay, then 

| bm (0) bn (x) dx = 0. 
0 

Hint: Note that 

m t+Am$m = 9; ntAndn = 0. 

Multiply the first of these equations by ¢,,, the second by ¢,,, and 

integrate from 0 to zr, using integration by parts. Finally, subtract 

one equation from the other. 

In this problem we consider a higher-order eigenvalue problem. 

The analysis of transverse vibrations of a uniform elastic bar is 

based on the differential equation 

y® — dy =0, 

where y is the transverse displacement and 4 = mw?/EI; m 

is the mass per unit length of the rod, E is Young’s modulus, I is 

the moment of inertia of the cross section about an axis through 

the centroid perpendicular to the plane of vibration, and w 

is the frequency of vibration. Thus, for a bar whose material and 

geometrical properties are given, the eigenvalues determine the 

natural frequencies of vibration. Boundary conditions at each 

end are usually one of the following types: 

y=y’=0, clamped end, 

y=y"=0, simply supported or hinged end, 

y"=y"=0, freeend. 

25. 

For each of the following three cases, find the form of the 

eigenfunctions and the equation satisfied by the eigenvalues of 

this fourth-order boundary value problem. Determine 4, and 

A>, the two eigenvalues of smallest magnitude. Assume that the 

eigenvalues are real and positive. 

a. yO)=y"O)=0, y@)=y"Z)=0 
b. yO)=y"(0)=0, yL)=y'L)=0 

c. y(0)=y'(0)=0, y”(L)=y” (L) = 0 (cantilevered bar) 

This problem illustrates that the eigenvalue parameter some- 

times appears in the boundary conditions as well as in the 

differential equation. Consider the longitudinal vibrations of a 

uniform straight elastic bar of length L and cross-sectional area 

A. It can be shown that the axial displacement u(x, t) satisfies the 

partial differential equation 

—Uuyyx = Utes 0 Ke << 1b; [si 0, (35) 

p 

where E is Young’s modulus and p is the mass per unit volume. 

If the end x = 0 is fixed, then the boundary condition there is 

u(0,t)=0, t>0. (36) 

Suppose that the end x = L is rigidly attached to a mass m but is 

otherwise unrestrained. We can obtain the boundary condition 

here by writing Newton’s law for the mass. From the theory of 

elasticity, it can be shown that the force exerted by the bar on the 

mass is given by —EAu,(L, t). Hence the boundary condition is 

EAu, (L,t)+ mu, (L,t)=0, t>0. (37) 

a. Assume that u(x, t) = X(x)T(t), and show that X(x) and T(t) 

satisfy the differential equations 

X" +AX =0, (38) 

Tl tazer = 0. (39) 
p 

b. Show that the boundary conditions are 

X(0)=0, X’(L)—yALX(L) =0, (40) 

where y = AL is a dimensionless parameter that gives the 

ratio of the end mass to the mass of the bar. 

Hint: Use the differential equation for T(t) in simplifying the 

boundary condition at x = L. 

c. Determine the form of the eigenfunctions and the equation 

satisfied by the real eigenvalues of equations (38) and (40). 

d. Find the first two eigenvalues 2, and A, ify = 0.5. 

11.2 | STURM-LIOUVILLE BOUNDARY VALUE PROBLEMS 

We now consider two-point boundary value problems of the type obtained in Section 11.1 
by separating the variables in a heat conduction problem for a bar of variable material 
properties and with a source term proportional to the temperature. This kind of problem 
also occurs in many other applications. 
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These boundary value problems are commonly referred to as Sturm-Liouville! 
boundary value problems. They consist of a differential equation of the form 

(p(x)y') —q(x)y + Ar(x)y =0 (1) 

on the interval 0 < x < 1, together with the boundary conditions 

ay (0)+a2y'(0)=0, fiy(1)+ boy’ (1) =0 (2) 

at the endpoints. It is often convenient to introduce the linear homogeneous differential 
operator L defined by 

L{y]=-(p(@)y') +q(a)y. (3) 

Then the differential equation (1) can be written as 

Lly] =Ar(x)y. (4) 

We assume that the functions p, p’, q, and r are continuous on the interval 0 <x <1 

and, further, that p(x) > O and r(x) > 0 at all points in 0 < x < 1. In this case the 

boundary value problem is said to be regular. These assumptions are necessary to render 

the theory as simple as possible while retaining considerable generality. It turns out that 

these conditions are satisfied in many significant problems in mathematical physics. For 

example, the equation y’’ + Ay = 0, which arose repeatedly in the preceding chapter, is of 

the form (1) with p(x) = 1, g(x) = 0, and r(x) = 1. 

The boundary conditions (2) are said to be separated; that is, each involves only one 

of the boundary points. These are the most general separated boundary conditions that are 

possible for a second-order differential equation. Note that for the first boundary condition 

to impose any restriction on y, it is necessary for at least one of the numbers a, and , to 

be nonzero. Similarly, at least one of the numbers 6, and 6, must be nonzero. 

Before proceeding to establish some of the properties of the Sturm-Liouville problem 

(1), (2), it is necessary to derive an identity, known as Lagrange’s identity, that is basic to 

the study of linear boundary value problems. Let u and v be functions having continuous 

second derivatives on the interval 0 <x < 1. Then? 

1 1 
| Lu} vax = | (- (pu’) v + quv) dx. 
0 0 

Integrating the first term on the right-hand side twice by parts, we obtain 

1 1 1 1 
| L[u] vdx = —p(x)u' (x)v)| + p(x)u(x)v' (x) | +| (—u (pv') + uqv) dx 
0 j 0 ; 0 

i) 

= -p@)w ~v(@x)- ue’ Go| + | ul [v) de 
0 

1Charles-Francois Sturm (1803-1855) and Joseph Liouville (1809-1882), in a series of papers in 1836 and 

1837, set forth many properties of the class of boundary value problems associated with their names, 

including the results stated in Theorems 11.2.1 to 11.2.4. Sturm was born in Geneva, Switzerland, but 

spent almost his entire adult life in Paris. He is also famous for a theorem on the number of real zeros 

of a polynomial and, in addition, did extensive work in physics and mechanics. Liouville was a French 

mathematician who did notable research in analysis, algebra, and number theory. One of his most important 

results was the proof (in 1844) of the existence of transcendental numbers. He was also the founder, and for 

39 years the editor, of the influential Journal de mathématiques pures et appliquées. 
1 

2For brevity, we sometimes use the notation | f dx rather than | f (x) ax in this chapter. 

0 0 
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Hence, upon transposing the integral on the right-hand side, we have 

1 y 

| (L(u) v — ul. (v)) dx = —p (x) (w! (x) v(x) — w(x) V' ()) |. 5) 
0 

Equation (5) is known as Lagrange’s identity. , 

Now let us suppose that the functions u and v in equation (5) also satisfy the boundary 

conditions (2). Then, if we assume that a, # 0 and 6,#0, the right-hand side of equation (5) 

becomes 

1 

—p(x)(u' (x) v(x) — u(x) v! (x) f 

=—p(1)w' (1) v(1) —u(1)v’ (1) + pCO)’ (0) vO) — uO) v’ (0)) 

B B Qy Bi = -p(-Buanva+ Suara) + p@(-Zu@vo + Zur) 
= 0. 

The same result holds if either @, or 6 is zero; the proof in this case is even simpler 

and is left for you. Thus, if the differential operator L is defined by equation (3), and if the 

functions u and v satisfy the boundary conditions (2), then Lagrange’s identity reduces to 

1 

| (L[u] v — uL [v]) dx = 0. (6) 
0 

Let us now write equation (6) in a slightly different way. In equation (4) of Section 10.2 

we introduced the inner product (u, v) of two real-valued functions u and v on a given 

interval; using the interval 0 < v < 1, we have 

1 

(uyv).= | u(x) v(x) dx. (7) 
0 

In this notation, equation (6) becomes 

(L[u],v) —(u, L[v]) = 0. (8) 

In proving Theorem 11.2.1 below, it is necessary to deal with complex-valued functions. 
By analogy with the definition in Section 6.2 for vectors, we define the inner product of two 
complex-valued functions on 0 <x <1as 

1 

is») =| Meoies 0) 
0 

where v is the complex conjugate of v. Clearly, equation (9) coincides with equation (7) 
if u(x) and v(x) are real. It is important to know that equation (8) remains valid under the 
stated conditions ifu and v are complex-valued functions and if the inner product is defined 

1 
as in equation (9). To see this, you can start with the quantity | L [u] vdx and retrace the 

steps leading to equation (6), making use of the fact that p(x), He Q1, &2, By, and > are all 
real-valued quantities (see Problem 22). 

We now consider some of the implications of equation (8) for the Sturm-Liouville 
boundary value problem (1), (2). We assume without proof? that this problem actually has 

i te ee el i ee 

3For a proof of this statement, see the books by Sagan (Chapter 5) or by Birkhoff and Rota (Chapter 10) listed 
in the References at the end of this chapter. 
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eigenvalues and eigenfunctions. In Theorems 11.2.1 to 11.2.4 below, we state several of their 
important, but relatively elementary, properties. Each of these properties is illustrated by 
the basic Sturm-Liouville problem 

y’+ay=0, yO)=0, y()=0, (10) 

whose eigenvalues are A ,, = n’*, with corresponding eigenfunctions $y(x) = sin(n7x). 

Theorem 11.2.1 

Ali the eigenvalues of the Sturm-Liouville problem (1), (2) are real-valued. 

To prove this theorem, let us suppose that A is a (possibly complex) eigenvalue of the 

problem (1), (2) and that ¢ is a corresponding eigenfunction, also possibly complex-valued. 

Let us write A = u + iv and $(x) = U(x) + iV(x), where yu, v, U(x), and V(x) are real-valued. 

Then, if we let u = ¢ and also v = ¢ in equation (8), we have 

(L[¢],¢) = (@,LI¢)). (11) 

However, we know that L[¢] = Ard, so equation (11) becomes 

Ard, $) = (p,4r¢). (12) 

Writing out equation (12) in full, using the definition (9) of the inner product, we obtain 

1 1 

| Ar (x) oC) $ (x) dx = | b (x) AF (0) 8 (x) de, (13) 
0 0 

Since r(x) is real, r(x) = r(x), and equation (13) reduces to 

1 

(1-1) | r(x) (x) G(x) dx =0. 
0 

However, ¢ (x) ¢ (x) = U? (x) + V? (x), so we have 

1 

(a —A) | r(x) (U2 (x) + V? (x)) dx = 0. (14) 
0 

The integrand in equation (14) is nonnegative and not identically zero. Since the integrand 

is also continuous, it follows that the integral is positive. Therefore, the factor A — A = 2iv 

must be zero. Hence v = 0 and J is real-valued, so the theorem is proved. 

An important consequence of Theorem 11.2.1 is that in finding eigenvalues and 

eigenfunctions of a Sturm-Liouville boundary value problem, we need look only for real 

eigenvalues. Recall that this is what we did in Chapter 10. It is also possible to show that the 

eigenfunctions of the boundary value problem (1), (2) are real-valued. A proof is sketched 

in Problem 23. 

Orthogonality of Sturm-Liouville 
Theorem 11.2.2 Eigenfunctions 

Eigenfunctions of the Sturm-Liouville boundary value problem (1), (2) from different eigen- 

values are orthogonal with respect to the weight function r. That is, if Pm and ¢,, are two 

eigenfunctions of the Sturm-Liouville problem (1), (2) corresponding to eigenvalues A ,, and 



| 630 Mme hapter 11 / Boundary Value Problems and Sturm-Liouville Theory 

A », respectively, and ifA ,, #A,, then 

1 

| r(X) bm (X) bn (2) Gke = 0. 

10) 

To prove Theorem 11.2.2, we note that ¢,, and ¢, satisfy the differential equations 

L\¢m] =Amrom (16) 

and 

Ll¢n] =An? Gn; (17) 

respectively. If we let u = $m, let v = $y, and substitute for L[u] and L[v] in equation (8), 

we obtain 

Amrdm: bn) — Gm>An’n) = 9, 

or, using equation (9), 

1 4 ee ate 7 

am { 12)4m0)8, (2) de=n | dm )FC)F, (®) dx = 0 
0 0 

Because / ,,, r(x), and ¢,,(x) are real, this equation becomes 

1 

ee) | HOdln Cloned = (18) 
0 

Since by hypothesis 2 ,, #A,, it follows that ¢,, and ¢,, must satisfy equation (15), and the 

theorem is proved. 

Theorem 11.2.3 

The eigenvalues of the Sturm-Liouville problem (1), (2) are all simple; that is, to each 

eigenvalue there corresponds only one linearly independent eigenfunction. Further, the 

eigenvalues form an infinite sequence and can be ordered according to increasing magnitude 
so that 

Ay < dy <dg <r <aAy<- 

Moreover, A , > coasn > o. 

The proof of this theorem is somewhat more advanced than those of the two previous 
theorems and will be omitted. However, a proof that the eigenvalues are simple is outlined 
in Problem 20. 

Again, we note that all the properties stated in Theorems 11.2.1 to 11.2.3 are exemplified 
by the eigenvalues 2 , = n*x* and eigenfunctions ¢,(x) = sin(nzx) of the example 
problem (10). Clearly, the eigenvalues are real-valued. The eigenfunctions satisfy the 
orthogonality relation 

1 1 
| P(X OX) x) aa | sin(mzx)sin(nzx) dx=0, m#n, (19) 
0 0 
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which was established in Section 10.2 by direct integration. Further, the eigenvalues can be 
ordered so that A | <A, < ++, and A, > oo asin > oo. Finally, to each eigenvalue there 
corresponds a single linearly independent eigenfunction. 

We will now assume that the eigenvalues of the Sturm-Liouville problem (1), (2) are 
ordered as indicated in Theorem 11.2.3. Associated with the eigenvalue  ,, is a correspond- 
ing eigenfunction ¢,, determined up to a multiplicative constant. It is often convenient to 
choose the arbitrary constant multiplying each eigenfunction so as to satisfy the condition 

1 

| r(x) $2 (x) dx=1, n=1,2,.... (20) 
0 

Equation (20) is called a normalization condition, and eigenfunctions satisfying this 

condition are said to be normalized (with respect to the weight function r). Indeed, in this 

case, the eigenfunctions are said to form an orthonormal set (with respect to the weight 

function r) since they already satisfy the orthogonality relation (15). It is sometimes useful 

to combine equations (15) and (20) into a single equation. To this end we introduce the 

symbol 5,,,, which is known as the Kronecker‘ delta and is defined by 

_{0, ifmFn, 
fan = 44 ifm =n. 

(21) 

Making use of the Kronecker delta, we can write equations (15) and (20) as 

i! 

| 1%) bmn (2) $n (x) dx = Span: (22) 
0 

EXAMPLE 11.2.1 

Determine the normalized eigen functions of the problem 7 of Section 11.1: 

yorAy = 0, yO) = 0,7 y Ch) = 0. 

Solution: 

The eigenvalues of this problem are 

id on? = Gn=y 
ie 4 

and the corresponding eigenfunctions are 

els REY LE ; H 
k, sin 5% k, sin hi ky, sin (2n — 1) 5% 

respectively. In this case the weight function is r(x) = 1. To satisfy equation (20), we must choose 

k,,, so that 

1 
| [kn sin (2n — 1) a ava (23) 
0 

NN SS 

4The German mathematician Leopold Kronecker (1823-1891), a student of Dirichlet, was associated with 

the University of Berlin for most of his life, although (since he was independently wealthy) he held a 

faculty position only from 1883 onward. He worked in number theory, elliptic functions, algebra, and their 

interconnections. 
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for each value of n. Since 

2 : te IF 2 ; a et 2 
Ky | [sin (2n — 1) = x| (abe i a, | [5- = cos (2n — 1) 2x|dx = 1/2k, 

' 2 Ree 

Equation (23) is satisfied if k, is chosen to be ,/2 for each value of n. Hence the normalized 

eigenfunctions of the given boundary value problem are 

$n (x) = V2sin {(2n - 1) sx}; eo es ee (24) 

EXAMPLE 11.2.2 

Determine the normalized eigenfunctions of the problem 

y"+dAy=0, y(0)=0, y'Q+yQ)=0. (25) 

Solution: 

In Example 11.1.1, we found that the eigenvalue A, satisfies the equation 

sin (Van) + Van cos(VAn) = 0 (26) 

and that the corresponding eigenfunction is 

Dre) =k Si (Vanx), (27) 

where k,, is arbitrary. We can determine k,, from the normalization condition (20). Since r(x) = 1 

in this problem, we have 

1 1 
| r (x) $2 (x) dx = Ke | sin? (Vanx) dx 
0 0 

[(-Imormpana(s- 9) 
a 1+ cos? (Van) 
ee 2 ’ 

where in the last step we have used equation (26). Hence, to normalize the eigenfunctions ¢,, we 
must choose 

1/2 
eve ( (28) 

(; + cos? a 

The normalized eigenfunctions of the given problem are 

asked n=1,2 1/2? Open eS (29) $e ee 
(a + cos? (Van) 

We now turn to the question of expressing a given function f as a series of eigenfunctions 
of the Sturm-Liouville problem (1), (2). We have already seen examples of such expansions 
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in Sections 10.2 to 10.4. For example, it was shown in Section 10.4 that if a function i 
is continuous and has a piecewise continuous derivative on 0 < x < 1, and satisfies the 
boundary conditions f(0) = f(1) = 0, then f can be expanded in a Fourier sine series of the 
form 

if C= Didasin(nnx): (30) 
p=il 

The functions sin(n7x), n = 1, 2, ..., are precisely the eigenfunctions of the boundary value 
problem (10). The coefficients b,, are given by 

1 

On = 2] f (x) sin (n7zx) dx (31) 
0 

and the series (30) converges for each x in 0 <x < 1. Ina similar way, f can be expanded in 
a Fourier cosine series using the eigenfunctions cos(n7x), n = 0, 1, 2, ..., of the boundary 

value problem y” + Ay = 0, y'(0) = 0, y’(1) = 0. 

Now suppose that a given function f, satisfying suitable conditions, can be expanded in 

an infinite series of eigenfunctions of the more general Sturm-Liouville problem (1), (2). If 

this can be done, then we have 

Cc 

f= S Cnn (x); (32) 
r= 

where the functions ¢,,(x) satisfy equations (1), (2) and also the orthonormality condition 

(22). To compute the coefficients in the series (32), we multiply equation (32) by r(x)¢,,(x), 

where m is a fixed positive integer, and integrate from x = 0 to x = 1. Assuming that the 

series can be integrated term by term, we obtain 

1 fore) 1 fe) 

| rf bm ax= Vi cn | (x) bm (Gn dxr= > cabmn 3) 
(0) 0 n=1 n=1 

By the definition of 6,,,,,, the last sum in equation (33) reduces to the single term c,,,. Hence, 

using the definition of the inner product, we have 

1 

| TAG CN Pay ae = (Far Oy )s > 1 ="132,.... (34) 
0 

The coefficients in the series (32) have thus been formally determined. Equation (34) has 

the same structure® as the Euler—-Fourier formulas for the coefficients in a Fourier series, 

and the eigenfunction series (32) also has convergence properties similar to those of Fourier 

series. 

The following theorem is analogous to the Fourier Convergence Theorem 

(Theorem 10.3.1). 

Theorem 11.2.4 

Let $1, ¢o, --» Pn» + be the normalized eigenfunctions of the Sturm-Liouville 

problem (1), (2): 

(p(x)y') —q(x)y + Ar(x)y = 0, 

ay (0) +a2y'(0)=0, By) + Poy’ (1) = 0. 

ee ee 

5The alert reader will have noticed that equation (34) does not reduce to equation (31) when ¢,, = sin(m7tx). 

The extra factor of 2 appears because these eigenfunctions are orthogonal but not orthonormal. 
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Let f and f’ be piecewise continuous on 0 <x < 1. Then the series (32) whose coefficients c,, 
1 sae ; 

are given by equation (34) converges to 5 (f (xt) + f (x7)) at each point in the open interval 

One Ik 

Moreover, the series (32) converges at each point in the closed interval 0 <x < 1, provided 

f is continuous (and f’ is piecewise continuous) on0 <x <1 and f satisfies the following 

boundary conditions: 

(i) If¢,,(0) =0 for all n, that is, ¢, = 0 in the first of boundary conditions (2), then assume 

that f(0) = 0, and 

(ii) If ¢,(1) = 0 for all n, that is, 8, = 0 in the second of boundary conditions (2), then 

assume that f(1) = 0. 

EXAMPLE 11.2.3 

Expand the function 

fQjyan, (O51 (35) 

in terms of the normalized eigenfunctions ¢,,(x) of the problem (25). 

Solution: 

In Example 11.2.2, where r(x) = 1, we found the normalized eigenfunctions to be 

bn (x) = kn sin (Vanx), (36) 

where k,, is given by equation (28) and A , satisfies equation (26). To find the expansion for f in 

terms of the eigenfunctions ¢,,, we write 

f= > Cnn (x); (37) 
n=1 

where the coefficients are given by equation (34). Thus 

1 1 

Ch = | r(x) f (x) bd, (x) dx = kn | xsin (VAyx) dx. 
0 0 

Integrating by parts, we obtain 

a sin (Van) cos (Van) 2sin (Van) 
cea hg Ee) = oa 

where we have used equation (26) in the last step. Upon substituting for k,, from equation (28), we 
obtain 

2V2sin (Van ) 

i Ea een ee (38) 
An (1 + cos? (Van) 

Thus 

fo us 
n=l An (1 + cos? (\/4n)) sin (Va

nx) Z (39) 
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In Example 10.4.1, we found the Fourier sine series for f(x) = x (with L = 1) to be 

(+1 n+1 

n 
sin (n7x). f@=i> 

n=1 

While equation (39) is a series of sine functions, it is not a Fourier sine series. This means its 

convergence cannot be ascertained from the Fourier Convergence Theorem (Theorem 10.3.1). But. 

from Theorem 11.2.4, we conclude that series (39) converges pointwise to f(x) = x for0 <x <1. 

> Self-Adjoint Problems. Sturm-Liouville boundary value problems are of great impor- 

tance in their own right, but they can also be viewed as belonging to a much more extensive 

class of problems that have many of the same properties. For example, there are many 

similarities between Sturm-Liouville problems and the algebraic system 

Ax = Ax, (40) 

where the n x n matrix A is real symmetric or Hermitian. Comparing the results mentioned 

in Section 6.3 with those of this section, we note that in both cases the eigenvalues are real, 

and the eigenfunctions or eigenvectors form an orthogonal set. Further, the eigenfunctions 

or eigenvectors can be used as the basis for expressing an essentially arbitrary function or 

vector, respectively, as asum. The most important difference is that a matrix has only a finite 

nuinber of eigenvalues and eigenvectors, while a Sturm-Liouville problem has infinitely 

many. It is interesting and of fundamental importance in mathematics that these seemingly 

different problems—the matrix problem (40) and the Sturm-Liouville problem (1), (2)— 

which arise in different ways, are actually parts of a single underlying theory. This theory 

is usually referred to as linear operator theory and is part of the subject of functional 

analysis. 

We now point out some ways in which Sturm-Liouville problems can be generalized, 

while still preserving the main results of Theorems 11.2.1 to 11.2.4—the existence of a 

sequence of real eigenvalues tending to infinity, the orthogonality of the eigenfunctions, 

and the possibility of expressing an arbitrary function as a series of eigenfunctions. These 

generalizations depend on the continued validity of the crucial relation (8). 

Let us consider the boundary value problem consisting of the differential equation 

L{y]=4r(x)y, 0<x<1, (41) 

where 

LYI= RO) SF + FACE +R OD. (42) 

and n linear homogeneous boundary conditions at the endpoints. If equation (8) is valid 

for every pair of sufficiently differentiable functions that satisfy the boundary conditions, 

then the given problems said to be self-adjoint. It is important to observe that equation 

(8) involves restrictions on both the differential equation and the boundary conditions. 

The differential operator L must be such that the same operator appears in both terms of 

equation (8). This requires L to be of even order. Further, a second-order operator must 

have the form (3), a fourth-order operator must have the form 

Liy] = (p(x)y")" — (q(x) y’) + 5(x)y, (43) 
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and higher-order operators must have an analogous structure. In addition, the boundary 

conditions must be such as to eliminate the boundary terms that arise during the integration 

by parts used in deriving equation (8). For example, in a second-order problem, this is true 

for the separated boundary conditions (2) and also in certain other cases, one of which is 

given in Example 11.2.4 below. 

Let us suppose that we have a self-adjoint boundary value problem for equation (41), 

where L[y] is given now by equation (43). We assume that p, q, r, and s are continuous on 

0 <x <1and that the derivatives of p and q indicated in equation (43) are also continuous. 

If in addition p(x) > 0 and r(x) > 0 for 0 < x < 1, then there is an infinite sequence of 

real eigenvalues tending to + oo, the eigenfunctions are orthogonal with respect to the 

weight function r, and an arbitrary function can be expressed as a series of eigenfunctions. 

However, the eigenvalues may not be simple in these more general problems. 

We turn now to the relation between Sturm-Liouville problems and Fourier series. 

We have noted previously that Fourier sine and cosine series can be obtained by using 

the eigenfunctions of certain Sturm-Liouville problems involving the differential equation 

y”’ + Ay = Owith boundary conditions y(0) = y(1) = 0 and y'(0) = y’(1) = 0, respectively. This 

raises the question of whether we can obtain a full Fourier series, including both sine and 

cosine terms, by choosing a suitable set of boundary conditions. The answer is provided 

by the following example, which also serves to illustrate the occurrence of nonseparated 

boundary conditions. 

EXAMPLE 11.2.4 

Find the eigenvalues and eigenfunctions of the boundary value problem 

y’ + Ay =0, (44) 

yO)-y@=0, yO)-y' (@)=0. (45) 

Solution: 

A. = 0 is an eigenvalue and that the corresponding eigenfunction is any non-zero constant, let 

fo (x) = 1. Further there are additional eigenvalues 2, = 4, A, = 16, --- A, = 4n”,--- . To each of 

these nonzero eigenvalues there correspond two linearly independent eigenfunction; for example, 

corresponding to A, are the two eigenfunctions ¢,, (x) = cos(2nx) and jp, (x) = sin(2nx). This 

illustrates that the eigenvalues may not be simple when the boundary conditions are not separated. 

Further, if we seek to expand a given function f of period z in a series of eigenfunctions of the 

problem (44), (45), we obtain the series 

ao f= a >} a, COS(2nx) + by, sin (2nx), 
n=l 

which is just the Fourier series for f on the interval 0 < x < z. 

We will not give further consideration to problems that do not have separated boundary 
conditions, nor will we deal with problems of higher than second order, except in a few 
problems. There is, however, one other kind of generalization that we do wish to discuss. 
That is the case in which the coefficients p, g, and r in equation (1) do not quite satisfy 
the rather strict continuity and positivity requirements laid down at the beginning of this 
section. Such problems are called singular Sturm-Liouville boundary value problems 
and are the subject of Section 11.4. 
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Problems 

In each of Problems 1 through 5, determine the normalized eigen- 
functions of the given problem. 

. y’+Ay=0;, y(0)=0, y(r)=0 

. y"t+day=0, yO)=0, y(1)=0 

-y"+dAy=0, y(O)=0, y'Q)+yQ)=0 

-y"+dAy=0, y(O)=0, y')=0 
. y’ —4y'+(44+Ay=0, wO)=0, y)=0 a F&F WwW NY 

In each of Problems 6 through 9, find the coefficients in the eigen- 
foe) 

function expansion > Anfn (x) of the given function, using the 
n=1 

normalized eigenfunctions of Problem 1. 

Os Sf Cesk, Wks se<s ye 

te Cees Weare 

Sy (x) = 2x—X*,.. 0.5.0 <7 
ya 

ax, O<x< = x SSS 

9 f(x= 
1 Zex<nx +) Dao — 

In each of Problems 10 through 13, find the coefficients in the 
o9) 

eigenfunction expansion > andy (x) of the given function, using 
n=1 

the normalized eigenfunctions of Problem 4. 

10. f(x)=1, 0<x<1 

Re Co) 2x O76 <1 

12. f(x)=2-2x, 0<x<1 

In each of Problems 14 through 18, determine whether the given 

boundary value problem is self-adjoint. 

14. y’+y'+4y=0, wo)=0, w1)=0 

15. y”+xy'+Ay=0, y(O)=0, y()=0 

16. y’-Ay=0, y(0)=0, yQ)+y'()=0 
17. x*y” +2xy'+y=Ax’y, y(0)-y'()=0, y’'(0)+y(1)=0 

18. y’+Ay=0, y(O)=0, y(Q1)+y'Q)=0 

19. Show thatifthe functions u and v satisfy equations (2), and either 

a = 0 or B, = 0, or both, then 

1 

p(x) (u(x) v(x) — u(x) v' (x) i 0. 

20. In this problem we outline a proof of the first part of 

Theorem 11.2.3: that the eigenvalues of the Sturm-Liouville 

problem (1), (2) are simple. The proof is by contradiction. 

a. Suppose that a given eigenvalue A is not simple. Then there 

exist two corresponding eigenfunctions ¢, and ¢) that are 

linearly independent—that is, not multiples of each other. 

b. Compute the Wronskian W[¢,, ¢2](x), and use the boundary 

conditions (2) to show that W[¢,, 2](0) = 0. 

c. Use Theorem 3.2.7 to reach a contradiction, which estab- 

lishes that the eigenvalues must be simple, as asserted in 

Theorem 11.2.3. 

21. Consider the Sturm-Liouville problem 

—(p(x)y') +q(x)y =Ar(x)y, O<x<1 

ay (0) + ay’ (0) =0, By (1) + Boy’ (1) = 0, 

where p, q, and r satisfy the conditions stated in the text. 

a. Show that if A is an eigenvalue and ¢ a corresponding eigen- 

function, then 

1 r 

al rgdx = | (pd +g) dx + 2 pang?) 
(0) 0 Bo 

sl -2 000) 

provided that a, # 0 and 8, # 0. How must this result be 

modified if ~, = 0 or B, = 0? 

b. Show that if q@) > 0 and if 6,/6, and —a,/a, are nonnega- 

tive, then the eigenvalue A is nonnegative. 

c. Under the conditions of part b, show that the eigenvalue A is 

strictly positive unless 7, = 6, = 0 and q(x) = 0 for each x in 

Oss 

22. Derive equation (8) using the inner product (9) and assuming 

that u ork are complex-valued functions. Hint: Consider the 

quantity | L[u]vdx, split u and v into real and imaginary parts, 
0 

and proceed as in the text. 

23. In this problem we outline a proof that the eigenfunctions of the 

Sturm-Liouville problem (1), (2) are real-valued. 

a. Let A be an eigenvalue and let d(x) = U(x) + iV(x) be a 

corresponding eigenfunction. Show that U and V are also 

eigenfunctions corresponding to A. 

b. Using Theorem 11.2.3, or the result of Problem 20, show that 

U and V are linearly dependent. 

c. Show that ¢ must be real-valued, apart from an arbitrary 

multiplicative constant that may be complex. 

24. Consider the problem 

x?y" =A(xy'-y), yQ)=0, y(2)=0. 

Note that A appears as a coefficient of y’ as well as of y itself. It is 

possible to extend the definition of self-adjointness to this type 

of problem and to show that this particular problem is not self- 

adjoint. Show that the problem has eigenvalues but that none 

of them is real. This illustrates that in general, nonself-adjoint 

problems may have eigenvalues that are not real. 

Buckling of an Elastic Column. An investigation of the buck- 

ling of a uniform elastic column of length L by an axial load P 

(Figure 11.2.1(a)) leads to the differential equation 

VO Ay = 0, <x <f, (46) 
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(a) A column under compression. 

(b) Shape of the buckled column. 

The parameter A is equal to P/(EI), where E is Young’s modulus 

and I is the moment of inertia of the cross section about an axis 

through the centroid perpendicular to the xy-plane. The boundary 

conditions at x = 0 and x = L depend on how the ends of the column 

are supported. Typical boundary conditions are 

y=y’'=0, clamped end, 

y =y’= 0, simply supported (hinged) end. 

The bar shown in Figure 11.2.1(a) is simply supported at 

x =0and clamped at x = L. It is desired to determine the eigenvalues 

and eigenfunctions of equation (46) subject to suitable boundary 

conditions. In particular, the smallest eigenvalue A, gives the load 

at which the column buckles, or can assume a curved equilibrium 

position, as shown in Figure 11.2.1(b). The corresponding eigen- 

function describes the configuration of the buckled column. Note 

that the differential equation (46) does not fall within the theory 

discussed in this section. It is possible to show, however, that in 

each of the cases given here all the eigenvalues are real and positive. 

Problems 25 and 26 deal with column-buckling problems. 

25. For each of the following boundary conditions, find the smallest 

eigenvalue (the buckling load) of y? + Ay’’ = 0, and also find the 

corresponding eigenfunction (the shape of the buckled column). 

a yO)=y"O)=0, y@)=y"@)=0 
b. yO=y"O)=0, y@)=y'Z)=0 

ce yO=yO)=0, y“)=y@)=0 
26. In some buckling problems the eigenvalue parameter appears in 

the boundary conditions as well as in the differential equation. 

One such case occurs when one end of the column is clamped 

and the other end is free. In this case the differential equation 

y® + Ay’’ = 0 must be solved subject to the boundary conditions 

yO)=0, yO)=0, y"@)=0, y"L)+Ay’' OD) =0. 

Find the smallest eigenvalue and the corresponding 

eigenfunction. 

27. Solutes in an aquifer are transported by two separate mech- 

anisms. The process by which a solute is transported by the 

bulk motion of the flowing groundwater is called advection. 

In addition, the solute is spread by small-scale fluctuations in 

the groundwater velocity along the tortuous flow paths within 

individual pores, a process called mechanical dispersion. The 

one-dimensional form of the advection-dispersion equation for 

a nonreactive dissolved solute in a saturated, homogeneous, 

isotropic porous medium under steady, uniform flow is 

Cr Vee = Dery, 0 ek <b ti, (47) | 

where c(x, t) is the concentration of the solute, v is the average 

linear groundwater velocity, D is the coefficient of hydrody- 

namic dispersion, and L is the length of the aquifer. Suppose that 

the boundary conditions are 

c(0,t)=0, c,(L,t)=0, t>0 (48) 

and that the initial condition is 

CEES Co. O—Rses< iL, (49) 

where f(x) is the given initial concentration of the solute. 

a. Assume that c(x, t) = X(x)T(1), use the method of separation 

of variables, and find the equations satisfied by X(x) and T(0), 

respectively. Show that the problem for X(x) can be written 

in the Sturm-Liouville form 

MiG) XO) Ar Ce) =O Ole <a, (50) 

X(0)=0, X’(L)=0, (51) 

where p(x) = r(x) = exp(—vx/D). Hence the eigenvalues are 

real, and the eigenfunctions are orthogonal with respect to 

the weight function r(x). 

b. Let «? = A — v*/(4D?). Show that the eigenfunctions are 

X,, (x) = e”™/2P) sin (up X), (52) 

where (,, satisfies the equation 

tan(uL) = — tad (53) 

c. & Show graphically that equation (53) has an infinite 

sequence of positive roots and that yu, X (2n — 1)z/(2L) for 

large n. 

d. Show that 

L 

| r(x). X2 (x) dx = 5+ : 
0 4D uh 

sin? (EIN. 

e. Find a formal solution of the problem (47), (48), (49) in terms 
of a series of the eigenfunctions X,,(x). 

a 

°See Section 7.5, especially equation (16) of that section. 



f. @ Let v= 1, D=0.5, L = 10, and f(x) = 6(x — 3), where 

g. 

6 is the Dirac delta® function. Using the solution found in 

part (e), plot c(x, f) versus x for several values of t, such as 

t = 0.5, 1, 3, 6, and 10. Also plot c(x, t) versus t for several 

values of x. Note that the number of terms that are needed 

to obtain an accurate plot depends strongly on the values of 

tand x. 

Describe in a few words how the solution evolves as time 
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. Assume that c(x, t) = co + u(x, £), find the boundary value 

problem satisfied by u(x, ft). 

. Proceeding as in Problem 27, find u(x, t) in terms of an 

eigenfunction expansion. 

. Oletv= 1D = 0'5, co = 1, and £ = 10: Plot c@, t) versus 

x for several values of t, and also plot c(x, t) versus t for several 

values of x. 

. Describe in a few words how the solution evolves with time. 
advances. ; For example, about how long does it take for the steady-state 

28. A nonreactive tracer at concentration cy is continuously intro- solution to be essentially attained? 
duced into a steady flow at the upstream end of a column of 

length L packed with a homogeneous granular medium. Assum- 

ing that the tracer concentration in the column is initially zero, 

the boundary value problem that models this process is 

CVC y= Cy nO <a <b b> Op 

c(0, t) = Co, $e=303 

Chi), GS0, 

CEO) SO, Oxe se Sie 

where c(x, t), v, and D are as in Problem 27. 

11.3 | NONHOMOGENEOUS BOUNDARY VALUE PROBLEMS 

In this section we discuss how to solve nonhomogeneous boundary value problems for 

both ordinary and partial differential equations. Most of our attention is directed toward 

problems in which the differential equation alone is nonhomogeneous, while the boundary 

conditions are homogeneous. We assume that the solution can be expanded in a series of 

eigenfunctions of a related homogeneous problem, and then we determine the coefficients 

in this series so that the nonhomogeneous problem is satisfied. We first describe this method 

as it applies to boundary value problems for second-order linear ordinary differential 

equations. Later we illustrate its use for partial differential equations by solving a heat 

conduction problem in a bar with variable material properties and in the presence of source 

terms. 

» Nonhomogeneous Sturm-Liouville Problems. Consider the boundary value problem 

consisting of the nonhomogeneous differential equation 

Lily] =-@@)y’) +a@y = ery t f (1) 

where yp is a given constant and f is a given function on 0 < x < 1, and the boundary 

conditions 

ay (0) + ay’ (0)=0, Piy(1) + Boy’ GQ) = 0. (2) 

As in Section 11.2, we assume that p, p’, g, and r are continuous on 0 < x < 1 and that 

p(x) > 0 and r(x) > 0 there. We will solve the problem (1), (2) by making use of the 

eigenfunctions of the corresponding homogeneous problem consisting of the differential 

equation 

L{y] = ar(x)y (3) 

and the boundary conditions (2). Let Ay < Az < +++ < An < ++: be the eigenvalues of this 

problem, and let $;, $2, ... , $n»... be the corresponding normalized eigenfunctions. 
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We now assume that the solution y = ¢(x) of the nonhomogeneous problem (1), (2) can 

be expressed as a series of the form 

$(x) = )) Dndn (x). (4) 
n=1 

From equation (34) of Section 11.2, we know that 

i) 

BLE | DIOL ACT tae pene (5) 
0 

However, since we do not know ¢(x), we cannot use equation (5) to calculate b,,. Instead, we 

will try to determine b,, so that the problem (1), (2) is satisfied and then use equation (4) to 

find $(x). Note first that ¢ as given by equation (4) always satisfies the boundary conditions 

(2) since each ¢,, does. 

The differential equation that ¢ must satisfy is just equation (1) with y replaced by ¢: 

L[p] (x) = ur (x) G(x) + f ). (6) 

We substitute the series (4) into the differential equation (6) and attempt to determine b, 

so that the differential equation is satisfied. The term on the left-hand side of equation (6) 

becomes 

HENCE btn] 0 =) rll) ==) ne ee (7) 
n= n=l n=I 

where we have assumed that we can interchange the operations of summation and 

differentiation. 

Note that the function r appears in equation (7) and also in the term pr(x)¢(x) in 

equation (6). This suggests that we rewrite the nonhomogeneous term in equation (6) as 

r(x)(f(x)/r(x)) so that r(x) also appears as a multiplier in this term. If the function f/r 

satisfies the conditions of Theorem 11.2.4, then 

f@_< 
r(x) 4 Cnn (Xx), (8) 

where, using equation (5) with ¢ replaced by f/r, 

a= re) DOOM ine [ roodnce ds WS Wyse (9) 

Upon substituting for $(x), L[¢](x), and f(x) in equation (6) from equations (4), (7), and (8), 
respectively, we find that 

yi brAnt (x) bn (x) = U(x) D) bndn (x) +r (x) DY) endn (x). 
n= isaitt n=1 

After collecting terms and canceling the common nonzero factor r(x), we have 

[e) 

yi (An — H) bn — Cn) bn (x) = 0. (10) 
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If equation (10) is to hold for each x in the interval 0 < x < 1, then the coefficient of ¢,,(x) 
must be zero for each n; see Problem 14 for a proof of this fact. Hence 

An - HK) by = Cy = 0, iy at 2, ove (11) 

We must now distinguish two main cases, one of which also has two subcases. 

Case I: First suppose that u #/, for n= 1, 2, 3,...; that is, wis not equal to any eigenvalue 

of the corresponding homogeneous problem. Then 

= ear 12.8. 12 Tei (12) 

and 

c 
y=$(x)= Dig my on (2). (13) 

hee 

Equation (13), with c, given by equation (9), is a formal solution of the nonho- 

mogeneous boundary value problem (1), (2). Our argument does not prove that 

the series (13) converges. However, any solution of the boundary value problem 

(1), (2) clearly satisfies the conditions of Theorem 11.2.4; indeed, it satisfies the 

more stringent conditions given in the second paragraph of that theorem. Thus 

it is reasonable to expect that the series (13) does converge at each point, and 

this fact can be established, provided, for example, that f is continuous. 

Case II: The second main case is when y is equal to one of the eigenvalues of the 

corresponding homogeneous problem, say, “ = A,,; then the situation is quite 

different. In this event, for n = m, equation (11) has the form 0 - b,, — cy» = 0. 

Again we must consider two cases. 

Case Ila: If u=A,, and c,, # 0, then there is no value of b,, that satisfies equation (11), 

and therefore the nonhomogeneous problem (1), (2) has no solution. 

Case IIb: If “ =A, and c,, = 0, then equation (11) is satisfied regardless of the value 

of b,,; in other words, b,, remains arbitrary. In this case the boundary value 

problem (1), (2) does have a solution, but it is not unique, since it can include 

an arbitrary multiple of the eigenfunction ¢,). 

Since c,, is given by equation (9), the condition c,, = 0 means that 

i 

| f ()bm (x) de =0. (14) 
0 

Thus, if 4 = A,,, the nonhomogeneous boundary value problem (1), (2) can 

be solved only if f is orthogonal to the eigenfunction corresponding to the 

eigenvalue Ay. 

The results we have formally obtained are summarized in the following 

theorem. 

Theorem 11.3.1 

The nonhomogeneous boundary value problem (1), (2) has a unique solution for each contin- 

uous f whenever y is different from all the eigenvalues of the corresponding homogeneous 

problem; the solution is given by equation (13), and the series converges for each x in 

Or west. 
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If « is equal to an eigenvalue A,, of the corresponding homogeneous problem, then the 

nonhomogeneous boundary value problem has no solution unless condition (14) holds; that 

is, unless f is orthogonal to ¢,. In that case, the solution is not unique and contains an 

arbitrary multiple of ¢,,(x). 

The main part of Theorem 11.3.1 is sometimes stated in the following way: 

Theorem 11.3.2 

For a given value of jz, either the nonhomogeneous problem (1), (2) has a unique solution 

for each continuous f (if « is not equal to any eigenvalue A,, of the corresponding homo- 

geneous problem), or else the homogeneous problem (3), (2) has a nontrivial solution (the 

eigenfunction corresponding to /,,). 

This latter form of the theorem is known as the Fredholm’ alternative theorem. This 

is one of the basic theorems of mathematical analysis and occurs in many different contexts. 

You may be familiar with it in connection with sets of linear algebraic equations where the 

vanishing or nonvanishing of the determinant of coefficients replaces the statements about 

and J,,. See the discussion in Section 6.3. 

EXAMPLE 11.3.1 

Solve the boundary value problem 

y"+2y=-x, y(0)=0, yO)+y'()=0. 

Solution: 

This particular problem can be solved directly in an elementary way and has the solution 

sin (V2x) 
y = —_ _ 

sin (v2) + 2cos (v2) 

The method of solution described below illustrates the use of eigenfunction expansions, a method 

that can be employed in many problems not accessible by elementary procedures. 

We begin by rewriting the differential equation as 

x 
son (15) 

—y" =2y+x (16) 

so that it will have the same form as equation (1). We seek the solution of the given problem as a 

series of normalized eigenfunctions ¢,, of the corresponding homogeneous problem 

y’+ay=0, yO=0, yA)+y'Q)=0. (17) 

These eigenfunctions were found in Example 11.2.2 and are 

$n (x) = ky sin(V4,x), (18) 

where 
1/2 

kn = ( a (19) 
1 + cos? (An) 

7The Swedish mathematician Erik Ivar Fredholm (1866-1927), professor at the University of Stockholm, 
established the modern theory of integral equations in a fundamental paper in 1903. Fredholm’s work 
emphasized the similarities between integral equations and systems of linear algebraic equations. There 
are also many interrelations between differential and integral equations; for example, see Section 2.8 and 
Problem 22 of Section 7.6. 
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and the eigenvalue A ,, satisfies 

sin (Van) + Ay cos (Van) ==; (20) 

Recall that in Example 11.1.1, we found that 

A, = 4.11586, Az = 24.13934, A; ¥ 63.65911, A, Y 122.88916, 

(2n — 1)? 
A n 4 ? Ik LOR Hc 556) 

We assume that y is given by equation (4) 

vi= oy bun (x), 

n=1 

and it follows that the coefficients b, are found from equation (12) 

Cn 
on Se 

where the c, are the expansion coefficients of the nonhomogeneous term f(x) = x in equation (16) 

in terms of the eigenfunctions ¢,,. These coefficients were found in Example 11.2.3 and are 

2 2 sin (Van) 
Cy, = ————... 
: An (1+ c0s?-Van) 

Putting everything together, we finally obtain the solution 

sin (V2n) 

a py, An (An — 2)(1 + cos? (Van) 

(21) 

sin (Van) : (22) 

Although equations (15) and (22) are quite different in appearance, they are actually two 

different expressions for the same function. This follows from the uniqueness part of Theorem 

11.3.1 or 11.3.2, since A = 2 is not an eigenvalue of the homogeneous problem (17). Another 

alternative to show the equivalence of equations (15) and (22) is to expand the right-hand side 

of equation (15) in terms of the eigenfunctions ¢,,(x). 

The series (22) converges rapidly to the exact solution. Figure 11.3.1(a) shows the exact 

solution and the first term of series (22). (With two or more terms of the series the two solution 

curves are indistinguishable.) Figures 11.3(b) and (c) show the difference between the exact 

solution (15) and the first three and fifteen terms of the series solution (22). 

x Exact x 
solution (15) 0.0003 

0.0002 

First term of 

series solution (22) 
0.0001 

(a) (b) 
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(c) 

Graphical comparison of the exact solution (15) and partial sums of the series 

(22). (a) The exact solution (red) and the first term of the series solution (blue). The difference 

between the exact solution and the first three (b) and fifteen (c) terms of the series solution. 

For this problem, it is fairly obvious that equation (15) is a more convenient expression for the 

solution than equation (22). However, we emphasize again that in other problems we may not be 

able to obtain the solution except by series (or numerical approximation) methods. 

> Nonhomogeneous Heat Conduction Problems. Toshowhoweigenfunction expansions 

can be used to solve nonhomogeneous problems for partial differential equations, let us 

consider the generalized heat conduction equation 

r(x) ut = (p(x) ux), — q(x)ut F (x,t) (23) 

with the boundary conditions 

ux (0,t)—hyu(0,t) =0, u,U,t)+huG.i)=0, t>0 (24) 

and the initial condition 

UX; 0) = 3 hs) er erecce)), (25) 

This problem was previously discussed in Appendix A of Chapter 10 and in Section 11.1. In 
the latter section we let u(x, t) = X(x)T(f) in the homogeneous equation obtained by setting 
F(x, t) = 0 and showed that X(x) must be a solution of the boundary value problem 

— (p(x) X")' + q(x) X = Ar(x)X, (26) 

X’ (0) —hyX (0) =0, X'(1) + AX (1) =0. (27) 

If we assume that p, q, and r satisfy the proper continuity requirements and that p(x) and 
r(x) are always positive, the problem (26), (27) is a Sturm-Liouville problem as discussed 
in Section 11.2. Thus we obtain a sequence of eigenvalues 2 1 <A, < +++ < A, < ++: and the 
corresponding normalized eigenfunctions $;(x), $2(x), ... » Py(X),... - 
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We will solve the given nonhomogeneous boundary value problem (23), (24), and (25) 
by assuming that u(x, t) can be expressed as a series of eigenfunctions 

U(X, = > Dr (b) On (X) (28) 
(Oat 

and then showing how to determine the coefficients b,(t). The procedure is basically 
the same as that used in the nonhomogeneous Sturm-Liouville problem (1), (2) that we 
considered earlier, although it is more complicated in certain respects. For instance, the 
coefficients b,, must now depend on t, because otherwise u would be a function of x only. 
Note that the boundary conditions (24) are automatically satisfied by an expression of the 
form (28) because each ¢,,(x) satisfies the boundary conditions (27). 

Next we substitute from equation (28) for u in equation (23). From the first two terms 

on the right-hand side of equation (23), we formally obtain 

(p(x) ux)y — g(x)u= 2 (> (2) D bn tn 00) = 4) ¥ bn bn) 

= ¥ bn(((P@)4n)) - 9049). (29) 

Since (p(x) $f (2))' ~ a(x) bn (2) = ~Anr (2) bn (x), We obtain finally 

(D(x) ux)y — 4(x) u = =F (x) > bn (Anon (2). (30) 

Now consider the term on the left-hand side of equation (23). We have 

r(x)uy =r ee 2» bn (t) $n (x) = r(x) » bh (0) $n (x). (31) 

We must also express the nonhomogeneous term in equation (23) as a series of eigen- 

functions. Once again, it is convenient to look at the ratio F(x, t)/r(x) and to write 

F(x,t)_ ~< 
a 2 Yn (t) $n 2), (32) 

where the coefficients are given by 

1 1 
vay | Awe) ED CD ihee— | Une Ge (XV GXe TP =i nzy ae (33) 

0 r(x) 0 

Since F(x, f) is given, we can consider the functions y,,(¢) to be known. 

Gathering all these results together, we substitute from equations (30), (31), and (32) in 

equation (23) and find that 

r(x) SS bh (t) bn (x) = —r (x) >) bn (OAngn (x) +1%) D) bn (2). (34) 
n=1 n=) n= 

To simplify equation (34), we cancel the common nonzero factor r(x) from all terms and 

write everything in one summation: 

3 (by (t) + Anbn (1) — Yn (t)) dy (x) = 0. (35) 

n=) 
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Once again, if equation (35) is to hold for all x in 0 < x < 1, it is necessary for the quantity 

in square brackets to be zero for each n (again, see Problem 14). Hence b,(t) is a solution of 

the first-order linear ordinary differential equation 

by CY RARDE Oe RO), ee (36) 

where y,,(t) is given by equation (33). 

To determine b,,(t) completely, we must have an initial condition 

b,(0)=B,, n=1,2,... (37) 

for equation (36). This we obtain from the initial condition (25). Setting ¢ = O in 

equation (28) and using equation (25), we have 

u(x,0)= >) by (0) dn (x) = Dy Buon (x) = f @). (38) 
n=1 n=1 

Thus, for each n, the initial value B,, is the coefficient of ¢,,(x) in the (weighted) eigenfunc- 

tion expansion for f(x), that is, 

1 

Ba | FOS) G(X) a at = (39) 
0 

Note that everything on the right-hand side of equation (39) is known, so we can consider 

B, as known. 

The initial value problem (36), (37) is solved by the methods of Section 2.1. The 

integrating factor is u(t) = exp(/,,t), and it follows that 

t 
by (t) = B,e74nt +{ e~Ant-s)y (s) ds, n=1,2,... (40) 

0 

The details of this calculation are left to the reader. Note that the first term on the right- 

hand side of equation (40) depends on the function f through the coefficients B,,, while the 

second depends on the nonhomogeneous term F through the coefficients y,,(s). 

Thus an explicit solution of the boundary value problem (23), (24), and (25) is given by 

equation (28): 

u(x,t)= >) bn (On), 
n= 

where the coefficients b,(t) are determined from equation (40). The quantities B, and y,,(s) 

in equation (40) are found, in turn, from equations (39) and (33), respectively. 

Summarizing, to use this method to solve a boundary value problem such as that given 

by equations (23), (24), and (25), we must 

1. Find the eigenvalues 2 ,, and the normalized eigenfunctions ¢, of the homogeneous 
problem (26), (27). 

Calculate the coefficients B, and y,(t) from equations (39) and (33), respectively. 

Evaluate the integral in equation (40) to determine an explicit expression for b,,(t). 

Sum the infinite series (28). 

Since any or all of these steps may be difficult, the entire process can be quite formidable. 
One redeeming feature is that, as was seen in Example 11.3.1, often the series (28) 
converges rapidly, in which case only very few terms may be needed to obtain an adequate 
approximation to the solution. 
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ee CLC 
EXAMPLE 11.3.2 ; 
Find the solution of the heat conduction problem 

Up = Uyy +X, O<x<1,. t>0, (41) 

u(0,t)=0, u,(0,Hj+ud,o=0, t>0, (42) 

ECL O) =O. Ole (43) 

Solution: 

Again, we use the eigenvalues 2, and the normalized eigenfunctions ¢,, of the problem (17) and 
assume that u is given by equation (28) 

u(x,t) = >) Dn (t) bn (x). 
n=1 

The coefficients b,, are determined from the differential equation 

bh + Anbdn = My (1), (44) 

where 7,,(¢) is the coefficient of the n" term in the eigenfunction expansion of the nonhomoge- 

neous term xe‘. Thus we have 

1 

Los | xn (x) dx = Cy, (45) 
0 

where c,, is given by equation (21). The initial condition for equation (44) is 

bn (0) = 0 (46) 

since the initial temperature distribution (43) is zero everywhere. The solution of the initial value 

problem (44), (46) is 

t t 
e4nSc,ds = cnet | e4nsds 

0 
b, (t) = e~2n! | 

0 

Caewant 
ee eee (47) 

Thus the solution of the heat conduction problem (41) to (43) is given by 

© (sin (VA,))(1 — e7 4") sin (Wan x) 
u(x,t)= Ok Tee 1? (i eae (Van) 

The solution given by equation (48) is exact but complicated. To judge whether a satisfactory 

approximation to the solution can be obtained by using only a few terms in this series, we must 

estimate its speed of convergence. First we split the right-hand side of equation (48) into two parts: 

2 (sin (VA,)) sin (Vanx) ae e~Ant (sin (/An)) sin (VAnx) 
u(x,t) aes ea ae FeO £2; eh oe (49) 

Recall from Example 11.1.1 that the eigenvalues A, are very nearly proportional to n?. In the 

first series on the right-hand side of equation (49), the trigonometric factors are all bounded as 
ee) foe} 

(48) 

n — oo; thus this series converges similarly to the series yy Aj? or >, n~*, Hence at most two or 
n=1 n=1 

three terms are required for us to obtain an excellent approximation to this part of the solution. 

‘The second series contains the additional factor e~*"‘, so its convergence is even more rapid for 

t > 0; all terms after the first are almost surely negligible. 
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Problems 

» Further Discussion. Eigenfunction expansions can be used to solve a much greater 

variety of problems than the preceding discussion and examples may suggest. For example, 

time-independent nonhomogeneous boundary conditions can be handled much as in 

Section 10.6. To reduce the problem to one with homogeneous boundary conditions, 

subtract from u a function v that is chosen to satisfy the given boundary conditions. Then 

the difference w = u — v satisfies a problem with homogeneous boundary conditions, but 

with a modified forcing term and initial condition. This problem can be solved by the 

procedure described in this section. 

One potential difficulty in using eigenfunction expansions is that the normalized eigen- 

functions of the corresponding homogeneous problem must be found. For a differential 

equation with variable coefficients, this may be difficult, if not impossible. In such a case it 

is sometimes possible to use other functions, such as eigenfunctions of a simpler problem, 

that satisfy the same boundary conditions. For instance, if the boundary conditions are 

U( Ont) ='05, © let) =0; (50) 

then it may be convenient to replace the functions ¢,,(x) in equation (28) by sin(n7rx). These 

functions at least satisfy the correct boundary conditions, although, in general, they are 

not solutions of the corresponding homogeneous differential equation. Next we expand 

the nonhomogeneous term F(x, ft) in a series of the form (32), again with ¢,(x) replaced 

by sin(nzrx), and then substitute for both u and F in equation (23). Upon collecting the 

coefficients of sin(nzrx) for each n, we have an infinite set of first-order linear differential 

equations from which to determine b,(t), b2(t), .... The essential difference between this 

case and the one considered earlier is that now the equations for the functions b,(t) 

are coupled. Thus they cannot be solved one by one, as before, but must be dealt with 

simultaneously. In practice, the infinite system is replaced by an approximating finite 

system, from which approximations to a finite number of coefficients are calculated. 

Boundary value problems for equations of higher than second-order can also often be 

solved by eigenfunction expansions. In some cases the procedure parallels almost exactly 

that for second-order problems. However, a variety of complications can also arise. 

Finally, we emphasize that the discussion in this section has been purely formal. 

Separate and sometimes elaborate arguments must be used to establish convergence of 

eigenfunction expansions or to justify some of the steps used, such as term-by-term 

differentiation of eigenfunction series. 

There are also other, altogether different methods for solving nonhomogeneous bound- 

ary value problems. One of these leads to a solution expressed as a definite integral 

rather than as an infinite series. This approach involves certain functions known as 

Green’s functions and, for ordinary differential equations, is the subject of Problems 28 
through 36. 

In each of Problems 1 through 5, solve the given problem by means f satisfies the conditions of Theorem 11.3.1. State the values of yu for 
of an eigenfunction expansion. 

aU FW NH = 

. y”+2y = -x, 

. y+ 2y= —-2x, 

. yl’ + 2y = —-2x, 

. y’ +2y = —-2x, 

. y+ 2y = -24+|2- 3x], 

which the solution exists. 

yd) =0 6. y’+uy=-f(x), y@)=0, y(x)=0 
y0)=0, y’()=0 7. y’+uy=—f (x), y@)=0, y()=0 

y'(1) =0 8. y" +uy=-f (x), y(0)+y' ©) =0and y(1)+y'(1)=0 
yd) + yd) =0 9. y"+uy=-f(x), yO)=0, y'Q)+yQ)=0 

y@)=0, y(™)=0 
In each of Problems 10 through 13, determine whether there is any 

In each of Problems 6 through 9, determine a formal eigenfunction value of the constant a for which the problem has a solution. Find 

series expansion for the solution of the given problem. Assume that the solution for each such value. 
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10. y"+7*y=a+x, y(0)=0, y'(1)=0 
11. y+ 16z*y=a+x, y0)=0, y1)=0 

12. y"+7*y=a, y(0)=0, y(z)=0 

13. y+ 72’y=a—2cos(zx), y(0)=0, y1)=0 

14. Let $j, $2, ...., $n, ... be the normalized eigenfunctions of the 
differential equation (3) subject to the boundary conditions (2). 

If pS Cn$y (x) converges to f(x), where f(x) = 0 for all values of 
n=1 

xin 0 <x <1, show that c, = 0 for each n. 

Hint: Multiply by r(x)$,(x), integrate, and use the orthogonality 

property of the eigenfunctions. 

15. Let L be a second-order linear differential operator. Show that 

the solution y = ¢(x) of the problem 

L[y] = f (&), ay (0) + aay’ (0) = a, yy (1) + oy’ (1) = b 

can be written as y = u + v, where u = ¢,(x) and v = ¢,(x) are 

solutions of the problems 

L{u]=0, u(0)+e,u'(0)=a, ,u(1)+f,u' (1) =b 

and 

Li[v]=f(x), avO)+a.v0)=0, 6,v)+ fv (1) =0, 

respectively. 
16. Show that the problem 

y’+n’y=n*x, y(0)=1, y)=0 

has the solution 

y =c, sin(7zx) + cos(7x) + x. 

Also show that this solution cannot be obtained by splitting the 

problem as suggested in Problem 15, since neither of the two 

subsidiary problems can be solved in this case. 

17. Consider the problem 

y"+p(x)y+q@)y=0, yO)=a, yd)=b. 

Let y =u + v, where vis any twice-differentiable function satisfy- 

ing the boundary conditions (but not necessarily the differential 

equation). Show that u is a solution of the problem 

u" + p(x)u'+q(x)u=g(x), u(0)=0, u(1)=0, 

where g(x) = —(v’’ + p(x)v’ + q(x)v) and is known once v is 

chosen. Thus nonhomogeneities can be transferred from the 

boundary conditions to the differential equation. Find a function 

v for this problem. 

18. Using the method of Problem 17, transform the problem 

y()+y'Q)=-2 y’+2y=2-4x, y(0)=1, 

into a new problem in which the boundary conditions are homo- 

geneous. Solve the latter problem by reference to Example 11.3.1 

of the text. 

In each of Problems 19 through 22, use eigenfunction expansions to 

find the solution of the given boundary value problem. Note: Each 

differential equation must be satisfied for 0 < x < 1, t > 0; the pair of 

boundary conditions holds for t > 0; and the initial condition holds 

ond<x<l. 

19. uy, = Uyy — xX, U(0,t) = 0, u, (1, t) = 0, u(x, 0) = sin (77x/2) 

U5 Op = Uh spat, UD) =O; poCLo) = O wez0) = 

cos (77x/2) 

21. Up +3 = 3ll— 2x1, uO,t)=0, ud, t)=0, 

22. Uy; =Ux, +Q—x), u(O,t)=0, u(x,0)=0 

23. Consider the boundary value problem 

u(x, 0) = 0 

r(x) uy = (p(x)uy), — q(x)ut+ F(x), 

u(0,t) = de u (1, t) = To, ees 0, 

FCM (Co), O<os ~ il, 

ORG <a oe) 

a. Let v(x) be a solution of the problem 

(p(x)v’)'-q(x)v=-F(x) vO)=T, vd)=T. 

If wx, t) = u(x, t) — v(x), find the boundary value problem 

satisfied by w. Note that this problem can be solved by the 

method of this section. 

b. Generalize the procedure of part (a) to the case where u 

satisfies the boundary conditions 

Uy (0, t) aa hu (0, t) = Ti, uy Gi, t) ata hju (1, t) = To. 

In each of Problems 24 and 25, use the method indicated in Problem 

23 to solve the given boundary value problem. 

24. U, = Uy, —2, O<x <1, 

WOLD) => Wyss, ° SO: 

t>0, 

u(x,0) = x*=—3x4+3 O<x< Ii 
Meant 

25. Uy = Uzy — 7? sin (x), Oe al tO 

ux (0,t)=—27, u(1,t)=—4, 

(0) = cos ($x) — 4sin ($x). 

26. The method of eigenfunction expansions is often useful for 

nonhomogeneous problems related to the wave equation or its 

generalizations. Consider the problem 

1 (X) Ure = (D(X) Uy), — Q(xX)Ut+F (x,t), O<x<1,t>0 

(51) 

ux (0,t)-—h,u(0,t)=0, uy(,t)+hju(i,t)=0, t>0, 

(52) 

Wx 0) fico) U0) = 91); (O< x0 < 1k (53) 
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This problem can arise in connection with generalizations of the 

telegraph equation (Problem 16 in Section 11.1) or the longitu- 

dinal vibrations of an elastic bar (Problem 25 in Section 11.1). 

a. Let u(x, t) = X(x)T(t) in the homogeneous equation cor- 

responding to equation (51), and show that X(x) satisfies 

equations (26) and (27) of the text. Let 2,, and ¢,,(x) denote the 

eigenvalues and normalized eigenfunctions of this problem. 

b. Assume that u(x,t) = y; by (t) hn (x), and show that b,,(t) 
n=1 

must satisfy the initial value problem 

bn Os Andy (t) = % (0), bn (0) = &p, bh (0) = Bn» 

where @,,, 8,, and y,,(t) are the (weighted) coefficients of f(x), 

g(x), and F(x, t)/r(x), respectively, in terms of the eigenfunc- 

OSC CO), cavl4C9)s cone 

27. In this problem we explore a little further the analogy between 

Sturm-Liouville boundary value problems and Hermitian 

matrices. Let A be an n X n Hermitian matrix with eigenvalues 

A,, .., A, and corresponding orthonormal eigenvectors 
é), he é”, 

Consider the nonhomogeneous system of equations 

Ax — uUx=b, (54) 

where yu is a given real number and b is a given vector. We will 

point out a way of solving equation (54) that is analogous to the 

method presented in the text for solving equations (1) and (2). 
n 

a. Show that b = ) bjé, where b; = (b, €). 
i=l 

n . 

b. Assume that x = )) a;é°. Show that for equation (54) to be 
i=l 

satisfied, it is necessary that a; = b,;/(A; — 4). Thus 

£0, (55) 

provided that yu is not one of the eigenvalues of A, that is, 

[es Aeitoye ht Is cca We 

c. Compare this result with equation (13). 

Green’s® Functions. Consider the nonhomogeneous system of alge- 

braic equations 

Ax — ux = b, (56) 

where A is an n X n Hermitian matrix, « is a given real number, and 

b is a given vector. Instead of using an eigenvector expansion as in 

Problem 27, we can solve equation (56) by computing the inverse 

matrix (A — 1)~?, which exists if 4 is not an eigenvalue of A. Then 

x=(A—xD)'b. (57) 

Problems 28 through 36 indicate a way of solving nonhomogeneous 

boundary value problems that is analogous to using the inverse 

matrix for a system of linear algebraic equations. The Green’s func- 

tion plays a part similar to the inverse of the matrix of coefficients. 

This method leads to solutions expressed as definite integrals rather 

than as infinite series. Except in Problem 35, we will assume that 

“= 0 for simplicity. 

28. a. Show by the method of variation of parameters that the 

general solution of the differential equation 

=f) 97) 

can be written in the form 

25 

v=o) =e, tox | (x—s) f (s)ds, 
0 

where c and c, are arbitrary constants. 

b. Let y = $(x) also be required to satisfy the boundary condi- 

tions y(0) = 0, y(1) = 0. Show that in this case 

1 

GS0, Q= | (1-— s) f (s) ds. 
0 

c. Show that, under the conditions of parts a and b, ¢(x) can be 

written in the form 

| 

$)=| sax) f()ds+ | x(1—s) f (s)ds. 
0 15 

d. Defining 

s(1—x), 
x a S), 

ONS =e, 

OSes 
G(x3) =| 

show that the solution can be written as 

1 

$=] G(x, s) f (s) ds. 
0 

The function G(x, s) appearing under the integral sign is a 

Green’s function. The usefulness of a Green’s function solu- 

tion rests on the fact that the Green’s function is independent 

of the nonhomogeneous term in the differential equation. 

Thus, once the Green’s function is determined, the solution 

Green's functions are named after George Green (1793-1841) of England. He was almost entirely self- 
taught in mathematics and made significant contributions to electricity and magnetism, fluid mechanics, 
and partial differential equations. His most important work was an essay on electricity and magnetism that 
was published privately in 1828. In this paper Green was the first to recognize the importance of potential 
functions. He introduced the functions now known as Green’s functions as a means of solving boundary 
value problems and developed the integral transformation theorems, of which Green’s theorem in the plane 
is a particular case. However, these results did not become widely known until Green’s essay was republished 
in the 1850s through the efforts of William Thomson (Lord Kelvin). 



of the boundary value problem for any nonhomogeneous 
term f(x) is obtained by a single integration. Note further 
that no determination of arbitrary constants is required, since 
(x) as given by the Green’s function integral formula auto- 
matically satisfies the boundary conditions. 

29. Show that the solution of the boundary value problem 

y"+y=f(), yO)=0, y@)=0 

is 

1 

y=9(xX)= | G(x, 8s) f (s)ds, 
0 

where 

cos (1 — x) sin (s) 
ORS SEES 

G(x, s) = cos (1) 
: sin (x) cos (1 — s) So Roy 

cos (1) : ie ep 

30. It is possible to show that the Sturm-Liouville problem 

Lily]=-@@)y')'+a@)y =f @), (58) 

ay (0)+a2y'(0)=0, Bi y()+ fy’ (1) =0 (59) 

has a Green’s function solution 

z 

ya9@)= | G (x,5) f (s)ads, (60) 
0 

provided that A = 0 is not an eigenvalue of L[y] = Ay subject to 

the boundary conditions (59). Further, G(x, s) is given by 

wi (S) v2 (X) 
POW Iwla 9 =5s* 

Hei V2@) 
PO)W Dive)’ 

G (x,s) = (61) 
SUES My 

where y, is a solution of L[y] = 0 satisfying the boundary condi- 

tion at @, y (0)+a,y’ (0) = 0, y isa solution of L[y] = 0 satisfying 

the boundary condition at 8, y (1) + Boy’ (1) = 0, and W[yy, ya] 

is the Wronskian of y, and yp. 

a. Verify that the Green’s function obtained in Problem 28 is 

given by formula (61). 

b. Verify that the Green’s function obtained in Problem 29 is 

given by formula (61). 

c. Show that p(x)W|y,, y2](x) is a constant by showing that its 

derivative is zero. 

d. Using equation (61) and the result of part c, show that 

G(x, s) = G(s, x). 

e. Verify that y = (x) from equation (60) with G(, s) given by 

equation (61) satisfies the differential equation (58) and the 

boundary conditions (59). 

In each of Problems 31 through 34, solve the given boundary 

value problem by determining the appropriate Green’s function and 

expressing the solution as a definite integral. Use equations (58) to 

(61) of Problem 390. 

36. 
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-y=f), yO)=0, yd)=0 

32. y"+Iy=f 0), yO=0, y(n)=0 
-y’+y=f@, yO=0, y(F)=0 

2 

-y’t+y=f(); yO=0, yd)=0 
. Consider the boundary value problem 

Lily] =—(p(x)y’)'+q(x)y =ur(x) y+ f (x), (62) 

a y(0)+ ay’ (0)=0, BiyG)+ fy’) =0. (63) 

In this section the solution y = ¢(x) of the Sturm-Liouville 

boundary value problem (62), (63) is given by equation (13), 

where c,, is defined by equation (9), provided that « is not an 

eigenvalue of the corresponding homogeneous problem. In this 

case it can also be shown that the solution is given by a Green’s 

function integral of the form 

1 

y=¢(x)= | G (x, s, “) f (s) ds. (64) 
0 

Note that in this problem the Green’s function also depends on 

the parameter j. 

a. Show that if these two expressions for ¢(x) are to be equiva- 

lent, then 

G(x,s,) = >, ao errees (65) 
(=i) U 

where A; and ¢; are the eigenvalues and eigenfunctions, 

respectively, of equations (3), (2) of this section. Again, 

we see from equation (65) that 4 cannot be equal to any 

eigenvalue /;. 

b. Derive equation (65) directly by assuming that G(x, s, ) has 

the eigenfunction expansion 

G(x,8,K) = D1 a; (x, K) $i (5). (66) 
i=1 

Determine a,(x, “) by multiplying equation (66) by r(s)¢;(s) 

and integrating with respect to s froms=0tos=1. 

Hint: Show first that A; and ¢; satisfy the equation 

1 

b(x) = - 2) | G(x,s,u)r(s)h(s)ds. (67) 
0 

Consider the boundary value problem 

d2 

-<4 =6(s—x), y@)=0, y()=0, 

where s is the independent variable, s = x is a definite point in 

the interval 0 < s < 1, and 6 is the Dirac delta function (see 

Section 7.5). Show that the solution of this problem is the Green’s 

function G(x, s) obtained in Problem 28. 

In solving the given problem, note that 6(s — x) = 0 in the 

intervals 0 < s < x and x < s < 1. Note further that —dy/ds 
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experiences a jump of magnitude 1 as s passes through the 

value x. 

This problem illustrates a general property, namely, that the 

Green’s function G(x, s) can be identified as the response at 

the point s to a unit impulse at the point x. A more general 

nonhomogeneous term f on 0 < x < 1 can be regarded as a 

continuous distribution of impulses with magnitude f(x) at the 

point x. The solution of a nonhomogeneous boundary value 

problem in terms of a Green’s function integral can then be 

interpreted as the result of superposing the responses to the set 

of impulses represented by the nonhomogeneous term f' (x). 

11.4 | SINGULAR STURM-LIOUVILLE PROBLEMS 

In the preceding sections of this chapter, we considered Sturm-Liouville boundary value 

problems: the differential equation 

Lly]=-(@@)y)’+a@y=Aar@)y, 0<x<1, (1) 

together with boundary conditions of the form 

ay (0) + ay’ (0) =0, Bi y(1) + Boy’) = 0. (2) 

Until now, we have always assumed that the problem is regular. That is, we have assumed 

that p is differentiable, that p’, g, and r are continuous, and that p(x) > 0 and r(x) > O at all 

points in the closed interval 0 < x < 1. However, there are also equations of physical interest 

in which some of these conditions are not satisfied. 

For example, suppose that we wish to study Bessel’s equation of order v on the interval 

0 <x <1. This equation is sometimes written in the form? 

2 
Vv 

=\(Xy_) SF Be Axy (3) 

so that p(x) =x, q(x) = v*/x, and r(x) = x. Thus p(0) = 0, r(0) = 0, and q(x) is unbounded and 

hence discontinuous as x — 0. However, the conditions imposed on regular Sturm-Liouville 

problems are met elsewhere in the interval. 

Similarly, for Legendre’s equation we have 

~((1-x2)y’) =ay, -1<x <1, (4) 

where A = a(a + 1), p(x) = 1 — x’, q(x) = 0, and r(x) = 1. Here the required conditions on 

p,q, and r are satisfied in the interval 0 < x < 1 except that p(1) = 0. 

We use the term singular Sturm-Liouville problem to refer to a certain class of 

boundary value problems for the differential equation (1) in which the functions p, q, and 

r satisfy the conditions stated earlier on the open interval 0 < x < 1, but at least one of 

these functions fails to satisfy them at one or both of the boundary points. We also prescribe 

suitable separated boundary conditions of a kind to be described in more detail later in this 

section. Singular problems also occur if the interval is unbounded, for example, 0 < x < oo. 

We do not consider this latter kind of singular problem in this book. 

As an example of a singular problem on a finite interval, consider the equation 

xy” +y' +Axy =0, (5) 

or 

—(xy’) =Axy, (6) 

°The substitution t = VAx reduces equation (3) to the standard form Py’ +t’ +(? —vy=0. 
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on the interval 0 < x < 1, and suppose that A > 0. This equation arises in the study of free 
vibrations of a circular elastic membrane and is discussed further in Section 11.5. If we 
introduce the new independent variable t defined byt = Va Ax, then 

d 2 2 
OU hole esl Mis aE) 
dx dt a? at” 

Hence equation (5) becomes 

t d 
- i +VA ~ +A—y =0, Vid Vi 

or, if we cancel the common factor Va in each term, 

aya 
t+ Ss ty=0. (7) 
dt” dt 

Equation (7) is Bessel’s equation of order zero (see Section 5.8). The general solution of 

equation (7) for t > O is 

y = CyJo (t) + €2Yo (1); 

hence the general solution of equation (6) for x > 0 is 

y =CJo (vax) + C2Y9 (Vax), (8) 

where J) and Yo, denote the Bessel functions of the first and second kinds of order zero. 

From equations (6) and (12) of Section 5.8, we have 

se his We DAE x >0, (9) 
m=1 22m (m!)° 

Vax (-1)"*" H,,amx2m 

Me Ga acer age) tae 
(10) 

¥o(Vae) = S 

where H,, =1+1/2+---+1/mandy = jim (H,, —1nm). The graphs of y = Jo(x) and 

y = Y0(x) are given in Figure 5.7.2. 
Suppose that we seek a solution of equation (6) that also satisfies the boundary 

conditions 

y@)=0, yQ)=9, (11) 

which are typical of those we have met in other problems in this chapter. Since Jo(0) = 1 

and Y9(x) > — co asx > 0, the condition (0) = 0 can be satisfied only by choosing c, = c2 

= 0 in equation (8). Thus the boundary value problem (6), (11) has only the trivial solution. 

One interpretation of this result is that the boundary condition (0) = 0 is too restrictive 

for the differential equation (6). This illustrates the general situation, namely, that at a 

singular boundary point it is necessary to consider a modified type of boundary condi- 

tion. In the present problem, suppose that we require only that the solution (8) and its 

derivative remain bounded. In other words, we take as the boundary condition at x = 0 the 

requirement 

y and y’ remain bounded asx — OF. (12) 
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This condition can be satisfied by choosing c, = 0 in equation (8), so as to eliminate the 

unbounded solution Yo. The second boundary condition, (1) = 0, then yields 

Jo (VA) =0. (13) 

It is possible to show’? that equation (13) has an infinite set of discrete positive roots, which 

yield the eigenvalues 0 < A, < A, <... <A, <... of the given problem. The corresponding 

eigenfunctions 

$n (x) = Jo (Wanx), (14) 

are determined only up to a multiplicative constant. 

The boundary value problem with differential equation (6) and boundary conditions 

y(1) = 0 and (12) is an example of a singular Sturm-Liouville problem. This example 

illustrates that if the boundary conditions are relaxed in an appropriate way, then a singular 

Sturm-Liouville problem may have an infinite sequence of eigenvalues and eigenfunctions, 

just as a regular Sturm-Liouville problem does. 

Because of their importance in applications, it is worthwhile to investigate singular 

boundary value problems a little further. There are two main questions that are of concern: 

1. Precisely what type of boundary conditions can be allowed in a singular Sturm- 

Liouville problem? 

2. To what extent do the eigenvalues and eigenfunctions of a singular problem share the 

properties of eigenvalues and eigenfunctions of regular Sturm-Liouville problems? In 

particular, are the eigenvalues real, are the eigenfunctions orthogonal, and can a given 

function be expanded as a series of eigenfunctions? 

Both of these questions can be answered by a study of the identity 

1 

| (L[u] v — uL [v]) dx = 0, (15) 
0 

which played an essential part in the development of the theory of regular Sturm-Liouville 

problems. We therefore investigate the conditions under which this relation holds for 

singular problems, where the integral in equation (15) may now have to be examined as 

an improper integral. To be definite, we consider the differential equation (1) and assume 

that x = 0 is a singular boundary point but that x = 1 is not. The boundary condition 8, y(1) + 

B2y'(1) = Ois imposed at the nonsingular boundary point x = 1, but we leave unspecified, for 

the moment, the boundary condition at x = 0. Indeed, our principal objective is to determine 
what kinds of boundary conditions are allowable at a singular boundary point if equation 
(15) is to hold. 

Since the boundary value problem under investigation is singular at x = 0, we choose 

a positive number ¢ and consider the integral | L [u] vdx, instead of | L [u] vdx, as in 
€ 0 

Section 11.2. Afterward we let ¢ approach zero. Assuming that u and v have at least two 
continuous derivatives on € < x < 1, and integrating twice by parts, we find that 

il 

| (L [u]v — ul [v]) dx = —p(x)(u' (x) v(x) — u(x) v' (x)) (16) 
1 

€ 

'°The function Jy is well tabulated; the roots of equation (13) can be found in tables such as those in 
Abramowitz and Stegun. You can also use a computer algebra system to compute them quickly. The first 
three roots of equation (13) are Va = 2.405,5.520, and 8.654, respectively, to four significant figures; 
VA, = (n — 1/4) 77 for large n. 
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The boundary term at x = 1 is again eliminated if both u and v satisfy the second boundary 
condition in (2), and thus 

1 

| (L[u] v — uL [v]) dx = p(e)(w' (€) v(€) —u(e)v’' (e)). (17) 

Taking the limit as ¢ > 0 through positive values yields 

1 

| Chav—utppar= tim POW @v@-ueOv ©). (a8) 
0 sy 

Hence equation (15) holds if and only if, in addition to the assumptions stated previously, 

jim, p(e)(u' (€)v(e) —u(e)v’ (€)) =0 (19) 

for every pair of functions u and v in the class under consideration. When x = 0 is a 

singular boundary point for L[y] = Ar(x)y, equation (19) is the criterion that determines 

what boundary conditions are allowable at x = 0. A similar condition applies at x = 1 if that 

boundary point is singular, namely, 

jim p(e)(u' (€) v(€) — u(e)v' (€)) = 0. (20) 

In summary, as in Section 11.2, a singular boundary value problem for equation (1) is said 

to be self-adjoint if equation (15) is valid, possibly as an improper integral, for each pair of 

functions u and v with the following properties: they are twice continuously differentiable 

on the open interval 0 < x < 1, they satisfy a boundary condition of the form (2) at each 

regular boundary point, and they satisfy a boundary condition sufficient to ensure equation 

(19) if x = 0 is a singular boundary point, or equation (20) if x = 1 is a singular boundary 

point. If at least one boundary point is singular, then the differential equation (1), together 

with two boundary conditions of the type just described, are said to form a singular Sturm- 

Liouville problem. 

EXAMPLE 11.4.1 

Show that the singular Sturm-Liouville boundary value problem consisting of the differential 

equation 

(1 -— x?) y” —2xy’+a(a+1)y=0 

- with boundary conditions that both y and y’ remain bounded as x approaches —1 from the right 

and 1 from the left is self adjoint. 

Solution: 

From the differential equation, we see that p (x) = 1— x?. If both u and v and their first derivatives 

are bounded as x > —1', it is clear that equation (19) will hold. Hence this singular boundary 

value problem, with any boundary condition of the form y (—1) and y’ (—1) are bounded and y (1) 

and y’ (1) are bounded is self adjoint. 
nnn 

The most striking difference between regular and singular Sturm-Liouville problems is 

that in a singular problem the eigenvalues may not be discrete. That is, the problem may 

have nontrivial solutions for every value of A, or for every value of A in some interval. In 

such a case the problem is said to have a continuous spectrum. It may happen that a 

singular problem has a mixture of discrete eigenvalues and also a continuous spectrum. 

When a problem has a continuous spectrum, the corresponding sets of eigenfunctions are 
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therefore not denumerable, and series expansions of the type described in Theorem 11.2.4 

do not exist; the infinite sum is replaced by an appropriate integral representation. 

Finally, it is possible that only a discrete set of eigenvalues exists, just as in the regular 

case discussed in Section 11.2. For example, this is true of the problem consisting of 

equations (6), y(1) = 0, and (12). In general, it may be difficult to determine which case 

actually occurs in a given problem. 

A systematic discussion of singular Sturm-Liouville problems is quite sophisticated" 

indeed, requiring a substantial extension of the methods presented in this book. We restrict 

ourselves to some examples related to physical applications; in each of these examples it is 

known that there is an infinite set of discrete eigenvalues. 

If a singular Sturm-Liouville problem does have only a discrete set of eigenvalues and 

eigenfunctions, then equation (15) can be used, just as in Section 11.2, to prove that the 

eigenvalues of such a problem are real and that the eigenfunctions are orthogonal with 

respect to the weight function r. The expansion of a given function in terms of a series of 

eigenfunctions then follows, as in Section 11.2. 

Such expansions are useful, as in the regular case, for solving nonhomogeneous bound- 

ary value problems. The procedure is very similar to that described in Section 11.3. Some 

examples for ordinary differential equations are indicated in Problems 1 to 4, and some 

problems for partial differential equations appear in Section 11.5. 

EXAMPLE 11.4.2 

The singular Sturm-Liouville boundary value problem 

, a? 

(-xy') + =y=#xy, 0<x<L 

yand y’ boundedasx > 0, y(L)=0 

has eigenfunctions $, = Jy (Ayx). 

(a) Show that the ¢,, satisfy the orthogonality relation 

L 

| Kn, ©) bmn Vd =O men (21) 
0 

with respect to the weight function r(x) = x. 

(b) Given a function f with f and f’ piecewise continuous on 0 <x < L, find the coefficients (fs 

such that 

f(x) =D) Cada Anx). (22) 
n=) 

Solution: 

. . . 2 (a) From the differential equation, we see that p(x) = x, qd) ~“and r(x) =/x; Thus 
the orthogonality of the eigenfunctions with weight r(x) = x is a direct consequence of 
Theorem 11.2.2. 

(b) While Theorem 11.2.4 applies only when the eigenfunctions are normalized, multiplying 
equation (22) by xJ,, (Amx) and integrating term by term from x = 0 to x = L, we obtain 

uh co L 

| xf O)JaAmxdx = Yc, | XI Am) Jey (Anx) dx. (23) 
0 0 n=1 

''See, for example, Chapter 5 of the book by Yosida listed in the References at the end of this chapter. 
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Because of the orthogonality condition (21), the right-hand side of equation (23) collapses to a 
single term; hence 

ib 

2 COE ia vebe 
a0 

Cc I 

ti PJ.) AmL) ; 

where 

i 
2 ib 

XJq" (Amx) dx = Zar AmL), 
0 

which determines the coefficients in the series (22). 
i 

The convergence of the series (22) is established by an extension of Theorem 11.2.4 to 
cover this case. This theorem can also be shown to hold for other sets of Bessel functions, 
which are solutions of appropriate boundary value problems; for Legendre polynomials; 

and for solutions of a number of other singular Sturm-Liouville problems of considerable 
interest. 

It must be emphasized that the singular problems mentioned here are not necessarily 

typical. In general, singular boundary value problems are characterized by continuous 

spectra, rather than by discrete sets of eigenvalues. 

Problems 

1. Find a formal solution of the nonhomogeneous boundary value 

problem 

at 
(-xy’) + xy = uxy + f(x), 0<x<L 

y and y’ boundedasx > 0*, y(L)=0, 

where f is a given continuous function on 0 < x < L, and pis not 

an eigenvalue of the corresponding homogeneous problem. 

Hint: Use a series expansion similar to those in Section 11.3. 

2. Consider the boundary value problem 

—(xy') = Axy, 
y and y’ boundedasx > 0+, y’(1) =0, 

a. Show that / , = 0is an eigenvalue of this problem correspond- 

ing to the eigenfunction ¢o(x) = 1. If A > 0, show formally that 

the eigenfunctions are given by the Bessel functions ¢, (x) = 

Jo (V AnX)s where +//,, is the n'” positive root (in increasing 

order) of the equation Jj (va) = 0. It is possible to show that 

there is an infinite sequence of such roots. 

b. Create a graph supporting the claim that Jj (va) = 0 has 

an infinite sequence of positive roots. 

c. Show that ifm,n= 0, 1, 2, ..., then 

1 

| Xhm (x) bn (x)dx=0, mn. 
0 

d. Find a formal solution to the nonhomogeneous problem 

—(xy')' = uxy + f (x), 
yand y’ boundedasx > 0*, y’(1)=0, 

where f is a given continuous function on 0 < x < 1, and 

yu is not an eigenvalue of the corresponding homogeneous 

problem. 

3. Consider the problem 

Die 
ey ty = Ay, 

y and y’ boundedasx > 0*, y(1)=0, 

where k is a positive integer. 

a. Using the substitution t = Ax, show that the given differ- 

ential equation reduces to Bessel’s equation of order k (see 

Problem 9 of Section 5.8). One solution is J;,(0); a second 

linearly independent solution, denoted by Y;,(¢), is unbounded 

ast — 0. 

. Show formally that the eigenvalues A,, 5, ... of the given prob- 

lem are the squares of the positive zeros of Jx (v2) and that 

the corresponding eigenfunctions are ¢, (x) = Jx (Vanx). It 

is possible to show that there is an infinite sequence of such 

zeros. 

. Show that the eigenfunctions ¢,,(x) satisfy the orthogonality 

relation 

1 

| By ONES Tak We 
0 
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d. Determine the coefficients in the formal series expansion both y and y’ remain bounded as x approaches —1 from the 

right and 1 from the left, where f is a given continuous 

function on -1 < x < 1, and p is not an eigenvalue of the 

fx) = 2, On $n (x). corresponding homogeneous problem. 
n=1 

5. The equation 

e. Find a formal solution of the nonhomogeneous problem 
(1 —x?)y” — xy’ tay =0 (25) 

/ k2 

eo2eles Paemo TI), is Chebyshev’s equation; see Problem 10 of Section 5.4. 

yand y’ bounded asx >0*, y(1) =0, a. Show that equation (25) can be written in the form 

where f is a given continuous function on 0 < x < 1, and 2 (a 2 eye y') =a(1 Bre Vee 

is not an eigenvalue of the corresponding homogeneous (8) 

problem. 

4. Consider Legendre’s equation 

(1 —x?)y” — 2xy’ +Ay =0 

b. Consider the boundary conditions 

y and y’ remain bounded as x > —1*, 
(27) 

subject to the boundary conditions both y and y’ remain bounded y and y’ remain bounded asx > 1”. 
as x approaches —1 from the right and 1 from the left. 

The eigenvalues for this problem are A, = 2,2) = 2+ 3,... An = Show that the boundary value problem (26), (27) is self- 
n(n + 1) and the eigenfunctions are the corresponding Legendre adjoint. 

Polynomials c. It can be shown that the singular Sturm-Liouville boundary 

i (x) = B (x), 

value problem (26), (27) has eigenvalues Aj = 0, A, = 1, A, = 4, 

(C9) 124 (C2) yong (C9) S14 (68) .., A, = n’, .... The corresponding eigenfunctions are the 

Chebyshev polynomials T,,(x): To(x) = 1, Ti(x) = x, T2(x) = 

a. Show that 1 — 2x’, .... Show that 

: 1 (x) T(x) [$m bn (edie = 0, mae [ mom a=, men (a8) 
= -1 (1-—x?) 

b. Find a formal solution of the nonhomogeneous problem Note that this is a convergent improper integral. 

~((1-x)y’) =py + f (~), 

FURTHER REMARKS ON THE METHOD OF 

11.5 | SEPARATION OF VARIABLES: A BESSEL 
SERIES EXPANSION 

In this chapter we are interested in extending the method of separation of variables 
developed in Chapter 10 to a larger class of problems—to problems involving more general 
partial differential equations, more general boundary conditions, or different geometrical 
regions. We indicated in Section 11.3 how to deal with a class of more general differential 
equations or boundary conditions. Here we concentrate on problems posed in various 
geometrical regions, with emphasis on those leading to singular Sturm-Liouville problems 
when the variables are separated. 

Because of its relative simplicity, as well as the considerable physical significance of 
many problems to which it is applicable, the method of separation of variables merits its 
important place in the theory and application of partial differential equations. However, 
this method does have certain limitations that should not be forgotten. In the first place, the 
problem must be linear so that the principle of superposition can be invoked to construct 
additional solutions by forming linear combinations of the fundamental solutions of an 
appropriate homogeneous problem. 

As a practical matter, we must also be able to solve the ordinary differential equations, 
obtained after separating the variables, in a reasonably convenient manner. In some 
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problems to which the method of separation of variables can be applied in principle, it is of 
very limited practical value due to a lack of information about the solutions of the ordinary 
differential equations that appear. 

Furthermore, the geometry of the region involved in the problem is subject to rather 
severe restrictions. On the one hand, a coordinate system must be employed in which the 
variables can be separated, and the partial differential equation replaced by a set of ordinary 
differential equations. For Laplace’s equation there are about a dozen such coordinate 
systems; only rectangular, polar, circular cylindrical, and spherical coordinates are likely 
to be familiar to most readers of this book. On the other hand, the boundary of the region 
of interest must consist of coordinate curves or surfaces—that is, curves or surfaces on 
which one variable remains constant. Thus, at an elementary level, we are limited to regions 
bounded by straight lines or circular arcs in two dimensions, or by planes, circular cylinders, 
circular cones, or spheres in three dimensions. 

In three-dimensional problems, applying the method of separation of variables to 
Laplace’s operator U. + Uy + Uz leads to the equation X’”’ + AX = 0 in rectangular 

coordinates, to Bessel’s equation in cylindrical coordinates, and to Legendre’s equation in 

spherical coordinates. It is this fact that is largely responsible for the intensive study that 

has been made of these equations and the functions defined by them. It is also noteworthy 

that two of the three most important situations lead to singular, rather than regular, Sturm- 

Liouville problems. Thus singular problems are by no means exceptional and may be of 

even greater interest than regular problems. The remainder of this section is devoted to an 

example involving an expansion of a given function as a series of Bessel functions. 

> The Vibrations of a Circular Elastic Membrane. In Section 10.7 (see equation (7)) we 

noted that the transverse vibrations of a thin elastic membrane are governed by the two- 

dimensional wave equation 

Ga ayet yy) Ure (1) 

To study the motion of a circular membrane, it is convenient to write equation (1) in polar 

coordinates: 

1 1 ) 
z ~ = = 2 Up + Ugo | = Ute. a (rr 4 plato ce tt (2) 

We will assume that the membrane has unit radius, that it is fixed securely around its 

circumference, and that initially it occupies a displaced position independent of the angular 

variable 6, from which it is released at time t = 0. Because of the circular symmetry of the 

initial and boundary conditions, it is natural to assume also that u is independent of 6; hence 

u is a function of r and t only. In this event the differential equation (2) becomes 

Ge (rr + “ur thy Wi Oi<oneculnewts>:0. (3) 

The boundary condition at r = 1 is 

WGleb) = Ove ti220, (4) 

and the initial conditions are 

uGo= 7), upr.0)=0, OSrsl, (5) 

where f(r) describes the initial configuration of the membrane. For consistency we also 

require that f(1) = 0. Finally, we state explicitly the requirement that u(r, t) must be bounded 

for0:- Sri. 
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Na 

EXAMPLE 11.5.1 

Find the solution of the two-dimensional wave equation (3) in the unit circle with boundary 

condition (4) and initial conditions (5). 

Solution: 

Assuming that u(r, t) = R(r)T(d), and substituting for u(r, t) in equation (3), we obtain 

Ro Gin) Re aT eae (6) 
R a2 T 

We have anticipated that the separation constant must be negative by writing it as —A? with 

A > 0.!2 Then equation (6) yields the following two ordinary differential equations: 

r2R" +rR' + ?7r?R = 0, (7) 

Te es (8) 

Thus, from equation (8), 

T (t) = k, sin (Aat) + k, cos (Aat). (9) 

Introducing the new independent variable & = Ar into equation (7), we obtain 

Rie Cad 
7—— + §— + PR=0, 10 

which is Bessel’s equation of order zero. Thus 

r(2) = CyJo (E)+ Yo (&), (11) 

where Jy and Yo are Bessel functions of the first and second kinds, respectively, of order zero (see 

Section 11.4). In terms of r, we have 

R(r) = cCyJo Ar) + C2Yo9 Cr). (12) 

The boundedness condition on u(r, t) requires that R remain bounded as r > 0*. Since Y)(Ar) 

— — oo as > 0*, we must choose c, = 0. The boundary condition (4) then requires that 

Jo (A) = 0. (13) 

Consequently, the allowable values of the separation constant are obtained from the roots of 

the transcendental equation (13). Recall from Section 11.4 that J,(A) has an infinite set of discrete 

positive zeros, which we denote by A,, A2, A3, ..., Ay, «.., ordered in increasing magnitude. Further, 

the functions J)(/,,r) are the eigenfunctions of a singular Sturm-Liouville problem and can be 

used as the basis of a series expansion for the given function f. The fundamental solutions of this 

problem, which satisfy the partial differential equation (3), the boundary condition (4), and the 

boundedness condition, are 

Usb) eo CAni) SU CA OD) airtel eee (14) 

Vy ie t)alo (Art) COSA Gb) .sea1 clin Dy (15) 

ee EEE eee 

By denoting the separation constant by —A?, rather than simply by —A, we avoid the appearance of 
numerous radical signs in the following discussion. 
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Next we assume that u(r, t) can be expressed as an infinite linear combination of the fundamen- 
tal solutions (14), (15): 

uEr,t) = Si eatin (0) + 0005 8) 
n=1 

= yi (kKyJo Anr) sin A,at) + CyJo Ayr) cos (A,at)). (16) 
n= 

The initial conditions require that 

Ur,0) = >) Calo Ant) = f(r), (17) 
n=1 

u; (7,0) => A,aK, Jp. A,r) = 0. (18) 
n=1 

From equation (24) of Section 11.4, we obtain 

1 

| 1 @0Garar 
ky =0, Cy = .~—————_,,_ n= 1,2... (19) 

| (J Unr))*dr 
0 

Thus the solution of the partial differential equation (3) satisfying the boundary condition (4) 

and the initial conditions (5) is given by 

u(r,t) = }) CnJo Anr) cos (Anat) (20) 
n=1 

with the coefficients c,, defined by equation (19). 

Problems 

1. Consider Laplace’s equation u,, +Uyy = 0 in the parallelogram transforms into 

whose vertices are (0, 0), (1, 0), (2, 1), and (1, 1). Suppose that 

the boundary condition u(x,1) = f (x) is imposed on the side 

y =1for1 < x < 2, and that on the other three sides u = 0 (see 

Figure 11.5.1). 

Cc D' 
@ 1) (0, 1) 

B (1, 0) '1(0,0) B'(, 0) 

(a) (d) 

The regions in Problem 1. 

a. Show that there are no nontrivial solutions of the partial 

differential equation of the form u(x,y) = X(x)Y (y) that 

also satisfy the homogeneous boundary conditions. 

b. Let = x —y,n = y. Show that the given parallelogram 

in the xy-plane transforms into the square 0 < Sexy, 

0 <7 <1inthe £-plane. Show that the differential equation 

(0, 0) 

2Ugg + Uyy — 2Uey = 0. (21) 

How are the boundary conditions transformed? 

c. Show that in the &y-plane, the differential equation (21) 

possesses no solution of the form 

u(§,n)=U(§)V(n). 

Thus in the xy-plane, the shape of the boundary precludes a 

solution by the method of the separation of variables, while 

in the &7-plane, the region is acceptable but the variables in 

the differential equation can no longer be separated. 

2. Find the displacement u(r, t) in a vibrating circular elastic mem- 

brane of radius 2 that satisfies the boundary condition 

OPA, DOS 16 20) 

and the initial conditions 

u(r,0)=f(r), ur,0)=gr), O<rs2, 

where f(2) = g(2) = 0. 

Hint: The differential equation to be satisfied is equation (3) of 

this section. 



3. Find the displacement u(r, ft) in a vibrating circular elastic mem- 

brane of radius 2 that satisfies the boundary condition 

HOA, DSO, 1 0; 

and the initial conditions 

WAO=H0, WMEAO=Ss@Q), OSr 6% 

where g(2) = 0. 

Hint: The differential equation to be satisfied is equation (3) of 

this section. 

. The wave equation in polar coordinates is 

i 1 
Ury + Pate + > Ue9 = Ugt- if a2 

Show that if u(r, @, t) = R(r) © (6)T(H), then R, ©, and T satisfy 

the ordinary differential equations 

r?R" +rR’ + (A#?r? —n?)R=0, 

0” +n20 =0, 

TT” +eT =0. 

. In the circular cylindrical coordinates r, 6, z defined by 

SP CON), 9 Ss), 4S &, 

Laplace’s equation is (see Problem 16 in Section 10.8) 

1 il 
Uyy + me =F 72 Yee + Uz, = 0. 

a. Show that ifu(r, 8, z) = R(r) © (€)Z(z), then R, ©, and Z satisfy 

the ordinary differential equations 

r?R" + rR’ + (Ar? —n?)R=0, 

@” +n?0 =0, 

Vb SCS = (0). 

b. Show that if u(r, 6, z) is independent of 9, then the first 

equation in part a becomes 

r°R" +rR' + #r?R =0, 

the second is omitted altogether, and the third is unchanged. 

. Find the deflection of the unit square membrane whose bound- 

ary is fixed and it satisfies the boundary conditions 

u(x,y,t)=0, t>0, 
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u(x, y,0) = f (x,y) 

u; (x, y,0) =0 

7. The equation 

Vex + Vyy + k?v = 0 

is a generalization of Laplace’s equation and is sometimes called 

the Helmholtz!? equation. 
a. In polar coordinates the Helmholtz equation is 

1 1 
v =v, + Veg + k*v = 0. rr + ae Fe 60 

If (7, 6) = R(r) © (6), show that R and © satisfy the ordinary 

differential equations 

r?R" +rR' + (kr? -#)R=0, 0" +V7O=0. 

b. Consider the Helmholtz equation in the disk r < c. Find the 

solution that remains bounded at all points in the disk, that is 

periodic in 6 with period 27, and that satisfies the boundary 

condition v(c,@) = f(@), where f is a given function on 

0<0<2z. 

Hint: The equation for R is a Bessel equation. See Problem 3 

of Section 11.4. 

. Consider the flow of heat in a semi-infinite rod 0 < z < o, 

0 <r < 1.Ifthe temperature is independent of 9 and approaches 

0 asz — oo. Let the initial temperature distribution be a function 

of the radial variable r only. Then the temperature u is a function 

of r and z only and satisfies the heat conduction equation 

1 
a (upp + Sty) = ty, Onn <A t 0} 

and the following initial and boundary conditions: 

u(r,0)=f(r), O<r<l, 
U's) 3 O; Za is 

Show that 

U(7,Z) = >, Calo Agr) e-"* 
n=l 

where J,(A,,) = 0. Find a formula for c,. 

. In the spherical coordinates p, 6, ¢ (9 > 0, 0 < 6 < 2z, 

0 < ¢ < 7) defined by the equations 

x = pcos (9) sin (¢), y = psin (6) sin (¢), z = pcos(4), 

Laplace’s equation is (see Problem 17 in Section 10.8) 

0? Upp + 2ptlp + (csc? ($)) uae + Ugg + (Cot (P)) ug = 0. 

cr ee ee ee ee 

'3The German scientist Hermann von Helmholtz (1821-1894) was trained in medicine and physiology; 
early in his career he made important contributions to physiological optics and acoustics, including the 
invention of the ophthalmoscope in 1851. Later his interests turned to physics, especially fluid mechanics and 
electrodynamics. During his lifetime, he held chairs in physiology or physics at several German universities. 
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a. Show that if u(p, 6, ¢) = P(e) © (6)®(¢), then P, @, and ® 
satisfy ordinary differential equations of the form 

p?P” + 2oP'—-w?P=0, p>O, 

6" +70 =0, 0< 0 <2n, 

(sin* (¢)) ©" + (sin (¢) cos (g)) ©” 

+(u? sin’ (¢)-#?)@=0, O0<¢<z. 

The differential equation for P is of the Euler type, while the 

one for ® is related to Legendre’s equation. 

b. Show that if u(e, 6, $) is independent of 6, then the first 

equation in part (a) is unchanged, the second is omitted, and 

the third becomes 

c. Define a new independent variable s = cos(¢). Then show 

that the equation for ® in part b becomes 

2 
(1-32) SP _ 5 5 yo = 0, = S 9S il. 

ds ds 

Note that this is Legendre’s equation. 

10. Find the steady-state temperature u(e, ¢) in a sphere of unit 

radius if the temperature is independent of 6 and satisfies the 

boundary condition 

u,py= ff), OS dz. 

Hint: Refer to Problem 9 and to Problems 17 through 23 of 

Section 5.4. Use the fact that the only solutions of Legendre’s 

equation that are finite at both + 1 are the Legendre polynomials. (sin* (¢)) ®” + (sin (¢) cos (¢)) © + (1? sin? ($))® =0. 

SERIES OF ORTHOGONAL FUNCTIONS: MEAN 
ag CONVERGENCE 

In Section 11.2 we stated that under certain restrictions, a given function f can be expanded 

in a series of eigenfunctions of a Sturm-Liouville boundary value problem, the series 

converging to : (f (x*) + f (x7)) at each point in the open interval. Under somewhat 

more restrictive conditions, the series converges to f(x) at each point in the closed interval. 

This type of convergence is referred to as pointwise convergence. In this section we 

describe a different kind of convergence that is especially useful for series of orthogonal 

functions, such as eigenfunctions. 

Suppose that we are given the set of functions 4), ¢y, ..., 6, that are continuous on the 

interval 0 < x < 1 and satisfy the orthonormality condition 

1 

[ 104.04 Car = 64, (1) 
0 

where r is a nonnegative weight function and 6;; is the Kronecker delta. Suppose also that 

we wish to approximate a given function f, defined on 0 < x < 1, bya linear combination of 

isto, nats, 1f 

n 

Sa = > agi), (2) 
thik 

we wish to choose the coefficients a}, ..., @, so that the function S,, will best approximate 

fon0<x <1. The first problem that we must face in doing this is to state precisely what 

we mean by “best approximate f on 0 < x < 1.” There are several reasonable meanings that 

can be attached to this phrase. 

1. Wecan choose n points x}, ...,X, in the interval 0 < x < 1 and require that S,(x) have 

the same value as f(x) at each of these points. The coefficients aj, ..., a, are found by 

solving the set of linear algebraic equations 

D aids (x4) =f (js Fd (3) 
3! 

This procedure is known as the method of collocation. It has the advantage that 

it is very easy to write down equations (3); we need only to evaluate the functions 
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involved at the points x1, ..., X,- If these points are well chosen, and if n is fairly 

large, then presumably S,,(x) not only will be equal to f(x) at the chosen points but 

also will be reasonably close to it at other points as well. Collocation also has several 

deficiencies. One is that if one more base function ¢,  ; is added, then one more point 

Xn +1 is required, and all the coefficients must be recomputed. Thus it is inconvenient 

to improve the accuracy of a collocation approximation by including additional terms. 

Further, the coefficients a; depend on the location of the points x}, ..., X,, and it is not 

obvious how best to select these points. 

2. Alternatively, we can consider the difference |f(x) — S,,(x)| and try to make it as small 

as possible. The trouble here is that |f(x) — S,(x)l is a function of x as well as of the 

coefficients aj, ...,@,, and it is not clear how to calculate a;. The choice of a; that makes 

\f(x) — S,(x)| small at one point may make it large at another. One way to proceed is to 

consider instead the least upper bound" of |f(x) — S,(x)I for x in 0 <x <1, and then 

to choose aj, ..., d, SO as to make this quantity as small as possible. That is, if 

Ey (Q1,- An) = olub., Lf (x) — Sp, @), (4) 

then choose aj, ..., @, So as to minimize E,,. This approach is intuitively appealing and 

is often used in theoretical calculations. In practice, however, it is usually very hard, 

if not impossible, to write down an explicit formula for E,,(aj, ..., a,). Further, this 

procedure shares one of the disadvantages of collocation: upon adding an additional 

term to S,,(x), we must recompute all the preceding coefficients. Thus it is not often 

useful in practical problems. 

3. Another way to proceed is to consider 

1 

Matai | rif C= Sa OOide 5) 
0 

If r(x) = 1, then J, is the area between the graphs of y = f(x) and y = S,,(x) (see 

Figure 11.6.1). We can then determine the coefficients a; so as to minimize I,,. To 

avoid the complications resulting from calculations with absolute values, it is more 

convenient to consider instead 

1 

en ee | r(x) (f (2) — Sp (x)? dx (6) 
0 

it x 

ale eb te I — n is the area between 

the graphs of y = f(x) (blue) and y = S,,(x) 

(red). 

The least upper bound (lub) is an upper bound that is smaller than any other upper bound. The lub of a 
bounded function always exists and is equal to the function’s maximum if it has one. 
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as our measure of the quality of approximation of the linear combination Sn(x) to 
f(x). Although R,, is clearly similar in some ways to I, it lacks the simple geometric 
interpretation of the latter. Nevertheless, it is much easier mathematically to deal with 
R, than with I,,. The quantity R,, is called the mean square error of the approximation 
Sn tof. Ifa, ..., a, are chosen so as to minimize R,, then S,, is said to approximate f in 
the mean square sense. 

To choose ay, ..., d, SO as to minimize R,,, we must Satisfy the necessary conditions 

Rn _ 
0a; “7 

OMe en (7) 

Writing out equation (7) and noting that S,,(x; ay, ..., d,)/0a; is equal to $;(x), we obtain 

aR, : - Ft =2] r(x) (Ff (x) — Sp (x) 4; (x) de = 0. (8) 
0 

0a; 

Substituting for S,,(x) from equation (2) and making use of the orthogonality relation (1), 
we find that 

1 
Qj =| r(x) f (x) $j (x) dx, i=1,...,n. (9) 

0 

The coefficients defined by equation (9) are called the Fourier coefficients of f with 

respect to the orthonormal set ¢, ¢5, ..., ¢, and the weight function r. Since the 

conditions (7) are only necessary and not sufficient for R, to be a minimum, a separate 

argument is required to show that R,, is actually minimized if the a; are chosen by 

equation (9). This argument is outlined in Problem 5. 

Note that the coefficients (9) are the same as those in the eigenfunction series whose 

convergence, under certain conditions, was stated in Theorem 11.2.4. Thus S,,(x) is the nth 

partial sum in this series and constitutes the best mean square approximation to f(x) that 

is possible with the functions 4), ..., 6,. We will assume hereafter that the coefficients a; in 

S,(x) are given by equation (9). 

Equation (9) is noteworthy in two other important respects. In the first place, it gives a 

formula for each a; separately, rather than a set of linear algebraic equations for aj, ..., dy, 

as in the method of collocation, for example. This is due to the orthogonality of the base 

functions ¢}, ..., 6,. Further, the formula for a; is independent of n, the number of terms 

in S,(x). The practical significance of this is as follows. Suppose that, to obtain a better 

approximation to f, we desire to use an approximation with more terms—say, k terms, where 

k>n. Itis then unnecessary to recompute the first n coefficients in S;,(x). All that is required 

is to compute, from equation (9), the coefficients a, +1, ..., a, arising from the additional 

base functions $, 4 1, ..., dx. Of course, if f, r, and the ¢, are complicated functions, it may 

be necessary to evaluate the integrals numerically. 

Now let us suppose that there is an infinite sequence of functions ¢), ..., py, ..., that are 

continuous and orthonormal on the interval 0 < x < 1. Suppose further that as n increases 

without bound, the mean square error R,, approaches zero. In this event the infinite series 

> agi (x) 
eal 

is said to converge in the mean square sense (or, more simply, in the mean) to f(x). Mean 

convergence is an essentially different type of convergence from the pointwise convergence 

considered up to now. A series may converge in the mean without converging at each point. 

This is plausible geometrically because the area between two curves, which behaves in the 

same way as the mean square error, may be zero even though the functions are not the same 
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at every point. They may differ on any finite set of points, for example, without affecting the 

mean square error. It is less obvious, but also true, that even if an infinite series converges 

at every point, it may not converge in the mean. Indeed, the mean square error may even 

become unbounded. An example of this phenomenon is given in Problem 4. 

Now suppose that we wish to know what class of functions, defined on 0 <x < 1, can be 

represented as an infinite series of the orthonormal set ¢;, i = 1, 2, .... The answer depends 

on what kind of convergence we require. We say that the set $), ..., Pn»... is complete with 

respect to mean square convergence for a set of functions F if, for each function f in Ff, 

the series 

co 

f (x) = Dy aidi (), (10) 
pail 

with coefficients given by equation (9), converges in the mean. There is a similar definition 

for completeness with respect to pointwise convergence. 

Theorems having to do with the convergence of series such as that in equation (10) can 

now be restated in terms of the idea of completeness. For example, Theorem 11.2.4 can be 

restated as follows: The eigenfunctions of the Sturm-Liouville problem 

—(p(x)y’)’ +q(x)y=Ar(x)y, 0<x<1, (11) 

ay (0) + a2y'(0)=0, Pi y(1)+ Boy’) =0 (12) 

are complete with respect to ordinary pointwise convergence for the set of functions that 

are continuous on 0 < x < 1 and that have piecewise continuous derivatives there. 

If pointwise convergence is replaced by mean convergence, Theorem 11.2.4 can be 

considerably generalized. Before we state such a companion theorem to Theorem 11.2.4, we 

first define what is meant by a square integrable function. A function f is said to be square 

integrable on the interval 0 < x < 1 if both f and f? are integrable! on that interval. The 
following theorem is similar to Theorem 11.2.4 except that it involves mean convergence. 

Theorem 11.6.1 

The eigenfunctions ¢; of the regular Sturm-Liouville problem (11), (12) are complete with 

respect to mean convergence for the set of functions that are square integrable on 0 <x <1. 

In other words, given any square integrable function f, the series (10), whose coefficients are 

given by equation (9), converges to f(x) in the mean square sense. 

It is significant that the class of functions specified in Theorem 11.6.1 is very large indeed. 

The class of square integrable functions contains some functions with many discontinuities, 

including some kinds of infinite discontinuities, as well as some functions that are not 
differentiable at any point. All these functions have mean convergent expansions in the 
eigenfunctions of the boundary value problem (11), (12). However, in many cases these 
series do not converge pointwise, at least not at every point. Thus mean convergence is 
more naturally associated with series of orthogonal functions, such as eigenfunctions, than 
ordinary pointwise convergence. 

'SFor the Riemann integral used in elementary calculus, the hypotheses that f and f? are integrable 
are independent; that is, there are functions such that f is integrable but f? is not, and conversely (see 
Problem 6). A generalized integral, known as the Lebesgue integral, has the property (among others) that if 
f? is integrable, then f is also necessarily integrable. The term square integrable came into common use in 
connection with this type of integration. 
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The theory of Fourier series discussed in Chapter 10 is just a special case of the general 
theory of Sturm-Liouville problems. For instance, the functions 

Pn (X).= /2 sin C170) na Ds, (13) 

are the normalized eigenfunctions of the Sturm-Liouville problem 

y” + Ay = 0, y(0) = 0, y(1) = 0. (14) 

Thus, if f is a given square integrable function on 0 < x < 1, then according to Theorem 
11.6.1, the series 

f (x)= J) bmbm (x) = V2 ¥) bm sin (mx), (15) 
m=1 m=1 

where 

1 1 

bee | f dm (dx = 2 | HGatanecas (16) 
0 0 

converges in the mean. The series (15) is precisely the Fourier sine series discussed in 

Section 10.4. If f satisfies the further conditions stated in Theorem 11.2.4, then this series 

converges pointwise, as well as in the mean. 

Similarly, the Sturm-Liouville problem 

y”+ay=0, y’'(0)=0, y’'GQ)=0 (17) 

has normalized eigenfunctions ¢9(x) = 1, ¢?, (x) = /2.cos (7X) pea ee ee US tis 

problem is naturally associated with the Fourier cosine series. 

EXAMPLE 11.6.1 

Let f(x) = 1 for 0 <x < 1. Expand f(x) using the eigenfunctions (13), and discuss the pointwise and 

mean square convergence of the resulting series. 

Solution: 

The series has the form (15), and its coefficients b,, are given by equation (16). Thus 

1 1 V2 

bmn = | f (x) bm (x) dx = V2 | sin (mmx) dx = = (1—cos(mz)), 
0 0 

mit 

2/2 (18) 
2 m ue m odd 

=o (1 =(—1) ) = 

0 m even. 

and the n™ partial sum of the series is 

n n 
; 1—cos(mz) . Bie dati 

S, (x) = 2 2s by», sin (m7x) = 2 yy Tepe (m7x) = s ee 7 sin (mmx). 

| m= Shy Dpeey 

(19) 

The mean square error associated with the n'® partial sum of the series is then 

1 

Rye | (f (6) — Sp (a)? a, (20) 
0 
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By calculating R,, for several values of n and plotting the results, we obtain Figure 11.6.2. This 

figure indicates that R,, steadily decreases as n increases. Of course, Theorem 11.6.1 asserts that 

R, > 0asn— oo. Pointwise, we know that S,(x) > f(x) = las n > oo for 0 <x <1; further, S,(x) 

has the value zero for x = 0 or x = 1 for every n. Although the series converges pointwise for each 

value of x, the least upper bound of the error does not diminish as n grows larger. For each n, there 

are points close to x = 0 and x = 1 where the error is arbitrarily close to 1. The situation is similar 

to the Gibbs phenomenon observed in Example 10.3.1 see Figures 10.3.3 and 10.3.4. 

| FIGURE 11.6.2 | Dependence of the mean square error R,, onn in Example 11.6.1. Note 

that because by; = 0, Ro, = Rox _ 1. 

Theorem 11.6.1 can be extended to cover self-adjoint boundary value problems having 

periodic boundary conditions, such as the problem 

y” +ay =0, 
. : (21) 

y(0)—y(t) =0, y'O)-y’'@=0 

considered in Example 11.2.4. The eigenfunctions of problem (21) are $9 (x) = 1, $?,(x) = 

cos(2nx) for n = 1, 2,...,and p,(x) = sin(2nx) for n = 1, 2,.... Iff is a given square integrable 

function on 0 <x < 7, then its expansion in terms of the eigenfunctions ¢,, and w,, is of the 

form 

f= 2 + >> (an cos (2nx) + by sin (2nx)), (22) 
n=1 

where 

7 

a= | TAX) COS( ZN) Ce 0 ee (23) 
0 

1 

Dy | PO) sin Cnx) deta = Ole (24) 
=1 

This expansion is exactly the Fourier series for f discussed in Sections 10.2 and 10.3. 
According to the generalization of Theorem 11.6.1, the series (22) converges in the mean 
for any square integrable function f, even though f may not satisfy the conditions of 
Theorem 10.3.1, which ensure pointwise convergence. 
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Problems 

1. Let f(x) = x for 0 <x <1, and let ¢,, (x) = V2sin mrx. Hint: Recall that when a (Riemann) integral exists, upper and 
a. Find the coefficients b,, in the expansion of f(x) in terms of 

$1X),b2(%), »..- 
b. Calculate the mean square error R,, for several values of n and 

plot the results. 

c. Find the smallest value of n for which R,, < 0.005. 

2 Follow the instructions for Problem 1 using f(x) = x(1 — x) for 

Osae<< ile 

: Extend the results of Example 11.6.1 by finding the smallest 

value of n for which R,, < 0.01, where R,, is given by equation (20). 

. In this problem we show that pointwise convergence of 

a sequence S,(x) does not imply mean convergence, and 

conversely. 

a. Let S, (x) = mfxe~"”’/2, 0 <x <1. Show that S,(x) > 0 as 

n —> oo for each x in 0 <x <1. Show also that 

1 

Rn =| (0 - Sp (x))’ dx = £1 —e-") 4 2 

and hence R, > co as n > oo. Thus pointwise convergence 

does not imply mean convergence. 

b. Let S,(x) =x" for 0 <x <1, and let f(x) = 0 for 0 <x <1.Show 

that 

1 

Ry =| YO=s,~oyra=— 
10) 

2n+1’ 

and hence S,(x) converges to f(x) in the mean. Also show 

that S,,(x) does not converge to f(x) pointwise throughout 

0 <x <1. Thus mean convergence does not imply pointwise 

convergence. 

. Suppose that the functions ¢), ..., ¢, satisfy the orthonormality 

relation (1) and that a given function f is to be approximated by 

S,(x) = c16,(x) + «+: + Cy, (x), where the coefficients c; are not 

necessarily those of equation (9). Show that the mean square error 

R,, given by equation (6) may be written in the form 

1 n n 

Rn =| re f@)de- Ya? + YG - a)”, 
0 f= neil 

where the a; are the Fourier coefficients given by equation (9). 

Show that R,, is minimized if c; = a; for each i. 

. In this problem we show by examples that the (Riemann) 

integrability of f and f? is independent. 
-1/2 . p83 at One Xa, 

a. Let F)=}5 eee 

1 

Show that | f (x) dx exists as an improper integral, but 
0 

1 
| f? (x) dx does not. 
0 

x rational, M, 
b. Let f(x) = ie x irrational. 

1 1 

Show that | f? (x) dx exists, but | f (x) dx does not. 
0 0 

lower Riemann sums on a partition of 0 < x < 1 converge to 

the value of the integral as the length of the largest subinterval 

in the partition decreases to zero. 

7. Suppose that it is desired to construct a set of polynomials 

fol), £10), fo),..., f20),..., where f;,(x) is of degree k, that 

are orthonormal on the interval 0 < x < 1. That is, the set of 

polynomials must satisfy 

J 

(fs te) = it SO) fk) dx = 5 jx. 

a. Find f(x) by choosing the polynomial of degree zero such that 

(fo fo) =1. 

b. Find f(x) by determining the polynomial of degree one such 

that (fo, f1) = O and (fy, f;) = 1. 
c. Find f,(x). 

d. The normalization condition (f;, f;,.) = 1 is somewhat awk- 

ward to apply. Let go(x), 2:(x), ..., g(x), ... be the sequence 

of polynomials that are orthogonal on 0 < x < 1 and that are 

normalized by the condition g,(1) = 1. Find g(x), g,(x), and 

g,(x) and compare them with f,(x), f(x), and f(x). 

. Suppose that it is desired to construct a set of polynomials Po(x), 

P(X), ..., Pi(X), ..., where P;,(x) is of degree k, that are orthogonal 

on the interval —1 < x < 1; see Problem 7. Suppose further 

that P(x) is normalized by the condition P,(1) = 1. Find Po(x), 

P,(x), P2(x), and P3(x). Note that these are the first four Legendre 

polynomials (see Problem 19 of Section 5.4). 

. This problem develops some further results associated with mean 

convergence. Define R,,(a),..., @,), S,(x), and a; by equations (2), 

(6), and (9), respectively. 

a. Show that 

1 n 

Rn =| r (x) f? (x) dx — >) a?. 
f= 0 

Hint: Substitute for S,,() in equation (6) and integrate, using 

the orthogonality relation (1). 
n 1 

b. Show that sy a? < | r(x) f? (x) dx. This result is known as 
ial 0 

Bessel’s inequality. 
(oe) 

c. Show that >’ a? converges. 
i=l 

1 oe) 

d. Show that lim R, = | r(x) f? (x)dx— >) a?. 
wre 0 i=l 

e. Show that Dy a;; (x) converges to f(x) in the mean if and 
al 

only if 

1 foe) 

| r(x) f2@ode= Yia?. 
0 v= 

This result is known as Parseval’s equation. 
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In Problems 10 through 12, let $;, $2, «5 Pps « be the normalized 

eigenfunctions of the Sturm-Liouville problem (11), (12). 

10. Show that if a, is the nth Fourier coefficient of a square inte- 

grable function f, then jim ay, = 0. 

Hint: Use Bessel’s inequality Problem 9b. 

11. Show that the series 

$1 (x) + $2 (x) + + hy (X) + °° 

cannot be the eigenfunction series for any square integrable 

function. 

Hint: See Problem 10. 

Concept Questions 

C11.1. 

C11.2. 

C11.3. 

C11.4. 

C11.5. 

C11.6. 

Cil.7. 

Answers to Concept Questions 

C11.1. 

C11.2. 

Show that the eigenfunctions corresponding to differ- 

ent eigenvalues of the Sturm-Liouville problems are 

orthogonal. 

The heat equation, wave equation, and Laplace’s equation 

all involved the same boundary value problem that leads 

to eigenvalues and eigenfunctions. Describe two ways in 

which these boundary value problems can be generalized. 

The form of Sturm-Liouville boundary value problems, 

L[y]| = -Ar(x)y, on 0 < x < 1, where L(y) = 

— (p(x) y’)'-q(x)y, and boundary conditions, ay (0) + 

ay’ (0) = Oand 6, y (1)+ Boy’ (1) = 0, are not at all obvious 

or intuitive from prior experience. What identity is the key 

to this study of linear boundary value problems? 

What fundamental properties are derived from Lagrange’s 

identity? 

Define Legendre Fourier series and obtain the Legendre 

Fourier Transform. 

What makes nonhomogeneous boundary value problems 

so much more complicated than homogeneous boundary 

value problems? (Assume p is differentiable and p’, q, and 

r are continuous on 0 < x < land p(x) > Oandr(x) > 0 

on that interval.) 

What are the four steps in solving the nonhomogeneous 

heat conduction problem? 

Let ¢,, and ¢, be the eigenfunctions corresponding to dif- 

ferent eigenvalues of the Sturm-Liouville problem. There- 

fore, it must satisfy equation (4). Hence, L(¢,) = Amrom 

and L($,) = Anrgy. By using equation (8), let u = $,, and 

v = gp, We obtain, (Amrdm, on) — (bmsAnton) = 0. Using 

equation (9) and considering the fact that,A,,r and ¢,, are 

all real we get (Aj, — an) | POD Oa) Pico) dxa—.0: 
0 

1 

As eigenvalues are distinet,| PC) Ce (CaHehs 30 
0 

Hence eigenfunctions are orthogonal. 

Two ways the eigenvalue/eigenfunction problems can be 

generalized are (i) to generalize the differential equa- 

12. Show that the series 

$2 (x) ) 

pin 
hadi (x) rk 

py (x 5) eae aE, 

is not the eigenfunction series for any square integrable function. 

Hint: Use Bessel’s inequality, Problem 9b. 

13. Show that Parseval’s equation in Problem 9e is obtained formally 

by squaring the series (10) corresponding to f, multiplying by the 

weight function r, and integrating term by term. 

C11.8. 

Cir.9: 

C11.10. 

C11.11. 

C11.12. 

C11.13. 

C11.14. 

C11.3. 

C11.4. 

r(x) uy = (p(x) ux), —qa)ut+ FO,t),0<x <1, t>0 

Ux (0,t) — hyu(0,t) = 0 t>0 

u,(1,t) -—h,ud,t) = 0 t>0 

DCEO) = 19) << ag< il 

Define regular Sturm-Liouville problem and singular 

Sturm-Liouville problem by using boundary conditions. 

What is the biggest difference between regular and singular 

Sturm-Liouville problems? 

Why is it important that the partial differential equation be 

linear when using the method of separation of variables? 

What is assumed about the geometry of the region on which 

a partial differential equation must be satisfied? 

The three-dimensional Laplace’s equation can be consid- 

ered in rectangular, cylindrical, or spherical coordinates. 

What two-point boundary value problem is obtained in each 

case? 

Define pointwise convergence and square integrable con- 

vergence and give examples for both type of convergences. 

Show that if f (x) is a square integrable function then for 

Legendre Fourier series the convergence is not pointwise 

rather it is square integrable convergence. 

tion and (ii) to generalize the boundary conditions. These 

generalizations are generally highly coordinated (as we are 

about to see). 

Lagrange’s identity: 

1 

| L{u] (x) v(x) — u(x) L[v] (x) dx = 0 
0 

There are three key properties of a Sturm-Liouville problem: 

1. All eigenvalues are real-valued. 

2. Eigenfunctions from different eigenvalues are orthogo- 
nal with respect to the weight function r(x). That is, 
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C11.5. 

C11.6. 

C11.7. 

if ?» and ¢, are two eigenfunctions for eigenvalues 
Aen Sanne 

1 

(eo = | r (2) $m (x) $n Gdx = 0. 
0 

3. There is an infinite number of simple eigenvalues for 
a Sturm-Liouville. That is, the algebraic and geometric 

multiplicity of the eigenvalues of a Sturm-Liouville 

problem is always 1. Moreover, the eigenvalues can be 

ordered as an increasing sequence that diverges to oo. 

Consider the Legendre equation as (1 — x”) y” — 2xy’ + 

a(a+l)y = 0,-1 < x < 1. The eigenvalues for 

the functions can be obtained as 7, = n(n+1) and the 

corresponding eigenfunctions are ¢, (x) = P, (x), forn = 

0, 1, 2, 3, ... Then any piecewise continuous function can be 

written as 

He =. cba), 
n=0 

which is defined as Legendre Fourier series and the 

coefficient 

1 

| f (x) B, (x) dx 
—1 

Ch = 
1 

| PB,” (x) dx 
=1 

is defined as Legendre Fourier transform. 

First, the solution process is lengthy, with each step poten- 

tially difficult to complete, but this is not really what makes 

these problems so complicated. 

The complexity arises because whether the problem 

has a solution depends on if the constant uw = A,,, one of 

the problem’s eigenvalues. There are three possibilities: 

1. If u # A,, for all m, then the problem has a unique 

solution. 
i 

2 iti eand | f (x) dm (x) dx # 0, then the problem 
0 

has no solution. 
1 

3. hiiw=7,, and | f (x) ¢m (x) dx # 0, then the problem 

_ has an infinite number of solutions. 

Here is the solution process for a nonhomogeneous heat 

conduction problem. 

1. Find the eigenvalues A, and the normalized eigenfunc- 

tions ¢, (x) of the corresponding homogeneous heat 

conduction problem. 
1 

| r(x) f (x) bn (x) dx, n = 1, 2,.. 

0 
2. Compute B, = 

and y, (t) = | Fi, t)¢, (x) dx, n=1,2,... 
0 

1 
3. Compute b, = B,e~2n! + | e~Ant-)y, (s) ds, 

0 
ihe Poco 

C11.8. 

C11.9. 

C11.10. 

C11.11. 

Ci1.12. 

C11.13. 

4. Construct the solution as an infinite series: 

u(x,t) =D) _, bn (©) bn (x). 
If Sturm-Liouville boundary value problem is written in 

its standard form as (p(x) y’)’ — q(x)y + Ar(x)y = 0, 

0 < x < 1, with boundary conditions a, y (0) + ay’ (0) = 

0, Piy(1) + By’) = 0 at the endpoints then the 

problem is said to be regular Sturm-Liouville problem if 

P(x), p’ (x), q(x) and r(x) are continuous on the interval 

0 <x <1. Further p(x) and q(x) are strictly greater than 

zero at all points in0 < x <1. 

A Sturm-Liouville equation is called singular when it 

is given on a semi-infinite or infinite interval, or when 

the coefficient p(x) or r(x) vanishes, or when one of the 

coefficients becomes infinite at one end or both ends of a 

finite interval. 

Singular Sturm-Liouville problems can have a continuous 

spectrum. That is, instead of having eigenvalues that are 

discrete and simple as is the case for regular Sturm-Liouville 

problems, singular Sturm-Liouville problems may have an 

interval of eigenvalues. 

The principle of superposition applies only to linear prob- 

lems. Being able to construct the general solution as a linear 

combination of solutions (either finite or infinite) requires 

linearity. 

The two primary considerations are (i) that the partial 

differential equation be expressed in coordinates where 

the variables can be separated and (ii) the boundary of 

the region must consist of coordinate curves (or surfaces). 

These two restrictions ensure that when the variables are 

separated, the resulting problems are two-point boundary 

value problems. (It still remains to determine whether 

the problem is a self-adjoint Sturm-Liouville problem or 

whether it is regular or singular.) 

Rectangular: The two-point boundary value problem for 

X (x) is X’’+AX = 0 with appropriate boundary conditions 

at the endpoints of an interval. This is a regular Sturm- 

Liouville problem. 

Cylindrical: The two-point boundary value problem for 

R(r) isr?R’’ +rR' + A?r?R = 0 with appropriate boundary 
condition on the outer cylinder (and a boundedness condi- 

tion at the origin). The substitution § = Ar converts this to 

a Bessel equation (or order 0), which is a singular Sturm- 

Liouville problem. 

Spherical: The two-point boundary value problem for R (¢) 

is ?R’’ + 20R’ = AR with appropriate boundary condition 

on the outer cylinder (and a boundedness condition at the 

origin). With A = a (a + 1), this Legendre equation leads to 

a singular Sturm-Liouville problem. 

Any piecewise continuous function f (x) can be written as 

series expansion of eigenfunctions as 

(oe) 

fa=a=f@= » Bor {Ge), liber 
n=1 

the series converges to corresponding value of f(x) at that fix 

x is called poinwise convergence. If f(x) is square integrable 
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function and 

2 

>) CnPn (x) — f (x)] dx =0, 
n=1 

b 

lim | 
moo a 

then the convergence is said to be square integrable conver- 

gence. Legendre Fourier series is an example for this type of 

convergence. 
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ANSWERS TO PROBLEMS 

CHAPTER 1 

Section 1.1, page 8 

10. 

YN Aa wu FF W N 

-yro3ast> ow 

. y diverges from 2 as t > 00 

-yro-l/4ast> a0 

- Yy>y2asSt > ow 

. y=2-3y 

yay = 3 

. y=Oandy= 4are equilibrium solutions; y > 4 if initial value is 

positive; y diverges from 0 if initial value is negative. 

. y=Oand y = 4 are equilibrium solutions; y diverges from 4 if 

initial value is greater than 4; y > 0 if initial value is less than 4. 

. y = 0 is equilibrium solution; y > 0 if initial value is negative; 

y diverges from 0 if initial value is positive. 

y = Oand y = 1 are the equilibrium points. y > 1 ifinitial value 

is between 0 and 1, y diverges from 0 if initial value is negative, 

y diverges from 1 if initial value is greater than 1. 

11. (j) 

12. y=y-2 

13. (g) 

14. (b) 

15. (h) 

16. (e) 

17. a. da/dt=3-—3x10~‘a;aing,tinh 

b. a> 10‘ g;no 

c. dc/dt = 3 x 10~® — 3 x 10~4c, with initial condition c(10) = 

a(0)/10° = ay/10° 

18. dV/dt = —kV?’? for some k > 0. 

19. du/dt = —0.05(u — 70); win °F, tin min 

20. a. dg/dt = 500 — 0.4q; qin mg, tinh 

b. q > 1250 mg 

ZAC, mi mg — kv? 

b. v > Vmg/k 

c. k= 2/49 

22. y is asymptotic tot — 3 ast > oo 

23. y > co, 0, or —co depending on the initial value of y. 

24. y > cor —o0 or y oscillates depending on the initial value of y. 

25. y > co or — co depending on the initial value of y 

Section 1.2, page 16 

Ve 

13. 

14. 

a. y=54+(%—5)e* 

b. y = (5/2) + (% — 5/2)e7*# 

ce. y=5+(% —5)e 
Equilibrium solution is y = 5 in (a) and (c), y = 5/2 in (b); 

solution approaches equilibrium faster in (b) and (c) than 

in (a). 

. a. y=54+(%—S5e 

b. y= 5/2 + (yp — 5/2)e" 

c. y=5+(% — 5)e* 

Equilibrium solution is y = 5 in (a) and (c), y = 5/2 in (b); 

solution diverges from equilibrium faster in (b) and (c) than 

in (a). 

nh Maes Ss lylfel 

b. () Equilibrium is lower and is approached more rapidly. 

(ii) Equilibrium is higher. 

(iii) Equilibrium remains the same and is approached more 

rapidly. 

nude Ve =1(b/a) 

Dyes laa 

ved ay (6) tee 

b. y=ce™ + b/a 

. y=ce™ + b/a 

. a. T=21n9 x 4.39 months 

b. T = 2 1n[900/(900 — py)] months 

C. Dy = 900(1 — e~*) & 897.8 

. a, r= (In 2)/20 day 

b. r= (In 2)/N day! 

. a. v= 49 tanh(t/5) m/s 

b. x = 245 In cosh(t/5) m 

c. T=9.48s 

. 1620 In(3/2)/ In 2 = 947.6 yr 

174. a. U=T + (Uy — T)e™ 

Dagkt—= ni) 

a. Q(t) = CV(1 — eFC) 

b. Q(t) = CV=Q, 

c. Q(t) = CV exp(—(t — t,)/(RC)) 

a. Q’ = 3(1 — 10-*Q), Q(0) = 0 

. Q(t) = 104 (1 - Cael 3)! tin h; after 1 year Q = 9277.77 g Ss 

673 
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c. Q’ = =—30/10*, Q(0) = 9277.77 

d. Q(t) = 9277.77e73"/1, ¢ in h; after 1 year Q ¥ 670.07 g 

e. T = 2.60 yr 

Section 1.3, page 25 

11. 

12. 

13. 

14. 

15. 

iby. 

16. 

18. 

. Second order, linear 

. First order, nonlinear 

1 

2 

3: 

4 

Third order, linear 

. Fourth order, non-linear 

r=-3 

r=1,-4 

i — lel) 

r=-1,-3 

r=-—1,—4 

Second order, partial differential equation 

Fourth order, linear 

First order, non-linear equation 

CHAPTER 2 

Section 2.1, page 37 

1. c. y = ce-™ + (t/4) — (1/16) + e~~/2; y is asymptotic to 

14. 

15. 

16. 

17. 

. yea -— + 

t/4—1/16 ast > oo 

c. y=ce” + Be"/3; y > wast 00 

c. y=ce-'+24+Pe"/2;y > 2ast > © 

c 8sin(3t) 4 8 cos (3t) 
sin (3t) + oF 

{2 2712 a 

ely = ce> ve 

. ¢. y=—(1/2)te— 7 + ct; y > co, 0, or —co as t > 00 

. c. y=ce'+ = sin (3t) = = sin (3t) 

. c. y=ce/3 + 4t3 — 36? + 216 — 648 

. y= 5e! + 4(t — 1)e* 

eat 
> P= (Gin Me 

_ e7 4 (ef (2t — 1) + 4 + In(256)) 

4t 
4 20 4 4 

. b. y=—Zeost+ =sint+(a+z)e*sa)=—2 

. yoscillates for a = day 

y= —2e4 4 (a+ 2); ay=—-2 Ss A 

c y>-ofora=a) 

b. y=te'+(ea-1)e“/t; a, =1/e 

c. y> Oast>O0fora=ay 

e'—e+acos(1))  _ e-1 
cos (f) > 0 cos (1) 

(t, y) = (1.364312, 0.820082) 

y= ;¥ > Ofora=ay 

18. 

19. 

29. 

. ¢. y=(¢/t) — cos (2t) + sin (21)/2t y is asymptotic to — cos (2t) 

Yo = 1.642876 
t 

6 —_— 

a. y(t)=10+ “ sin 2t + 7 cos 2t — 10.35294e 2 

b. tx29 

Lp = —5/2 

21. yo = —11/4;y > — coast > c for yy =— 11/4 

See Problem 2. 

ast — oo 

Section 2.2, page 44 

1. 

2. 

3. 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

LG), 

20. 

21. 

io oO NA 

Vy =—2eP=Gry #0 

y 1 —sinx = cif y # 0; also y = 0; everywhere 

ve : cot! (5 (c —4x +2sin (2x))) 

by =2inll +l =G xs —1, y'0 

. 24y + 4y> — 3x4 =c; everywhere 

y = ex2/3 

ay eae 
a i=l C= — 12) 

ec. -—-3<x<4 

a. y= —V2x —2x2 41 

c. (1/2)(1- V3) <x < @/2) (1+ V3) 

a. y= (1/2)[401 — xe — 3]? 

c. — 0.96 <x < 0.58 approximately 

1 

V7 -m@) 

1 

5—4V1+x? 

| Lg liad 
a. VS 4x2 — 3 

Vices: 

y= 

1 
> = ie 

Y= 91) = 5 (7 - V10x3 — 6e* + 22) 

See All 
y= sin : (5 (-1 + 2V3 + cos(4x))) Solution exist when 

0.3660 < x < 0.8660 

y> — 6y? —x—-x3 +5 =0, — 2.889 <x < 1.516 

y> -—6y—-x8 =—- 1,-1.7 <x <1.88 

1 
y = ———. x=-—3 

A teers 

y = tan (x? + 2x)j;x=—-1 

a. y > 4ify > 0; y =0ifyy = 0; y > -0o if yy <0 

Dae = 329507, 
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22. a. y> 4ast > 00 15. a. 56.62 m/s 

b. T = 2.99724 b. 339.4m 

c. 3.8607 < yo < 4.1489 c. 4.9 m/s 

23, x= Sy 4 SO inlay +b) +k; a#0, ay+b#0 d. 231.344s 

25. c. ly + 2xIly — 2xl=c 16. a. dv/dx = —pv 

26. b. (1/v2) arctan (v/V2x) —In|x| =c b. «= 1n(10)/600 m7! ~ 3.8376 km7! 

27. b. 22 +? - a =0 c. T=81/In(10)s Y 35.18 s 

28. b. 2x/x+y)+Inix+yl=c; alsoy=—x Ai: Bg ieen 

29. b. arctan ((2y + x)/x) — In Ixl =c b. 5.1298 

30. b. x4 =c(81x9y4 — 18x! y? + x33), x = 3y, x = —3y 18. a. 48.562 m 

4 2 b. 5.1945 

31. b. mn = a =cx —1 i _ mg kv MVo . m kvo 
a. Xm = 4 in(1 + 72) + 2, t= - in(1+ 22) 

20. a. v= —(mg/k) + (Vo + (mg/k)) exp(—kt/m) 
Section 2.3, page 55 ee ce 

2. Q(t) = 150y (1 — exp (-*/75)); 150y rca 

3. a. Q(t) = 100 alennay 21. a. v, = 2a7g(e — p’)/9u 

4. c. 602.345 b. e = 4za3g(p — p’)/3E 

5. a. (In 2)/ryr 22. b. x =ut cos (A), y= —gt?/2 + ut sin(A) +h 

b. 8.66 yr d. —16 L*/(u? cos*(A)) + L tan (A)+3>H 

c. 8.66% e. 0.63 rad <A < 0.96 rad 

6. a. k(e™—1)/r f. u= 106.89 ft/s, A = 0.7954 rad 

b. k = $5986 23. a. 11.30 m/s 

c. 9.77% b. 13.45 m 

7. k & $3969.26 /yr; $1097.78 d. k > 0.2353 kg/s 

8. a. $1431.01 (20 years); $1198.03 (30 years) 24. a. v= Ry2g/(R + x) 

b. $143,442.40 (20 years); $231,290.80 (30 years) b. 51.6h 

9. a. 0.00012097 yr~ 

b. Qo exp(—0.00012097t), tin yr Section 2.4, page 66 

c. 13,305 yr ieOa 025 

10. a. tT = 2.9632; no Po, Wee SHG 

b. r=101In2 26.9315 3. -4<t<4 

CG. ta 6/3805 4. (2,72) 

ll. b. y, £0.83 5. P+y?<4 

: (h Ueatone ore) Oy aell) se74 ae -1 
2. t= ae min & 6.07 min ; cee, ee 

Te) = 15000328 8. y#0,y#2 

(500 + 811)3 9. y=ty/¥B — 207 if yo #0; It! < lyol/V2 

14, a. u(t) = ce7*t 4+ Ty + kT; (k coswt + wsin wt) / (k? + w*) 10. y=[G/)—-227)]"* ify #0; y=0 if yo =0; interval is 

b. RX OIF; 1 23.51h It] < Wf 2yo if Yo > 0; — 00 < t < co if Yo $0 

c. R=kT,/Vk2 +02; 1 = (1/w)arctan (w/k) Wye [Zn (1+t;)+y2; —[1—exp (-393/2)? Aveo 



Answers to Problems 

a 4 
yay) PETE? 5 8, Ve-2% —-1<t<o 12. 

13. yo 4ify) >0;y=0ifyy =0;y > — wifyy <0 

14. yo—-wify <0;y> Oify, >0 

15. y> — wif yy <y, ¥ —0.019; otherwise y is asymptotic to Viet 

16. y(0) <x 2.58 solutions y(t) > —oo ast increases 

y(0) >* 2.58 solutions y(t) > co ast increases 

17. a. No 

b. Yes; set ty) = 1/2 in equation (19) in text. 

c. lyl < (4/3)3/? & 1.5396 

18. a. y,(t) isasolution fort > 2; y(t) isasolution for all t 

b. f) is not continuous at (2, —1) 

1 Leg 
2 ey AG) + coe (s) g(s) ds 

1 t 

PY, Ey, SOR WE iO i, i(s) q(s) ds where 

t 

M(t) = exp (J p(s) 7 
i) 

= lope cesp([ a(9)- PAs) 

fo 

24. y=+[5t/(2 + 5ct>)]'/? 

i 1/2 

3, Wi sfH001 2 u(s)ds +c , 

where k(t) = bie sin t + 2Tt) 

26. y= 5 —e*)for0<t<1; y= 5 (2 - 1)éx*itont > 1 

27. y=e for0<t<1; y=e“) fort>1 

Section 2.5, page 77 

1. y=0is unstable 

2. y = Oand y = 3areunstable while y = 2is stable 

3. y=0is unstable 

4. y = Oisanunstable equilibrium 

5. ¢ Y= +A —yo)kt)/A + (1 — yo)kt) 

6. y = —2 is asymptotically stable, y = 0 is semistable, y = 2 is 
unstable 

7. y=—2and y= 2 are asymptotically stable, y = 0 is unstable 

8. y = 0is asymptotically stable, y = b?/a? is unstable 

9. y =Oand y = 2are semistable 

10. a. y=0is unstable, y = K is asymptotically stable 

b. Concave up for 0 < y < K/e, concave down for K/e<y<K 

11. a. y=K exp{[In (/K)]e"} 

b. y(2) = 0.8481K = 68.3 x 10° kg 

c. T= 2.215 yr 

104, fy Wee (U's) (az)y"” mh/ (3a); yes 

b. k < ana? 

16. 

17. 

18. 

19. 

20. 

21. 

a. Y = Ey, = KE(1—-(£/r)) 

b. Y,, = Kr/4 for E = r/2 

a. k?/2g(aa)? 

a. y= Ois unstable, y = 1 is asymptotically stable 

b. Y=Yo/ + (1 — yoe™) 

a. y= ye? 

b. x= Xp exp (—ayo(1 — eF')/B) 

C. Xo exp(—aY/B) 

b. z=1/(v+ (1 -v)eF*) 

c. 0.0927 

a,b. a=0:y=0 is semistable. a> 0: y = Ja is asymptotically 

stable and y = —1/ a is unstable. 

a. a<0:y=0 is asymptotically stable. a > 0: y = 0 is unstable; 

y= Ja and y = —1/a are asymptotically stable. 

a. a<0:y=Ois asymptotically stable and y = a is unstable. 

a=0: y= 0 is semistable. 

a> 0:y=0is unstable and y = a is asymptotically stable. 

Pde es) a. lim x(t) =min(p,q); x(t) = gexa-P — p 

p?at 

Pe samt! a ES re 

Section 2.6, page 87 

1. 

. &siny + 3ycosx=c; 

Coot Aum & WN 

eDi=celk 

. x742 Inly|—y72 =; 

. B(x) =e; 

- KO)=y5 

-KO)=y; 

- HO) =); 

2x? + 3x + 3y?-y=c 

Not exact 

. x3 — 2x2y + 2x + 2y? + 3y=c 

. Not exact 

. ax? + 2bxy + cy =k 

alsoy=0 

. Not exact 

x + Vemic 

y= [x + V52— 3x2] /2, |x| < 52/3 

10. 

Se DI=163 

y = [x — (24x3 + x” — 8x — 8)"/?]/4, x > 0.8352 

xy + 43y=¢ 

ey + 3x2 =¢ 

also y =0 

. 2x7+2Inlyl-y-2=c, alsoy=0 

(3x2y + y3) e* =c¢ 

x4+3y4+yt/2=c¢ 

xy +y cos(y) —sin(y)=c 

xy-—ysiny—cosy=c 

Section 2.7, page 95 

1. a. 1.1, 1.2, 1.3, 1.4 

Dy ere alesenleg, 



Answers to Problems 

Gx 161 f1:2,1.36-4 Pest sme tats KR ahM=t HW=t-F+5-F+0(s), 
Gaile l 2813414 ea Ce or ee Ps 

p ye Penis Seg te Lt pig LE DG (7 
De Asmiledy eA Orla 98n2 274. : i 2| 3! 4! 5! 6! ); 

b. 1.215, 1.49934, 1.87537, 2.37268 t)=t A eee a O(t? B. dlerallisys 1 Rak peas $4 (t) = Sees cee (2 

C. 1.22365, 1.52232, 1.92119, 2.45386 t3 
10. a. ¢, (OH =-t-?- =, 

d. 1.23324, 1.54808, 1.97307, 2.54674 sf! 4 ee o§ 
5. Converge for y > 0; undefined for y < 0 LO) Naat a a ree ian (t’), 

, 4 5 
6. Converge for y > 0; diverge for y < 0 $3 (t) =-t 5 ae - = a O (7); 

7. Converge for |y (0)| <4.78 (approximately); diverge otherwise Lats z i n ig _ ihe! . s rae (07) 

8. All solutions diverges : Zag “60 Ts 

9. a. 2.95148, 3.65042, 4.18248, 4.59561, 4.92048, 5.17816 

b. 2.93808, 3.63167, 4.16190, 4.57499, 4.90074, 5.15979 Section 2.9, page 114 
n Dice. 

c. 2.93159, 3.62253, 4.15183, 4.56486, 4.89102, 5.15072 1. Yn = (-1) (0.9) Yo; Yn > Oasn > co 

d. 2.92776, 3.73397, 4.14586, 4.55884, 4.88523, 5.14531 2. yn =YoVN+1; yy, > casn— co 

10. a. 2.42831, 4.49378, 3.13540, 2.26560, 1.76850, 1.44951 BED 
3. Yn =(-1) 2 2"yasn- o, 

b. 2.65748, 4.46004, 3.14322, 2.27392, 1.77288, 1.45195 
Yn has no limit 

c. 2.78710, 4.44811, 3.14607, 2.27804, 1.77516, 1.45322 
4. y, = (0.5)"(v — 8) + 8; yy, > 8asn—- oo 

d. 2.86988, 4.44232, 3.14756, 2.28049, 1.77655, 1.45399 
5. $5015.38 

11. b. 0.67 < a < 0.68 
6. $282.03 

12. A reasonable estimate for y at t = 0.8 is between 5.5 and 6. No 
7. $3752.17, $1, 350, 782.65 

reliable estimate is possible at t = 1 from the specified data. 

PSD 2.37 ay < 2.38 

14. b. 0.66 < a@<0.67 

$3793.33, $1, 365, 599.54 

8. $119,554.29 

9. 12.024% 

10. u, > -wasn— oo 

Section 2.8, page 103 15. a. 4.7263 

1. dw/ds =(s+1) +(w+2), w()=0 bi tiooae 

2. dw/ds = 4 — (w + 2)’, w(0) = 0 c. 3.5643 
n 2k rk 

3. a. Ga = YF d. 3.5699 

c. lim¢,(t) =e -1 ; 
ate Chapter Review Problems, page 117 

n 

4a. ont) = > (Dek + I 1. y=clx? +x3/5 
[geil ‘ a 

2. 2y+cos(y)—x-—sin(x)=c 

c. lim ¢, (t) = 9°! + 3t -9 
ey 3. xr +2xy—-3y-y =0 

n p2k-1 4. y=—3+cer-* 
5. a. ¢,(0= > ay 

; ee oe Ga 1) 5. x*y+xy7+x=C 
n p3k-1 = =) — 

6. a. $y, (t) = - yy es EGR 1) 6. y Bx (x 1) 

maL ‘ 7. y= (4+ cos (2) — cos (x))/x? 
c Leap 

7. a. $1 (1) = 53 $2 (t) = 3 + 579) 8. ry +x+y=e 

ee ia ee ne 9. 2x7 +3x*°y—-x?+y3 =c 
3 — j eyPoene 2 

: a, 4. 
Bee Pie) At, P(t) = At LOL, 11. ay = (—x + 208 = 3x?) 

768t7 _ 1536t1? | 4096¢1* 12. eX*+eY =c 
$3 (t) = 4t — 16r* + — ; 3 



Ga Answers to Problems 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

34, 

35. 

36. 

ic 

y = In(sin(x)) +¢ 

y=ce* — e* 
xX 

y= ma e-S' ds + 3e72* 
0 

axy+xyt—xe=c 

y=ce*+e*ln(2+e) 

2y?/3 + 3x?y + 2xy* + 4x =c 

Rey =e 

y = —x In(—x —c¢,) 

(-y2?-2-x?)e-"2 =¢ 

arctan (y/x) —In x2 + y2 =c 

y =.cx 

yi +6y—x94+3x=5 

a. y=t+(c-2t)} 

b. y=t42t(c-2) 
=i 

Q - y=sin(t)+ (c cos (t) — ; sin () 

a. v —(x(t)+ bv=b 

v= (of uw dt +c) /u(t), je(t) = exp (—(at?/2) — bt) 

y=ett+eo4+lnt 

is 

y =t — 2C, arctan arctan (C,t) +C, 

2 
pe +5 - 2¢))Vt+c, +c,=0; alsoy=c 

Hint: (v) = v~? is an integrating factor. 

y=(1 /2k) Inl(k-O/(k+ 0) + c ifc, = k* > 0; 

y = (1/k) arctan(t/k) + c, ifc, = —k? < 0; 

Vea—t +c ifc,=0; alsoy=c 

y? = Cy + C2 

i 
we —2cy+c,=2t; alsoy=c 

ylnjy|-—yt+qaqytt=c; alsoy=c 

ey =(t+@) +c 

_4 ape il 

il 

CENCERD, (12+ 2 —4t + mt? —4(1 + ¢?) arctan (t)+ 

(1 + t7) (log log (64) + 12 log log (t) — 6 log log (1 + ¢?))) 

CHAPTER 3 

Section 3.1, page 126 

1. 

2. 

y= ce se Creme 

Vi Cree teejen” 

3. Vs Cec ene 

4. y=ce, + ce" 

5. y= c,ett/3 os c,e 4/3 

10. 

11. 

12. 

13. 

14. 

15. 

16. 

ie 

18. 

19. 

20. 

21. 

2 
. y=cye (14V 9) 4. 6 2(t-V9) 2 

+(e 

.y=e; yr oast>o 

. y=4et—-e*; yo0ast> ow 

eS ster 
=-—x=-—<e 

2, 

v= (4/33) exp [(-1 + 33) 1/4 — (4/33) 

exp |(-1 - 33) 0/4]; yo wast = © 

1_-9(t-2) oy feo 
=— — es ast— & 
ET Tio” BP ety 
y= JQex-1 

y” —y’ —12y=0 

all solutions will become unbounded as long as a < 1 

all solutions will become unbounded as long as a < 1 

a. y=(6+P)e~ —(4+ Be * 
4 

b. ty = In (12 + 38)/(12 + 28), Ym = 55 (6+ BY /(4+ BY 

c. B =6(1+73) = 16.3923 

d. ty > In(@/2),¥m > oc 

fy WS CHe 

b. aY" + bY’ +cY=0 

. b>Oand 0 <c<b?/(4a) p=) 

Ss ed 

c. b<Oand0<c<b?*/(4a) 

Section 3.2, page 137 

1. 

ee ee | Qe Oi 4 We NS 

een ann PF wD 

— eft 

0 

t>0 

5 Oqied! 

5 OS < 6 

Ee 70) 

. The equation is nonlinear. 

. The equation is nonhomogeneous. 

. No 

. 2te** + ce 

-. —4cost+4sint 

. y3 and y, are a fundamental set of solutions if and only if 
a,bz — arb, # 0. 



Answers to Problems 

17. 

18. 

19. 

20. 

21. 

22. 

23. 

24. 

25. 

27. 

28. 

30. 

32. 

33. 

34, 

36. 

37. 

38. 

y, =e + 2te~#t, y, = 0 

me ae du (=e) = 2e3t-1) _ 362-1), 

is =e ss =e = gts — pall) 

Yes 

Yes 

Yes 

b. Yes 

c. {y,y3}and{y,,y4} form fundamental sets of solutions, 
{y2, ¥3} and {y4, ys} are not. 

cte! 

c cos (t) 

(1+ x) c 

50 

If W (1, y2) # 0, y, and y2 and linearly independent solutions 

If tp is an inflection point, and y = ¢(t) is a solution, then from 

the differential equation p(t ))$’(to) + g(to)P(ty) = 0. 

x 

—2x? 2u? —2x? Yes, y=c e e* du + c2e 

Xo 

x 

’ legs 
Yes, y = [u(x)] | | {edt +c, 

Xo 

2 x t2 

Yes,y=e 2. a fear +c, 

Xo 

x*u" +xu'+4u=0 

we’ +xy=0 

The Airy equation in Problem 37 is self-adjoint. 

Section 3.3, page 144 

1. 

z. 

3. e? cos (37/2) — ie? sin (37/2) = ei & 7.38911 

4. 27! cos(41n 2) + iz! sin (4 In 7) & — 0.0424 + 0.3155i 

5: 

6. y=c,e*cos (V7) + ce! sin (v7t) 

ik 

oo 

-—y= 

e* (cos 5 — isin 5) 

il 

y=cje + che 

y=ce"*% cost +c,e-~ sint 

. y=ce* +c,e% 

. y=c,e~ * cos (t/2) + c,e~ * sin (t/2) 

»y=ee3 +e,e° 2 

. y=c,e~ * cos (3t/2) + c,e~ * sin (3t/2) 

sin 3t 
, periodic 

. y= 2e!~7/ sin (2t); growing oscillation 

y= @ + v3) cost + (-1 + v3) sin t; steady oscillation 

15 

16. 

Ife 

18. 

26. 

y = 2V2e-“-7/4) sint; decaying oscillation 

au= ar (2c0s V23 + =n sin 2.) 
6 23 6 

b. t = —10.5001 

a. u = 2e-"/5 cos (3440/5) + (12/34) e/5 sin (3410/5) 

Lo, 0S IO A/ SE 

a. y=e7* (24+ (a+ 2)¢] 

b. y(1) = e~* [2+t(a@+2)] =0 

2 

Tee? 
d. Asa>ow,t>0 

c t= 

y=c, cos (2 Int) +c, sin (2 In 4) 

DIV Cie) atk = 

282 y= Git ct 

29. y=¢,t4 + ct 

30. y= qt? +c83 

BL ayi=ct—.cos (5m t) + cot~? sin (5 In t) 

32. e. BOE 1 2UTIY, must be a constant 
2(-4 (0) 

33. Ratio is not constant, equation cannot be transformed 

34. Ratio is not constant, equation cannot be transformed 

35. Ratio is not constant, equation cannot be transformed 

36. Ratio is not constant, equation cannot be transformed 

Section 3.4, page 152 

ley Scena" 

2. y= ce 20/3 4 cyte~ 2t/3 

3. y=cje ~ +¢,te-* 

4. y=c,e*/2 + cote? 

5. y=ce* + c,te# 

=] 
=t 

6. y=ce-* + cote 2 

UE ee eee . y=-e'-—-e™, ae 
j= 9e- 2(t+1) Om 2(t+1) 

. y =2e/2 + (b—1) te’; 

y= e3t/4 4 cyte/4 

y= c,e2/5 He cte?!5 

10 
: y = 2023 — (=) te23, y> -wast > © 

Oast 4 Woe > 0 

yo O0ast>@w 

Deel 

5 a. y= e732 _ pier 

Dee 

© 
5 

tp =16/15,99 = Satan: ~ —0.33649 

3 3 = p-3t/2 RA =St/ 2p ee ee y= + (6 + 5 | te 3b 5 = 



680 

18. 

IC} 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

29. 

aul 

32. 

Shy 

34. 

Answers to Problems 

y(t) =0? 

yz (t) = At +B 

y2(t) = te! 

yo(x) = x 

Yo (x) = xV4en2Vx 
x 

2 — fe y= | 29S /2q5 4 Ce 6x?/2 

0 

t S 

y2 (th = o| yp *svexn(-| pinar)as 
to So 

SL gee, y2 (t) = he a t 

‘ Cy 
y2 @=sine | Bae 

t3 sin’ t 

8 
yz (x)= x 2 (—c; coSx + Cz sin x) 

Cite 
b. Yo + FY 

psa 6) +¢,(t+ 6) log(t + 6) 

Vac gt Int 

y=qt-*+ot-*Int 

y =c,t—? cos (5 Int) + c,t~? sin (5 Int) 

Section 3.5, page 163 

il, 

15. 

16. 

i 
y=qe 4 +oe'+ aca 

3 
. y=cye! +c,e7 — = + 2t — 21? 

2 

- y=c,e" + coe >! + 3e% — 3e- 

3 3 
. y=cye* +ce* + <tet + pee 

8 

. y=C) +c,e7' + 6t — 2cost — 2sint 

. y=c,e-' + cote + 2fe-! 

. y=c, cost +c, sint — 1/3t cos (2t) — (5) sin (ae) 

=i 
. U=C, COS (Wot) + C2 SiN (Wot) + (wh — @*) cos (wt) 

. U=C, COS (Wot) + Cz SiN (Wot) + (1/2W9) t sin (Wot) 

. y=cye! +c,e% + (5) se + (s)e 

PAG al lee stele) 
are 19 1 i ies 

* =— It)— — ee a VED, Seah Vs sin (2t) ap COS (20) + at gt 5° 

1 
: ya Slee— 2e beater HA 

60m 25 
. y= — sin 2t + — cos2t +ce~* + cote~# 

169 

y = te‘ sin (21) 

a. Y(t) = (Aot* + Ayt? + Apt? + Agt + Ay) 

+t (Bot? + Bt + B,)e~* + D sin (3t) + E cos (3t) 

b. Ap = 2/15, Ay = — 2/9, Ay = 8/27, A; = — 8/27, A, = 16/81, 
By = — 1/9, By = — 1/9, B, = — 2/27, D= — 1/9, E= —1/9 

169 

17. a. Y(t) =e! (A cos(2t) + Bsin (2t)) + (Dot + D,) e” sint 

~ (Ep' + F,) e” cost 

b. A= 3/20, B= — 1/20, Dy = — 3/2, Dy = — 5, Ep = 3/2, 

E, = 2 

18. a. Y(t) = Ae! +t (Bot? + Bit + B,)e~‘ cost 

+t (Dot? + Dit + D2) e~‘ sint 

b. A= 2, By = — 2/3, By =—i(0), /8}) 1 ID} 0), ID), =l,, 1D) =] 

19. a. Y(t) = t(Aot? + A;t + A2) sin (2t) +t(Bot? + Byt + Ba) cos (21) 

b. Ao = 0, Ay = 7/16, A> = 1/2, Bo = iAP, B, = 0, 

B27 52) 

20. a. y(t) =e” (c, cost +c, sint) + De’ 

il 1 
b. De 5 he oe 

21. a. Y(t) = Apt? + Ayt + Az +t? (Bot + B,) e7 + (Dot + D,) 

sin (2t) + (Eot + E,) cos (2t) 

b. Ao = 1,A, = 2, A, = 3/2, Bo = 2/3, B, = (6). Do = 0, 

D, = — 1/16, Ey = 1/8, E, = 1/16 

2 
22. a. w= 3 +c,e* 

N 
23. y =c, cos(At) +c) sin (At) + » (am / (A? — m?z?)) sin (mzt) 

m=1 

t, NESE Sie 
24, y= 

— (1+ 2/2) sin (t) — (7/2) cos(t) + (77/2)e7—', t>z 

25. No 

e3t 
Ti rp ce-** + ene! 

ete C F 
29. y= < tems nse es 

AS (eee, 4 , e 
30. y= 5 15 (sin 4t + 4cos4t) + 5 (cos 4t — 4sin4t)}+ {ete tes 

Section 3.6, page 168 

ik “WQSe 

en2tp-3t 
2. Y(t) = — - — O=— 3 

3. Y(t) = Pet? 

4. y=c, cost +c, sint — 2(cos £) In (tan t + sec ft) 

5. y=, cos(3t) + c, sin(3t) + sin(3¢) In(tan(3t) + sec(3t) — 1 

6. y=cje~ + cyte — e In(t) 

7. y=c, cost +c, cost —tcost + [log(sect)]sint 

8. y =c, cos (3t) + cz sin (3t) + 1/3 | [sin 3 (t — s)] g(s) ds 

9. y=cye* +c,e% + | [e%*-8) — e('-5)] 9 (s) ds 

3 4 
10. Y()== (5) a (t) a thaye Int 

11. Y(t) = —2f? 

1 
12. Y(t)= 5 (t —1)e# 



13. Y(x)= ~ 5x1 cos x 

14. v@y= | Fwd 
(-t) 

i sin (x — T) g(t) 

lene See) = dt 

t 

18. b. y = yo cos(t) + yy sin(t) + [sin (t —s) g(s)ds 

0 
t 

19. y=(b—a)” | (ef -S) — eAt-5)) 9(s) ds 
t (0) 

t 

20. y= re eMt-S) sin (u(t — s)) g(s) ds 
t 0 

t 

21. y= | (t — s) e%'-5)g (s) ds 
t 0 

24. y=? logt —t? +c? +c 

t 
25..y =c)t~| +.¢,t-> + A 

1 
26. y=cye’ +t — 3 (2t —1)e* 

Section 3.7, page 180 

2 ay ies 28 Poi st 
ite u = ¥29cos(t— tan (5)).6=tan 3 

2. u=V13 cos(zt — 4), 6 = 2 + arctan (2/3) & 3.7296 

1 : 
a. US (=>) sinca4e)em, tins;t = 7/14s 

1 OBI 
4. u=—-—cos8 2t + —= sin8V/2 

8 ve 4/2 

5. wee (2 cos (4v6r) + (5/6) sin (4V6r)) cm 

cins;0= 4\/6 rad/s, t= n/26 s, 

Ta/T = 7/(2V6) = 1.4289, t = 0.4045 

6. u& 0.057198e°!™ cos (3.87008t — 0.50709) m, tin s; 

= 3.87008 rad/s, u/@ = 3.87008/V15 & 0.99925 

7. Q=2xX10~° cos (2000f) C, tins 

= ¥ 20/9 = 1.4907 

ile aaa VA? + B2,r cos(@) = B,r sin(@) = —A 

b. R=r6 =0+(1 + 4n)7/2,n = 0,1, 2,... 

12, R=1020 

14. Vo < —yUo/(2m) 

16. 52/V6 

17. k=6,v= +275 

18. a. u(t) =e7Vt/2m 

Answers to Problems 681, 

20. a. u=y2 sin (v2r) 

c. clockwise 

21. a, u= (16/127) e-/8 sin (1271/8) 

. clockwise 

» Sa cos ( k/mt) + by m/k sin ( k/mt) 

2D), SOMA = I? Se 

CG A= 098el = 6:07 

Q 

22. Ss 

a pce 0 2 Al—=10.06; le) 5. 9026r— 1015 Al LO 4a an ad 

f. .6h=—0)1, 0A =91.03 7 =.6:55;3) ie.= —0)2, A = 1.06, 

PSOOER CS O08) Aloo, PSs 72a 

Section 3.8, page 192 

1. 2 sin (3t/2) cos (15t/2) 

57t mt 
2. 2Ccos —— cos — Fr) 
3. 2sin (9t/2)cos(t/2) 

4. u" + 10u’ + 98u = 2 sin (t/2), u(0) = 0, u’'(0) = 0.03, vin m, tins 

—5t Sh os Vs 153, Tea aay (160 cos (1/731) 

,, 383,443/73 383, 443/73 
7300 

b. The first two terms, with e~>’ are the transient solution, the 

other two terms, with no exponential terms, are the steadystate 

solution. 

én sin (V73¢) — 160 cos (t/2) + 3128 sin (t/2)) 

c. w = 4/3 rad/s 

Guin zs (cos (7t) — cos (8t)) = = sin (t/2) sin (15t/2) ft, tins 

7. u= (13/45) cos (3t — z + arctan (7/4)) m, t ins 

8. u=(2cos (8t) + sin (8t) — 8t cos (8t))/4 ft, t in sec; 1/4, 77/8, 77/4, 

37/8 s 

F (t — sin (0), (0) SRS He 

ll. u=4 WR((2x-t)-3 sin(t)), w<t<27 

—4Fp sin(t), 2m <t<o 

1B) &L, Dhe x [cos wt — cos ft] 
oa" T=w 

14. a. w= 5 ~ [2cos wt — (w? + 2) cost] + sint 

CHAPTER 4 

Section 4.1, page 200 

1. (—©9, 0) 

Deities Ole Olin Olt) 

3. ... ,—37/2<x<—7/2, —m/2<x<1, 1<x<7/2; 

7G 2) IE tees 

x (up V4km — y2 cos(ut) + (2MVvo + YUo) sin (ut)) Wfakm—y2 4. (—%, —3)U (—3,3) U (3, 00) 

b. R2 = 4m (kuz + yuovo + mv2)/(4km—y’) 

19. plu” + pogu = 0,T = 27y pl/pog 

5. Linearly dependent; fi (t) = 4 (t) — 24 © 

6. Linearly dependent; 2f;(t) + 3f2(t)— 4f3(0) =0 



| 682 | Answers to Problems 

. Linearly dependent; 5f,(f) + 13f2(t) —f3(0 — 11f4() =0 

a 

. —16e* 

») Cob 

. 243 

ib. COs“ f= a (5) + ue cos (2f) 
10 74 

=*) . ag(n(n — 1)(n — 2) ++ 1) +a,(n(n — 1) +++ 2)t + + + a,0” 

b. (agr” + ayr?~1 +++» +a,)e™ 

c. eet, eet; yes, W(e, e*, e%, e- *) #0, -00 <f < 00 

| WOES t 

. WH = c/t? 

. y=cye’ + Cot + cate! 

. v=o? + ot +0¢,(t +1) 

Section 4.2, page 206 

r 

2. 

3. 

19; 

20. 

21. 

22. 

23. 

V3 (cs(2) +1572) 
4e![ (27/3) + 2mz] 

2 (cos () +isin (5)) 

. 2e'[(77/6) + 2mz] 

1+i -1-i 

2° v2 
| QAgril8 21/4 g9ri/8 

. V2. +1), ¥2(-1-1) 

. y = Ae* + Be** 

. y=cye + coe? + c,e% 

. y= Aje* + Apxe* + Az cos (x) + Ay sin (x) 

. Y=A, + Ane* + Aze7* 

. y=c,e” + cyte + c,t7e* + cye*! + cste*) + cote 

. Y= A, + Anx + A; cos (x) + Ay sin (x) 

. Y=, +t +c,e% +e (ca cos (v3¢) + cs sin (v3r)) 

. y=e((c, + Cyt) cos(t) + (cz + cyt) sin(t)) 

+ e“*((cs + cot) cos(t) + (cz + Cet) sin(£)) 

- Y=(cy + Cyt) cos(t) + (cz + cyt) sin(t) 

. y= ce"? +ce-"" cos (t/V3) +c,e~"3 sin («/V3) 

18. y=cye' cost + c,e~' sint + c3e~*" cos (v3) 

+cye~~ sin (V30) 

y=ce" + ce"4 + cet cos(2t) + c,e~ sin(2t) 

y=3-2cost+sint 

y= set sin (t/V2) - sein sin (t/y2) 

y=2t-—5 

1 Le 105g 
mae eon) 2t 

Veer CORRE CTA G 

24. 

25. 

26. 

27. 

28. 

29. 

Zl ny, Sie) ay 8 2 2¢ Vi == ees nt-— cos 3t y B° cost B° sin t 13° ( ) 

We 
99 ot oct. 5008 (t) - 76 50 (t) 

y= 5 (cosh t — cost) + ; (sinh ¢ — sin?) 

a. W(t) = c,a constant 

b. WH=-8 

c. WH=4 

b. uy, = c, cos(t) +c, sin (t) + c3 cos (Vor) +c, sin (v6) t 

Section 4.3, page 211 

1. 

2. 

3. 

/ Y =O + Cot +0,e7% + ce — ae = 

. y= Aye + A,e~* + A, cos (2t) + Ay sin (2t) — 

y=ce + cyte! +c,e' + te!* +3 

y =, cos(t) + cz sin(t) + 3t 

y=ce' +c, cost+c,; sint+ te' + 4(t—1) 

eon! 

; i 
. y=, cos(t) +c, sin (t) + c3t cos (t) + cgt sin (t) + 3+ 5 cos (2t) 

[2 

16 

ae) se) yaa cos (2t)) + ot 

yslt 5 (PO +3t)-te! 

F y=(t-4)cost—(St+4)sine+3¢ +4 
eZ, 

Lae 
. y= Aye + Ane”! + Age! + Aye! + — sin (t) 

10 

. YQ = t(Apt + A, )e* + Bcos(t) + C sin(t) 

. Y(t) = t(Agt? + Ayt + Az) + (Bot + B,)cos t + (Cot + C;) sin ¢ 

. YO=Al + (Bot + Bye! + t(C cos (2t) + D sin (22)) 

» ky = Ag, ky = aga" +aya"14+---+a, 14+ a, 

Section 4.4, page 215 

1. y =A, + A, cos (t) + A; sin (t) + log (sec (t) + tan (t)) — t cos (t) 

+ sin (¢) log (cos (£)) 

y = ce! + c,e* +. c,e%! — te?! 

1 
. y=cye! +c,e7! +c,e7 + poke 

4 Pa 
y=ce' +c, cost +c; sint — a cost 

. y= cye! +c, cos(t) +c; sin(t) — 5 (cos (t)) In (cos (t)) 

45 (sin (t)) In (cos (t)) st cos (t) — 5! sin(t) 

+5! fi, (e°'/c0s(s)) ds 



Answers to Problems 

t <) 

1 
Choe | (—2 + e'-§ + eS‘) tan (s) ds ae. > (n + 2) nan42X" 

to 

Ms 7. ¢ =0,¢, =2,c;=1liny=c, + c, cost +¢, sint 19% a5 Py (= 1a, 2) -Pa, |x" 
+ In (sec t + tan f) — t cos t + (sin t) In cos t is ll _ 

t co 

8. y=3+41n(2)/2—e-¢-7/) — In |sec(t)| + > iar e-* tan(s)ds 20. 2a2 + 6a3x + » (n+ 2)(n+1) ania + (N — 2) ay_2] x” 
—t n=3 

+> Sra e’ tan (s) ds oo 

21. ay + 2a,x + > ((n +1) ayy, + Ay_2) x” 
9. Y (x) =x4/15 = 

t [oe) 
1 

Om Yao) = 5 | (e'-S — sin (t — s) — cos(t — s)) g(s) ds 22. a,x + yy [na, + a,_2] x” 
fo n=2 

t n 

2 o = —2 ie = 1,4, aig —2x rat ro=5| (sinh (t — s) — sin(t — s)) g(s)ds Sr Ge a ee oon ales kW tyeaey 208 
fo 

x 

12. Y(x)= : | [(x/t2) — 2 (x2/t3) + (x3 /t*)] g(t) dt Section 5.2, page 228 

Xo 00 n 
-1 

Tey Gea, D: ( 2 x 
n=0 7 

CHAPTER 5 > i 
2. y(x)=a >, —— x?" 

Section 5.1, page 223 nao M2" 

SA aie Se YX) = dy + ax + (1 +a) Fx" 

74s, fay n=2 ~ 

Se Ol— Co na A 2, V3 M+t2 » p 4. V(X) = Aq + px + 5.x sa ers: 
1 : n=3 ‘ 

4. p= 8 2 : 

(—1) n 
Se fil 5. y(X) = dp D) — x 

=] ? 

6. p=5 : ‘ shee 
x 

2 (-1)23tx2ntt 6. y(X) = a + (ao +b) D) 
Ts, Drona ik © nl 

= Il ° 
Tey Oe kee 

Deeds: 3 

Ms x p= = om bc 8. y(x) =ayx+ 5 

9.1+(x-1) p=o © (4)! 

5 9. Vico) ails een 
10. 4-4(x+2)+(x+2), p=am na. 

SH ty 
es 2 ae n 

alee, OD), peed 10. Ta 
r= 

2 3 4 @) 
12. ae = = Si aks, Po ee u I yi@i= 3+ 3 BS Te wea + 

00 3 Tae N79 1 
12. y(x)=1+ =x-=x7+— hes 

ee) Sly tee 2D ce = 1 Rap 6c ue64) oe 102a 
0 n 1 3 

, ae 13. yQe)= 3 -(5 +29) 
14. a, yl =14+23x4+ 39x27 + 4x3 4+--4+(n 41) x" 4+- x 

b. y’ =84+39-2x +4 - 3x7 +59 - 4x3 +-- 14. y(x) =e 

ay 1D\eee snob = (-1)" x" 
+(n+ 2) -(n+1)x are >> 

n= 

te 25x + 3a3x2 + 4ayx? +--+ (N+ 1) Any x" +°" 15. a. y ve a2 2s 4 ( )An+41 pra pee 

-1— n 

aD er me a i Vigna apeicns ens 
. * : Co 

y" = 2ay + 6a3x + 12a4x? + 20a5x? + 

+n(n—1) a,x"? ++ 
os - 

= Yo n(n=Vayx"-? = Y (n+2)(n +1) an42x" 
ih n=0 



PEZ9 Answers to Problems 

F -1 
Section 5.3, page 237 yz (x) = (x -1)- F(x - 1 + G4 MAN = 1) 

1. a. (N+ 2)dn42 — Ani — An=0 _Q+ma + So) ze = 1)" Prater 

il 7 Al Boe ol 4 
b. Jy (x) = ee ge -) ar ge -D ae ge -D Ta 9, a. 4(n + 2)an4> —(n —2)a, = 0; ON 2e. 

2 il 1 

a(x) = Ge—1)+ 5@-D + 5-1 + G-D t b, d. Yi (x) =1- =, 

k 3 x5 x7 x2ntl 

2. a. Any. = — or, 1 =0z,1,2,°5, Oh, pte aed on Me 9 ME ee eee 
nt2 "(n+ I(+2) " Y2(*) =X = 75 — 546 — 2240 4" (2n —1)(2n +1) 

k k? 4 ke 6 a = (-1)" k" 2n — —_24n+1 t+ Mm =1,2 a eens: 
b. CC = 1 ie mas aie Gn 10. a. QAn+2 = (n+2) ’ n 9 Hy vee 2 2 

1 
b. y, (x) =1— =x? + =x3 + = x44 

ike ED) oi vi (*) EO Loy oe 
Vi) =X a ee ae = ierman] 1 1 4 

: : : =0 Vy (*) =X — Bx? + Ex ap oe 

3. A. Any = A,/(n + 2)(n +1) LL. a. An+2)(n + Lays, + 3(N + Ladys + (1 + 3)ay = 05 

3 , F ae ke Oy coe 
5ee i % bd. wQ=lt+ p+ ¢ Sey = Cosi x Ni Ih pre Balt Ma bol hee | 
a 4h 6! & (2n)! b,d. yx) =1— Gx + 35x" — aeax + 

ee oe See : Fee IO os, 
VOmoneg t a ta tt = 3 eit 2" (2n)! 

n=0 ee es 
NSE SP Se = Sear oe 4. a. Onsg = —K2ay/((n +4) (n + 3)) say = a3 = 0 V2 20 200 20 

k2x4 k4x8 5x12 ey ee Cn ere 

DC a 2” (2n + 1)! 
JOT. SS BOC: CW AC « EG OIC ONY Ao Ho! Ka WA 1 1 

a Cy (exsy"" 125 4: Rare Sot aaa Etats ie 
=1 De wae as _ stom BE re ee 

+ Le 374078. (am + 3) om +4) c. about |x| < 0.7 

il 
ey ae A Gog Keo? vs 13. a. ysl-x-xt+5x34(3) xt + 
O55) 458 ee AU ONo 1 TG 

c. about |x| < 0.5 
BS mtl7, 2 4\m+1 

Sey (-1)" (x*) 14. a. y=—343x— Sx? 5x9 oxt tp 
ety 4-5-8- 9 (4m +4) (4m +5) : 

c. about |x| < 0.9 

Hint: Let n = 4m in the recurrence relation, m = 1, 2, 3, .... 1 3 i A 1 6 
15. a. w(x) =1-5(%-1) -S@-1+50-) +: 

5. a. (N+2)(N+1)ayy2 —n(n+ 1) ayy) +a, = 0, 3 x aS 
1 A il See 1) 

x)=(*-1)--(-1 -=—(C-1 —=(x-1 oo sia, dpe te wi) = (= 1)= 5Cyl = 1) ee 
16. Hint: Consider using induction. : 

b. pi) eis? oy? Se A AA-4 A(A A 
2 6 24 18. a. yn Ge Ay Ae or Ae ee 

BC a eet ee a 2 ~ NGA o 8 12 24 Cee Pe tes i =). 
6. a. Ano = —(n* — 2n+ 4)a,/l2n+Dn+2), ne=2; : : 

az = —aAo, a3 = gical 7 bab os 

i 1 2 203 2 Waa ny 4 4 Sa = a epee dnd eo) ae b. 1,x,1—2x*,x — =x°,1— 4x2 + =x4,x — =x? + —x5 b. y, (x) =1=-x ache eo 3 aa ama eu 

OC eb = Lee c. 1, 2x, 4x? — 2, 8x? — 12x, 16x* — 48x? + 12, 
4 160 1920 32x5 — 160x? + 120x 

7. &@ Angg =—[(N +1)? yy) + Ay + Any |/(N + 1)(n + 2), 
19. b. =x- 316 see 

n= 1,2, ... dz =— (a) +a, )/2 y is ot 5 

1 1 
b. yi) =1- 50-1 + 2-1) - S@-v + 

Le Section 5.4, page 243 

wE)= OY Fe-Y + FE-=FE- Dt gaan, gmovzo, #OLE 
(n+ 1)\N+7) Ans) + Ay + An} Bh a = 2 2. ¢"(1)=0, ¢”"Q)=-9, 9) =63 a. Any? (ELvCES Cre Ded se $"(1) $1) $4) 

= _ ot aai) 3. $"(0)=-a, $"(0)=-a,, $4 (0) = Say — 2a; 
2 eS e 
1 ie 3. (24+2)x-1 4 ea 

— 3 SS 2 pas P= =: as es Beye) =k at) + E-D mA (x¥=—1) 5. p32, spi= 4)p=n 

6 te.506 p=\ ine 6 



Answers to Problems 

a p=a b = 
7. Ge pee d Dee 3. y= Cx? + 3x? In Ix 

$s eae i fae 4. y= (c, +c, In |x!) x 
Bs = p= 

Rane j. p=o 5. y= elf 4 og]xj 
5 (SIS 

: cae 6. y= ox" +¢,x* 
—a?)a 

8. a. ¥ )=H1- Sx - eee 7. Y= Ox +x" In bl 

(42 — @?) (2? — a2) @? é g. Veq(x— 1)" +o0—1) + 

s 6! oy. x 6) 3/2 NV y= (5)s°?-(3) 
((2m — 2)" — a?) «-. (2? — a?) a? is 
WERAORGL CC x.” 10. y= 2x~'/? cos (2 1n x) 

; ese es 

Qureas acest) 5 eae J2\X) = ais 5! aE 12. x =0, regular 

[(2m - 1)" - a?]--- (1- a?) as 13. x=0, regular; x= 1, irregular 
7 +e 

(2m + 1)! 14. x=0, irregular; x =1, regular 
b. y,(x) or termi ith x” =ni y, (x) or y2(x) terminates with x" as a = n is even or odd 15. x= 1, -2, regular 

c.n=0,y=1; n=l,y=x; n=2,y=1-2x?; ui n y=xX, Ned yela2, 16. x=0,regular; x= -1, regular 

n=3,y=x-5x 17. x = 0, regular 

1 18. x=1, regular, x= -—2, irregular 
9, TC cy Reem igh ee cae ene ae ae 

4 ve Be 19. x =0, regular 
ee en dep ee eG nT ae = 

Ya (x) = x iI2* i 1807 - 5047 Bee Pe 20. x = 0, regular 

= tes) thes 21. x = 0, irregular LOG) = 6% + 1D* 40% fee, - : 

il 1 1 . X=0, +n7, regular ns 0 0" RP a 
23. x=0, irregular; x = +n7, regular 

1 1 1 
11. OG a erp eas a 24. a<l1 

il 1 
Wien = Pat hs yb p=1 25. B>0 

6 24 120 

12. Cannot specify arbitrary initial conditions at x = 0; hence x = 0 26. y =2 

is a singular point. 27. a. a<landg>0 

B er or re 2nx" Bh ee eo b. a<land6>0,ora=land6>0 
, 2! n! 

peg hins yon c. a>landp>0 

MS et Rete One te d. a>1land8>0,ora=1andfp>0 

1 = 
PB RY Se MG are 40-2 ee e. a=landé>0 

em Ge eke (—1)"x2" § ise fle 
Tt ik) hele 7 80 9 yes aco 

EAI Shae eae cae 
iu ed Pigene ige e a is ia 33. Irregular singular point 

Sane ue x? x? am x* it x eGo 34. Regular singular point 
Beh ae a Hey Be hide 26 

35. Regular singular point 

18. 1,1—3x?,1— 10x? + = x4 X,X- 3x3, x - ax + ax 36. Irregular singular point 

19, a. 1,x,(@x2—1)/2, (5x? — 3x)/2, _(35x*— 30x? + 3)/8, 37. Irregular singular point 

(63x° — 70x? + 15x)/8 

c. B, 0; B, +0.57735; B, 0, + 0.77460; Section 5.6, page 259 
II 

; 86114; B, 0, +0.53847, + 0.90618 Neath ee ee ee oe : = 0, 
Py, + 0.33998, + 0.86 3 1. b. r(2r—-1)=0; a, TORED OLE d) Gamers 

rz = 1/2 

n 

Section 5.5, page 253 aN Cee ee re Cle 
oe al 6 (an)! 

1. y= (yx + Cox™ n 
(=1) n Teche mele 

2. y =c, cos(Inl1+xl + cy) d. yiGe) =2(1 - Tee yen eh CREB +) 



(4:79) Answers to Problems 

2.0 Deets = 25 = 0; a= r= +5,m=—5 Section 5.7, page 265 
(n+r)y —25 

ie £h, soseil 
1 2 1 4 1— — x7 4+ ee xt en. cy oe ee 

, 1! 22 +5) 2124 (1+5) (2+5) b. r(r-1l) =0; 1, =0,r,=1 
Cy Co=x iy 

ee A, sO) 
n! 227 (145) (2+5) ..(n+5) 1 

5 =I by Cr) =10 0; => 

Se De ha = 0nd Cec ie SOS 
: (n+ry ria Fe) i ah Ds eS OR 

] il 1 (ee bon — ie 0. Teel 0 
(eh eet OEP Se seer ee ee 94 + ———, xm" 

34 (2!) 36 (3!) eM ) 4, as = 0: 

5 5 

4b. 277 = 0; = onal 55 h=h=0 P r(r-z) =0; ea 
2(n +r) Pe 8. 

Be x Bae 7 
c. Wy (x)=1+ 5 + ae 7 Rian b. r(r-2) =0; R=7h=0 

2(1!)? 222!) 27(n!) 6 6 

5. b. 2r?+r—1=0;(2n+ 2r—1)(n+r+1)a, + 2a,_, = 0; 5. a. X=0 

h=5 h=-1 Dar = ; Tq Onr 10 

(hs Eyes 0) 
Cc y(x)= 

ma(i-o4 xe eh (-1)"x2™ +) b r(r-)=0; n=O =) 
Ui 2!7-11 m!7-11---(4m + 3) 7. a. xe: 

d x (Dake b. 2 -(3/2)r=0 3/2, 7, = 0 =x — pees 08 en En ajate > = r=U0; "7,= . = 

sade) (: a er TS aOud Tae ; : 
br tl, Qe 

6. b. r—4r+3=0; (nt+r—3)\n+r-—Na, 

—(n+r—2)a,,=0; 1 =3,r=1 b. P-3r=0; 1 =3,7=0 

2 si 2K = ae = x3 = Eg is Iie An eect sehr 9. b. 71, =0.1= > c. yy, (x) ei dee 4 eG ae 2 

1 
Veena = (0m y =Car = 0 c. y(x)=14+2x+ 3x 

a(a +1) 
b. yy(x) = 14+ (x - 1) va Ly ty ay ee ess ) Ore VO) =e cota, 1630% 2: 

a(a +1)(a(a +1) — 1.2) 2 3 
@ 12)(2. 22) (x 1) 10. b. Y= 0, WIS; 

= (pis 3 4 Hla + IN(ala + 1) 1.2)...(@(a + 1) — (n—1)n) e NOS ee He 64. 4 

2n(n!) 5 15 

Keegy Ses AS s2(4 3 comb ds3) 4 oes eo. 

WO) =A Bx Se + a6 04" 
8. a. 7, =1/2,r,2=0 at bothx = +1 andx=-—-1 1 

eel 11. b. ry =0,7,= = 

b. y,(%) = x—1/2? 1+ >) pee any where ‘ os ~ (2n +1)! ‘4 3 j 
n=1 c. y,(x)=1- 3x4 73x +T35* +... 

yo(x) = x71 — x) 

h AS Osis i 
erbo-Ble-@)-lo-t-3)} ae 

. C. Yy(X) =x + 2x7 +333 + 
Y2(x) = (143 + oe an y2(x) = (In Ix!) yy (x) + 4 x 4x2 $ +) 

wy —1) " where 

1 
Qn = 4B? (48?—1) (48?— (2)°).... (46? (n= 1)”) LEP BL ae 5 pil 

9. b. r(ir-1) - 4r = 0; a, ree Ss ann: ce. y, (x) =(x-1)"”” (1 i = (x 24) + = hapa ), 

m= 0,72 = 5; d. p=1 

(n- (n = 3)!60 ote ae (n—-1)(n—-2)+(1+a+8)(n-1)+aB 
ni(n— 

xn- ‘ 14. c. 

=(n-1+a)\(n-1+8) 

d. (n-y)\n-1-y)+Q+a+f\n-y)+ap 

=(n-y+a)(n—y +8) 

1 ie 5 
(, WO)a1l+5x+ Tx +x (143 



Answers to Problems 

Section 5.8, page 284 

1 
1. b. lie ooo 

c. yy (x) = (x -1)"? [1- = (x-1)+ aa (e-1) + ~ 

d. p=1 

1< 1)"x" 
2. yy (x) x 4 (nt) 

Yo(x) = ye) n(x) = = yy, CY Mn oan 
X n=l (n!)° 

(aE) 1)" (ont 3. x", V1 (x) = yor (nly? 

(-1)" a x” Y2 (x) = yr )In(x) — 2 s an 
n=1 

Spe 2m 
4. nooner Dy rH O 

Peetee ey ee oe es Y= FJ 8) 
Hint: Let is 2m in the recurrence relation, m = 1, 2, 3, ... . 

horn = =a = 0 and a; is arbitrary. 

CHAPTER 6 

Section 6.1, page 294 

oy Xe et, yp Xa) 

2k, ah, x, = —(t-' — 0.2517) xen t ? x, 

3. X= Xop, Xe = X93 EX gs, X= 3Xi 

4. X, =X, X54 = —4x, — 2x2 +2c08(3t), x, (0) =1, 

X2 (0) = —2 

5. XL =X, x,=tt+1?-—tx,-t?x,, x,(0)=a, x,(0)= 

6. as XH =Ce + Qe", ~y=ce'—ce* 

b. c; =3, c,=-—linsolutionina 

c. Graph approaches origin in the first quadrant tangent to the 

line x; = Xp. 

7. a. X2 +2xz — 2x, =0 

es 143) ete): 
b. xy = 

g= > Ae 1+V3)t _ ; igen 

c. Graph is asymptotic to the line x, = ew (i+v3)t 

Ke ) x1 + 3x] + 2x, =0 

b x, =10e-" — 13e-',| x7 =.15¢e-%* — T3er* 

Graph approaches the origin in the third quadrant tangent to 

the line x, = xp. 
2 

9. a. x] +x, +4.25x, =0 

b. x, = —e~'/2 cos 2t + 2e7* sin 2¢, 

x2 = 2e~"* cos 2t + e~"/ sin 2 

c. Graph is a clockwise spiral, approaching the origin. 

10. LRCI" + LI’ + RI=0 

15. yi = V3, Ye =a, MY3 = —(ky thy) yy +hkoy. + F (0), 

My, = kyy, — (kz + k3) 2 + B (0) 

es as & 19. a. Qi ad 2 192 + 40 22? Q) (0) = 2o5 

1 1 
re ry Ou 5 Oz Q, (0) = 15 

b. OF =42, QF = 36 

po it 3 oe 
CoxXy 102 + 40%?" xX, (0) = -17, 

ae 1 
X2 = 7p%1— 5% Xz (0) = —21 

att 1 
20. a. Qi = 3q, — oe aP Too Q (0) = QP, 

a5 Q, (0) = 

QF = 20(3q; + 2q2) 

G=h% +3 51 - 

b. QF = ae + qo), 

c. No 

d. S<OF/r <= 
9 3 

Section 6.2, page 304 

yh (0) 

UE GR 2S) 

3 @ 8 

2 2 7 

b. | —2 6 —-6 

2 7 9 

3 0 —-1 

Cano il 6 

8 -l 5 

0 2 -3 

d. |5 6p is 

2; 3 

ee 1-31 5-2i 

~ "19-21 243i 

2-i —4i 

if be a 

bs 2-7i 4-i 

i 4 5-2i 

5-Si 2+i 

Per 



t:3:3) Answers to Problems 

-l1 4 0 2e7 — 2 + 3¢3# 1 + 4e-24 — ef 303! + 2e! — ett 

La oe ae b. | 4e2 — 1 — 3e# 2+ 2e-% + e! 6e3! + ef + ett 
5) e=45 1 

—2e -346e -1+6e-%—2e' —3e%¥ + 3e! — 2e¥ 

16. a. |0 Se et 

3— 21 Pi t _ e-t 2t 
ee (a ree e Ze" Gate 

» eb ent De 
b 3+2i 1-2i : 

Pict lear Rt seer ase’ 

34+2i 2+i 1 Qe 5(e+1) 

1-2i -2-3i 1 
d.@-)i2 et “Le@#1) 

15233) 3 2 
5.a.]-2 -7 -2 -1 3e7 e+1 

=9) —42, 7; 

5 Opi . Section 6.3, page 314 
hal). Some ok 

a pep oeel Tie 2/85) =| — 5/38 a 2/8 

q) <li 2. No solution 

c. | 5} 9 7 3. x; =1/3-—c, xX» =1/3+c, x3=c, where cis arbitrary 

—6 —12 10 
4. X; =—-G, X23 =—a@, X3 =a, where a is any arbitrary parameter. 

7. a. 4—2i : 
5. X1 =X, =xX%3,=0 

b. 12-—2i : i : 
6. Linearly independent 

c. 4-4i 
7. —x® + x@ —1/3x@ = 0 

d. 16 
ee 8. 2x) — 3x2) + 4x - x = 0 

. L- if 9. Linearly independent 

oak li. Linearly independent 

a! 
sh | 1 3 12. 4x2) — 8x@)(t) + x) = 0 

KT a 1 3 
14. A; = -2, x = ( ); Ay = 8, XO"= or any constant oe 0 1 3 2 1 ly 

A. leash a multiple of these vectors. 

= 1 i 
15. A, 241, x0 = ( or any constant multiple of the vector; 

11. Singular 1 

4 =) : 
11 1 An = 2—i, x? = ( )or a multiple of the vector thereof. 
3 9 27 1 

it 1 siya PA le paces ae 
3 : 16. A, =1+ 2i, x = ( 4 1: An. =1=2i, 
0) = ; 

1 3: 1 1 
i eee 2 ee Ls 

13a ee cee 17. y= 2.x = ( ihe da = 4,2) =( ‘) 
10 10 10 

eh Sly Soe: 1 
107 5 L0s ee te 18. 4, =2, x =(111)'; 2=-1,x2=|[ 0 |: 
, Me ie 

5 5 5 0 
11 6 4 

. SS Se = A, =-1, x®@ = 1 
14 5 5 5 = ; 

“oaeceel of aa 
5 5 5 
oe Fi 1 oe ae Ss ' 
5 5 5 ; 

1 1 
19. A, = -1,x = [- 5 A, =-1,x% =| 0 

2 

i 

2) 



ee Answers to Problems  tf:4) 

20. A, = 0, x =(10-1);2,= -%, x2) = (1 21); 

1 
A= a x®) = (111) 

Section 6.4, page 320 

ef 

i ak (ye Ba 

e. ew! 

e. —3e10 

iL geh ot 
3.d.x()=|/8 8 

ere ee 
8 8 

e 8elot 

: =; 
4. d. x(t)= Cost Ph 2stnt = 

—sint+2cost 

e. ef 
B 
—+2t7} 

5. d. x)=] 8 
3 _ 2-2 
8 

e. —4t 

Diss 
6. a. x(t) = 2x + Ox@ = 

4t7} 

e. —3t. 

8. ©. Wi) =e exp( | (Pu (© + Px at) 

12. a. WH=0 

b. x® and x® are linearly independent at each point except 1 
t = 0; they are linearly independent on every interval. 7 “if et 4.6, (1 Liebe i) 

. = 2 
c. At least one coefficient must be discontinuous at t = 0. 2 

13. a. W(t) = t(t — 2)e’ 

0 1 : 
daexe= x Sy = 

—2t-? 271 8. x e 74 +c, - e' +c; e 
=; 

b. x and x® are linearly independent at each point except ; ik: ng “ os : Pi 
t = 0 and t = 2; they are linearly independent on every i 3 aa & og Cy : 2 

interval. 

c. There must be at least one discontinuous coefficient at t = 0 10. x=-3 (;) eft 4.5 G Je 

afid y= 2 

0 1 1) oot .x=-2 pee leah us x2 2())e rl 
FRO APSO ER t 2 2t 0 

12. x=|-2]e’-2 ly. +2 : en 

Section 6.5, page 330 1 

Zz i 1 1 
a bh: x=a(;ettea( 7} 14. x=a(3)¢ val) 1 

- il 

Dh. REC; (3) oF +c, (_.) e 15. x= (:) ( 



FEY) Answers to Problems 

16. 

21. 

22. 

23. 

24. 

25. 

—3 =f! 
xea(V)rta(q)e 

a. X= X%, Xo =— Ca a Ola) x, 

55 (3) ,-t/20 , 29 { 1) ,-t/4 
8 (s)e ER Siig 

c. T = 74.39 

x= ¢ eo BEER Ee sis iy) elev? )i2, 

A2= (-2+ v2) /2; node 

a X= 

= TL) o(-1+v2)¢ AG 1 -v2)t, 
b. x C) ()¢ + C> wale 

ho /2; saddle point 

CG Rho=—-ltVa; «=1 

i-*) 

Pe 
SiS) 
———— 

Il is) rar 
ree 
= = ——— 

s 
N S 

a Q N 

ae “—— 

fox) 
| = 

Section 6.6, page 340 

1. 

i) 

oe 

> 

12. 

eas X— Cj ‘a oat} + Cz & 

ara x= ce ( 

» X=C) 

a. x=4( 
cos 4t — sin 4t cos 4t — sin 4t 

cos 4t 2 sin 4t 

a cos (3t) — 3 sin (3t) sin (3t) + 3 cos (3t) 

aa ce ( 2 cos (3t) ne ( 2 sin (3t) 

cos (2t) 

sin (2t) — cos (2t) rl= 

HOE sin (2) 
sin (2t) — cos =) 

0 cos 5t 
i ; 

Oleb+c ee) (cos 5t + sin 5t) Je~! 

: 0 
sin 5t 

le 
+ 63 —5 (sin 5¢ — cos 5t) e-t 

0 

1 0 0) 

. X=C,(O0]e%+c,{ cos3t |e +c;| sin 3¢ | e# 
0) — sin 3t cos 3t 

oe 1 3cos 10t — 5sin 10t i 3 sin 10t + 5cos 10t 

: 2 4cos 10t 2D 4sin 10t]’ 

t — oo, limit does not exist 

cos t 

= (’ cos ¢ — sin ‘ 
. xX="e 

b. a=+4 

ou 
a a 5i=h5 49 — 24a 

b. a = 2, 49/24 

13. 

14. 

15. a 

16. 

7s 

18. 

19. 

20. 

21. 

b. 

r= 4ta-24Vae + 80-24 

. @=—4— 2/10, —4+ 2/10, 5/2 

By: 

aioe 
16 

iP = e¢ ae INO) 

a=0 

A /2sin (V2In t) a —/2cos (V2In ») 

are ie (V2Int) 504 sin (V2Int) 

__. /sin(dnt) ne (- 

* = \ cos (Int) 2 

cos (In t) 

sin (In t))’ 

Other combinations are also possible 

a. r= ue a2 =. 
eS ae is 

Pts pls 

ae 

pete cos(t/2) -t2({ sin (t/2) 
: + c7e : 

4 ee —4 cos (t/2) 

. Use c; =2, c,=—= inanswer to part (b). : 

Pe lime (6) slime a(o)i—=10:seeno 
toc too 

PN ye LOOSE) _, /sin(t) 

; (/) cer (5 cos (t) — sin ee € sin (t) + cos a 

c. Use c; = 2 and cy = 3 in answer to part (b) 

23. b 

24. 

25. 

Palin) slim Vi(e) =O sn0 
too too 

= +ivk/m 

. Irl| is the natural frequency. 

3 Aiello (ipa) eet 
. X, = 3c, cos(t) + 3cy sin (t) + 3c3 cos(2t) + 3c4 sin (26), 

4, £0) -( ig 

Xz = 2c, cos(t) + 2c, sin(t) — 4c3 cos(2t) — 4c, sin (2t) 

Xx, = —3c, sin(t) + 3cz cos(t) — 6c, sin(2t) + 6c4 cos (2r), 

x5 = —2c, sin(t) + 2cz cos(t) + 8c; sin(2t) — 8c4 cos (2f) 

0 0) 1 0 

0) 0 Oa 
A= 

—4 3 0 O 

9/4 -13/4 0 0O 

1 i 

=i, EY) = ck n= -i, {= My, i -i 

i -i 

4 4 

5 —3 5 —3 
es ©) = : iS 4 _ = s LOL. 14 Se il 108 

15, 15 
p oe 



Answers to Problems 

4cos >t 

cos (t) sin (t) 5 

c. y=e,| SO [yo] siO],. cos 5t 

"= sin@ |} cos) 1°71 sin 3, 
— sin (t) cos (t) 

: > sin 3! 

4sin =t 
2 

“15 
—3sin 5f 

+¢,4 
10 cos a 

2 

oe cos > 
2 2 

10 1 
d. c= Fo = 0,¢3 = 504 =0. period = 47. 

Section 6.7, page 350 

Seay See eh wae 
ae 7 2 eB By 1. b. O(t) nee” ae A 

— — —_— SS Se 

2 2) 2, 2 

hot) cost+2sint sint 

tar —5 sin t cos t—2sint 

Pes ent 

3. a. V(t) 
iS ni) 

e3t 4 e-t Ae pe! 1 ie 1 aie 
OWE = 

ge Ta 2e* —2e-t} 4|2¢3 + 2e-# 

3cos10t—S5sin10¢ 3sin10t + 5cos10t 

ty vo=| 4cos 10t 4sin 10t | 
: -17 

: sin 10t + cos 10t 0 sin 10t 

b. ®(t)= 3 

5 sin 10t cos 10t — 5 sin 10t 

5. DAO) = oot é Cab vad ps Att eit 

5 5 5 

eft it 

Gay VO)i= a Z| 

ett + 2¢e5t = ot — gt 

eae lee +2e et — A 

et M 3e4t 3e2! 3e4t 

eae ee eee 
7b. P= i © oft 3e2t ot 

eo Sy cays 
et 3e! ew! 

8. a. W(t) =|—e% —-ef 2e! 

ee 20 

4 2t 6 t —t =) ot a teat melt ay, 3e! = 2o-t 

Boe ae 13 y 3 3 3 3 
= 2 7 

b. O(t) = sem + 2e! + Fert xem + 56" on 

= 2 —14 
sew — 14e! + ent sem + ae 3 ——e?! + Je! — 

et 3d 
ox = 2 2 

Bot ee 
2 2 

Uu v : 
14. ¢. x= cos wt + . eee 

Vo —w7uy/ 

Section 6.8, page 358 

1a xe [Het (( Iie + [2] 

scasa(s)een[(2ea( 2) 
scasa(ierealhcne (en 

1 
<< =) 2 

4. x= C,|-5/+C,| Ole*+c,]] ofte*+}1ile 
1 , 

1 

1 0 1 

Sy ee Ci 0 +C, ap + C3 1 eff 

—1 —1 1 

ff Bara t/2 
6.a. X= Gea 

4 al 2 

Fad t=5 Ljew2@4+=-{ 5) e-7/2 

il —7 

hd pe 1) | ost 8 x=(_5) (_5)ee 

0 1 —5 

9. x={ Oje'+{ 1])e%+]{ Oo} te# 

—2 —1 5 

2 1 
3 3 
1 —2 

10. x=| = |e! +] — |e" 
Ah a3 3 

—2 a 

3 

exe Cy | 
oaea(Sros[(Smre(2} 

) a el) ale (an 
15. d. §=-&® 

e = -(ky+k)E%, ky +k, #0 

0 

17. a. x) (= Tie" 
—1 



| 692 | Answers to Problems 

0 1 

ce. xM (ft) ={ 1) te +11) e% 

—1 0) 

0\ 2 1 2 
d. xO @=| 1) —e% +[1) te +] 0] ce 

?) 
—1 0 3 

0 iT t+2 

e. wee 1 ttt (2) 

— (t?/2) +3 

(0) iby -3 3 2 

Cat alh a h Oihe Birt Si sy ee ys 

=f Olen —l 1 1 

2 {NY 

Aas {[ Oy 74 St 

OF Ome2 

18. a. Beil 

0 

b. x9 (t) = 2 tee+| Ole 
—1 

1 

e. V)= ef 2 La 

=i = 

1 -—2 —2t 

Ore {| =a aay; 

2 -3 2t+1 D 2) 2 beta 

1 =2 0 1 -1/2 0 

tel =—4 ) a 0 -1/4 ) 
2 

if 

0 

0 

22 2A fea 2 
19. a. P= } P= } 

c. exp (Jt) = e (| | 

d. x = exp(Jt)x° 

OO 

20. c. exp(t)=e4(0 1° ¢t 

OR Ome 

Leite t-/2 
21. c. exp(t)=e"10 1 f 

(0) 1 

Section 6.9, page 368 

23 
1 —1 74 re =f —6t at | 24 Lex(H)i= Cre (1) +c ( i) +e 17 

24 

2. x()=C, ee +0, 
sint cost —t sint — cost In |cost| 

( a) i ( t cost — sint In oe) 

cB 

4. 

11. 

13. 

14. 

LS: 

3 3 22 
1 1 4 2tlnt — ve = 3! a5 

~-X=C, 2 t+, Pye + 

as 2 0 = 
x=4( em +e,(tler+(fle+(i4)e 2h 

1 So) nha a/5\  (—4/25 
x=a(s)+a(7 Je + (S)ine (Si2)¢+ (Gos ) 

he 1 Po NW sie 2 
. x(t) 1G e4 ({) +a ()+ 2 (a e 

2 -2 1 
Pee ie +ea( 1 Jen AE 

2 5 -17/2 
ok SC) ( i} et +e, flex + (ela) ef + (3) t+ (ie) 

(—2t + In(cos t) + In(sin f) + c,) cos t + (2t + 2c, + 

c, + 2In(sin f)) sin t 
_ x= 

(6t — 2ln(cos t)+c,)cos t — (2t + 5c; + 2c, + In(cos t) + 

5In(sin ¢))sint 

2t 3e—4t 

4 
TD) (V2\ 0a Lieke ae b (P= (em + (ile 4 (37 

e72t en 4t 

. a vo -| e | 
e 

t 

2 
4tint — 13 — ate —2t 

(= 12/2 
a. X=C, (Je+e(ser+(C)er a (P)e-5 (3) 

0 1 0 
anexG) i= t+2 ¢t+2 x+(3] 

{2 t 

af 8 1 0 
Pak ey ~p a = : %) 

17. (3a, -—a2)-4/6=q,, (aq +a,.+3)/2=c¢, 

CHAPTER 7 

Section 7.1, page 380 

1. Piecewise continuous on 0 < t < 3. 

. Continuous 2 

3h 

4 

Piecewise continuous 

. (a) F(s) = as ~ 21 (5 +1), s>0 

a 

(b) F(s) = re s>0 
S) 

Siz 

r(=+1) 
(c) F(s)= —4— , s>0 

=+3 
52 

Ae s>0 
: ~ s2 +2’ 



6. F(s)= ; , S-a>|b| 
(s—a) —b 

b 
7. F(s)= : , s-a>|b| 

(s—a) 

5b 
8 SOT prea s>0 

—* PS 

10 PQje see 
(s+a) + b2 

11. Foes 
(s +a)” + b2 

Der) a : 
(s + a) 

Pas 2) 
ust JQ = s>0 

(s2 + a2) 

n! 
14. Eye Sa 

(s—a) 

2s (3a? + s? 
5, FQye BEET gaia 

(s? a2) 
GE ME 

16. F(s)= elie 2 

1— (3s +1)e7%5 
52 

1 —2e725 + e~45 
IES, Je (Gye 2 

19. Converges 

20. Diverges 

21. Converges 

23. d. (3/2) =V2/2; (11/2) = 9457/32 

Section 7.2, page 390 

1. f@= 2 sin 5t 

1 sinat — sinbt 
HO rca arama a 
3, J (6) = =e! - ze‘! 

4. f(t) = 3¢~* cos.(20) 

5. f(t) = e'(cos 2t + 3sin 2t), 

6. f Q=3 —3sin (2t) + 5 cos (21) 

7. f(t) =—2e7## cos t + 7e- COSINE 

8. y—ei + : sinh(2t) — : sint 

9. y(t) =e‘ cost 

10. y=e' cost 

11. y=e* + te! 

12. yt) = e* 

13. y=cos (v2) 

14. y(t) = cos(V2t) 
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15. y= = (cost — 2sint + 4e' cost + 3e! sin t) 

16. y= 2e-' + te! + 29e-! 

S 1— e275 
a(S) any 4F (244) 

1-eS 
18. xa(S)) = 52 (s2 44) 

1 — e~35 — 2se-3s 
19. YAGs) = ~~ s2(92 44) 

22. F(s)=— L 5 
(s+ a) 

Dyes py) 
23. F(s ast e ) 

(Ss? a) 

n!| 
24. F(s)= (s) Gia 

25. F(s) = [(s — a)? — b’]/[(s — a)* + b?]? 

27. &. YORS Ss 

b. s?Y” + 2sY’ — [s? ++a(a+1)]¥ =-1 

Section 7.3, page 398 

5. f(t) =1—2uy (t) + 3g (t) — U6 (1) 

6. f @) =2 + 2u, (t) — 4u; (t) — 2u, (t) — 2u, (t) 

7. b. f) =t—u,(t)— up(t) — u,(0(t — 2) 

8. b. f(O=1- 2u,@ + 2u,() — 2u3(t) + u,() 

hk One 

10. F(s) = 2e78(s? + 1)/s3 

11. F(s) = (2 —se5)/s? 

12. F(s) =s~*[Q — 2s)e" 5 —. + s)e™5] 

13. fO= 5 (e774 +e") 

14, fF @) =u." © =u, (0).e = 

15. f(t) = up(t)e%"-”) cosh (t — 2) 

16. f (t) = u,() sinh 2(¢ — 4) 

18. f(t) = 5et2us (t/2) 

19, f@= set? cos (t) 

20. f@ x ets (ert/8 ples 1) 

21. FG=s~ le), s>0 

22. F(s) = z al — eS + e775 — e358] 

ie 1/s 
264, JAS) DiS ers s>0 

ero). 

25) Lino} = aa ena)" 

pz 
* Salers Si> 0 

mire (1 is) eo 
27. Lif O}= aq s>0 



Answers to Problems 

a 1S ‘ 
= ——— — Section 7.5, page 410 28. Lif (D}= s Tp. coth(5) , pag 

29. a. Lif(H}=st(—e), s>0 1. a. y(t) =e7~ cos(2t) + Boe sin2(t — ave (t). 

b. Lig)}=s7(1—e-*), s>0 ; i | 
5 2. a y= =u, (t)sin(2(t—7)) - Zuen (t) sin (2 (t — 27r)) 

c. L{h(t)}} =s-2(1—e-*), s>0 2 ‘ 
1 

—e7s 3. a. y=—nen + <et + uy (t)[—e7- 26-9 + eC 
30. b. L{p(t)}}= aa’ s>0 y 2 y ‘ . | 

Ee =2(t=8) ee =(E=8) +s (05 + 5¢ e 

i 4 mi int — + cost + 4e-! cosv/2t Section 7.4, page 404 -a y= si 4 ri 

1. b. y=1-—cos(t) + sin (t) — uz, (H(1 + cos (t)) + (1/v2) TERN Se se? sin V2 (t — 27) 

2. b.y=e sin(t) + sun (t)(1 +e~"-™ cos (t) +e-¢™ sin (t)) 5. a. y =sin(f) + az (¢) sin (t — 27) 

— 5 Mon (t) (1 — e~t-2) cos (t) — e~¢-”) sin (t)) 6. a. Y= 2uUz/4(t)sin 2(t — 77/4) 

1 pag: Pee Cees Ser 
3. a. y=cos(2t) + (2/3) sin (22) + (1/3) sint 75 Bes Viz = COS FL oul ee “cost — 5° ‘sin t 

— (1/6) u,,(f) (2 sin t + sin (21)) +U, (t)e¢-™ sin (t — 2) 

4. a. y=1/2 a eam e~! — (1/2) uy (1) A — 227 8. a. y=up(O[sin(t — 2)—sin(t — 2)]/2 

+e 210) 
ie , 9. a. -eT4§(¢-5-T), T =82/V15 

a2! Oe 2 Se One Gy lak Wy 25 * eM 25 ie cos (t) — 12 sin (t)) + uz) (t) ma. A ene VB i 

poe el ots—t2 : ) . a Y= Sy eo a 
x (= + Z - 2t- xe (12 cos(t) + 16 sin(t)) Vis 

6. a. y=h(t) +e"? cost + (1/2)e""? sint + uz (Nh(t- 7), b. t, = 2.3613, y, & 0.71153 
h(t) = (4/17) (—4 cost + sin t + 4e~ /? cost + e~ “” sin t) V7 8 3/7 Pa ae —(t-1)/8 am 18 

7. a. y=2cost + 2u;, (t) [1 —cos(t — 37)] a, Bes oe sin( 8 G ») ; 

SRE HON Ce ence on t ¥ 2.4569, y, ¥ 0.83351 

h(t) = —1+ (cos t + cosh t) /2 d. t =1+7/2 = 2.5708, y, =1 

9 fO= ; (f = to) (Uo (t) — Uy +k (t)) + hue, +x (0) Ll. a. k,=2.8108 

h b. k,22.3995 
10. fh=—-(t-—-t t)— t g(t) K 0) (ut, () Ut, +k (t)) c. ky =2 

aie (t == 2k) (UporK(t) a Upo+2k(t)) 12? sar g(t, k) = 3 (Cpe (t) h (t pelt k) — Use (t) h (t =A k)), 

11. b. u(t) = kugp (th (¢ = ;) Piles (h(e = >), h(t) = 1—cos(t) 

b. ¢o(t) = u,(d) sin (t — 4 
h(t)=1- V7 ,-us sin 307) — eA #8 cos( 2071) ; ‘ 

21 8 8 c. Yes 

dwk=2)5] 10 
1 a0) = t)sin(t —k 

e. 1 = 25.6773 ee » Hee 
ask 

a k+1 
14. a. y= -1 Uz (t) sin(t —k b. y= (s(t) A(t — 5) tsay (ACE 5-10) /k, eee ae 

1 le Ne 
he) i= at aie sin (2f) 15 

15. a. y= D) Ucox-a_ (t) sin(t — (2k — 1) 7) 
gal 

13. b. y=1-cos(t)+2 sy Gay" Ux, (t) — cos (t — k7r)) = 
k=1 

16. a. y= » Ciena (t) sin (t — k7/2) 
k=1 15. b, y=1—cos(t)+ D) (—1)* txq (t)(A — cos (t — km) 

a 17; by y= 2205 5 Cae (t) e~(t-k)/20 

17. a. fic (t) = [Uae (0) — Mage (0) /2k: aa 399 A ee 
y = [Wy_~ (Q)H(t—4 +k) — ugg, (QA(t- 4 —k)] /2k, sin = ie kn) 

h(t)= : - ze Cos (1431/6) - (143/572) eW#/6 

x sin (1432/6) 
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15 

18. b. y= EY ggg (emt @k-DaV/20 CHAPTER 8 
V 399 k=1 ; 

\/399 Section 8.1, page 428 
x sin( (t — (2k -1) ») 

20 3. a. 1.73475, 1.53794, 1.40544, 1.33269 

b. 1.74324, 1.55380, 1.42748, 1.35979 
Section 7.6, pa 6 

Bibl Sop . 1.76760, 1.59919, 1.49060, 1.43748 c 
f ; Lee: 2 , 

3. sin (ft) * sin(t) = 5 (sin (t) — t cos(t)) is negative d. 1.75966, 1.58441, 1.47004, 1.41216 
when t = 27, for example. 

4. F(s) = 2/s2(s? +9) 

5. F(s) = 2/(s + 1)(s? + 4) 

6. F(s) =s/(s? +1\(s? + 4) 

a. 1.2025, 1.41603, 1.64289, 1.88590 

b. 1.20388, 1.41936, 1.64896, 1.89572 

c. 1.20864, 1.43104, 1.67042, 1.93076 

d. 1.20693, 1.42683, 1.66265, 1.91802 
t 

ae a. 1.1000, 1.995, 1.2986, 1.3972 
Zot (=D since, 

‘ b. 1.1000, 1.1996, 1.2991, 1.423 

t c. 1.1001, 1.1995, 1.2979, 1.3955 

& faye | e¢-T) cos (37) dt d 
0 . 1,0995, 1.1990, 1.2980, 1.3966 

if , . a. 0.1006, 0.1018, 0.1034, 0.1055 

as |, aie BSeKen ae b. 0.1007, 0.1019, 0.1036, 0.1058 
r(m+1)T(n+1) c. 0.1007, 0.1016, 0.1028, 0.1043 

T(m+n+2) d. 0.1011, 0.1032, 0.1050, 0.1067 

a. 1.0891, 1.2024, 1.3520, 1.553 

b. 1.0916, 1.2103, 1.3687, 1.5874 

1 

10. a. | u™ (1—u)" du= 
0 

t 

11. x(t) = 5e774 + Jeres (rt) dt 

0 

; c. 1.0916, 1.1950, 1.3130, 1.4488 

12. x(t) =acoswt + . sin wt + - [re —T)sinwtdrt d. 1.1146, 1.3028, 1.4742, 1.7118 

Q 9. a. 1.34611, 1.94782, 3.43775, 5.67929 

igayee taints [ PG Nn ced b. 1.36142, 1.96852, 3.46146, 5.70604 
: c. 1.40638, 2.02991, 3.53226, 5.78621 

14, y = 3e* ~~ + f [e“¢-) — e-%-1)| cosat dt d. 1.39155, 2.00956, 3.50871, 5.7595 

} 3 10. a. 1.4922, 2.0064, 2.6580, 3.5302 

15. y= 3 : [sinh (¢ —t) — sin(t—T)] g(t) dr b. 1.4921, 2.0073, 2.6612, 3.5363 

F(s) c. 1.4931, 2.0173, 2.6886, 3.5342 

ee br 1+K(s) d. 1.4935, 2.0149, 2.6792, 3.5665 

{7 “a. o(t)= 34 sin (2t) — 2 sin (t)) 11. a. —1.60188, —0.845769, 0.490892, 1.00528 

18, a. $(t)=2cost b. —1.59852, —0.830176, 0.501332, 1.00405 

. —1.58808, —0.779576, 0.529715, 1.00077 

a 

b. P"()+¢OH=0, PO)=2, G0) =0. 
d. —1.59162, —0.797124, 0.520696, 1.0018 

19. a. d(H=-2t+Pe* 

b: ¢” (t) + 29’ (t)+$¢(t) = Dent. ¢(0) =1, $' (0) = -3 12. a. 1.1084, 0.1278, 0.1550, 0.1872 

20. a. 9) = 30% — 30 om (V5n2) + at sn (V5e2) = tan apaaitols Oe 
b. $"(t)+ ¢(t)=0, $(0)=0, ¢'(0)=0, $”(O)=1 d. 0.1089, 0.1286, 0.1561, 0.1885 

21. a. $(t) =cos(t) 13. 1.595, 2.4636 

b. 69 ()-¢OH=0, $O=1, $'(0)=0, 14. ni = [(9/2)$ (tn) — (3/2)] h?, 
¢” (0) =-—l, ¢” (0) = (6) len4il < [3/2 + (9/2) MaXy<+<1 |p (t) || h?, Ga 3e3tn h?, 

: le, | < 0.040496, —|e4| < 0.099604 
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15. €n41 = [(1/2) — tn + 26 (tn) | h?, b. 1.61263, 2.48092, 3.74550, 5.49589 

lenail < [3/2 + 2maxoerer |f (t) || h?, 11. a. —1.59512, —0.814122, 0.510363, 1.00243 

ens = (5/2)e%nh2, |e,| < 0.030535, —e4| < 0.055639 b. —1.59511, —0.814012, 0.51103, 1.00278 

men zl 7 13. a. ny = (38h3/3) exp (4En), ler411 S 37, 758.8h7 

16. ny =| — 5460) * 9" OF on0<t<2, 
c. |e] < 0.00193389 

17. engi = [En + ta? (En) + # (in)] H? 14. nay = (5/3) en" — Jen g1| <12.3151K3 on0 <t <1, 
2 2 ——_ fname ea es = 

18. Cn41 = . = . |an) + (2) + tes) |e Bee) lex} & 0.00204, 

19) fe 1-21.02 2 15. @n4, = 3e%n™> Jen 4 | < 60.2566h? on 0 <t <1, 

b. $(t)= 1+ (1/57) sin 5zt |e;| < 0.00309. 

16. h = 0.036 
111150100 

. h& 0.023 f. h <1/50z & 0.08 le AN) 
18. h 0.081 

21. eng =- 39" (in) 
: Gs eS i 19. h » 0.00556 

22. a. 1.3175, 1.7122, 2.2002, 2:8013 

b. 1.3100, 1.6620, 2.0604, 2.5098 

c. 1.1075, 1.2465, 1.4203, 1.6324 

21. 1.3130, 1.6683, 2.0704, 2.5240 

22. 1.75174, 1.56966, 1.44955, 1.38696 

23. 1.2259, 1.5310, 1.932, 2.4489 

ween Y 24. 1.32695, 1.72136, 2.20677, 2.81488 

b. 60 

c. —92.16 “ 
Section 8.3, page 438 

24. 0.224 4 0.225 
2. a. 1.3207, 1.6856, 2.0994, 2.5673 

. 1.62231, 1.33362, 1.12686, 0.993839 

. 1.62230, 1.33362, 1.12685, 0.993826 

Section 8.2, page 433 3. 
Ss 2 

2 as LA 125 is; 1.4 

eRe er 4. a. 1.32769, 1.72337, 2.21083, 2.82217 

ioncer b. 1.32770, 1.72340, 2.21089, 2.82228 

3. a. h= 0.05 4.2552, 17.8932, 73.1146, 294.8772 cage peace Pe Sep UEDA Mace 
bepuaronn tea nooeanieneDs b. 1.0552, 1.1218, 1.2011, 1.2949 

c. 132.6234, 3.406 x 104, 1.7432 x 107, 4.4616 x 10° a SES PBT OSES AMEN USHER a MEI 
UE COS ATO nS b. —0.924517, 0.864125, —0.816377, —0.779706 

Ae AS tae em ee Re ee 7. a. 3.7569, 11.6806, 33.6485, 93.7924 

c. 1.32765, 1.72326, 2.21061, 2.82178 b. 3.7570, 11.6808, 33.6496, 93.7965 

5. a. 2.7123, 28.355, 154084.68, 531.12278 TUE CEN PERILS ED beetle 
eee ic anna atts b. 0.925711, 1.28515, 2.40860, 4.10350 

ena ota seo.3s 9. a. 1.6169, 2.4463, 3.4686, 4.6723 

6. a. 0.994, -0.1753, —0.1868, —0.2201 b. 1.6169, 2.4463, 3.4686, 4.6723 
A Up a Neree nie 19 Mier Send 10. a. 1.61262, 2.48091, 3.74548, 5.49587 

Lah, SS b. 1.61262, 2.48091, 3.74548, 5.49587 

7. a. 1710540162.3, 6.014 x 10!8, 2.114 x 108, 7.43 x 1097 mee ee eee Beet 
b. 1.804 x 10!, 2.20 x 1038, 1.36 x 1053, 1.09 x 1076 Bae ee eee TY? 

8. a. 0.5571, 0.67071, 1.1298, 1.84971 

b. 0.548, 0.808, 1.74236, 2.7973 Section 8.4, page 443 

9. a. 3.96217, 5.10887, 6.43134, 7.92332 1. a. 1.0, 1.3207, 1.6856, 2.0994, 2.56729, 2.56720, 3.09488, 3.09488 

b. 3.96218, 5.10889, 6.43138, 7.92337 b. 2.5672, 3.0948 

10. a. 1.61263, 2.48097, 3.74556, 5.49595 c. 2.5672, 3.0988 
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2. a. 

b. 

Cc. 

0.993852, 0.925764 

0.993846, 0.925746 

0.993869, 0.925837 

a. 2.82219, 3.60079 

. 2.82230, 3.60108 

. 2,82250, 3.60191 

a. 0.56428577, 0.59090918 

- 0.56428581, 0.59090923 

- 0.56428588, 0.59090952 

- 1.0547, 1.1107, 1.1676, 1.224373, 1.22437, 1.279762, 1.279762 

. 1.22437, 1.279762 

. 1.22437, 1.27976 

a. 2.96828, 7.88907, 20.8356, 55.5984 

. 2.96829, 7.88909, 20.8357, 55.5986 

. 2.96831, 7.88926, 20.8364, 55.6015 

a. 0.9257133, 1.285148, 2.408595, 4.103495 

. 0.9257124, 1.285148, 2.408595, 4.103495 

. 0.9257248, 1.285158, 2.408594, 4.103493 

a. 1, 1.0512, 1.1049, 1.1676, 1.6169, 2.4463, 3.4686, 4.6723 

b. 1.6169, 2.4463, 3.4686, 4.6723 

- 1.6169, 2.4463, 3.4686, 4.6723 

a. 1.612622, 2.480909, 3.745479, 5.495872 

b. 1.612622, 2.480909, 3.745479, 5.495873 

10. 

. 1.612623, 2.480905, 3.745473, 5.495869 

a. —1.5951, —0.813975, 0.51127, 1.00289 

b. —1.5953, —0.8143, 0.5113, 1.0029 

. —1.5951, —0.8140, 0.5112, 1.0028 

Section 8.5, page 446 

1. a. 1.701, 1.243; 2.95064, 1.77967; 5.19437, 3.20527; 9.3694, 

8.25256; 18.1312, 36.5098 

. 1.8503, 1.31743; 3.50322, 2.20874; 6.84538, 5.93829; 15.2517, 

42.851; 125.857, 6451.68 

. 1.85107, 1.31757; 3.50658, 2.21028; 6.86194, 5.97735; 15.5801, 

46.7007; 739.745, 212948 

. 1.4346, 1.2227; 1.9913, 1.5382; 2.7413, 1.9746, 3.7903, 2.5758; 

5.3021, 3.4096 

1.2263, 1.2216; 1.5225, 1.4494; 1.8902, 1.6835; 2.3376, 1.9243; 

2.874, 2.1722 

. 1.2244, 1.211; 1.5002, 1.4244; 1.8291, 1.6403; 2.2136, 1.8588; 

2.6564, 2.0799, 

. 0.3574, 1.3176; 0.628, 1.4678; 0.8985, 1.6179; 1.1691, 1.7681, 

1.4397, 1.9183 

0.4976, 1.5782; 0.8658, 1.9236; 1.234, 2.2691; 1.6023, 2.6145; 

1.9705, 2.9599 

th 

c. 0.4452, 1.4857; 1.1053, 2.316; 2.0991, 3.4538; 3.548, 4.5614; 

5.5086, 5.0273; 

. 1.6786, 1.8984; 2.7081, 3.0748; 4.2053, 4.1676; 6.2199, 4.6181; 

8.7082, 4.2976 

. 1.7632, 1.9876; 2.6885, 3.0812; 3.6137, 4.1749; 4.539, 5.2685; 

5.4643, 6.3621 

. 1.7074, 1.9263; 2.4464, 2.8803; 3.1854, 3.8343; 3.9244, 4.7882; 

4.6634, 5.7422; 

. 1.1812154, 0.980004; 1.4209501, 1.0160498; 1.660684, 

1.052094; 1.9004195, 1.0881399; 2.1401542, 1.124185 

. 1.1812154, 0.980004; 1.4209501, 1.0160498; 1.660684, 

1.052094; 1.9004195, 1.0881399; 2.1401542, 1.124185 

. 1.2051, 1.0045; 1.4251, 1.0235; 1.6451, 1.0425; 1.865, 1.0615; 

2.085, 1.0805 

. Forh=0.05 and 0.025: x = 10.227, y = —4.9294; these results agree 

with the exact solution to five digits. 

1,543, 0.0707503; 1.14743, —1.3885 

8. 1.99521, —0.662442 

Section 8.6, page 456 

1. b. $,() — ¢, (0 = 0.001e' > 00 ast > co 

2. b. $, (t) =In(e'/(2-e')); 

5) 

$2 (t) = In@/( —¢)) 

a,b. h = 0.00025 is sufficient. 

c. h=0.005 is sufficient. 

4. a. y= 4e1% + £?/4 

c. Runge-Kutta is stable for h = 0.25 but unstable for h = 0.3. 

d. h=5/13 = 0.384615 is small enough. 

oh ml eo (AE oe EY 5. a. VR 2 t+(5+)e 

6. a. y=? 

CHAPTER 9 

Section 9.1, page 468 

SAP WW px) 4 
1. ae 2 ? fe cw | Wail | ’ 

5=-V17 4 4 

Lirehi gens | 17+1 

b. unstable node or a nodal link 

Dane eT Bs: ged €) = (4,V17 - 3); 

nal =) 2 = (4,743) 
b. node 

Suits ae 6, = (-V3,V2; = 1-6), 
® = (V3.2) 

b. unstable, saddle point 

4. a. =—1+ 72, €% = [2+ v2.1]; 

r= —-1- 2, =(2- v2.1] 
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10. 

11. 

1A, 2% 

13. 

14. 

= unstable saddle point 

ry =—-1 +i € = (-2, -i, 5)’, =-1-i, € = (—-2 +i, 5)" 

Sots . spiral point, asymptotically stable 

. ry =i € = (2, -i, 5)’, ry = -i; €? = (-2, +i, 5)? 

cs & . center, stable 

ry, = 142i; £9 = (-1, -i, 17, rp = 1-24; 6? =(-1 +i," 

SP . spiral point, unstable 

Yr; = -1; ED = (3, 4), lr = —1/4; E@) = (0, ii) 

Se I . node, asymptotically stable 

1, =1,€9 =(1,0); ry = 2, €° = (2,1) 

sp . unstable node 

1, =2,% =3;€ =(1, 0), é” =(0,1) 

cae . unstable node 

x° = (6,2),r=—-1+ 

rf 3) _ 14713, =< 5 : 

2; saddle point, unstable 

saddle point, unstable — . = 

cae 2 

Xp = 1, ¥ = —234h% = —1 + y 2i; spiral point, 

asymptotically stable 

if c* > 4km, node, asymptotically stable; 
if c? = 4km: improper node, asymptotically stable; 

if c? < 4km: spiral point, asymptotically stable 

Section 9.2, page 479 

2 
1. LLY =: 

1 2, x= any =2(2)x=tandy =o 
B7X=)3 COS tp Via 3 SiN Le) 9S isin fies, 3 Cosi, 

r+y=9 

4. a. (0,0); 

10. 

c. (0, 0): unstable point, (—1, 0): spiral, stable 

ae : it 
. a. Critical point: (-5,0) 

c. (-5. 0): saddle point, unstable 

. a,c. (0,0), spiral point, asymptotically stable; (i on 2, 1+ v2), 

saddle point, unstable; (1+ 2,1 +2), saddle point, 

unstable 

. a. critical points: (0, 0), (1, 0), @, —1). 

c. (0, 0): asymptotically stable node, (1, —1): asymptotically 

stable spiral, (1, 0): saddle point, unstable 

. a,c. (0, 0) saddle point, unstable; (0, 1), saddle point, unstable; 
ik al iy il 
(5. 5) center, stable; (- 5 ), center, stable 

. a,c. (0,0), saddle point, unstable; (2, 2), spiral point, asymptot- 

ically stable; (—1, —1), spiral point, asymptotically stable; 

(—3, 0), saddle point, unstable 

a. critical points: (0, 0), (0, 4), (4, 4). 

11. 

12. 

13. 

14. 

15. 

16. 

iW 

18. 

19. 

20. 

c. (0, 0): unstable, (0, 4): unstable, saddle point, (4, 4): stable 

node 

= sere 1475\ (-1-¥5\ f1-v5 -14+¥5 
a. critical points: (0, 0), 5 1 Nema ade) 4 ao re wi 

, 1+y5 -1-y5 
c. (0, 0): asymptotically unstable node, ( Fora 15), 

saddle point, (3 = ae) : unstable node 

Critical points: (0, 0), (—3, 3) 

c. (0, 0); stable spiral, (—3, 3): unstable 

a,c. (0,0), node, unstable; (1, 1), saddle point, unstable; (3, —1), 

spiral point, asymptotically stable 

a. 4x2-y*=c 

a. 47° +y*=c 

a. critical point: (0, 0) 

c. (0, 0): unstable saddle point 

a. critical point: (0, 0) 

c. (0, 0): unstable saddle point 

a. 2x*y —2xy+y*=Cc 

a. Critical points: (0, 0) (-3. - 5) 

c. (0, 0): saddle point, (-3. -5): saddle point 

a. critical point: (0, 0) 

c. (0, 0): saddle point 

Section 9.3, page 488 

ik 

2. 

critical point is a node, which is unstable 

origin is unstable node and the non- linear system has either 

node or a spiral point at the origin and the system is unstable 

. linear: improper node, unstable; nonlinear: node or spiral point, 

unstable 

. b,c. (0,0); uv’ = —3u + 3v, v =4u4+4;r= (5) = Vo7/2; 

saddle point, unstable (—2, —2); u’ = 6u, v’ = 7u + 7V; 

r = 6, 7;node, unstable (4, 4); u’ = —7u + 7v, v’ = —8u; 
7 

r=-5t siV7/2; spiral point, asymptotically stable 

a. critical points: (0, 0), (0, =), (—1, —2), (—1, 0) 

c. (1, 0) is a stable point for non-linear system, (1, —2) is an 

unstable saddle point for non-linear system. 

a. critical points: (—1, —1), (1, —1) 

b. critical point is a saddle, unstable 

a. critical points: (0, 0), (—2, 1), (—2, 2), (—4, 2) 

b. critical point is stable spiral, asymptotically stable 

d. (—2, 2) is spiral point 

a. critical points: (0, 0), (1, 0). 

c. (1, 0) is unstable node for non-linear system 
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9. a. critical points: (0, 2k7), (0,(2k + 1));k = 0, +1, +2,..... 

b,c. critical points of the associated linear system are centers, 
stable 

10. a. critical points: (0, 0), (2, —4) 

b,c. critical point is a node, unstable 

11. a,b,c. (0, 0); u’ = u, v’ = 3v; r = 1, 3; node, unstable (1, 0); 

u’ ea —v, v’ = 2v; r = —1, 2; saddle point, unstable 
1 3 il 0,5);u! = Suv = Su —3uyr = -3,-3: ( 5 vy zu v zu 3v;r 5? 3; node, 

asymptotically stable (—1,2);u’ =u+v,v’ = —2u — 4; 

r= (-3 +7 17) /2; saddle point, unstable 

12. a,b,c. (0,0);u’=u+v, v’=—-u+v; r=1+i:; spiral point, 

unstable 

13. a. critical point: (0, 0) 

b,c. origin is unstable saddle point 

14. a,b,c. (2,2); u’ = —4v,v’ = ~ Su + ay, i (7+ 273) /4; 

saddle point, unstable (—2, —2);u’ = 4v,v’ = xu - 3 

PS (-1 +7 33) /4; saddle point, unstable(—5, 2) ; 

u’ = —4y, V' = Lu; r = +y 14i; center or spiral point, 

indeterminate (-5. -2) Wie=Aysye= —Susr = +7 2i; 

center or spiral point, indeterminate 

15. a,b,c. (0,0); u’ = 4v—2v,v' = 2u—4v;r = +2y 3; saddle point, 

unstable (4, 2); u’ = —6v, v’ = 6u — 12v; r = —6, —6; node 

or spiral point (—2, 2); u’ = 6v, v’ = —6u; r = +6i; center 

or spiral point, indeterminate (—2, —4); u’ = 12u — 6v, 

v’ = 6u; r = 6, 6; node or spiral point, unstable 

18. b,c. Refer to Table 9.3.1. 

27. a. dx/dt = y,dy/dt = —g(x)—c(x)y 

b. The linear system is dx/dt = y, dy/dt = —g’(0)x — c(O)y. 

c. The eigenvalues satisfy r? + c(0)r + g’(0) = 0. 

Section 9.4, page 501 

1. b,c. (0,0); u! = 2u, v’ = 2v; r = 2, 2; node or spiral point, unstable 

CARY Sony = = —2v;r = 1, —2; saddle point, unsta- 

1 
ble (2,0); wu’ =—-2u-v, V= 3 r=-=,-2; saddle 

: bl Sia eey a Su 4 pee ero Sa) point, unstable aog)iu - ; 5 5° 
5) 

r = —2, —2/5; node, asymptotically stable 

2. b. critical points: (0, 0), (0, 4), (-1.5, 0), (7, 17) 

3 

4. 

c. (7,17): saddle point 

b,c. (0, 0); u’=u, v’ = 2v; r=1, 2; node, unstable (1, 0); 

u’=—u-—v, v'’=v; r=—1,1;saddle point, unstable (0, 2); 

u’ = —u, v’ = —2u — 2v; r = —1, —2; node, asymptotically 

stable 

; 3v 3 ‘ 
bc. 0,0. # = av = in a2: 1, node, unstable (0, 1); 

3u i Bhy 3.3 ; 
Pe Sy = — — =p = =, ==: saddle point, unstable uss ,v oop a a) Pp 

Vey el. r= Z —1; saddle point, 

10. 

11. 

12. 

13. 

14. 

Wee, 

unstable (= =)w nu epashe recede y= Tu 279v, 
eS ey S ae Sahl ita eee eee 

r = —351/88 + 3) 4985/88; node, asymptotically stable 

a. Critical points are 0, 0; €;/a,, 0; (0,€2/02); (x, y)>(0,€/05) as 

t — oo; the redear survive. 

b. Same as part (a) except x > €,/0,,y > 0ast > ov; the bluegill 

survive. 

a. X =(B— y,R)/(1 — 1172), Y = (R—- ¥2B)/(1 — 172) 

b. X is reduced, Y is increased; yes, if B becomes less than y,R, 

then x > Oandy > Rast > o. 

- a. Oy€2 ay Aze # 0: (0, 0), (0, €y/C), (€ /o}, 0); 

J1€2 — &€, = 0: (0, 0), and all points on the line 

O71Xx ar Oy = €j 

b. 01€2 — &€, > 0: (0, 0) is unstable node; 

(€,/c 1, 0) is saddle point; 

(0, €>/a ) is asymptotically stable node. 

01€2 — z€, < 0: (0, 0) is unstable node; 

(0, €/o4) is saddle point; 

(€,/c1, 0) is asymptotically stable node. 

c. (0, 0) is unstable node; points on the line o)x + ay = €, are 

stable, nonisolated critical points. 

b. (0, 0): saddle point; (0.15, 0): spiral point if y? < 1.11, node if 

y? > 1.11; (2, 0): saddle point 

c. y £1.20 

et) ; 8 
5 - =a,— <-. b (2, /4 5% 5 a) and exist fora =5 

c. (1, —3) is unstable, (3, —3) is saddle point 

d. a= - critical point is (2, —4);A =0,1 

/ 3 eSS 
b. (2 4— 5a 32) 

c. critical points: (1, 3), (3, 3) 

d. A =5.>= 0, u 

3-V9-—4a 

2 

c. critical points: (1, 3), (2, 4) 

9—4a 3- 

b. Xo = Yo =at 

d. a = A=1 ti 

3-9 —4a 3-9 —4a 
b. xX) = ————.. i = ——_ - a 

2 2 

c. critical points: (2, 0) and (1, —1) 

9 
d. Ap = a4 = 0, —2. 

b. Equilibrium are PF, (0,0), P, (—1, 0), R (0, «), R (2a — 2, -2a + 1) 

. When a = 0;P, coincide with P,. P, coincide with P, and when 

a = 1; P, coincide with B. 

Q 

d,e. At the bifurcation value « = 0, the origin changes from 

a saddle point to an unstable node, while (0, ~). Changes 

from unstable node to a stable point. At a = 0.5, (—1, 0) 

changes from an asymptotically stable point to a saddle 

point, while P, changes from a saddle point to an asymptot- 

ically stable node. At a = 1, (0,—a) changes from a saddle 
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point to an asymptotically stable node, while P, changes 

from an asymptotically stable node to a saddle point. 

ie a 3 4a —3 1 
16. b. critical points: (0,0), (—1, 0), (0, =),(5 int =z): 

: 3 
c. third and fourth critical points will coincide when a = 4 

d,e. critical point (0, =) is a saddle point is a saddle when 

3 
a> 2 and an asymptotically stable node when 0 < a < =. 

4 4 
4a —3 1 ; 

iti int {| ———, ———_ ‘ totically stable critical point ( Cae ORE =): an asymptotically 

node when a > Z 

17. b. critical points: (0,0), (—1, 0), (0, —a), (= =). When a@ = 

1; then all points on the line x + y = —1 are critical points. 

c. a = 1; is the bifurcation value. 

d,e. critical points is an asymptotically stable spiral for 

0 < a < 1, an asymptotically stable node for ; oS ep << lh 

and a saddle for a > 1. 

Section 9.5, page 509 

1 , 
i bk, OORG Sy, WS -3; ip c= 2, > saddle point, unstable 

1 
(5.4) ju’ = sv = 4u;r = +i; center or spiral point, 

indeterminate 

2. b. critical points are (0, 0) and (—0.5, —2). 

c. critical point is a saddle point 

d,e. Trajectory drawn 

ee OU ee a oe ee le , 
ite, @ OF W = 5? a me —— ee) saddle point, 

3u 3 5v Sind 
nstable(3,0); u’ =-—-—, v=—; =—=,=; unstable (3,0); u 5 BY 4 r aa 

; TD Uu v Su ddl t | (5.3); pr ME SS eee te SU: saddle point, unstable ey he rier ae 

r= - + 4/19i/8; spiral point, asymptotically stable 

4. b. critical points are (0, 0), (2, 0), (5.0) and (5. >) 

c. critical point (0, 0) is an unstable node, (5.0) is a saddle 

point, (2, 0) is a saddle point, (5 >) is an unstable node 
23 

. ; 3v 3 : 
Wits ORY Sow = lide ieee node, asymptoti- 

1 ay W 3 
Il le =,0; ‘= ——— f= —y: 2 se cally stable 570; u 7 ge ae vB is re le 

saddle point, unstable (2, 0); uv’ = -—3u—v,v = 3 

1 
a 373 saddle point, unstable (5.1) Pi = aot * 

3 : : : : 
Ves pea —gt V 39i/8; spiral point, asymptotically 

stable 

Ga DiC wi 0 nla leet: H isamax., dP/dt is a max. 

t=T/4,5T/4,...: dH/dtisamin., Pisa max. 

B= /223 7) /2hee | (Hs amine dP/dt is a min. 

t = 3T/4,7T/4,.... dH/dtisamax., Pisamin. 

Uf a. Vealfay 

b. ¥3 
d. The ratio of prey amplitude to predator amplitude increases 

very slowly as the initial point moves away from the equilib- 

rium point. 

a. 47/3 & 7.2552 

c. The period increases slowly as the initial point moves away 

from the equilibrium point. 

11. a. B (0,0), B (1/c, 0), B (3,2 — 6c) ; P, moves to the left and P, 

moves down; they coincide at (3, 0) when o = 1/3. 

b. P, isa saddle point. P, is a saddle point for g < 1/3 and an 

asymptotically stable node for a > 1/3. P; isan asymptotically 

stable spiral point ford < gq = (v Wo 1) /2 = 0.2638, 

an asymptotically stable node for a, < o < 1/3, and a saddle 

point for 0 > 1/3. 

12. a. P,(0, 0), P,(a/a, 0), P3(c/y, a/a — (co/(ay)); P, moves to 

the left and P; moves down; they coincide at (c/y, 0) when 

C—O). Cs 

b. P, is a saddle point. P, is a saddle point for o < ay/c and 

an asymptotically stable node for o > ay/c. P3 is an asymp- 

totically stable spiral point for sufficiently small values of o 

and becomes an asymptotically stable node at a certain value 

od, < ay/c. P; isa saddle point for o > ay/c. 

13. a,b. P,(0, 0) is a saddle point; P,(5, 0) is a saddle point; 

P,(2, 2.4) is an asymptotically stable spiral point. 

14. b. same prey, fewer predators 

c. more prey, same predators 

d. more prey, fewer predators 

15. a. same prey, fewer predators 

b. same prey, fewer predators 

c. more prey, even fewer predators 

16. b. same prey, fewer predators 

¢. more prey, same predators 

d. more prey, fewer predators 

Section 9.7, page 529 

1. r=2,0=¢ + fp, stable limit cycle 

2. r=2,0=t+ ty, semistable limit cycle 

3. r= 2,0=1 + to, stable limit cycle; r = 3, @ = t + fy, unstable 
periodic solution 

4. r=1,6=-—t + fo, unstable periodic solution; r = 3, @ = —t+ to, 
stable limit cycle 

5. r= 2k;k = 0,1, 2,3, ... correspond to unstable periodic solution 
with 6 =t + ty 
r = 2k + 1;k = 0,1,2,3,.... Correspond to stable limit cycles, 

r = 0 represents an unstable critical point 

6. r= 2,6 = —t + fo, semistable limit cycle; r = 4, 6 = —t + to, 
unstable periodic solution 
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15. 

16. 

17. 

18. 

it): 

20. 

21. 

- F=1,6=¢ + to, stable limit cycle;r = 2, 6 =t+ to, semistable 
limit cycle; r = 4, @ = t + to, unstable periodic solution 

SPS V3, 6 = —t + fo, unstable periodic solution 

14. a. @=0.2,T 26.29; w=1,T 2666; w=5,T 11.60 

a. x'=y,y'’=—x+ wy — wy/3 

b. 0< 4 <2, unstable spiral point; u > 2, unstable node 

c. A=2.16, T = 6.65 

d. 4 =0.2,A = 1.99,T = 6.31; 

= 0.5,A & 2.03,T & 6.39; 
l= 2,A %2.60,T & 7.65; 
b=5,A & 4,36,T & 11.60 

b. x’ =ux+y,y' =—-x +uy;A =u +i; the origin is an 

asymptotically stable spiral point for ~ < 0 and an unstable 

spiral point for u > 0. 

cr =r(u-r*),e’ =—- 

origin is only critical point, (0, 0) is an unstable node 

—4 =). 

Gy AS 

b. Eigen values for (0, 0) are r = 4, 0.25, unstable node 

a. critical points are (0, 0), (2,0), (= 

Eigen values for (2, 0) arer = — 

‘ —4 64 
Eigen values for (=. 4) arer = 

4,—= To , saddle point 

26 + oEETE 
, saddle point 

a. y= ~ 2 34 26) 

b. no critical point in the interior of first quadrant 

—b+vb?+4 
b. Eigen values = 5 

—b+vVb2+4 —b—vb2+4 
Coal, => 50 > 0; Vitalin t > 0 The critical point is 

unstable node. 

Pres ss amb ey 

saddle point. 

b. k = 0, (1.19941, —0.62426) 

9 conve +4 
: 2 

< 0 The critical point is 

Section 9.8, page 538 

1. 

itty 

12. 

b. 2=A,,€? = (0,0,1)'; n 
A = Ay, €? = (20,9 - 81 + 40r,0) ; 

T 

A= ds, = (20,9 + 81 + 40r, 0) 

IR c. Ay & -2.6667,€ = (0,0,1)'; 
59.8277, € = (20,—25. 6554, 0)’; 
11.8277, £9 x (20, 43.6554, 0)" 

—13.8546; Az, Az = 0.0939556 + 10.1945i 

a. dV/dt = —20[rx? + y? + b(z — r)* — br?) 

SS N 

IR 

Q = IR 

b. c= V0.5: R (V2/4,-v2, 2); A = 0,-0.05178 + 1.5242i 

c =1:B, = (0.8536, —3.4142, 3.4142) ; 
A = 0.1612, —0.02882 + 2.0943i and 
P, (0.1464, —0.5858, 0.5858) ; 
A = —0.5303, —0.03665 + 1.1542i 

a. P, (1.1954, —4.7817, 4.7817) ; 
A = 0.1893, —0.02191 + 2.4007i and 

13. 

14. 

P, (0.1046, —0.4183, 0.4183) ; 

A = —0.9614, 0.007964 + 1.0652i 

d. T, 5.9 

a, b. Cy = 1.243 

a. P,(2.9577, —11.8310, 11.8310); 

A = 0.2273, —0.009796 + 3.5812i 

P(0.04226, —0.1690, 0.1690); 

A = —2.9053, 0.09877 + 0.9969i 

Cc. T> ~11.8 

CHAPTER 10 

Section 10.1, page 549 

. y=-—2sinx 

y= V2 (cot V2n cos 2x + sin y2x) 

1 

2 

a 

4 

y = 0 for all values of x 

. y= -—tan (L) cos (x) + sin (x) if cos (L) $ 0; 

no solution if cos (L) = 0 

. No solution 

= (-2 sin 3x +x sin V3n) /3 sin 32 

. No solution 

. Y=, sin 2x + sinx 

- Y= Cj COS 2x + COSX 

y= ICOSe< 

(22 sees )s ar y= +—(1 e*)logx) 55 + 7¢* 

13. No solution 

2 

= : 2n—1)x 
14. A, = PONDS ere 1 122; 3,..8y sin( EU) 

Nese 2a S sco 

2 
7 2n—1)x 

15. A, = iguey WHEL ly ZnSe cos (A= U*), 

ret GAA, Skye 6 

ee 

16. Ap = 0; ole) = 1s A, = —) Vn = COM MX yen = 152030 

(2n — 1)? _ - (eee 
7A ee PET where n = 1, 2, 3,....Yy, = COS =a 

eel YP Biase 

n271 
1G, ASO, MCS lk An = ya Ve-='COS(NX))" sh 12) 3M... 

= 1)'7? 2n —1)7x 
10) Aye CO per ae ey sin( CPV E*), 

64 4 

Pa) PSB coo 

20. 

21. 

22. 

a. w(r) = G(R? — r’)/4u 

b. Qis reduced from it’s original value by a factor of 

(3/4)* = 0.3164 

a. y=k(x* — 2Lx? + L3x)/24 

b. y=k(x4 — 2Lx3 + L?x’)/24 
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c. y= kt — 41x? + 6L7x?)/24 

Section 10.2, page 558 

1. 

2. 

10. 

11. 

13. 

14. 

15. 

16. 

17. 

18, 

19. 

20. 

21. 

22. 

23. 

ee ND He w 

10 eit 

1 

rae) 
. Not periodic 

T=4 

T= 1/2 

. Not periodic 

sige) 

eA. 

Cr Al ain Kuh: 

f@)=-4L—-2xin-3L<x<-—2L 

f (x) = x — 2 for interval 3 < x < 4, f (x) = x —8 for interval 

ene << 110) 

f(x) =-1-x 

b. f(x) = < » CV sin (nx) 
in 

b. f@ai-4y puedes 
n=1 

eS n+1 

b. Bip (Re oa hae +e) 
oo : eos ( m(2n —1)° n 

b. f (x) ‘ a = » wa are 

b. f(x)= : “: Dh | cos ((2n — 1) zx) 

cus sin (nnx)| 

nal 

b. f(x)= = » in oe ae 

OS ; 3 a sin (n7x) 

b. f(x) = ee ak. (=) 

b. f=5+5 z cos aw 1x) 

ere lee 
Tate) ome cle) 

3 (GSP) one) 

24. 

28. 

9 $ 108G+1)) 454 sleyotEx 
CE ee ee 

ce /162((-1)"-1) 27-1)" at 
és x n474 ue 3 

b. m=81 

lo), = AU 

G (x)is not a periodic function 

Section 10.3, page 563 

448 = sin(2n — 1) 2x 
1. a. Le a 

f= cadey ((2n = 1)x) 2. a a cos ((2n — 1)x 
2 n=l m(2n — 1 ; 

n+1 

+ ale! sin cna] 

10. 

a TEC)e 5 atte » Gan pF (en =D, 

COS N7TX 

co n-1 

a. f(x)= ; + = » i=) cos ((2n — 1) x) 
res 2n—1 

Hh (CHE 2 + )) (ay cos(n7x) + b, sin (n7x)) 
n=] 

1 Ras 
eed ry cme 
ites (ene _ (0, neven 
Pe Ts 4/(n3)(2*), nodd 

— cos nn (<1)... a eee B a. f(x)= >|-S" snx — ——— sinnx 

b. n= 10; max le| = 4.8075 atx = +7 

n = 20; max lel = 4.7601 atx = +7 

n = 40; max lel = 4.7364 atx = +7 

c. Not possible 

i 1—- 
Dh Hf C)S ee = 2), — a) cos (n7x) 

b. n= 10; max |e| = 0.02020 at x = 0, +1 

n = 20; max |e| = 0.01012 at x = 0, +1 

n = 40; max |e| = 0.005065 at x = 0, +1 

(SAA 

oo n+l 

Eh Hi (Cs) = = >, oY sin nx 
m= 

b. n=10, 20,40; max lel =2atx+1 

c. Not possible 

tf )= 5+ DOS con (BE) 
a y 2 COs (n7r) sin (“ZX) 

= n7v 



Answers to Problems 

11. 

12. 

13. 

14. 

15. 

16. 

b. n = 10; lub |e] = 1.0606 as x > 2 

n = 20; lub |e| = 1.0304 as x > 2 

n = 40; lub |e| = 1.0152 as x — 2 

c. Not possible 

2cos n7 tea 
a. TAO Retoraniree agi COSnmx 

_2—2cosnz +n?x* cosnz 
173 sin n7X 

b. n= 10; luble| = 

n= 20; luble| = 

n= 40; luble| = 

0.1298 asx > 1 

0.1275asx > 1 

0.1263 asx > 1 

c. Not possible 

* (nx) a. f(x)=- oS 

b. n = 10; max |e| = 0.001345 at x = 40.9735 

n = 20; max |e| = 0.0003534 at x = +0.9864 

n = 40; max |e| = 0.00009058 at x = +0.9931 

Cait 4 

y= 

yee) = = sin (nx) 

1 1 
ay) cos (nx) — ey cos (ax) 

< . wsin (nt) —n sin (wt) 
y= Dd bn w (w2 — n2) 

n=1 

when = m (a positive integer), 

sin (mt) — mt cos (mt) | 

2m2 

, when w # 1, 2, 3,...; and, 

+3 bn 
ee 

y= Pm m(m2 — n2) 

Ly 
sin(2n —1)t— = Sinwt 

1 

maples 

2 co 2 $ 
cos (n7zx) 

Ee (-1)" 
NIT 

sin (n7x) 

Section 10.4, page 570 

14. 

15. 

16. 

17. 

A we YON Pp 

Odd 

. Neither 

Odd 

Even 

Even 

. Neither 

For cosine series : 

Nim Sass 

For sine series: a,=0, n=0,1,2,3,...., 

= (= -sin()), n= 1,23... 

ed Le CNS) 20% 
anc Oe) = ie — +0 Gear ° cos 5 

bn 

sin (n7x/2) 
Pe 2 3 {1 ston) 

a. f(x) =2 

(msin (nt) — nsin (mt) 

Ds Da sin (2nx) ike Be Gers 
n=1 

19 anf (x)= > x (cos (= ) + cos (=) — 20s (nz)) 
aq ONS 3 3 

nx 
Sl (ea) 

— 2 
20. a. f(x) =1- — sin (2mz7x) 

x mr 

oP fF (xe aS ee chs (one) xD) 
nm tay (2n— 1)" 

23. a: f(x) >) = sin (nz7x/2) 
n=1 

PRS £3 Oe 23a he (cos 1)| cos = 
‘ Rs ae D 2 

0 Cae 

24. a f@)=6>, sin nx 
r=! A 

— 8(2+n?2?-2cosnz) . nzx 
25. a. (CHS py Pa 7 as ae 

n=1 

_ 4, 16 ~ 143 cos(nz) nmx 
26. a. ree a 3° =) u a oes) 

3 6 wa 1—cos(nz) nx 
27. b. g(x) 5 + 7 au 7) cos ( 3 ) 

61 nx 
h(x) = = du a sin( =) 

n=1 

8 cos (n7/2) + 4nz sin (n7/2) — 8 NIX 
28. b. g(x) = st > ae cos 5 

a 3 sin (n7/2) — 4nzcos(n7/2) .. nx 
h(x) = Si to 

n=1 

ees 12cos(nz) +4 nx 
29. b. g(x)= e) +> nea? ote ; 

_ 1S nx? (3 + 5cos(nz)) + 32(1 — cos (nz) 

: io 7 ie Py n373 

xin ("2 
1. & 6n*x? (2cos (nz) — 5) + 324(1 — cos(nz)) 

30. b. g(x) = ri eT ES Ee 

cos (“> ), 

_ wm (4cos(nz)+2 , 144cos(n7) + =) 

nO) s x ( nt n3703 
ML /IEX 

sin —) 

Section 10.5, page 579 

1 —AX=0, 2T’+AT=0 

2 —AxX=0, 37’+AtT=0 

3. X" —A(X'+X)=0, T'+AT=0 

4. (p(x)X’) +Ar(x)X =0, T”+AT=0 

5. Not separable 

6 -AX=0, Y"+(y+A)Y=0 

7 
: as 2 A 

. u(x,t) = 2e77#/6 gin (a¢x/2)—e77 #4 sin x+4e~9* "/4 sin 37x 



Answers to Problems 

—90077¢ 2 5 ° 

8. u(x, t)= e7% ' sin 2ax —e sin 37x 

200 — 1=COSNH 2721600 A fNeX 
; a eee eae n( ——}, , HCE) = yi - e si (=~) 

ie) PSS oe 

sin 
2400 = “2 ,—n?nt/1600 nix 10. u(x,t) = = oy aaa sin(—— } 

i Nba 8h 

[cos cos 2200. Ties 4 | -n272t/1600 o:, ( WAX bk, Mice MyeS we} = e sin ( Ti ), 

fiw: 

ntl 
800 = [(- 1) | exniatt(1600 tr BA IPAS GED) Ay aera sii(——), 

5» RSS Bs ten 

T5256: 18; 6205 ont CON = 4 

TA we 6,10 — 2020 = 20, Ost = SOs) 

UY PSI MS IUCR RSF), eee St ao 

L6r sb = 6571 =1830 = 20; 

7. T(x, t) = (Cees Cie” * et 
T (x,t) = (C, cos Bx + Cy sin Bx) e~%F"*, T (x,t) = Cyx + Co 

=O = OO n+ 

4 S sin(nz/2 ; 
18. T(x,t) = — >. sin (7/2) -—ant sin (nx) 

Teas n 

(oe) (2n+1)7 a 
40 - red t (2n+1)z 

19. 6(x,t)= a 2L EOE Tees 
Ca) reas in( 2L x) 

a (2n-1)r) 

20. Tye) = 80 FED" ta | n( S25 D2) 
T* n= (2n— 1) 2L 

+qoXx. 

[oe] 

21. u(x,t) = — Des aOR = Mi e717? A1/400 gin REX 
n=1 

ay 7295-C€ 

b. 33.61°C 

c. 49.98°C 

22.00, t= (4x + 20) Dp) I yee - a 

x sin (nx7t/10) e-a(n7/10)'t 

23. a. 43.8758 

b. 87.238 

c. 625.158 

25. a. dW, — bw, + (c— bd)w=0 
b. 5=c/bifb #0 

26. X"+wX=0, ¥"+(A2-p*)Y¥Y=0, T’+0?T =0 

27. r?R" +7rR' + (Ar? -y?)R=0, O”+WO=0, T’ +a2T =0 

Section 10.6, page 586 

1. u=10+x 

Zt —=130 — x 

3. v=0 

10. 

11. 

12. 

14. 

15. 

16. 

17. 

19. 

20. 

21. 

22. 

SE gases 

400 SOneaee =) 5 . ux, Driat Dib mPtA2O9 sin ( a 

S36 

» W(x, t) = 20)— “aor as 

Diwele 

v=0 

veo 

= T(x +1)/16 

i 
- VS ae 

“=| 

a. f(x) = 8x/5,0 50; f(x) = 160 — 8x/5, 50 <x < 100 

Bo) ee -1.14n27t/(100)" oi, W% ny UGS) = 20 £4 Y one sin ae 

640 an nz 40 

n2702 2 nz 

c. u(50, t) > 10 ast > 00; 5561s 

ee) 

(30 + 50 cos (NZ) -n2nat/100 & 4 ( nex) 
u(x,t) =4 (x,t) = 4x + a 

1s 

ADs es NIX 
a: u(x, t)=—+ ¥ c,e7” 7 CHE cos —, 

To L 

ees! n odd 

7 (-8/(n?-1)a  neven 

Delimiter) = 2 

40 & 2(1—cos(nz)) — n?xz? (1 + cos(nz)) 
n3 

n=1 

x e71?77t/400 gin i ATX ) 

1 - ae NIX 
a. u(x,t) = — + ¥ cpe7” 74/900 cos ——, 3 30 

c eg — (sin ne sin a) 
ts nit 3 6 

Cc 

b. u(x,t) = Yi cgewr-V Pet/al? gin ((n - 5) =), 
n=1 

= 2 | reosin((n- 5) =) ax 

Cc 

a. u (x, t) = Sy Cpe AnD) 77/3600 sin (2n = 7X , 

a 
240 

= ——, — [2cosna + (2n—1) 7] 
(2n — 1)" 72 

C. X,, increases from x = 0 and reaches x = 30 when t = 104.4. 

a. u(x,t) = 50+ > Cy @~2N-1)'77/3600 gj oe rae 
n=1 60 

an [12 cos nz + (2n — 1) 71] = n—-— 

(2n —1)°22 : 

x § rd excise, u(ye] @\E+E/a=1 pies 
r(1 — ao) Gee Ge eR Daa es 

where & = KyA,/xK, Ay 

©. Uy (x,t) = e7HA@t sin (4, x) 

ay" +s(x)=0, v0)=T%, v(L)=T . 

Ww; =a?w,,, w(0,t)=0, w(L,t)=0, 

w(x, 0) = f (x) - v(x) 

a. Wx) = T, + (T2 — Ty )(x/L) + kLx/2 — kx2/2 



23. 

ee) 

b. w(x,t)= Y, cpe7'77#/100 sin 

00 
b. w(x,t) = C,,e71727t/400 gin ( NX (x0) = Y cp sin (>), 

n=1 
_ 160(cos (nz) — 1) 

3 n373 

a. W(X) = T, +(T, — T))x/L + kKLx/6 — kx3/6L 

NIX 

n=l 

eee 3n>73 (3cosnz —1)+15nzcosnz 
ewes n47r4 

Section 10.7, page 596 

1 

10. 

11. 

14. 

ES; 

21. 

Se = sin (52) sin (“2 cos (#224) 
72 hed, 2 2 10 10 

Sela PN e =f SHIN |e. IE 
Ltt) = = 2 = [sin (=) + sin (“)| sin (=) 

Ge ae) 

10 

325ml u(x,t) = == sy = (2+ cos(nz) sin (2 ) cos (=) 

. u(x,t) = 2 _ = (sin (3) sin (=) sin (2) cos (22) 

aoe cae ss =, sin () sin (72) sin (“2*) 

an? sn 2 1 10 

SO) 2 fi MAN ON 
. u(x,t) = — —_ — —— 

ee? a7 X ns [sin( 4 ) + sin 4 )]sin( 10 ) 

xsin (A) 
10 

320.1 nax\ . (nzat 
Wt) = Se DL aa (2+ 008 (nn) sin (ST 10 ) sin( 10 ) 

4L & sin(nz/2) sin (nz/L) nx . n7at 
; on ae eet 13, eee aer eS sin een 

5 LCSD = sy Gr sin (7) cos (CA 7ar, 
n=1 2L 

ae 2 F roysin( SSP) a 

il sin ( "| x sin (CA 27) 

2L 

—1)7x ) fie ( (2n = mat ) 

ae" (2n —1)z + 3cos (nz) 

m4 . 
"Fn —1) en ( (2n — 1) a 

2L 

2L 

b. ¢(x+ at) represents a wave moving in the negative x direction 

with speed a > 0. 

a. 150 m/s 

b. 30nz rad/s 

c. Frequencies incease; modes are unchanged. 

rR" +R’ + (Ar? — W2)R = 0,0" + WO =0,T" +Ha°T = 0 

Answersto Problems [&di} 

23. b. a, = a1 + (y217/n2z2) (c)y =0 

n (FF) ~sin (S$) - sin(=3*)) 

Section 10.8, page 607 

ik, fy WAGE We » “ensin (== ) sinh (“*), 

= pa ides 
‘n= Sinh ne [ g(x) sin ( a ) a 

b. u(x, y)= > An _sin/2) sin (=) sinh ( =) 

2%, WES) = > 5, sinh (== 
n=1 

= n2 sinh (n7zb/a) 

*) sn (2), 
8 sin (n7r/2) 

‘n = 722 sinh (3n7/2) 

3. a. u(x,y)= > ? sinh (* 
n=1 

b =) sin (=> 

x sinh en y) ), 

2) + 5 oP? sin( 2) 

(1) 2/b ‘ ny 
Cn = sinh (n7a/b) i: FOysin (=), 

Ore 2/a nx 
"sinh (nzb/a) is OO sip laa a ) Gx 

Q) _ 2 
ee nz sinh (nza/b)’ 

@) 2. (n’n* — 2) cos(nz) +2 

ON aaa sinh (n7ztb/a) 

50,8) = 2 + 117 (cq cos (nd) + ky sin (n6)) ; 
n=l 

q” 
(OH 2m 

C= | f (@)cos(n6)d@, ky=— | f @)sin (né) dé 
@ Jo HT Jo 

co 

>, car” sin nO, Cy = 
n=1 

Oo UGE aah | f ©) sinné dé 
0 

4 1-—cosnz 

man n3 

~— © 
Rin 

. NX L uGey) = Dy een sin, cy = 
n=1 

a 

el tTC. | f(x)sin ax 
0 a 

4a? 
Dy c= Bn 

C. Yo & 4.737 
n7y 

oh VCS 19). Yac 2 *) sin (22), = a (1 — cos (n7z)) 

10. b. u(x, y) =Co + De cosh (“*) cos( =), 

2/n7 
b 

ee Ue Lets 
~~ sinh (nzta/b) |, f(y) cos ( b )ay Cn 



Answers to Problems 

a. 

12. 

a5. 

14. 

a9. 

u(r,8) = co +) r" (cy cos(né) + k;, sin (n6)), 
n=1 
27 

Ch = : | g (6) cos (n@) dé, 
nzan-l : : 

2a 
Lae D\< : k= aes f g(6)sin (n@) de; 

necessary condition is | g(6)dé = 0. 
0 

a - . NX 
a. u(x,y)= >) cy, sin — cosh 

a=i a 

2/a 

cosh (nzb/a) 

nity 

a - RAX 
Cy = So g(x)sin Sek 

b 4a sin (n7z/2) 
QQ oo 

"  n272 cosh (nzb/a) 

@ 

a. u(x,y)= > c, sinh 
n=1 

(Q2n-—1)zx . (2n-—1)zy 

ob ee sso baa 
b 

“n ™ Sinh [(2n — 1) za/2b] I, f @)sin 2b 

we 32b? 
(Qn — 1)°73 sinh [(2n — 1) za/2b] 

37. 1944 = (1.4 cos (nz) 

a UOay)= 55) 2 n4 sinh (2n77/3) 

dy 

20° m4 

cos (“*) sinh (=) 

u(x,z)= = _ 3 A,cosh (“= ) cos (“*) 
a n=1 ar 

ays? { @+ ands = 4+ 3a, 
0 

<= ey pee) are | 
i 3 ) dx = 0, when nis A 

8a 

n272 cosh (2n7/3)’ Sines ates 
even and — 

CHAPTER 11 

Section 11.1, page 625 

1. Homogeneous. 

. Nonhomogeneous 2 

a 

4 

Nonhomogeneous 

. Homogeneous 

5. Nonhomogeneous 

. Homogeneous 

2 
: 2n — z 

a. $, (x) =sinA,x, where A, = Gna Ur in ail DSK a 

b. No non-trivial solution 

Cc. Ay = 2.4694, Az = 22.3044 

2.3 2. — a 

d. A, = SIEM for large n 

core: (2n — 1)°77? 
. a O, @&) =sinyA,x, where /, = go oS DAS ie 

b. No non-trivial solution 

c. A, & 2.4694, A, & 22.3044 

10. 

12. 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20. 

21. 

= 

Ss pf 

. Ay & —4.11586, Ay ¥ —24.13934, .. Ape 

An Ue Gan for large n 

. No non-trivial solution 

. No non-trivial solution 

. Ay & 9.8596, Az & 39.4384 

. A, © nz? for large n. 

. no negative eigenvalues. 

. No non-trivial solution 

- @n +147? 
4 

. for large value of nA,= — fly? N = 1, 2, 3.....0045 
limy+c04n = © 

u@=e? 

7X6’) 3 where k may be set to 1. 

u(x) =e 

ayy+(4)y=0 
X" +AX =0,T" +c" +(k+Aa°)T =0 
a. 

b. 

s(x) = e* 

Ans nr dC e— sin ite, Waly oho 

Positive eigenvalues A = A,, where A, satisfies Va 

(5 ) tan3VAL; corresponding eigenfunctions are ¢, (x) 

e*sin 3VA,x. IfL = 1, Ap = 0 is eigenvalues, ¢o(x) = xe~* is 

eigenfunction; if L4 1, A = 0 is not eigenvalue. If L < 1 there are 

no negative eigenvalues; if L > 1, there is one negative eigenvalue 

A=-— where jis the root of u = (5) tanh 3uL; corresponding 

eigenfunction is ¢ _,(x) = e~* sinh 3x. 

No non trivial solution 

Only eigenvalue is A = 0; eigenfunction is ¢ (x) = x —1. 

a. 

c. 

d. 

. An = Mn, Where [Uy is a root of 1 + cosh (uL) cos (uL) = 0; 

tanu+2u=0 

2 

Ay & 2.4649, A>  22.1841,... Ay, & (2N — yo 

N= 35 4 oss 

. tanhu+2u=0 

. no negative eigenvalue 

. An = Mn, Where LU, is a root of sin (uL) sinh (uL) = 0, 
hence A, = (nz/L)*;A, & 97.409/L4, A, & 1558.5/L4, 
gy (x) = sin (n7x/L) 

. An = Mh, Where 1, is a root of 
sin (uL) cosh (uL) — cos (wL) sinh (uL) = 0; 

Ay & D372 As 
sin(u,L) .. 
sinh (u,L) sinh (UnX) 

Ay & 12.362/L4, A, & 485.52/L'; 

$n (x) = sin (dé, x) — sinh (Mn) 

_ sin (ML) sinh (u,L) 
C08 (én L) cOSH (14,.E) (cos (u,x) — cosh (u,x)) 

gn (x) = sin ( ane); where J, satisfies 

cos (VanL) - yVAnL sin (Van) =0 

2496.5/L*, n(x) = sin(u,x) - 
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e. A, =1.1597/L?, A, = 13.276/L? 27. a. X" —(v/D)X' + AX =0,X (0) =0,X’(L) = 0;T’ +ADT =0 

Section 11.2, page 637 
v?/ (4D); 

al. oh (68) oan eS Tl PA vers ‘ ‘4 Vz 4D un | Cae) f(x) sti, x) dx 
0 

2: =+72si = = a a gn (x) =V2sin ntx n=1,2q... i. 2LDu2 + vsin’ (u,L) 

3. $n (x) = seizes wees where A, satisfies 28. a. Uy + Wy = Duxx,U(0,t) = 0, ux (L,t) = 0, u(x, 0) = —co 

(1 + sin’ Van) x 
b. wae =AnDt prvx/(2D) i cosfAn iS iain nat u(x, t) Zs bne e sin (Uy),X), 

Me yok tig 2). 
4. dy()=1, bn (x) = V2c0snzx; n=1,2,... ee : i a oe ); 

8c yD en" 2D L i - Ce pihes e gen (2D itn COS (nL) + V an (UnL)) — 2Dén) 
: (v? + 4D2uh) (2LDyh + vsin® (u,L)) 

6. Cm =| £2) bm ae 
9 Section 11.3, page 648 

7 

D : 2/2 co = n+1 

=f 2 | sin mpaee CV? misodd y=) ee 2 sk x 2sin{(2n - 1) 2x} 
, my 7 n=1 (2n—1)° 772 {(2n —1) 7- 8} 2 

=0, miseven a eae on (n = -) XxX 

: J2n(-1)" 2. y=4)) ae haan PREG SBS | (n- 2) m2 -2](n-}) 20 
2 4 wipe se 00 

ee age Ras: ifn is odd yy ee cos (2n — 1) 27x 

0, ifn is even 2 n=l [(2n _ 1)? oa 2] (2n — 1)°72 

2 ( 2 - 2) Face , >) (2cos Va, — 1)cosVA,x 
Nios t oh sity = On a AS) ee eee i m2" m nai An An — 2)(1 + sin’ Van) 

_} /2;-2 
9. Cm = = i m=4n 5. The solution follows that in problem 1, except that the 

re ee, coefficients are given by Ae wewiag 
z\ m ; 

2 sin( Vm) n= | f=) ¢n dx 
0s a) — as oe 1,2,.... o 2B 

VAna 
ee = 3x sin {(2n — 1) = x} dx 

2 fe 22 (200s Van — 1). mf 
: —__———; n=1,2,... : 
a An&n + af (4 — 3x) sin \(2n —1) =x} dx 

2/3 
2V2 1—cosy 

12. a, = pie ence), n=1,2,... 
Ann 6. y(x)=4/=— 25 n long # An. 5 WG 7 NX, as as { 

ae 2 3 sin VA gad cosVAm 1 or) 
NG Fp jE at ae The tas es in ate series expansion are computed as 

3 —cos 2A, Am Am # CRY ie 
Cn Sa} | f (x) sin nxdx 

14. Not self-adjoint Ts 

15. Self-adjaint } 7. y(x)=V2 sy as sinn 7x, as long as u # Ay. 

16. Not self-adjoint n=l" H F 
The coefficients in the series expansion are computed as 

17. Not self-adjoint 6 1 

Ch = V2 x) sin nx dx 
18. Self-adjoint f |, F@) 

21. a. Ifa, =0orb, = 0, then the corresponding boundary term is 8. yx) = —— 2 (sin nx — na cosn7x), as 

missing. l+n’x GD — K) 
long as u # A, The coefficients in the series expansion are com- 

25. a. A, =x7/I*; >, (x) =sin(*x/L) ae Lt ‘e 
puted asc, = ,/ ———> i x)(sinn7zx — nz cos nx) dx 

b. Ay & (4.4934)°/1?; b, (x) = sin (VAqx) — Vix cos (VAL) 1+ nn? 

cc A= (Qn) /2; $4 (x) = 1—cos(27x/L) 

26. A, =77/4L?;  $, (x) =1-cos(xx/ (2L)) 

foe} 

e. c(x,t) = 3 ane Ant erx/(2D) sin (u,x), where A, = M2 + 
n=1 
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Section 11.4, page 657 

ee xf (xX)I (Vanx)dx 
0) 

— Jc 1 
9. y(x)=y2 > —"~ sin}(2n + 1)—x?¢ as long asu 4 Ay, 

The coefficients in the series expansion are computed as ig 
1 

Cy, = V2 | f (x) sin{(2n + WSx}dx 
0 

ae C¢, = spn arte positive roots of 
ts ree = n LJo(VAnL) n 

11. No solution Ji(x) =0 

co 

= (Gj 

gee 2d ee UF a Jo ( ARx ys 

13. a=0, y=csin zx — (*/z) sin mx Benz 

17. (x)=a+(b-a)x 
2 

1 
18. v(x) =1- 5x Ch = | FBI (Vanx) ax! | 5 a (Vanx) dx 

0 0 
19. u(x,t) = a(-4 + (S + se) sin (=) n=1,2,...3 

—/2 > etn (a - ge aEE VAn satisfies Jp (v2) eh 
n=2 (2n— 1)°x2 

sin((n- 5) xx) Bo en Ky (VAnx) )seau f xJ ( (VAnx) dx 

ae 
x ayf2(—1)"*? 4 
= a = a 5 a= 127-6 e. y= 2 wh (Vanx), 

1 

20. u(x,t) = 2 by (t)¢n(x) , where b,(t) = a 1 — e~Ant), FOE (Vanx) Jaf xJp (Wanx) d 
= An 

era ry 1)"*"/(2n-1) x, n=1,2,... 
- b = ———_P. 

ou00) = Visin| 22D | pan oy Were ae n— 

etre . n= B,(x)dx and A,= 
21. u(x,t) =24 > ner (1 1—e7"7"t) sin n7x ; 2 LOR Fee thc aol ail 

{jimall PAS) 

22. u(x,t) = nant) Gn(X) 

: Section 11.5, page 661 
where b,,(t) = 4 a (1 - ean) for n odd 

2. Superpose the solution of Problem 3 and the solution 
DEG) — =(1 =e! ) for n even and [equation (21)] of the example in the text. 

ie ay 
Aled) Se) — sinnx 3. uD = >) kpJo Anr/2)sin (A,,at/2), 

n=" 

23. a. r(x) Ww; = (p(x) wx), — q(x) w,w(0, ft) = 0,w(1,t) = 0, 2 2 

w(x,0) = f (x) —v(x) = ae | 1Jo (Anr/2) g(r) dr/ | rJe (Ay,r/2) dr 
n™ Jo 0 2 

24. u(x,t) =x?-3x+2+ = 53 Sam eee: 
= n=1 

2n-1 ao ; 
6. u(x, y,t)= D) DY) [BnnCOSAmnt + Be, Sin Ant] 

x m=ln=1 

aa ee UE Na orice (LE X sin m7x sin nz 25. u(x,t)=e 4 cos (5x) 4sin (5x) y 

mae iy O<s<x Bn = 4] | f (x,y) sin mz xsin nzry dx dy 
‘ oo 

—ah > (S-1), s>x Bran = 0, Amn=cry m2 + n2 m = 1,2,3,.. n=1,2,3,.. 
—2 cos ~ = = sin 5 >? SEX Cc ce 

32 1GG.5) = 2 7. b. v(r,6) = SJo (kr)+ ¥) Jn (kr) (bm sin (m8) + cm cos (mé)), 
~2sio¥ cos, Ss m=1 

2n 
1 —cosxsins, s<x by, = ——— | f (@)sin(m@)d6@; m=1,2.... 

33, Ge. S) Neher SEG 7Jm (ke) J 

1 34. G(x.) = {C8 sins/eost, s<x cn = aie |, F@eos(me)de; m= 0,1,2,. 
sinxcos(1—s)/cos1, s>x 



Answers to Problems 
1 

| rf (1) JoAnr)dr 2. a. by = 2¥2(1 —cos mr) /m73 

S GS aT i ce n=1 

| a (yr) dr 3. n=41 

: Ths Bk Hig(G9) = 1 

b. x)=V30—-2x Section 11.6, page 669 fi) = V3 ) 
; c. fy (x) = V5 (-1 + 6x — 6x2) 

1. a. by = (-1)"* V2/mx 

d. 80 (x) = 1, gi (x) = 2x -1, gy (x) = 6x? -6x +1 

8. (x) = 1,8 (&) = x,B (x) = (3x? — 1) /2, B (x) = (5x3 — 3x) /2 

b. n= 41 



A 

Abel, Niels Henrik, 135, 203 

Abel’s formula, 135, 152, 153, 200, 215 

for systems of equations, 318-319 

Abel’s Theorem, 135, 318 

Acceleration of convergence, 564 

Adams, John Couch, 438 

Adams-Bashforth formula 

first-order, 439 

fourth-order, 439 

second-order, 439 

Adams methods, 439-441 

Adams-Moulton formula, 439 

first-order, 440 

fourth-order, 440 

second-order, 440 

Adaptive numerical method, 428, 438, 437 
Adjoint 

differential equation, 138 

matrix, 296 

Advection, 638 

Airy, George Biddell, 233 

Airy equation, 233-236, 242 

Algebraic multiplicity, 312 

Amplitude 

modulation, 189 

ratio, 509 

of simple harmonic motion, 174 

Analytic function, 220, 240 

Angular momentum 

principle of, 25, 472 

Annihilators 

method of, 211-212 

Anti-electron, 407 

Aquifer 

flow in, 609, 638 

Archimedes, 181 

Augmented matrix, 301, 306 

Autonomous 

equation, 67 

system, 471-472 

B 

Backward differentiation formulas, 441-442 

first-order, 442 

fourth-order, 442 

second-order, 442 

Backward Euler formula, 423-425 

Bashforth, Francis, 438, 439 

Basin of attraction, 476, 488, 511, 516 

Beat, 189, 405 
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Bendixson, Ivar Otto, 524 

Bernoulli, Daniel, 78, 79, 572, 589 

historical background of, 8 

Bernoulli, Jakob, 67, 417 

historical background of, 7 

Bernoulli, Johann, 245, 408 

historical background of, 7 

Bernoulli equation, 67 

Bessel, Friedrich Wilhelm, 267 

Bessel equation of order 

k, 657 

v, 138, 228, 267, 285-286, 625, 652 

one, 259, 273-276 

one-half, 272, 285 

Zero, 259, 267-271, 286, 391, 609, 653, 660 

Bessel functions 

Jo(x), 268, 269, 285-286, 391, 653, 654, 655, 656, 658-659 

asymptotic approximation to, 271 

Laplace transform of, 367 

zeros of, 286, 654, 661 

J,(x), 274, 275 

Jip), 273 

Ue ek 
Y0(x), 270, 653, 654, 658-659 

asymptotic approximation to, 271 

Y,(x), 275 
orthogonality of, 286, 657 

Bessel inequality, 669 

Bessel series expansion, 658 

Bifurcation diagram, 79 

Bifurcation point, 79, 80, 502, 530 
Hopf, 530 

pitchfork, 80 

saddle-node, 79 

transcritical, 80 

Bifurcation value, 110, 331 

Boltzmann, Ludwig, 57 
Boundary conditions, 543 

for elastic string, 588-600 

for heat conduction equation, 572, 580, 581-582, 615 

for Laplace’s equation, 600-601 

nonhomogeneous, 581-582, 648 

periodic, 668 

separated, 652 

Boundary layer, 452 

Boundary value problems 

heat conduction equation, 572-579, 613-616 
homogeneous, 544, 627, 639 

Laplace’s equation, 600-607 

nonhomogeneous, 544, 639-648 

self-adjoint, 635-636, 655 

singular, 652-657 

Sturm-Liouville, 626-636 



two-point, 543-549, 620-624 

wave equation, 588-596, 617-619, 649, 660-661 

Boussinesq, Joseph Valentin, 24 

Brachistochrone problem, 8 

Buckling of elastic column, 637-638 

c 

Capacitance, 179 

Cardano, Girolamo, 203 

Cauchy-Euler equation, 245 

Cayley, Arthur, 296 , 

Center, 333, 466, 480, 485, 489, 490 

Change of independent variable, 145, 286 

for Euler equation, 145, 248-249 
Chaos, 24-25 

Chaotic solution 

of logistic difference equation, 112, 115 
of Lorenz equations, 536 

Characteristic equation, 122, 201, 384, 386, 311 

complex roots, 138, 203 

repeated, 205 

real and equal roots, 146, 206 

real and unequal roots, 201 

Characteristic polynomial, 201, 386 

Chebyshev, Pafnuty L., 243 

Chebyshev equation, 243, 259 

Chebyshev polynomials, 243 

Chemical reactions, 80 

Coexistence, 494 

Cofactor, 300 

Collocation 

method of, 663 

Column vectors, 297 

Competing species, 491-500 

Complete set of functions, 666 

Complex eigenvalues, 464 

Complex exponential function, 139-140 

Compound interest, 50 

Computer use in differential equations, 23 

Conjugate matrix, 296 

Continuous spectrum, 655 

Convergence 

of an improper integral, 374 
in mean, 665, 666 

of a numerical approximation, 425 

of a power series, 217 

Convolution integral, 169, 411-416 
Laplace transform of, 411-412 

Cosine series, 566-567, 633, 667 
Coupled system of equations, 347 

Courant, Richard, 24 

Cramer, Gabriel, 213 

Cramer’s rule, 213 

Critical amplitude, 75 

Critical damping, 185 

Critical point 
approached by trajectory, 466-467 

center of linear system, 333, 466, 480, 489 

definition of, 460 

Index 

for first-order equation, 69 

importance of, 474-477 

improper node of linear system, 355, 464 

isolated, 482 

node of linear system, 327, 335, 460 

proper node of linear system, 462 

saddle point of linear system, 325, 335, 461 

spiral point of linear system, 333, 335, 465 

Cycloid, 418 

D 

D’Alembert, Jean, 146, 572, 589, 598 

Dal Ferro, Scipione, 203 

Damping force, 171-172, 472, 473 

Degenerate node, 464 

see also Improper node 

Degree, 19 

Determinant, 300 

de Vries, Gustav, 24 

Diagonalization 

of homogeneous systems, 349-350 

of matrices, 347-350 

of nonhomogeneous systems, 360-363 

Diagonal matrix, 322 

Difference equation, 105-114 

equilibrium solution of, 106 

first-order, 105-114 

initial condition for, 105 

iteration of, 106 

linear, 106-108 

logistic, 108 

chaotic solutions of, 112-113 

nonlinear, 95, 108-114 

solution of, 105-106 

Differential equation, 1 

order of, 19 

Differential form, 39 

Differential operator, 127, 626-636 

Diffusion equation, see Heat conduction equation 

Dimensionless variables, 579 

Dirac, Paul A. M., 407 

Dirac delta function, 407, 638, 651 

Laplace transform of, 407-408 

Direction field 

for first-order equations, 3, 4 

for systems, 321 

Dirichlet, Peter Gustav Lejeune, 601, 631 

Dirichlet problem 

for circle, 605-607 

for rectangle, 601-603, 609-610 

for semi-infinite strip, 608 

for semicircle, 608 

Discontinuous 

coefficients, 67 

forcing function, 400-404 

Dispersion 

definition of, 599 

mechanical, 638 

Dispersive waves, 599 
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Divergence Error 

of an improper integral, 374 for Adams-Bashforth formula, 439 

of a power series, 217 for Adams-Moulton formula, 439 

Drag force, 2 effect of step size, 426, 447-448 

Drosophila melanogaster (fruit fly), 69 for Euler method, 425-428 

for Fourier series, 556-557, 562 

global truncation, 425, 426, 435-436 

E for improved Euler method, 431, 435 

Eigenfunctions, 547, 622 local truncation, 426, 427 

Pedneall | 665 normalized, 631 mean square, 

orthogonality of, 629, 656 for modified Euler method, 435 

series of, 633-635, 639, 656, 666 round-off, 425, 428, 435-436 
Eigenvalues for Runge-Kutta method, 435 

i . Escape velocity, 54-55 complex with nonzero real part, 464 

of linear homogeneous boundary valueproblems, 546, 622, Euler, Leonhard, 15-16, 88, 270, 571, 572, 589, 600, 606 

635 historical background of, 15-16 

of matrix, 310-314 Euler equation, 145, 153, 244-253, 330, 606 

algebraic multiplicity, 312 change of independent variable, 145, 247-248 

geometric multiplicity, 312 Euler formula for exp(it), 140, 206 

real, 314 Euler method, 87-94, 420-428, 444 

simple, 312 convergence of, 95 

pure imaginary, 466-468 global truncation error, 427, 429 

real, 548, 549 local truncation error, 426-428 

simple, 312 Euler-Fourier formulas, 552-558 

of Sturm-Liouville problem existence, 627 Euler-Mascheroni constant, 270 
real, 628 Even function, 565-570 

simple, 630 Even periodic extension, 568 

when positive, 638 Exact equations, 80-86 
Eigenvectors necessary and sufficient condition for existence of solutions, 

of matrix, 310-314 81 

generalized, 356 for second-order equations, 126 

linear independence of, 312 Exchange of stability, 80, 110 
normalized, 3112 Existence and uniqueness theorems, 22 
orthogonality of, 314 for first-order equations, 59-63, 96-103 

Elastic bar proof of, 96-102 

longitudinal vibrations of, 626, 650 for nth-order linear equations, 195 
transverse vibrations of, 626 for second-order linear equations, 127-128 

Elastic column, buckling of, 637-638 for series solution of second-order linear equations, 240-241, 

Elastic membrane, vibrations of, 599, 659-661 265 
Elastic restoring force, 618 for systems of first-order equations, 292 

Elastic string Exponential growth, 68 

boundary value problems for, 588-596 Exponential matrix, 346-347, 350 
derivation of wave equation, 617-619 Exponential order, functions of, 378, 392 
free at one end, 597 Exponents at the singularity, 256, 261 

general problem, 595-596 
infinite length, 599 F 

justification of solution, 593-594 

natural frequencies of, 592 

natural modes of, 592 

nonzero initial displacement, 590-592 

nonzero initial velocity, 594-595 

propagation of discontinuities in initial data, 594 

wavelength of, 592 

Electrical networks, 17, 179-180, 389-390, 290-291, 

294-295 

Elliptic integral, 490 

Environmental carrying capacity, 71 

Epidemics, 78 

Equidimensional equation, 245 

Equilibrium solution, 4, 5, 12, 69, 106, 460 

Falling object problem, 1-4, 13-14 

Fehlberg, Erwin, 437 

Feigenbaum, Mitchell, 24, 115 

Feigenbaum number, 115 

Ferrari, Ludovico, 203 

First-order ordinary differential equations 

applications of, 46-55, 67-76 

Bernoulli, 67 

direction field, 3, 4 

exact, 80-84 

existence and uniqueness theorems, 59-63, 96-103 

proof of, 96-102 

general solution of, 12-13, 32, 60 

graphical construction of integral curves, 65 
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homogeneous, 45-46 General solution of linear differential equations 
implicit solutions, 65 first-order, 11-11, 35, 64-65 
integrating factor for, 29, 33, 85-86 nth-order, 197 
interval of definition, 35, 42, 44, 64 second order, 123, 131, 142, 143, 154 
linear, 28-37 systems of first-order equations, 317 
nonlinear, 59 Generalized function, 407 
separable, 38-44 Generating function for Bessel function J,,(x), 276 
series solution of, 243 Geometric multiplicity, 312 

First-order Adams-Bashforth formula, 439 Gibbs, Josiah Willard, 562 
First-order method, 427 Gibbs phenomenon, 562, 568 
Forced periodic vibrations, 182-191 Global asymptotic stability, 488 

Forced response, 184 Global truncation error, 425 

Forcing function, 400 Gompertz, Benjamin, 77 

Fourier, Joseph, 550, 572 Gompertz equation, 77 

Fourier coefficients, 665 Graphical construction of integral curves, 65-66 
Fourier convergence theorem, 559-563 Gravity, 2, 54 

Fourier series, 550-558 Green, George, 650 

acceleration of convergence, 564 Green’s function, 650-651 

choice of series, 569 Growth rate, 5 

convergence of, 559-563 

convergence of partial sums, 556, 562 

cosine series, 566-567, 633, 667 H 
error, 556-557, 562 Half-life, 17, 56 

Euler-Fourier formulas, 552-558 Harvesting 

Gibbs phenomenon, 562, 568 a renewable resource, 72 
integration of, 553 in predator-prey relationship, 508 
orthogonality of sines and cosines, 551-552 Heat conduction equation, 18, 572, 616 

Parseval equation, 564, 571, 599, 670 bar with insulated ends, 583-585 

periodicity of sines and cosines, 550-551 boundary conditions, 573, 581, 582-583, 615 
sawtooth wave, 567, 568, 569 derivation of, 613-616 

sine series, 567-570, 633, 667 with external heat source, 587 
specialized kinds, 569 fundamental solutions of, 576, 584 

Square wave, 561,569 nonhomogeneous boundary conditions, 581-583 
triangular wave, 554, 556, 569 nonhomogeneous source term, 616, 644-648 

Fourth-order four-stage Runge-Kutta method, 435 in polar coordinates, 580 

Fredholm, Erik Ivar, 642 smoothing of discontinuities in initial conditions, 580-581 
Fredholm alternative theorem, 642 solution of fundamental problem, 580 

Frequency, natural steady-state solution, 581-583 
of simple harmonic motion, 174 transient solution, 582 

of vibrating string, 592 Heaviside, Oliver, 377 

Frobenius, Ferdinand Georg, 255, 296, 459 Heaviside function, 392 

Frobenius, method of, 256 von Helmholtz, Hermann, 662 

Fuchs, Lazarus Immanuel, 241, 459 Helmholtz equation, 662 

Fundamental matrix, 343-350, 356 Hereditary systems, 413 
Fundamental modes of vibration, 339 Hermite, Charles, 238, 296 

Fundamental set of solutions, 132, 133, 196, 317, 318 Hermite equation, 237-238, 625 

Fundamental solutions Hermite polynomials, 238 

of heat conduction equation, 574, 584 Hermitian matrix, 238, 314, 315, 328, 650 
of Laplace’s equation, 601-603, 609 Heun, Karl, 431 

of wave equation,:590, 594 Heun formula, 431 

Fundamental theorem of algebra, 201 Hilbert, David, 24 

Historical background 

Bernoulli, Daniel, 7-8 

G Bernoulli, Jakob, 7-8 
Galois, Evariste, 203 Bernoulli, Johann, 7-8 

Gamma function, 381 Euler, Leonhard, 15-16 

Gause, G. F., 69 Lagrange, Joseph-Louis, 15-16 

Gauss, Carl Friedrich, 201, 301 Laplace, Pierre-Simon de, 15-16 

Gaussian elimination, 301 Leibniz, Gottfried Wilhelm, 7-8 

Gear, C. William, 442 Newton, Isaac, 7-8 
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Hodgkin, Alan L., 502 

Hodgkin-Huxley equations, 502 

Homogeneous algebraic equations, 305 

Homogeneous boundary value problems, 545, 581 

eigenfunctions, 547, 622 

eigenvalues, 546, 622, 635 

singular Sturm-Liouville, 652-657 

Sturm-Liouville, 626-636, 639 

Homogeneous differential equations 

with constant coefficients, 119-126, 138-153, 201-208 

systems, 321-360 

definition of, 120, 293 

general theory of, 126-137, 196-198, 315-319 

Homogeneous first-order differential equations, 45-46 

Hooke, Robert, 170 

Hooke’s law, 170 

Hopf, Eberhard, 530 

Hopf bifurcation, 530 

Huxley, Andrew F., 502 

Huygens, Christian, 417 

Hypergeometric equation, 266 

I 

Identity matrix, 300 

Implicit numerical method, 423, 440, 455 

Implicit solutions, 65 

Improper integrals, 374-376 

comparison theorem for, 376 

Improper node, 355, 464, 486 

Improved Euler formula, 430-431 

Improved Euler method, 430-433 

Impulse functions, 406-410 

Impulse of force, 406 

Impulse response, 416 

Indicial equation, 256, 258, 261 

Inductance, 180 

Initial conditions, 12, 66, 105, 109, 195, 292 

propagation of discontinuities for wave equation, 594-595 

smoothing of discontinuities for heat conduction equation, 
580-581 

Initial value problem, 12, 41, 112, 195, 292 

Laplace transform of, 381-390 

Inner product 

for functions, 551, 628 

for vectors, 299 

Instability 

of critical point, 72, 105, 108, 467-468, 473, 514 

of numerical method, 450-455 

of periodic orbit, 523-524 

Integral curves, 12, 65 

Integral equation, 96, 417 

Volterra, 417 

Laplace transform of, 417 

Integral transform, 376 

Integrating factor, 29, 33, 85-86, 138 

Integro-differential equation, 417 

Laplace transform of, 417 

Interval of convergence, 218 

Intrinsic growth rate, 69 

Inverse Laplace transform, 386 

as linear operator, 386 

uniqueness of, 386 

Inverse matrix, 300-302 

Invertible matrix, 300 

Irregular singular point, 251, 266 

Iteration 

of difference equation, 106 

method of, 97 

J 

Jacobi, Carl Gustav Jacob, 484 

Jacobian matrix, 484, 507 

Jordan, Camille, 296, 357 

Jordan form of matrix, 357-358, 359 

Jump discontinuity, 409, 594 

K 

Kernel 

of convolution, 169 

of integral transform, 376 

Kirchhoff, Gustav, 179 

Kirchhoff’s laws, 179-180, 295 

Kolmogorov, Andrey Nikolaevich, 24 

Korteweg, Diederik Johannes, 24 

Korteweg-de Vries (KdV) equations, 24 

Kronecker, Leopold, 631 

Kronecker delta, 631 

Kruskal, Martin David, 24 

Kutta, M. Wilhelm, 435 

L 

Lagrange, Joseph-Louis, 15, 164, 220, 550, 589 

historical background of, 15 

Lagrange’s identity, 627, 628 

Laguerre equation, 625 

Laplace, Pierre-Simon de, 16, 377, 600 

historical background of, 15-16 

Laplace transform, 374-419 

of convolution, 411-412 

definition of, 376-377 

of derivatives, 381-382 

of Dirac delta function, 406-408 
elementary, 387 

existence of, 375 

of initial-value problems, 381-390 

of integral equations, 416 

of integro-differential equations, 417 
inverse of, 386 

as linear operator, 380 

of periodic functions, 399 

of rectified sine wave, 399 

of sawtooth wave, 399 

of square wave, 399 

for systems of differential equations, 367-368 
translation formula, 394, 397 

of unit step function, 394 



Laplace’s equation, 600-607, 661, 662 

boundary conditions, 600 

in cylindrical coordinates, 662 

Dirichlet problem, 601 

for circle, 605-607 

for rectangle, 601-603, 609-610 

for semi-infinite strip, 608 

for semicircle, 608 

fundamental solutions of, 603, 608 
mixed problem, 609 

Neumann problem, 601 

for circle, 609 
for rectangle, 609 

in polar coordinates, 605 

in spherical coordinates, 662 

Legendre, Adrien Marie, 135, 243 

Legendre equation of order a, 138, 228, 242-243, 244, 252, 259, 

391, 652, 658, 659, 663, 671 

Legendre polynomials, 242, 657 

Leibniz, Gottfried Wilhelm, 67 

historical background of, 7 
Length, of a vector, 299 

Leverrier, Joseph, 438 

L’H6pital, Marquis de, 8, 408 

L’HO6pital’s rule, 408 

Lyapunov, Alexander M., 511 

Lyapunov function, 514 

gradient of, 515 

otal energy of system as, 514 

use in asymptotic stability, 516-519 

Lyapunov theorems, 514 

Lyapunov’s second method, 510-519 

Libby, Willard F., 56 
Liénard, Alfred-Marie, 491 

Liénard equation, 491, 519 

Limit cycle, 523 

Linear dependence and independence 

of functions, 197-199, 200 

of vector functions, 310 

of vectors, 308-310 

Linear operator, 380, 386, 635 

Linear ordinary differential equations 

adjoint equation, 138 

change of independent variable, 145, 247-248 

characteristic equation, 122, 201, 384, 386, 311 

complex roots, 138, 203 

complex roots, repeated, 205-206 

real and equal roots, 146, 206 

real and unequal roots, 201 

complementary solution, 154 

definition of, 20, 119 
Euler equation, 145, 153, 244-253 

exact, 138 

existence and uniqueness theorems, 59, 127-129, 195, 

240-211, 265, 293 

first-order, 28-37 

fundamental set of solutions, 132, 133, 196, 317, 318 

general solution of, 12, 34, 64-65, 123, 132, 142, 149, 154, 197, 

ou 

homogeneous differential equation with constant 

coefficients, 119-126, 139-142, 201-206 

integrating factor, 29,33, 138 

interval of definition, 35, 59-60 

nonhomogeneous differential equation, 120, 153-169, 199, 
208-211, 293 

ordinary point, 228, 238, 240, 251 

particular solution, 154, 199 

reduction of order, 150-152, 199 
self-adjoint, 138 

series solution of, see Series solution 

singular point, 229, 240, 244-253 

systems of, see Systems 

undetermined coefficients, 16, 153-162, 208-210 

variation of parameters, 38, 164-168, 212-215 

Linearization 

of a nonlinear equation, 20 

of a nonlinear system, 483 

Linearly dependent, 197 

Linearly independent, 197 

Liouville, Joseph, 97, 627 

Lipschitz, Rudolf, 104 

Lipschitz condition, 104 

Locally linear systems, 480-488 

Local truncation error, 426 

Logarithmic decrement, 181 

Logistic difference equation, 108, 114-115, 538 

Logistic differential equation, 69-73, 108, 491, 508 

Logistic growth, 69-73, 75-76 

Lorenz, Edward N., 24, 532 

Lorenz equations, 532-538 

Lotka, Alfred J., 503 

Lotka-Volterra equations, 18-19, 503, 508-510 

see also Predator-prey equations 

M 

Malthus, Thomas, 68 

Mandelbrot, Benoit, 25 

Mascheroni, Lorenzo, 270 

Mathematical model, 1, 15, 46-47 

analysis of, 47 

comparison with experiment, 47 

construction of, 6, 15, 46-47 

Matrices, 296-314 

addition of, 297 

adjoint, 296 

augmented, 301, 306 

conjugate, 296 

diagonalizable, 347-350 

eigenvalues of, 310-314, 547 

eigenvectors of, 310-314, 547 

equality of, 297 

exponential, 346-347, 350 

fundamental, 343-350, 356 

Gaussian elimination, 301 

Hermitian, 238, 314, 315, 328, 650 

identity, 300 

inverse, 299-302 

invertible, 300 

Jordan form of, 357-358, 359 

multiplication by a number, 297 

multiplication of, 298 
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noninvertible, 300 Normalization condition, 631 

nonsingular, 300 Nullcline, 499 

row reduction of, 301 Numerical dependence, 454 

self-adjoint, 314 Numerical methods, 420-446 

similar, 348 Adams-Bashforth formula, 439 

singular, 300 Adams-Moulton formula, 439 

square, 297 adaptive, 428, 438, 437 

subtraction of, 297 backward differentiation formulas, 441-442 

transpose, 296 backward Euler formula, 423-425 

upper triangular, 306 comparison of, 443 

zero, 297 convergence of, 425 

Matrix functions, 303-304 effect of step size, 426, 447-448 

May, Robert M., 24, 112 errors in, see Error 

Micrographia, 170 Euler, 87-94, 420-428, 444 

Millikan, Robert A., 58 Heun, 431 

Minor, 300 improved Euler, 430-433 

Mixing problems, 47-50 modified Euler, 435 

Mode, natural (of vibrating string), 592 multistep, 438-443 

Modified Euler formula, 434 one-step, 438 

Moulton, Forest Ray, 439 predictor-corrector, 440, 443 

Multiplicity of eigenvalue Runge-Kutta, 434-437, 444 

algebraic, 312 selection of, 455 
geometric, 312 stability of, 450-456 

Multistep method, 438-443 for stiff equations, 451-453 

for systems of first-order differential equations, 444-446 

vertical asymptotes, 449-450 

N Numerical stability, 450-456 
Negative definite function, 513 

Negative semidefinite function, 513 

Neumann, Carl Gottfried, 601 o 

Neumann, John von, 24 Odd function, 565-570 

Neumann problem, 601 Odd periodic extension, 569 

for circle, 609 One-step method, 438 

for rectangle, 609 Orbital stability, 523 

Newton, Isaac, 8 Ordinary differential equation 

historical background of, 7-8 definition of, 18 

integral calculus developed by, 181 order of, 19 

Newton’s law linear and nonlinear, 20-21 

of cooling, 9, 17, 57 Ordinary point, 228, 240, 243 

of motion, 4, 6, 171, 294, 617 at infinity, 254 

Newton’s second law, 2, 6 series solutions near, 238-243 

Node, 327, 335, 460, 481, 486 Orthogonality 
Nonhomogeneous algebraic equations, 305 of Bessel functions, 286, 658 
Nonhomogeneous boundary value problems, 544, 639-648 of Chebyshev polynomials, 658 

Fredholm alternative, 642 of eigenfunctions of Sturm-Liouville problems, 656 
solution of functions, 551 

by eigenfunction expansion, 639-648 of Legendre polynomials, 242, 657 
by Green’s function, 650, 651 of sine and cosine functions, 551-552 

Nonhomogeneous linear differential equations, 120, 153-169, of vectors, 299 
199, 208-211, 293, 360-368 Orthogonal properties of Bessel’s polynomial, 283 

Noninvertible matrix, 300 Orthonormal set, 631, 665 
Nonlinear ordinary differential equations Overdamped motion, 177 

autonomous systems, 470-541 

definition of, 20-21, 120 

existence and uniqueness theorems, 59, 96-97, 293 z 
first-order, 57-63 Paramecium, 69 

methods of solving, 38-44, 80-86 Parseval, Marc-Antoine, 564 

linearization, 20, 483 Parseval equation, 564, 571, 599, 669 

periodic solutions of, 502-508, 520-529 Partial differential equation, 543 
WY Sj OW) Ly definition of, 18 
y" =f(t,y’), 117 see also Heat conduction equation; Laplace’s equation; Wave 

Nonsingular matrix, 300 equation 



Index 

Partial fraction expansion, 386, 387, 391 Ramp loading, 403 
Pearl, R., 69 Rate constant, 5 
Pendulum equation Rate function, 4 

damped, 486-488 Rate of growth (decline), 5, 68 
generalized nonlinear undamped, 519 intrinsic, 69 
linear undamped, 20 Rayleigh, Lord, 530 
nonlinear damped, 472-474, 483-491, 511-512 Rayleigh equation, 530 
nonlinear undamped, 20, 25, 26, 515-516, 519 Rectangular pulse, 393 
period, 489 Rectified sine wave, 399 

Period Recurrence relation, 230, 255, 257, 261 
of simple harmonic motion, 174 Recurrence relations on Bessel’s polynomial, 278 

Periodic boundary conditions, 668 Reduction of order, 150-152, 199 
Periodic forcing terms, 564 Reduction to systems of equations, 291 
Periodic functions, 550 Region of asymptotic stability, 476 

derivative of, 558 Regular singular point, 250-253 
fundamental period of, 551 at infinity, 254 

integral of, 558 series solutions near, 254-266 

Laplace transform of, 380 Resistance, electric, 179-180 

linear combination of, 551 see also Damping force 
with period, 399 Resonance, 185, 190, 405 

product of, 551 Riccati, Jacopo Francesco, 117 

sine and cosine, 551 Riccati equation, 117 

Periodic solutions of autonomous systems, 502-508, 520-529 Rodrigues, Benjamin Olinde, 244 

Perturbations Rodrigues’ formula, 244 

effect of small, 480-481 Rosenzweig-MacArthur equations, 510, 530 

sensitivity of solutions to, 538 Rossler, Otto E., 538 

Phase line, 69 Rossler equations, 538 

Phase plane, 182, 321, 460 Round-off error, 425-426, 428, 447-448 

Phase plot, 182, 192 Row reduction, 301 

Phase portrait, 321, 460 Ruelle, David, 25 

Picard, Charles-Emile, 97 Runge, Carl David, 435 

Picard’s iteration method, 97 Runge-Kutta-Fehlberg (RKF) method, 434-437, 444 

Piecewise continuous function, 375, 560 Russell, John Scott, 24 

Poincaré, Henri, 24, 97, 459, 524 

Poincaré-Bendixson theorem, 524 

Poiseuille, Jean Louis Marie, 549 s 

Poiseuille flow, 549 Saddle point, 325, 335, 461, 481 

Population dynamics, 67-76 Saddle-node bifurcation, 79 

Positive definite function, 513 Saturation level, 71 

Positive semidefinite function, 513 Sawtooth wave, 399, 567-569 

Positron, 407 Schaefer model for fish population, 78 

Potential equation, 600-607 Schrodinger, Erwin, 407 

see also Laplace’s equation Second-order Adams-Bashforth formula, 439 

Power series Self-adjoint 

properties of, 217-221 boundary value problem, 635-636, 655 
Predator-prey equations, 18, 502-508 differential equation, 138 

harvesting in, 510 matrix, 314 

see also Lotka-Volterra equations Semistable, 523 

Predictor-corrector method, 440, 443 Semistable equilibrium solutions, 77 

Principle of conservation of energy, 417 Separable equations, 38-44 

Proper node, 462, 486 Separated boundary conditions, 627 

Pure imaginary eigenvalues, 466-468 Separation constant, 575, 586, 588, 591, 602, 606, 621, 660 

Separation of variables, 574 

further remarks, 658-661 

Q for heat conduction equation, 574-576, 583 

Quasi frequency, 176 for Laplace’s equation, 601 

Quasi period, 177 in polar coordinates, 605 

for wave equation, 588 

in polar coordinates, 662 

R : Separatrix, 476, 498 

Radioactive decay, 17, 56 Series solution 

Radiocarbon dating, 56 eigenfunction expansion, 633-635, 639, 656, 666 



existence theorem for, 240-241, 265 

first-order equations, 243 

indicial equation, 256, 258, 261 

near an ordinary point, 228-242 

near a regular singular point, 254-266 

radius of convergence, 218, 241 

recurrence relation, 230, 255, 257, 261 

when roots of indicial equation 

are equal, 258, 262, 263, 264, 267-271 

differ by integer, 258, 262, 263, 271-27 

Shampine, Lawrence F., 437 

Shift of index of summation, 221-223 

Similar matrices, 348 

Similarity transformation, 348 

Simple harmonic motion 

phase of, 174 

Simply connected 

region, 82 

two-dimensional domain, 524 

Simpson, Thomas, 436 

Simpson’s rule, 436 

Sine series, 567-570, 632, 667 

Singular matrix, 300 

Singular point, 229, 240, 244-253 

irregular, 251, 266 

regular, 244-253 

at infinity, 254 

Sink 

nodal, 460 

spiral, 465 

Slope field, 3 

see also Direction field 

Solitons, 24-25 

Solution of ordinary differential equation, 21-22 

general solution of a linear differential equation, 12, 34, 

64-65, 123, 132, 142, 149, 154, 197 

general solution of a system, 292, 317 

implicit, 65 

Solutions 

asymptotically stable, 72 

complementary, 154 

converging, 4, 13, 94 

diverging, 5, 11, 94 

steady state, 57, 184, 581-583 

transient, 57, 184, 582 

unstable equilibrium, 72 

Source 

nodal, 461 

spiral, 465 

Spectral analysis, 558 

Spiral point, 333, 334-336, 465, 474, 481, 485, 524 

Spring-mass system, 169-179, 182-191, 389, 342 

three springs, two masses, 290, 294, 336-340, 342 

two springs, two masses, 206, 207 

Square integrable function, 666 

Square matrices, 297 

Square wave, 399, 561, 564 

Stability 

asymptotic, 72, 107, 108-109, 467, 473, 514, 523 

definition of, 471 

basin of attraction, 476, 488, 511, 516 

of critical point, 467-468, 478, 514 

exchange of, 80, 110 
global asymptotic stability, 488 

Lyapunov theorems, 514 

for linear systems, 467-468, 480-481 

for locally linear systems, 485 

of numerical method, 450-455 

orbital, 523 
region of asymptotic stability, 476 

semistable, 77, 523 
stable, 466-467, 473, 514, 523 

definition of, 471 
unstable, 72, 107, 108-109, 466-467, 473, 514, 523 

definition of, 471 

Stable, 523 

Stairstep diagram, 110 

Star point, 462 

Stefan, Jozef, 57 
Stefan-Boltzmann radiation law, 57 

Step functions, 392-398 

Stiff differential equations, 442, 451-453 

Stokes, George Gabriel, 58 

Stokes’ law, 58 

Strange attractor, 536 

Stream function, 600 

Strutt, John William, 530 

see also Rayleigh, Lord 

Sturm, Charles-Francois, 627 

Sturm-Liouville boundary value problems, 626-636, 639 

eigenvalues 

real, 628 

simple, 630 

nonhomogeneous, 639-644 

self-adjointness of, 635, 655 

singular, 652-657 

continuous spectrum, 655 

Successive approximations, method of, 97, 350 

see also Picard’s iteration method 

Superposition principle, 129, 294, 316, 596, 658 

Sylvester, James, 296 

Systems 

of differential equations, 18-19 

autonomous, 470 

existence and uniqueness theorem, 293 

initial conditions, 293 

linear, 293 

nonlinear, 293 

numerical solution of, 444-446 

reduction to, 291 

solution of, 292 

of first-order linear equations, 315-372, 459-470 

definition of, 293 

diagonalization, 349-350, 360-363 
Euler, 330 

existence and uniqueness theorem, 293 

fundamental matrix, 343-350, 356 

fundamental set of solutions, 317, 318 

general solution of, 317 

homogeneous, 293, 315-319 
homogeneous with constant coefficients, 321-360 
homogeneous with constant coefficients, complex 

eigenvalues, 331-342 



homogeneous with constant coefficients, real and unequal inner product, 299 
eigenvalues, 321-331, 461 length, 299 

homogeneous with constant coefficients, repeated linear dependence and independence, 308-310 
eigenvalues, 351-360, 461-463 magnitude, 299 

nonhomogeneous, 293, 360-372 multiplication of, 299 
nonhomogeneous, Laplace transform of, 367-368 orthogonality, 299 

superposition of solutions, 316 Velocity potential function, 600 

undetermined coefficients, 363-364 Verhulst, Pierre F., 69 
variation of parameters, 364-366, 369 Verhulst equation, 69 

of linear algebraic equations, 305-308, 544 Vibrations 

damped free, 175-178 

of elastic bar, 627, 650 

= of elastic membrane, 599, 658-663 
Tangent line method, 88 of elastic string, 588-600, 617-619 

see also Euler method natural modes of, 592 

Tautochrone, 417 forced periodic, 182-191 

Taylor, Brook, 220 forced with damping, 182-188 

Taylor series, 139-140, 220 forced without damping, 188-191 

expansions, 220, 241, 242, 243 free vibrations, 173-175 

for functions of two variables, 434, 483 of spring-mass system, 169-179, 182-191, 389, 342 

Telegraph equation, 618, 625, 650 of three spring, two mass system, 290, 294, 336-340, 342 

Terminal velocity, 4 of two spring, two mass system, 207 

Thermal diffusivity, 573, 615 undamped free, 153-175 

Threshold models, 75-76 Viscous damping, 171 

Torricelli, Evangelista, 56 Viscous damping force, 618 

Torricelli’s principle, 56 Volterra, Vito, 509 

Trajectories, 293, 321, 460, 466, 477-479 Volterra integral equation, 417 

almost linear systems, 485 Laplace transform of, 417 

linear systems, 460-468 predator-prey equations, 502-508 

locally linear systems, 485 

Transcritical bifurcation, 80 

Transfer function, 416 Ww 

Transfer matrix, 367 Warping function, 600 
Translation of a function, 394 Watts, H. A., 437 

Transpose of a matrix, 296 Wave equation, 18, 588, 649, 660-661 

Triangular wave, 554, 556-557, 568-569 boundary value problems for, 588-596 
Tribolium (flour beetle), 69 derivation of, 617-619 

Trifurcates, 533 dispersive waves, 599 
Truncation error fundamental solutions of, 591, 595 

global,, 425, 426, 435-436 general problem, 595-596 

local, 425 in infinite medium, 598 

justification of solution, 593-594 

nonzero initial velocity, 590-593 

in polar coordinates, 659, 662 

Uncoupled system of equations, 347 see also Elastic string 

Undamped free vibrations, 173-175 Wave velocity, 618 

Undetermined coefficients, 16, 153-162, 208-210 Wavelength, of vibrating string, 592 

for systems of equations, 363-364 Weber, Heinrich, 270 

Uniform convergence, 102 Weber function, 270 

Unit step function, 392-398 Wronski, Josef Maria Hoéné-, 130 
definition of, 392 Wronskian, 130, 196 
Laplace transform of, 394 Abel’s formula for, 135, 200, 318 

Upper triangular matrix, 306 for systems of equations, 318 

iv Y 

van der Pol, Balthasar, 525 Yield, maximum sustainable, 78 
van der Pol equation, 525-529 

Vanishing property, 387 

Variation of parameters, 38, 164-168, 212-215 Z 

for systems of equations, 364-366, 369 Zabusiey Nowa 1.24 

Vector, 297, 559 
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INTERNATIONAL 

ADAPTATION 

Elementary 
Differential Equations 
and Boundary 
Value Problems 
Boyce's Elementary Differential Equations and Boundary Value 

Problems is written from the viewpoint of the applied 

mathematician, with diverse interest in differential equations, 

ranging from quite theoretical to intensely practical-and usually a 

combination of both. The intended audience for the text is 

undergraduate STEM students taking an introductory course in 

differential equations. The main prerequisite for engaging with the 

program is a working knowledge of calculus, gained from a normal 

two or three semester course sequence or its equivalent, while a 

basic familiarity with matrices is helpful. 

This International Adaptation of the twelfth edition of the book aims 

to preserve, and to enhance the qualities that have made previous 

editions so successful. It offers a sound and accurate exposition of 

the elementary theory of differential equations with considerable 

material on methods of solution, analysis, and approximation that 

have proved useful in a wide variety of applications. Concept 

questions and worksheets are new features included for each 

chapter to aid conceptual understanding. The adapted edition also 

offers enhanced and expanded coverage of some topics and a new 

appendix on Special Functions. More than 50% of intext and 

homework problems are updated or revised. ’ 

This book and series is authorized for sale in Europe, Middle East, Africa, Asia, 

Australia and New Zealand only and may not be exported. The content is 

comprehensively adapted to international requirements and materially 

different from similar products for other markets including the authorized 

U.S. counterpart of this title. ?8-1-119-82051-2 
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