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Preface 

This book presents the fundamentals of finite mathematics in a style tailored for 

beginners, but at the same time covers the subject matter in sufficient depth so that 

the student can see a rich variety of realistic and relevant applications. Since many 

students in this course have a minimal mathematics background, we have devoted 

considerable effort to the pedagogical aspects of this book—examples and illustra- 

tions abound. We have avoided complicated mathematical notation and have pains- 

takingly worked to keep technical difficulties and tedious algebraic manipulations 

from hiding otherwise simple ideas. We have, however, included an algebra re- 

view section following Chapter 10. This review affords the instructor a choice of 

covering the material or not, as time and students’ levels permit. 

We have been very pleased with the wide acceptance of this book in its earlier 

four editions and gratefully acknowledge the many comments from students and 

faculty. 

The changes we have made in preparing this edition are in keeping with our main 

objective: To produce a textbook that the student will find readable and valuable. 

The writing-style, illustrative examples, exercises, and applications have been de- 

signed with this in mind. 

Where appropriate, each exercise set begins with basic computational “drill” prob- 

lems and then progresses to problems with more substance. Each chapter con- 

cludes with a set of Supplementary Exercises and a Chapter Test. 

In keeping with the title, Applied Finite Mathematics, we have included a host of 

applications. They range from artificial “applications” which are designed to point 

out situations in which the material might be used, all the way to bona fide rele- 

vant applications based on “live” data and actual research papers. We have tried to 

include a balanced sampling from business, finance, biology, behavioral sciences, 

and social sciences. 

There is enough material in this book so that each instructor can select the topics 

that best fit the needs of the class. To help in this selection, we have included a 
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CHAPTER 1 

CHAPTER 2 

CHAPTER 3 

CHAPTER 4 

CHAPTER 5 

CHAPTER 6 

CHAPTER 7 

CHAPTER 8 

CHAPTER 9 

discussion of the structure of the book and a flow chart suggesting possible organi- 

zations of the material. 

gives an introduction to Cartesian coordinate systems and graphs. Equations of 

straight lines are discussed and applications are given to problems in simple inter- 

est, linear depreciation, and prediction. We also consider systems of two linear 

equations in two unknowns, the least squares method for fitting a straight line to 

empirical data, and material on linear inequalities that will be needed for linear 

programming. Portions of this chapter may be familiar to some students, in which 

case the instructor can review this material quickly. 

discusses basic material on matrices, the solution of linear systems, and applica- 

tions. Many of the ideas here are used in later sections. 

is devoted to an elementary introduction to linear programming from a geometric 

point of view. A more extensive discussion of linear programming, including the 

simplex method, appears in Chapter 4. Since Chapter 4 is technically more 

difficult, some instructors may choose to limit their treatment of linear program- 

ming entirely to Chapter 3, omitting Chapter 4. 

gives an elementary presentation of the simplex method for solving linear pro- 

gramming problems. Although our treatment is as elementary as possible, the ma- 

terial is intrinsically technical, so that some instructors may choose to omit this 

chapter. ae 

discusses the elementary set theory needed in the next chapter. 

discusses permutations, combinations, and counting methods that are needed in 
the probability chapter. 

introduces probability for finite sample spaces. We carefully explain the nature of 

a probability model so that the student understands the relationship between the 

model and the corresponding real-world problem. Section 7.6, which is optional, 

deals with Bayes’ Formula and stochastic processes. 

discusses basic concepts in statistics and it includes a new section on descriptive 
statistics. Binomial random variables as well as the normal approximation to the 
binomial are considered. Section 9.8 introduces hypothesis testing by means of 
the chi-square test, thereby exposing the student to some realistic statistical appli- 
cations. Section 9.4 on Chebyshev’s inequality is included because it helps give 
the student a better feel for the notions of mean and variance. It can be omitted 
from the chapter without loss of continuity. 

covers a number of topics in the mathematics of finance. It includes the time value 
of money and equations of value, simple interest, compound interest, and bank 
discount. The chapter is self contained. 



CHAPTER 10 

APPENDIX A: 
ALGEBRA REVIEW 

APPENDIX B: LOGIC 

PREFACE 4” Vii 

is intended to give the student some solid, realistic applications of the material. 

The topics in this chapter are drawn from a variety of fields so that the instructor 

can select those sections that best fit the needs and interests of the class. It draws 

on the material on matrices, probability, and mathematics of finance. 

is designed to review those algebraic skills needed in this text. Some instructors 

may prefer to start the course with this material, while others may prefer to cover 

it section by section as needed. 

presents a very elementary introduction to the foundations of logic. 
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Supplementary Materials 

STUDENT SOLUTIONS MANUAL 
Contains detailed solutions to selected odd-numbered exercises. 

INSTRUCTOR’S ANSWER MANUAL 
Contains answers to all even-numbered exercises and a test bank. 

COMPUTERIZED TEST BANK 

The Micro-Pac Genie Testing System allows the user to select, edit, add, or delete 

questions. It is available for Apple II and IBM or IBM-compatible computers with 
two disk drives (5'/4" or 31/2”) or one disk drive and a hard disk, 512K memory, 

DOS 2.0 or higher, color graphics card, graphics monitor, and graphics printer. 

COMPUTER SOFTWARE 

INTERACTIVE FINITE MATH™ from Mathlab is available for Apple II and 

IBM-PC or IBM-compatible computers with two disk drives (51/4” or 31/2”), 256K 
memory, and DOS 2.0 or higher. 

MATHPATH software by George W. Bergeman provides computational and 

graphical support for topics in this book. Computational routines serve as a “super 
calculator” to perform otherwise cumbersome operations and free students to con- 

centrate on concepts and underlying theory. Graphical displays help students visu- 

alize, explore, and understand a variety of topics. 

Modules include Least Squares Linear Regression, Matrix Operations, Linear Pro- 

gramming via the Graphical Method, Simplex Tableau Evaluation, Finance Calcu- 

lations, Descriptive Statistics, Permutations and Combinations, and Normal Curve 

Calculations. This software is available for IBM-PC or IBM-compatible comput- 
ers with one disk drive, two disk drives, or a hard disk; 512K memory; DOS 2.1 

or higher; color graphics card, graphics monitor, and graphics printer. 



New Features 

in the Fifth Edition 

4 The chapters have been reordered. Chapters 1 and 2 now cover the algebraic 

and geometric ideas and techniques needed for the study of linear program- 

ming, which is presented in Chapters 3 and 4. In addition, the student now 

has more time to improve his or her algebraic skills. The instructor can de- 

termine early in the semester how much of Appendix A, Algebra Review, 

needs to be covered. Chapters 5 and 6 cover sets and counting techniques, 

which are needed for the study of probability and statistics in Chapters 7 

and 8. 

4 Appendix B, Logic, is new to this edition. 

4 More exercises and figures have been added. 

4 The clarity of writing and pedagogy have been improved in many places. 
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1.1 COORDINATE 
SYSTEMS 

Real Numbers 

oordinate Systems 

In many physical problems we are interested in relationships between variable 

quantities. For example, an astronomer may be interested in the relationship be- 

tween the size of a star and its brightness, an economist in the relationship be- 

tween the cost of a product and the quantity available, and a sociologist in the re- 

lationship between the increase in crime and the increase in population in U.S. 

cities. In this chapter we discuss two methods for describing such relationships: 

analytically, by means of formulas, and geometrically, by means of graphs. 

Although you may find some of the topics in this chapter familiar, others are 

likely to be new. Because the ideas we develop here are crucial to our later work, 

we discuss graphs and functions from the very beginning to establish a common 

starting point. You may wish to skim the more familiar material in this chapter. 

eee fic eS 

This set is adequate for keeping account of “how many.” 

To keep track of what one person owes another, we need negative numbers 

(deficits) and zero. This gives rise to the set of integers 

Mee apes Os aoe Os code Le Oh) Dato uc. 1D)cine 

consisting of the positive integers, the negative integers, and zero. In this section 

we examine the composition and some of the properties of the set of all real num- 

bers. 
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ecima S provide an alternate way of writing numbers, for example, 

1 19 1 
—=0. =~ = = 0-001 4 O25 a = 2.375 1000 

Some decimals, such as + = 0.3333 . . . and 2 = 0.272727... . , are nontermi-— 

. For example, 

= 0.666666... the “6” repeats 

~ = 0.090909 ... the block “09” repeats 

fh 0.615384615384 . .. the block “615384” repeats 
13 

Terminating decimals can be regarded as repeating decimals as well. For example, 
Ne 

= = 0.50000"... the zero repeats 

13 
jg 1.6250000... the zero repeats 

It has become a standard convention to denote repeating decimals by listing the 
block of repeating digits only once but with a bar over the block to indicate that it 
repeats. Thus, we write 

2 = a 
=a OO — = 0. 3 7 09 B = 0.615384 

is not a quotient of integers because no block of a nasa and the decimal is 
nonterminating. Such numbers are called irratiorn For example, it can 
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be shown that 7 = 3.141592653 ... and v2 = ik sla a os 

The evonial ane outer numbers ener: constitute the set of real num- 
bers (Figure 1). 

Real numbers 

Rational 

numbers 

FIGURE 1 Integers Irrational 

Natural 

numbers 

numbers 

Calculator and Computer In most applications, complicated calculations are performed with calculators or 

Computation computers. Most calculators and computers can display up to 10 digits, but this 

varies among paces: On a machine that displays 10 digits, the numbers }, V/), 
is 

7,7, and 77635 77535 are displayed as shown in Table 1. 

TABLE 1 

Rounded to 

Number Machine Display Four Decimal Places 

5 0.333333333 0.3333 

v2 1.414213562 ee 1.4142 

7 3.141592654 3.1416 

= 16.42857142 16.4286 
sie 

17,635 0.000113410 0.0001 

Frequently, a calculator or computer supplies more digits than are needed, 

and it is necessary to eliminate the excess digits. Ue procedure for CULE this i is 

called se off. A number is said to see 

. One mare he 

for rounding is as follows. 
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The Real Number Line 

— 0 

(a) 

a 
2 =3=% =i WI 

(b) 

FIGURE 2 

3 

~ Round the numbers in Table 1 to four decimal places. 

Solution The symbol = (read “is approximately equal to”) is used to denote ap- 

proximations. Thus, we write V2 = 1.414 to emphasize that 1.414 is only an ap- 

proximation of V2. : 

Remark If we round 2.71625 to four decimal places using the method above, we 

obtain 2.7163. However, the number 2.7162 is equally close to 2.71625 and is 

just as good an approximation as 2.7163. This situation occurs whenever we round 

to n decimal places and the (n + 1)th decimal digit is 5 and all subsequent deci- 

mal digits are zero. In this ambiguous casé our method selects the larger of the 

numbers. This is called rounding up. Other possible methods (which we do not 

use) call for rounding down or for rounding up in half the computations and 

down in the other half. i 

ar eo ¢ e calle ative directi Brit isteommon to 

choose the right side of the origin as ‘the positive qieCHOn and to mark it with an 

arrowhead, as shown in Figure 2a. Finally, select a unit of length for measuring 

distances. With each real number, we can now associate a point on the real num- 

ber line in the following way. 

(a) With each positive number r, associate the point that is a distance of r units 

from the origin in the positive direction. 

(b) With each negative number —r, associate the point that is a distance of r 

units from the origin in the negative direction. 

(c) Associate the origin with the real number 0. 

In Figure 2b we have marked on the real number line the points that are associ- 
ated with some of the ere 

In Figure 3 we have marked the points whose coordinates are -V2, - By, 1525, 
and 77. 

FIGURE 3 lair bedalb tlie ST Rite EM ERITR Mr io 
—4 -—3 —2 -1 0 1 2 3 4 y 4 

It is evident from the way in which real numbers and points on the real num- 
ber line are related that each real number corresponds to a single point and each 
point webeiels toa ne real number. We describe this by stating that the set 

as rs and 1 ; on th ne real ne | in one-to-one corres pon: 
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The real number line ens it mBoss ple to visualize order Seas between 

a<bora= rh men we may write a = b (read “a is less than or El to b”). 

Geometrically, this means that the point with coordinate a is to the left of the 

point with coordinate b or that the two points coincide. The ened a <bcan 
” Qa be written in the alternate form b a (read and the in- 

equality a = b can be written as b =a (read “b is Seater than or equal to a”). 

Table 2 lists the basic inequalities and their geometric interpretations. 

TABLE 2 

Inequality Geometric Interpretation Examples 

——_e—__e———_- =O. <3 

aad a a> ———_e——__e——_- =2> =5 

a b 

————_e——__e——_- 

as=b a =o! 
a Se eee DO) 

b 

b a 
gg 421 

a=b b =) ee =U 
a r-_——- 

a 

a 0 
a<0O a ee — <a () 

0 a 
a>0O a 9>0 

Sometimes two or more inequalities are combined into a single expression. 

For example, the expression 
: 7 CDG 

is equivalent to the pair of inequalities 

a= Db and, b << 

(Figure 4). This notation implies that b is between a and c on the real number 

line. 

FIGURE 4 > : 

As a matter of terminology a real number a is called positive if a > 0, nega- 

tive if a < 0, and nonnegative if a = 0. Thus, the nonnegative real numbers 

consist of the positive real numbers and zero. (For the algebraic rules for operating 

with inequalities, see Section A.4 of Appendix A.) 
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p ‘ 

The third appendix, however, was a landme roke of gen 
by the nineteenth century British philosopher John Stuart Mill as. 

single step ever made in the progress of the exact sciences.” _ . 

In that appendix René Descartes linked together two branches of mathe- 

matics: algebra and geometry. His work evolved into a new subject called ana- 

lytic geometry; it gave a way of describing algebraic formulas by means of geo- 

metric curves and a way of describing geometric curves by algebraic formulas. In 
this section we examine some of these ideas. 

Although Descartes is widely credited with the creation of the Cartesian co- 
ordinate system and the resulting field of analytic geometry, it appears that the 
same results were obtained independently by Pierre Fermat' as early as 1629. 
Descartes receives more credit for the discovery because Fermat's work was not 
published in book form until 1679 and because Descartes’ book was an oa. 
success when published in 1637. 

* René Descartes (1596-1650) was the son of a government official. He graduated from the 
University of Poitiers at age 20 with a law degree, after which he went to Paris. There, he lived 
a dissipative life as a man of fashion. In 1618 he joined the army of the Prince of Orange, for 
whom he worked as a military engineer. Descartes was a genius of the first magnitude who 
made major contributions in philosophy, mathematics, physiology, and science in general. His 
work in mathematics gave new direction to science; along with William Harvey, he is consid- 
ered a founder of modern physiology. 

‘Pierre Fermat (1609-1665), born in France, was the son of a leather merchant. He studied 
law at the University of Toulouse and lived a quiet life as a king's councillor. Although he 
worked in mathematics in his spare time, he was a first-rate mathematician whose contribu- 
tions are of major importance. 

Coordinate Systems We have seen how points on a line can be placed in a one-to-one correspondence 

with real numbers. We now present an analogous procedure for representing 
points in the plane. 

Construct two perpendicular real number lines. For convenience, make one of 

the lines horizontal with its positive direction to the right, make the other line 

vertical with its positive direction pbuhicls a io the lines so that ae inter- 
oe ay ] 

are called co 

*After René Descartes. 
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_ rectangular coordinate system. The point of intersection of the coordinate axes 
is denoted by O and is called the origin of the coordinate system (Figure 5b). 

ES SRS 

FIGURE 5 

If P is a point in the plane, draw two lines through P, one parallel to the y- 

axis and one parallel to the x-axis. If the first line intersects the x-axis at the point 

whose coordinate is a and the second intersects the y-axis at the point whose co- 

ordinate is b, then we associate the ordered pair (@, b) with the point P (Figure 

6). The number a is called the . 

called the y i I 

FIGURE 6 

The order of listing the elements in an ordered pair is important. The ordered 

pairs (2, 3) and (3, 2) are different. If (2, 3) = (a, b), then a = 2 and b = 3. 

When two points are under discussion, we sometimes denote them as 

P,(x1, y1) and P2(x2, y2), where the subscript 1 denotes the coordinates of the first 
point and the subscript 2 denotes the coordinates of the second point. (We read x; 

as “x one” or as “x sub one.”’) 
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and T(—5, 2). 

FIGURE 7 

~ In Figure 7 we have located the points P (4, 3), Q(—2, 5), ie 4, —2), S(2, —5), 

nts. These 

quadrants are mannered a one G hae as shown in  egare 8a. As shown in 

Figure 8b, it is easy to determine the quadrant in which a point lies from the signs 

of its coordinates. A point with two positive coordinates (+, +) lies in quadrant I, 

a point with a negative x-coordinate and a positive y-coordinate (—, +) lies in 

quadrant II, and so on. A point with a zero coordinate lies on one of the axes and 
is not in any quadrant. The origin has coordinates (0, 0). 

Quadrant 

I 

FIGURE 8 

Quadrant 

Ill 

(a) 

Quadrant 

Quadrant 

IV 

y A 

eee 

4 EXERCISE SET 1.1 

( 1.) Which of the following are (or can be represented by) ter- 

< minating decimals? Repeating decimals? Neither? Which 

of these numbers are rational? 

(a) S202 (bo) 5.020202... 
(c) 5.02002000200002.. . 
(d) 0.71654396212121212121... 
(e€) “OnP25 

2. Apply the directions of Exercise 1 to the following num- 
bers. 

(a) 3.146 
(b) 0.0000007 
(c) = 1.57079632 . 
(d) 5 =0.1428571... 
(e) 2.01001000100001 .. . 



3. Draw a real number line and plot the points whose coordi- 
nates are 

(a) 6 (b)i-—4 (ot 2:5 (Gye tay. 
() V3 (f) 0 

4. Draw areal number line and plot the points whose coordi- 

nates are 

(a) 4 Meets sO bar eg (Oa 9-5 
225. (f) V5 

In Exercises 5—10 indicate which of the two given numbers ap- 

pears first, viewed from left to right, on the real number line. 

( 5) 4,6 6. 4,0 7. —2,3 
ary ey 

BC pert ee 9) 54) 10a 5 

In Exercises 11-14 show the given sets of numbers on a real 

number line. 

11. the natural numbers less than 8 ~° © ~ 

12. the integers greater than 4 and less than 10 
=, 
\13.) the integers greater than 2 and less than 7 LS 

14. the integers greater than —5 and less than or equal to 1 

In Exercises 15-24 express the statement as an inequality. 

55. 
aye 

10 is greater than 9.99 Sana aes 

16. —6 is less than —2 

(7) a is nonnegative a : 

18. bis negative "2 ete) 

19. x is positive 

20. 
(21) 
20, 
23. 
24. 

a is between 3 and 7 

b is less than or equal to —4 

a is between 3 and j 

b is greater than or equal to 5 

x is negative 

In Exercises 25-32 replace the empty square by the symbol 

< or > to make a true statement. 
Joa i, 7 

(OS mene tee 26. 40-3 

27. -30-2 2. -10} 
(e) 
(297, 20-4 iss Sant 
31. -34042 32. -540-61 

1.1 Coordinate Systems 4” 9 

In Exercises 33-38 refer to Figure 9 and replace the square by 

the symbol < or > to make a true statement. 

FIGURE9 “Ff ¢ SORE: d e 

(a2) 33, allo 34. bLla 35. ea. 

36. diic GY O0Lle 38. dUla 

39. In Table 3 use an x to indicate the quadrant in which the 

point lies. If the point does not lie in any quadrant, make 

no mark. 

TABLE 3 

Quadrant 

Coordinates I II Il IV 

(C13) 

(2,7) 

(4, —8) 
(0, 2) 
(-V2, -7) 

(4, 0) 

Follow the directions of Exercise 39 in Table 4. 

TABLE 4 

Quadrant 

Coordinates I Il Il IV 

(0, 0) 
(-3,3 
(0.2, 0.13) 

(5, -1) 
(V5, 0) 
(]3.05—5.2) 

Draw a Cartesian coordinate system and plot the points 

whose coordinates are 

(a) (@,3) (©) (-4,6) 
GC, 8) 

(C) G3 =) 

42. Draw a Cartesian coordinate system and plot the points 

whose coordinates are 

(a) (3, 0) (b) (0, —3) (oc). (25535) 

d) G,—a) 
43. Sketch the set of all points in the plane whose x-coordi- 

nates are 2. 

Sketch the set of all points in the plane whose y-coordi- 

nates are —3. 
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45. Find the fourth corner of the rectangle, three of whose 46. Find the coordinates of the point that lies 3 units to the 

corners are (8, 3), (—2, 3), and (8, 9). left of and 4 units below the point C1) 

ee ee SS a am 

1.2 GRAPHS OF 
EQUATIONS 

Cartesian coordinate systems are helpful for giving a geometric description of the 

set of solutions of an equation involving two variables. We will assume in our dis- 

cussion that a Cartesian coordinate system has been constructed and that we are 

given an equation involving only two variables, x and y, such as 3x + 3y = 4, 

x? + y? = 1, ory = 1/x. 

The ordered pair (4, 5) is a solution of the equation 

3x — 2y =2 

since the equation is satisfied when we substitute x = 4, y = 5. Thus 

3(4) — 2(5) = 2 
2=2 

and the equation is satisfied.. However, the ordered pair (2, 1) is not a solution of 

the equation since the equation is not satisfied when we substitute x = 2 and 

yf Suk 3(2) -2(1) =442 w& 

' Like many equations in x and y, the solution set of 

ett ass: (1) 

has infinitely many members, so it is impossible to list them all. However, some 

sample members of the solution set can be obtained by substituting arbitrary val- 

ues for x into the right-hand side of (1) and solving for the associated values of y. 

Some typical computations are given in Table 1. 

TABLE 1 

(0, 1) (1, 2) (2, 5) (3, 10) (lee) (255) 
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EXAMPLE 3 Sketch the graph of the equation y = x* + 1 given in Example 2. 

Solution Since there are infinitely many points on the graph of y = x” + 1, it is 

impossible to plot them all. The general procedure for sketching the graph of an 

equation is to plot enough points on the graph to indicate its general shape. Then 

the graph is approximated by drawing a smooth curve through the plotted points. 

In Figure 1 we have sketched the graph of y = x? + 1 by plotting the points 

in Table 1 and connecting them with a smooth curve. 

y 

10 y=x-+ 1 
9 

8 

7 

+6 
15) 

+4 

3 
?) 

FIGURE 1 

Sey at BON! eres x 

_ EXAMPLE 4 — Sketch the graph of the equation y — 3x = 1. 

Solution We first rewrite this equation as 
se sf a Ra Sasyept j 

Pegs a3 5 1s Mee isn 

yo Sx 

and substitute the values of x indicated in Table 2. Plotting the points in this table, 

we obtain the graph in Figure 2. 

TABLE 2 

Solution 

FIGURE 2 
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“EXAMPLE 5 Sketch the graph of the equation 

x =ay? 1 

Solution We substitute the values of y indicated in Table -3 and use the given 

equation to compute the corresponding values of x. Plotting the points in Table 3, 

we obtain the graph shown in Figure 3. 

TABLE 3 

y =3) 2, =i 0 1 2 3 

x=y*-1 8 3 0 =i 0 3 8 

Solution (S53) Gree) (Ont) (10) (0, 1) (Ga) (8, 3) 

FIGURE 3 

e€ 

There is one flaw in the graphing technique we have just discussed. To see it, 
consider the graph in Figure 2. Although it appears from our sketch that the points 
on the graph form a straight line, this conclusion is just guesswork based on plot- 
ting a few points. It is conceivable that the actual graph oscillates between the 
points we have plotted or begins to curve off once we pass the points we have plot- 
ted. In fact, based on the data given in Table 2, it is logically conceivable that the 

graph of y = 3x + 1 might look like the curve in color in Figure 4. 

y 

FIGURE 4 
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Although we show in the next section that the graph of y = 3x + 1 is actu- 

ally a straight line, we are emphasizing that the graphing technique described here 

provides us only with a reasonable guess about the shape of the graph. There are 

more powerful graphic techniques, based on calculus, which allow us to picture 

with more certainty the graph of an equation. 

Intercepts 

1. Find the x- and y-intercepts of the graph of the equation y = x* — 

yi hee i is s shown i in Figure 5. 

FIGURE 5 

” Find the x- and y-intercepts of the graph of the equation y = x* + 1. 

Solution To find the x-intercepts we set y = 0 and solve for x, obtaining 

xt 1 = 0 or 3x2 = 1 

Since there is no real number whose square is negative, we conclude that the graph 

has no x-intercepts. To find the y-intercepts, we set x = 0 and solve for y, obtain- 

ing y = 1. The graph of y = x” + 1 is shown in Figure 6. 

FIGURE 6 
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4 EXERCISE SET 1.2 

(4) Which of the following are solutions of 2x + 3y = 1? 

(a) (0, 3) (bo) G, 0) 
C)G23) | (dy (151) 

Which of the following are solutions of 4x? + 9y = 36? 

(a) 5840; Ajanta. AD)'_.(3, 0) Psat 

Ov CHD @ 16,5 
~ In each part fill in the blank so that the ordered pair is a 

solution of the equation 3x — 2y = 3. 

(a) Ce?) = 5b), (a 
©-O2-) = Oi) 

Fill in Table 4, plot the corresponding points, and sketch 

the graph of y = 2x? + 1. 

TABLE 4 

(5. Fill in Table 5, plot the corresponding points, and sketch 

In Exercises 6—15 determine the intercepts of the graphs of the 

given equation. 

6. 

8. 

10. 

12. 

15. 

the graph of y = 1 — x?. 

TABLE 5 

Ves i2x = 3 TO = 3y 4 

y=x?-4 @Dy=aPH1 

y=x>-1 MN. x=y? +1 

ee x = x+1 
Ko ty? = 16 

x? — y? = 16 

In Exercises 16-25 find the intercepts and sketch the graph of 

the given equation. 

16. 

18. 

20. 

22. 

24. 

26. 

27. 

28. 

30. 

y=3x+2 @) y=-2x-3 
y= x 19. 2x + 3y =5 

y=x?4+2 QI x=y?-1 

pays 23. 4x7 + y =3 

oe el 
ee | @5) x ? 

Find the value of k if the curve y = 3x + k passes 

through the origin. 

Find the value of k if the curve kx? + y = 7 passes 

through the point (2, 3). 

(Temperature conversion) The formula for changing 

from centigrade (Celsius) to Fahrenheit temperature read- 

ings is 9 

F= 5c ap oy 

(a) Draw a Cartesian coordinate system with vertical 

axis F and horizontal axis C, and sketch the graph of 

the above equation. 

(b) If the temperature is 20°C, what is the Fahrenheit 

temperature? 

(c) If the temperature is 70°F, what is the centigrade 

temperature? 

(Newton’s laws of motion) It follows from Newton’s 

laws that the distance s traveled after t seconds by a body 

falling from rest is approximately given by 

s-= 1677 

where f is in seconds and s is in feet. Draw a Cartesian 

coordinate system with vertical axis s and horizontal axis 

t. Sketch the graph of the above equation for t = 0. 

(Investment) If $10 is invested at an annual simple in- 

terest rate of 10%, then the value S of the investment af- 

ter ¢ i 
iris inary S = 10(1 + 10 
Draw a Cartesian coordinate system with vertical axis S$ 

and horizontal axis t. Sketch the graph of the above equa- 

tion fort = 0. 
Se 
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1.3 THE STRAIGHT LINE In this section we discuss equations and graphs of straight lines. Among other 
things, you will learn to recognize those equations whose graphs are straight lines. 

This material has many important applications, which we explore in later sections. 

To begin, consider a particle moving along a nonvertical line L from a point 

P,(x1, y1) to a point P2(x2, y2). As shown in Figure 1, the particle moves y2 — y; 

units in the y direction as it travels x. — x; units in the x direction. Note that 

X2 — x; can be positive or negative, while y2 — y, can be positive, negative, or 

Zero 

FIGURE 1 

_¢ EXAMPLE 1 Let L be the line determined by the points P,(4, 1) and P2(6, 9). From Formula 
(1), the slope of L is 

Po Reis aes A 

heat sed 
Similarly, the slope of the line determined by the points (1, 11) and (4, 5) can 

be obtained as follows: Letting P; be the point (1, 11) and P, the point (4, 5), it 

follows from Formula (1) that 

BS ae parla 

An 3 
m 

Note that it does not matter which point is called P; and which is called P2. 

Thus, had we chosen P; as (4, 5) and P2 as (1, 11), we would have obtained 

11-5 6 
=—= -—2 

Nae == 
m= 

which agrees with the earlier result. 4 
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Remark We emphasize that Formula (1) does not apply to vertical lines. For such 

lines we would have x2 = x. (Can you see a Thus the fea -hand side of For- 

: this ae Thus, to STS ee BE a fie Bs we e can Se Formula (1) to 

any two points on L. 

~ Show that a line parallel to the x-axis has slope m = 0. 

Solution If L is parallel to the x-axis, then all points on L have equal y-coordi- 

nates (Figure 2). Thus, if ee (m1, yi) a and es ya) a are pein on nL, we Thust have 

y= = Yt. Therefore, m has a zero numerator and nonzero denominator orm 

(1,91) Ga, Ya) 

FIGURE 2 

7 

The slope of a line has a useful physical interpretation. If a particle moves left 

to right along a line L from a point P;(x1, y1) to a point P2(x2, y2), then it follows 
from Formula (1) that the rise and run are related by 

Vo Yu = (2) 

Equation (2) states that the rise (or change in height) is proportional to the run (or 

change in horizontal distance), and the slope m is the constant of proportionality. 

In Example 1, we show that the line determined by the points P,(4, 1) and 
P2(6, 9) has slope m = 4. This means that a particle traveling left to right along 
this line will gain 4 units in height for every unit it moves in the positive x direc- 
tion (Figure 3). 

Example 1 also shows that the line determined by the points P;(1, 11) and 

P2(4, 5) has slope m = —2. This means that a particle traveling left to right along 
this line will lose 2 units in height for every unit it moves in the positive x direc- 
tion (Figure 4). 
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P,(1, 11) 

FIGURE 3 FIGURE 4 

FIGURE 5 

It is obvious from Figure 6 that for parallel lines, equal runs produce the same 

rise. This suggests the following result, which we state without proof. 

rise 

run 
FIGURE 6 

rise 

run 
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EXAMPLE 4 Let L be the line determined by the points P,(3, 4) and P2(4, 1), and let L’ be the 

line determined by the points P;'(5, 6) and P2'(7, 0). Determine whether L and L’ 

are parallel. 

Solution The slope m of the line L is 

1-4 
Se ee 

corey een 

and the slope m’ of the line L’ is 

06 
De —3 

Bess 

Since the hese lines are shown in 

Figure 7. : 

(5, 6) 

FIGURE 7 

(7, 0) 
x 

E fe 

We now consider the problem of finding an equation for a line when we have 

been given information about the line. For example, EAE GAPS ARCS Saaaley 

First, let us consider the problem of finding an equation for the line passing 

through a given point Pi(x1, y:) and having slope m. If (x, y) is any point on the 
line different from (x1, yi), then we can calculate the slope of the line from the 

points P(x, y) and Pi(x, yi) (see Figure 8). 

‘ 

FIGURE 8 

Vv 
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Using Formula (1), we obtain 

ep aes 

Bae 2 
m 

If we multiply both sides of this equation by x — x1, we obtain Equation (3), 

which is called the point-slope form of the line. 

EXAMPLE 5 Find an equation for the line passing through the point P;(3, —2) and having slope 
m=5. 

Solution Substituting the values x; = 3, y) = —2, and m = 5 in the point-slope 

form (3) yields 

Vi 2) =e), Ore yt 2a) 15) 

_@ EXAMPLE 6 ™ Find an equation for the line passing through the points P;(1, 3) and P2(2, 7). 

Solution We can use the given points to calculate the slope m and then substitute 

this slope and the coordinates of either given point in Equation (3). The slope is 

Tied 
m= eer = i 

Substituting this value for m and the coordinates of P; in Equation (3) yields 

y-3=4% - 1) 

Solving this equation for y we obtain 

y=4x-1 # (4) 

Consider now the problem of finding an equation for a line when we are given 

the slope and the point where the line intersects the y-axis. 

_ EXAMPLE 7 Find an equation for the line with s 
(0, 5). 

Solution Substitutir 

Solving for y we have yext5 # 
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More generally, if (x, y) is any point except (0, b) on the line that has slope m 

and intersects the y-axis at (0, b), then from Equation (3) we obtain 

y —~b=m(x — 0) 

Solving for y we have 
y=mx+b 

S]o . ; 
As an illustration, the slope—intercept rm of the line that has slope 3 and in- 

tersects the y-axis at (0, —2) can be obtained by substituting m = 3 and b = —2 

in Equation (5). This yields y = 3x — 2. 

Find the slope of the line eat 

Solution This is the slope—intercept form of a line with m = 7 and b = 8. 

Thus, the line has slope m = 7 and y-intercept equalto 8. & 

Remark A nonvertical line has infinitely many different point-slope forms be- 

cause the coordinates of any point on the line can be substituted for x; and y, in 

Equation (3). However, sucha line has only one slope—intercept form. As an il- 

lustration, in Example 6, we could have substituted the coordinates of P2(2, 7) in 

Equation (3) rather than the coordinates of P;(1, 3), in which case we would ob- 

tain y — 7 = 4(x — 2) as the point-slope form, which is different from the 

point-slope form y — 3 = 4(x — 1) obtained in this example. However, if we 
solve this equation for y, we obtain y = 4x — 1 (verify this), which is the slope— 

intercept form we obtain when we solve for y [Equation (4)]. 

_ Find an equation for the line parallel to the x-axis and 3 units above it. 

Solution As shown in es 9; the line intersects the ae -axis at the point (0, 3). 

Also, as in Example 2, a line allel 1 : is has s Thus, substi- 

tuting the values x; = 0, y; = EN; 3, and m = 0 in pines form (3) yields 

y 30. = 0) 
= 

FIGURE 9 



1.3. The Straight Line 4” 21 

This result makes sense since the horizontal line through (0, 3) consists precisely 

of those points (x, y) with a y-coordinate of 3. 4 

Example 9 is a special case of the following general result. 

A corresponding result holds for vertical lines. 

For example, the line in Figure 10 represents the equation x = 4. 

FIGURE 10 

The next result shows us how to recognize when a given equation has a 

straight line as its graph. 

To see this, we distinguish between two cases, B = 0 and B # 0. 

If B # 0, we can solve (6) for y in terms of x to obtain 

ee 
ps iB 

But this is the slope—intercept form y = mx + b of the line with 

A 
niles as and b=3 
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If B = 0, then A cannot be zero; therefore, Equation (6) reduces to Ax = C, 

which can be written as 

i 
A 

But this is the equation of a vertical line. Thus, in either case Ax + By =C 

(where A and B are not both zero) has a straight line for its graph. For this reason, 

an equation that is expressible in this form is called a linear equation in x and y. 

The graph of the equation x= Ty +8 

is a line since this equation can be rewritten as x — 7y = 8, which is of form (6) 

with A = 1, B = —7, and C = 8. Solving the given equation for y, we obtain 

gS so 
Ne ay ea 

So the slope of the line is 4 and its y-intercept is -$. 

1° Sketch the graph of the equation 

x+4y—8=0 

and find its slope. 

Solution The graph is a line since the equation can be rewritten as x + 4y = 8, 

which is of form (6). Thus, to sketch the graph we need only plot two points and 

draw the line through them. We will plot the intersections with the coordinate 

axes. The line crosses the y-axis where x = 0 and crosses the x-axis where y = 0. 

Substituting x = 0 in the given equation and solving for y yields y = 2, so (0, 2) 

is the intersection with the y-axis. Substituting y = 0 in the given equation and 

solving for x yields x = 8, so (8, 0) is the intersection with the x-axis. The graph 

is shown in Figure 11. Solving the given equation for y, we obtain 

1 
Sealey aha ce 

so the slope of the line is —;. 

iy = BS 
FIGURE 11 as eb 

(0, 2) 

y 

Linear equations may involve variables other than x and y. The procedure for 
graphing such equations is the same as in Example 11, except that the coordinate 
axes must be labeled appropriately. 



@ EXERCISE SET-14.3: 

K. 

_ EXAMPLE 12 Sketch the graph of 

1.3. The Straight Line 4” 23 

or + 3s = 6 

Solution This is of form (6), except that the variables are r and s rather than x 
and y. If we choose a horizontal r-axis and vertical s-axis, then the intersection of 
the graph with the r-axis is (3, 0) and with the s-axis is (0, 2). (Verify this.) The 
graph is shown in Figure 12. 

ae | dheemimpommnee GURE 12 

4 -t 

Remark In Example 12 we could have éhosen a horizontal s-axis and vertical r- 

axis—the choice is arbitrary. However, the graph would not be the same since the 
r and s would be interchanged. 

In each part find the slope of the line determined by the __7. 

points P; and P). 

@) P,(2, 4), P2(-3, 5) 
(&) Pi(3, 2), P2(5, 6) 
©) P,(0, 0), P2(—3, —2) 
(d) P,(4, 2), P2(2, 2) 
(e) P,(1.846, 2.772), P2(0.927, 2.253) 

“ 

lI = oe) Suppose that a certain line has slope m 

(a) Find the run if the rise is 2 units.., 

(b) Find the rise if the run is 5 units. 

Suppose that a certain line has slope m = —2. 

Find the run if the rise is —3 units. ; 

Find the rise if the run is 4 units. at 16) 

Which of the following lines are parallel to the line 9, 

y = 5x — 3? 

(a) y=5x+ 6 (b)o yh 1 23= 5G —/3) 

(©) 210% = 2y + 12 = 0 (d) y=5 

Given that the line y = mx + b is parallel to the line 

450— Dy a= 0; find m. 10. 

Find an equation for 

(a) the vertical line through (1, 3) 

()) the horizontal line through (1, 3) 

In each part let L be the line determined by the points P, 

and P2, and let L’ be the line determined by the points 

P,;’ and P'. Decide whether L and L’ are parallel and 
sketch the lines. 

(a) Pi(4, 3), P2(1; 4), Pr'(6, 5), Po’, 7) 
Oy P12, 3), P2622), Pi Os 5). 72,2) 
(c) Pi(0, 0), Pol2y3), Pi'(4, 6), P2’(O, 0) 

In each part sketch the line with slope m that passes 

through the point P. 

m— 1, P\(2,3) 

(b) m= —%, P(O, 2) 
(ii = 3 F133) 

(d) m= 0; P(-2, 3) 

In each part use the given information to find the slope— 

intercept form of the line. 

m = 2; the point (0, 4) lies on the line 

m = —%; the point (0, —2) lies on the’ line 

(c) m = 0; the point (2, 3) lies on the line 

ll 

Find the slope of the given line. - 

y=2a.+3 @) y=-ixt+5 
y=7 (d) x=2 

(2 3y=2 ¢) x= fy 49 
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11. 

12. 

13. 

14. 

15. 

Coordinate Systems and Graphs 

In each part use the given information to find the point- 

slope form of the line. 

@. m= 1, P(2, 3) (b) m= —, P(O, 2) 
(c) s-— 3; R:.Ge 3) @ m= 0,.P (233) 

(ce): m= 6, P(2,; —4) (f) m= —4, P(, 3) 

In each part find the slope—intercept form of the line 

passing through the points P; and P>. 

(a) Pi(4, 2), Pa(2, 2) 
(b)  Pi(—3, =2)F 230;-0) 

(ec) “Pi(—3, 5), Ps, 4) 
(d) Pi(S, 6), P2(3, 2) 

Find the point-slope form of the line passing through the 

points P, and P,. 

(a) Pi. 3)p Pal 35.4) « 
(b) Pi(Z, 1), Pa(2, —3) 
(a) Find an equation for the line parallel to the x-axis 

and 2 units below it. 

Find an equation for the line parallel to the y-axis 

and 3 units to the left of it. 
(b) 

Find an equation for the line in each part of Figure 13. 

(b) 

FIGURE 13 

In Exercises 16-18 find an equation for the line satisfying the 

given conditions. 

16. 
17. 
18. 

the line with slope 3 and x-intercept —5 

the line with x-intercept 2 and y-intercept 4 

the vertical line that passes through the point (—1, 3). 

20. 

21. 

22. 

23. 

24. 

25. 

26. 

27. 

28. 

29. 

Express each of the following equations in the form 

Ax + By = C and give the values of A, B, and C. 

(ate S208 (b) y= 2 
(C)inySeT Ale — 3) (d) x = 3(y — 2) 

Which of the following are linear equations? 

(@) les S13 

(b) xy al 
(Chee 0) 

@e2za) +30 D4 

Graph the following equations. 

(@) 3x+2y=6 ©) 4x%- 8y = 16 
() x-Sy=10 @ 6x+y=12 

Graph the following equations. 

(a), y= (b) y—4 = 3(@ + 2) 

©) yb P= 2651) Or x= 0a) 

Graph the following equations in an appropriate coordi- 

nate system. 

@) 3r — 2s = 12 (Use a horizontal r-axis.) 
(©) 8+ 4w = 16 (Use a horizontal s-axis.) 
© v=7t+1 (Use a horizontal t-axis.) 

Find the slopes of the sides of the triangle with vertices 

(2, 3), 3, —4), and (0, 3). 

Find the equation of the line passing through the point 

‘(3, 4) and parallel to the line y = 2x + 3. 

In each part use slopes to determine whether the given 

three points lie on the same line. 

(a). (1, 5), (—2, —1), G3.4) 
(by; 0); G, 2), (=4, 3) 

Using plane geometry, show that the value of the slope m 

of a line L is the same no matter which two points are 

used in Equation (1). [Hint: Use similar triangles. | 

Show that (0, 2), (2, 0), (8, 5), and (10, 3) are vertices 

of a parallelogram. 

A company determines that the graph of the profit P (in 

dollars) versus advertising expenditure x (in dollars) is a 
straight line. Find an equation for this line if P = 5000 

when x = 0, and P = 7000 when x = 1000. 
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In many applied problems two linear equations are given, and it is of interest to 
find values of the unknowns that satisfy both of the equations. In this section we 
study this problem, and in the next section we give some applications. In Chapter 
3 we consider generalizations of this work. 

If we are given two linear equations 

Aix + Byy =C 

Aox + Boy =(C, 

(where the A’s, B’s, and C’s are constants), then we can seek values of x and y 
that satisfy both equations. The two equations are of 

tions are satisfied when we substitute 

x=a and y=b 

_ EXAMPLE 1 Consider the system 

2x + 3y = 8 

Sei Eye 

The ordered pair (1, 2) is a solution of the system since both equations are 

satisfied when we substitute x = 1 and y = 2. However; the ordered pair (—2, 4) 

is not a solution since only the first equation is satisfied when we substitute 

x=-2andy=4. # 

Not all systems of linear equations have solutions. For example, consider the 

following system of equations. 

x+ y=2 

3x + 3y = 9 

If we multiply both sides of the second equation in the system by 3, it becomes 

evident that there are no solutions since the two equations in the resulting system 

x hy = V2 

xekeys=-3 

contradict each other. Note that the lines are parallel. 

To illustrate the possibilities that can occur in solving systems of linear equa- 

tions, consider a general system of two linear equations in the unknowns x and y: 

Aix + B yes Cy 

Aox + Boy = C2 

The graphs of these equations are lines, call them /; and J. Since a point (a, b) 
lies on a line if and only if the numbers x = a, y = b satisfy the equation of the 
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line, the solutions of the system will correspond to points of intersection of J; and 

l,. There are three possibilities (Figure 1). 

y may 
q : 1, and 1, 

lb 

O x O Te 

(b) © 

FIGURE 1 

(a) The lines J, and /, can be parallel, in which case there is no intersection and 

consequently no solution of the system. 

(b) The lines /; and J, can intersect at only one point, in which case the system 

; has exactly one solution. 

(c) The lines J, and J, can coincide, in which case there are infinitely many solu- 

tions of the system. 

To summarize, a system of two linear equations in x and y has either no solutions, 

exactly one solution, or infinitely many solutions. 

r 

e will only consider 

the method of elimination, since it will be generaliz hapter 2 to solve sys- 

tems with more equations and unknowns. 

In this method we replace the given system of equations with a new system 

that has the same set of solutions but is easier to solve. The following example il- 

lustrates the method. 

_ EXAMPLE 2 Solve the following system by elimination. 

Ax +3 '*y 5 
2x — 3y = 13 

(1) 

Solution” The variable y can be eliminated by multiplying the top equation in (1) 

by 3 and adding the result to the bottom equation: 

12x 3y3= 15 

2x — 3y = 13 

14x = 28 

(That is, we have multiplied 4x + y = 5 by 3 so that the coefficients of y in both 

equations will have the same numerical value but be of opposite signs.) Solving for 

x yields x = 2. To find y we substitute this value into either equation in (1), for 

example, the first. This yields ene ay 

WH is3 
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Thus, the solution is x = 2, y = —3. To check the solution we substitute x = 2 

and y = —3 into each of the original equations. The solution of system (1) can be 

seen geometrically by graphing the equations in the system (Figure 2). The x- and 

y-values of the solution are the x- and y-coordinates of the point of intersection. 

FIGURE 2 

The general method of elimination can be stated as follows: 

_/ EXAMPLE 3 Solve the following system by elimination: 

Siete 2ya = il 

2x — 3y =5 
(2) 

Solution We can eliminate the variable x if we multiply the top equation by 2, 

the bottom by —3, and add: 

6x + 4y = —24 

SOked Oy SS 

13y = —39 
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Solving for y yields y = —3. To find x we substitute this value into either equation 

in (2), for example, the first. This yields 

3x cb 2( = 3) =? 

ne 3x = -6 
or ee a 

Thus, the solution isx = —2,y=—-3. # 

The next two examples illustrate what occurs when the elimination method is 

applied to systems with no solutions or infinitely many solutions. 

Solve the following system by elimination: 3 

= By 1 

2x — 6y = 6 

‘ Solution We can eliminate x by multiplying the top equation by —2 and adding: 

—2x + by = 2 
2x — 6y = 6 

Ox + Oy = 8 

Since the last equation is not satisfied by any values of x and y, the given system 

has no solution. This indicates that the lines are parallel. 4 

Solve the following system by elimination: — 

x+3y=-1 
2x + 6y = -2 o 

Solution We can eliminate x by multiplying the top equation by —2 and adding: 

= 2% = Ova. 

2x + 6y = -—2 

Ox + Oy = 0 

Note that the second equation in (3) is twice the first. It follows that any solution 
of the first equation in (3) will satisfy the second automatically, and so the solu- 
tions of the system consist of all values of x and y that satisfy the first equation 

a Syms) (4) 

The system thus has infinitely many solutions. They can be obtained from (4) by 

assigning arbitrary values to either variable and solving for the other variable. For 

example, substituting y = 3 in (4) and solving for x yields the solution x = —10 
and-y = 3, and substituting y = —2 yields the solutionx = Sandy=—-2. & 

Remark You should be able to see from this example that when one linear equa- 

tion is a multiple of another, they have the same solutions. Geometrically, the 
graphs of the equations coincide. 
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A bag contains 6 coins consisting of dimes and nickels. If the total value of the 

coins is 50 cents, how many coins of each type are in the bag? 

Solution By letting d = the number of dimes and n = the number of nickels, 

we obtain a linear system: 

dt n= 6 (there are 6 coins) (5) 

10d + 5n = 50 (the total value is 50 cents) 

Multiply the first equation of (5) by —10 to obtain 

—10d — 10n = -—60 

10d + 5n = 50 

Adding, we-eliminate d and obtain 

—5n = —10 

or 
n=2 

Substituting n = 2 into the first equation of (5) yields d = 4, so the bag contains 
4 dimes and 2 nickels. We can check our answer by returning to the verbal state- 

ment of the problem and observing that the 6 coins, 4 dimes and 2 nickels, do 

yield a total value of 50 cents. 4 

4 EXERCISE SET 1.4 

1. Which of the following ordered pairs are solutions of the 5. For each system in Exercise 4, graph the equations and 

system find the coordinates of the point of intersection. 
3x Gp 2ys— 1 

ae eins Solve the following systems by elimination. 
C= te2) Ge —2) (a) > 44 + y= —8 (b) x+5y=0 

(c) (0, 3) (d) (1, -1) —2x + 3y =4 x + 3y=7 
i (Ci 2a Oy 9 (d) Sx + 3y = —5 

Consider the system oy novia ; ee 5) 

BSE PAY ae) 
3x — y=1 7. For each system in Exercise 6, graph the equations and 

(aa Selv ete cytemiby, elintination find the coordinates of the point of intersection. 

(b) Graph the equations and find the coordinates of the 8. Solve the following systems. 
point of intersection. G) 2x aosy SS Oy BP Se 

Follow the directions of Exercise 2 for the system 3% dy AZ 3% = 4y =) = 2 

ae yO Dignan. -Oastia tern 
26> y 6 Ve ae x y 

Solve the following systems by elimination. 9) Solve the following systems. 

(az) x+4y=-8 @) Sx+ y=0 (a) 2x+ y=-3 (b) 2x — 7y = 10 
3x —2y =4 — 3K = aaa, Sop ap Dy = 8 3x + 2y = 15 

(©) 2x + 3y=7 @) 3x +5y = -5 © 3x=4y=-1 (@) ix-jy=0 
3x iy — 9 Dae Clyy = —2x + 3y =2 3x +3y =8 
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10. 

11. 

12. 

13. 

Coordinate Systems and Graphs 

Solve each of the following systems geometrically by 

graphing the equations in the system and determining 

their point of intersection. Check your results by substi- 

tuting the solution into the equations in the system. 

(a) 2x + 3y = 6 (be =3ear Sy =a 

3x — 4y = -8 2x + 8y =5 

(a) Show that the following system has no solutions. 

SX yet 

6x — 2y = 3 

(b) What does the result in (a) tell you about the graphs 
of the equations in the system? 

(c) Graph these equations. 

(a) Show that the following system has infinitely many 

solutions. 
3X = Sy a2 

6x — 2y =4 

(b) What does the result in (a) tell you about the graphs 
of the equations in the system? 

(c) Graph these equations. 

(d) Find a solution for which x = 3 and another for 

which y = —2. 

Solve the following systems, if possible. 

(a) 2x + 3y =4 (PF 2x25 \e— 5 

4x + 6y =2 4x — 6y = 10 

(c) —3x + 4y = 8 (d) 0.2x + 0.5y = 0.8 

—3x+2y=4 0.4x+ y=] 

1.5 APPLICATIONS OF 
LINEAR EQUATIONS 

Simple Interest 

Interest is the fee ch 

ALI 

14. 

15. 

16. 

17. 

18. 

19. 

one borrows money at a simple i 

borrowed money is held, the interest fee is 6% of the amount borrowed. The sum 

_of 8% and B an annual dividend of 10%. 

should be invested in each bond to obtain an annual divi- 

or borrowing money. 

Solve the following systems. 

(a) 5s + 8 = -3 (b) 

DS ot 

(Harder) Solve the following system for x and y, where 

a, b, c, and d are real numbers such that ad — bc # 0. 

-V + 4W = -6 
2V +3W =1 

ax + by =e 

cx + dy = f 

(Harder) Show that the following system has infinitely 

many solutions or no solutions if a, b, c, and d are real 

numbers such that ad — bc = 0. 

ax + by =e 

cx +dy=f 

A bag contains 8 coins consisting of dimes and nickels. If 

the total value of the coins is 55 cents, how many of each 

type are in the bag? 

A health food shop mixes nuts and raisins in a snack 

pack. How many pounds of nuts selling for $2.00 per 

pound and how many pounds of raisins selling for $1.50 

per pound must be mixed to produce a 50-pound mixture 

selling for $1.80 per pound? 

(Investment) A fund is planning to invest $6000 in two 

types of bonds, A and B. Bond A pays an annual dividend 

How much 

dend of $520? 

r, then for each year the 

al. We now obtain a formula for the amount that 

vould be owed if a principal P is borrowed for t years at a simple interest rate r. 

Assume that the annual interest rate r is expressed as a decimal. For example, for 

6% interest per year, the value of r would be r = .06. By definition, the interest 
due each year the money is held is 

Pr 

so that if the money is held for ¢ years, the total interest due is 

Prt 

Consequently, if S is the amount (in dollars) owed after t years, then 

(1) 
— = expen ‘he bor eit pings 
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Formula (1) is often rewritten in factored form as 

interest rate of 8% per year, then from Equation 

8, the amount S owed after ¢ years would be 

_SEXAMPLEW” If we borrow $8000 at the 
8000 an amou 

S = 8000 + (8000)(.08)¢ 
or 

S = 8000 + 6401 1 =0 (2) 

Thus, the amount owed after 20 years (t = 20) would be 

.S = 8000 + 640(20) = 20,800 (dollars) 

and the amount owed after three months (t = 3 = + years) would be 

1 
S = 8000 + o40(4) = 8160 (dollars) 

Observe that Equation (2) is a linear equation, where the variables are t and S 

rather than x and y. See Figure 1 for the graph of Equation (2). The graph, which 

is a straight line, shows how the amount S changes with time. The slope of this 

line is 640 (dollars per year), which is the constant annual interest amount. See 

Chapter 9 for additional material on interest. 

45 (dollars) S = 8000 + 640r 

22,000 i 
20,000 
18,000 

a 

14,000 

(t = 20, S = 20,800) 

FIGURE 1 NT 
10,000 + 

8000 ( 

6000 

4000 

2000 

t = 0, S = 8000) 

2 4 6 8 1012 141618 20 ¢ (years) 

Linear Depreciation e property loses all or part of i period of pP etrres voreceeed 
or example, if a used car is pur- 

chase O and 2 years later its resale value is $1400, then the depreciation 

of the car after 2 years is 

$2500 — $1400 = $1100 

he 

or example, if 
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‘If we purchase an it 

Coordinate Systems and Graphs 

an item depreciates linearly at the rate of 10% per year, then for each year the 

item is held, its loss in value is 10% of the original value. 

Assume the original cost of a certain item is C dollars’and that the item de- 

preciates linearly in value at an annual rate of r. For example, if the depreciation is 

10% per year, the value of r would be r = .10. By definition, the value lost each 

year the item is owned is Cr, so if the item is owned for ¢ years, the total loss in 

value is Crt. Consequently, if V is the value of the item after ¢ years, then 

(3) 

since V is the original cost less the loss in value. 

Formula (3) is often written in factored form as 

0% per year, then from 

er ¢ years would be V = 6000 — (6000)(.10)z 
or 

V = 6000 — 600 4 =0 (4) 

Thus, the value of the item after 3 years (t = 3) would be 

V = 6000 — 600(3) = 4200 (dollars) 

and the value of the item after 2 months (t = 4 = 2 years) would be 
\* 1 

V = 6000 — c00(2) = 5900 (dollars) 

Observe that Equation (4) is a linear equation, where the variables are t and V 

rather than x and y. See Figure 2 for a graph of Equation (4). The graph, which is 

a straight line, shows how the value V changes with time. The slope of this line is 
—600 (dollars per year). Thus the constant yearly loss in value of the item is 
$600. 

ho 

6000 -a(¢ = 0, V = 6000) 

Sie 

t=3,V= 42 
4000 +- ‘ 0) 

FIGURE 2 
3000 + 

2000 | 

= 6000 — 600 
1000 =+- 

+ —++—+}++—$+$--+ ++ — 
45m On #89 10 t(years) A te | eal Dn 8S 



1.5 Applications of Linear Equations 4” 33 

Prediction Linear equations can sometimes be used to predict future results based on past or 

current data. The following example illustrates ie idea. 

3. WATER POLLUTION Suppose that tests performed at the beginning of 1986 
showed that each 1000 liters of water in Lake Michigan contained 6 milligrams of 

polluting mercury compounds, and similar /tests performed at the beginning of 

1988 showed that each 1000 liters of water contained 8 milligrams of polluting 

mercury compounds. Assuming that the quantity of polluting mercury compounds 

will continue to increase at a constant fate, predict the number of milligrams of 

polluting mercury compounds per 1000 liters of water that will be present at the 

beginning of 1996. \ | 

Solution Let y denote the number of milligrams of polluting mercury com- 

pounds per 1000 liters of water and let x denote time (in years). We are interested 

in finding the value of y when x/= 1996. We know the values of y when x = 1986 

and when x = 1988. | 
Since we are assuming that y will grow at a constant rate, the graph of y ver- 

sus x will be a straight liné. Moreover, from the given data, this line will pass 

HEU EADS BOWES 2H) AGG) and (19888) 
(Figure 3). From the given data, the slope of the line is 

1988 — 1986 2 
/ 

A y (milligrams/1000 liters) 

21 + 
18 + 
Ist, 

FIGURE3 77/ 

(1988, 8) 
(1986, 6) 

Soe TT oy aca RAR: SS SS SS SS SS > 
1986 1987 1988 1989 1990 1991 1992 1993 1994 1995 1996 ~* 

Using this value of m and the point (1986, 6) together with the point-slope form 
of the line [Equation (3) of Section 1.3], we obtain 

y — 6 = 1(x — 1986) 

ei y =x — 1980 (5) 

The value of y at the beginning of the year 1996 can now be obtained by sub- 

stituting the value x = 1996 in (5). This yields 

y = 1996 — 1980 = 16 

Thus, we would predict that at the beginning of 1996, Lake Michigan will contain 

16 milligrams of polluting mercury compounds per 1000 liters. 
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Trends in Data 
(Method of Least Squares) 

We emphasize that the result obtained in a aie depends on the assump- 

tion that the polluting mercury compounds wil continue to increase at the same 

rate. Should it turn out that this\assumption is not correct, then the predicted re- 

sults would, of course, not be accurate. w/ 
: y. 

Sl 

In many physical problems we are interested in determining relationships between 

two variable quantities x and y. One method of obtaining such relationships con- 

sists of gathering data that show the/values of y.that are associated with various 

values of x and then plotting the points (x, y) on graph paper. We hope that after 
examining the resulting graph, ee describe how the variables are related. To 

illustrate this idea, let us consider the following example. 

\ 

_ EXAMPLE 4” ASTRONAUT REACTION TIME In an experiment designed to test the effect of 

FIGURE 4 

weightlessness on an astronaut’s reaction time, an astronaut is required to respond 

_to a flashing light by depressing a button. The time elapsed between the light flash 

and the depression of the button is denoted by y, and the length of time that the 

astronaut is weightless is denoted by x. The resulting data appears in Table 1. The 

points in this table are plotted in Figure 4a. 

TABLE 1 

x (hours) y (seconds) x (hours) y (seconds) 

5 0.70 en 10 1.42 

6 1.08 11 1.47 

Vf 1.02 12 1.85 

8 1.26 13 2.02 

9 1.62 14 1.93 

y (seconds) y (seconds) 

2.0 ; 2.0 

LS) 2 ° a 1:5 

ee) e A= 

§ ° 5 
3 1.0 ° es; 
3 5 ) x 4 

[3 OSs lSmeexa(houts) 

(a) Time weightless 
1S Sa) ee Orel ets Seen (hours) 

(b) Time weightless 
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FIGURE 5 
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In a problem like this we would not usually try to relate x and y by means of 

a curve passing through the plotted points since the data are really “probabilistic” 

in nature. That is, we would not expect the astronaut to exhibit exactly the same 

reaction times if the experiment were repeated. Instead, we observe that the trend 

of the data is upward as x increases and that this upward trend can reasonably be 

described by a straight line (Figure 4b). We now discuss a technique, called the 
for determining this “trend line.” Once this line is ob- 

tained, it is useful for predicting values of y that are to be expected for values of x 

not appearing in the data. & 

To illustrate the idea of the method of least squares, let us consider the four 

points (x1, yi), (x2, y2), (%3, y3), and (x4, ys) in Figure Sa. Since the four points 

are not collinear, no line will pass through all four of them. Thus, if we want to 

describe the upward trend of these points by a line, we must settle for a line that 

in some sense comes closest to passing through all the points. Although there are 

various ways of measuring how close a line comes to passing through a set of non- 

collinear points, the most widely used criterion is the | 

which states: 

(%4, Y4) 

(%, Ye Ge a) 

e 

@, y) 

(a) (b) 

os 
This line is called the lie of est ft. Thus, the line of best fit for the points in 
Figure 5a is the one that makes the sum of 

d, + d + d+ di’ 

as small as possible (Figure 5b). 

Since the mathematical theory of least squares is most easily worked out with 

calculus, we simply state the main result and give some examples. 
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p 

_ EXAMPLE 5 Find the line of best fit for the data (1, 3), (2, 1), (3, 4), and (4, 3). 

* Solution Denoting the given data by 

(i,y1) = (1,3) =, w) = 2, 1) 
(x3, y3) = (3,4) = (xa, ya) = G, 3) 

» 

we obtain eco % Baek xs = 3 

y, = 3 y= 1 y3=4 

From Table 2 we obtain.the values of A, B, C, and D. 

x,4=4 

y= 

TABLE 2 

‘iia 3 ao 3 
2 1 4 2 
3 4 9 12 
4 3 16 12 

A 1 = 26 

Since n = 4, substituting in Equations (7) we obtain 

10m+ 4b= 11 

30m + 10b = 29 

whose solution is (verify) n= 03 b= 2 

Thus, the line of best fit is y = 0.3x +2 

The graph of this line and the given data are shown in Figure 6. 
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FIGURE 6 

(a) Find the equation of the line of best fit for the data in Example 4. 

(b) Use the equation obtained in part (a) to predict the astronaut’s reaction time 

after 20 hours of weightlessness. 

Solution (a) Table 3 tabulates the data needed in Equations (7) to find the line | 
of best fit. According to the table 

A.=95 B= 14.3 C = 985 D = 147.63 

TABLE 3 

Xi Ji xi Xi yi 

5 0.70 25 3.50 
6 1.08 36 6.48 
7 1.02 49 7.14 
8 1.26 64 10.08 
9 1.62 81 14.58 

10 1.42 100 14.20 
(eg 1.47 121 16.17 
12 1.85 144 22.20 
13 eA 169 26.26 
 ecameal 1.93 196 27.02 

A = 95 B = 14.37 C = 985 D = 147.63 

Since n = 10, substituting in Equations (7), we obtain 

95m + 10b = 14.37 

985m + 95b = 147.63 

whose solution is (verify) 

| m = 0.1347 b. = 0.1574 

Thus, the line of best fit (shown in Figure 4b) is 

y = 0.1347x + 0.1574 
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Solution (b) To predict the astronaut’s reaction time after 20 hours of weight- 
lessness, we substitute x = 20 in the equation for the line of best fit obtained in 

part (a). This yields 

y = (0.1347)(20) + 0.1574 = 2.8514° 

Thus, the astronaut’s reaction time will be approximately 2.8514 seconds. 4 

Beret eeeras Suppose mt 

if 
=T, er 

a profit nor a loss. The value of x for which R = C is called the break-even 

. point. 

A manufacturer of cleanser determines that the total cost (in thousands of dollars) 

of producing x tons of cleanser is 

C = 400 + 2x (8) 

and that the revenue (in thousands of dollars) from selling x tons of cleanser is 

R=Ax (9) 

(a) Find the break-even point. 

(b) At the break-even point, what are the cost and revenue? 

RAC Pee (c) Graph Equations (8) and (9) and mark the break-even point. 

1600 
ae C= 400 42,  S0lution (a) The break-even point occurs when R = C, or from (8) and (9), 

3 iS ee 6 4x = 400 + 2x 
1200 Lh NAC NS) 2x = 400 

1000 + s st x = 200 

Thus, the break-even point is 200 tons. 

Thousands of dollars 

Solution (b) Substituting the break-even value x = 200 in either Equation (8) 
9) yield Seki C =R= 800 (thousands of dollars) 

Break- . : oy Deacon Pert Solution (c) Equations (8) and (9) are linear equations, and so each has a 
200 Th AS enone straight-line graph. Graphing these lines in the same coordinate system, we obtain 

Number of tons the results shown in Figure 7. (The vertical axis represents both R and C.) As 
manufactured noted in the figure, a profit occurs when x > 200 because then R > C, and a loss 

FIGURE 7 occurs when x < 200 because thenR <C. 
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FIGURE 8 

FIGURE 10 
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One of the basic principles of economics is the law of supply and demand. It 

states that: 

1. The willingness of manufacturers to produce a product (the supply) increases 
as the price increases. 

2. The willingness of consumers to buy a product (the demand) decreases as the 

price increases. 

If q is the quantity of a particular product that its manufacturers are willing to 

supply at a price of p per unit, then the graph of q versus p is called the supply 

curve. A typical supply curve is shown in Figure 8. If g is the quantity of a partic- 

ular product that its consumers are willing to buy at a price of p per unit, then the 

graph of q versus p is called the demand curve. A typical demand curve is shown 

in Figure 9. 

q q 
Supply 

curve 

FIGURE 9 

Demand 

curve 
— Sees PERSO EE SS See oe ee 

Pp Pp 

If the supply and demand curves of a product are graphed in the same coordi- 

nate system and if they intersect at a point (po, go) (Figure 10a), then po is the 
price at which the supply and demand are equal. This is called the equilibrium 

price since every unit supplied at that price is purchased. This price for the 

product produces a stable market. However, if p exceeds po, then supply exceeds 

demand and a product surplus will develop. Similarly, if p is less than po, demand 

exceeds supply and a product shortage will develop (Figure 10b). The value qo is 

called the equilibrium quantity. It is the quantity of the product that will be pur- 

chased at the equilibrium price. 

q 

Supply 

LD) tle mage 
Demand 

Po 

(a) Equilibrium price (b) Equilibrium price 

In this section we consider the simplified case in which the supply and de- 

mand curves are straight lines. 
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‘ Suppose that a market research firm has obtained the following equations for the 

monthly supply and demand in New York City for a certain solar-powered calcula- 

OE: supply: ¢g = 2p— 12 
demand: g = —3p + 28 

where p is the price (in dollars) per calculator and q is the number (in thousands) 

of calculators to be supplied and bought. 

(a) Find the equilibrium price and determine the number of calculators that will 

be sold at this price. 

(b) Sketch the supply and demand curves in the same coordinate system. 

Solution (a) Rewrite the given equations for the supply and demand curves as 

2p —q= 12, 
—3p = g:= 28 

We can eliminate g from this linear system by adding —1 times the second equa- 

tion to the first equation, obtaining 

5p = 40 

p=8 

Substituting this value into either the equation for supply or the equation for de- 

mand, we find that g = 4 (thousands). Thus, the equilibrium price is $8 per calcu- 
lator, and at this price 4000 calculators will be supplied and bought. 

Solution (b) See Figure.11. 

FIGURE 11 

4 EXERCISE SET 1.5 

1. (Simple interest) Suppose a person borrows $12,000 at 2. (Simple interest) Draw a Cartesian coordinate system 

the simple interest rate of 7% per year. with vertical axis § and horizontal axis t. Sketch the 

(a) Find a formula for the amount S that will be owed graph of the equation you obtained in Exercise la. 

after ¢ years. 

(b) Use this formula to determine how much will be 3.) (Simple interest) Suppose a certain sum of money is 
owed after 5 years. borrowed for 3.5 years at the simple interest rate of 12% 

(c) Use this formula to determine how much will be per year. At the end of the loan period, $8520 is repaid to 
owed after 42 months. the lender. How much money was borrowed? 
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(Simple interest) Suppose $7000 is borrowed for a cer- 

tain period of time at the simple interest rate of 10% per 

year. At the end of the loan period, $9975 is repaid to the 

lender. What was the loan period? 

(Depreciation) Suppose a piece of heavy machinery 

costs $24,000 and depreciates linearly at the rate of 8% 

per year. 

(a) Find a formula for the value V of the item after 

years. 

(b) Use this formula to determine the value V of the 

item after 7 years. 

(c) After how many years will the item be worth 

$5000? 

(d) After how many years will the item have lost all its 

value? 

(Depreciation) Draw a Cartesian coordinate system 

with vertical axis V and horizontal axis t. Sketch the 

graph of the equation you obtained in Exercise Sa. 

(Depreciation) Suppose a business college buys a com- 

= © Go at a certain price and depreciates it linearly at the 

rate of 6% per year. If the computer is worth $24,000 af- 

00= C(O : 
ce 

10. 

O'Years, What was its purchase price? 

ees he ‘audiovisual department buys a tele- 

vision set for $2200 and depreciates it linearly at a certain 

rate per year. If the set is worth $1320 after 4 years, what 

was the annual depreciation rate? 

(Biology) Suppose in a biological experiment a certain 

type of bacteria is treated with a growth-inhibiting chemi- 

cal. After 2 hours 64,000 bacteria per unit volume are 

found in a culture, and-128,000 are found after 5 hours. 

Let N be the number (in thousands) of bacteria per unit 
volume and let ¢ denote time (in hours) of growth. As- 

suming that N continues to increase with ¢ at a constant 

rate, find 

(a) an equation relating N and t 

(b) the graph of the equation in (a) in a Cartesian coor- 

dinate system with horizontal axis ¢ and vertical axis 

N 
the number of bacteria per unit volume that are 

present after 9 hours of growth 
(c) 

(Communications) Suppose at the present time a com- 

munications satellite is handling 1.2 million messages per 

_ year. Solve (a) and (b) below assuming that the number N 

(in millions) of messages will increase linearly at a con- 
_ stant rate of 10% per year. Let ¢ denote time in years and 

take the present time as ¢t = 0. 

11,) 
em 

12. 

14. 

15. 

16. 
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(a) Find an equation relating N and t. 

(b) Predict the number of messages that will be handled 

12 years from now. 

(Temperature conversion) There are two common sys- 

tems for measuring temperature, centigrade (Celsius) and 

Fahrenheit. Water freezes at 0° centigrade and 32° Fahren- 

heit; it boils at 100° centigrade and 212° Fahrenheit. 

Since the two are related by a linear equation, show that a 

temperature of C° centigrade corresponds to a tempera- 

ture of F° Fahrenheit by means of the formula 

9 
= Creia oe 
5 

Suppose a taxi fare is 40 cents plus 25 cents for each ; 

mile traveled. 

(a) Write an equation for the cost c (in dollars) for trav- 

eling x miles. 

Graph the equation in (a) in a Cartesian coordinate 

system with vertical axis c and horizontal axis x. 

What is the slope of the line in (a)? 

(b) 

(c) 

Find the line of ue fit ae the data points @, 4), G3, 5), 
(4, 7), and (5, 9). yee Os eee 

Find the line of wi He for the data points (2, 1), (3, 6), 

(4°°9),6, Ey (Gs 15): C218), ands, 20) 

Show that the solutions to Equation (7) are given by 

AB — nD _ AD — BC 
Ane A? = 2n€ 

Solve Exercise 13 by using the fomulas given in Exercise 

(5). 

n= 

(Business) A department store reports the following 

sales data over a 6-year period. 

Year 1985 1986 1987 1988 1989 1990 

Yearly sales 

(in millions 
of dollars) S257) O87) eels) Sella Se 208-90 

Let y denote the yearly sales (in millions of dollars) and 
let the years 1985, 1986, . . . , 1990 be “coded,” respec- 

tively as 0, 1,2, ... , 5. That is, x = 0 represents 1985, 

x = 1 represents 1986, and so on. 

(a) Find the line of best fit relating x and y. 

(b) Use the equation obtained in (a) to estimate the 

yearly sales in the year 1996 (i.e., when x = 11). 

Explain why it was convenient to “code” the years in 

this problem. 
() 
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18. 

20. 

21. 

22. 

1.6 LINEAR INEQUALITIES 

Coordinate Systems and Graphs 

(Break-even analysis) A manufacturer of photographic 

developer determines that the total cost (in dollars) of 

producing x liters of developer is 

C = 550 + 0.40x 

The manufacturer sells the developer for $0.50 per liter. 

(a) What is the total revenue received when x liters of 

developer are sold? 

Find the break-even point. 

At the break-even point, what are the cost and rev- 

enue? 

Graph the cost and porente equations ae show | the 

break-even point. oe S+ 125% = 2-5) 
Oo <\ ‘ eS ios 
Xp K 7 (Sd >|. 

(b) 
(c) 

(d) 

(Break-even analysis) A schoal cafeteria manager finds 

that the weekly cost of operation is $1375 plus $1.25 per 

meal served. Assuming that each meal produces: a revenue 

of $2.50, find the break-even point. X= (\O° > 

(Break-even analysis) An ice cream vendor finds that 

her weekly operating cost is $300 plus $0.60 per ice 

cream portion served. If each ice cream portion retails for 

$0.80, what is the break-even point? 

(Break-even analysis) A newspaper vendor finds that 

his monthly operating cost is $400 plus $0.15 per newspa- 

per sold. If each newspaper is sold for $0.25, what/is the 

break-even point? 

(Supply and demand) Suppose the equations for a cer- 

tain month’s supply and demand of umbrellas in London 

are given by 

supply: g = 4p — 3 

demand: gq = —3p + 11 

where p is the price (in pounds sterling) per umbrella and 

q is the number (in thousands) of umbrellas to be supplied 
and bought. 

(a) Find the equilibrium price and the number of um- 

brellas to be sold at this price. 

AND THEIR GRAPHS 

* 

24. 

25.) 

(b) Sketch the supply and demand curves in the same 

coordinate system. 

(Supply and demand) Suppose the equations for the 

weekly supply and demand of compact discs in Chicago 

are given by 

_ supply —5p +q=-71 se, ‘Gaal 

demand: 2p +g = 34 <f 4% = ag 

where p is the price (in dollars) per compact ‘disc and q is 
the number (in thousands) to be supplied and bought. 

(a) Find the equilibrium price and the number of com- 

pact discs to be sold at this price. *'® SRA ao. 5 3 980 
(b) Sketch the supply and demand curves in the same 

coordinate system. 

(Supply and demand) Suppose the equations for the 

monthly supply and demand of a certain product are 

given by 

supply: q = 3p — 8 

demand: g = —5p + 24 

(a) 
(b) 

Find the equilibrium price. 

If the product is priced at $4.00 per unit, then does 

the supply exceed the demand? If so, by how much? 

If the product is priced at $2.50 per unit, then does 

the demand exceed the supply? If so, by how much? 
(c) 

(Supply and demand) Suppose that the equations for 

the weekly supply and demand of a certain product are 

given by 

supply:g = 4p -— 10 

demand: g = —2p + 20 

(a) 
(b) 

Find the equilibrium price. 

If the product is priced at $6.50 per unit, then does 
the supply exceed the demand? If so, by how much? 

If the product is priced at $4.00 per unit, then does 

the demand exceed the supply? If so, by how much? 
(c) 

In the last few sections we studied linear equations and their graphs. In this sec- 

tion we study linear inequalities and their graphs. The ideas we develop in this 

section are applied in Chapter 3 to a variety of important practical problems. 

As illustrated in Figure 1 a line divides the plane into two parts, called half 

planes. If the line is included with the half plane, the half plane is called a closed 
half plane (Figure 1b). 
plane (Figure 1 

ust as the points on the line can be described by means of an equation 

he line is not included, then it is called an open half 
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An open 
half plane 

does not include 
the boundary 

line. 

A closed half plane 
includes the boundary 

line. 

FIGURE 1 

(b) ©) 

(or equality), so the points in the half planes can be described by means of in- 
equalities. For example, consider the line 

years] (1) 

shown in Figure 2a. Call this line L. If P(x, y) is any point on L, then x and y 
satisfy the equation for L; that is, y = x — 1. If A is any point directly above P 

(Figure 2b), then the y-coordinate of A is greater than the y-coordinate of P so 

that Sy (2) 

Similarly, if B is any point directly below P, then the y-coordinate of B is less 

than the y-coordinate of P so that 

A ery ie || (3) 

Thus, the line L consists of all points (x, y) satisfying equality (1), while the 
open half plane above L consists of all points (x, y) satisfying inequality (2) and 
the open half plane below L consists of all points (x, y) satisfying inequality (3). 

More generally we can state the following result. 

FIGURE 2 

_ EXAMPLE1 Sketch the set of points satisfying 

axuti2y >. 6 

Solution The set of points we want to sketch is one of the open half planes de- 

termined by the line 3x + 2y = 6. First, sketch the boundary line 3x + 2y = 6 
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Pd 

FIGURE 3 

(b) 

(Figure 3a). To determine which of the two open half planes is described by the 

inequality 

a0 2y. "6 (4) 

‘ we consider a “test point”: (0, 0), for example. If we substitute the coordinates 

x = 0 and y = 0 of the test point into (4), we obtain 

3(0) + -2(0),.=6 

or 
0>6 

which is false. This indicates that the test point (0, 0) does not lie in the open half 

plane determined by (4). Thus, the solution set is shaded in Figure 3b. 

Remark In Example | we can use any point not on the line 3x + 2y = 6 asa 

test point; we picked (0, 0) for simplicity. 

~ Sketch the set of points satisfying 

3x + 2y = 6 (5) 

Solution The points in the closed half plane determined by (5) are those points 

in the open half plane 3x + 2y > 6 together with those points on the line 

3x + 2y = 6 (Figure 4). 

FIGURE 4 
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Sketch the set of points satisfying 

x+y>0 (6) 

Solution The set of points we want to sketch is one of the open half planes de- 

termined by the line x + y = 0. First sketch the boundary line x + y = 0 (see 
Figure Sa). Since (0, 0) lies on this line, we cannot use it as a test point. Instead, 

we pick any other convenient point that is not on the line, for example, (1, 1). If 

we substitute the coordinates x = 1 and y = 1 of the test point into (6), we obtain 

ele MOTs =10) 

which is true. This indicates that the test point lies in the open half plane deter- 

mined by (6). Thus, the solution set is the open half plane shaded in Figure 5b. 

FIGURE 5 
Oo 55 

| 
tery ae 

(a) (b) a 

Just as we considered systems of equations in earlier sections, we now consider 

systems of inequalities. 
If we are given two or more inequalities in x and y such as 

DR HE TSy: 256 or 10x + 15y = 60 

xGHe IZ Key S025 

xe0 
y.=.0 

we can seek values of x and y that satisfy all the inequalities. The inequalities are 

then said to form a system of inequalities. An ordered pair of real numbers (a, b) 

is called a solution of the system if all the inequalities are satisfied when we sub- 

stitute x = a and y = D. 

Consider the system 2x + 3y = 6 

aay 0 

The ordered pair (1, 2) is a solution of the system since both inequalities are 

satisfied when we substitute x = 1 and y = 2. However, (—3, —2) is not a solu- 

tion since only the second inequality is satisfied when we substitute x = —3 and 

y=-2. & 
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- Sketch the set of solutions of the system 

Dp es ye 36 

ee ee es | 

Solution Using the method illustrated in the preceding examples, you should be 

able to show that the solutions of the first inequality form the set shaded in Figure 

6a and the solutions of the second inequality form the set shaded in Figure 6b. 

Since the solutions of the system satisfy both inequalities, the set of solutions of 

the system is the intersection of the shaded regions in (a) and (b) of Figure 6. This 

set is sketched in Figure 6c. 

FIGURE 6 

0+0@) O— ays | y 4 

Sketch the set of solutions of the system 

2x + 2y 27 Sikhs hy geetyy sy aed 
a 

Wife SA«ct ea 

Solution The solutions of the first inequality are shaded in Figure 7a, and the ee: 
solutions of the second inequality are shaded in Figure 7b. Since the solutions of 
the system satisfy both inequalities, the set of solutions is the intersection of the 
shaded regions in (a) and (b) of Figure 7. As shown in Figure 7c, the intersection 
of these regions is empty; thus, the system has no solutions. | 

2x + 2y=7 2x + 2y=7 

FIGURE 7 

wots ON oe 5 © y 
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EXAMPLE 7 Sketch the set of solutions of the system 

xr 2y = 8 iy try . > 2 

“et 2y. =.6 oo ae i Co = 

Cy =0 i 
\S 

Solution The solutions of each inequality i in Tthe system are shown as shaded re- 
3 gions in (a), (b), and (c) of Figure 8. The set of solutions of the system, shown in 

Figure 8d, is obtained by forming the intersection of these three regions. 

= B+% 
Ble ct Cty & S055 DVS 
2 

& EXERCISE SET 1.6 

In each part of Exercises 1-5 sketch the set of points cee LOS xa ey aT (11.\ 4x + 2y =5 
= the given inequality. 2x-3y=-10 ““-x+ y<0 

20 (a)) 3x -—2y <3 (b) ae : y 
174, | Die Th 2S) 16)5) Dee ap oh SSS 

ee (2) aeocectey es 2 Op2ea yy =2 Ae 3 3x — 2y > 12_ 

on (b) ySx Bey en E> fik=0/] 

Pet 
} /y Oia 

a) x22 Ones! bg 

(ayecix = 8y2 = 0° (b) Tx —'8y >.0 14. x+ ysl "dey 
eat ay ee) Dig = Sy 2 =i 

In Exercises 6-16 sketch the set of points satisfying the given oxi Dye] x = 0 

system of inequalities. ; y=0 

65 x PF yess @»+»<- 16. x+4y <12 

x=0 pr 3% = dy. 12 Baa Ne 

8. 2x+3y >4 (9) 5x°— 2y = 4 x=0 
4x + 6y <4 3x + y29 Ss y 20 earls 

<= ct fs © aes = pS) ae, ar ——_ Dey B4e-S XT o— By 2-5 => 4 s ae > 

SX U9 oi pare 4 s~6 ee => Med | as 
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In Exercises 17-20 find an inequality whose solutions form the 20.) 

ded region. 

(a7. 
yrx 

In Exercises 21 and 22 find a system of inequalities whose solu- 

tions form the shaded region. 

18. 21. Y 

19. 99: 3x + 2yQ12 hy 

4 KEY IDEAS FOR REVIEW 

# Solution of an equation in x and y Ordered pair that satisfies the equation. 

# Solution set The set of all solutions of an equation. 

a Slope of a nonvertical line 

Neha Dm 

X2— X11 

where Pi(x1, yi) and P2(x2, y2) are any two distinct points on the line. 
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# Vertical line has undefined slope. 

# Horizontal line has slope m = 0. 

4 Parallel lines have the same slope, and lines with the same slope are parallel or 
coincide. 

# Slope-intercept form of a line y = mx + b 

# Point-slope form of a line y — y; = m(x — x) 

# Linear equation An equation that can be expressed in the form Ax + By = 

C, with A and B not both zero, has a line as its graph. 

# Linear systems with two unknowns can be solved by elimination (p. 27). 

a Open Bnd closed half planes The line 

Ax + By=C 

determines two open half planes given by the inequalities 

Ax + By >°C and Ax*+ By <—C 

and it determines two closed half planes given by the inequalities 

Ax*+ By =’C and) "Ax + By = C 

4 SUPPLEMENTARY EXERCISES 

In Exercises 1-4 determine the x- and y-intercepts of the 14. parallel to the line 3x + 2y = 5; passes through the point 

graphs of the given equations. (4, 3) 

fy = x" — 9 2. 4 = ya 3 ; a horizontal; passes through the point (—2, 1) 

Sno y = 4 - 4. Av By=C A ¥0,B #0 16. has x-intercept 4 and y-intercept —3 y p 

In Exercises 5—12 sketch the graph of the given equation. 17. passes through the points (—2, 1) and (3, 5) 

Bip ees 6. 3x-y=4 18. Find the x- and y-intercepts of the line 

1 3x + Sy = 5 ane = Otte phx PY I 8. y pare 

Find the x- and y-intercepts of the line 
9. yx = 2 10.. -y = (x +,1)? ¢ y : ar Aa 

: MU Keay g 
i. y= Ven 125 yaar te 2 ia ame > aan oe zal) ao ee 

In Exercises 13-17 find an equation for the line satisfying the 
: diti 20. Two lines of slopes m; and m2, respectively, are perpen- 

given conditions. dicular if m;m2. = —1. Find an equation for the line per- 

13. parallel to the line y = 4x — 2; passes through the point pendicular to the line satisfying y = 2x — 3 and passing 

(=23) through the point (4, —2). 
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21. Show that (1, 2), (4, 6), (—1, 8), and (—4, 4) are the 26. (a) Graph y = 2x and x = 2y in the same coordinate 

vertices of a parallelogram. system. 

(b) Note that the graphs in (a) are mirror images with 

respect to the line y = x. Use Exercise 25 to explain 

why this is the case. 

22. Referring to Figure 1, show that the midpoint of the line 

segment whose endpoints are P; and P2 is P(x, y), where 

_ at % Ee we) (c) Given an equation in x and y, how would you obtain 

a 2 : pala) the equation for its mirror image about the line 

y = x? 

(d) Use the result in (c) to find an equation for the mir- 

g ror image of y = x” about the line y = x. 

In Exercises 27-30 solve the linear system. 

Dia aok yea 285, 2x. pe ya— 80 

FIGURE 1 2x — Sy = 19 3x — 4y = —22 

| | 29. 2x —3y=0 : 30. 3x- y=0 
x Cee Dy a0) 6x — 2y = 0 

i eee oo Suppose that $8000 is borrowed for 10 years at a certain 
1 2 annual simple interest rate. At the end of the ae period, ete 

314, 400 1 is repaid. Me was the, interest fate? | “oo ae me 
600-+ KO lee 

& 

Hint: Use the fact that corresponding sides of similar tri- 32, Suppose that an yor seats is "purchased for $120,000 / 

angles are proportional: by a hospital and is depreciated linearly at the rate of 15% 

per year. After how many years will the machine be 
length of P;P2 * length of P;P worth $12,000? 

length of P2B length of PA 
P ap 33. Suppose that an automobile manufacturer that spent $3.4 

23. Use the result of Exercise 22 to find the midpoint of the ~* million on advertising had a total revenue of $580 mil- 

line segment whose endpoints arex2, 3) and (3, 7). lion, and when the advertising budget was reduced to 

24. The perpendicular bisector of the line segment whose $2.6 million, it had a total revenue of $420 million. As- 
endpoints are P; and P> is the straight line that is perpen- suming that the total revenue R and the amount spent on 

dicular to the line segment and passes through its mid- advertising are related by a linear equation, what total 

point. Find an equation for the perpendicular bisector of revenue would result if $4.3 million were spent on adver- 

the line segment whose endpoints are given (see Exercises tising? 

BOUL): 34. Find the line of best fit for the data points (3, 5), (4, 7), 
(a) (—2, —5) and (3, 4) 5, 9), and (6, 12 
(b) (3, 5) and (1, —3) ie arcaced: 

35. Find the line of best fit for the data points (2, 3), (3, 5), 
25. Referring to Figure 2, show that the line y = x is the per- 4 6). (5. 9). (6 

2 ; 10), and (7, 12). 
pendicular bisector of the line segment whose endpoints G8) O12) ), and ( ) 

are (a, b) and (b, a) (see Exercise 24). 36. A photocopy center has determined that its weekly cost of 
operation is $250 plus 4 cents per page. If the center 

charges 9 cents per page, what is the break-even point? 

(a, b) 37. Suppose that the equations for a certain week’s supply and 

demand of bananas in San Francisco are given by 

FIGURE 2 supply:¢ = 2p — 12 
b, a) ~ demand: g = —Sp + 268 

where p is the price (in cents) per pound of bananas and q 
is the number (in thousands of pounds) to be supplied and 

oa | 
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39. 

bought. Find the equilibrium price and the number of ba- 
nanas to be sold at this price. 

Sketch the set of points satisfying the following system of 

inequalities: ae f'4y = 12 

Pe — By SS 0} 

Find a system of inequalities whose solutions form the 

shaded region in Figure 3. 

47 CHAPTER TEST 

1. Determine the intercepts of the graph of 

3x7 phy = 27 

Sketch the graph of the equation y = x* — 2x. 

Find an equation for the line that is parallel to the line sat- 

isfying 3x + 2y = 5 and passes through the point (—1, 

3). 

Find an equation for the line with x-intercept 2 and y- 

intercept 3. 

Solve the linear system 

30 Dy = 7 

x= Dy = —4 

Suppose that $15,000 is borrowed for a certain period of 

time at the simple interest rate of 8% per year. At the end 

of the loan period, $22,200 is repaid to the lender. What 

was the loan period in years? 

FIGURE 3 

Chapter Test 47 51 

Suppose a study of air pollution near a pesticide manufac- 

turing plant shows that when 4 million tons of the chemi- 

cal are manufactured, 30,000 pounds of pollutants are 

emitted, and when 6 million tons are manufactured, 

40,000 pounds of the pollutant are emitted. If the number 

of pounds of pollutants emitted is related, by a linear 

equation, to the number of tons of the product manufac- 

tured, how much of the pollutant will be emitted when 

8 million tons of the product are manufactured? 

A manufacturer of ballpoint pens finds that the total cost 

(in dollars) of manufacturing x pens is given by 

C = 400 + 0.60x. If each pen sells for 80 cents, find the 

break-even point. At the break-even point, what are the 

cost and revenue? 

Sketch the set of points satisfying the following system of 

inequalities: 
x+2y =6 

3x — 4y5=12 

y = 0 
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& Section 1.4 describes a method for solving systems of two linear equations in two 

2.1 LINEAR SYSTEMS 

unknowns. In this chapter we examine systems that may involve more than two 

equations or more than two unknowns. We also develop a new concept (a matrix), 

which has important applications in business and economics as well as in the be- 

havioral and social sciences. We discuss some of these applications here and in 

Chapters 4 and 10. 

Recall from Section 1.3 that an equation of the form 

ax + by = 

represents a straight line in the xy-plane. Thus, such an equation is called a linear 

equation in the variables x and y. Sometimes it is more convenient to use letters 

with subscripts to denote constants and variables in a linear equation. Thus, a lin- 
ear equation in the variables x; and x2 might be written 

ax, + arxx2 = Cc 

where a and a) are constants. In general, an equation expressible in the form 

GX + G2X2 7 aa = € 

where ai, a2, . . . , d, and c are constants, is called a linear equation in the vari- 
ables (or unknowns) x1, x2, ... , Xn. 
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EXAMPLE 1 The following are linear equations: 

Application to Production 
Problems 

2x + 3y =4 

x=6 

2p ty te = 6 
3 

et Rn I4 = 8 

ad linear CQUdtION GOCE 

ver. The following are not lin- 

ear equations: 2xy Laps 

2x? + 3y =4 
ia Am— ie = 

1 
— — Dy 32) =A 
a 

_ EXAMPLE2 Each day, a pharmaceutical firm produces 100 ounces of a perishable ingredient, 

called alpha, which is used in the manufacture of drugs A, B, C, and D. These 

drugs require the following amounts of alpha in their manufacture: 

Each ounce of A requires 0.1 ounce of ingredient alpha. 

Each ounce of B requires 0.3 ounce of ingredient alpha. 

Each ounce of C requires 0.5 ounce of ingredient alpha. 

Each ounce of D requires 0.2 ounce of ingredient alpha. 

To prevent any waste of the perishable ingredient alpha, the firm wants to produce 

x; ounces of A, x2 ounces of B, x3 ounces of C, and x4 ounces of D each day so 

that the entire 100 ounces of ingredient alpha is used. For this to happen, x1, x2, 

x3, and x4 must satisfy the condition 

0.1x,; + 0.3x2 + 0.5x3 + 0.2x, = 100 (1) 

which is a linear equation in x1, x2, x3, and x4. & 

A set of linear equations in the variables x;, x2, . . . , X, is called a system of 

linear equations, or more briefly a linear system, in the unknowns x, x2,..., 

xn. A solution to a linear system in x1, x2, . . . , X, is a sequence of n numbers 5), 

52, . . . , Sn Such that each equation is satisfied when we substitute 

Kio — OS isk Pee Ps eo eis ye ee 

For a system with n = 2 variables, we sometimes write the variables as x and y 

rather than x; and x; similarly, for a system with n = 3 variables, we sometimes 

write the variables as x, y, and z rather than x1, x2, and x3. 



54 a CHAPTER2 Matrices and Linear Systems 

"The linear system Ox + 3y £2 =2 

=3% +. 2y = 527 = 51 : (2) 

55 + 2z7 = —4 

is a system of three equations in the unknowns x, y, and z. The sequence 

Lee y=1 z=3 

is a solution to (2), as can be verified by substituting these values into every equa- 

tion in (2). On the other hand, 

x=2 y=-1 7=1 

is not a solution to (2) since these values do not satisfy the second and third equa- 

tions. & 

~ The linear system 
2x1 ar 3x2 ee Sai 1 (3) 

3x1 SF 2x2 + X3 li 

is a system of two equations in the unknowns x1, x2, and x3. The sequence 

= =2 2 =2 x= 1 

is a solution to the system, and 

Xa x =3 x3=2 

is another solution. On the other hand, 

x= —-2 xX = 3 m=4 

is not a solution to (3) since these values do not satisfy the second equation. 4 

~ APPLICATION TO PRODUCTION PROBLEMS Let us expand on the production 

problem discussed in Example 2. In addition to the ingredient alpha discussed in 

that example, suppose the drugs A, B, C, and D also require the following 

amounts of a second ingredient, beta, in their manufacture: 

Each ounce of A requires 0.4 ounce of ingredient beta. 

Each ounce of B requires 0.2 ounce of ingredient beta. 

Each ounce of C requires 0.3 ounce of ingredient beta. 

Each ounce of D requires 0.8 ounce of ingredient beta. 

If the firm makes 300 ounces of ingredient beta each day and if it is desired to 

produce x; ounces of A, x2 ounces of B, x3 ounces of C, and x4 ounces of D each 

day so that the entire 300 ounces of ingredient beta is used, then x1, x2, x3, and x4 

must satisfy the condition 

0.4x, + 0.2x2 + 0.3x3 + 0.8x4 = 300 (4) 

which is a linear equation in x;, x2, x3, and x4. Thus, if ingredients alpha and beta 
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are both to be used, conditions (1) and (4) must both be satisfied. In other words, 
Xi, X2, X3, X4 must be a solution of the linear system 

0.1x, ar 0.3x2 Sr 0.5x3 + 0.2x4 a 100 

0.4x, aig 0.2x2 3 0.3x3 oP 0.8x4 a 300 

There is more than one solution to this system. For example, the firm could pro- 

one m=305 m=15 x=50 x4 = 200 

ounces of A, B, C, and D, respectively, or it could produce 

x1 = 104 X2 = 32 x3 = 40 x4 = 300 

ounces of A, B, C, and D, respectively (verify this). 

Not every linear system has a solution. For example, if we multiply the first equa- 
tion of the system Base A 

4x + 6y — 22 =7 (5) 

by 2, system (5) becomes 

4x + 6y — 2z = 8 

4x + 6y — 2z=7 

It is now evident that there is no solution since these equations cannot be true 

simultaneously. 

A linear system that has no solutions is said to be inconsistent; if it has at 
least one solution, it is called consistent. 

In Section 1.4 we show that a system of two linear equations 

AX qr by = Gil 

ax + boy = C2 

has either no’solutions, exactly one solution, or infinitely many solutions (Figure 1 

of Section 1.4). Although we omit the proof, it can be shown that this same result 

holds for any linear system. In other words, either a linear system is inconsistent 

(has no solutions) or it is consistent, in which case it has one solution or infinitely 

many solutions. 

Given a system of linear equations, we want to decide whether the system is 

consistent; if it is consistent, we want to find its solutions. Section 1.4 discusses a 

method for solving systems of two linear equations in two unknowns. We now de- 

velop a method that can be used to solve any linear system. The method we use is 

based on replacing the given system by a new system that has the same solutions 

but is easier to solve. Two linear systems are said to be equivalent if they have the 

same solutions. An equivalent system is obtained in a series of steps by applying 

the following operations. 



56 4 CHAPTER2 Matrices and Linear Systems 

The following example illustrates how these operations can be used to solve a lin- 

ear system. In reading this example, you should not worry about how the steps 

were selected (we discuss this later). Instead, just concentrate on following the 

computations. 

_ EXAMPLE6 ~ Consider the linear system : 

x + 4y22 = 33 

2x + 3y +. z= 10 (7) 

3xXi=> a9) to 27> 1 

Solution 

First, add —2 times the first equation of (7) —2x —2y + 4z= 6 

to the second equation of (7): 2x +-3y Fz = 10 

y + 5z = 16 

Then replace the second equation of (7) by y + 5z = 16 and obtain the equivalent 

sy Stem eyez = —3 
. yerisz = 16 * (8) 

3x = yz 11 

Next, add —3 times the first equation of (8) —=3x_—-3y. + 67. = 79 

to the third equation of (8): eS tee Niecy) 20 fil 

=4y + 82 = 20, 

Then replace the third equation of (8) by —4y + 8z = 20 and obtain another 
equivalent system. This yields the new system 

ede Ve Dees 3 
y + 5z = 16 (9) 

—4y + 8z = 20 © 

Now, add 4 times the second equation of (9) 4y + 20z = 64 
to the third equation of (9): —4y + 8z = 20 

28z = 84 

Then replace the third equation of (9) by 28z = 84 and obtain another equivalent 

ym xt+y- 2=-3 
y Abi Sz= "16 (10) 

28z = 84 
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Multiply the third equation of (10) by 3 to obtain the equivalent system 

Ket 22 a9 3 

y + 5z = 16 (11) 
z=3 

Add —5 times the third equation of (11) S715 

to the second equation of (11): y+5z= 16 

y =i! 

and 2 times the third equation of (11) 2z= 6 

to the first equation of (11): Loy S23 

ete y = 3 

Then replace the second equation of (11) by y = 1 and its first equation by 

x + y = 3, obtaining the equivalent, simpler system 

x+y=3 

yi (12) 
z=3 

Add —1 times the second equation of (12) =y-S 1 

to the first equation of (12): ety == 3 

5 ee? 

Finally replace the first equation of (12) by x = 2, obtaining 

x=2 

yal 
z=3 

Thus, x = 2, y = 1, z = 3 is the solution to system (7). 4 

Since in the above steps we work with the coefficients of x, y, and z, if we 

mentally keep track of the location of the unknowns and the equal signs, we can 

abbreviate a system of linear equations by writing only a rectangular array of num- 

bers. For example, the system 

Matty 22 = = 3 

2x + 3y +.z= 10 

3x ay 22 — If 

can be abbreviated by writing 

5 tel 

This array is called the augmented matrix for the system. When forming the aug- 

mented matrix, the system should be written so that like unknowns are in the 

same columns and only the constants appear to the right of the equal signs. The 
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dashed vertical line helps us to remember that the entries to the right of it are the 

numbers appearing on the right sides of the equations. 

_EXAMPLE7” The augmented matrix 

Boe te SS caine cilies 
UWI 4eore |r 5 
Bl eG 

corresponds to the linear system 

SX bie X2 + 5x3 + 2x4 = 3 

— 21 4 3x2 Sp 4x3 1 nS =5 

Bee sie Le) = x3 + 4x, = 6 

where x1, X2, x3, x4 represent four unknowns. 4” 

Since the. rows (horizontal lines) of an augmented matrix correspond to the 

equations in the associated linear system, the three operations listed in (6) corre- 

spond to the following operations on the rows of the augmented matrix. 

~~ 

The next example illustrates how these row operations can be applied to an 

augmented matrix to solve a linear system. 

_» EXAMPLE 8 — In this example we show how to solve the system 

3x — 4y = 15 
x+5y=-14 

by applying the row operations in (13) to the augmented matrix 

6 i te a 
1 51-14 

For illustrative purposes, we also solve the system by operating on the equations in 
the system, so you can see the two methods side by side. 

System Augmented Matrix 
3x = 4y = 15 3-4: 15 
x Sy = —14 1 514 

Interchange the first and second Interchange the first and second 
equations to obtain rows to obtain 

Ae ty Sym 14 1 Ses 
3x — 4y = 15 By bode aS 
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Add —3 times the first row to 

the second to obtain 

~3x — 15y = 42 x+ S5y=-14 1 51-14 ap eas) xaD 
3x — 4y = 15 — 19y = 57 fe } 3h. 4 aS 

=19y = 57 4 0 19° ST “0 —-19 57 

Multiply the second equation by —7 to Multiply the second row by —7 to 
obtain obtain 

x + 5y = -14 1 514 
yet} 0 1: -3 

Add —S times the second equation to the Add —5 times the second row to the first 
first to obtain to obtain 

1 

x+5y=-14 ert i 0: ies SEP 
—Sy= 15 = —3 ees Q) =8 15 

- = i y. , 0 1 ' 3 1 0 1 

4 EXERCISE SET 2.1 

1. Which of the following are linear equations? S 

@) 8x+3y=7=6 Cy 
(b) 0.8x2 + 2y =5 Ys 
(c) Vx, + 3x2 + 3x3 — x4 = 8 

(d) —3x + 2y + 5z = 16 

2. Which of the following are linear equations? 

(a) 2x, + 3x2 — $x3 + x4 + 2x5 = 2 

(Ole 2x xy az — =8 

©) hex = 12 
(d) 2x7 + y-—3z=7 

3. Which of the following are linear systems? 

(a) 2x +3y =8 

3x — 3y? = -8 

(b) 4x — Sy + 4z = 18 

3x + Ty + 2z WO) \ 

(c) 2x+ y+ z=-4 
2X yr z= 

Meche 3Vy + 2z = 

(@)) — Srgraretien ap 228 

—2x) AF 2x2 4° 3x3 = 

3x1 ap 2x2 

m1 

ll on 

QO rio 

RS BRAD 

4. Consider the linear system 

Bx y +2. = S4 

84 oye — 4 

The solution is thereforex = 1,y= —-3. & 

Which of the following are solutions? 

(Q)e —t ey. — 10ze— al 

(ob) x=1,y=1,z=—8 

() x=-2,y=4,z= —-2 

Consider the linear system 

3x1 ae 4x2 oF X3i= 17x4 = 15 

3x1 ta 5x2 ar X35 20x4 = 20 

2x1 + 3x2 ae 2 i oe 12x4 = 13 

Which of the following are solutions? 

(a) x, = —2, x. = 6,%3 = 5,x%, = 1 

(b) y= -1,m = 8, %3 =3,x%,= 1 

(c) X1 =), = Syn 6 Ye 4, A 0 

Write the augmented matrix of each of the following 

systems. 

@) an as hn = ae = 8 

sVeudn 28) + x4 = 6 

(is) ae ae PAY — Sie SS 

SIG ae z=-6 

3x +4y+ z=8 

(c) 4x, + 2x2 + 3x3 = 7 

5x1 + 6x2 + 7x3 = 8 

(d) x1 = 3 

x2 = —5 
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10. 

11. 

12. 

Write a linear system corresponding to each augmented 

matrix. 

aes he maa 
=2 ‘3e) 514 2 3's 

Ciel amma ete’ heal F a 
Daye 18 wed) 

372) AVS prey 
(c) B ae sae @ }0 1 012 

Omr0 Wis 

For what value(s) of the constant k is the following linear 

system consistent? Inconsistent? 

3x = 3y —k 

KA 

Carry out the computations in Example 6 using aug- 

mented matrices. 

Consider the linear system 

ax + by =k 

cx + dy=l1 

ex + fy=m 

Each of the equations in this system represents a line. 

Sketch the possible positions of these lines when 

(a) the system has no solutions 

(b) the system has one solution 

(c) the system has infinitely many solutions 

(Nutrition) A meal containing two foods is proposed 

for astronauts by a dietitian. Each ounce of food I pro- 

vides 2 units of riboflavin, 3 units of iron, and 2 units of 

carbohydrates. Each ounce of food II provides 2 units of 

riboflavin, 1 unit of iron, and 4 units of carbohydrates. 

Let x; and x2 be the number of ounces of foods I and II 

contained in the meal. Write a system of equations that x, 

and x2 must satisfy if the meal must provide 12 units of 

riboflavin, 16 units of iron, and 14 units of carbohydrates. 

(Business) A shipping company has three categories of 

vessels, A, B, and C, which carry containerized cargos of 

types I, II, and III. The load capacities of the vessels are 

given by the rectangular array 

Types 
Vessel I IL Wl 

JX Ab BP 

Belt cae 

CAI 283 

Let x1, x2, and x3 be the number of vessels in each of the 

categories A, B, and C. Write a system of equations that 

13. 

14. 

X1, x2, and x3 must satisfy if the company must ship 42 

containers of type I, 27 containers of type II, and 33 con- 

tainers of type III. 

Using Figure 1, determine if the. system 

Gye sy biy SC 

anx + boy = C2 

a3x + b3sy = ¢3 

is consistent. Justify your answer. 

y 

FIGURE 1 
ax ote boy = C2, 

a3x + b3y = c3 

The graph of a linear equation in three unknowns is a 

plane in three-dimensional space. A system of three linear 

equations corresponds to three planes that may not inter- 

sect, or may intersect in a line, a plane, or a point. In 

each part of Figure 2, determine whether the correspond- 

’* ing linear system has one solution, infinitely many solu- 

tions, or no solution. 

Le 

no 
three planes that 

do not intersect in a point 
(other figures are 

possible) 

Ibe 
three planes that 

intersect in a point 

three planes 
that intersect in 

a plane 

three planes that 
intersect in a line 

FIGURE 2 



2.2 Gauss—Jordan Elimination 7 61 

2.2 GAUSS-JORDAN In this section we develop a systematic procedure that can be used to solve any 
ELIMINATION _ system of linear equations. In this method, we reduce the augmented matrix of the 

given system to a simple form, from which the solutions of the system can be ob- 
tained by inspection. 

Consider the augmented matrix 

[On 0).2 
Ou. Ol 
00 1/3 () 
Of On: 0/120 

This is an example of an augmented matrix that is in reduced row echelon form. 

This means the augmented matrix has the following four properties: 

| EXAMPLE 1 The following augmented matrices are in reduced row echelon form: 

iO 0 J conus aa Le i 4000 
Ons Tee. 5 

0 110 m0 110 
0.0/1 Os peal acetate 2 00 0:0 

” Pati OeweOdastOnte 0: 

You should check to see that each of the above augmented matrices satisfies all the 

necessary requirements. & 

_ EXAMPLE2 The following augmented matrices are not in reduced row echelon form: 

Ie O04 
: 1 aetna 0 1:0 0 @io Oni 00 
i] 

te 0 Ord 0 0:0 Oncol 
0 0 0:0 | 

Violates Violates Violates property 3 Violates 
property 1 property 2 (The number in color property 4 

(The number (The numbers in the first row should (The number 
in color should in color should _be to the left of the —_in color should 

be 1.) be at the number in color in be zero.) 
bottom.) the second row.) y 4 
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The strategy for solving a linear system is to perform a sequence of row oper- 

ations on the augmented matrix for the system until we obtain a matrix in reduced 

row echelon form. (We next show how to do this.) Once the augmented matrix 

has been transformed to reduced row echelon form, the solutions of the system are 

easy to obtain. The following example illustrates this point. 

_CEXAMPLE 3" In cach part, suppose the augmented matrix for a linear system has been reduced 

by row operations to the given augmented matrix (which is in reduced row eche- 

lon form). Solve the system. 

Lic 0m 20nte 2 EOOi70 
aye iO” Pegi ea (yes 1 0uc0 

jt ie 3 0 OF 0" al 

liar, OF BiOnce2yn oS L522 =O Onpesataes 
OF Wii 10, Bln 4 0.0 Sei Oe see 

cond Wahoo a PR abe et O-==0'— 0 ee 
Ns ices IN ged Dagan 0. 0 0° 004.0 

Solution (a) The linear system with unknowns x, y, and z corresponding to the 

augmented matrix is 8 Pee) 

vate ts 
z=3 

Thus, the solution is x = —2, y = 4, z = 3. 

Solution (b) The linear system with unknowns x, y, and z corresponding to the 

augmented matrix is 
x — 0 

y =.0 
Ox + Oy + 0z = 1 

The third equation in this system is not satisfied by any values of x, y, and z, so 

the given system is inconsistent (i.e., has no solutions). 

Solution (c) The linear system with unknowns x1, x2, x3, and x4 corresponding 

to the augmented matrix is 
+ 2%, = 3 

X2 + 3x4 = 4 

XBt cs x= 1 

Since x1, x2, x3 each “begins” one of these equations, we call them beginning 

variables. If we solve for the beginning variables in terms of the remaining vari- 

ables, we obtain 
X= So) — 4 

xX. = 4- 3x4 

x%=1+ X4 
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We can now assign x4 an arbitrary value ¢ to obtain infinitely many solutions. 

These solutions are given by the formulas 

x, = 3 —2t Xx. =4- 3t x%3=1t+t x%=t 

Particular numerical solutions can be obtained from these formulas by substi- 

tuting values for t. For example, letting t = 0 yields the solution 

y= 3 x2 =4 %=1 x= 0 

and letting t = —1 yields the solution 

m=5 2 =7 x3 =0 x= —-1 

Solution (d) The linear system corresponding to the augmented matrix is 

Se ip HES) + 3x5 =5 

X3 + 3x5 = —2 

Aiea 4x5 =4 

Here the beginning variables are x), x3, and x4. If we solve for these beginning 

variables in terms of the remaining variables x. and x5, we obtain 

iS SD) = PAD = BHE 

B= =) aI 3X5 

a 4 as 4x5 

We can now assign x2 and xs arbitrary values s and ¢, respectively, to obtain 

infinitely many solutions. These solutions are given by the formulas 

Sep Sy DS BY wu =S ig SS He = Bi X=4+ 4 xXs=t 

, 4 

These examples show how to solve a linear system once its augmented matrix 

is in reduced row echelon form. We now give a procedure, called Gauss—Jordan* 

elimination, for transforming an augmented matrix to reduced row echelon form. 

We illustrate the method using the following augmented matrix: 

Ope 10) a 0 | eo 
Peale Reali og lk De 
pp ae ME ce to) 

* Wilhelm Jordan (1842-1899) was a German professor of geodesy who made significant contributions 
to this field. The Gauss—Jordan elimination method has been incorrectly attributed to Camille Jordan, a 
celebrated French mathematician. 

Carl Friedrich Gauss (1777-1855), sometimes called the “prince of mathematicians,” made profound 

contributions to number theory, theory of functions, probability, and statistics. He discovered a way to 
calculate the orbits of asteroids, made basic discoveries in electromagnetic theory, and invented a 

telegraph. 
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=e 4 0 } =6 

Step 1 Find the leftmost column (vertical line) that does not consist entirely of zeros. 

pei ak Fo dines Desf 6 
2 ae as Sion te ie 
2 ati Aeet 0 Y Onge ute 2 

rok aout seghteng = we Leftmost nonzero column 

Step 2. Interchange the top row with a row below, if necessary, so that the number at the 

top of the column found in Step 1 is nonzero. 

2 0 Ole ‘ 8 The first and second rows in 
0 OF 2 0 lee 86 the preceding augmented 
2 4 5 6 eae matrix were interchanged. 

Step 3 If the number that is now at the top of the column found in Step 1 is a, multiply 

the first row by 1/a so that the top entry in the column becomes a 1. 

i Z : : ° The top row of the preceding 
0 OF = 2 0 ft Mk augmented matrix was 

5 ee a ner Sk multiplied by 5. 

Step 4 Add suitable multiples of the top row to all rows below so that in the column lo- 

cated in Step 3, all numbers below the top row become zeros. 

' 

-12! -8 (-2 xX row 1) i 2 ~ 0 3 6 4 —2 times the first row of the 
—5 | —2. (row 3) 0 O72 0 om 6 preceding augmented matrix 
= 7se10 0 0 5 AG ! 10 was added to the third row. 

Step 5 Ignore (shade) the top row of the last matrix and begin again with Step 1 applied 

to the submatrix that remains. Continue in this way until it is impossible to follow 

the steps any further. 

his ce wien ge Sheed Leftmost nonzero column in 

the submatrix obtained by 
covering the first row. 

Ob 0) 5) O45 (=o row 2) The first row of the preceding 
0 0 5 0 =171-—40 row 3) submatrix was multiplied by 

Cet cOsinn Oe Maple a ee 5 =5 3: 

—5 times the first row of the 

preceding submatrix was added 
to the second row of the sub- 
matrix. 
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The top row of the submatrix 
was ignored and we returned to 

‘ ' 5 Step 1 again. 

{A TE Foe Leftmost nonzero column in 

the new submatrix. 

The top (and only) row of the 

new submatrix was multiplied 
by 2. 

Step 6 Consider this last matrix without any shading. Beginning with the last nonzero 

row and working upward, add suitable multiples of each row to the rows above so 

that the fourth property in the definition of reduced row echelon form is satisfied. 

1 Zz 0 

0 0 1 

0 0 0 

0 0 0 O 41 35 x row 3) 
ch 

0 
on 0 1 a —3 (row 2) i times the third row of the 
0 0 1 0 Hie 3) preceding matrix was added to 

the second row and —6 times 

0 0 0 0 -6!-60 (—6 X row 3) _ the third row was added to the 

1 ea RE, 61 4 (row 1) first row. 

1 0 0 | —56 

oo = 

3 
0 ee - 

0 

61 4 
5 —3 
1‘ 10 

ek \ es Sem c 
0 1 Om 02m? 
Oj bos: 20" sce te 

The final matrix shown is in reduced row echelon form. 

We now illustrate how Gauss—Jordan elimination can be used to solve linear 

systems. 

_/ EXAMPLE 4 Use Gauss—Jordan elimination to solve 

4x + 4y + 82 =4 

3 
= =i 

3x + 4y + 62 

ID ee aatohy Wirs Ta VS 

Solution The augmented matrix for this system is 

4 4 8 

3 4 6 

ro mg a, 

Multiply the first row by ; to obtain 

1 1 2 

3-4-6 

oe Ole 
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Add —3 times the first row to the second and add 2 times the first row to the third 

to obtain 

=3 3 -61=3 ant 201 

Bea VOa ie os One 400 
OMe ie sO nO H 

Ours Laat 
eee eed 

=.) 3 -3;-1 

Pe be 

Add —5 times the second row to the third to obtain 

Oje= ser Oried Was Be | 
ONiws yin’ 
Opis alae hae a 

O20" Tak 

Add —2 times the third row to the first to obtain 

Pope eet 1 1 Ont 
0 oO -2:-2 
eNews a EETI Toi 0 1 OF 0 

OF On elaine I 

Add —1 times the second row to the first to obtain 

fee Olt aaa Uipan ngT 
Oni 0: 0 ' 
tT 1 

ie 00) Ont eee OF 0 
0 0 ira | 

which is in reduced row echelon form. The linear system corresponding to the last 

augmented matrix is gy a4 

ye 
Zit 

so the solution to the system is x = —1, y = 0, z = 1. Check your answer. 4” 

EXAMPLES)” Use Gauss—Jordan elimination to solve 

2x1 ais 3x2 = 3x3 ae 7X4 ar X5 te 4X6 = —2 

Bae x3 + 3x4 = X5 + 2x6 = 2 (2) 

2x1 AP 2x2 Cay 8 Ae} ap 6X4 si 2x5 a AG =F 

2 ot x x3 + X4 + 3x5 = —6 

Solution The augmented matrix of this linear system is 

20 3iS3 Sai 4A? 
Oo od ah ed ee 
22) Sy rt tee ea 
2.) 1 Sete A oO 



Multiply the first row by 4 to obtain 

1 

0 

2 

M4 
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Add —2 times the first row to both the third and fourth rows to obtain 

Sooo 

| 

Sie ee =! 
Sean 3) eel 2a. 
Del 6 pest 7 
=? a et heme PEM ey 

oe ee es 
WS Eat ech avd eye ae, 
I ig eg an eee. me) 

2h WEN 2 ae eed 

Add the second row to the third row and 2 times the second row to the fourth row 
to obtain 

TE aba cae ae A a aa a) a eae) ee heh) oad 
Ges 2 1 1-5 1-5 bY &S 
ci a Rees 0 1 ingens 1 2} 2 

(2 oe 6 = a OP ROR ae peo pois 
0 -2 2 -6 2 -41-4 0 OVOP OM SO FOU 30 
0 0 0 0 0 01: 0 

Add the third row to the second row to obtain 

Ty ees oe ee omen pre Meee, le these Me ed 
AU as a ee ie See Oar yl SonOna 5) al S11 a ae a a es oe a 

0 lags at! 2h QO) pasties 

Oe SO" L070 508 10420 

Add 3 times the third row to the first row to obtain 

oe ee ee he ea int A ya 
Sais SS AST BO EA On) Ts 0F° 5) SP =i Sa 
is dius Cerne ian Pi 00 192) 9G ae ew 

rrr) ah gee MO amano 
Add —3 times the second row to the first row to obtain 

Je ee ae gee Se Pe am pee i 
PERO eg ie Se Cot = Or 5a i) 3) 
{ah 07 0.01 2 -11-4 0 ee 

Oh 071 Oa 20s, Ong One 0 

which is in reduced row echelon form. The linear system corresponding to (3) is 

x1 Nat ons — | X64 

Xo Okaree NS te = | 

- x3 + 2x4 — 3% = = 
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(We have dropped the last equation, Ox; + Ox, + Oxz3 + Ox4 + Oxs + Ox6 = 0, 

because it will automatically be satisfied.) Solving for the beginning variables, x1, 

X2, and x3, we obtain 
2» ee 1 = —4 4x = 2x5 +. Xo 

X2 = —1 — 5x, + Ste ae X6 

x3 == 3) 2s + 3X6 

If we assign x4, xs, and x6 the arbitrary values r, s, and t, respectively, we obtain 

infinitely many solutions. They are given by the formulas 

Spe 4 eer Sas Ska — SF es at 

30 = = 8) > Wp ap By x4=Tr xXs=S X=—t 

APPLICATION TO PRODUCTION PROBLEMS In Example 5 of Section 2.1, we 
show that if a pharmaceutical manufacturer wants to produce x; ounces of A, x2 

ounces of B, x3 ounces of C, and x4 ounces of D each day so that the entire daily 

stock of 100 ounces of alpha and 300 ounces of beta is used, then x1, x2, x3, and 

eS SOU) Ole 10 3s Ose 100 
0.4% + 0.2x2 4h 0.3x3 a 0.8x4 = 300 

We solve this system by Gauss—Jordan elimination. The augmented matrix for the 

HES fe 03°55 0:55 520.2100 
0.4. 10.20 03 ) 08 {300 

To transform this augmented matrix to reduced row echelon form, we first multi- 
ply the top row by 10 to obtain 

|! 3 5 2 | 1000 
0.4 0.2 0.3 0.8; 300 

Next add —0.4 times the top row to the bottom to obtain 

F 3 5 2: 1000 
0 =1 Sit Oc = 100 

Now multiply the second row by —1. This gives 

f 3 5 2 ; 1000 
0 1 Leg Oya 1900 

Finally, add —3 times the bottom row to the top row to obtain the reduced row 
echelon form 

[ 0, 0. 1h9 7) aol U 
0 1 Lh Oe 100 

The corresponding system of equations is - 

xX) = 0.1x3 ar 2x4 = 700 

Xo xs = 100 



2.2 Gauss—Jordan Elimination 4” 69 

Solving for the beginning variables, we obtain 

au) == 700 + 0.1x3 a 2x4 

X2 = 100 — 1.7x3 

If we assign x3 and x4 arbitrary values s and t, respectively, we obtain 

x = 700 + 0.1s — 2 x2 = 100 — 1.7s x= 5S x =t 

Thus, the problem has infinitely many solutions. Some of the solutions and the 

values of s and ¢ that generate them are shown in Table 1. 

TABLE 1 

Ounces of A, Ounces of B, Ounces of C, Ounces of D, Values of 

x1 X2 x3 X4 s and ¢t 

305 cae 15 50 200 s = 50, t = 200 

104 32 40 300 s = 40, t = 300 

503 49 30 100 s = 30, t = 100 

670.5 91.5 5 15 s=5, t=15 

700 100 0 0 s=0, t=0 

In a practical situation, the choice of the values for s and ¢ would be dictated 

by such considerations as demand for the products, cost of manufacture, available 

materials and labor, and so on. Also, to obtain a physically sensible solution, the 

values of s and t would have to be chosen so that x, = 0, x. = 0, x3 = O, and 

X4 = 0. , 4 

4 EXERCISE SET 2.2 

1. Which of the following augmented matrices are in re- 

duced row echelon form? 

0 0:0 

(a) 

0 

0 9 

1 

1 

0 

0 

0 

0 

1 

0 

(ae 

' 
‘ 
1 
1 
' 
' 

1 

0 

ortoltsoons 

2. Which of the following augmented matrices are in re- 

duced row echelon form? 

[a ame 0: 0 

. (@) OF OF a 05 2 

wer ane ati wns 14-3 
O00. One 0 

Or anv 010 

(b) | 0 OF ee 

' OO CO POM Oo 

3 1.04.0) 50.1 

4 (c) 0.01 2423 

0° 0 1 6 RO 

OF i= 6 01 =8 

(d) 100) 0) 1 0% 6 

0+ <0 -cOar fi? 
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3; In each of the following, the augmented matrix for a lin- 

ear system has been transformed by row operations to the 

given reduced row echelon form. Solve the linear system. 

i 0Re0 ee 
(ay Oaidelaw Ola? 

‘pn a Rs ee 

aie OlenO.. 2:13 
(| 0 Perey ada 

On OMI ad ee 

1 Dia See) Sl 

0. OR alee 4 tke? 
etege at Gary oie 

o 0 Osa..0 OKO 

(28 0710. 
@ |0 0 1/0 

6.0. 04 

In each of the following, the augmented matrix for a lin- 

ear system has been transformed by row operations to the 

given reduced row echelon form. Solve the linear system. 

10 5:2 1 4 0:0 

(a) On 3782 (b) OOF 0 

00 0:0 OF-Oc2 0nd 

jo 0-0 >—0 31 4 

(yee Os, du ei Oc uO) 21 0 

Oe, nO Omen tad Je 

1s acOh ies 01 4 

On Nunta Oar 
(d) 

0 08.0" Aves 

O40) OS SO oO 

Transform each of the following augmented matrices to 

reduced row echelon form. 

2 4a oO 4 

(a) ZF. 22 fA ee slO 

2 ea 2 Oe taal 

1 Z 5) 

(b) | 1 2) cd 21 8 

1 0 1 5 

y, 

6. Transform each of the following augmented matrices to 

reduced row echelon form. 

Di tA iA ig 56 
Galata 4 

Bie 3h 112.115 

Limisle eileen 
ls Seen tae? 

(b) eee a ee 
SF ae i 5) 

1 3 

de) HESULERSS.- 4) Raretate 
| 4 

Solve each of the following linear systems by Gauss— 

Jordan elimination. 

(a) 2x — 2y + 4z=6 

2x- yrs3z= 

Sear 5y ap 3 

(b) X1+2x%.+ 23 =0 

—2x, + x+ 3x3 =0 

2x1 + 3x2 oF 5x3 =0 

(c) So) SOL a Oh ap P28) = Shey 

2x tee $5 x4 + 3x5 

Soo) ar 6a) — Bee) a PAs = Sa = 10) 

(Cd) tt ee een 

58 IAG = Xana 1 

Sis = Cheap Ben = nS =) 

| —_ nN 

II =) 

Solve each of the following linear systems by Gauss— 

Jordan elimination. 

(a) Ieee Sy 2 

=r Wy eS = S 

Seas ype 8) 

(D) eee eye 0 

5x + 2y+ z=0 

3x + 2y + 3z =0 

(c) 2x, + 3x2 + x3 + x, = 0 

3X) =a Xo Xs = Xa = 0 

(d) 55) a P25) = 3 

2x, + x2 + 3x3 =5 

X2 + x3 = -3 

Solve each of the following linear systems by Gauss— 
Jordan elimination. 

(a) Xaver 2x2 ar 3x3 AF x= 3 

2x1 ar 3x2 =e 3x3 3F 2X4 =) 

= 5x. — x3 + 28x, = —13 

Xp te Xe 2x3 = 3x = 2 
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(Og -E 225 = "3 

2h aks SI 

(c) X41 + 2x%2.- x43 = 1 
Silas eee oreo! 

2x4 ns 3x2 ate 4x3 =4 

(d) Dx eto Xs 3 

55 me) ate 3x3 =5 16. 

Show that if ad # 1, then the linear system‘ 

ax + y=3 

x+dy=5 17. 

has exactly one solution. 18. 

For which values of a will the following linear system 

have no solution? Exactly one solution? Infinitely many 

solutions? 
agen y=2 

x + (a*-3)y=a 

Show that x = 0, y = 0 is a solution to the system 

ax + by =0 

cx + dy = 0 

Show that if ad — bc = 0, then the system 19. 

ax + by = 0 

cx + dy =0 

has infinitely many solutions. 

Verify Exercise 13 for the system 

2x + 3y = 0 

4x + 6y = 0 

by giving two different solutions. 

(Harder) Show that if 

0) Yoav O 

DP SFOs Yo yl 

MULTIPLICATION 

are solutions to the system 

ax + by =0 

cx + dy =0 

then so is x = xo + rx1, y = yo + ryi, where r is an ar- 

bitrary real number. 

In Exercise 11 of Exercise Set 2.1, find the number of 

ounces of foods I and II that should be included in the as- 

tronauts’ meal. 

Solve the problem in Exercise 12 of Exercise Set 2.1. 

A furniture manufacturer makes chairs, coffee tables, and 

dining-room tables. Each chair requires 2 minutes of 

sanding, 2 minutes of staining, and 4 minutes of varnish- 

ing. Each coffee table requires 5 minutes of sanding, 4 

minutes of staining, and 3 minutes of varnishing. Each 

dining-room table requires 5 minutes of sanding, 4 min- 

utes of staining, and 6 minutes of varnishing. The sanding 

and varnishing benches are each available 6 hours per 

day, and the staining bench is available 5 hours per day. 

How many of each type of furniture can be made daily? 

A manufacturer produces 12-, 16-, and 19-inch television 

sets that require assembly, testing, and packing. The 12- 

inch sets each require 45 minutes to assemble, 30 minutes 

to test, and 10 minutes to package. The 16-inch sets each 

require 1 hour to assemble, 45 minutes to test, and 15 

minutes to package. The 19-inch sets each require 14 

hours to assemble, 1 hour to test, and 15 minutes to pack- 

age. If the assembly line operates for 173 hours per day, 

the test facility is available for 123 hours per day, and the 

packing equipment is available for 3? hours per day, how 

many sets of each type can be produced daily? 

We have already seen how rectangular arrays of numbers are used in solving sys- 

tems of linear equations. Such arrays arise in other contexts as well. They occur in 

problems of business, science, engineering, economics, and the behavioral sci- 

ences. In this section we study rectangular arrays in detail and indicate several ap- 

plications. Other, more detailed applications appear in Chapter 10. 

A rectangular array of numbers is called a matrix. The numbers in the array 

are called the entries of the matrix. 

_@ EXAMPLE 1” The following are matrices: 
0 

1 ‘| = ivan es) 
[5 3] 1 [7] = | ; —4 WB | 3 8 -5) # 
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A matrix is said to have size m X n (read “m by n”) if it has m rows 

(horizontal lines) and n columns (vertical lines). If m = n, then the matrix is 

called a square matrix. 

The matrices in Example 1 are of size 

Dee Lee Sat Lat 23 

respectively. The first and fourth matrices are square. 4 

We denote matrices by uppercase letters, such as A, B, and C. In discussions 

involving matrices, it is common to call real numbers scalars. We use lowercase 

letters, such as a, b, and c to denote scalars. For example, we might write 

ih | eae is 
nel al ‘¢ oe 2 : 

If A is a matrix, we often denote the entry in row i and column j of A by aj. 

For example, a;3 denotes the entry in row | and column 3 of matrix A. Thus, a 

general 2 X 3 matrix might be written 

We ie a2 x 

421 422 423 

Similarly, in a matrix B, we denote the entry in row i and column j by bj. 

“If 

then B is a3 X 4 matrix and 

by = —4 ba =4 bx = 6 bos = 2 bs = 4 bsg Si 

A manufacturer has three machines that produce goods. These machines are oper- 
ated by two shifts, shift 1 and shift 2. If a denotes the output on machine j by 
shift i, then the daily production can be described by a 2 X 3 matrix A such as 

Machines 

1 2 3 

A = Shit ibe Zhe. Ste 
Shift 2} 271 201 8&3 

From this matrix we see that the output on machine 2 by shift 1 is aj = 217 
units. 

ECONOMICS Consider a simplified economic society consisting of a farming sec- 
tor (1), a housing sector (2), and a clothing sector (3). In this economy, just as in 
our own, each sector uses the products of the other sectors. For example, farmers 
need food, houses, and clothing and so do the people who produce clothes or 
housing. If cj denotes the fraction of the output of sector j which is consumed by 
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sector i, then the economic relationships between the three sectors can be de- 
scribed by a 3 X 3 matrix C such as 

Farming Housing Clothing 

(1) (2) (3) 

Farming (1) 

C = Housing (2) 

Clothing (3) 
NI- alu ale Ye XIN NIA aim ale a 

For example, entry c23 = 7g, so sector (2) (housing) consumes 3% of the output of 
sector (3) (clothing). 4” 

EXAMPLE 6 In order for the matrices 

to be equal, we must havea = 3andb=—-1l. & 

_ EXAMPLE7 Consider the matrices 

yea ae Ee pias oe 
Here, A # B since the matrices A and B have different sizes. For the same reason, 

B # C. Further, A # C since not all the corresponding entries are equal. &” 

Then 

Sette Ae (Las 5 3 2, 

A+ B={2 + (-2) Oc I I =1|0 1 3 

3+ 6 il ap 4 2. Fal 3) 9 5 = 

The sum A + C is undefined since A and C have different sizes. Similarly, B + C 
is undefined. & 
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AEASELESI Let — — 2 =a) 0 

dmliigma ge Geen [aascg, al tial mina, 6 name iL 
Then 

aie pe cae pe Sith le La ey a al 
iy eesti ve toa a4 So Sia ees 

and 

Sel hd 2+(-4) -1+3 0+ (-2) =|; & ss 
ey eee ng 246 443 CF a Sa a, 

Thus, A+B=Bt+A. # 

It should be evident from this example that for matrices A and B with the 

same size, we have A+B=B+A 

which is called the commutative law for matrix addition. 

_CEXAMPLE 10” An importing firm handles three items imported from Japan: item 1, item 2, and 
item 3. On each item the firm must pay Japanese export duties, Japanese trans- - 

portation costs, U.S. import duties, and U.S. transportation costs. These ex- 

penses, in dollars per item, are contained in the following matrices: 

Japanese US. 
Japanese export U.S. import 

transportation duties transportation duties 

30 12 Item 1 40 15 | Item 1 

A= 20 wea] Item 2 B= 9 22 | Item 2 

19 8 Item 3 P44 16 | Item 3 

The matrix representing total transportation costs and total duties is 

Total Total 
transportation duties 

70 Pf) Item 1 

A+B= 29 29 | Item 2 

46 24 | Item3 # 

If A, B, and C are matrices with the same sizes, then the following equality 
holds (we omit the proof): 

A+(B+C)=(A+B)+C 

This result is called the associative law for matrix addition. 

AEXENPLETI Let 
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Then 

A+(B+C)= 

NWO HD W 

| 

WwW WN —— 

+ 

oS Fa -._romml Ww dN 

| 

No — Oo 

ll 

_ 

aa kW 

| 

wy - nA © | el) Sa, fe 
ze 

Cg SNE, Cees lG ads |) eat 
Site eriieucm oie teria te 

Thus, AT (B tC) = (A+B)+C. # 

A matrix each of whose entries is zero is called a zero matrix. It is denoted 

by O. 

The following are zero matrices. 

0 0 00 0 0 oy ype papeerglo Te). | 0. 
00] # 

EXAMPLE 13 Let rane) abana 
A= 3 5 and O=1]0 0 

sal B 0 0 

Then 

Ae 2 0 0 A) 

At+tO= 3 5/+]0 Oj; = 3 S5|=A 

=| 2 0 0 = Z y A 

It is evident from the last example that if A is any matrix and O is a zero matrix of 

the same size, then Mato tate a 

Thus, a zero matrix behaves much like the scalar zero. 

If A is any matrix, then the negative of A, denoted by —A, is the matrix 

whose entries are the negatives of the corresponding entries in A. 

The negative of the matrix 
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If A is any matrix and O is the zero matrix with the same size as A, then it is 

evident that Pe SHES \ pes) 

We omit the formal proof. 

If A and B are matrices of the same size, then the difference between A and 

B, denoted A — B, is defined by 

A-B=A+(-B) 

_ARXEMPLE AS Let = =) DI 0 
A= : ; and B= 5 

5 PAKG A0 3 4 

Then . 

= Aare e Ste DSS HS FO 
= = — = SF foe see ee 

eG aera 7 
2 4 -1 

Observe that the difference A — B can be obtained directly by subtracting each 

entry in B from the corresponding entry inA. #& 

There are two kinds of multiplication involving matrices, multiplication of 

matrices by scalars, to be considered below, and multiplication of matrices by ma- 

trices, to be discussed in the next section. To motivate the definition of multiplica- 
tion by scalars, consider a 2 X 2 matrix 

ie ie on 

a21 a2 

From the definition of matrix addition: 

ayn a a a 2a y ata=(% alesis ale 11 | 

a2 an a2, a22 2a2 2ar 

Since it is natural to think of A + A as 2A, we obtain 

Ate pe | 

2a, 2a 

Thus, to add A to itself, we multiply each entry in A by 2. This motivates the fol- 
lowing definition. 
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ol] 
B 1 SC)25(4)) pu | 15 220 

s4 = [30 ee 4 
2) =) 

-14=| 2 

; —3 -l1|l # 

If A and B are matrices of the same size and c and d are scalars, then the fol- 

lowing rules of matrix arithmetic hold (we omit the proof): 

(c+dA=cA+dA 

c(A + B) = cA + cB 

cd(A) = c(dA) 

3 imate Ns ae ae 
— B= 

[ 2 | and 5 | 

25 A 23 eA Lp) = “ 
aed) (2 2 | Sil 5) 

= ji ‘le sapien 
10.3 30 9 «15 

Also, 

= —2 
cA + eB = 33 4 | +3] 5 

6 

EXAMPLE 16 Let 

Then 

and 

Let c = 3, 

Then 

5 De ie 

ONE i | F 
= + 
: ee 6 28 15 

Thus, c(A + B)=cA+cB. # 

~ CLASSIFICATION OF INFORMATION Matrices are useful for recording informa- 

tion that involves a two-way classification. For example, suppose a retail paint 

store stocks three kinds of exterior paints: regular, deluxe, and commercial. Sup- 

pose also that these paints come in four colors: white, black, yellow, and red. The 

store’s weekly sales can be recorded in matrix form as 

WO - W 

— 

ON NY (LE 

Il 

=a! Ww Oo WwW 

NR 

Oo — — MN O [ee 

_ White Black Yellow Red 

Si S12 S13 S14 Regular 

= S21 522 S23 S24 Deluxe 

S31 S32 S33 S34 Commerical 

where 532 denotes the number of gallons of commerical black paint that was sold 

during the week. 
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Similarly, the store’s inventory can be recorded in matrix form as 

White Black Yellow Red 

a2 ay3 a4 Regular 

a22 a23 ar Deluxe 

432 a33 34 Commercial 

If A is the inventory matrix at the beginning of the week and S is the sales matrix 

for the week, then the matrix 
Aras, 

represents the inventory at the end of the week. If the store then receives a new 

shipment of stock represented by a matrix 

4 EXERCISE SET 2.3 

1. List the sizes of the following matrices: 

2 1 
1 2 41 

b . (a) 3 4 | (b) | 3 -2 
Al 

@ B 2] (d) [-4] 

ss je ee 
cy Fae A= 
2 1 5 

qo pteet ee 6 

give values of the following entries. 

(a) an (b) a3 (c) a32 
(d) aa (€) daz 

Let 
[, 4 le 

A= and B= 
Uu 0 5 

For what values of u, v, and w are A and B equal? 

=e) 

Ww | 
Solve the following equation for a, b, c, and d. 

Ye Brie ees 
2e+d w- dj | 8 0 | 

White Black Yellow Red 

by. by3 bis Regular 

bo box bg Deluxe 

b32 b33 b34 Commercial 

A-S+B # 

Let A and B be 3 X 4 matrices and let C and D be 3 X 3 

matrices. Which of the following matrix expressions are 

defined? For those that are defined, give the size of the 

resulting matrix. 

(a) A+B (b) B+D (c) 34 =2e 
(d) 76 42D 

Let 

283 3 Sl 2 

= 0 Boe ss ee 

5 ee.) os 14) 

A eS 

C= On Ftd 

a) 1 3 

Compute, if possible, 

(a). A + 2B (b) 3A — 4B 
(c) (A+B)-A 

(e-) (A+B)+C 

Let c = 2, andd = —4. 

een 

(d) A+(B+C) 



10. 

11. 

Verify that 

(a) A+(B+C)=(A+B)+C 
(b) (c+ d)A=cA+dA 
(c) c(A + B)=cA+cB 
(d) cd(A) = c(dA) 

Let 

ae \; —] “| 

3 1 4 

he =2 =| 
1 4 0 

Compute, if possible, 

(a) 2A—-B 

(VA (Bie) 
(ce) 4A + C) + 2B 

Let e= —3,d = 2, 

Aafia wel? 2 -3 

-1 41 S170 Sed 

oe -1 -4 | 
Ob 6-27 3 

Verify that 

G@) A+B = Cy= (A+B) —C 

(b) (c — d)B = cB — dB 

() e(A = B)i= cA — cB 

(d) (abc)A = ab(cA) 

Show that if kA = O, then k = OorA = O. 

e 

(b) 5A + 2B 
qd) A-@-C) 

(Data classification) A number of people were ques- 

tioned about their income and their political affiliation. 

The following results were obtained: 

205 were Republicans earning less than $30,000 per 

year. 

317 were Democrats earning less than $30,000 per 

year. 
96 were Independents earning less than $30,000 per 

year. 
192 were Republicans earning more than $30,000 

per year. 
128 were Democrats earning more than $30,000 per 

year. 
63 were Independents earning more than $30,000 

per year. 

Display this information in matrix form. 
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12. 

13. 

14. 

(Data classification) In the communication network il- 

lustrated in Figure 1, station 1 has two transmission chan- 

nels to receiver A and three transmission channels to re- 

ceiver B, while station 2 has three transmission channels 

to A and four transmission channels to B. Show how you 

might describe this information in matrix form. 

A B 
eT aS 

| 
(Inventory control) A supermarket chain with three 

stores records the following inventory matrices at the be- 

ginning and end of June. 

June 1 inventory: Store 1 Store 2 Store 3 

Produce 5 2 4 

Meat 5} 1 8 

Canned goods 6 3 5 

June 30 inventory: Store 1 Store 2 Store 3 

Produce 3 1 2 

Meat 1 0 Z 

Canned goods 5 1 3 

The matrix entries are retail inventory values in thou- 

sands of dollars. Use matrix subtraction to determine how 

much should be reordered to bring the inventory back up 

to the June 1 level. 

To adjust for demand, the supermarket chain in Exercise 

13 increases all its inventories by 2% on June 1. What 

matrix operation would you perform on the June 1 inven- 

tory matrix to obtain the new inventory values? 

NN SS 
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2.4 MATRIX _ In this section we discuss the multiplication of matrices and illustrate some appli- 

MULTIPLICATION cations. On the surface it might seem natural to multiply two matrices together by 
multiplying their corresponding entries. However, such a definition turns out to 

have almost no practical applications. The following more at definition 

has proved to be more useful. 

Note that the definition of the product AB requires that the number of columns 

of the first factor A must be the same as the number of rows of the second factor 

B. If this condition is not satisfied, then the product of A and B cannot be formed. 

Suppose A is a3-X 4 matrix, B is a4 X 2 matrix, and C is a4 X 3 matrix. Then 

AB isa3 X 2 matrix, AC is 3 X 3, and CA is a4 X 4 matrix, while BC, CB, and 

‘BA are undefined. 4 

thal 0; 
cael. SEs Ma et 

=|) iss | coacmrkeay Taree 
5 ete Qo 

Since A is a2 X 4 matrix and’B is a4 X 3 matrix, the product AB is a2 X 3 ma- 

trix. Suppose we want the entry in row 2 and column 3 of AB. As illustrated be- 

low, we multiply the corresponding entries of row 2 in A and column 3 in B and 
add the resulting products: 

=I 0 

f ore | oe wA eel 
ommmmummm||3 2 Fl lno@ 

SS 1 

(0)(2) + (1)Q) + (2)(3) + (3)2) = 

The entry in row | and column 2 of AB is computed as follows: 

2 

Cle E 42 zl 
3 a st ek 

~ : 
all 2 

Gy (3)(0) + (4)(4) + (192) + Q\(-1) = 12 # 
Although the definition of matrix multiplication seems complicated, it was de- 

vised because it arises naturally in various applications. The following example il- 
lustrates one such application. 
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_ EXAMPLE 3 ECOLOGY A manufacturer makes two types of products, I and II, at two plants 

X and Y. In the manufacture of these products, the following pollutants result: sul- 

fur dioxide, carbon monoxide, and particulate matter. At either plant, the daily 

pollutants resulting from the production of product I are 

300 pounds of sulfur dioxide 

_ 100 pounds of carbon monoxide 

/ 200 pounds of particulate matter 

and of product I/are 

400 pounds of sulfur dioxide 

50 pounds of carbon monoxide 

300 pounds of particulate matter 

This information can be tabulated in matrix form as 

Sulfur Carbon Particulate 

dioxide monoxide matter 

we 300 100 200 Product I 

400 50 300 Product II 

To satisfy federal regulations, these pollutants must be removed. Suppose the daily 
cost in dollars for removing each pound of pollutant at plant X is 

$5 per pound of sulfur dioxide 
$3 per pound of carbon monoxide 
$2 per pound of particulate matter 

and at plant Y is 

$8 per pound of sulfur dioxide 
$4 per pound of carbon monoxide 

$1 per pound of particulate matter 

This cost information can be represented in matrix form as 

Plant X Plant Y 

5) 8 Sulfur dioxide 

B= 3 4 Carbon monoxide 

2 1 Particulate matter 

From the first row of A and the first column of B, we see that the daily cost of 

removing all pollutants resulting from the manufacture of product I at plant X is 

300(5) + 100(3) + 200(2) = 2200 (dollars) 

But this is the entry in row 1 and column 1 of 

8 300 100 200 3000 AB = 4) = ei 
400 50 300 ~ |2750 3700 
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Similarly, from the second row of A and the second column of B, the daily cost of 

removing all pollutants resulting from the manufacture of product II at plant Y is 

400(8) + 50(4) + 300(1) = 3700 

But this is just the entry in row 2 and column 2 of the product AB. Thus, each en- 

try in AB has a physical interpretation as the daily cost of removing all pollutants 

from one of the plants in the manufacture of one of the products. 4 

Properties of Matrix If a and b are real numbers, then we know that ab = ba. In matrix arithmetic, 

Multiplication however, the product AB and the product BA need not be equal. For example, if A 
is a2 X 3 matrix and B is a3 X 4 matrix, then AB is a 2 X 4 matrix but BA is 

undefined (why?). However, as the next example shows, AB and BA may not be 
equal, even if they are both defined. 

ak -[ 23] ma a=[? — 
BAe aR 5 8g 

Then 

a2 | and Ba = | "9 | 
42.8 2 19 

Thus, AB # BA. & 

In ordinary arithmetic we know: 

(i) If ab = 0, then a = Oor db = 0. 

(ii) If ab = ac and a # 0, then b = c (we can cancel a on both sides of the 
equation). 

These properties do not hold for matrix multiplication, as is shown in the next ex- 
ample. 

_ EXAMPLES © Let 
Om =| 4 =) 5 DS A= B= = ae 
° | 3 >| c 3 a 2 ki 0 

Then Patent; 

AB = AC = 
Oo E=15 

Thus, AB = AC, but B # C. Also, 

av=|? | 
0 0 

As the above examples show, some properties of ordinary arithmetic do not 
carry over to matrix arithmetic. There are many that do, however. We now give a 
partial list of some of the more important of these properties. We omit the proofs. 

butA#OandD#O. 
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Assuming the sizes of the matrices are such that the indicated operations can 

be performed, the following rules of matrix arithmetic hold: 

Then 
4 2 

4 2 1 A(B+C)=|0 -3 (ie ale ‘|) 
3 2 

492 10 30 4 =|0 -3 lg: A 15-21 
el be 25° =2 

On the other hand, 

spoglie by 2 |v get yee 
3 ee ocd 

5) Ze) 

12 14 =e 1G 10 30 
ST 6 EO Oo) 210 Hal 15h 21 

ie aie ae 25. 2 

oh . A(B + C) = AB + AC 

as guaranteed by the distributive law. 47” 

MEBMEET 101 «= 2 pil 
A=|0 -3 and Pee 

a 
a2 

Then ieee dentine. B14 
] War Sao ANG 

_and AQT ig aa) bis 
A(cB)=|0 3 ee ie (218 

a) ee 0 
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Also A 2 ; 

c(AB) = 2} |0 —-3 iaeige | 

By 9 

12° ~14 24 28 | 

6 -9}|=]12 —-18 

16 0 32 0 

so A(cB) = c(AB). Moreover, 

geri) go 4 
cA = 210 =-3-++=]0 -6 

eee 6 —4 

am 4p gee 24-28 
(cA)B = : —6 Ee 7 ale We SI lee 

6 —4 32 0 

Thus 
A(cB) = c(AB) = (cA)B # 

If A is a square matrix, then the entries ai1, @x2, . . . , Gnn are said to form 

the main diagonal of A (Figure 1): 

FIGURE 1 A= (the main diagonal of A) 

Square matrices which have 1s on the main diagonal and Os elsewhere are of par- 

ticular importance. They are called identity matrices. The n X n identity matrix 

is denoted by J, or sometimes just /. 

B  §= The 2 X 2 identity matrix is 
; Hl 
2 

and the 3 X 3 identity matrix is 

I = 

Sie) T= 

0 

1 

0 eC y 

In ordinary arithmetic, the number 1 has the properties 

l-a=a and a-l=a 
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In matrix arithmetic, we have the analogous relationships 

ITnA = A and Al,=A (1) 

for any m X n matrix A. The following examples illustrates the equations in (1). 

EXAMPLE 97 Let awet, 
ae 12 il 

Q21 422 a23 

Then 
ION Wan ap ais aii Q@i2 a3 

LA = = =A 
0 1 a2, an a3 421 422 a3 

and 1 0 
0 

i= is a\2 | Gil 0 | = E ay2 pa ZaA 

“1a a a a a a 21 22 23 oreo 4 21 22 23 

Matrix multiplication is important in the further study of linear systems. Con- 

sider a general linear system of m equations in n unknowns: 

yA 

Qa11X1 + Q12X2 qe 0.0 9 SP QAinXn = b, 

a21X1 af a22X2 4p 9 00 SF Qa2nXn = bz 

QmiX1 + AmaX2 +-° ° + + AnnXn = Dm 

Since two matrices are equal if and only if their corresponding entries are equal, 

we can replace the m equations in (2) by the single matrix equation 

Qa\iX\ ar Qj2X2 GOR OMCIEG = AinXn b, 

a21X)1 ain Qa22X2 ap Po oo. Q2nXn bo 

C 5 co = (3) 

QmixX1 + AmoX2 +++ * + AnnXn bin 

If we now define 

Q@i1 @2 °*°* Gin x) b 

Qa, G22 *** Gan x2 bo 
A= ; : X=]. B= : 

Ami Qm2 °*** GAmn Xn bin 

then the matrix equation (3) can be written as 

AX = B (4) 

Thus the entire system of linear equations in (2) can be represented by the single 

matrix equation in (4). The matrix A in this equation is called the coefficient ma- 
trix of the system. In the next section we give some applications of (4). 
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Transpose of a Matrix 

Consider the linear system 

2x1 ap 3x2 oa 3x3 = 5X4 = 

= 2x1 + 5x3 + 6%, = 12 (5) 
3x, + 7x2 — 8x3 + 2x4 = 6 

Letting xX 
p) 3, “37 =) 8 

A =| =240 0s nO Xie B=} 12 
X3 

3 18 2 6 
X4 

we can write (5) as AX=Bw# 

The matrix equation 

3 Aah 8) |x 8 

Die3 5 DAS oN bs anal (24 

—4 2 Ts ai 

1 tS 51) 1x 5 

represents the linear system 

be) ap Coen = x3 + 8%, = 8 

2X. Seka Xe 92 

SAN OX aks 1X4 — 7 

Xe 55) = Soe ar Oe = > y 4 

We conclude this section with a matrix operation that is needed in later sections. If 

A is any m X n matrix, then the transpose of A, denoted by A’, is defined to be 

the n X m matrix whose first column is the first row of A, whose second column is . 

the second row of A, whose third column is the third row of A, and so on. That is, 

the transpose of A is the matrix obtained from A by interchanging corresponding 

rows and columns. For example, if | 

1 3 2 bi biz 
A= d B= 
; 1 ‘| a iE | 

then 

dept 36 
Ai='|'-3 1 and B= | | 

2 Gy) 12 22 

It can be shown that the transpose operation satisfies the following properties. 
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(We omit the proof.) 

The following example illustrates property (iv). 

_ EXAMPLE 12 If 

=| ae | and B= : : 
5-3-2 < 

=) 16 

then 3 5 get 

Ab=|-2 =3 and as 4 ‘| 

4 2, 

so that 
3 5 

1 =3) =(13) = 7 of 2 3]fe 3 0 . 1 6 4 7 6 0 

Also 
2 0 

3 =?) 4 113) 6 ea dee =8 2 = @ 
2 —3 6 

so that (AB) = B'A' & 

4 EXERCISE SET 2.4 Se 2h 

1. Let A and B be 3 X 4 matrices and let C, D, and E be C= ; ; be 5 3 | 
- 4X 2, 3 X 2, and 4 X 3 matrices, respectively. Which Ain ESD) 

of the following matrix expressions are defined? For those me J Tae 

that are defined, give the size of the resulting matrix. 3 53 

(a) AC (b) AB (c) BA+C. - ; 5 | 
(d) EA.+ D (ec) E(B + A) (f) AC +D , 
(g) (AE)D Compute the following where possible. 

(a) AB (b) BA (c) AC (d) CA 

2. Let ead (e) CD “tyr DC (g) EE (h) AA 

=i 23 3-1 2 3. Using the matrices in Exercise 2, compute the following 

ein a 12, 10 Ba ao where possible. 
eee aaa sao P set WO (a) E(A — 2B) (b) ABE (c) EBC 
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4. Letc= -2, 13. (a) Show that if A has a row of zeros and B is a matrix 

y =i 4 8 i 4 for which AB is defined, then AB also has a row of 

| B= |2 | e=| Zeros. : 

une Sivee eae (b) Discover a similar result involving a column of ze- 

Verify the following. ros. : 

(a) A(BC) = (AB)C 
(by A(B + C) = AB + AC 14. Let X; be a solution to the linear system 

(c) (A+ B)C = AC + BC AX =B 

(d) A(cB) = (cA)B and let Y be a solution to the linear system 

5. Let I; be the 3 X 3 identity matrix and let AX =O 

ED) 2 Show that X; + Y is also a solution to the linear system 

A= 5 1 yy AX =B 

eae : 15. Suppose the matrix | 

Verify that Aes =A Fs F ‘ 

6. If Dae 

os dt ae Bel 2 describes 1 hour’s output in a small bicycle factory ac- 
A= and B= : 

2 =ij{ cording to Table 1. 

show that AB = O. 

; : ; TABLE 1 
In Exercises 7—10 all matrices are square matrices and C~ de- ; 2 

notes the matrix CC. Roe ol oe 
line line 
1 2 Te Sis A 

A= eG _ 3-speed bikes 3 4 

10-speed bikes 2 1 
show that A? = h. 

Soot 12 4 

A= am; Let M = 8 denote the number of hours in a day that 

find Al = 2A +315. the production lines operate; that is, line 1 operates 7 

hours per day and line 2 operates 8 hours per day. Com- 

9. Show that if AB = BA, then pute PM and give its physical interpretation. 

(A + B)? = A? + 2AB + B? 16. “Leee 2 

10. Show that if AB = BA, then (AB)? = A?B?. a by oO 3 

11. Find the matrices A, X, and B that result when the system A= ]|-3 6 B= ]5 q] 

36) = 3G. 1p PAR ae 5 AP Xs=7 0 1 1 —4 

—2x, + x2 + 4x3 + x4 — 2x5 = —8 (a) Compute A’ and B’. 
3x2 + 6x3 + 3x4 + x5 = 9 (b) Verify the transpose properties (i), (ii), and (iii) 

is written in the matrix form AX = B. stated in this section. 

12. Write out the linear system that is represented in matrix 17. Let ey 

form as 1 Oet e 4 

A= = 7 x1 8 > 0 ‘| and B noe 3 20) 

Pik tae X2 

=3) 70bk2 Nhe, >) Show that (AB)! = BIA’. 



18. Show that 75 = 7. 

19. (Manufacturing) A manufacturer of calculators has an 

east coast and a west coast plant, each of which produces 

business calculators and standard calculators. The manu- 
facturing time requirements (in hours per calculator) and 

the assembly and packing costs (in dollars per hour) are 

given by the following matrices: 

Hours per unit 
Assembly Packaging 

yee Q.2). Q.1: | ions 

0.3 0.1 Standard calculators 

Dollars per hour 
East coast West coast p= 

B= | 5 6 ee 

4 5 Packaging 

(a) Find the total cost of manufacturing a business cal- 

culator on the east coast. You can do this by calculat- 

ing the entry in the first row and first column of AB. 

(b) Compute AB and state the meaning of each entry. 

2.5 INVERSES OF 
MATRICES 

-2.5  Inverses of Matrices 4” 89 

20. (Nutrition) A pet food manufacturer blends two nutri- 

ent sources in varying amounts to produce three kinds of 

dog biscuits. The amounts (in grams) of calcium, protein, 

and carbohydrate in each nutrient source are shown in 

matrix R, and the amount (in grams) of each nutrient 

source used in each biscuit is shown in matrix S. 

Source I Source II 

3 4 Calcium 

R= 8 6 Protein 

5 yy Carbohydrate 

Biscuit A Biscuit B_ Biscuit C 

14 ARN 15 Source I 
S= 

16 22 15 Source II 

(a) Find the total amount of calcium in biscuit B by cal- 

culating the entry in the first row and second column 

of RS. 

(b) Compute RS and state the meaning of each entry. 

Section 2.4 shows that a system of m linear equations in n unknowns can be writ- 

ten as a single matrix equation 
AX =B 

In this section we develop a method that can be used to solve this equation when A 

is a special kind of square matrix. 

If A is a square matrix and if we can find a matrix B such that 

AB=I1 and BA=I 

then A is called an invertible or nonsingular matrix. The matrix B is called an 

inverse of A, and A is an inverse of B. 

The matrix 

in an inverse of 

since 

AB 

and 

BA 

(38 4 
(3: 

“a 
ore 
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The next example shows that not every matrix is invertible. 

_ EXAMPLE 2 Consider the matrix sa 2 4 

4 6 

If A were invertible, we would have a matrix 

bu ha 
i= 

ie ba 

SE AB=I and BA=1 

But the equation ABELL —() 

can be written 2 ] & ‘a A [ 4 

4 6|[ bn bx Ot 

or equivalently 

(2) 
2b + 3ba 2bi2 + a if i i 

Abi, + 6b 4b + 6b2 0 1 

Since two matrices are equal if and only if their corresponding entries are equal, it 

follows from (2) that ie 
2b + 3br = 1 

4b,, + 6b2 

But this system is inconsistent (why?), so there can be no matrix B that satisfies 

(1). Thus, A is not invertible. & 

By definition, every invertible matrix has an inverse. The following result, 

whose proof is omitted, shows that an invertible matrix cannot have more than 

one inverse. 

Since an invertible matrix A has exactly one inverse, it is now proper to talk 

about the inverse of A. We denote the inverse by A‘ (read “A inverse”). Thus, 

AA'=1 and A'A=I 

We now turn to the problem of finding the inverse of an invertible matrix. 

Suppose we want to find the inverse of 

| bey 
A= Be 
Ea XBin BVA! 

If we let 
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denote the unknown inverse of A, then we must have 

AX = 4 (3) 
and 

Ane iy (4) 

The matrix equation (3) can be written 

; Alle ‘| a [ 0 
gy) 3 X3 X4 0 1 

Bee Me kd eel 20 

Okt TON 2 ee Oks One 

Since two matrices are equal if and only if their corresponding entries are equal, 
we must have ~ 

or 

x1 + 2x3, = 1 arid X2 + 2x4 = 0 (5) 

ei ap os =O) 2x + 3x4 = 1 

To solve these systems we must reduce their augmented matrices 

ie ert if 0 

b ae a ; AG ©) 
to reduced row echelon form. You can check that these reduced row echelon forms 

on a0. 3 aii seat 
jes Ue EQ et 

Thus, 

26 SS i Qi y 
d 

D Ge 2 a 6 =| 

so the matrix X satisfying (3) is 

Ea a X3 X4 2 =| 

You can verify that this X satisfies (4) so that X is the inverse of A, that is, 

—3 2 
At = Bish 

We now show how to simplify the above computations. To obtain the inverse, 

we solved the two linear systems in (5) by reducing their augmented matrices, (6). 

Since the two systems have the same coefficient matrix A, we can solve these sys- 

tems at the same time by the following procedure: Write down the coefficient ma- 

trix A, and to the right of it, put the constants appearing on the right sides in (5). 

This gives ; 
fh 24 oO 

4) 
[s 310 ) 
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(For convenience, we separated A from the constants by a dashed line.) Observe 

that the matrix to the right of the dashed line is the 2 X 2 identity matrix /. If we 

now reduce (7) to reduced row echelon form, we will be reducing simultaneously 

the two augmented matrices in (6), and therefore we will be solving the two sys- 

tems in (5) at the same time. These computations appear as follows: 

byt: 

A I 

i 20 10 
Be AS 2 a aE 

1 2! 1 0) We added —2 times the first 
O- 41 5 1 row to the last row. 

oe. 7 

We added —2 times the last 

1 ‘| We multiplied the last row 
' 
i} 

row to the first. 
ial oO -— 

=) 

1 

This 2 X 4 matrix is now in reduced row echelon form, and the inverse of A ap- 

pears on the right side of the dashed line. This example suggests the following: 

_ EXAMPLE 3 Find the inverse of ‘eh ees 

Solution We adjoin the 3 X 3 identity matrix on the right side of A and trans- 

form [A | J] to reduced row echelon form: 

A I 

1 0 1 1 0 0 

2 1 0 0 1 0 

0 1 +11 0 0 1 

| 0 1 3 | 0 0 —2 times the first row 
0 DS S22 1 0 was added to the second 

OG «if Sg OG oe OM 

- 0 : ! / 0 0 —1 times the second row 
0 LS 1 0 was added to the third 

0: 90° “1a (25 ai” aye 
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l 0 ! I 0 0 2 times the third row 

0 1 Ori 2 gana 2 was added to the second 

Or Oe ie te ea 

l 0 0 ge Lael —1 times the third row 
0 1 ORE 2ee=] 2 was added to the first 

GU) Vet ties 

This matrix is in reduced row echelon form, so 

= Lot 

A'= Pea | Z 

Often, we do not know in advance whether a given matrix A is invertible. If 

the procedure in the above example is attempted on a matrix that is not invertible, 

then at some point in the computations a row with all zeros to the left of the 

dashed line will occur. When this happens, it can be shown that A is not invert- 

ible, so we stop our computations. 

_SEXAMPLE'4” Find the inverse of ite oaks 

Using Inverses to Solve 
Linear Systems 

A= 2a ine Tets 1 

Solution If we form the matrix [A | J3] and begin to transform it to reduced row 
echelon form, we obtain 

1 3 4 1 0 0 

DOT? gala Oc ral agesO 
Hy Og eS QhSeQHn) y 

1 3 7M ee | 0 0 —2 times the first row was 
29 Ls 1 0 added to the second row and 

0 the first row was added to the 

O) Si] Oana 0 1 third row. 

(icp ue Ae els Oe nO 
0 le =9 —2 1 0 The second row was added to 
0 0 0 Veal 1 1 1 the third row. 

Since we have a row with all zeros to the left of the dashed line, the matrix A is 

not invertible. &” 

The inverse provides a useful alternative tool for solving certain systems of n lin- 

ear equations in n unknowns. To illustrate this method, consider the system 

x + z=5 

Dy = —2 (8) 

Vi~ ZS e3 
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We can write this system in matrix form as 

AX =B (9) 

ne elie (Ue | x 5 
As=yie2, ho 0 X=l|y B=] -2 

0. le oad Z 3 

In Example 3 we showed that A is an invertible matrix and we computed its in- 

verse ay een 

Al= Raed | 2 

Phe S| 1 

If we multiply both sides of (9) on the left by A“, we obtain 

A-(AX) = A™'B 
or 

(A~1A)X = AB 
or 

IX = A™'B 

or 
X=A'B (10) 

Substituting the matrices X, A~', and B into (10) gives 

| er Te es 10 
Sr bi hl say yt in 4 | eee eg FY 
Zz Zit 1 3 (He) 

Thus, the solution to the given linear system (8) is 

x=-10 y=18 z= 15 

This example illustrates the following result: 

A plastics firm manufactures two types of commercial Plexiglas rods, flexible and 

_ rigid. Each rod undergoes a molding process and a smoothing process. The num- 

ber of hours per ton required by each process is displayed in the following produc- 

tion matrix: 
Flexible Rigid 

Tee | 1 2 Molding 
1 3 Smoothing 
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If the firm manufactures x; tons of flexible rods and x, tons of rigid rods, then the 

matrix product i! ] i] if # 2x, 
AXG = = 

I 53a Hl lee) M0) 

tells us how many total hours will be needed for molding and smoothing; that is, 

to produce x; tons of flexible rods and x2 tons of rigid rods, the firm will require 

XE 2 hours for molding 

and ; 
Ky + 3x2 hours for smoothing 

Suppose the firm’s production manager wants answers to the following three 

questions: How many tons of rods of each type can be produced in a day if 

1. the molding plant operates 16 hours and the smoothing plant operates 20 

hours? 

2. the molding plant operates 14 hours and the smoothing plant operates 18 

hours? 

3. the molding plant operates 10 hours and the smoothing plant operates 11 

hours? 

To answer these questions, we form the matrices 

16 14 10 

a - || .-| | a= || 
which tell us the amount of time available for each process. To answer the produc- 

tion manager’s questions, we must solve the three systems 

AX = B, AX = Bo AX = B; 

You can verify that the inverse of the matrix A is 

yeas | 
eet 

Thus the solution to AX = B, is 

Hire oy Se 
ae a=| cea ee 

the solution to AX. = B is 

Beis [arsenal eG 
arr al ele ve 

and the solution to AX = B3 is 

8 
13 i ie mm W 

| 

—_ N (ea = —_ = © ee) 

ll X = AB; = i 
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Matrices and Linear Systems 

Substituting for each letter, we send the message _ 

1324, 20,8, 23 15, 18 14 19 

Unfortunately, this simple code can be easily cracked. A better method involves : 
the use of matrices. 

Break the message (1) into three 3 x 1 matrices: 

13 8 118) 

: X=] 1 % = | 23 Xs =] 11 

20 1D 19 

The sender and receiver jointly select an invertible 3 X 3 matrix such as 

cf 2 

A=ili i 1 

1 0] 

The sender forms the 3 x 1 matrices 

54] [orl 67 
AX,=|134] Ax =| 46 AX; = | 48 

33 23 3/ 

and sends the message 

54, 34, 33, 61, 46, 23, 67, 48, 37 (2) 

1 decode the message, the receiver uses the inverse of matrix A: 

= 1 4] 

A'= 0 1 =] 

N 1 =| 0 

and forms 

54 61 67 
All 34) =x A'| 46 | =X A-'| 48 | = x3 

33 23 37 

which, of course, is the original message (1) and which can be understood by 
using the accompanying table. 

If the receiver sends back the message - 

44, 26, 21, 39, 30, 29, 76, 51, 39 

what is the response? 
eee 
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From (11), (12), and (13) we obtain the following answers to the production man- 

ager’s questions: 

1. Ifthe molding plant operates 16 hours and the smoothing plant 20 hours, then 

the firm can produce 8 tons of flexible rods and 4 tons of rigid rods. 

2. Ifthe molding plant operates 14 hours and the smoothing plant 18 hours, then 

the firm can produce 6 tons of flexible rods and 4 tons of rigid rods. 

3. If the molding plant operates 10 hours and the smoothing plant 11 hours, then 

the firm can produce 8 tons of flexible rods and 1 ton of rigid rods. & 

4 EXERCISE SET 2.5 

1. Are either of the following matrices inverses of In Exercises 6-9 solve the given linear system by finding the in- 

| 1 | oane verse of the coefficient matrix. 
A= ? 

3 4 CF ah Sy = Te? 2x Sy 15 

Bec D a5 1 4x + 6y =7 PN Sa 74 ee | 

(a) I i (b) | 3 | ; Sue = y + 2z=8 

2 

ih epee in aR 2a 9. 2x, + 2m — x3 = 2 
In Exercises 2—5 find the inverse, if possible. Dn ye ee, = 10 y+ mtu =4 

Di hay ) 5 ‘net abo) az 3 ar 2G = xy = 50 SS 3) 

NE) is | (b) c ue () b 3 10. Solve the system 

+2y = —-4 2 2 eel vaese 
: ! Bett Sy =H 9 

Stay |e Oy ole ok (b) 1 1 3 

eo. I (Oise 0 Mella by 
(a) Gauss—Jordan elimination. 

Z ic (b) finding the inverse of the coefficient matrix. 
(c) 3 eS 

3 A ES 11. Follow the directions of Exercise 10 for the system 

A 2 1 a) > par Dy = Bye z 7 

Dy tae, — 84, 
4. (a) 0 1 1 (0 = 1 Sle 3x +4y + z=1 

2 3 1 oa | 3 ; y p e 
12. By finding the inverse of the coefficient matrix,.solve the 

Tee Oe oo linear system 

(c) 4 3 0 0 x+3y=b 

—1 3 0 2x- y=bh 

1 1 D 4 wan 

=(| =? 0 0 ; (a) bh = 1,b. = —-1 (b) b, = —2, b2 = 3 
23 

Sa =O oe 29 (c) b) = 3,b2 =2 
5. (a) (b) Bi AY 

) 4 2} 3 ete 

2 3 1 1 

6 = 8 

(c) 1 Ll 2 

3 We EP) 
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13. By finding the inverse of the coefficient matrix, solve the 

linear system 

Dye 0) ae x3 = by 

Sie oa Oa bz 

2 + 2 = 23 = b3 

when 

(a) b, = 2, b, = 1, b3 = 3 

(b) b, = 3, hb. = —-4,b,3 =2 

(c) b; = —3, bo = 2, b3 = 2 

14. Show that the matrix 

Geb 'e 

OROR AO 

dn Cech 

is not invertible. Can any square matrix with a row of ze- 

ros be invertible? 

15. Show that if A is an invertible matrix, then (A_')"' = A. 

16. Let 3 i 

eine 

be the inverse of a matrix A. Find A. [Hint: See Exercise 

15.] 

17. Show that if A and B are invertible matrices, then AB is 

invertible and (AB)"' = B"'A™'. 

20. Show that the matrix 

a 

D=1;0 

OTRO 

is invertible if a, b, and c are nonzero. 

OA be 
2 I =I 

“l= “l= | A Be ‘| and B F | 

find (AB)~!. [Hint: See Exercise 17.] 

22. (Harder) Show that if A is an invertible matrix and c is 

a nonzero number, then 

1 
(cA)! =-A7 

c 

23. (Harder) If A is ann X n matrix, then A® denotes AAA 
and A? denotes AA. Verify that if A is an n X n matrix 

such that A? = O, then 

(= Aye = 1 A te Ae 

24, (Investment) Suppose a trust fund has $3000 that must 

~< be invested in two different types of bonds. The first bond 

“pays 5% interest per year and the second bond pays 7% 

Bi “interest per year. Determine how to divide the $3000 

oe among the two types of bonds if the fund must obtain an 

“-\yannual total interest of 

y A” ™ Sfay - $180 
18. Verify the result of Exercise 17 for the matrices % "wm $200 

Pe 1 1 pod Linea oe Ke) S160 
Slot piles “S { @)_Is it possible to obtain a total annual interest of 

: ore $250? 
19. Given that =) 

©: E | 25. Find the inverse of A = : : and use A’ to calculate 

find the solution of AX = B if the points of intersection of the following pairs of lines. 

9 @)) esx reveal OO) Sy 4 

a-| | 5x + 2y = 0 5x +2y=7 

@ \KEY IDEAS FOR REVIEW 

# Linear equation An equation of the form aix; + aox2 + +++ + AnXn = C. 

# System of linear equations (a linear system) A set of linear equations. 

# Solution of a linear system See page 56. 

# Inconsistent system One that has no solutions. 

4 Consistent system One that has at least one solution. 
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a Augmented matrix See page 57. 

a Equivalent systems Two linear systems having the same solutions. 

a Reduced row echelon form for an augmented matrix See page 61. 

# Gauss-Jordan elimination See page 63. 

a Matrix A rectangular array of numbers. 

a# Entries of a matrix The numbers in the matrix. 

a Scalars Ordinary real numbers. 

a Size of a matrix A is m X n if it has m rows and n columns. 

a Equal matrices Matrices of the same size whose. corresponding entries are 
equal. 

a A+B _ The matrix obtained by adding corresponding entries in A and B. 

a Lero matrix A matrix each of whose entries is zero. 

a The negative of a matrix A The matrix whose entries are the negatives of 

the corresponding entries in A. 

a cA The matrix obtained by multiplying each entry of A by c. 

a AB See page 80. 

a identity matrix (J or J,) A square matrix with 1s on the main diagonal and 

Os elsewhere. 

a Coefficient matrix The matrix A in a linear system AX = B. 

a A’ (the transpose of A) The matrix obtained from A by converting columns 

to rows. 

a Inverse of a square matrix A A matrix, denoted by A ', such that 

AA'=A'A=I 

4 SUPPLEMENTARY EXERCISES 

i For what value(s) of k is the following system inconsis- (b) 2 4 3 pe 3 

tent? Oe y+4z=2 =| 1 2 0 12 

4x —2y + 8 =k 3 Se =P Shynt wl 

For what value(s) of a is the following system inconsis- 

tent? 

Transform each of the following augmented matrices to 

reduced row echelon form. 

(a) 

3 

py 

Z 

=I 

4 

1 

348 

x + (a? - 9)y =a 

5 

0 
1 

i} 
' 
1 
' 1 

' 
' 
' 

y 

1 

3 

4. Show that if A is an n X n matrix, which is in reduced 

row echelon form and not equal to the identity matrix, 

then A has a row consisting entirely of zeros. 

= 

5. Solve each of the following linear systems by Gauss— 

Jordan elimination. 

(a) x y+ z7=4 (b) 2h Vo Sze 

24 y= 4z = 2 i 2) 2a 0 

3x + 2y + 2z7 = 6 Sys 2 Dipti 
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By eam, ele tale 2 
(c) Esquire Llp ase een he3 

Gite tt - Signs lie 4 
X4 

x) 

ee 3 38 
@) L ae | y 3 

X4 

6. Solve each of the following linear systems by Gauss— 

Jordan elimination. 

(a) 3x 3y — 2201 

AN Veet Za 06 

Spear Wie fan = 3) 

3x + y+ 5z= 18 

(b) ya er 18 

3X ZY = 17 

Sie ae. yi = ye 18) 

Spe ss eal 1 
(agi | ama mat mea bs Vesey 

ag Oat 1 3 3 
3s Ave Salah 4 

X5 

jee I kee 0 
(d) BOOM, STs ee 0 

it =5) 5 X3 0 

7. Show that if ad — bc # 0, then the augmented matrix 

@ De 

E d id 
when transformed to reduced row echelon form is 

1 Ove’ 

Is 1 | 
where e’ and f’ are constants. 

8. Show that the linear system 

ax + by =e 

cx + dy = f 

has exactly one solution if ab — cd # 0 [Hint: See Exer- 

cise 7. ] 

9. For which values of a will the following linear system 

have no solution? Exactly one solution? Infinitely many 

solutions? = 
Lat y=4 

x + (a? = 15)y =a 

In Exercises 10—12 let 

a : Sy i= 2 3 

i Pie a | 0 

Guide | 
cr Ses) ga 

poelap Aro? s| 
i uli 3 eR 

10. Compute, if possible, 

(a) A+ 3B (b) 2A + 4E 
() AB+2E (d) CB+A 

11. Compute, if possible, 

(a) (2D)A — EB (b) CA+B 

(c) EA +D (d) EBC 

12. Compute, if possible, 

(a) E'’D (GAZ aD) 

(C)ee Aes (EB) eee (Cl) Gea Al 

13. Show that the jth column of the matrix product AB is the 

matrix product AB;, where B; is the matrix consisting of 

the jth column of B. 

14. If A and B are n X n matrices, when is 

(A — B)(A + B) = AA — BB 

15. If Xo and Xj are solutions to the linear system AX = 0, 

show that rXo + sX; is also a solution, where r and s are 

any real numbers. 

In Exercises 16-19 find the inverse, if possible. 

ce) al” 
16. ee 4 Tiga ee i 

2-3 1 

eae es Mase fe 
18. |1 -1 2 19:5] 82) a4 

4 1 2 -2 

In Exercises 20-23 solve the given linear systems by finding the 

inverse of the coefficient matrix. 

20. x+2y=8 2b. 25 = yet zs 

Pg 2) = ap i) = 2g = = 

3 ny ee 

PY Dh =) Se oe al 23. 8 > oe bee 3 

ese = fa 2x1 + 2x2 = 14 

4x —z= 18 Big = ti ar dig = B 



25. 

26. 

27. 

28. 

Solve the linear system AX = B if 

ae 4 
A} — —= 3 1 and B | 

If 
ee. b | 

4-1 

find A. [Hint: See Exercise 15 of Section 2.5.] 

Let A, B, and C be n X n matrices, where A is invertible. 

Show that if AB = AC, then B = C. 

(Nutrition) A veterinarian is preparing a special blend 

of cat food by mixing three different foods. Each ounce of 

food A contains 5 grams of fat, 6 grams of ash, and 12 

grams of protein; each ounce of food B contains’10 grams 

of fat, 3 grams of ash, and 20 grams of protein; each 

ounce of food C contains 25 grams of fat, 8 grams of ash, 

and 15 grams of protein. How many ounces of each type 

of food should be used to provide a meal that contains ex- 

actly 115 grams of fat, 45 grams of ash, and 129 grams of 

protein? 

Suppose the financial advisor of a university’s endowment 

fund must invest exactly $130,000 in three types of secu- 

rities: Bond AAA, paying a dividend of 7%; stock BB, 

paying a dividend of 9%; and certificate of deposit CC, 

paying a dividend of 8%. The advisor has been toid that 

the amount invested, in bond AAA must be twice the 
amount invested in certificate of deposit CC. How _much 

money should be invested in each security to have an an- 

nual i income of $10, 500? \O i EC) 

CHAPTER TEST 

For what values of a does the following linear system have 

exactly one solution? No solution? Infinitely many solu- 

tions? 
5846 y=5 

x + (a? — 24)y=a 

Solve each of the following linear systems by Gauss— 

Jordan elimination. 

(@) x4 4 2xy FF 3x3 te Ax — x5 =2 

2x1 + 4x2 + 5x3 + 3x4 + 2x5 = ll 

3x, + 6x2 + 8x3 + 11x, — 3x5 = 7 

ope anes, 0 
Sey, eeprom a Reoay 

(0) 1 em) ec Pa Baal 
ee ONL —4 

29. 

30. 
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A pharmaceutical firm prepares three different chemo- 

therapy compounds, Chem 1, Chem 2, and Chem 3, by 

blending three substances A, B, and C. Suppose each cu- 

bic centimeter (cc) of Chem 1 contains 4 units of A, 3 

units of B, and 5 units of C; each cc of Chem 2 contains 5 

units of A, 2 units of B, and 4 units of C; and each cc of 

Chem 3 contains 3 units of A, 6 units of B, and 5 units of 

C. How many cc’s of each chemotherapy compound 

should be given to a patient who needs 25 units of sub- 

stance A, 32 units of B, and 34 units of C? 

A potato chip manufacturer makes two types of chips, 

cheese- and pizza-flavored, each of which goes through a 

flavoring process and a packing process. The following 

matrix gives the time (in seconds) required by these pro- 

cesses: 

Flavoring Packing 
process _ process 

ae 20 10 Cheese flavor 

a 30 10 Pizza flavor 

There are two plants, one in San Diego and the other in 

Orlando. The following matrix gives the hourly rates (in 

dollars) for each of the processes: 

San Diego Orlando 

R= | 12 10 Flavoring process 

15 12 Packing process 

What do the entries in the matrix AB represent? 

If 

jz 2 A), 

A=]3 2 B= 3) 2 

ie) =| 5 

fl =) 1 2 
= D= =[5 3 Cieslig ger eaPee| sie pemlene 

compute, if possible, 

(a) CA+B (b) (2A — 3B)C’ 

QCD SE (d) DE (e) ED 

Find the values of x for which the following matrix equa- 

tion is true. x 

esi in 10) 



102 47 CHAPTER2 Matrices and Linear Systems 

5. (a) Find A”! if 

bh oak WG 

A=]1.0 1 

Oar 

(b) Use A~’ to solve the following linear system. 

ae a ayy = 6 

x +z=-3 

ytz=4 

A special low-calorie diet consists of dishes A, B, and C. 

Each unit of A has 2 grams of fat, 1 gram of carbohy- 

drate, and 3 grams of protein. Each unit of B has 1 gram 

of fat, 2 grams of carbohydrate, and 1 gram of protein. 

Each unit of C has 1 gram of fat, 2 grams of carbohy- 

drate, and 3 grams of protein. The diet must provide ex- 

actly 10 grams of fat, 14 grams of carbohydrate, and 18 

grams of protein. How much of each dish should be used? 



r Programming 
eometric Approach) 

4 in this chapter we introduce a relatively new area of mathematics called linear 

3.1 WHAT IS LINEAR 
PROGRAMMING? 

programming. The importance of this subject was recognized in the late 1940s 

when it was first used to help solve certain logistics problems for the U.S. govern- 

ment. Since that time linear programming has been applied to problems in such di- 

verse areas as economics, engineering, biology, agriculture, business, and the so- 

cial sciences. 

Our approach in this introductory chapter is geometric; as a consequence, the 

methods we develop are only applicable to a limited variety of problems. In Chap- 

ter 4 we develop linear programming more extensively from an algebraic point of 

view. 

mple, an investor may want to 

selec stments that maximize profits, a nutritionist may want to design a diet 

with a minimal number of calories, or a businessperson may want to select the 

sources of supply to minimize the shipping distances. 

example, may have to design a diet to meet certain daily vitamin requirements; the 

investor may be required to invest 20% of the available money in corporate bonds; 

and the businessperson may have to place an order of at least 10 truckloads in or- 

der to deal peeks a certain Hegre In Ae eat like these, Leen 

oo examples illustrate more precisely the tne of probleme to which linear 

programming applies and how these problems are formulated mathematically. 

103 
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41 PRODUCTION A meat-packer mixes beef and pork to make two types of frank- 

furters, regular and deluxe. Suppose each pound of regular frankfurters contains 

0.2 pound of beef 

0.2 pound of pork 

while each pound of deluxe frankfurters contains 

0.4 pound of beef 

0.2 pound of pork 

Suppose also that the profits on the two types of frankfurters are 

10¢ per pound on the regular 

12¢ per pound on the deluxe 

If the meat-packer has 30 pounds of beef and 20 pounds of pork in stock, how 

many pounds of each kind of frankfurter can be made to obtain the largest profit? 

Soluti lem 

This can be done as follows. e number of 

pounds of regular frankfurters to be made and let y be the number of pounds of 

deluxe frankfurters. Since the profit on each pound of regular is 10¢ and the profit 

on each pound of deluxe is 12¢, the total profit z (in cents) will be 

z= 10x + 12y 

Since each pound of regular frankfurters contains 0.2 pound of beef and each 

pound of deluxe frankfurters contains 0.4 pound of beef, the mixture will contain 

0.2x + 0.4y pounds of beef. Similarly, the mixture will contain 0.2x + 0.2y 

pounds of pork. Since the packer can use no more than 30 pounds of beef and no 

more than 20 pounds of pork, we must have 

0.2x + 0.4y < 30 
0.2x + 0.2y < 20 

"Since sand y cannot be negative, we must also have x = Oand y = 0. Therefore, 
this problem can be reformulated mathematically as follows. 

Find those values of x and y that make z = 10x + 12y as large as possible, 
where x and y must satisfy 

0.2x + 0.4y = 30 

0.2% ++ OF2ye= 20 

x20 

y2=0 # 

In the next section we discuss techniques for solving this kind of mathematical 
problem. For the present, you should just concentrate on understanding how the 
verbal problems are translated into mathematical terms. 
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NUTRITION A nutritionist wants to design a breakfast menu for certain hospital 

patients. The menu is to include cereal and bread. Suppose each ounce of cereal 

rovides ; i 
P 1 unit of iron 

2 units of vitamin D 

3 calories 

while each ounce of bread provides 

2 units of iron 

2 units of vitamin D 

4 calories 

If the breakfast must provide at least 8 units of iron and at least 10 units of 

vitamin D, how many ounces of each item should be provided to meet the iron 

and vitamin D requirements with the smallest possible intake of calories? 

Solution To formulate this problem mathematically, let x be the number of 

ounces of cereal to be provided and let y be the number of ounces of bread. Since 

there are 3 calories in 1 ounce of cereal and 4 calories in 1 ounce of bread, the 

number z of calories provided by the two items is 

Z = 304 4 

Since each ounce of cereal contains 1 unit of iron and each ounce of bread con- 

tains 2 units of iron, the two items provide a total of x + 2y units of iron. Simi- 

larly, the two items provide 2x + 2y units of vitamin D. 

Thus, to meet iron and vitamin D requirements we must have 

See Peels) 

Diet Dy =O 

Since x and y cannot be negative, we must also have x = O and y = O. Therefore, 

this problem can be formulated mathematically as follows. 

Find those values of x and y that make z = 3x + 4y as small as possible, 

where x and y must satisfy 

Benen es) 

2x +2y'= 10 

x =O 

y2=0 # 

INVESTMENT The managers of a pension plan want to invest up to $5000 in two 

stocks X and Y. Stock X is considered conservative, whereas stock Y is considered 

speculative. The managers agree that the investment in stock X should be at most 

$4000 and that the investment in stock Y should be at least $600. Suppose also 
that for each dollar invested, 

X is expected to return $0.08 
Y is expected to return $0.10 
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If the bylaws of the pension plan require that investment in the speculative 

stock Y can be at most one-third of the investment in the conservative stock X, 

how much should be invested in X and how much in Y to maximize the return on 

the investment? ; 

Solution To formulate this problem mathematically, let x be the number of dol- 

lars to be invested in stock X and let y be the number of dollars to be invested in 

stock Y. Since stock X will return $0.08 for each dollar invested and stock Y will 

return $0.10 for each dollar invested, the number z of dollars returned by the two 

stocks together is z = 0.08x + 0.10y 

Since the managers can invest up to $5000 in the stocks, we must have 

x + y = 5000 (total amount invested) 

Since the investment in stock X can be no more than $4000 and since the invest- 

ment in stock Y must be at least $600, we obtain x = 4000 and y = 600. Since 

the investment in Y is required to be at most one-third of the investment in X, we 

' also have y < }x. Finally, since x and y must be nonnegative, we have x = 0 and 

y = 0. Therefore, this problem can be formulated mathematically as follows. 

Find those values of x and y that make z = 0.08x + 0.10y as large as possi- 

ble, where x and y must satisfy T+. <= 5000 

x = 4000 

y = 600. 

y Shx 

x=0 

y2=0 # 

~ ALLOCATION OF RESOURCES A fuel manufacturer makes two grades of com- 
mercial gasoline, regular (R) and unleaded (U). Each fuel goes through two pro- 
cesses, cracking and refining. Suppose each liquid unit of type R requires 

0.2 hour for cracking 

0.5 hour for refining 

whereas each liquid unit of type U requires 

0.4 hour for cracking 

0.2 hour for refining 

Suppose also that the profits on the two types of gasoline are 

$15 per liquid unit of R 
$30 per liquid unit of U 

If the cracking plant can remain open for at most 8 hours a day and the 
refining plant can also remain open for at most 8 hours a day, how many liquid 
units of each type of gasoline should be manufactured each day to maximize the 
manufacturer’s daily profit? 
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describe the salen ty ee as an economy. The linear programming 
model was developed by July 1947, and by the end of the summer of 1947 
Dantzig had formulated the simplex method for solving the linear pode 
problem (to be discussed in Chapter 4). 

Mathematicians and economists quickly became interested in linear pro- 
gramming and its applications. One of its early applications occurred in the 
Berlin airlift. Economists such as T. C. Koopmans, Robert Dorfman, and Paul 
Samuelson started to reexamine the classical problems of economics from a 
new point of view. John von Neumann, A. W. Tucker, and a group of his stu- 
dents, including David Gale and H. W. Kuhn, worked on problems in linear in- 
equalities, game theory, and their connections with linear programming. At the 
same time, the Air Force sponsored work at the U.S. Bureau of Standards to de- 
velop computer programs for solving large linear programming problems. The 
extraordinary growth of computing power and its decreasing cost, coupled with 
theoretical breakthroughs, have made linear pogiainng one of the major 
tools of decision making. © 

Solution To formulate this problem mathematically, let x be the number of liq- 

uid units of type R to be manufactured each day and let y be the number of liquid 

units of type U.« Since the profit on each unit of R is $15 and the profit on each 

unit of U is $30,~the total daily profit z (in dollars) is 

z= 15x + 30y 

Since each unit of type R requires 0.2 hour for cracking and each unit of type U 

requires 0.4 hour for cracking, the two types of fuel will require a total of 

0.2x + 0.4y hours each day for cracking. Similarly, the two types of fuel will re- 

quire a total of 0.5x + 0.2y hours for refining. Thus, since the cracking and 

refining plants can be open at most 8 hours a day, we must have 

0.2x + 0.4y <8 
0.5x + 0.2y <8 

Since x and y cannot be negative, we must also have x = 0 and y = O. Therefore, 

this problem can be reformulated mathematically as follows. 



108 4 CHAPTER 3 Linear Programming (A Geometric Approach) 

Find those values of x and y that make z = 15x + 30y as large as possible, 

where x and y must satisfy 0.2x + 0.4y <8 

0.5x-+ 0,.2y = 38 

se a0 

yz 

Observe that the four examples above have much in common; in each problem 

we want to find nonnegative values of x and y that maximize or minimize an ex- 

pression of the form 

z= ax + by (1) 

called the objective function; further, x and y must also satisfy certain other in- 

equalities called contraints. Mathematically, the expression ax + by on the right 

side of (1) and the expressions involving x and y in the inequalities are called lin- 

ear functions of x and y—hence the word linear in linear programming. The 

word programming is derived from the early applications of the subject to prob- 

lems in the programming or allocation of supplies. The general approach followed 

in translating each of the above problems into a linear programming problem can 

be summarized as follows. 

4 EXERCISE SET 3.1 

1) 
bf 

A firm has budgeted*$1500 for display space at a toy 

show. Two types of display booths are available: preferred 

space costs $18 per square foot, with a minimum rental of 

60 square feet, and regular space costs $12 per square 

foot, with a minimum rental of 30 square feet. It is esti- 

mated that there will be 120 visitors for each square foot 

of preferred space and 60 visitors for each square foot of 

regular space. Let x = the number of square feet of pre- 

ferred space and y = the number of square feet of regular 

space. 

(a) Write an expression for the cost of the display space 

in terms of x and y. 

(b) Write a system of inequalities that must be satisfied 

by x and y. 

(c) Write an expression for the objective function giving 

the number of visitors in terms of x and y. 

(d) Repeat part (c) if it is estimated that there will be 
110 visitors for each square foot of preferred space 

and 70 visitors for each square foot of regular space. 

A coffee packer uses Jamaican and Colombian coffee to 

prepare a mild blend and a strong blend. Each pound of 

mild blend requires $ pound of Jamaican coffee and 4 
pound of Colombian coffee. Each pound of strong blend 



requires } pound of Jamaican coffee and + pound of 
Colombian coffee. Each pound of mild blend coffee yields 
a profit of $3, and each pound of strong blend coffee 
yields a profit of $4. The packer has available 100 pounds 

of Jamaican coffee and 125 pounds of Colombian coffee. 

Let x = the number of pounds of mild blend coffee pre- 

pared and y = the number of pounds of strong blend cof- 
fee prepared. 

(a) Write an expression for the amount of Jamaican cof- 

fee used. 

(b) Write an expression for the amount of Colombian 

coffee used. 

(c) Write a system of inequalities that must be satisfied 

by x and y. 

(d) Write an expression for the objective function giving 

the total profit. j 

(e) Repeat part (d) if each pound of mild blend coffee 
yields a profit of $4 and each pound of strong blend 

yields a profit of $3. 

In Exercises 3-23 formulate the given linear programming 

problem mathematically. Do not attempt to solve the problem. 

A manufacturer of lawn products wants to prepare a fertil- 

izer by mixing two ingredients, GROW and THRIVE. 

Each pound of GROW contains 4 ounces of nitrogen and 

4 ounces of phosphate, while each pound of THRIVE con- 

tains 10 ounces of nitrogen and 2 ounces of phosphate. 

The final product must contain at least 100 ounces of ni- 

trogen and at least 60 ounces of phosphate. If each pound 

of GROW costs $1.00 and each pound of THRIVE costs 

$1.50, how many pounds of each ingredient should be 

mixed if the manufacturer wants to minimize the cost? 

John Smith installs and then demonstrates burglar alarms. 

There are two burglar alarms that he installs, types A and 

B. Type A requires 1 hour to install and } hour to demon- 

strate. Type B requires 2 hours to install and + hour to 

demonstrate. Union rules require Smith to work a mini- 

mum of 20 hours per week as an installer and a maximum 

of 20 hours as a demonstrator. If he gets paid $5 per hour 

for installing and $4 per hour for demonstrating, how 

many alarms of each type should Smith install and 

demonstrate each week to maximize his earnings? 

A hospital wants to design a dinner menu containing two 

items, M and N. Each ounce of M provides 1 unit of vita- 

min A and 2 units of vitamin B. Each ounce of N pro- 

vides 1 unit of vitamin A and 1 unit of vitamin B. The 

10. 

11. 

12. 
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two dishes must provide at least 7 units of vitamin A and 

at least 10 units of vitamin B. If each ounce of M costs 8 

cents and each ounce of N costs 12 cents, how many 

ounces of each item should the hospital serve to minimize 
its cost? 

Repeat Exercise 5 if each ounce of M costs 12 cents and 

each ounce of N costs 8 cents. 

A small furniture-finishing plant finishes two kinds of ta- 

bles, A and B. Each table must be sanded, stained, and 

varnished. Table A requires 10 minutes of sanding, 6 

minutes of staining, and 9 minutes of varnishing. Table B 

requires 5 minutes of sanding, 12 minutes of staining, and 

9 minutes of varnishing. The profit is $5 on each A table 

and $3 on each B table. If-the-sanding and varnishing fa- 

cilities are each availabl¢ at most 450 minutes per day and 

the staining facility is available at most 480 minutes per 

day, how many tables of each type should be made each 

day to maximize the plant’s profit? 

Repeat Exercise 7 if the profit on each A table is $3 and 

on each B table is $5. 

A shipper has trucks that carry cardboard containers. 

Each container from the Jones Corp. weighs 5 pounds and 

is 5 cubic feet in volume. Each container from the Jack- 

son Corp. weighs 6 pounds and is 3 cubic feet in volume. 

For each trip, a contract requires the shipper to charge the 

Jones Corp. 30 cents for each container and the Jackson 

Corp. 40 cents for each container. If the truck cannot 

carry more than 12,000 pounds and cannot hold more 

than 9000 cubic feet of cargo, how many containers from 

each customer should the shipper carry to maximize the 

profit? a ph 4 aes 

Repeat Exercise 9 if the shipper must carry at least 240 

containers of the Jones Corp. on the trip. 

Holiday Airline Service wants to fly 1000 members of a 

travel club to Rome. The airline owns two types of 

planes. Type A can carry 100 passengers, and type B can 

carry 200 passengers. Type A will cost the airline 

$10,000 for the trip, and type B will cost $12,000 for the 
trip. If each airplane requires 8 flight attendants and there 

are only 48 flight attendants available, how many planes 

of each type should be used to minimize the airline’s cost 

for the trip? 

An investment banker has funds available for investing. 

She can purchase a type A bond yielding a 5% return on 

the amount invested, and she can purchase a type C bond 

yielding a 10% return on the amount invested. Her client 
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13. 

14. 

15. 

16. 

17. 

insists that she invest at least twice as much in A as in C 

but no more than $6000 in A and no more than $1500 in 

C. How much should be invested in each kind of bond to 

maximize the client’s return? 

A farmer has a 120-acre farm on which he plants two 

crops, alfalfa and soybeans. For each acre of alfalfa 

planted, his expenses are $12; for each acre of soybeans 

planted, they are $24. Each acre of alfalfa requires 32 

bushels of storage and yields a profit of $25; each acre of 

soybeans requires 8 bushels of storage and yields a profit 

of $35. If the total amount of storage available is 160 

bushels and the farmer has only $1200 on hand, how 

many acres of soybeans and alfalfa should the farmer 

plant to maximize the profit? 

A clothes manufacturer has 10 square yards of cotton ma- 

terial, 10 square yards of wool material, and 6 square 

yards of silk material. A pair of slacks requires 1 square 

yard of cotton, 2 square yards of wool, and 1 square yard 

of silk. A skirt requires 2 square yards of cotton, 1 square 

yard of wool, and 1 square yard of silk. The net profit on 

a pair of slacks is $3, and the net profit on a skirt is $4. 
How many skirts and how many slacks should be made to 

maximize the profit? 

A factory uses two kinds of petroleum products in its 

manufacturing process, regular (R) and low sulfur (L). 

Each gallon of R used emits 0.03 pound of sulfur dioxide 

and 0.01 pound of lead pollutants; each gallon of L used 

emits 0.01 pound of sulfur dioxide and 0.01 pound of 

lead pollutants. Each gallon of R costs $0.50, and each 

gallon of L costs $0.60. The factory needs to use at least 

100 gallons of the petroleum products each day. If federal 

pollution regulations allow the factory to emit no more 

than 6 pounds of sulfur dioxide and no more than 4 

pounds of lead pollutants daily, how many gallons of each 

type of product should the factory use to minimize its 

costs? 

A handbag manufacturer makes two types of handbags, 

patent leather and lizard. The sewing machine limits the 

total daily production to at most 600 handbags. On the 

other hand, the mechanical clasp fastener limits daily pro- 

duction to at most 400 patent leather bags and 500 lizard 

bags. If the net profit on each patent leather bag is 80 

cents and on each lizard bag is $1.00, how many bags of 

each type should the manufacturer produce daily to maxi- 

mize the profit? 

A computer user is planning to buy up to 30 minutes of 

computer time from the Computer Corp. High-priority 

time (H) provides the customer with more memory than 

18. 

19. 

— 

does low-priority time (L). The user wishes to buy at least 

3 minutes of time H. Computer Corp. will not sell more 

than 10 minutes of time H and insists on selling at least 18 

minutes of time L. Time H sells for $1000 per minute, 

and time L sells for $600 per minute. How much time H 

and how much time L should the customer buy to mini- 

mize the cost? 

A pharmaceutical firm develops two drugs, Curine I and 

Curine II. Each gram of Curine I contains 1 milligram of 

beneficial factor Z, and each gram of Curine II contains 2 

milligrams of beneficial factor Z. Both drugs contain fac- 

tors X and Y, which produce undesirable side effects. 

Each gram of Curine I contains 3 milligrams of X and 1 

milligram of Y, while each gram of Curine II contains 1 

milligram of X and 1 milligram of Y. If a patient can 

tolerate no more than 6 milligrams of X and no more than 

4 milligrams of Y daily, how many grams of Curine I 

and how many grams of Curine II should be administered 

daily to provide the patient with the maximum amount of 

factor Z? 

(a) Repeat Exercise 18 if each gram of Curine I contains 

3-milligrams of Z and each gram of Curine II con- 

tains 1 milligram of Z. 

Repeat Exercise 18 if each gram of Curine I contains 

4 milligrams of Z and each gram of Curine II con- 

tains 1 milligram of Z. 

(b) 

Exercises 20 and 21 illustrate an important type of linear pro- 

gramming problem, the transportation problem. In this kind of 

problem there are various warehouses and various stores, and 

the cost of shipping an item from any warehouse to any store is 

known. The problem is “How many items should be shipped 

from each warehouse to each store so that each store’s demands 

are met and the shipping costs are minimized?” 

20. A seafood broker has two docks, one in New Jersey, the 

other in Maine. Seafood is shipped to three stores: one in 

Ohio, one in New York, and one in Virginia. The cost (in 

dollars) of sending one case of seafood from each dock to 

each store is given in Table 1. 

TABLE 1 

Ohio New York Virginia 

New Jersey 9 i 8 

Maine 10 5 12 
ee 

The demand at each of the stores is Ohio: 55 cases, New 

York: 70 cases, and Virginia: 25 cases. The number of 

cases available at each warehouse is New Jersey: 60 cases 

and Maine: 90 cases. How many cases of seafood should 
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be shipped from each dock to each store to minimize the 22. 

total shipping cost? Formulate this transportation problem 

as'a linear programming problem, but do not attempt to 

solve. [Hint: There are six unknowns; call them x1, x, 

es X6.] 

An investor will invest a total of $300,000 in gold, silver, 

and diamonds. Experience has shown her that she should 

put at least twice the amount in gold as in silver. Her bro- 

ker insists that she spend at least $200,000 on diamonds. 

If gold, silver, and diamonds are currently selling at $650 

per ounce, $16 per ounce, and $400 per carat, respec- 

tively, and the projected prices at the time of sale are es- 

timated at $725 per ounce, $18 per ounce, and $500 per 

carat, respectively, how should the $300,000 be spent to 

maximize the profit? [Hint: Use one of the constraints to 

reduce the problem to one with two unknowns. ] 

21. Three pipeline companies—Regional Natural Gas, Union 

Natural Gas, and Greater Gas Incorporated—are con- 

trolled by one conglomerate. They supply natural gas to 

Chicago, Philadelphia, Detroit, and Huntsville. Over a 

certain time period, the needs of each city (in millions of 

cubic feet) are Chicago: 180, Philadelphia: 175, Detroit: 

170, and Huntsville: 200. The available gas (in millions of 23. 

cubic feet) is Regional: 150, Union: 300, and Greater: 

275. The profit (in thousands of dollars) from sending 1 

million cubic feet of gas from each pipeline company to 

each city is given in Table 2. How much gas should be 

-sent by each company to each city to maximize the total 

profit for the conglomerate? Formulate this transportation 

problem as a linear programming problem, but do not at- 

tempt to solve. [Hint: There are 12 unknowns, call them 

(Harder) A farmer grows corn, tomatoes, and eggplant. 

There are 250 acres available to plant, which must all be 

used. Each acre of corn will produce 30 bushels. One acre 

of tomatoes will yield 3 tons. One acre of eggplant will 

yield 32 crates. Because of crop rotation, a crop cannot be 

planted on the same ground where it grew the year be- 

fore. Last year the planting consisted of 100 acres of 

corn, 100 acres of tomatoes, and 50 acres of eggplants. 

The farmer realizes a profit of $3 per bushel of corn, $31 
Mpa cel 2a per ton of tomatoes, and $2.50 per crate of eggplants. 

How many acres should be allotted to each crop to maxi- 

TABLE 2 mize the profit? [Hint: Use one of the constraints to re- 

Chicago Philadelphia Detroit | Huntsville duce the problem to one with two unknowns. ] 

Regional Gas 10 9 11 8 

Union Gas 7 12 16 10 

Greater Gas 13 10 9 15 

3.2 SOLVING LINEAR 
PROGRAMMING 

PROBLEMS 
GEOMETRICALLY 

In the previous section we show how to express several linear programming prob- 

lems mathematically. In this section we develop a geometric method for solving 

these mathematical problems. 

Example 1 in the previous section reduces to the following mathematical 

problem. 
Find those values of x and y that make the objective function 

z= 10x + 12y (1) 

as large as possible, where x and y must satisfy the constraints 

0.2x + 0.4y = 30 

ve, 0 

= 0 

Using the techniques in Section 1.6, you should have no trouble showing that 

the points (x, y) satisfying the four inequalities in (2) form the shaded region in 
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Figure 1. Since each point (x, y) in this region has a chance of being a solution to 

the problem, we call these points feasible solutions, and the set S of all feasible 

solutions is called the feasible region. 

0.2x + 0.2y = 204” 

FIGURE 1 

0.2x + 0.4y = 30 

(0, 0 

To solve the problem, we must look among the feasible solutions for one that 

makes the objective function (1) as large as possible. Such a solution is called an 

optimal solution. This is, however, easier said than done. To see why, consider 

the two feasible solutions D(25, 50) and E(60, 20) shown in Figure 2. At the 

point D(25, 50) the value of the objective function is 

z = 10x + 12y = 10(25) + 12(50) = 850 

while at the point E(60, 20) the value of the objective function is 

z = 10x°+ 12y = 10(60) + 12(20) = 840 

yi 

FIGURE 2 (0,1) 

(0, | (100, 0) 

Since the value of the objective function is larger at the point D(25, 50) than at 

the point E (60, 20), E cannot be an optimal solution. However, we cannot be sure 

that D itself is an optimal solution since there may be other feasible solutions at 

which the objective function has an even larger value than at D. Since there are 

infinitely many feasible solutions, it is impossible to compute z at each one of them 

to see where it has the largest value. We therefore need some techniques to avoid 

this difficulty. Before we describe these techniques, we discuss some preliminary 
ideas. 
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The set of feasible solutions shaded in Figure 1 is an example of a convex set. 
This means that if we connect any two points in the set by a line segment, then 

the line segment will be completely in the set. 

_ The shaded set in Figure 3a is not convex since the line segment connecting the 

points P; and P2 does not lie entirely in the set. The shaded set in Figure 3b is 

convex since, as illustrated in the figure, a line segment connecting any two points 

of the set will lie in the set. 

FIGURE 3 

(a) (b) YA 

Convex sets are of two types: bounded and unbounded. A bounded set is 

one that can be enclosed by some suitably large circle, and an unbounded set 

is one that cannot be so enclosed. For example, the convex sets (a) and (b) in Fig- 

ure 4 are bounded, while the convex sets (c) and (d) are unbounded. 

FIGURE 4 A L> % 

(a) (b) © d) 

We also need the following definition as we solve linear programming prob- 

lems. 

In Figure 5 we have indicated the corner points of the convex sets in parts (a), (b), 

and (c) of Figure 4. The convex set in part (d) of Figure 4 has no corner points. 

-A Oe 
e denotes a corner point 7 A 
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The set of feasible solutions S shaded in Figure 1 has four corner points. Three of 

these lie on the coordinate axes: (0, 0), (0, 75), and (100, 0). The fourth corner 

point is the point of intersection of the lines satisfying the equations ‘ 

D 0,2x + 0.2y = 20 
0.2x + 0.4y = 30 

To find this point of intersection we solve simultaneously by subtracting the first 

equation from the second (to eliminate x). This yields 0.2y = 10, or y = 50. Sub- 

stituting y = 50 into the first equation we obtain x = 50, or (50, 50) is the fourth 

ye corner point. Thus, the corner points of the set of feasible solutions are (0, 0), 

i“ a (0,75), (50, 50), and (100, 0) (Figure 6). 

2 3 0.2x + 0.2y = 20 4Y 

205 oe. 
{ L * tee 5 a ae ») 

ay. FIGURE 6 
a (50, 50) 

0.2x + 0.4y = 30 

oy Ouse interest in convex sets and corner points stems from the following result, 

which we state without proof. 

An intuitive understanding of this result can be gained by considering the 

example of minimizing z = 3x + 2y over the bounded convex set shown in Fig- 
ure 7. If we solve z = 3x + 2y for y, 

| aa) eal 
FIGURE 7 yy ey (3) 
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then for a particular value of z, for example, z = 4, Equation (3) is the equation of 
a straight line 

3 
serawe y 

with slope equal to — 3. 
If the value of z is changed to 2, then Equation (3) becomes 

Sore ny ie 

which is a straight line parallel to the first line. Similarly, as the value of z 

changes, we obtain a family of parallel lines (Figure 8). As z increases, the lines 

move in the direction of the arrow. As z decreases, the lines move in the opposite 

direction. (In other examples, the directions of increase and decrease may be re- 

versed.) In all’ cases the optimal (maximum or minimum) value of z occurs when 

the line intersects the convex set only at a corner point (Figure 9a) or at its 

boundary (Figure 9b). The second case occurs in Example 7 of this section. 

y 

FIGURE 9 Maximumz 

x 

Minimum z 

(a) (b) 

If the convex set is unbounded, then the objective function may have no max- 

imum value (Figure 10). 

Maximum z 

FIGURE 10 



116 4 CHAPTER 3 Linear Programming (A Geometric Approach) * 

This result suggests the following procedure for solving linear programming 

problems when the set of feasible solutions is bounded. 

Step 2 in the above procedure requires finding the point of intersection of two 

lines. As Example 3 illustrates, we can find this point by using the methods de- 

scribed in Section 1.4. : 

The problem in Example 1 of the previous section reduces to finding values of x 

and y that make Peover uly 

as large as possible, where x and y must satisfy 

-0.2x + 0.4y < 30 
0.2x + 0.2y < 20 

x= 0 

y=0 

TABLE 1 The set of feasible solutions’is sketched in Figure 1 of this section, and the corner 

Corner Point ...~—~—S'Vailueof~—SC«é*pointts (0, 0), (0, 75), (50, 50), and (100, 0) are determined in Example 3 (Figure 
(x, y) z=10x+12y 6). Thus, to find values of x and y that satisfy the constraints and make z as large 

(0, 0) 0 as possible, we must first evaluate z at each corner point. These values are listed in 

(0, 75) 900 Table 1. From this table, we see that the largest value of z is 1100 and this value 

(50/30 2B 2 We 210 occurs when x = 50 and y = 50. These values are shaded in the table. 

(100, 0) 1000 We have now solved the problem in Example 1 of Section 3.1. The meat- 
packer should make x = 50 pounds of regular frankfurters and y = 50 pounds of 

deluxe frankfurters, in which case the profit z = 1100¢ = $11.00 will be as large 

as possible. 4 

Solve the following problem, which was posed in Example 3 of Section 3.1: Find: 
those values of x and y that make 

z = 0.08x + 0.10y (4) 

as large as possible, where x and y must satisfy 

x + y = 5000 

x = 4000 

y = 600 

yS5x 6) 
x= 0 

y=0 VV WV IA 



TABLE 2 

Corner Point Value of 
(x, y) Zz = 0.08x + 0.10y 

A(1800, 600) 204 

B (4000, 600) 380 

C (4000, 1000) 420 
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Solution Using the methods presented in Section 1.6, you should be able to 
show that the points (x, y) satisfying the six inequalities in (5) form the shaded 
region S in Figure 11. 

AY 

FIGURE 11 

To find the coordinates of the corner points we proceed as follows: corner 

point A is the intersection of the lines with equations 

1 
a and y = 600 

Solving this system yields x = 1800 and y = 600, so A has coordinates 

(1800, 600). Corner point B is the intersection of the lines with equations 

x = 4000 and y = 600 = 

so B has coordinates (4000, 600). Corner point C is the intersection of the lines 

pee enons x = 4000 and x + y = 5000 

Solving this system yields x = 4000 and y = 1000, so C has coordinates 

(4000, 1000). Corner point D is the intersection of the lines satisfying the equa- 
tions ; 1 

x + y = 5000 and ye 

Solving this system yields x = 3750 and y = 1250, so D has coordinates 

(3750, 1250). 
The region S is bounded so that the maximum value of the objective function 

(4) will occur at one of the corner points of S. The values of the objective function 

at the corner points are listed in Table 2. The maximum values are shaded. 

From Table 2, we see that the largest value of z on S is 425, and this value 

occurs when x = 3750 and y = 1250. Thus, the managers of the pension plan 

should invest $3750 in stock X and $1250 in stock Y, in which case their return of 

$425 will be the largest possible. 

Observe from Table 2 that the poorest possible investment would occur if the 

managers invested $1800 in stock X and $600 in stock Y, in which case their re- 
turn of $204 would be the smallest possible. 4 
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TABLE 3 

Corner Point 

(x, y) 

(0, 5) 

(2, 3) 

(8, 0) 

Value of 

z= 3x + dy 

20 

18 

24 

EXAMPLE 6 We previously stated that if the set S of feasible solutions is bounded, then the ob- 
jective function in a linear programming problem has both a largest and a smallest 

value on S, and these values occur at corner points of S. In this example we show 

that if S is not bounded, then this result does not apply. 

Consider the problem: Find those values of x and y that make 

z= 3x+ 4y 

as large as possible, where x and y satisfy 

Mite Dyes 

Ox Ly 10 

x = 0 

y=0 

Using the techniques of Section 1.6, you should have no trouble obtaining the set 

S of feasible solutions shaded in Figure 12. Observe that S$ is an unbounded set. In 

Table 3 we have listed the values of z at the corner points of S. The largest value 

of z in this table is z = 24, which occurs at the point (8, 0). However, this is not 

the largest possible value of z on S$. For example, z = 3x + 4y has the value 

z = 38 at the point (10, 2). In fact, z does not have a largest value on S. (Can you 
see why?) 

x +2y = 8 
FIGURE 12 

Observe that a minimum value of 18 for z = 3x + 4y occurs at the corner point 
(2, 3). Thus, in an unbounded region the objective function may have a minimum 
value although it has no maximum value. 4” 

Example 6 illustrates what can happen when the set of feasible solutions is un- 
bounded. In such cases, the objective function can fail to have a largest value, a 
smallest value, or both. It can be shown, however, that if there is a largest (or 
smallest) value for the objective function, it must occur at a corner point. 



TABLE 4 

Corner Point 

(x, y) 

(0, 0) 
(16 0) 

Value of 

z= 15x + 30y 

0 
240 
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" Solve the following problem, which was posed in Example 4 of Section 3.1: Find 
those values of x and y that make 

z = 15x + 30y (6) 

as large as possible, where x and y must satisfy 

0.2x + 0.4y S 8 

OiSsx + 0.2 8 
i Ae (7) 

y2=0 

Solution Using the methods of Section 1.6, you can show that the points (x, y) 

satisfying the four inequalities in (7) form the shaded region S in Figure 13. 

The region S is bounded, so the maximum value of the objective function (6) 

will occur at-one of the corner points of S. The values of the objective function at 

the corner points are listed in Table 4. The maximum values are shaded. 

0.5x + 0.2y = 8 

FIGURE 13 

0.2x + 0.4y = 8 

This example shows that a linear programming problem can have more than 

one solution. From this table, we see that the largest value of z is 600, and this 

value occurs at two corner points 

x= 10 y= 15 

and 

x= 0 y = 20 

It then follows from the discussion preceding Example 4 that any point on the line 

segment joining the points (10, 15) and (0, 20) will also be an optimal solution. 

This can be seen as follows: 

The equation of the line joining these two points is 

0.2x + 0.4y = 8 

Multiplying both sides by 75, we obtain 

15x + 30y = 600 
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The left side of this equation is the objective function z = 15x + 30y. Thus, the 

objective function is 600 at every point on the line joining the points (10, 15) and 

(0, 20). 
In summary, the fuel manufacturer can maximize the profit in many ways. 

For example, : 

x = 10 liquid units of type R and y = 15 liquid units of type U 

or 
x = 0 liquid units of type R and y = 20 liquid units of type U 

or 
x = 12 liquid units of type R and y = 14 liquid units of type U 

and so forth. In all cases, the daily profit of $600 is the largest possible. 4” 

So far in this chapter, we have considered linear programming problems in- 

volving two unknowns. In actual practice, most linear programming problems in- 

volve more than two unknowns—some problems deal with hundreds or even 

thousands* of unknowns. Problems in three unknowns, such as 

Maximize z = 2x + 3y + 5t 

eubjeetste Ite OV ote) 

10x + 4y + 5¢ = 20 

x=0 

ye 0 
t=0 

can also be solved geometrically. However, the set of feasible solutions must be 

drawn in three-dimensional space, a considerably more difficult problem than that 

for two variables, which is drawn in a plane. The set of feasible solutions for the 

above problem is shown in Figure 14. For most problems involving more than 

three unknowns, geometric methods are usually not applicable. In Chapter 4 we 

discuss algebraic methods used to solve problems with any number of unknowns. 

FIGURE 14 

*For example, problems of this type occur in the oil industry and in econometrics. . 
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il. Which of the following points is a feasible solution to the 
given linear programming problem? 

Maximize z= 4x + Sy 

subject to cepa eee 7 

ea Vss “a 

==) 

y=0 

eye (ye 0) eG ty) 01) 

Which of the following points is a feasible solution to the 
given linear programming problem? 

Minimize 
subject to 

Ok ND 

3x, +m =4 

2x) = X27 =2 

58) = 5G) = 

x, 20 

x2 = 0 

(ataZ) 2 (b) (8,1). G1), (dd). (5, 0) 

Consider a linear programming problem with the objec- 

tive function z = 4x — 2y, which is to be maximized. 

Find an optimal solution given that the corner points of 

the feasible region are (0, 4), (5, 2), (2, 6), and (8, 4). 

Consider a linear programming problem with the objec- 

tive function z = —3x + 2y, which is to be minimized. 

Find an optimal solution given that the corner points of 

the feasible region are (0, 3), (3, 0), (4, 4), (5, 2), and 
(6,5): 

For which values of x and y is z = 18x + 12y°a«maxi- 

mum subject to Ey 

af op Pa SD 

x 290 

y20 

6. 
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For which values of x and y is z = 15x — 10y a minimum 

subject to 

Gay = 18 

8 ap Py SS 7) 

x20 

y=0 

For which values of x and y is z = 2x + 3y a maximum 

subject to 

See ae Ps S 

Op = Dy sD 

y=6 
x=0 

y=0 

For which values of x and y is z = 2x + 3y a minimum 

subject to the constraints of Exercise 7? 
\ 

(a) For which values of x and y is z = 3x — y a maxi- 

mum subject to the constraints of Exercise 7? 

(b) For which values of x and y is it a minimum? 

For these exercises, solve the indicated problem from Exercises 

3-23 of Exercise Set 3.1: 

10. 

12. 

14. 

16. 

18. 

20. 

22. 

Exercise 4 11. Exercise 7 

Exercise 8 13. Exercise 9 

Exercise 10 15. 

Exercise 12 17. 

Exercise 14 19. 

Exercise 16 21. 

Exercise 18 23. 

Exercise 11 

Exercise 13 

Exercise 15 

Exercise 17 

Exercise 19 

& KEY IDEAS FOR REVIEW 

# Linear programming problem Find nonnegative values of x and y that will 

maximize Or minimize an expression of the form z = ax + by subject to cer- 

tain inequalities that must be satisfied by x and y. 

a# Objective function The quantity z = ax + by to be maximized or mini- 

mized in a linear programming problem. 
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Constraints Inequalities that must be satisfied by x and y in a linear program- 

ming problem. 

a Feasible solution Values of x and y that satisfy all the constraints of a linear 

programming problem. 

4 Optimal solution A feasible solution that makes the objective function as 

large or as small as possible. 

a Convex set A set with the property that a line segment joining any two 

points in the set lies entirely in the set. 

a Bounded convex set A convex set that can be enclosed by a sufficiently large 

circle. 

4 Unbounded convex set A convex set that cannot be enclosed by any circle. 

4 Corner point A point in a convex set that is the intersection of two boundary 

lines. 

4 SUPPLEMENTARY EXERCISES 

1. Which of the following points is a feasible solution to the 5. A bakery makes yellow cake and white cake. Each pound 

given linear programming problem? of yellow cake requires } pound of flour and } pound of 
Minimize z = 3x — 2y SuEAr: each pound of white cake requires $ pound of flour 

cab and 3 pound of sugar. The baker finds that 100 pounds of ject to ce : 
x + 2y =6 flour and 80 pounds of sugar are available. If yellow cake 

“xt y=l sells for $3 per pound and white cake sells for $2.50 per 

2x- y2=2 pound, how many pounds of each cake should the bakery 

x20 produce to maximize income, assuming that all cakes 

y 20 baked can be sold? 
Ba 

o a , Oe, eit a) 6. A shop sells a mixture of Java and Colombian coffee 
, beans for $4 per pound. The shopkeeper has allocated 

For which values of x and y is z = 3x — 4y a maximum $1000 for buying fresh beans and finds that it costs $1.50 

subject to 3x + 4y = 15 per pound for Java beans and $2.00 per pound for Colom- 
5x + 4y =< 20 bian beans. In a satisfactory mixture, the weight of 

x =0 Colombian beans will be at least twice and no more than 

y=0 four times the weight of the Java beans. How many 

: : oe pounds of each type of coffee bean should be ordered to 

For which values of x and y is z = 5x + 2y a minimum maximize the profit if the entire mixture can be sold? 
subject to 

5x + 6y = 30 . 7 A , ; : 
oe 3 pension fund plans to invest up to $50,000 in U.S. 

De F Treasury bonds yielding 12% interest per year and corpo- 
= 3 rate bonds yielding 15% interest per year. The fund man- 

: s - ager is told to invest a minimum of $25,000 in the Trea- 

Consider a linear programming problem with the objec- 

tive function z = 5x + 4y, which is to be maximized. 

Find an optimal solution given that the corner points of 

the feasible region are (3, 0), (5, 2), (7, 5), (4,4), and 

Gy-3): , 

sury bonds and a minimum of $10,000 in the corporate 

bonds, with no more than one-fourth of the total invest- 

ment to be in corporate bonds. How much should the 

manager invest in each type of bond to achieve the maxi- 

mum annual interest? What is the maximum annual inter- 

est? 



8. 

10. 

A farmer intends to plant crops A and B on all or part of 

a 100-acre field. Seed for crop A costs $60 per acre, and 

labor costs $200 per acre. For crop B, seed costs $90 per 

acre, and labor costs $150 per acre. The farmer cannot 

spend more than $8100 for seed and no more than 

$18,000 for labor. If the income per acre is $1500 for 

crop A and $1750 for crop B, how many acres of each 

crop should be planted to maximize total income? 

The farmer in Exercise 8 finds that a worldwide surplus in 

crop B reduces the income to $1400 per acre, while the 

income for crop A remains steady at $1500 per acre. How 

many acres of each crop should be planted to maximize 

total income? 

In preparing food for the college cafeteria, a dietitian will 

combine Volume Pack A and Volume Pack B. Each pound 

of Volume Pack A costs $2.50 and contains 4 units of car- 

bohydrate, 3 units of protein, and 5 units of fat. Each 

4 CHAPTER TEST 

1. Which of the following points is a feasible solution to the 

given system of inequalities? 

xy s4 

Die ly = 6 

ari. ) G2) © 2) @. 4) 

2. Suppose a linear programming problem has the feasible 

region shown in Figure 1. For which values of x and y is 

= 3x — 4y 

(a) a maximum (b) a minimum 

FIGURE 1 

3. For which values of x and y is z = 2x + 3y a minimum 

subject to 
Dye cp Shy SO) 

3x ayo 12 

x =0 

y =0- 

11. 
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pound of Volume Pack B costs $1.50 and contains 3 units 

of carbohydrate, 4 units of protein, and 1 unit of fat. If 

minimum monthly requirements are 60 units of carbohy- 

drates, 52 units of protein, and 42 units of fat, how many 

pounds of each food pack will the dietitian use to mini- 

mize costs? 

A lawn service uses a rider mower that cuts a 5000- 

square-foot area per hour and a small mower that cuts a 

3000-square-foot area per hour. Each mower uses $ gallon 

of gasoline per hour. Near the end of a long summer day, 

the supervisor finds that both mowers are empty and that 

0.6 gallon of gasoline remains in the storage cans. To sat- 

isfactorily conclude the day, at least 4000 square feet of 

lawn must still be mowed. If the cost of operating the rid- 

ing mower is $9 per hour and the cost of operating the 

smaller mower is $5 per hour, how much of the remain- 

ing gasoline should be allocated to each mower to do the 

job at the least cost? 

A company manufactures an 8-bit computer and a 16-bit 

computer. To meet existing orders, the company must 

schedule at least fifty 8-bit computers for the next produc- 

tion cycle and can produce no more than one hundred 

fifty 8-bit computers. The manufacturing facilities are ad- 

equate to produce no more than three hundred 16-bit 

computers, but the total number of these computers that 

can be produced cannot exceed 400. The profit is $310 on 

each 8-bit computer and $275 on each 16-bit computer. 

Find the number of computers of each type that should be 

manufactured to maximize profit. 

A trucking firm is negotiating a contract with a spice sup- 

plier that uses two sizes of containers: large, 4-cubic-foot 

containers weighing 10 pounds, and small, 2-cubic-foot 

containers weighing 8 pounds. The trucking firm will use 

a vehicle that can handle a maximum load of 3280 pounds 

and a cargo size of up to 1000 cubic feet. The firms have 

agreed on a shipping rate of 50 cents for each large con- 

tainer and 30 cents for each small container. How many 

containers of.each type should the trucking firm place on 

a truck to maximize income? 
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In Chapter 3 we show how linear programming problems involving two variables 

x and y can be solved geometrically. The geometric method we examine in that 

chapter can be extended to linear programming problems involving three vari- 

ables. However, for problems involving more than three variables, geometric 

techniques must usually be replaced by algebraic ones. In this chapter we describe 

an important algebraic technique, called the simplex method, for solving linear 

programming problems. 

The simplex method is applicable only when a linear programming problem 

satisfies certain conditions. In this section we discuss a simplified version of these 
conditions as well as certain other preliminaries; in the next two sections we dis- 

cuss the simplex method itself. 

Consider the following linear programming problems: 

(a) Maximize z= 10x + 12y (b) Minimize z= 10x — 12y + 2t 

sats Sailalobaet (Nr bsece 20 SOOM ay emeetG 
0.2x + 0.2y < 20 Xe ye ee =48 

craO ~ 20 
y=0 y=0 

= 0 

(c) Maximize z = 0.08x, + 0.1x2 (d) Maximize z = 3x + 4y 

subject to fy ge 5000 subject to Rees 

Sh = ns, 2x + 2y = 10 

r2=0 
y2=0 
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Problem (a) is an example of a standard linear programming problem.* 
This means that 

Problem (b) is not a standard linear programming problem since the objective 

function is to be minimized and not maximized, as required by condition (i). 

Problem (c) is not a standard linear programming problem since the variables 

x; and x are not constrained to be nonnegative, as required by condition (ii). 
Problem (d) is not a standard linear programming problem since the con- 

straint 
2h Dy = AO (1) 

violates condition (iii) (the inequality goes the wrong way). 

Sometimes linear programming problems that violate condition (iii) can be 

rewritten in an equivalent form so that this condition is satisfied. For example, 
consider the problem 

(e) Maximize z = 3x, + 2x. - x%3 

subject to a 

x,=0 

x2 =0 

n= 0 

This is not a standard linear programming problem since condition (iii) is violated 

by the constraint Fe ih eh aly (2) 

However, if we multiply both sides of this inequality by —1, we obtain the equiv- 
; ree; alent inequality BS anf ys (3) 

If constraint (2) is rewritten in form (3), then problem (e) becomes a standard lin- 

ear programming problem. To check your understanding of the ideas presented 

thus far, you may wish to show that this trick cannot be applied to inequality (1) 
to convert problem (d) into a standard linear programming problem. 

In Section 4.4 we discuss the solution of certain nonstandard linear program- 

ming problems. However, until that time we work with standard linear program- 
ming problems only. 

We now come to the main objective of this section: to show that a standard 

linear programming problem can be reformulated as a problem concerned with 

*The term standard linear programming problem is our own; it is not used universally. 

tRecall that if both sides of an inequality are multiplied by a negative number, then the inequality is 
reversed. For example, if we multiply both sides of the inequality -2 = 4 by —1, the result is 2 = —4 
(see Section A.4 in Appendix A). 
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systems of equations rather than inequalities. To illustrate how this is done, con- 

sider the following problem, which we refer to as the “original problem.” 

Original Problem Maximize z= 10x + 12y 

MAAS Sno Sw aren (4a) 
0.2x + 0.2y = 20 (4b) 

x=0 

y 20 

Since the right sides of inequalities (4a) and (4b) are at least as large as the 

left sides, it is possible to convert these inequalities into equalities by adding non- 

negative quantities v and w on the left. When this is done, (4a) and (4b) become 

pee ae 0.2x + 0.4y + v = 30 (4a’) 
0.2x + 0.2y + w = 20 (4b’) 

‘where 

v =O and w=0 (5) 

The quantities » and w are called slack variables because they take up the “slack” 

or difference between the two sides. 

If we replace inequalities (4a) and (4b) by equalities (4a’) and (4b’) and use 

the constraints in (5), we obtain a modification of the original problem called the 

“new problem with slack variables.” 

New Problem with Slack Variables 

Maximize z = 10x + 12y 

SUBIC! TO Gi0s SID F030 
0.2x + 0.2y + w = 20 

ve 0 (6) 

y=0 
t= 0 

w 20 

Athough we omit the details, it is not difficult to show that the original prob- 

lem and the new problem with slack variables are equivalent in the following 

sense: 

If x = a, y = b is any solution of the original If x = 10, y = 20 is a solution of (4), then 
problem, then there are values of the slack x = 10, y = 20, v = 20, w = l4isa 

variables, for example, v = c and w = d, solution of the above new problem with 
such that x = a, y = b, v=c, andw =d slack variables. 
is a solution of the new problem with slack 
variables. 

Conversely, if x = a, y = b, v =c, w = dis Ifx = 15, y = 5, v = 25, w = lOisa 

any solution of the new problem with slack solution of the new problem with slack 
variables, then x = a, y = b is a solution of variables, then x = 15, y = 5 is a solution 

the original problem. of (4). 
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In Example 7 of Section 3.2 we show that 

x=0 y = 20 

is a solution of the problem 

Maximize z= 15x + 30y 

cous hela i Seairer yr) ony 
0.5x + 0.2y <8 

x20 

y 20 

Use this result to find a solution of the new problem with slack variables. 

Solution The new problem with slack variables is 

Maximize z= 15x + 30y 

subject to 

0.2x+ 0.4y+v=8 (7) 

0.5x + 0.2y +w=8 (8) 
x20 

y2=0 

020 

w=0 

Substituting the values x = 0, y = 20 in (7) and (8), we obtain 

0.2(0) + 0.4(20) + v = 8 

0.5(0) + 0.2(20) + w = 8 

so v = 0 and w = 4. Since these values satisfy v = 0, w = 0, we have 

x= 0 y = 20 vo=0 w=4 

as a solution of the new problem. 4& 

In Example 1 we started with a solution of the original problem and then ob- 

tained a solution of the new problem with slack variables. We are now interested 

in reversing the procedure. The simplex method described in later sections enables 

us to solve the new problem with slack variables. Using this solution, we then ob- 
tain a solution of the original problem. 

We conclude this section by showing how linear programming problems can 

be formulated using matrix terminology. Consider the standard linear program- 

ming problem 

Maximize z= 10x + 12y (9) 

SUB IOCY OS ioe nay ht (10a) 
0.2x + 0.2y = 20 (10b) 

x20 (11a) 

y2=0 (11b) 
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30 

20 
eo C=[10 12] 

0.2 0.2 y 

If we agree to omit the brackets on 1 X 1 matrices, then the quantity z in state- 

and let Romney 
ie | de 

ment (9) can be written as the matrix product 

x 
z= [10 12) | 

y 
or equivalently 

z = CX 

Further, constraints (10a) and (10b) can be written as* 

0.2x + 0.4y ne 
0.2x + 0.2y 20- 

or 

0.2 0.4 | 3° 
< 

0.2 O.2}Ly 20 

or 
AX =B 

Finally, constraints (11a) and (11b) can be written as 

Pletal > 
y 0 

or equivalently 

xX =0 

Combining these results, we obtain this matrix formulation of the problem: 

Maximize z = CX 

subject to AX <B 

x=0 

4 EXERCISE SET 4.1~ 

1. Which of the following are standard linear programming (c) Minimize z = 2x, — 3x2 + 3x3 
° 9 . 

problems? 2 subject to Dr, Hi aa aM 

(a) Maximize z = 2x — y 

subject to 3%; + 2x2(-\ X3 = 30 
4) Atoy = m=0, m2=0, nu =0 

c= ON y= 0 : 
(d) Maximize z = 3x + 2y 

(b) ern Z ON teat t subject to cy 7 

J 2x-ytt <3 5x‘ 8y = —3 
Seep -if SSLS) x=0, y2=0 

*If E and F are matrices of the same size, we write E = F if each entry in E is less than or equal to 
the corresponding entry in F. 



2. Rewrite the following as standard linear programming 6. 
problems. 

(a) Maximize z= 4x — 2y 

subject to x+2y <7 

Sy5 = h) 22 8 

x =10) 2 yr=0 

(b) Maximize z = 2x, + 3x. + x3 

subject to bh paree) yal stakes 

3x1 se X2 ot 5x3 =—§ 

0 oS =30 a 0 

Can the following problem be rewritten as a standard lin- 

ear programming problem? Explain your answer. 

Maximize z = 5x — 8y 

subject to 7. 
A= yet 
Det yaad 

y= 00 

Rewrite the following as equivalent new problems with 

slack variables: 8. 
(a) Maximize z= 6x — 9y 

subject a, 679 SrA 

Wise Ge cany S23) 

= Oya 20 

(b) Maximize z = 4x; + 3x. + 2x3 

subject to ee Pasa cee eg 

X; + 2x. + 4x43 = 14 

2x1 AR 3x2 = LS 12 

x = 10, 2) =] 0] x 0 

Rewrite the following as equivalent new problems with 

slack variables: 

(a) Maximize z = 5x + 7y 

subject to Axe yee O 

2x + Ty -= 3 

Se Che es 2 9. 

y=, sree 

(b) Maximize z = —x, + x2 — x3 + x4 

subject to esse ares 

TS 2x2 35 x 6 

x20, »m=0 

w32=0, 420 

= 2x1 + X2 
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The following are linear programming problems with 

slack variables u, v, and w. Find the original problem. 

(a) Maximize z= x — 3y 

subject to ey es 

3x —-2y+v=7 

i= 07 ye=0 

u=0, v20 

(b) Maximize z = 3x1 ip PAG) > Bey 

subject to Dg piay 
x3 +u= 12 

+v= 18 

SX ital X2 + 443+ w = 13 

120, m2=0, n=0 

U0) 550 = 05,50 

(a) Write the problem in Example 4 of Section 3.2 as a 

new problem with slack variables. 

(b) Use the solution obtained in Example 4 of Section 

3.2 to obtain a solution of the new problem with 

slack variables. 

The following problems can be written in matrix notation 

es Maximize z = CX 

subject to 
AX =B 

xX 20 

Find the matrices A, B, C, and X. 

(a) Maximize z= 6x — 9y 
subject to 6p ee A 

2X tye) 

x= 0h y= .0 

(b) Maximize z = x; + x. — x3 + % 

subject to pena Perea 

x —-2xy+xm=6 

D5 = 0, oa 0 

320, m=O 

Repeat the directions of Exercise 8 for the problems 

(a) Maximize z= 4x — 2y + 7t 

subject to Ree nt | 

yt = 2 

Bey S38 

S20, ve) 2eC 

(b) Maximize z = x; — x2 

subject to ie ey ee 

x, = 0, x2 20 
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10. Let 3 ) 

ge ee 
Xx 

X =| x C=[8 4 2] 

X3 

Rewrite the problem 

Maximize z = CX 12. 

subject to AX <B 

xX =0 

without matrix notation. 

11. Write the following linear programming problem without 

matrix notation: 

x 

Maximize z=[6 7 9]| y 

t 

subject to 

2 -4 | H 
va 

@ 1 3 9 
t 

x 0 

y|=]0 
t 0 

For the problems in Exercise 8, the new problems with 

slack variables can be written in matrix notation as 

Maximize z = C;X; 

subject to A,X, = B 

X,20 

Find A,, B, C;,, and X, for 

(a) the problem in Exercise 8a 

(b) the problem in Exercise 8b 

4.2 THE KEY IDEAS OF Weare now ready to discuss the basic ideas needed to solve linear programming 

THE SIMPLEX METHOD problems by the simplex method. Since the technique is somewhat involved, we 
use this section to motivate and develop the basic concepts. In the next section we 

formulate a step-by-step procedure for using the ideas developed here. 

Section 4.1 shows how to reformulate the standard linear programming prob- 

lem 
x 

Maximize z=CX (I) Maximize z=[ci co Gall: (1) 
subject to subject to : 

Xm 

an a2 Qim| | x1 bi 

a2 an drm} | X2 b2 
AX <B (2) sions = (2) 

a1 =a Qkm | | Xm by 

X| 0 

X2 0 

Xx =0' G6) =e (3) 

Xn 0 

as a new equivalent problem with slack variables. This is accomplished by adding 
slack variables to convert each of the inequalities in (2) into equalities. In our dis- 
cussion of slack variables, we emphasize problems with two variables in which (2) 
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has two constraints. However, we now want to consider the general case, where 

we have m variables and AX = B has k constraints. Thus, to convert each of the k 

inequalities in AX =< B into equalities, we would have to introduce k slack vari- 

ables. Therefore, where the original problem contains m variables, the new prob- 

lem contains these m variables together with k slack variables, making a total of 

m + k variables. A basic feasible solution of this new problem with slack vari- 

ables is a solution of this new system of k equations in m + k variables in which m 

variables have value zero and all other variables are nonnegative. At first, it might 

seem that we have complicated affairs by introducing these extra variables. Fortu- 

nately, this is not the case. To explain why, we need the following result, which 

we state without proof. 

This result shows that the solutions of a standard linear programming problem 

can be found by considering the basic feasible solutions of the new problem. The 

following example illustrates how this result can be used to solve linear program- 

ming problems. 

_ EXAMPLE 1 Consider the problem 

Maximize z= —x+y 
subject to 

0.2x + 0.4y = 30 
0.2x + 0.2y < 20 
Kez S- yrs 0 

The corresponding new problem with slack variables is 

Maximize z=-x+y 

SEO ato: ay eee =0 (4) 
0.2x + 0.2y + w = 20 (5) 

A= 08 r= 0, = 0, wie 0 (6) 

According to the result we stated above, this new problem with slack vari- 

ables has a solution in which at least two of the variables have value zero (since 

the original problem has m = 2 unknowns, x and y). Thus, there is a solution of 

the new problem in which one of the following six possibilities occurs: 

x=0 and y=0 y=0 and v=0 

x=0 and v=0 y=0 and w=0 

x=0 and w=0 o=0 and w=0 
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In each of these cases we can use Equations (4) and (5) to find the values of the 

remaining two variables. For example, if 

x=0 and v=0 

then we can substitute these values into (4) and (5) to obtain the system of equa- 

gone O4y  =30 
0.2y + w = 20 

Solving for y and w we obtain 

y = 75 w=5 

Thus, 

x=0 v=0 y=75. wes 

is a possible solution of the new problem with slack variables. 

If we follow this procedure in each of the six cases, we obtain the following 

list of possible solutions of the new problem with slack variables: 

x=0 y=0 v = 30 w = 20 (7a) 

x=0 v=0 y = 75 w=5 (7b) 
x=0 w=0 y = 100 v= -10 (7c) 
y=0 v=0 x = 150 w= —-10 (7d) 
y=0 = 0 x = 100 v= 10 (Je) 

v=0 w=0 x = 50 y = 50 (7f) 

We know there is a solution of the new problem somewhere among these six pos- 

sibilities. However, we can eliminate (7c) and (7d) immediately since they are not 

basic feasible solutions (v and w violate the nonnegativity constraints). This leaves 

(7a), (7b), (7e), and (7f) as the only candidates. To finish, we need to evaluate the 
objective function = 

i Ral aS 08) 

at each basic feasible solution to find where the maximum value occurs. Table 1 
summarizes the results of these computations. 

TABLE 1 

Basic Feasible Solutions of the Value of 
New Problem with Slack Variables z=—-xt+y 

x=0 y=0 v = 30 w = 20 0 

x=0 v=0 y= 75 w=5 75 <— maximum z 

v=0 w=0 x = 50 y = 50 0 

y=0 w=0 x = 100 o= 10 —100 

From this table we see that the maximum value of z is 75, so 

x=0 vo=0 y= 75 w=5 (8) 

is a solution of the new problem with slack variables. As the previous section de- 

scribes, a solution of the original problem can be obtained by discarding the slack 



Relationship between 
Algebraic and Geometric 

Methods 

4.2 The Key Ideas of the Simplex Method a 133 

variables from a solution of the new problem. Thus, discarding v = 0 and w = 5 
from (8) we obtain the solution 

x=0 y= 75 

of the original problem. You may wish to check this result by solving the problem 

geometrically, as discussed in Chapter 3. Observe, however, that the solution in 

this example is completely algebraic. @& 

There is a noteworthy relationship between the geometric solution and the alge- 

braic solution. In the geometric solution we look for the maximum value of z at 

the corner points of the convex set determined by the constraints, while in the al- 

gebraic solution we look for the maximum value of z at the basic feasible solutions 

of the new problem with slack variables. This suggests that there must be a rela- 

tionship between the basic feasible solutions of the new problem and the corner 

points in the original problem. This conjecture is correct. As an illustration of the 

relationship, Figure 1 shows the convex set determined by the constraints in the 

original problem of Example 1, and Table 2 lists the corner points of this convex 

set and the basic feasible solutions of the new problem. (These basic feasible solu- 

tions are also shown in Table 1.) 

FIGURE 1 

(0, 0) 

TABLE 2 

Corner 
Points Basic Feasible Solutions 

(0, 0) x=0 y=0 vo = 30 w = 20 

(0, 75) x=0 y = 75 v=0 w=5 

(50, 50) x = 50 y = 50 v=0 w=0 

(100, 0) x =-100 y=0 v= 10 w=0 

The relationship between corner points and basic feasible solutions is now ev- 

ident from Table 2: the coordinates of each corner point in the left column are 

simply the x- and y-values of the corresponding basic feasible solution in the right 

column. For example, the coordinates of the corner point (0, 75) are simply the x- 

and y-values in the corresponding basic feasible solution 

x=0 y= 75 v=0 w=5 
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Since the objective function t 
Zo ey 

does not involve the slack variables v and w, it is clear that evaluating z at a basic 

feasible solution is equivalent to evaluating z at the corresponding corner point. 

Although the algebraic method used in Example 1 is fine in theory, in practi- 

cal problems the amount of computation involved can become prohibitively large. 

For example, in a problem with 20 variables and 10 constraints, there could con- 

ceivably be more than 30 million basic feasible solutions to check if we used this 

method! To remedy this difficulty we must develop ways of refining the technique 

in Example 1 to reduce the amount of computation. We proceed as follows. For 

the linear programming problem given by (1), (2), and (3), we have m variables 

and AX =< B has k constraints. Introducing the slack variables, we obtain the new 

problem which has m + k variables and k equations. It is convenient to introduce 

the equation defining the objective function as an additional equation with the 

added unknown z so that we now have m+ k + 1 variables with k + 1 equa- 

‘tions. The simplex method is an organized way of searching for the m variables 

that are zero in the solution giving the maximum value of z. Before discussing the 

simplex method in Section 4.3, we first develop some preliminary ideas. 

In Example 1 the new problem with slack variables involves nonnegativity 
constraints and the equations 

hae 5Y 

0.2x + 0.4y + v = 30 

0.2x + 0.2y + w = 20 

If we move the x and y terms in the first equation to the left side of the equals 

sign, we can rewrite this system with the variables aligned: 

a wb +z=0 

0.2x + 0.4y + v = 30 (9a) 
0.2x + 0.2y +w = 20 

Observe that the variables z, v, and w each occur in exactly one equation and 
where they occur they have a coefficient of +1. We call these the explicit vari- 
ables or sometimes basic variables. More precisely, basic variables are those 
variables that have a coefficient +1 in only one equation and coefficient 0 in the 
remaining equations. We call the remaining variables implicit or nonbasic vari- 
ables. 

Equations (9a) are particularly convenient for finding the basic feasible solu- 
tion in which the implicit variables x and y are zero. If we set x = 0, y = 0 in 
(9a), we obtain 

z=0 

v = 30 

w = 20 

Thus the basic feasible solution in which x and y are zero is 

x=0 y=0 v = 30 w = 20 

and the value of the objective function at this solution is z = 0. 
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The augmented matrix for (9a) is 

ae ll Oud herty 1 0 

0.2 0.4 1 Oras.0s «30 (9b) 

O25 082 We nG. 1 07 #20 

It is called the tableau with x and y implicit or sometimes the tableau corre- 

sponding to the basic feasible solution where x = 0 and y = 0. For mnemonic 

reasons, it is helpful to indicate along the upper margin of the tableau which 

columns go with which variables, and to indicate along the left side of the tableau 

which variable is explicit in the corresponding equation. We also omit the dashed 
line. Thus we would write (9b) as 

2 y o w Zz 

Zz | ed. | 0 0 1 0 

v|0.2 0.4 1 0 Os. 30 (9c) 

w1 0.2 0.2 0 1 0 20 

Observe that the entries in the last column tell us the values of z, v, and w when 

the implicit variables are set equal to zero. 

If we were interested in finding the basic feasible solution where y and w have 

value zero, it would be more convenient to have Equations (9a) written so that y 

and w are implicit (or equivalently so that z, x, and v are explicit). Let us illustrate 

how to do this. Since z and v are already explicit in (9a), we need only replace the 
old explicit variable w in the last equation by the new explicit variable x. To do 

this we must get rid of the x terms in the first two equations and give x a 

coefficient of +1 in the last equation. To accomplish this we multiply the last 

equation 

0.2x + 0.2y +.w = 20 

by 55, obtaining 

x + y+ 5w = 100 (10) 

Replace the first equation of (9a) by itself minus Equation (10) and replace the 

second equation of (9a) by itself minus 0.2 times Equation (10). Upon simplifying, 

we obtain the following replacements for the first and second equations of (9a): 

—2y. —5w +z = —100 (11) 
O27 +0— w = 10 (12) 

Writing (11), (12), and (10) with the variables aligned, we obtain the equations 

=2y — 5w + z = —100 

Oy, eo aw, = 10 (13) 
wicks | Mo = 100 

Observe that x, v, and z are now explicit since they each occur in exactly one 

equation and where they occur they have a coefficient of +1. From these equa- 
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tions it is easy to obtain the basic feasible solution in which the implicit variables y 

and w have value zero; we simply set y = 0, w = 0 in (13) to obtain 

z= —100 

v= 10 

x = 100 

Thus the basic feasible solution in which y and w have value zero is 

x = 100 y=0 o= 10 w=0 

and the value of the objective function at this solution is 

z = —100 

The. augmented matrix for (13) yields the tableau with x, v, and z explicit, 

namely, 
x y v w Zz 

z |0 ay} 0 ae) 1 -—100 

vo | 0 0.2 1 =|! 0 10 (14) 

x The 1 0 5 0 100 

You may wish to check your understanding of these ideas by showing that 

Equations (13) can be rewritten with z, y, and x explicit as 

10v — 15w +z=0 

yecbs (0a ow, = 50 (15) 
Ka 0) tL Oy = 50 

where the corresponding tableau is 

a y 0 w Zz 

a TO 8 (Oe 10 ise ie eet) 
¥o.O he ie =o. 0: =O (16) 
aa ee yerrn ORE A 

You can also check that Equations (15) can be rewritten with z, y and w explicit as 

1.5x est) + 2— a 

Oe y bel o8 = 75 

0.1x —0.50 + w =5 

where the corresponding tableau is 

x y vo Ww Z 

Ze|gl5 0s 2 ee eS 
9 'O5: 5422's Woe Jo) ears (17) 
VhlgOdDvec si Oikee= OS eama laa mann 
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~ For the problem in Example 1, use a tableau to find the value of z at the basic fea- 

sible solution where x and v equal zero. 

Solution We look for the tableau in which x and v are implicit. This is tableau 

(17). If we set x = O and v = 0, then the entries in the last column of this tableau 

tell us that 
z= 75 

y=75 

w=5 

Thus, at the basic feasible solution 

x=0 y = 75 o=0 w=5 

the value of zis 75. @& 

In the above discussion, each row of the tableau is labeled with the explicit 

variable in the corresponding equation. Although convenient, this is really unnec- 

_ essary because this information can be obtained from the entries of the tableau. To 

illustrate, consider tableau (17). The z column of the tableau tells us that z appears 

in the first equation with a coefficient of +1 and occurs in no other equation. Thus 

z is explicit. Similarly, the y and w columns, 

or—= eo <= = Oo: 

tell us that y and w are explicit since y occurs in the second equation with 

coefficient +1 but occurs in no other equation, while w occurs in the third equa- 

tion with coefficient +1 and occurs in no other equation. 

These observations are important in the next section. 

} The explicit variables in the tableau 

x y v w Z 

0 =2 0. =5 1 100 

0 02 |e | 0 10 

1 1 0 5 0 -—100 

are x, v, and z. (Why?) @& 
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4 EXERCISE SET 4.2 

1. Solve using the method of Example 1: (a) Form the new problem with slack variables v and w. 

she = (b) Find a tableau in which x and y are implicit. 
Maximize z= 5x + Ty ; ; : ee, 

subject to (c) Find a tableau in which x and w are implicit. 
xtysl (d) Find a tableau in which y and w are implicit. 

ay = 0 
10. Consider the problem 

2. Solve the problem in Exercise 1 geometrically and match 

the corner points with the basic feasible solutions com- 

puted in Exercise 1 (as in Table 2). 

Maximize z = —3x; + 5x2 + 2x3 

subject fo 2x4 GP 3x2 ote 4x3 = 18 

3x, ae 2x2 et 3x3 =< 12 
3. Solve using the method of Example 1: We0) 2 - ee eo 

DSM NSS (a) Form the new problem with slack variables v; and 
subject to * 

ae 
ae 

ie i 2 z - (b) Find a tableau in which x,, x2, and x3 are implicit. 

i ‘ 2 0 (c) Find a tableau in which x,, x2, and v; are implicit. 

(d) Find a tableau in which x;, v;, and v2 are implicit. 

4. Solve the problem in Exercise 3 geometrically and match 

the corner points with the basic feasible solutions com- re ee eee eee 

puted in Exercise 3 (as in Table 2). x y v w z 
; ON 2 0) 4 1 18 

5. Solve using the method of Example 1: (a) dees 1 2 0 2 

Maximize ZO ey 1 5 0 1 0 22 

subject to 4x 4 Oy = 2 p : : ; : 

x ay . ce Apo eS <0) ah s0 
— ; nf ; (Oe i=2 ee Dee OF a0 8 

6. In each of-the following, name the explicit variables. 5 0 3 0 1 0 4 

(a) 3y —5w +z = 105 
(x/+ 2y + 8w = 20 2 IE OP a i 
. Ty +@ — 4w = 13 Shel t=5) OR Onemee 1 43 

(b) —10x — 12y +2=0 |e cage mgt aaa at aie 
geo AY ae ® = 150 = 2 2 J as v Ue 

xt y. + = 40 a 7 De ay eae 
(c) 6 £DE= 0 0 On in 0 2 1 12 

vr wt w = 75 (a) 1 0 6 0 7 0 13 

[S) = 20h ae = 13 0 1 4 0 1 0 14 

7. Obtain tableau (16) from Equations (13). O20 se le 6 sO 
8. Obtain tableau (17) from Equations (15). 12. For each of the tableaux in Exercise 11, find the corre- 

; sponding basic feasible solution and the value of the ob- 
9. Consider the problem jective function at that solution. 

Maximize z = 2x + Sy 
subject to ayet yee 

0) aa) ae) 

x20,y=0 

a eS EE ee eee 
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In this section we describe a step-by-step procedure for solving certain linear pro- 

gramming problems. This technique, called the simplex method, was developed 

by a contemporary mathematician, George B. Dantzig, professor of operations re- 

search and computer science at Stanford University, during the late 1940s. 

In the simplex method, we begin with a certain easily obtained basic feasible 

solution, then by a definite procedure we move through a succession of basic fea- 

sible solutions in such a way that the objective function increases in value at each 

step. We continue this process until either (1) we reach a basic feasible solution 

for which the objective function is maximum or (2) we find that there is no solu- 

tion. As we discuss the details of each step, we illustrate the idea using the prob- 

oe Maximize z= 10x + 12y 

subject to 150 

Kia any LOO 

x 20 

y=0 

Kore oy 

VIA IA 

The corresponding new problem with slack varibles is 

Maximize z= 10x + 12y 

subject to 
Lach QV © 150 

ALY, + w = 100 (1) 

Giz One Ve SO PVCs =O we=0 

Throughout this section we assume we have a standard linear programming 

problem. This being the case, we can always get a basic feasible solution by set- 

ting the original (nonslack) variables equal to zero. We call this the initial basic 

feasible solution. For example, if we set x = 0 and y = 0 in (1), we obtain the 

initial basic feasible solution 

x=0 y=0 = 150 w = 100 

Moreover, at this solution the objective function z = 10x + 12y has the value 

z= 0. 
The important information about the initial basic feasible solution can be ob- 

tained from the last column of\the tableau in which the slack variables are explicit. 

We call this the initial tableau\, In our illustrative example, the initial tableau is 
\ 
{ 
\ x y \ 0) w Zi 

= z|—-10. -—12 \ O 0 1 0 

v 1 2. Me 0 0 150 (2) 

Ww i eres 0 1 0 100 

The construction of the initial tableau is the first step in the simplex method. 

For reference, we formally state this fact. 
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Once any initial tableau is constructed, there are two questions to consider: 

(a) Does the tableau correspond to an optimal solution? 

(b). If not, how can we obtain a new tableau in which the value of z is closer to 

the maximum value? 

Let us consider question (a) first. In our example, the first row of the initial 

tableau is 
x y ) w Z 

=10) 12.4 0" feO 1 0 (3) 

so that the corresponding equation is 

—10x - 12y +z=0 

or 

z= 10x + 12y (4) 

Since x and y occur with positive coefficients +10 and +12 in this last equation, it 

is obvious that the value of z will increase whenever x increases in value or y in- 

creases in value. With this in mind, we can see that the value z = O that occurs at 

the initial basic feasible solution cannot be the maximum possible value of z since 

larger values of z can be obtained by increasing either x or y. The key to this argu- 

ment is the fact that the expression for z in terms of the implicit variables con- 

tained at least one term with a positive coefficient. Comparing (3) and (4) above, 

we see that the expression for z will contain terms with positive coefficients 

whenever the z row of the tableau contains negative entries in one of the columns 

headed by a variable. This suggests the following test for determining from the 

tableau whether the maximum value of z has been obtained. 

“In Table 1 of the preceding section we listed the basic feasible solutions of the new 

problem with slack variables given in Example 1. From that table it is evident that 

the maximum value z = 75 occurs at the basic feasible solution 

x=0 ©=—0 y = 75 w=5 

Let us see if we can obtain this same conclusion by examining the tableaus corre- 

sponding to the basic feasible solutions. These tableaus were all computed in the 
last section [see (9c), (14), (16), and (17)], but for convenience we list them here. 
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Basic feasible solution Corresponding tableau 

x y cD) w ZA 

e 1 eal 0 O 1 0 

(a) x=0, y=0 oO:  O-4 1 0. F:0530 

x y tD) Ww 4 

z 10 =F 2 Oie—5 1 = 100 

(ye y.= 0; Wa 0 oO 02s Tt 10 10 
a pees Sen ala 10 Se en O0 

x y v w Zz 

ZO ee oO. ale sais 1 0 

(c) v=0 w=0 y | 0 1 Sy sesh 0 50 

x = 50, y = 50 a a O25 105 OVO 

Xx y v Ww Zz 

Zein Oe 5255 290 1 75 

(d) x= 0, v= 0 ALLO) ehbelh, gke2e Sree Ome. OMOMNINTS 

y=, Wom > w | 0.1 0 =0:5 1 0 =) 

Observe that the z rows of tableaux (a), (b), and (c) all have one or more neg- 

ative entries in the columns labeled with variables. Thus the corresponding basic 
feasible solutions are not optimal. However, the z row of tableau (d) contains no 

negative entries in these columns, so the corresponding basic feasible solution 

x=0 vo=0 y=75 w=5 

is optimal. This agrees with our previous observation. 4 

Returning to our illustrative example, we know that the initial basic feasible 

solution is not optimal since the z row in the initial tableau (2) has negative entries 

in the x and y columns. The values of x and y in this initial basic feasible solution 

are x = 0 and y = 0, and, as we previously pointed out, the value of z can be in- 

creased by increasing either x or y. In the simplex method we try to increase only 

one variable at a time. Thus we have two choices: 

1. Look for a new tableau in which x remains at x = 0 and y > 0. 

Or 

2. Look for a new tableau in which y remains at y = 0 andx > 0. 

To determine which of these alternatives is better, let us reexamine Equation 

(4). From this equation we see that by increasing y by 1 unit, we increase z by 12 

units, while increasing x by 1 unit only increases z by 10 units. Thus, the best 

strategy is to keep x fixed at x = 0 and increase y, since this choice tends to bring 

us toward the maximum value of z more rapidly. The variable to be increased is 

usually called the entering variable (because in going to the next tableau it will 
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leave the set of implicit variables and enter the set of explicit variables). For con- 

venience we mark the entering variable with an arrow at the top of the tableau as 

~ follows: 
Entering fae 

x y v w Z : 

2 TOS “12 0 0 1 0 

Fe 1 2 1 Oewt08e150 (5) 
y 1 1 0 i 0 100 

As tableau (5) illustrates, the entering variable in a tableau is the variable whose 

entry in the z row is the smallest negative number. We can now formally state the 

next step in the simplex method. 

In tableau (5) we labeled y as the entering variable. This means we want to 
find a new tableau for which the value of y is positive. But if y is to be positive in 

the new tableau, it will be explicit (the implicit variables in a tableau have value 

zero). Thus we must look for a new tableau in which y is explicit and some other 

variable replaces y as an implicit variable. The new implicit variable is usually 

called the departing variable (since it departs from the set of explicit variables 

and becomes implicit). 
Soon we discuss criteria for choosing the departing variable. For illustrative 

purposes, however, let us suppose that we have somehow settled on making v the 

departing variable. We mark the departing variable with an arrow on the left side 

of the tableau as follows: 
Entering variable 

x y ) 

ZL LOM 12 0 0 
Departing > 
variable / 2 1 150 (6) 

w 1 1 0 1 0 100 

Now that we have specified the entering and departing variables, the new 

tableau is partially determined. The new explicit variables are z, y, and w, so that 
the new tableau will have the form 

SS = Oo = N 

Gh Va ecm (ae 
2 - 0 . O 1 . 

y 1 0 0 (7) 

w m 0 1 0 

where the dots designate numbers that are yet to be determined. To see how these 
unknown entries can be obtained, we need only recall that tableaux (6) and (7) are 
augmented matrices for the same system of equations but written in two different 
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ways. This suggests that tableau (7) can be obtained from tableau (6) using row 
operations. We now show how this can be done. 

Since the w and z columns of (6) and (7) are identical, we need only find row 
operations that will transform the y column 

u 
ei 

in (6) into the y column 

y 
0 

1 

0 

in (7) without disturbing the w and z columns. This can be accomplished by the 
following procedure. 

If we extend the arrows marking the entering and departing variables in a 

tableau, they intersect at an entry called the pivot entry. To illustrate, the pivot 
entry in tableau (6) is the circled entry below: 

Entering variable 

x ov Ww zo 

mals LOC 2 0 0 1 0 
Departing 
variable | 2 ! 0 0 150 (6a) 

w 1 1 0 1 0 100 

The row and column containing the pivot entry are called, respectively, the pivot 

row and pivot column. To transform tableau (6) into tableau (7) we can use the 

following method, called pivotal elimination. 

To apply step (i) to tableau (6a), we multiply the pivot row 2 by 5 to obtain 

% y r) w Zi 

1012 0 0 1 0 

‘ eine se lame aaa 
w 1 1 0 1 0 100 
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To apply step (ii) to this matrix, we add 12 times the pivot row to the first row and 

—1 times the pivot row to the third row. This yields the new tableau 

first row: -10 —12 
12 X pivotrow: 6 12 

—4 0 

Use pivotal elimination to find the new tableau if w is taken to be the departing 

variable in (5). 

Solution The pivot entry is the circled entry in the following tableau. 

Entering variable 

x y v w z 

z}|—-10 = 0 0 1 0 

Departing © i 2 1 0 0% (450 

variable —> w 1 a 0 1 0 100 

Since the pivot entry is a 1, we can go immediately to step (ii) in pivotal elimina- 

tion. Thus, we add 12 times the pivot row to the first row and —2 times the pivot 

row to the second row; this yields the new tableau 

x y o w Z, 

0 0 12 1 1200 

0 Te ue) 0 -50 (9) 
1 0 0 

first:row: —10)> 12 
12 X pivot row: 12 12 

2 0 

second row: 1 

—2 X pivot row: —2 0 

sal 

y 

So far, we have shown how to select the entering variable in a tableau and 

how to obtain the new tableau once the entering and departing variables are 

known. We have not explained how to choose the departing variable. 

To illustrate the pitfalls that can occur in choosing the departing variable, let 

us compare tableaux (8) and (9). Both were obtained from tableau (5), but using 

different departing variables. In tableau (8) the implicit variables are x and v; if 
we set these variables equal to zero, this tableau indicates that 

x= 0 v=0 y = 75 w = 25 
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is a basic feasible solution and the value of the objective function there is 

z = 900. On the other hand, the implicit variables in tableau (9) are x and w. If 

we set these variables equal to zero, the tableau tells us that 

x=0 w=0 vo = —50 y = 100 

But this is not a basic feasible solution since the variable v violates the constraint 

v = 0. In other words, by making a wrong choice of the departing variable, we 

can obtain new values of the variables that violate the nonnegativity constraints. 

Thus, the objectives in selecting the departing variable are twofold: 

1. Obtain the largest possible increase in z. 

2. Avoid violating the nonnegativity constraints. 

For reasons too technical to discuss here, it is difficult to determine which 

choice of the departing variable will meet objective 1. Nevertheless, we can give a 

procedure for selecting the departing variable that will meet objective 2 and still 

give a reasonably good increase in z. Since any increase in z will lead us closer to 

a solution, this is adequate for our purposes. We omit the mathematical theory un- 

derlying this procedure. 

First we need some terminology. If, as illustrated in Figure 1, b is the last el- 

ement in a row of a tableau and a is the element of that row in the column headed 

by the entering variable, then we call the ratio 

b/a 

the quotient for the row. 
Peiek Row 
sHEEInG otient variable roe 
| | 

FIGURE 1 Fh eae eres b 
a 

Since y is the entering variable, the quotients for the v and w rows of tableau (5) 

are 150/2 = 75 and 100/1 = 100, respectively. & 

~ As shown in Example 3, the quotients for the v and w rows of tableau (5) are 75 

and 100. Since 75 is the smaller of these quotients and is nonnegative, the depart- 

ing variable isv. & 
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We now have all the necessary ingredients to state the simplex method: 

Figure 2 presents the simplex method in diagram form. 

Compute 
the 

initial 

tableau 

Test to see 

if solution is 
maximal 

Read your solution 
from the tableau 

and stop 

Determine 

entering 
variable 

FIGURE 2 

Determine 
departing 
variable 

Use pivotal 
elimination 

to determine 

new tableau 

Return to the test 
for maximality 
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_ EXAMPLE5 Solve the following problem by the simplex method: 

Maximize z= 10x + 12y 

subject to y= 150 

Me tig Veet (O00 

Xu=10 

y2=0 

= 

= 

(This is the illustrative problem we have been working with in this section.) 

Solution The corresponding new problem with slack variables is 

Maximize z= 10x + 12y 

Se ee ay eS 
KET + w = 100 

=O, by = OF O10) w= 0 

As shown in (2), the initial tableau is 

< y v w Zz 

Call Ah wares Ws 0 0 1 0 

v 1 2. 1 0 O50 

w 1 1 0 1 0 100 

Since the x and y columns of the z row have negative entries, we have not yet 

reached an optimal solution. Since —12 is the smallest negative entry in the z row 

occurring under a variable, y is the entering variable, that is, 

Entering variable 
Row 

x y v w Z quotient 

DA 10. 12 0 0 1 0 

v 1 au 1 0 0, S150 15) 

w 1 1 0 1 0 100 100 

The quotient for the v row is 150/2 = 75 and the w row quotient is 100/1 = 100; 

thus, v is the departing variable since its row has the smallest nonnegative quo- 

tient, that is, 

Entering variable 

x y o w i 

a AR See 0 0 1 0 

Departing _. 1 1 0 0 150 (6a) 
variable 

w 1 0 1 0 100 
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first row: —4 

4 X pivot row: 

As previously shown [see tableau (8)], pivotal elimination yields the new tableau 

x y D w a 

z | =A 025) 620 aeRO RT 

V1 ce ake eae.) Oe Om ute 
we cok! A Ow eRe Ores 

Since the z row of this tableau contains a negative entry in the x column, the test 

for maximality shows we have not yet obtained an optimal solution. In the z row, 

—4 is the smallest negative entry under a variable, so x is the new entering vari- 

able, that is, 

Entering variable 

J . Row 
x y o w Zz quotient 

|| =e! 0 6 0 1 900 

yl eee Oe abe AO 0a eS leo 
wl 3 O -$ 10 1325 50 

The quotient for the y row is 75/5 = 150 and the quotient for the w row is 

25/3 = 50. Thus, w is the new departing variable since its row has the smallest 

nonnegative quotient, that is, 

Entering variable 
| ; 
x y v w zZ 

Ave me Oe Ogee 1 900 
1 1 

Departing 2¢ 1 2 0 QO 75 

vatiablegcow Lin gOmed, 1 0.25 

Using pivotal elimination, we first multiply the pivot row by 2. This yields 

x y c?) w Zi 

Zl =<depesO On eLO 1 900 

y| 3 1 AL Oe NOs Belo 

wl a Oe la eo! SO mes0 

Next we add 4 times the pivot row to the first row and — 3 times the pivot row to 

the second row; this yields the new tableau 

x y v w Zz 

0 0 2 8 1 1100 

0 1 1 = 0 50 

1 0 0 

second row: 

—4X pivot row: — 



startling theoretical Breakthrough in the 
solving of systems of equations that often 

_ grow too vast and complex for the most 

powerful computers. 

The discovery, which is to be for- 

_ mally published next month, is already cir- 
culating rapidly through the mathematical 
world. It has also set off a deluge of in- 
quiries from brokerage houses, oil compa- 

_ hies and airlines, industries with millions 
of dollars at stake in problems known as 
linear programming. 

These problems are fiendishly com- 

plicated systems, often with thousands of 
variables. They arise in a variety of com- 

mercial and government applications 

ranging from allocating time on a com- 

_ munications satellite to routing millions of 
telephone calls over long distances, or 
whenever time must be allocated most 

efficiently among competing users. Invest- 

ment companies use them to devise port- 

folios with the best mix of stocks and 
bonds. 

Faster Solutions Seen 

The Bell Labs mathematician, Dr. 
_ Narendra Karmarkar, has devised a radi- 
cally new procedure that may speed the 

routine handling of such problems by 
_ businesses and Government agencies and 

__ also make it possible to tackle problems 
_ that are now far out of reach. 
"This is a path-breaking result,” said 
_ Dr. Ronald L. Graham, director of mathe- 
_ matical sciences for Bell Labs in Murray Hill, 

__N.J. “Science has its moments of great pro- 
gress, and this may well be one of them.” 

use a peal soe an Scone ‘to 

examine as few answers as possible be- 
fore finding the best one—typically the - 
one that minimizes cost or maximizes _ 
efficiency. 

A procedure devised in 1947, the 
simplex method, is now used for such — 
problems, usually in the form of highly 
refined computer codes sold by the Inter- 
national Business Machines Corporation, 
among others. 

The new Karmarkar ae oe 
so far only in rougher computer code. Its 

full value will be impossible to judge until 
it has been tested experimentally on a 
wide range of problems. But those who 
have tested the early versions at Bell Labs 

say that it already appears many times 

faster than the simplex method, and the 
advantage grows rapidly with more com- 
plicated problems. 

“The problems that people would 
really like to solve are larger than can be 
done today,” Dr. Karmarkar said. “| felt 
strongly that there must be a better solu- 
tion 

Corporations Seek Answers : 

American. Airlines, among. others, 
has begun working with Dr. Karmarkar 
to see whether his technique will speed 
their handling of linear programming 
problems, from the scheduling of flight 
crews to the planning of fuel loads. Find- 
ing the best answer to the fuel problem, - 
where each plane should refuel and how — 

gorithm. 

pe” 

David Smith of Exxon’s comn 
and computer sciences departmer 
-most important at times when 
are changing rapidly, for 
price of crude 
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harder ae ee and. we et 
there's a definite potential.” 

oil among ee it is one of severa 

companies studying ‘the Karmarkar 

ate oe a more ra id 

lems ae than the mple> 
saving money by using less. comp 

_ time, But it may also be applied to. prob- | 
lems that are left unsolved. now be 

_ they are too big and too complex 
tackle with the simplex method. 

For example, A.T.&T. b 
discovery may provide a new approach to. 
the problem of routing long-distance tele 
phone calls through hundreds or tho 
sands of cities with maximum efficiency. 
Because of the different volumes of calls : 
between different places, the different ca-_ 

_pacities of the telephone lines and the dif- 
_ ferent needs of users at different hours, 
the problem is extraordinarily difficult. 
(Reprinted with permission.) 



150 o CHAPTER 4 Linear Programming (An Algebraic Approach) 

Since the z row of this tableau has no negative entries in the columns labeled with 

variables, the test for maximality indicates that we have arrived at an optimal so- 

lution. From the tableau, this optimal solution is 

v=0 w=0 x=50 y=50 

and the maximum value of z is 

z = 1100 

To obtain a solution of the original problem, we discard the slack variables. 

Thus, in the original problem the maximum value z = 1100 occurs at x = 50, 

y=50. #& 

Use the simplex method to solve the standard linear programming problem 

Maximize z = 6x + 9y + 6t 

SUP NOU NOs oy nen 
25.4 3 y 4st S50 

2x 4 Syh, 4.= 40 

Oy ON te 0 

Solution The corresponding problem with slack variables is 

Maximize z= 6x + 9y + 6t 

seal paaapine 89 Sip bu har = 20 
Dee Vati Ot + v = 30 
20h Syst + w= 40 

4 = 0S y =O, 1 = 0 

=O tO wre 

The initial tableau is 

Row 
x y t u v w z quotient 

Zr On ao 2 6 OF Os a0 1 0 

rial eA 2 1 1 0 0 0 20 10 

co a 3 3 0 1 0 O30 10 

Wp booed 1 OF 20 1 0 40 8 

Since the z row of this tableau has negative entries in some of the columns labeled 
with variables, we have not yet obtained an optimal solution. Since —9 is the 
smallest negative of these entries, y is the entering variable. Consequently, the 
quotients for the u, v, and w rows are 

SU 40 
ee 10 = 8 
2 3 ae 
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respectively. Thus, w is the departing variable since its row has the smallest non- 

negative quotient; the pivot element is now determined, that is, 

Entering variable 

x y t Uu v w Zz 

mie 0 29% 2-6 0 0 0 1 0 

Tig |) 2 1 1 0 0 0 20 

: 2 S 3 0 1 0 0 30 
Departing 
variable> w | 2 5 1 0 0 1 0 40 

Using pivotal elimination we first multiply the pivot row by } to obtain 

x y t u v w Zz 

M60 or 61 0s 40" 4Oe aal 40 
BOO IOS Cty. Dy 10.) 8 Or BO 20 
iigo er sok Se Or) ch, CO i036 
Ale Olle Gay Or en0. olm0e es 

Next we add 9 times the pivot row to the first row, add —2 times the pivot row to 

the second row, and add —3 times the pivot row to the third row to obtain 

at y t u cD) WwW Z 

zi-¥ o-# 0 O a fe eg 

pip 2g so HOMER (Op =F OP 4 

Ee eng Pee yes 10 iF oe 

y| 2 [tee 1G Om FOy Coe Oet es 

This new tableau still contains negative entries in the z row under the variables, so 

we have not yet reached the optimal solution. We thus repeat the process of choos- 

ing entering and departing variables. We leave it to you to obtain the following re- 

sult. 
Entering variable 

x y : Uu cD) Ww Zz 

z|-% 0-2 oO O 2 1 72 

if | LA Oe eal in Geese Or bees 

Ree Sullszi ammemm@ bates 0 | OS Peau rlg tetee. piOwier Oe ciaitiak wiOinat ie 

After pivotal elimination we obtain the new tableau (verify this) 

oO mn 

Al Ble Al Alw = 

~ 

= 

WIR WIE — e & 
So= TS: On So O.4—.O38= BiH Blu ale aN oOo GO Kt NG Via vin | -—=- © Oo Ox 
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Once again we have a negative entry in the z row under a variable, so we do not 

have an optimal solution. Choosing the new entering and departing variables, we 

obtain Entering variable 

f y t u v w Z 

Hale? 0 30° 0: <p S07 sie. 

Departing > u ) 0 0 1 -; -j 0 : 
variable 0 1 0 5 as 1 0 3 

y > aOlanO was 1-0-8 

After pivotal elimination we obtain the new tableau (verify this) 

x y E u v \w Zi 

ZNO aw On 50 = ah 2 fy teres 

ds Oe 0) ly =A 

ROS De 1 Saou cee 
WO k de JO--s™ 0: Se Cue 

Since the z row in this tableau has no negative entries under the variables, we have 

obtained an optimal solution. From the tableau, the maximal value z = 85 occurs 

when 5 5 20 

3 Ree 
. To obtain a solution of the original problem we discard the slack variables. Thus, 

in the original problem, the maximum value z = 85 occurs at 

5 5 20 
CSS t=] y= Se 

3 

Not every standard linear programming problem has a solution. If the simplex 

method is attempted on a standard linear programming problem that has no solu- 

tion, then at some) point in the computations we will obtain a tableau in which the 

quotients used to select the departing variable are all negative. Thus, the rule for 

choosing the departing variable will not work. We can then stop the computations 

and conclude that the problem has no solution (see Exercise 19). 

Certain difficulties occur when the minimum nonnegative quotient, computed 

to determine the departing variable, occurs in two or more rows. This situation is 

called degeneracy. Students interested in how degeneracy is handled are referred 

to more detailed books on linear programming, such as 

Garvin, W. W. Introduction to Linear Programming Com York: McGraw-Hill 

Book Company, 1960). 

Gass, Saul I. Linear Programming, 4th ed. (New York: McGraw-Hill Book Com- 

pany, 1975). 

Kolman, Bernard, and Robert E. Beck. Elementary Linear Programming with Ap- 

plications (Orlando, Fla.: Academic Press, Inc., 1980). 

Strang, Gilbert. Introduction to Applied Mathematics (Wellesley, Mass.: 

Wellesley-Cambridge Press, 1985). 
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a a 

4 EXERCISE SET 4.3 

In Exercises 1-3 find the initial tableau and the corresponding 

Explain why none of the Eee, pableaux Saree to 

optimal solutions. (_Ar"\. \ 

a y u v Z 

A. OF 6K 0 1, 9 

(a) 7 1 2 0 0 12 

1 Onis 1 4 

x y u v Z 

Oa Od 6 1 9’ 

(b) 1 OF 3 se tae 

0 1 2 0 0 1 

wos Maximize z = 3x1 — 4x. + x3 

subject to ay 9 <8 

2x, = 3% + x = 12 

x20, m20, w=O0 

15. Maximize z= 2x + 3y — if 

Subject to Rit By Ars 1) 

GSP Wear Bess ie 

nad Mio RS SS NG) 

A | ee Onsy = 0. S20 

x1 x2 v0} 02 b3 Z 
basic feasible solution. 7 0 0 OQ. 3 1 100 

1. Maximize z = 4x + 3y (c) oar Owe oye 4 
subject to Det 3y 2 — y 4 1 OF 0 V 0 3 

—3x + 2y <6 e oe ll) Ue el) A 9 

x20, y2=0 7. Which of the tableaux in Exercise 6 correspond to basic 
Maumize) >= 44y, Poy, 4343 feasible solutions? 

subject to SR PAS 6 For the tableaux in Exercises 8-10 find the entering variable, 
Bie eas = 8 the departing variable, and the pivot entry. Ont errr 

oa) (0 eoyes Oe eres i) x y t u a Zz oS yneloe 

Maximize z = 8x + 6y Ca le 0 3 0 0 | “kK eS 
subject to 5c uh Queer 8. u DRO) Woe ily FDO: Tato 

XE Sy 6 3 1 Si 00 3 oF Oe al S0 

Napa: Seb G y t o w Zz 

eS See Se PT 
(a) Find the equations represented by the tableau eel | 4 1 B 0 0 10 

Pie utes (2 4 O-asy ar 7 1 0 5 
Zan ats Fy Vien O ¢ 26 1 100 

x1 x2 x3 v1 U2 03 04 Z 

Beer a ieee ban eer KOEN. e bea 0 08 0s 102-5 a4 el ieleriog 
Dy? Eee nlbe, CONES SiO 7 DoD OR WORN 0h Sha Oar One 00) 

(b) Find the basic feasible solution corresponding to this 49, tye [0=3 1 0 0 0 2 1 0 300 

tableau. hee Jaleo Orc NO OLLeBObes- Obie HoeoeNO 42150 
(c) Find the value of z at the basic feasible solution in & Vigan Ge Meyer thieges 2 e GFE is 

v: 
part (b). a 

Repeat the directions of Exercise 4 for the tableau 11. Use pivotal elimination on the tableau in Exercise 8 to 
at aa % o Sie 6 find the new tableau. 

ZS ROR Ug tee NR a eet eee Bae, 1 12. Use pivotal elimination on the tableau in Exercise 9 to 
x 1 On 2 1 0 2 0 6 find the new tableau. 

x 40 1 4 ! bay Se 13. Use pivotal elimination on the tableau in Exercise 10 to 

v 10 OFS 0 1 5 geen | ian 4 find the new tableau. 

ae Exercises 14-18 solve by the simplex method. 
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16. 

17. 

18. 

19. 

20. 

LINEAR PROGRAMMING 

Maximize z = 3x; — 5x2 + 2x3 + x4 

puuiectse hit 2ko > Xs = 14 

xX, — 2x. + x3 + xe 16 

2x, + 4x2 + 5x4 < 25 

m= 0, wo 2=0, 20, wZO0 

Maximize z = 2x; — 4x2 — x3 

subject to Se OES 6 

4x, + 3x2 + x3 =5 

sya ae Po = x3=4 

x, = 0, x. = 0, x3 20 

Maximize z = 2x — 3y 

subject to PG 9 

3x = 2yi= 8 

Spe a OY S55) 

x=0, y=0 

Use the simplex method to show that the following prob- 

lem has no solution. 

Maximize z= 2x + 5y 

subject to _ Tey ea 

=i ap sy SS 4! 

eed, yew 

An investment banker wants to invest $18,000 or less in 

three types of bonds: type A bond yielding a 5% profit on 

the amount invested, type B bond yielding a 7% profit on 

the amount invested, and type C bond yielding a 10% 

profit on the amount invested. He wants to invest no more 

than $10,000 in bonds of types A and B together, no 

more than $8000 in bonds of types B and C together, and 

4.4 NONSTANDARD 
ing conditions. 

PROBLEMS; DUALITY qj 
(OPTIONAL) (i 

(iii) 

21. 

22. 

no more than $6000 in bonds of type C. How much 

should he invest in each kind of bond to maximize the 

profit? 

An ice cream manufacturer blends ingredients A, B, and 

C in varying proportions to make three types of ice 

cream: low calorie (L), regular (R), and extrarich (E). 

Each gallon of L contains 0.2 gallon of A, 0.3 gallon of 

B, and 0.2 gallon of C. Each gallon of R contains 0.4 gal- 

lon of A, 0.2 gallon of B, and 0.2 gallon of C; each gal- 

lon of E contains 0.5 gallon of A, 0.2 gallon of B, and 

0.1 gallon of C. Suppose that the profits on the ice creams 

L, R, and E are 20, 40, and 20 cents per gallon, respec- 

tively. If the manufacturer has 50, 80, and 100 gallons of 

A, B, and C available, how many gallons of each type of 

ice cream should be made to maximize the profit? 

A company has three methods for obtaining high-grade 

aluminum from recycled cans. With method A, each ton 

of cans requires 4 hours of smelting, 2 hours of centrifu- 

gal separation, and 1 hour of chemical purification; it 

yields 5 pounds of pure aluminum per ton of cans. With 

method B, each ton of cans requires 2 hours of smelting, 

2 hours of centifugal separation, and 3 hours of chemical 

purification; it yields 3 pounds of pure aluminum per ton 

of cans. With method C, each ton of cans requires 4 

hours of smelting, 3 hours of centrifugal separation, and 2 

hours of chemical purification; it yields 4 pounds of pure 

aluminum per ton of cans. Assuming that the smelter is 

available for 80 hours per week, the centrifugal separator 

for SO hours per week, and the chemical purifier for 40 

hours per week, how many tons of cans should be pro- 

cessed by each method to maximize the weekly output of 

pure aluminum? 

Recall that a standard linear programming problem is one that satisfies the follow- 

The objective function is to be maximized. 

The variables are all constrained to be nonnegative. 

In the remaining constraints, the expressions involving the variables are less 
than or equal to (S) a nonnegative constant. 

In this section we discuss methods for solving certain nonstandard problems. 
Consider the problem 

Minimize z = —10x — 12y 

subject to 
x + 2y-S7150 

x +> -y =1100 

x= 0) yeerO 
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This problem is not a standard linear programming problem because it violates 

condition (i) above. Before we can show how to solve such a problem, we have to 
develop some preliminary results. 

Let S be any set of real numbers and suppose S contains a smallest number a. 

If we form the set § consisting of the negatives of the numbers in S, then it is evi- 

dent that —a is the largest number in S. For example, the smallest number in the 

set 

S = {3, 4, 5, 6} 

is 3, whereas the largest number in 

S03, 475, —6} 

is —3. In summary, 

minimum value in S = —(maximum value in S) 

Applying this result to the set of possible z values in problem (1) above, we obtain 

minimum value of z = —(maximum value of z’) (2) 

where z’ is the negative of z. 
The following example shows how this result can be used to solve problem 

(1). 

EXAMPLE 1 Solve the nonstandard linear programming problem 

Minimize z = —10x — 12y 

subject to 

x to2ye= 150 

Xe ye 00 

x 2:0, y= 0 

= 

= 

Solution From (2) above, the minimum value of z is the negative of the maxi- 

mum value of 

z'’ = —z = 10x + 12y 

We thus consider the problem 

Maximize z’ = 10y + 12y 

subject to 

x4 2y = 150 

xi) y= 100 

Ria t=O 

This problem is solved in Example 5 of Section 4.3, where we show that the max- 

imum value z’ = 1100 occurs when x = 50, y = 50. Thus, the minimum value 

of z is z = —1100, and this occurs when x = 50, y = 50. @& 
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Other Nonstandard 
Problems 

We now turn to some other kinds of nonstandard linear programming problems. 

Consider the problem Minimize z= 3x, + 4x. 

subject to eA Ltrs (3) 

2x1 ap 2x2 => 10 

XxX aia 4x => 12 

X= 0, x= 0 

This is not a standard linear programming problem for two reasons. First, the ob- 

jective function is to be minimized, which violates condition (i) stated at the be- 

ginning of this section. Second, the inequalities in the constraints 

io ar Pie; = Dt 10 x, + 4x. = 12 

point the wrong way, violating condition (iii). Before explaining how to solve 

problems of this type, we must develop some preliminary ideas: 

In matrix notation, problem (3) has the form 

Minimize z = CX 

subject to AXe= B 

Xx =0 

where 

. Nae, 8 

C= 3 4] oe A We disd B=| 10 
. 14 12 

In this problem we have two unknowns x; and x2 in X and three constraints in 
AX = B. More generally, we want to solve 

Minimize z= CX 

subject to Ax = R (4) 

x =O 

when there are n unknowns x), x2, . . . , X, in X and k constraints in AX => B. To 
solve problems like (4), we begin by considering the following maximization 
problem involving k new unknowns y), yo, . . . , Ye. 

Maximize z’ = B’Y 
subject to AY <C! (5) 

Y2=-0 

This problem is called the dual problem, and the original problem is called the 
primal problem. The matrices A‘, B‘, and C‘ in the dual problem are the trans- 
poses of the matrices A, B, and C in the primal problem. The matrix Y is the 
k X 1 matrix of new unknowns yi, y2, .. . , yz, and z’ is the quantity to be max- 
aes (we cannot use z here since the letter z is already used in the primal prob- 
lem). 
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_ EXAMPLE 2 Find the dual problem for (3). 

Solution As previously shown, the matrices A, B, and C in problem (3) are 

ih @ 8 

A=|2 2 B=] 10 C={[3 4] 

1 4 12 

Thus, 3 
At 

t — meee 5 : 10 12] C 3 

Since the primal problem had k = 3 constraints in AX = B, the dual problem 

will have three unknowns, y;, y2, and y3. Thus, 

yi 

Y= y2 

y3 

Therefore, the dual problem is 
1 

Maximize z’=[8 10 12]} yo 

y3 

subject to 

aay | Bean 2 
Pdes oe a 

y3 

Yi 0 
yo} =] 0 
y3 0 

or without matrix notation, 

Maximize z’ = 8y, + 10y2 + 12y; 

subject to 
J yi + 2y2 + y3 = 3 (6) 

2y1 + 2y. + 4y3 = 4 

y, = 0, y2 = 0, y320 

Observe that this is a standard linear programming problem. 4 

The dual problem is important because of the following result, which we state 

without proof. 

The following example illustrates how this result can be used. 
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} Find the minimum value of z in (3). 

Solution The minimum value of z is the same as the maximum value of z’ in the 

dual problem. We previously showed the dual problem to be (6). Since this is a 
standard linear programming problem, we can use the simplex method. The corre- 

sponding problem with slack variables is 

Maximize z’ = 8y, + 10y. + 12y; 

subject to solnipicn st pnae sty, ae 

2y, + 2y. + 4y3 +m=4 

yu 20, »=0, yw=0, 120, m=0 

You can check that the initial tableau and pivot entry are as follows: 

Entering variable 

~ 
VA y2 y3 0} 02 Zz 

1 NE eK A ny 0 0 1 

Deparancee 1 2 1 1 0 0 3 

variable > v2 2 2 4 0 1 0 

After pivotal elimination we obtain 

Entering variable 

yi y2 y3 v1 02 Zu 

ae Zh 2 ae 0 0 1 
Departing ; 4 ; 12 

variable > v; > & 0 l= 0 2 

Wile oe ee 0 aa eee 

After pivotal elimination again, we obtain 

Entering variable 

| 
yi Vee ye v1 02 Zz! 

BAR ae ais been 
1 Peas i a 

Departing z | 0 3 6 0 3 
variable > y3 : a 0 1 = i 4 0 4 

After one more pivotal elimination, we obtain the final tableau 

y1 y2 3 v1 v. Z is) 

2" 10" 0) eg ae? 1 18 

$52 Vesela Wie ileal sue wal 

y | 1 0 31 1 0 1 

From this tableau we see that the maximum value of z’ is 18. Therefore the mini- 
mum value of zis also18. & 
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The technique illustrated in Example 3 gave us the minimum value of z; it did 

not, however, tell us the values of x; and x2 where this minimum occurs. For rea- 

sons too technical to pursue here, it can be shown that these values appear in the 

z’ row of the final tableau for the dual problem; the value of x; occurs under the 

slack variable v;, and the value of x2 occurs under the slack variable v2. Thus, the 

minimum value z = 18 in problem (3) occurs when x; = 2 and x2 = 3. To sum- 
marize, we state the following result: 

4 EXERCISE SET 4.4 

Ny &, : hua” 

1. Solve by the method of Example 1: 5. Solve the problem in Exercise 4. in EG bod 

Minimize z = —4x + 2y 6. Find the dual problem for ¢ 

SUDICON I gsc “gyiksc ote Minimize z = 3x, + 5x2 | 
pe ate DIP subject to 3x t=O 

x= 07 120 4x, + 24 \ 
2. Solve by the method of Example 1: 14x, + 6x2 = 21 Y -f 

Minimize z = 2x, — 3x2 + x3 AMUN = 
subject to wer wee On) <5 7. Solve the problem in Exercise 6. : 

MS 42 + 3x3 =4 8. Find the dual problem for \)” 

hdd ea fae : Minimize z = 6x1 + Sx2 
m= VU, MH VU, HH : subject to Oe chrSnuelG 

3. Solve by the method of Example 1: ° Sich Dene 

Minimize z = 2x — 2y +t 1 =0, »m=0 

Supicc eto BX by oh 2 25-6 9. Solve the problem in Exercise 8. 
59 Shy Se 

ye Oy so reo 10. Solve the problem in Exercise 3 of Exercise Set 3.1. (Use 

the dual problem.) 

Bo Logie ect lot 11. Solve the problem in Exercise 5 of Exercise Set 3.1. (Use 
Minimize z = 3x; + 4m + x3 the dual problem.) 
subject to 

4 2x1 + 3%+ m= 8 

5x1 + 2%. + 2x37 = 5 

20, »m=0, x3 20 
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Ds ye Dp ee eee 

4 \KEY.IDEAS FOR REVIEW 

a Standard linear programming problem See page 125. - 

a Slack variables New variables added to a linear programming problem to 

convert inequality constraints to equalities. 

Basic feasible solution to a standard linear programming problem with m 

unknowns _ See page 131. 

a Basic variable or explicit variable A variable that occurs in exactly one 

equation and there it occurs with coefficient +1. 

a Entering variable See page 141. 

a Departing variable See page 142. 

a Primal and dual problems See page 156. 

4 SUPPLEMENTARY EXERCISES 

1. Rewrite the following as standard linear programming 4. Consider the linear programming problem 

problems, if possible. 

(a) Maximize z = 3x + 5y Be y ee ae 

subject to Pye ee 3x1 > Set a3 2 
2x1 xX —"S2g1 = 15 

pro ee A x20, m2=0, x3=O0 

“ectih (a) Form the new problem with slack variables v; and 
(b) Minimize z = 4x, — 3x2 + x3 02. 

subject to __ 55) hia ae (b) Find a tableau in which x,, x2, and x3 are implicit. 

Pers <4 (c) Find a tableau in which x1, x2, and v, are implicit. 

t= 0, = 0, m=O (d) Find a tableau in which x2, v;, and v2 are implicit. 

2. Write the following linear programming problem in ma- 5. Consider the tableau 

trix notation. x Sey 2 u 0) Ww Zz 

Maximize z = 4x; — x. + x3 3 0 -3 0 I 1 1 12 

subject to eles ema Fo 0 1 ae Ole LOA 0 40 

Ay + gts 2. Oar A 1 Oy (2 On ae 2t) 

3x1 — iy = 8 

x) = 0, 3x 09 x =|0 (a) Name the explicit variables. 

(b) Find the corresponding basic feasible solution and ° 
3. Solve the following linear programming problem geomet- 

a ae EP So ae the value of the objective function at that solution. rically and match the corner points with the feasible solu- 

tions. 6. Set up the initial tableau 

Maximize z = 3x + 4y Maximize z = 2x + Sy 

subject to a; res subject to Se Syn 

Deg ae My ST) 23 sp Ih) Ss 112) 
320, Vv awe x=0, y=0 



7. Consider the tableau 

10. 

11. 

12. 

x) X2 X3 u v w z 
z |0 2 0 4 0 6 1 120 

v 0 5) OF =4 1 10 OVPAS 

x, |l 5 0 2 0 5 0 8 

x3 |O0 16 1 1 One 2 0 4 

Find the basic feasible solution corresponding to this 

tableau, and the value of z at this basic feasible solution. 

Consider the tableau 

x\ X2 X3 vi v2 v3 U4 Zz 

EAPOL MOU Was 0) 10 04 8s 8 REO 
eeLON nOat 2 eat 0. 0S 07S 
eee Or 5 a a0 9 
Oe OF tes OR 44 1 een er ge 2 
Ores 0) 0" “22 Romsey mega! <1 

Find the departing variable if the entering variable is 

(a) 02 (b) x3 

Use pivotal elimination on the following tableau to find 
the new tableau. 

x y t Uu v w Zz 

z {0 4 Om =23553 0 1 100 

t 0 2 1 Gr F160 0 O20 

xe 3 Uh 5) 0 Or vele 

w |0 5 0 2 3 1 0 3) 

Solve by the simplex method. 

Maximize z = x; + 2x. + x3 + x%4 

subject to te de fo ee 

2x1 ae 3x2 =e 4x4 = 12 

3x1 ae x2 + 2x3 = 18 

w= O, m=—0- x =—0; x4 = 0 

Solve the linear programming problem. 

Maximize z = 4x, + 2x2 + 3x3 

subject te 2x1 AP 3x2 te X3 = 2 

xX, + 4x. + 2x3 5 10 

3x, + X2 + x3 = 10 

m1 20, m=O, x3 20 

Solve the linear programming problem. 

Minimize z = 40x; + 24x. + 8x3 + 10x4 

subject to Sr tide, + yee Sts = 20 

Ax, +3x2 + 2x3 + x4 = 60 

Ki On = ON = 10, x, = 0 
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13. Find the dual problem of the linear programming prob- 

14. 

16. 

lem. 

Minimize z = 2x; + 3x2 + x3 

subject to Da ae 

Shela oe) ar 4x3 = 15 

120, m»2=0, »~=0 

Solve 

Minimize z = 2x, + 3x2 + 8x3 

subject to x Oe es 

xX, + 3x2 + 6x3 = 9 

2x, + 4x. + 2x3 = 4 

120, m=0, we =O0 

The R.H. Lawn Products Company has available 80 met- 

ric tons of nitrate and 50 metric tons of phosphate to use 

during the coming week in producing their three types of 

fertilizer. The mixture ratios and profit figures are given 

in Table 1. Determine how the current inventory should 

be used to maximize profit. 

TABLE 1 

Profit 
($/1000 

Nitrate Phosphate bags) 

Regular Lawn 4 2 300 
(metric tons/1000 bags) 

Super Lawn 4 3 500 
(metric tons/1000 bags) 

Garden 2 2 400 
(metric tons/1000 bags) 

A health food store packages a nut sampler consisting of 

walnuts, pecans, and almonds. Suppose each ounce of 

walnuts contains 12 units of protein and 3 units of iron 

and costs 12 cents, each ounce of pecans contains 1 unit 

of protein and 3 units of iron and costs 9 cents, and each 

ounce of almonds contains 2 units of protein and | unit of 

iron and costs 6 cents. If each package of the nut sampler 

is to contain at least 24 units of protein and at least 18 

units of iron, how many ounces of each type of nut should 

be used to minimize the cost of the sampler? 
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4 CHAPTER TEST 

1. Solve the following linear programming problem geomet- 

rically and match the corner points with the basic feasible 

solunons: Maximize z= 2x — 4y 

subject to Me eo 

3x =) 2y RS 
Xe 0 Vie) 

Solve by the simplex method. 

Maximize z = 8x; + 9x2 + 5x3 

subject to ts ee 

2x; + 3x2. + 4x3 = 3 

6x; + 6x2 + 2x3 = 8 

120, »m~=0, n=O 

Determine the dual problem of the linear programming 

problem. 

Minimize z = 3x, + x. + 4x3 

subject to SARTRE 

AX — Xt axa uD 

Xx, + Xo + 3x3 = 12 

120, »2=0, w=O0 

Solve. 

Minimize z = 2x; + x2 + 2x3 

subject #0 3x, + xX + x3 = 10 

X1 + 3x. — x3 = 20 

120, »m»=0, w~=O0 

5: (Agriculture problem) A farmer owns a farm that pro- 

duces corn, soybeans, and oats. There are 12 acres of 

land available for cultivation. Each crop planted has cer- 

tain requirements for labor and capital. These data along 

with the net profit figures are given in Table 2. The 

farmer has available $360 for capital and knows that there 

are 48 hours available for working these crops. How 

much of each crop should the farmer plant to maximize 

profit? 

TABLE 2 . 

Labor Capital Net Profit 
(hours) ($) ($) 

Corn (per acre) 6 36 40 

Soybeans (per acre) 6 24 30 

Oats (per acre) 2 18 20 

A lawn service blends two of its products, CARPET and 

GROW, to produce a new product. Each pound of CAR- 
PET costs $3.00 and contains 6 units of fertilizer, 4 units 

of crabgrass control, and 3 units of grub control. Each 

pound of GROW costs $2.50 and contains 5 units of fer- 

tilizer, 6 units of crabgrass control, and 2 units of grub 

control. It has been determined that the minimum re- 

quirements per application are 40 units of fertilizer, 30 

units of crabgrass control, and 40 units of grub control. 

How many pounds of each product should be blended per 

application to minimize cost? 



4 A herd of buffalo, a bunch of bananas, the collection of all positive even integers, 

and the collection of all stocks listed on the New York Stock Exchange have some- 

thing in common: they are all examples of objects that have been grouped together 

and viewed as a single object. This idea of grouping objects together gives rise to 

the mathematical notion of a set, which we examine in this chapter. This material 

is used in later chapters to help solve a variety of important problems. 

5.1 INTRODUCTION TO 
aD) m plement no¢ SETS 
err’ , SOA SSE aoe 

A os L., is 5 tf, &f “One way to describe a set is to list the elements of the set between braces. 

- Thus, the set of all positive integers that are less than 4 can be written | 
j q in the set we always L215 ue A UB) >it & 2 iy OSE 6 

A A B . os jl aS 5 is x4 ‘ gf and the set of all U.S. Presidents whose last names begin with the letter T can be 

NEESR {Taft, Tyler, Taylor, Truman} 

Ce 4 AC 6 NO When set notation is used, an element in a set is listed only once. Thus, the 
Ao CA YES. set of letters in the word bookkeeper is {b, 0, k, e, p, r}. 

We denote sets by uppercase letters such as A, B, C, . . . and members of a 

set by lowercase letters such as a, b, c, . . . . With this notation, an arbitrary set 

with five members might be written A = {a, b, c, d, e}. 

; which 

of A” or “a belongs to A.” 7 that the eleme 
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Let A yon at REE Do 

Then 1€A,2€A,3EA, but4 GA w& = [-2022) 

At times it is inconvenient or ; impossible to ie dm of a set. In such 

cases, the set can often be ribe ying a prop =ments of 

in cc EP convenient way of fone this i is to v use what i is some- 

times calle . To illustrate, the set A consisting of all the posi- 

tive integers that are le can be written in set-builder notation as 

A = {x|x is a positive integer less than 10} 

which is read “A equals the set of all x such that x is a positive integer less than 

10. j ; 
In this notation x denotes a typical element of the set, 

and following the bar are the conditions that x must satisfy to be a 

member of the set A. 
The following examples further illustrate this notation. 

Ss te = Ce ap- 9 as 

Intersechon BING =) 222.) 
CO? 

“on 3 _ “EXAMPLE ~~ The set of all IBM stockholders can be written in set-builder notation as 

: ap or s AaNCc =\3 5 {x|x is an IBM stockholder} 

Jnion A Uc s SLOSS Tost 5 which is read “the set of all x such that x is an IBM stockholder.” Note that it 
Stat! 2 would be very inconvenient to list all the members of this set. 4” 

Crs ae 2 ; vat 
BU ~ We read {x|x is a letter in the word stock} as “the set of all x such that x is a letter 

\ UB = 3 [22 dots 5565 in the word stock.” This set can also be described by listing its elements as 
: {s,t,0,c,k}. # 

RUC oa 95.35 15>9 6st { \UBUC = 
. 

AGU 
Cas (326

) 

eine = a 
164 

Ane BUC = R22 6544 

If A is the set 

{1, 2 Shp 4} 

and B is the set 

{x|x is a positive integer and x? is less than 25} 

thnA=B. # 

Consider the sets of stocks 

A = {IBM, Du Pont, General Electric} 
and 

B = {Du Pont, General Electric, IBM} 

Even though the members of these sets are listed in different orders, the sets A and 
B are equal since they have the same members. 4” 
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_@ EXAMPLE 6 In a study of the effectiveness of antipollution devices attached to the exhaust sys- 
tems of 11 buses, the following percentage decreases in carbon monoxide emis- 

sions were observed. 

(Ox 15s Teo ae tot, 16 00S), 712 

The set of observations is 

| {Pty 1214 AS21617)" ae 

There are sets that have no members. For example, the set 

{x|x is an integer and x? = —1} 

has no members since no integer has a square that is negative. 
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Note that {0} and {2} are not empty sets; the first contains the element 0, the 

second contains the set @. 

Consider the sets 

B = {a, e, i, 0, ut} and A = {a, o, u} 

Every member of the set A is also a member of the set B. This suggests the follow- 

ing definition. ; 

In addition, it can be shown that the empty set © is a subset of every set. 

_ERAMMPLET Let re pais 
All possible subsets of B are 

©, {a}, {b}, {c}, {a, b}, {a, c}, {b, c}, ta, b, ch & 

_AexANPLER 1 
and 

A = {x|x is a positive even integer} 

B = {x|x is an integer} 

thnACB. # 

If S is the set of all stocks listed with the New York Stock Exchange on July 26, 

1990, and T is the set of all stocks on the New York Stock Exchange that traded 
over 100 shares on July 26, 1990, thenT CS. & 

Tf A is any set, thenA CA. & 



5.1 Introduction to Sets 4” 167 

_ Let A be the set of points inside the left circle in Figure 1 and B be the set of 

points inside the right circle. Then 

ACB and BCA 

FIGURE 1 

YA 

~ Let A be the set of points inside the larger circle in Figure 2 and let B be the set of 

points inside the smaller circle. Then 

BCA and ACB 

A 

FIGURE 2 

rare Ponte eee'* ie So.4, 4 

; Se 
@ EXERCISE SET 5.1 io te ae fayén 

Let A = {a, b, c, 1, 2, 5, e, f}. Answer the following as 5. In each part form a set from the letters in the given 

true or false. 7 AEA 4e5 words. 
NO(a) 4E€A % (bo) 4€GA NC) AEA (a) aardvark (b) mississippi (c) table 

wo) a€A sfc) DEA (f) A € {a} No 

2. LetA = {x|x is an integer greater than 5}. Answer the fol- 
6. Write A = {1, 2, 3, 4, 5} in set-builder notation. 

lowing as true or false. 7. Write the following in set-builder notation. 
@) 26 Ae ©). 5:5e€A XC) TEA (a) the set of U.S. citizens 
@ SEA) (©) 23-EA (fins SA (b) the set of U.S. citizens over 40 years of age 

3. Consider the set of water pollutants: A = {sulfur, crude 8. Let A = {I, 2, 3, 4}. Which of the following sets are 

ey as mercury}. Answer the following as true equal to A? 

or false. (a) {3, 2, 1, 4} (b) {1, 2, 3} 
(a) sulfur € A (b) phosphate EA (e) 2. 3, 4, 0} 

(c) arsenic € A (d) crude oil € A (d) {x|x is a positive integer and x? is less than 16} 

4. Let A = {x|x is an integer and x” = 9}. List the elements (e) {x|x is a positive integer and x” equals 4} 

of A. (f) {xx is a positive integer and x is less than 4} 
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\ 
, oor. . 

(9. ) Consider the set of psychological disorders: A = 17. ) In Figure 4 let R = the set of points inside the rectangle, 
{schizophrenia, paranoia, depression, megalomania}. 
Which of the following sets are equal to A? 

(a) {schizophrenia, paranoia, depression} 

(b) {schizophrenia, paranoia, megalomania, depression} 

10. Which of the following sets are empty? 

(a) {x|x is an integer and x” = 4} 
(b) {x|x is an integer and x? = —4} 
(c) {x|x is an integer satisfying x? + 1 = O} 

(d) {0} © {} Le 

at List all subsets of the set {2, 5}. ?2 955 9624: eS) ae 

12. List all subsets of the set {Roosevelt, Truman, Kennedy}. 

13. ) List all subsets of 

C = the set of points inside the circle, and E = the set of 

points inside the ellipse. Copy the figure and indicate 

points u, v, w, x, y, and z satisfying the given property. 

(2) ear (b) ov ER 

(c).w €CandwEE (dq) x €EandxE¢R 

(ec) y& Eandy ER 

(f) z€Randz €C,butz<E 

| 

ie FIGURE 4 
(a) {a1, a2, as} (b) © 

14. Let A = {3, 5, 7, 9}. Answer the following as true or 
false. 

(a) {5,3} CA (b) ACA 

(G) 13505, 9-7} ¢ A (d) A C {3, 5} 

G4 €8,5,7.9,00 fH) oCA 
(g) {I} ¢ A 18. In Figure 5 let C = the set of points inside the circle, 

Let A = {x|x is an integer and x? is less than 25}. Answer 

the following as true or false. Nees si: 

(a) {x|x is a positive integer and x? is less than 16} C A ru: 

(OD) 42-2, 6) Gra. False 

() A El, 2, 3,4,\5} tore 

(d) {x|x is an integer and x is less than 5}
 C A [ak 

16. In Figure 3 let S = the set of points inside the square, 

T = the set of points inside the triangle, and C = the set 

of points inside the circle, and let x and y be the indicated 

points. Answer the following as true or false. 

R = the set of points inside the rectangle, and T = the 

set of points inside the triangle. In each part copy the 

figure, and shade sets D, E, F, G, H, and J satisfying the 

given properties. 

(a) DCC (b) E CRandE CT 

@.F GCorE CR (dd) GCTandGCR 
(e:) HCCandH CT, buttH ER 
ONC CG, 7 CR andl’ Cz 

@nG Gi O)MGEIE'S 

CG Tee  @ mec 
@) wer (ff) y © Candy €T* 

(g) x © Corx ET (or x is in both) 

Ss FIGURE 5 

FIGURE 3 

\ 19.) In each part find the “smallest” possible set that contains 
A 

*The expression y € C and y € T means that y must be an element 
of both C and T. 

the given sets as subsets. 

@) {15 3; TH18, 5,09, 2h Al. 2, 3,4, 6), 43} 
(b) {a, b, c}, © 



20. In each part find a set that contains the given sets as sub- 

sets. 

(a) {IBM, Du Pont, Xerox}, {Polaroid, Honeywell, Xe- 
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and then guess at the general result. Don’t forget that the 

empty set is a subset of every set.] 

24. Let S= {1827354, 5,6}. 
SE A (a) How many different subsets of S contain the number 

(b) {1, 3, 5}, fa, b, 3}, fa}, fa, 0} oe i 
AIC ANS : 

ay Is it true that @ © @? Is it true that @ C @? (b) How many different subsets of S contain at least one 

22. Is the set of letters in the word latter the same as the set ; oNey integer? : 
GF delters incthetword laer? [Hint: Use the results of Exercise 23.] 

23. How many different subsets can be formed from a set of n AB LEU le 2a lat}. 0) Last all the subsets OFS icon 

objects? [Hint: Solve the problem for n = 1, 2,3, and4, | taining the set {1, 2, 3} as a subset 

5.2 INTERSECTION AND 
UNION OF SETS 

We all know that the arithmetic operations of addition, subtraction, multiplication, 

and division can be used to solve a variety of problems. Analogously, we can in- 

troduce operations on sets to solve many important problems. In this section we 

discuss two such operations and in later sections illustrate their applications. 

If, as in Figure 1, A is the set of points inside the circle on the left and B is the set 

of points inside the circle on the right, then A /™ B is the set of points in the 

shaded region of the figure. 

FIGURE 1 

yA 

The idea of using shading and circles to illustrate relationships between sets is 

attributed to the British logician John Venn.* In his honor, these figures are called 

Venn diagrams. In the exercises, we have indicated some other useful set rela- 

tionships that can be verified using Venn diagrams. 

* John Venn (1834-1923) was the son of a minister. He graduated from Gonville and Caius College in 

Cambridge, England, in 1853, after which he pursued theological interests as a curate in the parishes 

of London. As a result of his contact with intellectual agnostics and the works of Augustus DeMorgan, 

George Boole, and John Stuart Mill, Venn became interested in logic. In addition to his work in logic, 

he made important contributions to the mathematics of probability. He was an accomplished linguist, a 

botanist, and a noted mountaineer. Also see Appendix B on logic. 
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Let A = {4,(b-erahe}. BB =o dens} C= fa, h} 

FindA 1 B,A NC, andBNC. 

Solution The only elements that belong to both A and B are b, d, and e. There- 

oy ANB ={b,d,e} 
Similarly, 

ANC = {a} 

Since the sets B and C have no elements in common, their intersection is the 

empty set; that is, BNC=3 # 

The sets B and C in Example 2 motivate the following definition. 

Note that disjoint sets have an empty intersection. In other words, A and B 

are disjoint if A 1 B = ©. 

In Figure 2 let A, B, C, and D be the sets of points inside the indicated circles. 

Since A and B overlap, 
ANBFD 

that is, A and B are not disjoint. On the other hand, C and D are disjoint since 

CND=6 

FIGURE 2 7 4 

We can define intersections of more than two sets as follows: 

If A, B, and C are the sets of points inside the circles indicated in Figure 3, then 

the intersection of these sets, denoted by 

Ati BeOve 

is the shaded region in the figure. 
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ANBNC 

ay 
FIGURE 3 

11172719} 
Q > ll 
a — SS dO & “~~ Sw ll 

ANBNCND=(0,7 # 

_/ EXAMPLE 6 Let S be the set of stocks on the New York Stock Exchange that have paid a divi- 
dend for each of the past 40 years, and let R be the set of railroad stocks listed on 

the New York Stock Exchange. Describe the set SM R. 

Solution The members of S M R belong to both S and R, soS MR consists of 

all railroad stocks on the New York Stock Exchange that have paid a dividend for 

each of the past 40 years. & 

when at lea is true in 1 1s, “p or qu 

the following three cases: 

1. pis true and q is not. ‘ 

2. q is true and p is not. 

3. Both p and q are true. 

It also follows that x € A U B if x belongs to at least one of the sets. 

*The word or has two meanings in the English language: the inclusive sense (defined above) and the 
exclusive sense, such that “p or q” is true only in cases 1 and 2 (below). In the English language the 
meaning of or is determined from context. For example, the “or” in the sentence “would you like tea 
or coffee?” is generally interpreted as the “exclusive or.” However, in mathematics the word or is al- 
ways used in the inclusive sense, and if you intend the exclusive case, the statement must be worded as 

“p or q, but not both.” See also Appendix B. 
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EXAMPLE 7 Let A= labo¢. del cand eB, due) 

Solution The elements that belong to A or to B are a, b, c, d, e, and g. There- 

fore, A U B= {a, b,c, d,e, g} #& 

_SEXAMPLE'S”” If A and B are the sets of points inside the indicated circles in Figure 4a, then 
A U Bis the set of points in the shaded region shown in Figure 4b. 

FIGURE 4 

(a) (b) y A 

_CEXAMPLE'9” Let A be any set. Find A U ©. 

Solution The members of A U @ are those elements that lie in A or in @. Since 

@ has no elements, we obtain 

A SG = A~ 

We can define unions of more than two sets as follows: 

EXAMPLE 40” If A, B, and C are the sets of points inside the circles indicated in Figure 5a, then 
the union of these sets, denoted by 

ALO BUG, 

is the shaded region in Figure 5b. 

(\ 

= a 
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A 
B= 

Ti oan Te $C 6.41) 
2,°7,9. Het D = {i, 4} 

Find the following sets: 

(a) AUB (b) *BoOre (eA DP (dd) AUBUCUD 

Solution 

(a) ALWIBI=H 12.407, 901s 17} (hb) Bow. = {0, 2.7.92. 117} 

(c) AUD = {1, 2, 4, 7, 9, 11} 

(7) AUBUC UD = (0, 1, 2,4, 7,9, 11,17} #& 

~ Let A, B, and C be the points inside the circles indicated in Figure 5a. Shade the 

sets 

(a) AUB (b) CN(A UB) (c) (CNA V(CNB 

Solution (a) See Figure 6. 

Solution (b) To find C M (A U B) we intersect C with the shaded set A U B 

in Figure 6. As in arithmetic, the expression in parentheses is computed first. This 

yields the shaded set in Figure 7. 

ae Toy eos 

NX 

Solution (c) We begin by shading the sets C M A and C 1 B,; this gives the 

diagrams in Figure 8. To find (C M A) U (C /M B), we form the union of the 

shaded sets C M A and C 1 B; this yields the shaded set in Figure 9. 

FIGURE 8 FIGURE 9 
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Observe that the Venn diagrams of the sets C M (A U B) and 

(C M A) U (C A B) obtained in parts (b) and (c) are identical. We have thus 

illustrated the following: 

CA (AU B).=(C NAWIEN B) first distributive law for sets 

We leave it as an exercise to establish 

CU(AN B= (CUA (EC UB) second distributive law for sets 

Remark When performing operations on sets, pay careful attention to parenthe- 

ses. In Figure 10 the shaded region is the set (C M A) U B, which is different 

from the set C M (A U B), shown in Figure 7. In general, operations inside 
parentheses should be performed first. . 

FIGURE 10 

“In an experiment with hybrid corn, the corn plants were classified into sets as fol- 

lows: , : : 
Q = quick-growing R = rust-resistant 

W = all white kernels Y = all yellow kernels 

Describe the characteristics of the plants in the following sets: 

(a) O1.y (b) RUW 

(©) (ROO) URNAY)) @ OU Wa) 

Represent the following statements by set notation: 

(e) The plants that are quick-growing and rust-resistant 

(f) The plants that are quick-growing, white-kerneled, and rust-resistant 

(g) The plants that are quick-growing or yellow-kerneled 

Solution (a) The plants in Q / ¥Y are in both Q and Y. Thus Q N Y consists 

of quick-growing, yellow-kerneled plants. 
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Solution (b) The plants in R U W are either in R or W. Thus R U W consists 

of plants that are either rust-resistant or white-kerneled. 

Solution (c) The plants in R M Q are rust-resistant and quick-growing. The 

plants in R  Y are rust-resistant and yellow-kerneled. Thus (R M Q) U (RN Y) 

consists of plants that are either rust-resistant and quick-growing or rust-resistant 

and yellow-kerneled. 

Solution (d) The set W MY is empty since the kernels cannot be both all 

white and all yellow. Therefore, 

QUWNY)=QUG=0Q 

Thus Q U (W N Y) is the set of quick-growing plants only. 

Solution (e) Since these plants have both characteristics, they are in the set 

QR. 

Solution (f) Since these plants have all three characteristics, they are in the set 

QNWNR. 

Solution (g) Since these plants have at least one of the characteristics, they are 

inthesetQ UY. & 

4” EXERCISE SET 5.2 

A et A = {l, 3, 5, 7}, B = {2, 3, 4, 7}, C = {xlx is an 4. Let S, 7, and C be the sets in Exercise 3. Shade the fol- 
integer such that x? is less than 9}, and D = 15456}: lowing sets. 
Compute AS ; aa (a) SUT 
(a) ANB (b) ANC (eC) (BU Ca (b) SUC 

d@d BND? ©= ANBNCT, ff) DNGE Cm wUre 

2. Let A, B, C, and D be the sets in Exercise 1. Compute Cie ee 

(a) AUB (b) AUC (cc) BUC 5. Let S, T, and C be the sets in Exercise 3. Shade the fol- 

(d) AUBUD (ec) AUD (ff) DUD lowing sets. 

3. In Figure 11 let S = the set of points inside the square, : . 3 : : - 

T = the set of points inside the triangle, and C = the set () (CNS)UT 

of points inside the circle. Shade the following sets. d) CUS)N(C NT) 

(2) SAT. () SNC (@) 
(Cmeia ae (GQ) Saga MiG 6. In each part determine whether the given sets are disjoint. 

(a) {a, b, d}, {e, f, g} 
(b) {h, 2; 3h) 13473 9} 
() ©, {1, 2} 
(d) {book, candle, bell}, {page, fire, ring} 

FIGURE 11 
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For Exercises 7-9 refer to Figure 12 and let S = the set of 14. Use Venn diagrams to establish the following. 

points inside the square, T = the set of points inside the trian- (a) (ANB)NC=AN(BNC) 

gle, and C = the set of points inside the circle, and let v, w, x, (b+) (AUB)UC=AU(BUC) 

ta Wika es 15. Use Venn diagrams to establish the following. 
(a) A C(A UB) and B C(A U B) 

(b) (AN B)CAand (AN B)CB 

16. Use Venn diagrams to establish the following. 

(a) IfA CC and B CC, then (A UB) CC 

(b) If C C AandC CB, thenC C (AN B) 

17. Use Venn diagrams to establish the following. 

URE (a) IfC C AandC CB, thenC C (A U B) 
(b) IfA CC and BCC, then (A NM B) CC 

18. (a) If A UB=A UC, must B = C? Justify your an- 

swer. 
(b) IfA NB=ANC, must B = C? Justify your an- 

swer. 

; 19. Describe the shaded regions in Figure 13 using the unions 
Answer the following as true or false. and intersections of sets C, R, and T. 

fre) x ESOC ye Ona tee 
LO) 7.E8 Tom C wESNCNT | 

C) wes fic 

8. Answer the following as true or false. 

@) a xvee Gwin (Deen SS GAUSS) FIGURE 13 

(chp zie € US. UsT. Qi we:G. EC 
) veEcus UT 

Answer the following as true or false. 

a) we Cus nT: | 
6) wee ad UT) ‘\ 
© ,eCunnas 20. Describe the shaded region in Figure 14 using the unions 
@ xECuUusnNCuUnF and intersections of sets C, D, and S. 

10. Let A = {1, 2, 3, 4, 5}, B = (3, 4, 7}, and C = 
{1, 3, 7, 8}. Verify the distributive laws: 
(a) CM(AUB)=(CNA)UCNB) 

(bs) CU(ANB)=(CUA)N(CC UB) 

11. Use Venn diagrams to establish the second distributive NI 

law: C U(ANB)=(CUA)NEC UB). 

B= {Du Pont; GM, ‘GE, Kodak}, — 

C = {Ford, Sun Oil, IBM, (GE}(Du Pont}. 
Compute ; a ae 

(a) ANB)UC () AUBNC) /| 
(c) AUBUC (dq) ANBNC 

(fe) ANBUC) (f) (A WByraAre Ww 

13. Explain why the following are true. 

(a) AUB=BUA (b) ANB=BNA 
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The personnel department of a major company classifies 

its employees into the following categories: 

M = the set of all male employees 

F = the set of all female employees 

A = the set of all administrative employees 

T = the set of all technical employees 

S = the set of all employees working for the company at 

least 5 years. 

Describe the members of the following sets. 

(a) MNA (bt) MUF 

(CAS Mel fer @Qy Aw wr 

() MNANS 

Let M, F, A, and S be the sets in Exercise 21. Let x des- 

ignate a male employee who has worked for the company 

at least 5 years. Answer the following as true or false. 

(a) x E©MUFUA (b) x emMns 

(Gee Sy eotalinss (dere TiS) UF 

An automobile insurance company classifies its policy- 

holders into the following categories: 

A = the set of all policyholders who drive cars with 

engines over 200 horsepower 

B = the set of all policyholders who drive cars with 

engines over 250 horsepower 

C = the set of all policyholders who are over 25 years of 

age 

D = the set of all policyholders who are over 20 years of 

age 
M = the set of all male policyholders 

F = tthe set of all female policyholders 

Describe the policyholders in the following sets. 

(a) ANB (bt) AUB. , 
(c) ANCNM (dd) AUDUF 
(e-) BN(D UF) 

Blood Type 

An 

Jer 

Bo 

Bt 

AB- 

ABt 

O- 

OF 

Antigen A 

—- Zz 
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24. Let A, B, C, D, M, and F be the sets in Exercise 23. 

Write the following sets using unions and intersections of 

A, B, C, D, M, and F. 

(a) the set of all female policyholders who are over 25 

years of age 

(b) the set of all policyholders who are either male or 

drive cars with engines over 200 horsepower 

(c) the set of all female policyholders over 20 years of 

age who drive cars with engines over 250 horse- 

power 

(d) the set of all male policyholders who are either over 

25 years of age or drive cars with engines over 200 

horsepower 

25. Human blood contains three possible antigens, denoted 

by A, B, and Rh. Depending on which antigens are 

present, there are eight possible blood types, denoted by 

A, A*, B-, B*, AB, AB*, O*, and O-. The antigens 

present in each blood type can be described by the Venn 

diagram in Figure 15, which shows the eight possible 

blood types resulting from the various combinations of 

antigens. In this diagram a blood type within circle A 

contains antigen A, one within circle B contains antigen 

B, and one within circle Rh contains antigen Rh. In the 

following table, write yes if the antigen is present and no 

if it is not, for each of the eight blood types. 

FIGURE 15 



178 @ CHAPTERS Set Theory 

5.3 COMPLEMENT OF 
A SET 

In this section we introduce another set operation that is useful in our later work. 

Given a set A, we may want to consider those elements that are not in A. Usu- 

ally, however, there are elements not in A that are extraneous to the problem 

being studied. For example, suppose A is the set of all positive integers and we de- 

scribe “an element x that is not in A.” Clearly, if x is a negative integer, then x is 

not in A. However, if x is a cabbage or a walrus, then x is also not in A since cab- 

bages and walruses are not positive integers. If we are concerned with a problem 

about integers, then what we really mean when we describe 

an element x that is not in A 

an integer x that is not,in A 

—cabbages and walruses are extraneous to the problem. 

One way of eliminating extraneous elements is to specify in advance that all 

‘elements in the problem under consideration come from some fixed set U, called 

the universal set for the problem. For example, in a problem concerned with in- 

tegers, we might agree to take the universal set U to be the set of all integers. 

Then, if we speak of 

an element x that is not in A 

we must mean 
an integer x that is not in A 

since we have agreed that allelements come from the universal set U of integers. 

In many problems, the universal set is intuitively clear from the nature of the 

problem and is not explicitly stated. For example, in problems concerned with let- 

ters of the English alphabet, U would be the set of all letters in the English alpha- 

bet. In problems concerned with sets of stocks on the New York Stock Exchange, 

U would be the set of all stocks on the New York Stock Exchange, and so on. 

In Figure 1, we describe the above ideas using a Venn diagram. The points 

inside the rectangle form the universal set U. Since all the sets under study must 

have their members in U, they lie inside the rectangle. In particular, if A is the set 

of points inside the circle, then the shaded region in Figure 1 forms the set of all 

elements not in A. 

FIGURE 1 
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EXAMPLE 1 Let A be the subset of the integers consisting of all positive integers. Find A’. 

Solution Since A is a subset of the set of integers, it is natural to take the univer- 

sal set U to be the set of all integers. Thus A’ is the set of all integers that are not 

positive. That is, A’ is the subset of the integers consisting of the negative integers 

and zero. &# 

EXAMPLE 2 Let W be the set of U.S. citizens who file tax returns listing less than $10,000 tax- 

able income in 1990. Find the complement of W. 

Solution Since W is a subset of the set of U.S. citizens filing tax returns in 

1990, it is reasonable to let the universal set U be the set of all U.S. citizens filing 

tax returns in 1990. Thus W’ is the set of all U.S. citizens filing tax returns in 

1990 listing at least $10,000 taxable income. & 

EXAMPLE 3 Let 

then 

UP={1, 3,537,911} V = {1, 5, 7} 

V’=3,9,11} #& 

_C EXAMPLE 4” Let U be the universal set for a given problem. Find (a) U’ (b) ©’ 

Solution (a) By definition of complement, U’ consists of all elements that are 

not in U. But every element lies in U, so 

U'=2 

Solution (b) The set @’ consists of all elements that are not in @. Since @ has 

no elements, all elements are not in ©; thus, 

C’=U & 

_- EXAMPLE5 Let A, B, and C be the sets of points inside the circles indicated in Figure 2. 
Shade the following sets. 

(a2) ALO BNG (b) ANB’ NC’ 

FIGURE 2 
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Solution (a) The members of A’ MB M C belong to both B and C but not A. 

This yields the shaded region in Figure 3. 

Solution (b) The members of A 1 B’ MC’ belong to A but not to B and not 

to C. This yields the shaded region in Figure4. & 

FIGURE 3 FIGURE 4 

There are a number of useful properties of the complementation operation. 

We discuss a few of the more important ones here. The following two results are 

called De Morgan’s* laws. 

) 
- 

heal ‘ 

We verify the first De Morgan law using Venn diagrams and leave the second 

as an exercise. The set (A U B)’ consists of all elements that are not in A U B. 

This is given by the shaded region in Figure 5a. 

In Figures 5b and Sc the regions A’ and B’ are shaded. In Figure Sd their in- 

tersection yields A’ M B’. Comparing Figures 5a and 5d, we see that 

(A UB)’ =A'NB' 

which is the first law of De Morgan. 

*Augustus De Morgan (1806-1871), British mathematician and logician, the son of a British army 
officer, was born in Madura, India. He graduated from Trinity College in Cambridge, England, in 1827 
but was denied a teaching position there for refusing to subscribe to religious tests. He was, however, 
appointed to a mathematics professorship at the newly opened University of London. 

He was a man of firm principles who was described as “indifferent to politics and society and 
hostile to the animal and vegetable kingdoms.” He twice resigned his teaching position on matters of 
principle (but later returned), refused to accept honorary degrees, and declined memberships in many 
learned societies. 

He is best known for his work Formal Logic, which appeared in 1847, but he also wrote papers 
on the foundation of algebra, philosophy of mathematical methods, and probability as well as several 
successful elementary textbooks. 



5.3 Complement of a Set 4” 181 

FIGURE 5 

The next example illustrates the first De Morgan law. 

Let 

U = {a, b, Grd, €,f,.2, ny A = {a, b, d, e} B= tb, dj, 2) 

Then 

A U B = {a, b, d, e, f, g} 
and 

(A U:By = fe, ht 

On the other hand, 

'={c,f, g, h} and B’ = {a,c, e, h} 
sO 

om A' 1 B' = {c, h} 
Therefore, 

(A U B)’ = A'NB’' 

as guaranteed by the first De Morgan law. 4 

The verifications of the following results are left as exercises. 

Remark Other commonly used notations for the complement of A are A and 

U apa A. ) 
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4 EXERCISE SET 5.3 7 
boc, e9q \ 

Let U = {a, b, c, d, e, f, g, h} be the universal set and (A W.B WC) = ANA BO.C- 
let A = {a, d, f, h}, B = {a, d}, C= \e, fi. Fipd (A 0). B Gy = Al UB Orc! 

(a) A’ (b) BY fF boCr€>Foy b J 13 
rast . (a) Extend De Morgan’s laws for four sets A, B, C, and 

‘ AUB @ ENO © UZ i : 
By Ge coup Ya ae : 

De UA. B, and C be the sets in Exercise 1. Find (b) Extend De Morgan’s laws for n sets 

(a) A'NB! (ob) BY UC" Ai, Aas. ++ 5 An 
(c) AUA asc (e) (CNC) 

a 1k 14. Explain why the following are true. 

ee (ays (Al) = A (b) AUA'=U 
U = the set of all stocks traded on the New York Stock () ANA'=@B 

Exchange 

A = the set of stocks traded on the New York Stock Ex- Jn Exercises 15 and 16 let A, B, and C be the indicated sets and 
change that have paid a dividend for the past 10 Jet x, y, z and w be the indicated points in Figure 6. 

years without any interruption 

B = the set of stocks traded on the New York Stock Ex- 

change that have a price-to-earnings ratio of no 

more than 12 

Describe the following sets. 

(a) A’ (b) BB’. ) (A UB). 3a A.B) 

4. Let U = the set of all integers, A = {x|x is a solution of 

x? = 1}, and B = {—1, 2}. Find 

(a) A’ (b+) B’ © (AUB) @ (ANB) 

FIGURE 6 

5. Let A = {x|x is an integer greater than 4}. Specify a uni- 
versal set and compute A’. 

6. Let D = the set of all Democratic U.S. senators. Specify 8 

a universal set and compute D’. 
In each case determine which of the points x, y, z, w be- 

long to the indicated set. 

7. Let C be the set of all consonants in the English alphabet. x (a)... C GAB: (b) ANBNC' uM 

Specify a universal set and compute C’. (c) A ae aa C (d) A’NB'NC reore 

8. Let A, B, and C be the sets of points in Figure 2 of this Follow the directions of Exercise 15 for the following 
section. Shade the following sets. sets. 

Gy Amn aC =) ANB AC (a) A’UB (b) B’'UC' KaWs4 
Or AanBirc’ Gd ALB INC (c) genet cha d) ATUBUC'X sy ,uy 

9. Let A, B, and C be the sets of points in Figure 2 of this In Exercises 17-19 copy the Venn diagram in Figure 7 and 
section. Shade the following sets. shade the indicated sets. 
(2) As Billa (b) (AUBUC)’ 

() (ANBNC)' (d) (A UB)NC]’ 

10. Use a Venn diagram to verify that if A C B, then 

BGA. 

11. Use a Venn diagram to verify the second De Morgan law: FIGURE 7 

(ATONB = ATR 

12. Use a Venn diagram to verify the following De Morgan 

laws for three sets A, B, and C. 



17. (a) A’'UB 

18. (a) A’ UB’ 

19. (a) (A’ UB)’ 
(c) (A" NB’) 
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(b) A’ AB (C)RWAIS (OSB: 22. Exercise 25 of Section 5.2 describes the eight possible hu- 
(b) (A UB)’ () (ANB) man blood types in terms of the antigens that they con- 

tain. Using the Venn diagram in that example, complete 
(b) (A'’ UB’)! the table below by writing yes if the antigen is present in 

the given set and no if it is not. 

In Exercises 20 and 21 copy the Venn diagram in Figure 8 and 23. When using a computer to compile a bibliography, we 
shade the indicated sets. 

FIGURE 8 

20. (a) 

(c) 

21. (a) 

(c) 

AU(BNC) 
AN(BNC) 

AU(BNC) 
AU(BU Cu 

{ 

/\ 

) KO 

j 

must use proper set operations to compile the desired bib- 

liography. For example, let U be the data base listing all 

reports on pollution, and let 

S = the set of all reports on pollution caused by sulfur 

dioxide 

P = the set of all reports on pollution caused by particu- 

late matter 

A = the set of all reports on pollution in the air 

R = the set of all reports on respiratory problems caused 

by pollution 

G = the set of all reports written by S. A. Gould 

Using the operations of union, intersection, and comple- 

ment, obtain the set of all reports on respiratory problems 

due to pollution in the air caused by sulfur dioxide or par- 

ae ticulate matter but excluding all reports written by S. A. 

(b) A’ U(B'NC)/ * Gould (this exclusion is due to the fact that you already 

nwa “ are familiar with all of Gould’s reports). 

©), ANB UC) =p 
=e 

Set Antigen A Antigen B Antigen Rh 

Tn ae eG Sa SS 

& KEY IDEAS FOR REVIEW 
a Set A collection of objects. 

#a@E€EA_ ais an element of the set A. 

a Equal sets Sets with the same elements. 

a © (empty set or null set) The set with no elements. 

# A CB (Aisa subset of B) Every element of A is also an element of B. 

a A (1) B (intersection of A and B) The set of all elements that belong to 

both A and B. 

x 
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a Disjoinusets _ Two SaaS i isos reel 

in A. 

a Tpiseasalle set The set of all elements under comcast in a given ; ae 

4 A’ (complement of A) The set of all elements in the universal set that ar 

# De Morgan’s laws 1. (A UB)’ = A' NB’ 2. (ANB) = AUB" 

47 SUPPLEMENTARY EXERCISES 

In 

Ga 

In 

Exercises I and 2 let A = {a, b, c, e, f, g}, B = {b, c, f, gh, 

= {a, b}, and D = {c}. 

In each part replace the symbol (] by the symbol €, €, 

“C, or € to make the statement true. 

oe aLlA (b) aLJB 
(c) aLIC (d)mclale 

(e) DLIA (f) ALIA 

In each part replace the symbol (] by the symbol €, €, 

C, or € to make the statement true. 
(a) ALIB (b) BLA 
c) DNC (d) ALIS 
(e—) all® (f) @LIA 

Exercises 3 and 4 let A = {1, 2, 3, 5, 7}, B = {2, 3, 4, 5}, 

C = {x|x is an integer and 2x + 1 = 5}, D = {2}, and 
E = {x|x is an integer and 1/x = 0}. 

Answer the following as true or false. 

@) ACA tree) ACB false 
(c) BCA false  @ C=D true 

B= 2 re -@), U1, 2FEA false 
rue wy 

Answer the following as true or false. 

(a) DEA (b) DEA 

() 1EE d@ ECD 
OUMagec © Wises 

Answer whether the following statement is true or false. 

{x|x is a letter in the word red} = {x|x is a letter in the 
word reed}. 

List all the subsets of the set {a, b}. 

List all subsets of {a, b, c, d} that contain {a, b} as a sub- 
set. 

Show that if A C B and B CC, thenA CC. 

In Exercises E and 10 let A = {1, 2, 4}, B 

integer and te is sess than 25}, C = {3}, D 

9. | coe the fi 

10. 

= {x|x is a positive 
= {2, 4, 7}. 

wing. 
(a) AND (b) ANB 

(c) GRD (d) AUB 

(©) ASUe (Ee BAe 

Compute the following. 

(a); Bre (b) BN(C UD) 
(@) (iN eoe 

(ee) AUDUSG 

(d) "Arif B ane 

yA we 

For Exercises 11 and 12 refer to Figure 1. 

FIGURE 1 

11. 

ae 

o5 
Shade the following sets. 

(a) eri ib) BAe D 
(c) AUC (d) AUBUD 

Shade the following sets. 
(a) AU(BND) (b) (4; OB G 
CC). (Bin) Up (dd) (AUC)NB 



a 

(13. / / Let A = {2, 3, 4}, B = {1, 3, 5}, C = {x|x is an integer 
~ and x? = 9}, and D = {=1, —2, —3}. Answer the fol- 

lowing as true or false. 

(a) 2ZE ANB 

@ se Aw Dp 

) ANBNDF@ 

©) 3:6 A UB 

(drs By D 

@) 3 € (A UB) NC 

14. Use a Venn diagram to illustrate the following statements. 

(a) AU(ANB)= (bs) AN(AUB)=A 

15. Use a Venn diagram to show that if A M B = A, then 

Aye. B. 

16. Use a Venn diagram to show that if A U B = B, then 

ACB. 

17. Show thatA N @ = ©. 

18. Use a Venn diagram to show that if A C B and A CC, 

then A C B UC. 

19. Use a Venn diagram to show that if B C A and C CA, 

then B MCCA. 

20. Use a Venn diagram to show that if A C B andC CD, 

then A UC CBUD. 

21. Express the shaded region in Figure 2 in terms of A, B, 

and C using set operations. 

FIGURE 2 

22. Express the shaded region in Figure 3 in terms of A, B, 

and C using set operations. 

FIGURE 3 
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If A and B are two sets, we define the complement of B with re- 

spect to A, written A — B, as the set of all elements that belong 

to A but not to B. The shaded regions in Figure 4 show the sets 

A — B and B — A, respectively. 

Bea 

(a) FIGURE 4 (b) 

(23. Let A = {1, 3, 4, 5, 7, 8} and B = {2, 3, 5, 6, 9}. Com- 
pute the following. 

(a) A-B (bl) B-A 

24. Let A = {a, b, c, e, g, h} and B = {d, f, h, i}. Compute 
the following. 

'() A-B (b) B-A 

If A and B are two sets, we define the symmetric difference of 

A and B, written A@ B, as the set of all elements that belong to 

A or to B but not to both A and B. The shaded regions in Fi, ieee 

5 shows the set A@ B. 

U 

AQOB 

25. Let A = {1, 2, 4, 5, 8} and B = {3, 4, 5, 7}. Compute 

A@B. 

26. Let A = {a, b, d, e, g} and B = {c, f, h, i}. Compute 
A@B. 

27. A computer store classifies its microcomputers into the 

following categories: 

FIGURE 5 

= the set of all 8-byte machines 

S = the set of all 16-byte machines 

T = the set of all 32-byte machines 

F = the set of all machines that support FORTRAN 

B = the set of all machines that support BASIC 

P = the set of all machines that support PASCAL 

Use set notation to describe the members of the following 

sets. 

Qe ants 

© (SW 7) AsP 

(b) SOFOB 

qd) SN(F UB) 
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28. A municipal bond broker in New York City classifies her 

offerings into the following categories: 

I = the set of insured bonds 

U = the set of uninsured bonds 

= the set of New York state bonds 

= the set of Pennsylvania bonds 

= the set of bonds maturing after 1992 

S = the set of school bonds 

H = the set of hospital bonds 

Express the following sets in terms of the given sets and 

\* the operations of union, intersection, and-complement. 

ioe (a) the set of all New York state insured bonds 

Nee SUH 1\) the set of all New York state school gr hospital bonds 

(c) the set of all New hee or, Pennsylvania bonds ma- 

turing after 1992 Ft a Oh 
the set of all ae ie York state hospital bonds 

maturing after 1992 \)Qa-M WE) T 
(d) 

In Exercises 29 and 30 let U = {1, 2, 3, 4, 5, 6, 7} be the 

ee set, and let A = {1, 3, 4}, B = {2, 3, 3, ar 
= {xl3x — 1 = 2}, and D = {I, 5, 6}. t = 2 795 09% | 

ral | Db 

(ay Aerie 

D5 %9A5t 4 ao) Jo D>: al} 

31. Shade the following sets. 

(a) SNC’ (6) SOM” 
(i (S056 ie (d) EC THTY US’ 

32. Shade the following sets. 

(a) AS? OD SUE (6) ACU TMS 
© S/Ue* Ur (QD. S-Gieans 

33. Express the shaded region in Figure 7 in terms of A, B, 

and C and their complements. 

FIGURE 7 

34. Express the shaded region in Figure 8 in terms of A, B, 

and C and their complements. 

(Dyn BFC a) Gy Bohs ee U 
(c) (A! Uae rs @ @iuade,, (99.3 

30. Find 120%) (27359645 FIGURE 8 
(a) DE Ase) (b) DE EAE 

Ow CaUrArayD): @y (ASU BU C)! oD 

Wt “ 
For Exercises 31 and 32 refer to Figure 6. © Die 2 as 255 5) 96 a 

Py UD= In Exercises 35-37 refer to the definition of A — B that pre- 

FIGURE 6 

cedes Exercise 23. 

35. 

36. 

37. 

38. 

Use a Venn diagram to show that A — A = ©. 

Use a Venn diagram to show thatA — B= ANB’. 

(A — B)CB. 

Use a Venn diagram to show that A@ B = B@ A (see 
the definition of A@ B that precedes Exercise 25). 

Use a Venn diagram to show that A — 
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iene ne ee ee Re eerie en a es ol | ee 

4 CHAPTER TEST 

Let 7. Shade the set (R MC’) UT. 

ie ace ey OS 2,3 4a oe On 8. Shade the set (R UC) NT’. 
A = {2,5 , 3 
B = {x\x is an integer and x? is less than 1 6} 9. Express the shaded region in Figure 2 in terms of A, B, 

C = 33} and C and their complements. 

E = {0, 1, 2, 3, 4} 

Feat 3, 2, O82 7} 

1. Answer the following as true or false. 

(c) 4€ {4} (d) GEA 

2. Answer the following as true or false. 

(a) CCA (Dp Gs Gee: 

() B=E (d) -C-€' (BN) B) 

3. Compute (A U B)N F. 10. Let 

4. Compute (A N F) U B. M = the set of all men 

D = the set of all people who drink alcohol 

5. Compute (A’ MC) U E. S = the set of all people who smoke 
6. Compute (B’ U F’)N (A UC). E = the set of all people who exercise 

H = the set of all people who will have a heart attack 
Refer to Figure 1 for Problems 7 and 8. ’ before the age of 50 

Express the following sets in terms of the given sets and 

the operations of union, intersection, and complement. 

(a) The set of all men who drink alcohol or smoke and 

FIGURE 1 will have a heart attack before the age of 50. 

(b) The set of all women who drink alcohol or do not 

exercise and will not have a heart attack before the 

age of 50. (mn meihe 0 \' 
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4& in this chapter we discuss two kinds of counting problems—counting the number 

6.1 CARTESIAN 
PRODUCTS 

of elements in a set and counting the number of ways that the elements of a set 

can be arranged. The material we examine here has a variety of applications, es- 

pecially in the study of probability, which we take up in the next chapter. 

In many problems we are interested in paired data, such as the height and weight 

of an individual, the wind speed and wind direction at a certain time, or the total 

assets and total liabilities of a business firm. Often, the order in which the infor- 

mation is listed is important. For example, suppose we want to describe the 

financial status of a business firm by listing a pair of numbers, the first number in- 

dicating its total assets in millions of dollars and the second indicating its total li- 
abilities in millions of dollars. 

If the pair of Company A is (9, 0) and the pair for Company B is (0, 9), then 
Company A is in an excellent financial position, whereas Company B is likely to 

be on the verge of bankruptcy. Thus, even though the pairs (9, 0) and (0, 9) in- 
volve the same numbers, they convey very different information because of their 

order. This notion of ordered data gives rise to the following concept. 

Thus, for (a, b) and (c, be"equaMorderedspainsawelmnisibiate 

a=c and b=d 
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We are now in a position to define an important new set operation. 

A={r,s,t} and B={1,2,3,4) 

Solution We must form the set of all ordered pairs whose first entry belongs to A 

and whose second entry belongs to B; A X B is 

i(7; 1), (r, 2), (753), (, 4), (, 1), Gs, 2), (s, 3), 
(s, 4), (@¢, 1), (¢, 2), @, 3), Gr4)} 

Note that the members of A < B can be conveniently arranged in tabular form, as 

in Table 1. 

TABLE 1 

1 2 3 4 

A 

r (r, 1) (r, 2) (r, 3) (r, 4) 

s (s, 1) (s, 2) (s, 3) (s, 4) 

t (Gu) (t, 2) (t, 3) (t, 4) - 

Step 1. The first entry in each ordered pair in A X B comes from A, so at the start there 

are three as sag! PS; 00 be sae Figure 1 these choices are represented by 

FIGURE 1 

* Named after René Descartes (See page 6). 
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Step 2 The four branches emanating from each of these nodes correspond to the possible 

choices for the second entry in the ordered pair, namely, 1, 2, 3, or 4. The vari- 

ous ordered pairs can be listed by tracing out all possible paths or “branches” from 

the top of the tree to the bottom of the tree. For example, the path in color corre- 

sponds to the pair (s, 2) and the heavy black path to the pair (¢, 3). 

You will find it helpful to compute the set A xX B by this method. 

Similarly, BX A is 

thle E)s Gs 5), Gis t), (2; Ae (2; 5), 2; rab (3; id (3, SN (3; t), 

(4, r), (4, 5), (4, t)} 

It is possible to consider Cartesian products of more than two sets. For exam- 

ple, the Cartesian product A x B X C of the three sets, A, B, and C would con- 

sist of all ordered triples (a, b, c), where 

ateaA eye EEE 

A firm that conducts political polls classifies people for its files according to sex, 

income, and political registration: 

I (income) 1 = lew 

P (political 

registration) 

a = average 

d=Democrat —_r = Republican “ i= Independent 

The Cartesian product § x J X P contains all possible classifications. For ex- 

ample, a person filed under (f, h, r) would be a female with high income who is 
registered as a Republican. 

From the tree in Figure 2 the different possible classifications are 

(m, h, d) (m, h, r) (m, h, i) (fF h, d) Ge h, r) (fs h, i) 

(m, a, d) (m, a, r) (m, a, i) Cie a, d) Gf a, r) Ga a, i) 

(m, bs d) (m, l, r) (m, , i) CF; L; d) CF ie r) Gf l, i) 

€ 
; START 

e 

FIGURE 2 

@ Wren ie ge peepee 
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f two letters followed by two numbers. The first letter 
and the numbers can be 1, 2, or 3. 

(a) Represent the set of all such license plates as a Cartesian product of four sets. 

(b) Use a tree diagram to help list all the possible license plates. 

Solution (a) Let 

A = {X, Y} B = {W, Z} C = {1, 2, 3} 

Then, a license plate consists of four entries; the first from A, the second from B, 

and the third and fourth from C. Thus, the set of all license plates can be repre- 

sented as the Cartesian product 

ghoxeBoxr@one 
Solution (b) The tree diagram for A X B X C X C is shown in Figure 3. Trac- 
ing all possible paths through the tree yields this list of possible license plates. 

XW11 XW21 XW31 

XW12 XW22 XW32 

XW13 XW23 XW33 

XZ11 XZ21 XZ31 

XZ12 XZ22 XZ32 

XZ13 XZ23 XZ33 

yA YW2l YW31 

YW12 YW22 YW32 

YW13 YW23 YW33 

YZ11 YZ21 YZ31 

YZ12 YZ22 YZ32 

YZ13 YZ23 YZ33 

START 

FIGURE 3 

1 QS UD SUD Sih DB DBs MD eye) Sh Se) 3} yal 2 7 4 
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4 EXERCISE SET 6.1 

1. In each part find the values of x and y for which the given 

ordered pairs of integers are equal. 

(a). ="G,7) 
(b) (2x, 3) = (6, y) 
(c). <4, yt) = (Cx 2, 14) 
(d) (x’, 9) = (16, 9) 

In each part find the values of r, s, and ¢ for which the 

given ordered triples of real numbers are equal. 

(a) (@, 3s, 4) =(—3, 2, 2) 

(b) Gr, 5s, $4) = (-2, 5, 4) 

(e) +:2,s — 3; 27 5) =O 0N0) 

(d) @? +4 1,25 +-6,4):= (10, =2,'77) 

In Exercises 3-6 find A X B, B X A, A X A, and B X B. 

4. 

Ss 

6. 

A= {4,0}, B = {q, r} 

A = {a, b, c, d}, B = 0, 1,2} 

A = {—2, 1, 44, B = {-2, 1, 4} 

A = {m, o, u, s, e}, B = fk, e, y} 

In Exercises 7—10 draw a tree diagram and then make a list of 

all elements in the indicated Cartesian product. 

Te 

8. 

10. 

11. 

12. 

A = {l, p, gq, t}, B = {1, 2}; AX BX B 

QO = {juice, soup, salad}, R = {beef, chicken, fish}, 

S = {pie, ice cream}; Q X RX S 

B = {male, female}, B X B X B X B 

A = {1, 2, 3}, B = {v, w}, C= {r, ss; AX BXBXC 

A coin is tossed 4 times and the sequence of heads (h) and 

tails (t) is recorded. For example, {h, h, t, h} is one possi- 
bility. 
(a) Find a set H such that H xX H X H X H is the set 

of all possible sequences. 

(b) Make a tree diagram and list all the possible se- 

quences. 

(Traffic control) An air traffic control station supplies 

the following data to airline pilots: 

crowded (c), average (a), light (J) 

Visibility 

Windspeed 

poor. (p), good (g) 

negligible (n), medium (m), high (h) 

Flying conditions are described by an ordered triple: for 

example (c, p, n) means crowded traffic, poor visibility, 
negligible windspeed. 

(a) 

(b) 

Find sets T, V, and W such that T X V X W is the 

set of all possible flying conditions. 

Make a tree diagram and list all possible flying con- 

ditions. 

13. (Psychology) In a psychology experiment, a rat is 

placed in a cage with three doors, a, b, and c (Figure 4). 

The rat leaves the cage through one of the doors. On 

reaching the intersection it turns either left or right, and at 

the next intersection it turns either left or right again. The 

rat then proceeds to the reward section. If the rat chose 

door a, went left at the first intersection and right at the 

second, then this path could be denoted by the triple 

(a; Er). 

(a) 

(b) 

FIGURE 4 

Find sets E and T such that E X T X T is the set of 
all possible paths. 

Make a tree diagram and list all possible paths. 

14. Find values of x and y such that 

(x — 2y, 3) = (—3,x + y) 

Find values of r, s, and ¢ such that 

Qr-t os tor 3 tr 2s = 21) = 3, on 3) 

16. In Example 1 we show that A X B and B X A are differ- 
ent sets; find two sets such that A X B and B xX A are the 
same. 

In Exercises 17 and 18 use a tree diagram to answer the given 
question. 

17;.1 4) 

(b) 

18. (a) 

(b) 
(c) 

If A has 2 elements and B has 3 elements, how many 
elements are there in A X B? b 

If A has m elements and B has n elements, how 

many elements are there in A X B? W\V\. 

If A has 2 elements, how many elements are there in 
AXA? UH 
How many in A X A X A? S 

How many inA X A X--- x A? © 
ot 

n factors 



(P) How many in A X A X--:: 

(a) If A has m elements, per many elements are there 
aes in A X A? m4 

Gy /How many in A X A X A? mM 2) 

x A? 
La 

mM 

n factors 

20. A menu lists a choice of soup, salad, or juice for the ap- 

, 

os 

ae 

+S vs 

ae *=-8 6.2 COUNTING 

(PO 

DSO) rl 

petizer; a choice of beef, chicken, or fish for the entree; 

and a choice of pie or fruit for dessert. A complete dinner 

consists of one choice for each course. Draw a tree dia- 

gram for the possible complete dinners. 

(a) How many different complete dinners are possible? 
(b) If aman refuses to eat chicken or pie, how many dif- 

ferent complete dinners can he choose? — 

(c) A certain customer eats pie for dessert if he has soup 
aS an appetizer; otherwise, he chooses fruit for 

dessert. How many different complete dinners are 

available to him? 

A prisoner can escape from the penitentiary by digging a 

tunnel under the east wall, climbing over the west wall, or 

hiding in a laundry truck leaving the north gate. He can 

then proceed along the stream or along the back road to 

the highway intersection, where he can take the north, 

Eos 

O 

2°-ELEMENTS IN SETS 

{\ 
1 \ cations. 

CN 

EXAMPLE 1 Consider the sets 

Find n(A), n(B), and n(C). 

Solution The set A has four elements, so 

22. 
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south, east, or west highway. Draw a tree diagram for the 

possible escape routes. Qe 

How many escape routes are possible? 3X2KA = ( (a) 
(b) If the north and west highways are blockaded, how 

many escape routes are possible? 4 y Oy 2 = [2 

(c) If it is known that the prisoner did not hide in the 

laundry truck and did not take the back road, how 
many escape routes are possible? 9 %|X%4 = ¥ 

(d) If it is known that the prisoner took the south high- 
2 way, how many escape routes are possible? ~~ x 

The street system in a certain city can be represented 

schematically by the diagram in Figure 5, in which A, B, 

C, D, E, and F denote intersections. Use a tree diagram 

to help determine the number of ways in which a car can 

travel from A to F without passing through the same in- 

tersection twice. 

FIGURE 5 

Suppose we know the number of elements in a set A and the number of elements 

in a set B. What can we say about the number of elements in A U B and A X B? 

In this section we investigate problems like these and illustrate some of their appli- 

A = {a, e, g, |} 

B= © 
ee ee ae 

ee 

n(A) = 4 

The set B has no elements, so 

n(B) = 0 

12 / Kelis 
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~ or both pots is empty. If one pot 
a smaller. number of beans; if both pots empty at that same time, then they had 

the same number. You are a wise chieftain indeed for you have shown that by 

_ matching elements from two sets it is possible to ee the sizes a sets 

without counting the members. 
In the late 1800s the German aberouean Georg Cantor* used the 

"bean counting” principle to deduce some strange results about infinite sets. By - 

doubling each positive integer and matching the integer with its double, Cantor | 
deduced the shocking result that there are as Ty even integers as even and 
odd ces loge 

Treas 7 ee .. 

oe “26 8 1012141618 |. 

This very hodd result as well as others about infinite sets led mathematicians to : 
realize that these sets. behave very differently from those with ony many : 
members. 

—_—, — —_ 

* Georg Ferdinand Ludwig Philipp Cantor (1845-1918) was born in St. Petersburg, Russia. His 
father was a prosperous merchant, born in Denmark, and his mother was of German descent. 

_ At age 11, Cantor and his family moved to Frankfurt, Germany, where Cantor's extraordinary 
mathematical talent was recognized at an early age. Cantor decided to study mathematics de- 

. spite his father's strong opposition. After receiving his Ph.D. from the University of Berlin, he _ 
. taught at the University of Halle, a rather undistinguished institution. — 

Cantons theory of the infinite was so startlingly original that it aroused a great deal o. 
controversy. The highly regarded German mathematician Leopold Kronecker led the assault _ 
not only on Cantor's work but on Cantor himself. Cantor, who was sensitive, could not with- _ 
stand these attacks and in 1884 suffered the first of many mental breakdowns. He died in a 
mental hospital in 1918. However, before his death he was honored for his ss contribution 
to the foundations of mathematics. 
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The symbol aOR is ones only if S has aie many elements. ‘Since C has 

Suppose A and B are sets with finitelyas many elements. If, as illustrated in Fig- 

ure 1, A and B are disjoint, then the number of elements in A U B can be ob- 

tained by adding the number of elements in A and the number of elements in B. In 

other words, 

_- EXAMPLE 2 — Consider the disjoint sets 

Since 

ov AWB =f, 2,3, 55.759} 
we have 

n{A UB) =62>osrs 
On the other hand, 

: n(A)=4 and n(B) =2 

so 
n(A UB) =n(A)+n(B) & 

If A and B are sets with finitely many elements, but are not disjoint (Figure 

2), then Formula (1) does not apply. The problem is that the points in A M B are 
counted once in n(A) and again in n(B), so they are counted twice in forming the 

sum n(A) + n(B). Since they should only be counted once when calculating 
n(A U B),,.we can correct for this duplication by subtracting n(A M B) from 
1(A) + n(B). This yields the formula .FIGURE 2 

h is aes for any sets A and B wie ey pan en ae A and 

joint sets, the B=, son(A f =0O0a ) reduces to (1). 
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A =1a%bi-eyd,e} and RAG af. ek Be 

so that 

AUB =Aar by cy de, fg, st) 

and 
An B= {d, e} 

Since 

n(A) = 5 n(B) = 6 n(A U B) =9 n(A NM B) =2 
> 

— | 
as guaranteed by Formula (2). # 

4 Philadelphia has two newspapers, The Inquirer and The Daily News. Assume 
that a survey of 1000 people who subscribe to at least one of the papers reveals 
that 500 subscribe to The Inquirer and 100 subscribe to both. How many of the 
1000 surveyed subscribe to The Daily News? 

Solution Let A be the set of people surveyed who subscribe to The Inquirer and 

let B be the set of people surveyed who subscribe to The Daily News so that 

A U B is the entire set of people surveyed. From the above data, 

c7 n(A U B) = 1000 n(A) = 500 n(A OM B) = 100 

Substituting these values in the formula 

n(A U B) = n(A) + n(B) — n(A 2 B) 

yields 

1000 = 500 + n(B) — 100 so n(B) = 600 

Therefore, 600 of the 1000 surveyed subscribed to The Daily News. & 

EX MPLE | 5 A manufacturer of magnetic tape for digital computers finds that an experimental 

production process can introduce two possible defects in a reel of tape: the tape 

can contain creases or the magnetic coating can be insufficient. In testing 100 

reels, the manufacturer recorded that 

ape 

a anaasin eoe 
eiaiplaiengees 

* } Jow many reels were defective (i.e., had at least one defect)? 

) pei nondefective? 
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Solution (a) Let A be the set of reels with creased tape and let B be the set of 

reels containing tape with insufficient coating. Then 

AUB 

-is the set of defective reels, so we must find n(A U B). From the given data, 

n(A) = 15 n(B) = 12 n(A MN B) =7 

Substituting these values into (2) yields 

n(A U B) = n(A) + n(B) — n(A 2 B) 

Ship) qe 1 7/ 

Therefore, 0 réels were defective. 

Solution (b) From part (a), 20 of the 100 reels tested were defective. Therefore, 

100 — 20 = 80 _ (reels) 
were nondefective. & 

Formula (2) can be extended to the unions of three sets. More precisely, 

nit 

We omit the proof. 

ret 

Wiic, bee: dh. t\ Bis ldvenfsgsm i)  C=4a, 2) ht 4, 8) 

Then ALU BUC & fa, bh cade, fgak, Ld. k) 
AB =} 

A fC = {a} 

BNC = {g,h, i} 
ANBNC=26 

As guaranteed by Formula (3) . : ie 

11 =n(A UB UC) =n(A) + n(B) + n(C) } Jee 
—n(ANB)-n(A NC) -n(BNC) 
+n(ANBNC) 

~ = 44+64+6-1-1-3+0 # 



CHAPTER 6 Counting Techniques: Permutations and Combinations 

A new car dealership offers three options to its customers: power steering, a high- 

performance engine, and air-conditioning. The dealership listed the following in- 

formation in its yearly tax records: 

200 cars sold 
75 without any options 

10 with all three options 
40 included high-performance engine and air-conditioning 

30 included power steering and air-conditioning 

20 included power steering and high-performance engine 

80 included power steering 

60 included high-performance engine 

70 included air-conditioning 

Explain why the Bureau of Internal Revenue ordered a complete audit of the deal- 

ership’s records. 

Solution Let 

A = the set of all cars sold with power steering 

B = the set of all cars sold with a high-performance engine 

C = the set of all cars sold with air-conditioning. 

The A U B U C is the set of all cars sold with at least one of the three options. 

From Formula (3), 

n(A UB UC) n(A) + n(B) + n(C) 
= n(A 1) Bn (Ai t)€) —n(B Fe) 
+n(ANBNC) 

= 80 + 60 + 70 — 20 — 30 — 40 + 10 

= 130 

Thus 130 cars were sold with at least one of the three options. Since the dealer- 

ship indicated that 75 cars were sold with no options, it should have reported 

130 + 75 =,.205 

cars sold, rather than 200, as the records showed. 

In a pollution study of 1500 U.S. rivers the following data were reported: 

520 were polluted by sulfur compounds 

335 were polluted by phosphates 

425 were polluted by crude oil 

100 were polluted by crude oil and sulfur compounds 

180 were polluted by sulfur compounds and phosphates 

150 were polluted by phosphates and crude oil 

28 were polluted by sulfur compounds, phosphates, and crude oil 



S 

S 

FIGURE 3 
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6.2 Counting Elements in Sets 

Use this information to answer the following: 

(a) 
(b) 

Solution Let 

S = the set of rivers polluted by sulfur compounds 

P = the set of rivers polluted by phosphates 

C = the set of rivers polluted by crude oil 

Then the set of rivers polluted say's lana impurities is 
SUPUC.To answer (a) we must fin 

nS. UPC) 

We could solve this problem using Formula (3) (see Exercise 25). Instead, we 
illustrate an alternative method using Venn diagrams. 

First, we use the fact that 28 of the rivers were polluted by all three of the 

impurities. Therefore, the number of elements in the region S M P ™ C is 28, as 

indicated in the Venn diagram of Figure 3a. Since we are given that 180 rivers 

were polluted by both sulfur and phosphates, there are 180 elements in S$ M P, 

but 28 of these lie in § M P M C, which leaves 

180 — 28 = 152 

rivers that were polluted only by sulfur and phosphates (Figure 3b). Similarly, 

150 — 28 = 122 

were polluted only by phosphates and crude oil, while 

100 — 28 = 72 

were polluted only by sulfur and crude oil. We have placed these numbers in the 

appropriate’regions of the Venn diagram in Figure 3c. Next, we fill in the numbers 

of elements in the remaining portions of the Venn diagram. 

From the given data, the number of rivers polluted by sulfur is 520. There- 

fore, the number of elements in the remaining portion of circle S in Figure 3c 

must be _ §20 — 72 — 28 — 152 = 268 

CL) C&S) 

© @) 
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Counting Elements in 
Cartesian Products 

Similarly, the number of elements in the remaining portion of circle C is 

425 — 122 — 28 — 72 = 203 | 
and the number of elements in the remaining portion of circle P is 

335! =V152 "2649122, =-33 

We have inserted these numbers in the appropriate regions of the Venn diagram in 

Figure 3d. From that figure we can now answer questions (a) and (b) posed above. 

(a) From Figure 3d the number of rivers polluted by Bere, 

_n(S UP UC) = 268 + 72 + 28 + 152 + 203 + 122 + 33 = 878 

(b) The number of rivers polluted by exactly one of the three impurities is the 
number of elements in the shaded portion of Figure 3e. Do you see why? 

From Figure 3d this number is 

268 + 203 + 33 = 504 ov 

In Table 1 of Section 6.1 we observe that the 12 members of the Cartesian product 
A X B of the sets 

Acs {r, sath ands B= (12, 384i 

could be listed in a table with three rows of four columns. In general, if A is a set 

with m members and B is a set with n members, then the members of A X B can 

be listed in a table with m rows and n columns, so A X B has 

mn 
members. This yields the formula 

Let 

A =({f,a,c,e} and B = {r, o, u, n, d} 

Since n(A) = 4 and n(B) = 5, the number of elements in A X B is 

n(A X B) = n(A)-n(B)=4-5=20 & 

Formula (4) can be extended to Cartesian products of three or more sets. For 
three sets, the formula is 

and for m sets 
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s toss r times and the resulting sequence of heads and tails is 

recorded. Some of the posrele sequences are 

(h,h,h,h) (ht, ht) (ht, 8) M 
How many different sequences are possible? 

Solution The different sequences can be regarded as the members of the set 

AXAXAXA 

where A = {h, t}. Can you see why? Thus, the number of different sequences is 

n(A x AX A X A) = n(A) + n(A) « n(A) - n(A) 

To check your answer, you may wish to list the 16 possible sequences using a tree 

diagram. & 

4 EXERCISE SET 6.2 

1. ie n(A) if it is defined. In Exercises 6—9 verify the formula 

A = {x\x is a consonant in the English alphabet} n(A U B) = n(A) + n(B) — n(A MB) 
“(oy A = {x|x is a solution of x? = 1} fra ; 

A= 3, -2, 5,9} 4 oo or the given sets. 

Wane ey ee Ie A 6. A = {a,c, e, g, i, k}, B = {e, f, g, h, i, j} 

Aol A = {x|x is an even integer} = a is = {x|x is a positive integer <10} and |’ ~* ia ane Hee ee 
“(f) A = {ax is a real number satisfying x? = —4} O 

2. Find n(A) if it is defined. 

= {x|x is an integer satisfying 1 < x < 7} | 

LB : : 8. = {Xerox, GE, AT&T, IBM, Polaroid} and 
5 f % ee pee a standard deck of cards} 4 Q Chrysler.“ Fords Kedalaaxerox GE} 

(c) A= {-5, —4, -3, -2,-1, 0} F 9. A = {personal income, gross national product, unemploy- 

QAR ir dpsyee Ss ment}, B = {productivity, unemployment} 

&g ie tals fs is an odd integer} 3 ; 10. Let A and B be sets of integers such that A M B= 

ee pas 2S {x|Vx x= —8} {—1, 1}. Given that A U B has 7 elements and B has 4, 

_-~ find the number of elements in A. 
ises 3 and 4 verify th la fo 

I TERETE BANE Song HRI a.) Let A and B be sets of integers such that 

n(A U B) = n(A) + n(B) (a AUB = 1,2, 3, 4, 5) 7, 819} 

for the given disjoint sets. \~\/ _/ Given that A N B has 5 elements and A has 8, find the 

3) (aye 7806) 2}, B= 1,55, 4) number of elements inB. >|, —| +“ 

(b) A = {x|x? = 9}, B = {allxl = 9} 12. Fill in the missing numbers in each line of Table 1. 

4. (a) A = {a, e, f, z} and B = {c, h, k} TABLE 1 ‘ 

(b) A = {x|x is a real number satisfying x? < 0} and 

B = {x|x is a real number satisfying x? = 4} (a) 

(3) If A and B are disjoint sets such that (b) 

os n(A U B) = n(A) (c) 
what can we say about B? = \0 
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(a) (3. Let A, B, and C x sets such that ‘ 

tay = 184 Ma ng) = 9. OX 

nBy=21) nA NMOQ=7 n(ANBNC)=2 
n(Cy= 22 n(B NC) = D2: 

Find y { p-4- aaa 
(4) n(AUBU of Aby n(A U B) 

Sey n(A UC) Md) n(B UC) 

14. Solve the problem in Example 8 given that 

499 rivers were polluted by sulfur compounds 

314 rivers were polluted by phosphates 

404 rivers were polluted by crude oil 

79 rivers were polluted by crude oil and sulfur 

compounds 

159 rivers were polluted by sulfur compounds 

and phosphates 

129 rivers were polluted by phosphates and 

crude oil 

7 rivers were polluted by sulfur compounds, 

phosphates, and crude oil 

15. Show that the equation 

n(A U B) = n(A) + n(B) — n(A 2 B) 

reduces to the equation 

n(A U B) = n(A) + n(B) 

if A and B are disjoint. 

25. 

26. 
e 

16. Under what conditions is it true that we ae cA on nv 

n(A UB UC) =n(A) + n(B) + n(C)—7? 

Use Formula (5) to find n(A X B X C) for the sets 

A = {1, 2, 3}, B = {4, 5, 6}, and C = {7, 8}. 
Check the result in (a) by listing the elements in 
A X B X C and then counting them. 

( 17) @) 

(b) 

18. A license plate consists of 3 letters followed by 2 numbers 

with repetitions allowed. How many license plates are 

possible? 2 | ° Sian 

4ay An ordinary six-sided die is tossed 5 times and the 

resulting sequence of numbers tossed is recorded. 
A fo 

How many sequences are possible? 6 > 

(6) How many sequences are possible if the die is tossed 27 

n times? pee 

20. (a) A coin is tossed 8 times and the resulting sequence 

of heads and tails is recorded. How many sequences 

are possible? 4 @ 
(b) How many sequences are possible if the coin is 

tossed n times? oY 
aw 

A bank account number consists of seven of the digits 2 

{OP 22, (Si4ae 6) 7,78, 96 possibly with repetitions. — lo 
How many different account numbers are possible? a, 

An environmental agency needs to hire a total of 50 em- 

ployees to monitor water pollution and a total of 60 em- 

ployees to monitor air pollution. Of those hired, 15 will 

monitor both. How many employees must be hired? 

A certain kind of item is considered defective if it has a 

major defect, a minor defect, or both. In a batch of 25 de- 

fective items, 20 have major defects and 14 have minor 

defects. How many items in the batch have both major 

and minor defects? 

According to a political poll before the 1984 presidential 

election, 

420 people surveyed liked Mondale 

310 people surveyed liked Ferraro 

280 people surveyed like both 

If every person who liked either candidate voted the 

Mondale—Ferraro ticket, how many votes did that ticket 

get from the group of people surveyed? 

Solve the problem in part (a) of Example 8 using Formula 
(3). 

A sales firm wants to use the following system to keep 

records on the performance of its salespeople. One cabi- 

net will be devoted to the eastern region, a second to the 

central region, and a third to the western region. Each 

cabinet will be divided into three sections: 

I: salespeople selling between $100,000 and $199,999 
per year 

II: salespeople selling between $200,000 and $499,999 

per year 

III: salespeople selling more than $500,000 per year 

In each section there will be a folder for each letter of the 

alphabet to hold the salesperson’s file. What is the total 

number of folders the sales firm will need? 

In a genetics experiment, the members of a generation of 

fruit flies were classified as follows: 

Short-winged Medium-winged Long-winged 

Male 26 17 8 

Female Bayh 22, 9 
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vA 

29. 

30. 
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(a) Find the number of male fruit flies. & | 

(b) Find the number of long-winged fruit flies. 

(c) How many fruit flies were either male or medium- 

winged? . 
(d) What percentage of the Be as were long-winged 

males? (Oe B/ E 

(e) How many fruit flies were not short-winged females? hoe 

(f) How many fruit flies were either female, 

winged, or short-winged? 44 

long- 

A survey of 125 people revealed that 

27 regularly smoked cigars 

42 regularly smoked cigarettes 

24 regularly smoked a pipe 

9 regularly smoked a pipe and cigars 

8 regularly smoked cigars and cigarettes 

6 regularly smoked a pipe and cigarettes 

2 regularly smoked all three 

(a) How many nonsmokers were surveyed? 

(b) How many of those surveyed regularly smoked only 

cigarettes? 

A telephone company routes overseas calls in the follow- 

ing manner. The incoming call is routed to one of 200 

transmitting stations. Each transmitting station relays the 

message to one of three satellites. Each satellite in turn 

relays the call to one of 60 receiving stations, which in 

turn sends the message directly to the listener. In how 

many different ways can a message be routed from the 

sender to the listener? 

Excel University sends a student recruiting team com- 

posed of Ms. Jane Welcome, Director of Admissions; Mr. 

William Friendly, Dean of Students; and Mr. Robert 

Cash, Director of Student Aid on an extensive trip. Each 

member of the team will talk briefly about a fixed number 

of topics on a list and will then talk at greater length 

about one topic on the list. 

Ms. Welcome will talk about 

Admissions Standards C 

Work Load 

History of Excel University 

Excel University’s Graduates’ Achievements. 

Mr. Friendly will discuss the 

Sciences Program 

Social Sciences Program 

Pre-Professional Programs 

BL one hundred people were polled on whether or not each 

yy ice 
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Athletics Program 

Fraternities. 

Mr. Cash will cover the 

Excel Fund 

Federal Aid 

State Aid and Minority-Program Aid 

Work-Study Program. 

¢ 

(a). How many different presentations are possible? 

(b) If Mr. Friendly’s slides for the Sciences Program 
and Mr. Cash’s handouts for the Work-Study Pro- 

gram are not available, how many presentations are 

possible? 

(c) If Ms. Welcome’s longer talk is on the History of 
Excel University and Mr. Friendly’s longer talk is on 

the Pre-Professional Programs, how many presenta- 

tions are possible? 

had been to the opera, theater, or ballet last year. The re-  \“ 

sponses revealed that 

45 had been to the opera 

40 had been to the theater =| — ; 

41 had been to the ballet BHI \< 

15 had been to the opera and ballet ond ee =15 

11 had been to the opera and theater OO} <1 

9 had been to the theater and ballet “7 (\6 = q 

5 had been to all three. = 

(a) How many of the peopls, polled had not attended any 
of the events? 

(b) How many had been to the theater and opera but not 

to the ballet? | 
(c) How many had gone only to the theater? 

32. One hundred people were polled to determine whether 

i) during the previous month they had bought brand X, Y, 

or Z gasoline. The survey revealed the following: 

21 bought brand X 

30 bought brand Y 

36 bought brand Z 
= LZ 

6 bought brands X and Y x ( y Foe 
YZ =l6é 16 bought brands Y and Z = 9 

2 bought brands X and Z =X (\Z > 

If two people bought all three brands, 

(a) how many people did not buy any of the three 

brands? A) 

(b) how many bought brands X and Y but not brand Z? 
(c) how many bought only brand X? 
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33. At Superior College, the 1000-student freshman class 30 students registered for chemistry and biology 

must take at least one laboratory science course. During 300 students did not register for any of these three 

the past year, courses (they opted for geology) 

200 students registered for physics (a) How many students registered for chemistry, 
290 students registered for biology physics, and biology? 

340 students registered for chemistry (b) How many students registered for chemistry and 

40 students registered for chemistry and physics physics but not biology? 
70 students registered for physics and biology | 

6.3 PERMUTATIONS AND _In this section we are concerned with counting arrangements of the elements of a 
COMBINATIONS set. To illustrate what we have in mind, suppose we have three cards labeled a, b, 

and c, respectively; consider the following problems: 

g permutations and combinations. 
There is a ee, itis tule, called the multiplication principle, siaiich 

we use repeatedly. It can be stated as follows. 

To see why the multiplication principle holds, let 

A= {ai,a@,. 
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be the set of possibilities for decision D,, and let 

B = {bi, bn, ... , bi 

be the set of possibilities for decision D2. To make decision D, and then decision 

Dz involves selecting an element from set A and then selecting an element from set 
B. Some possibilities are (a, bi), (ai, bz), and (a2, b;). But these are just ordered 

pairs from the Cartesian product A x B. As shown in Section 6.2 [Formula (4)], 
this Cartesian product has ki members; thus, there are kl ways to make the two 

decisions. 

te oe 

"EXAMPLE 1” Assume that an employee i 
phabet followed by a se 

we If repetitions are allowed, how many identification numbers are possible? . 

“ Solution There 26 possibilities for each of the two letters, and there are 10 

possibilities for = a er seven digits. Thus, by the multiplication principle 

there are 

| 

Some of the eae are imag Galas <5 Sk 

hhhtht ttthth ththth Co Sag ae a eM 

low many different sequences are possible? 
\ ar ee 

Solution On each of the six tosses there are two possibilities, or t. Thus, by 

\ the multiplication principle there are 
\ 

different sequences. 4” 
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There are six different permutations of the set {1, 2, 3}. They are 

12-3 ig) Wes) 4 
ts°2 pairs Ne | a i ae” 

eaey How many di fer ent permuta su 

Solution Each permichaon consists of four digits. The first digit’ can be selected 

in any one of four ways; then, since repetitions are not allowed, the second digit 

can be selected in any one of three ways, the third digit in any of two ways, and 

\ the last digit in one way. Thus, by the multiplication principle, there are 

” List the 24 permutations of the set {1, 2, 3, 4}. 

different permutations. 4 

Solution Consider the tree diagram shown in Figure 1. 

START 

FIGURE 1 

A B44" 223.32 Ao 3 Aegle 36 Vet 24 Bees hel eS 

The four dots labeled 1, 2, 3, 4 in Figure 1 represent the possible choices for the 

first number in the permutation. The three branches emanating from each of these 

dots represent the possible choices for the second position in the permutation. 

Thus, if the permutation begins 3 

the three possibilities for the second position are 1, 2, and 4. The two branches 

emanating from each dot in the second position represent the possible choices for 

the third position. Thus, if the permutation begins 

Sake 

: the two possible choices for the third position are | and 4. Finally, the single 

branch emanating from each dot in the third position represents the only possible 
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choice for the fourth position. Thus, if the permutation begins 

324_ 

the only possible choice for the fourth position is 1. The different permutations 
can now be listed by tracing all possible paths through the tree from the first posi- 
tion to the last position. We obtain the following list by this process: 

1234 2134 3.1 2:4 4123 

1243 2143 3142 Avalase2. 

1324 2314 3214 4213 
1342 2/3451 3241 4231 

1423 2413 3412 4312 

Leg '3°2 2.43 Ab 3421 AS 21 

By imitating the argument given in Example 4, you can show that the number of 
permutations of {1, 2, 3, 4, 5} is 

oe SMOG QE = 120 

The general principle is now evident: 

This formula occurs so frequently that we use the symbol n! (read “n factorial”) to 

denote the product of the integers from 1 to n; that is, 

ni=n(n— 1)(n- 2)-----> el 

Thus, =I 

B= 2-1) = 2 
= 3-2-1 =6 
41=4-3-+-2-1=24 
5} =5-4-3-2-1= 120 
6!=6-5°4-3-2-1 = 720 

Once the value of n! is known, this value can be exploited in computing 

(n + 1)! For example, using the value of 6! given above, we can compute 7! by 

writing 

T!=7+:6°5-°4+3°2-1=7-> (6!) = 7(720) = 5040 

Similarly, 
8! = 8+ (7!) = 8+ (5040) = 40,320 
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In general, (n + 1)! and n! are related by 

Since n! is defined to be the product of the integers from 1 up to n, the sym- 

bol 0! is not yet defined. By convention 

With this definition, Equation (1) will hold when n = 0. 

In forming a permutation of a set, all the elements of the set are used. In 

some problems, however, we want to consider permutations or arrangements 

where not all the elements are used. For example, we might want to consider all 

possible permutations of two letters selected from the set {a, b, c}; they would be 

ab ac be 

ba ca cb 

Solution This problem can,be solved by constructing the tree diagram shown in 

Figure 2. The dots labeled a, b, c, d correspond to the possible choices for the 

first letter in the arrangement, the dots at the bottom of the tree diagram corre- 

spond to the possible choices for the second letter. By tracing the different paths 

from the top of the tree diagram to the bottom, we obtain the following list of 

ossible arrangements: 
t Be, P 8 ab ba ca da 

ac bc cb db 

ad bd cd dc 

Thus, there are 12 different permutations of {a, b, c, d} taken tw 

START 

FIGURE 2 

Ss x g& Se fom) 

We now derive a formula for the number of permutation disti 
taken rat a time. Since we have n distinct objects, there are n ways to my eOcee fe 
first object in the permutation. Then, since repetitions are not allowed, there are 
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n — | ways to choose the second object in the permutation, n — 2 ways to choose 
the next object, and so on. Since each permutation contains r objects, it follows 
from the extended multiplication principle that there are 

r factors 

different permutations. This expression occurs so often that it is common to de- 

note it by the symbol P,,,. Thus, we have the following result. 

For example, 

P53 = 5-4 3 = 60 Po, = 9 : 

Ps2 = 8:7 = 56 Pag =4°3°2-1= 24 

emis c,d, ef By 

Solution From (2), the number of permutations of seven distinct objects taken 

four at a time is PiepestttnbnenSece 4 = 340 # 

| 

Formula (2) can be rewritten in another way that is sometimes useful. In (2), 

. the first factor is n 

= the second factor is n — 1 

the third factor is n — 2 

From the pattern emerging here, you can see that the rth, or last, factor will be 

roe) Se 

Therefore, Formula (2) can be written in the following alternate form, which ex- 

plicitly shows the last factor in the product. 

If we multiply Equation (3) by 
(n =r)! 

(n — r)! 

we obtain still another useful formula for P,,, (see Exercise 47): 
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_ EXAMPLE 8 Use Formulas (2), (3), and (4) to compute P7,4 three ways. 

Combinations 

Solution We have n = 7 and r = 4, so Formula (2) yields 

Pr4=7:6°5:4 = 840 

SS 

4 factors 

Sincen —r +1=7-—4+4+ 1 = 4, Formula (3) yields 

-Prg =7+6+5+4 840 

Finally, from Formula (4) 

! sO 5 4S) 
apse ie saa ep A 7 A 

; 3! 3 2) 

It should be evident from Example 8 that Formulas (2) and (3) are better- for 

computations than is (4). However, if your calculator has a factorial key, then (4) 
is simpler to use. Moreover, (4) has other uses that will be important to us. 

In many counting problems we want to determine the number of different subsets 

with r objects that can be selected from a set with n distinct objects. For example, 

there are six different subsets with two objects that can be selected from the set 

{a, b, c, d}. They are 

{a, b} {a, c} {a, d} {b, c} {b, d} {c, d} 

Note, however, that there are 12 different permutations of {a, b, c, d} taken two 

at a time (see Example 6). There are many more permutations with two objects 

than there are subsets with two objects because permutations distinguish among 

different orderings of the objects. Subsets do not. For example, ab and ba are dif- 

ferent permutations of {a, b, c, d} taken two at a time, whereas the sets 

{a, b} and {b, a} 

are not different (they have the same members). 

To illustrate ay we are ee in capone S subsets, SUpPOss we want to 
find the mug or of diff f ands be dealt from a standa 

cards. A band of ae oars can fe moved as a set rot five aufoas peleeted 

fen a set of 52 distinct objects. Thus, the number of different five-card hands 

that can be dealt is the same as the number of different subsets with five objects 
that can be selected from a set with 52 distinct objects. 

Observe that it would be incorrect to argue that the number of five-card hands 

is the number of permutations of 52 objects taken five at a time. The reason is that 



Step 1 

Step 2 
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permutations distinguish between different orders so that 

2H 3H 4H 5H 6H 

(2H = 2 of hearts, 3H = 3 of hearts, and so on) and 

3H 4H 6H 2H 5H 

would be counted incorrectly as different hands, even though they involve the 
same cards. 

For historical reasons, subsets are often called combinations. The following 
definition is more precise. 

The number of different combinations of n objects taken r at a time is denoted by 

n 
Cry OF ( s 

Since each of these symbols is widely used, we use both of them in this text. 

To obtain a formula for C,,, we need only observe that a list of all permuta- 

tions of n objects taken r at a time can be obtained by the following two-step pro- 
cedure: 

(read “n choose r”). 

List all combinations of the n objects taken r at a time. 

Take each combination and list all the permutations of its elements. 

When these two steps are completed, we will have a complete list of all permuta- 

tions of the n objects taken r at a time. For example, the combinations of 

{a, b, c, d} taken three at a time are 
[yt i 

. {G,{b, crn. ay Dy dpe {ates dyacss {be c, d} 
If we now take each of these combinations and form all possible permutations of 

the elements, we obtain the list shown in the tinted block in Figure 3. 

{a, b, Ca : 

,d FIGURE 3 ie : ig 
{b, c, d}—> 

If we are given a set with n distinct objects, there are C,,, different combina- 

tions of these objects taken r at a time. Since each of these combinations has r el- 
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ements, the elements can be permuted in r! different ways. Thus, by the multipli- 

cation principle, there are 

Gwe 

different ways of forming a combination and permuting its elements. Since this 

process yields all permutations of the n objects taken r at a time, we obtain 

iE r 

P= Cay or or C= 
; hike 

n! 
CS (from Formula (4)) 

> g Fiths7)! 

Thus, we have the following result: . 

Find 

(a) the number of combinations of 30 objects taken 8 at a time 

(b) the number of combin tions of 30 objects taken 22 at a time 

Solution (a) Applying Formula (5) with n = 30 and r = 8 yields 

30! 

C208 = 81991 (6) 

To evaluate this expression, the best strategy is to rewrite the numerator in a form — 

that will enable us to cancel the larger factor in the denominator, that is, 22! We 

do this by writing 

ehoas 30! . (30.929 s9i 28a Zins 26 259 2A 523) oe 22t 

ot BUD BL 2ar 

_ 30 + 29 + 28 + 27+ 26 + 25 + 24 = 23 

bo MCE Ao ete Neen, Ss OA | 

= 5,852,925 

where the final computation is done with a calculator after canceling common fac- 

tors in the numerator and denominator of the preceding expression. 

Solution (b) Applying Formula (5) with n = 30 and r = 22 yields 

30! 

22! 8! 
C30,22 — 
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This expression is the same as (6) except that the order of the factors in the de- 
nominator is reversed. Thus, 

C30,22 = C30, = 5,852,925 a 

The result in part (b) of Example 9 is a special case of the following general 
result (see Exercise 48). 

_¢ EXAMPLE 10 ~ The following are applications of Formula (7): 

Ci2,3 = Ci2,9 C462 = Ca6,44 Ci00,1 = Cioo99 &” 

Sometimes you must judge whether to count permutations or combinations. 

Always keep the following rules in mind: 

_@ EXAMPLE 11 ~ The board of directors authorizes a bank to promote three of its top 10 executives 
to the position of vice president. In how many different ways can the promoted 

persons be selected? 

Solution We must first decide whether order matters. To do this, label the execu- 

tives 1, 2, 3, ..., 10. Should we, for example, regard 

1553.2 cand? 715 

as different selections, in which case order matters, or should we regard them as 

the same selection, in which case order does not matter? 

Clearly, the two selections should be regarded as the same since the same 

people become vice president in both cases. Thus, orde es not matter, and the 

10! pr ents, 10:9-8 
pa 3 1200 

C103 = 377 314K arora 

different possible selections. 4” 

_¢ EXAMPLE 12 ~ The board of directors authorizes a bank to promote three 
one to the rank of first vice president, one to the rank of gecorl vice reedent, 

and one to the rank of Ea vice president. In how many ways can the individuals 

Solution As in Example 11, label the executives 1, 2, 3, . . . , 10 and suppose 

that we first choose the first vice president, then the second vice president, and 
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then the third vice president. In this case 

Pe5,5/° “and? veobteo 

are different selections, so order matters. Thus, there are 

Pio3 = 10°9+ 8 = 720 

possible selections. 4 ——________—__—_—— mv 

~ How man different five-card hands can be dealt from a dec 
nn eee <——"ESSRES —— et 

Solution A hand of cards is determined only by the c. 

caer inc: <e they are dealt. Thus, the number of five-card hands is the num 

ber of combinations of 52 objects taken five at a time: 

52! (52 - 51-50-49. 48) -An 
= = _ = 2,598,960 

5! 47! 3° 4302 91 Art 

4 EXERCISE SET 6.3 

In Exercises 1-10 evaluate the expressions. 4!+5! SAT! 5! + 4! 

Mcgee © og © Gaeay 
is (a) 6! (b) 7! (c) 8! Aa ot be " 

33! 67! 14! 3) 17! 19! Sia! 4! 4! 
pa Se aoe 1052) Ga DM 

Vataipiat Ms Get Ovrg @ igiqghane east areal 
(g) oO! 11. Find the value of s that creates an equality. 

2! (a) Cuo,2 = Cio,s (b) Co3 = Coe im 

2. @).9!_ _@), 10! © “©, 11! AO) ie _ 
22! 100! 12! implify: (d) — e) (ee 12. Simplify: 

19! 98! 7! (a) (a+ 1)! (b) n! () (n!)(n + 1) 

(g) ~ n! (n— 2 (n + 1)! 
& Int i WU (d) ment 

g! 27! 0! an! 
& (a) ney Or a qal CO) rat Sais onde ?, 

Bee Lo 14! 13! 3! 0! A communication signal can be transmitted from point a 
(a) 5! \ G (©) 5! \ to one of seven possible satellites, after which it is relayed 

3! or (3 +,2)!1 * to one of 50 possible ground stations and sent to point b. 
on 5 of ~ ifs Use the multiplication principle to compute the fu fas of 

4. (a) ae (b) aot ©) aan | different ways to send a signal from ato b. 00” 

( Abe 2)! 4! fe my Ky e. _ .» 14. A license plate consists of two letters of the alphabet fol- 
(d) “S561 tes (e) Axe ot lowed by three of the integers from 0 to 9. Use the multi- 

: aN plication principle to determine how _many different li- 
A (a) Pi. (b) Piza (c) Ps,5 (d) ) Pai cense plates are possible. ce 4 a [yO a at 

ob rf 6. (a) Ps2,4 (b) Pe,s (c) Pr. (d) Pin 15. A medical researcher classifies humans according to one 
x { iy @) (Cc). Pcie ke CO). Coe Cn of three skin colors, one of eight blood types, and one of 
‘5 ] j ; two sexes. Use the multiplication rinciple to determine 
NN 8 (a) Co3 (b) Cs6,4 (c) Cs6,52 (d) Cro,12 how many classes are possible. ee Ys 



16. 

18. 

ike 

20. 

22. 

23. 

26. 

qd 27. 

9 lo 5 al 

o~ 
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oe ROS 

A coin is tossed 10 times and the sequence of heads and 2g.) A university has to recruit 5 new freshmen for its football 
tails is recorded. Use the multiplication principle to deter- 

mine how many sequences are possible. How many se- 

quences are possible if the coin is tossed n times? 

In a VAX 11/785 digital computer, a bit is one of the in- 

tegers 0 or 1; a word is a sequence of 32 bits. Use the 

multiplication principle to determine how many différerit 

SaaS 2 a : In the runoff of a state lottery, there are 10 ticket holders 

A psychological test consists of 10 questions, each of in a drawing for three prizes, a $50,000 prize, a $25,000 —— 

which can be answered always, never, or sometimes. Use prize, and a $10,000 prize. If no person can win more 

the multiplication principle to determine the number of than one prize, how many outcomes are possible? € \O> See 

ways'the 10-question test can be answered: lo» 32. How many three-letter words (real or fictitious) can ee 

A die is tossed fives times and the sequence of numbers is formed from the first 10 letters of the alphabet use A 

recorded. Use the multiplication principle to determine (a) repetitions are not allowed? P Oi of 

how many sequences are possible. How AB, ee (b) repetitions are allowed? \,\ \4 ,' \o 

are possible if the die is tossed n times? Wee sexe combination lock is opened by making three turns to 

How many different permutations can be formed from the the left, stopping at digit a, then two turns to the right, ;.) | 

following sets? stopping at digit b, and finally one turn to the left, stop- 

(a) i 4] (b) a, b, G 4, a (c) {L, 1. 2, ely ping at digit c. How many lock combinations are possible 
“2: \ -S-4-3-2.\ if a, b, and c are selected from the digits 0 to 9 inclusive? 

Use a ooh diagram to ape all sate or 
ee : A testing program to determine the sollveane present in 

nai a river water involves selecting one of three filtering pro- 

Use a tree diagram to list all permutations of cesses, then one of five precipitation procedures, and then 
{a, b, c, d, e} one of two evaporation methods. How many testing pro- 

; grams are possible? ~.-° = 
(a) How many permutations can be formed from 

{a, b, c, d, e} taken two at atime? _ Pema In a customer preference survey, a person is asked to test 

(b) Use a tree diagram to list them. {5 wie Meer 3 of 10 breakfast cereals and rate them 1, 2, and 3 in or- 

4 der of preference. How many ratings are possible? p |» 2 
(a) How many permutations can be formed from 

{a, b, c, d, e} taken three at atime? O_ ..5-4-3. List all CST DEE TE of pee b, c, d, e} taken three at a a 

(b) Use a tree diagram to list them. a time. 5,3 = = Sir ee '0 a Fe 

In how many ways can a jury of 12 people be selected Gr) Use the results of Pees 36 and the two-step procedure 

from an available pool of 25 people? C.950\2 et illustrated in Figure 3 of this section to obtain a list of all 

permutations of {a, b, c, d, e} taken three at a time. 

Repeat Exercise 25 if one person is to be evened as Compare your results to those obtained in Exercise 24. 

eas F2 PRS 2 CQsoth> | ae 38. How many different seven-card hands can be dealt from a 
In how many ways can a jury consisting of 8 women and , deck of 52 cards? Cs59,7 4 

4 men be TASS a available pool of 15 women and How many different seven-card hands with all black 

10 men? Ch S55 91034 eee cards can be dealt from a deck of 52 cards? Cee, a 

A video shop is displaying seven new videocassettes on a (oueilog jearanneiftereealiiceacdllbaadetcann oeuall 
shelf. Suppose that four are sport games and three are sci- bccn 3 eck oe SD Gani Mec | 

paced ALK foes d th (b) How many different 11-card hands with 4 aces can 
(a) In how Many ways’can these be arranged on the AMER? = Laem eae: E57 « die 

shelf? + ' 
In how many ways can these be arranged on the \ 

shelf if the sport games and the science ards games 

are to be kept together? 41. \ 2 

(b) 

re 

a _ f) % 

team. In how many ways can these be chosen from a 

group of 20 eligible applicants? 

In a certain township each police car is staffed by 2 police 

officers. If seven cars have to be staffed from a pool of 14 

male officers and 14 female officers, how many different 

teams can be formed? Cy ae Ss 

KC In a state election, there are 9 candidates running for 3 

/ positions entitled State Judge. How many different elec- 

tion outcomes are possible? ‘@ cs =S<t ; 
O 5 BS er 

\ 
Sa i om 

So Sy Sy; Bae a reas Dies 
od OCI ~ HX » q- 

Fan’ ly Vea ie 2 
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42. Ata national presidential convention, party rules require 0 (c) How many ee with exactly two 6’s are possi- 

that the Credentials Committee contain 3 men and 2 3 ble? C3,2KS” 

women. If there are 9 men and 6 women to choose . from, (d) How many sequences are possible which contain at 

in how many different ways can the committee be most two 6’s? ot Ce 554 CaF 7” 52 

formed? 04,3 + Cér2 46. A psychologist has a maze with five compartments. For a 

43. A soils engineer divides a proposed building site into 25 certain experiment, each compartment is to be painted 

equal square plots and randomly chooses four plots for with one color: red, black, or orange. 

testing. In how many different ways can the four plots be (a) In how many different ways can the maze be 

selected for bagi if they are all tested in the same man- painted? 

ner? C2524 (b) In how many different ways can the maze be painted 

if no m wo ¢ c used? 
44. Acoinis ere -seven times and the resulting sequence of ore. than two, colors cari uscd 

heads and tails is recorded. 47. Show that 

(a) How many sequences with exactly 5 heads are possi-. al 

ble? Cg,5 n(n — 1)(n — 2)---(W—r+ 1) = ——— 

(b) How many sequences with exactly 2 heads are possi- (7)! 

ble? C qh 48. Show that C,,, = Cir. 

(c) ae es aren ie wae at least 5 heads are possi- (Social security) A U.S. social security number consists 

- pe: ; En a CRs saKy Ae += \ tt Say Dict of 9 digits with repetitions allowed. What is the maxi- 

(as) A die is tossed seven times in ec ton and the resulting mum U.S. population that can be supported with this sys- 

/ sequence of numbers is observed. tem if every individual must have a different social secu- 

> (a) How many sequences are possible? & rity number? 104 

(b) How many sequences with exactly one 6 are possi- 

ble? 47 «6 aS 
ewe 

re 4 
6 ads5e— one Sie: 2» 

2055) eee) 

now von ra, ning lew 6 ° a 
esate 

CKOLH\ ) 

6.4 MORE ON In this section we consider counting problems that require careful analysis and the 
COUNTING PROBLEMS right strategy to solve. Although these problems are primarily concerned with 

flipping coins, dealing cards, and such, the techniques involved are directly appli- 

cable to real-world problems. 

Solution We need the multiplication principle to solve this problem. Imagine a 

hand with 3 red cards and 2 black cards to be formed in two steps: 

Step 1 

Step 2 

The first step can be performed in C26,3 ways and the second in C2,2 ways. There- 

fore, by the multiplication principle, the two steps can be performed in 

C2,3 * C26,2 ways. So the number of hands with 3 red cards and 2 black cards is 

26: 25°24 26: 25 
Cx C252 = > = 2600 « 325 = 845,000 a” 
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ACEXAMPLE 2" A 
(a) How many different hands are possible? 

(b) How many hands with 3 spades are possible? 

(c) How many hands with 3 spades and 2 diamonds are possible? : 

4 Solution (a) This problem is similar to Example 13 of Section 6.3. The number 
A of hands is 

: . 52! 52 +51 +50- 49-48 - 47 - 46 

/ 7d lieabitnl oe Seitk OF Dielieks Ye an 

f _ Solution (b) This problem is similar to Example 1 above: imagine dealing 3 

spades {ronan cna then dealing 4 cards from the remaining 39 
cards (nonspades) in the deck. The number of possible hands is 

hs 13! 39! 5) 
= 235 3110! 4135! PEO IG Came 

; Solution (c) Imagine 8 3 spades from the 13 spades in the deck, then 2 

diamonds from the 13 diamonds in the deck, and then 2 cards from the remaining 

26 cards. The number of renee hands is 

13! 13! 26! 
Grr Gie ia = = a aa 290,100 3110! 2!11! 2124! 007 

The following two examples show how you can sometimes solve counting 

problems by drawing analogies to card-dealing problems. 

_¢ EXAMPLE 3” Four balls are selected from an urn that contains 
How many different selections containing 3 red balls and 1 black ball are possi- 

ble? 

Solution This is equivalent to a card-dealing problem. Imagine a deck of 10 

cards marked Ri, Ro, . . . , R7 (corresponding to the 7 red balls) and Bi, Bo, Bs; 

(corresponding to the 3 black balls). The selection of 4 balls is equivalent to deal- 

ing a hand of 4 cards from this deck. Thus, the number of selections with 3 red 

balls and 1 black ball is equal to the number of hands that have 3 cards with an R 

and 1 card with a B. The number of such selections is 

ie oe 

aa tet 

A sample of 8 items is selected from a lot of 100 items known to contain 10 de- 
fectives and 90 nondefectives. How many different samples with 3 defectives and 

5 nondefectives are possible? 

Solution This can also be viewed as a card-dealing problem. We can imagine 

the 100 items to be a deck of 100 cards. In this deck, 10 cards are marked D,, Do, 

, Dio (corresponding to the 10 defectives) and 90 of the cards are marked M,, 



218 4 CHAPTER 6 Counting Techniques: Permutations and Combinations 

Permutations of Objects 
with Repetitions 

N>, . . . , Noo (corresponding to the 90 nondefectives). The sample of 8 items cor- 

responds to a hand of 8 cards dealt from this deck, and a sample with 3 defectives 

and 5 nondefectives corresponds to a hand with 3 D’s and 5 N’s. Thus, the num- 

ber of such samples is 

10! = 90! 
C103 ° Cos =—— -—— = 12,160 0,3 * Co0,5 3171 51851 521320 y A 

So far we have considered only permutations of distinct objects. We now consider 

some problems that lead to counting permutations of objects with repetitions. 

\ coin is tossed 6 times, and the resulting Seaueute of heads and tails is recorded. 

5 aa 2 of Section 6.3 shows that there are 2° = 64 different sequences possi- 

ble. How many of these sequences contain exactly 2 heads? 

Solution A sequence with 2 heads (h’s) will necessarily have 4 tails (t’s). Some 

possibilities are 

hhtttt and tththt a 4) 

It is evident that any sequence with 2 h’s and 4 t’s is completely determined once 

we specify the two tosses on which the heads occur or the four tosses on which the 

tails occur. For example, the first sequence in (1) is completely determined by stat- 

ing that the 2 h’s occur on tosses 1 and 2; it is also completely determined by stat- 

ing that the 4 t’s occur on tosses 3, 4, 5, and 6. Thus, the number of sequences 

with 2 h’s and 4 t’s can be obtained in two ways: 

1. Find the number of ways of selecting a set of two toss numbers for the h’s 

from the set of possible toss numbers {1, 2, 3, 4, 5, 6}. 

2. Find the number of ways of selecting a set of four toss numbers for the t’s 

from the set of possible toss numbers {1, 2, 3, 4, 5, 6}. 

Method 1 yields 

6! 6:5 
C, = —— = 

Alvear | led, n° 

and method 2 yields 

6! 6:5 
Co4 = Fie ail = 15 

The last example can be viewed as a problem of counting arrangements (per- 
mutations) of objects with repetitions—we were interested in counting the number 
of different permutations of 2 h’s and 4 t’s. The following result is useful for solv- 
ing such problems. 
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* This is a special case of the following more general result, whose proof we omit. 

The next example illustrates the result above. 

an we permute the letters of the word MISSISSIPPI? 

Solution We have 
n = 11 total letters 

s i n=1M 

nz 4I’s 

ide} = 4S’s 

: ng = 2 P’s 

Thus, from Equation (3) the number of different permutations is 

n! 
‘. Pa tnt a = 34 650 & 

phrases exac t most, at least, less than, and more than are common 

in coun ing rorenlene: The following examples illustrate typical counting problems 

involving these phrases. 
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y A coin is tossed 5 times, and the resulting sequence of heads and tails is recorded. 

(a) How many sequences have exactly 3 hea 

(b) How many sequences have at most 3 he 

(c) How many sequences have at least pee ads? 

(d) .How many sequences have more than 3 heads? 

S ri Solution (a) If there are exactly 3 heads, then there are exactly 2 tails, so the 

' number of such sequences is the number of permutations of 3 heads and 2 tails. 

From (2), that number is 

5! 
3121 = 10 sequences 

Solution (b) To say that there are at most 3 heads means that one of the follow- 

ing is true: 

there are no heads 

there is exactly 1 head 

there are exactly 2 heads 

there are exactly 3 heads 

Thus, we calculate the number of sequences satisfying each condition and add the 
results. We obtain 

5! 5! Sv) We 
+ 

05! a 114! 213! + 3101 1 +.5,+ 10 + 10 = 26 sequences 

Solution (c) To say that a sequence has at least 3 heads means that one of the 

following is true: 

there are exactly 3 heads 

there are exactly 4 heads 

there are exactly 5 heads 

Proceeding as in part (b), we obtain 

5! 3! 5! 
aol evr a 10 + 5 + 1 = 16 sequences 

Solution (d) To say that the sequence has more than 3 heads means that one of 
the following is true: 

there are exactly 4 heads 

there are exactly 5 heads 

Proceeding as in part (b), we obtain 

5! 5! 
a Some 1 =6sequencess # 

Counting problems involving the phrases at least or at most can sometimes be 
recast in an alternate form, saving time in computation. 
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many sequences have 
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2s, and the sequence of heads and tails is recorded. How 

Solution A direct solution of this problem would involve a sum of 99 terms: the 

number of sequences with exactly 2 heads plus the number with exactly 3 heads, 

and so on. A better approach is to count the number of sequences that do not have 

at least 2 heads and subtract this from the total number of sequences. This will 

leave us with the number of sequences having at least 2 heads. 

Using the method of Example 10 in Section 6.2, the total number of se- 

quences is 2-2. ae acl 

100 factors 

Those that do not have at least 2 heads are those with no heads or exactly 1 head. 

4 The number of these is 

100! 100! 
01 

0! 100! 1! 99! “ 

Thus, the number of sequences with at least 2 heads is 

4 EXERCISE SET 6.4 

1. How many seven-card hands with 5 red cards and 2 black 

cards can be dealt from a deck of 52 cards? 

How many seven-card hands with all black cards can be 

dealt from a deck of 52 cards? 

A hand of six cards is dealt from a deck of 52 cards. 

(a) How many hands are possible? 

(b) How many hands that contain exactly 2 diamonds 

are possible? 
(c) How many hands with 3 hearts and 3 clubs are pos- 

sible? 4 

(d} How many hands with 3 hearts and 3 black cards 

are possible? 

A hand of eight cards is dealt from a deck of 52 cards. 

(a) How many hands are possible? 

(b) How many hands with no hearts are possible? 

(c) How many hands with 4 aces are possible? 

(d) How many hands with 3 diamonds and 5 black cards 

are possible? 

An urn contains 9 balls; 6 are green and 3 are red. Six 

balls are selected from the urn. 

2-101 

(a) How many different selections are possible? 

(b) How many selections with 4 green balls and 2 red 

balls are possible? 

(c) How many selections with all green balls are possi- 

ble? 

An urn contains 12 balls; 6 are blue and 6 are yellow. Six 

balls are selected from the urn. 

(a) How many different selections are possible? 

(b) How many selections with half blue balls and half 

yellow balls are possible? 

(c) How many selections in which all balls have the 

same color are possible? 

A sample of 6 items is selected from a lot of 50 items 

known to contain 10 defectives and 40 nondefectives. 

(a) How many different samples are possible? 

(b) How many different samples with 2 defectives and 4 

nondefectives are possible? 

(c) How many different samples with no defectives are 

possible? 
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10. 

11. 

12. 

13. 

A sample of 3 light bulbs is selected from a lot of 25 light 

bulbs known to contain 3 defectives and 22 nondefec- 

tives. 

(a) How many different samples are possible? 

(b) How many different samples with 2 defective bulbs 

and 1 nondefective bulb are possible? 

(c) How many different samples are possible in which 

all the bulbs are defective or all are nondefective? 

A coin is tossed 9 times and the sequence of heads and 

tails is recorded. 

(a) How many different sequences are possible? 

(b) How many sequences with 5 heads and 4 tails are 

possible? 

(c) How many sequences with exactly 2 heads or exactly 

2 tails are possible? 

A coin is tossed 12 times and the sequence of heads and 

tails is recorded. 

(a) How many different sequences are possible? 

(b) How many different sequences with 4 heads and 8 

tails are possible? 

(c) How many sequences with half heads and half tails 

are possible? 

In each part determine how many different permutations 

of the given letters are possible. 

(a) BBBBBBGGGGG (b) AARDVARK 
(c) MISSOURI 

In each part determine how many different permutations 

of the given letters are possible. 

(a) QQQTTVVVVH (b) CADILLAC 
(c) BOOKKEEPER 

A hand of nine cards is dealt from a deck of 52 cards. 

(a) How many hands with at least 1 spade are possible? 

‘\ (b+) How many hands with at most 7 spades are possible? 

14, 

15. 

16. 

A hand of seven cards is dealt from a deck of 52 cards. 

(a) How many hands with at most 2 black cards are pos- 

sible? 

(b) How many hands with at least 2 black cards are pos- 

sible? 

A coin is tossed 50 times and the sequence of heads and 

tails is recorded. 

(a) How many sequences have at least 3 heads? 

(b) How many sequences have at most 48 tails? 

A sample of 50 items is selected from a lot of 100 items 

containing 50 defectives and 50 nondefectives. 

(a) How many samples have at least 1 defective? 

(b) How many samples have at most 48 nondefectives? 

17. 

18. 

19. 

20. 

21. 

22. 

(Computer science) In some computers, a word consists 

of a sequence of 16 bits, each of which can be a 0 or a 1. 

(a) How many words with at least twelve Os are possi- 

ble? 

(b) How many words with at most two 1s are possible? 

(Personnel selection) A set of 5 people is selected from 

a personnel pool that consists of 12 men and 12 women. 

Half the men in the pool have B.A. degrees and half have 

M.A. degrees. The same is true for the women in the 

pool. 

(a) How many different selections are possible? 

(b) How many different selections with 2 B.A. degrees 

and 3 M.A. degrees are possible? 

(c) How many different selections with 3 women having 

M.A. degrees and 2 men are possible? 

(Medicine) A blood bank has the following inventory: 

10 units of type A 

5 units of type A* 
6 units of type AB~ 

4 units of type AB* 

2 units of type O* 

The blood is shipped in cartons of 8 units each to hospi- 
_tals. 

(a) How many cartons with 8 units of type A~ are pos- 

sible? | 
(b) How many different cartons with 3 units of type A~, 

2 units of type AB”, and 1 unit of type O* are pos- 
sible? 

(c) How many different cartons are possible? 

(Harder) A department store receives 8 dresses: 4 

green and 4 yellow. In how many different ways can these 

be distributed between two show windows if each window 
must display at least 3 dresses and at least 1 dress of each 
color? (Assume that dresses of the same color are of dif- 
ferent types.) 

(Harder) A modeling agency agrees to provide a fash- 
ion house with 3 models each week for 52 weeks. The 
contract requires that in no two weeks will exactly the 
same 3 models be sent. What is the minimum number of 
models needed? 

The mathematics curriculum committee is composed of 
12 faculty members. They intend to form 3 subcommit- 
tees: 1 consisting of 4 members, 1 of 2 members, and 1 of 
6 members. How many different subcommittees can be 
formed? 

SS eee a 



6.5 The Binomial Formula za” 223 

6.5 THE BINOMIAL In this section we discuss the binomial formula and its relationship to counting 
-FORMULA problems. 

By direct-calculation it is easy to obtain the pi pewine powers of a + Db: 

(a # b= 
aoa 
(a + b)? = a* + 2ab + b? 

a3 S0%b+ 306 - b> (a+ bP = a? + 3a*b + 3ab* +2b* 
oi 4oFbs 6abts! 4Ob>?- ib! (a + b)* = a* + 4a°b + 6a7b? + 4ab? + b+ 

(a + b)’ = a> + Sa*b + 10a°b? + 10ab? + Sab* +b a 'cod dof 
i : Ours 

The expressions on the right side of the equal signs are called the expansions of P 
= eS See 

the powers on the left side. For centuries, mathematicians have been fascinated 

with the patterns in the expansions of (a + b)”. For example, the six expansions 

above suggest the following general results: 

Pattern in the expansion of (a + 5)” Example 

There are n + 1 terms. (a + b)* has 5 terms. 

The first term is a” and the last term is b”. The first term of (a + b)* is a* and the last term is b+. 

In each term the sum of the exponents is n. In each term of (a + b)* the sum of the exponents is 4. 

Moving left to right, the exponents of a decrease by 1. In the terms of (a + b)*, the successive powers of a are a*, a>, a’, 
a', a®° (equals 1). 

Moving left to right, the exponents of b increase by 1. In the terms of (a + b)*, the successive powers of b are b° (equals 1), 
EB yi be bea banbes | 

b\l = A+ (Th ffici F : ‘ A cree : 
( se e coefficients in the successive expansions of (a + b)” also exhibit impor 

6) = Dabt tant patterns. For example, if we arrange the coefficients of (a + b)” for n = 1 to 
te Qi (a + |) s 5 in a triangular array, we obtain 

9 —_ 0 

> i b (a si b) Sy RAR Tie 2 eS 1 

Eee Oe A by . (a + b)'-------------------- Poet 

ae u| £ Ce) eee ee 
is pee =, = (a a5 b) STS TRS Sa Aees 1 3 3 1 

Cis OO) (Gib eee iy eco 
(a + b)?----------- estat sg Oleg (Oneonta 

hey tes i. | | 61S 20 18 6 
Ly #9 » This array, called Pascal’s* triangle, has the eo rty tha at each row begins and 

ends with a 1, and each pai tees nurhber i w (if a any) is. the sum of the 

two diagonal entries immediately a ove ie 6 FOOSE 2% 
\ 4 26 84 6 US z4 136.9 ae 
Sus 125. 0 9hO: Dis 120 

£46: et 220 \68 55 Ii \ ——————— ro 

*Blaise Pascal (1623— 1662), Bra in A anor oy thee son of a 462 162. Official. Pascal was in poor 
health throughout his lifetime. Although he was an extremely gifted child who showed great interest in 
mathematics at an early age, his father tried to keep him away from mathematics so that he would not 
strain himself. However, Pascal persisted in learning geometry by himself at the age of 12. When he 
was 19 years old he invented the first computing machine to help his father in his duties as a tax asses- 
sor. He made important contributions to the foundations of calculus and to projective geometry. To- 
gether with Fermat, Pascal was one of the founders of the field of probability. He was also the author 
of several literary classics. From the age of 24 until his death, religious thought and practice were his 
most important concerns. ; oe 1S 9 :e yy c 

12 66 220 445 749 994 792 499 220 66 

190 Sho (820 4368 \ ee La UIST ING HIG (O84 5 286 75 

‘ay (ho. OHO 1st Lid Qt 364! “fool 2004. 
i} Sa een ae Oe a 
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Find the expansion of (a + b)°. 

Solution The row in the Pascal triangle corresponding to (a + b)° can be gener- 

ated from the preceding row as follows: 

(Git by tet eee 1 5 10 10 5 1 

ee ON i Nee 
(ah ib)\G ot Reve 1 6 15 20 15 6 1 

From these coefficients and the patterns above we obtain 

(a + b)® = a® + 6a°b + 15a*b? + 20a*b* + 15a*b*+ + 6ab° + bo 

Because (a + b)” is a power of the binomial a + b, the coefficients in the ex- 

pansion of (a + b)" are called binomial coefficients. We leave it as an exercise to 

show that starting with the second row in Pascal’s triangle the binomial co- 

efficients can be written in terms of the combination symbol 

as follows: 

Ar ela dake (°) (;) (5 (5 5) (5 

This result suggests that in general the binomial coefficients of (a + b)” are 

CO) (i) GaGa) 0 ’ 1 ) 2 Fl eltantehs epee 1 5 . 

From this fact and the patterns above, we are led to the following general result, 
called the binomial formula. 
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_ EXAMPLE2 — Use the binomial formula to find the expansion of (a + b)°. 

Solution 

6 ‘6 6 6 
+ b)® = Se eas We ae 3b? (a = (°)a (*a b ($a b (*)a b 

6 6 6 
ay lie > e 
i a (5)a (5)? 

Evaluating the binomial coefficients yields 

(a + b)® = a® + 6a°b + 15a*b? + 20a2b? + 15a2b* + 6ab> + b® 

(verify this), which agrees with the result in Example 1. gy 

To understand why the combinatorial symbol enters into the binomial formula 
observe that 

(a + b)" = (a+ bat b)--- (at bd) (2) 
SS ee 

n factors 

To expand the expression on the right side of the equals sign in (2), we must form 

all possible products, where one term is selected from each of the n factors, and 

then combine like terms. For example, 

(a + b)\(a + b)(a + b) = aaa + aab + aba + abb + baa + bab + bba + bbb 
=a>+a’b+ a*b + ab? + ab + ab? + ab? +b? 
= a? + 3a*b + 3ab? + b? 

In this calculation, the first term is obtained by selecting factor a from each of the 

three factors on the left side of the equals sign. The second term is obtained by 

selecting factor a from the first two factors on the left and factor b from the third 
factor on the left. Remaining terms are obtained in the same manner. 

In general, if we expand 

(a+ b)\(a+ b)--- (a+b) 
SS SS 

n factors 

a term of the form a’b” ” will result whenever we select an a from each of the r 

factors and a b from each of the remaining n — r factors. To determine how many 
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Counting Subsets 

such selections are possible, we can either count the number of factors from which 
to obtain the a’s or the number of factors from which to obtain the b’s. Taking the 

first approach, we see that the number of terms of the form a’b”’’ is 

() r 

(r factors chosen from the n available factors). Thus, in the expansion of (a + b)", 

is } n 
the term a’b” ’ has coefficient ak 

The following counting problem arises in various applications: 

Problem How many different subsets can be formed from a set of n elements? 

To solve this problem we count the number of subsets of every possible size. Since 

there are C,,, = : subsets with r elements, it follows that there are 

n ‘ 
( 4 sets with 0 elements 

n : 
( ‘| sets with 1 element 

(") sets with 2 elements 

n : 
( sets with n elements 
n 

Thus, the total number of possible subsets is 

(eG) + Gla) 
A simpler version of this formula can be obtained by substituting a = 1 and 
b = 1 into the binomial formula, (1), and using the fact that all powers of | are 
equal to 1. This yields 

(3) +() +) + 
Thus, we have the following result. 

ee 
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_ EXAMPLE3 There are 2 = 16 different subsets that can be formed from the set {a, b, c, d}. 
They are 

Q@ {a} {b} {c} {d} 
{a, b} 4arcy fava) by ek 4b: dt c,d} 

fasb, cl} {a..b, d}- ta, c) d} {b, c, d} 

1d, Dc, dion ae 

_CEXAMPLE 4 An ice cream Eso makes its sundaes using 1 scoop of vanilla ice cream to which 
any number of é e toppings are added. How many different sundaes are 

possible? 

Solution. Making a sundae requires selecting a set of toppings from the 5 possi- 

ble toppings. (The empty set of toppings perce ae to ee ice cream. a) wes 

4 EXERCISE SET 6.5 

Find the binomial expansion of Cx) Find the first five terms in the binomial expansion of 

fal itaseeb) (Bb) et yy te) ir +5)” Sf amie epjee. (tah py 

2. Find the binomial expansion of 14. Find the term involving b? in the binomial expansion of 

(a) (a+ b)® (b) (w + z)!° (c) (c+ d)” (a. +b)", 

3. (a) Find the binomial expansions of (a — b)*, (a — b)’, Find the term involving y’ in the binomial expansion of 

(a — b)*, and (a — b)° by substituting —b for b in (x — y)*. 
. . * 2 3 

the bing mial exp iy age of (a + b) bs Ce 16. (a) How many subsets can be formed from the set {a, b, 
(a + b)*, and (a + b)° and then simplifying. ed, el) 

(b) Based on your results in (a), make a general state- (b) re Ppescaeste? 

ment about the signs of the terms in the binomial ex- ~~~ 
pansion of (a — b)”. ur) How many subsets can be formed from a set with six ele- 

ments? 
4. Use the result in Exercise 3b to find the binomial expan- 

sion of 18. A section from a pizzeria menu is shown. How many dif- 

(a) (a —b)’ (b) (x - y)? (c) . (r= 5)" ferent pizza combinations does the restaurant offer? 

a ) Use the result in Exercise 3b to find the binomial expan- 
ny . 
== {sion Of 

ORE A OO ag te ae a ANTHONY'S PIZZERIA 
In Exercises 6-11 find the binomial expansion of the expression 

and multiply where possible. Plain Cheese 

6. (a+ 2b) 7 sa lise) 8. (3a + 2b)° Add as many of the following delicious toppings as you 

like ($.75 each): 

ey, a— 3b 10, (y— 1% UL. Qr — 2sy’ nr sane rene onions, mushrooms, sausage, black 

12. Find the first five terms in the binomial expansion of olives 

(a) Git yp) Pe bese ay)? 
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19. A salad bar serves a plate of lettuce to which the patrons 20. A section from an ice cream parlor menu is shown. How 

may add as many items as they like (see Figure 1). When many different kinds of “olde-fashioned sundaes” does 

the patrons return to their table, the waitress offers 3 the parlor offer? 

dressings from which the patron can choose at most 1. 

How many salad combinations are possible? 

Bean B 

SX sprouts) \ “RS ee 

FIGURE 1 

4 KEY IDEAS FOR REVIEW 

OLDE-FASHIONED SUNDAES 

One or two scoops of our homemade vanilla ice cream 

($.90/scoop). 

Choose as many of the following as you like ($.30 each): 

walnuts, chocolate syrup, peanuts, cherries, crushed 

pineapple, marshmallow, sprinkles 

4 Ordered pair A listing of two objects in a definite order. 

4 A X B (Cartesian product) The set of all ordered pairs (a, b) witha € A 

and b € B. 

a n(S) The number of elements in S. 

4 Number of elements in a union of sets 

n(A U B) = n(A) + n(B) — n(A 2 B) 

n(A U B UC) = n(A) + n(B) + n(C) 

—n(A 1 B) —n(A MC) — n(B NC) 

+n(ANBNC) 

# Number of elements in a Cartesian product 

n(A X B) = n(A) - n(B) 

4 Multiplication principle See page 204. 

# Permutation An arrangement of objects in a definite order without repeti- 
tions. 

# Permutation of n objects taken r at a time A permutation of r objects se- 
lected from a set of n objects. 

# Number of permutations of n objects taken r at a time 

n! 
Tee OED mre 

r factors 

4 Combination A subset of r objects selected from a set of n objects. 
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4 Number of combinations of n objects taken r at a time 

MC ie = Go 

n! c=()- r ri(n — r)! 

# Pascal’s triangle See page 223. 

a Binomial coefficients 

a Binomial formula 

(a + db)" = (")a" + ("Jas + ( 

The coefficients in the expansion of (a + b)”. 

"Jar 

Ss + ( Jao + ("or 
nid n 

SUPPLEMENTARY EXERCISES AS 

(a) Find A X B if A = {a, b, c} and B = {1, 2}. — 
(b) Determine n(A X B). 

2. 

course in English, one in mathematics, one in a foreign 

Freshman students at Learned University must select one) 

Use the following information for Exercises 7-9: A committee of 

4 must be selected from a group of 8 men and 6 women. 

it) If the committee must consist of 2 men and 2 women, 

how many different committees can be selected? C%»2%~¢ * 
language, and one in science. If the courses open to © 8 

freshmen are 

English 10 and English 50 

Mathematics 55, Mathematics 75, and Mathematics 85 

Spanish 51, French 51, German 51, and Japanese 51 

Chemistry 71, Chemistry 81, and Biology 81 

how many different schedules are available? 

é) A survey of 100 freshmen at Learned University indicates 

that 70 are enrolled in English 50 and 60 are enrolled in f- Z 

Loe ; 
‘in either class, how many are enrolled in both classes? 

4. License plates in New Jersey consist of 3 letters followed 

by 3 digits or 3 digits followed by 3 letters. If repetition 

of digits and letters is allowed, how many different plates 

are possible? P.2!»% 

4.) Telephone numbers consist of _7 digits (repetition al- 

—’ lowed). If the first digit cannot be 0 or 1 and the second 

and third digit cannot be 0, what is the maximum number 

of different telephone numbers within one area code? 

6. Evaluate (a) Po,3, (b) Cs,3, and (c) Cy,o. \ 

Z Y : 
l 

a 9.) 

{ Mathematics 55. If five of the freshmen are not enrolled | ;/ — 

\ 12. 

7 If the committee must consist of at least 2 men, how 

of 2 men and 2 women be selected? \ eCaly C62 

10. There are 20 applicants for a job at Company ABC. The 

personnel manager can only interview 5 applicants each 

day. In how many ways can 5 people be chosen for Mon- 

.. day interviews? C26 oS om Ker Ore 

Ni. 
< 

day interviews, in how many ways can they be scheduled 

during the day if interviews are scheduled at 9 A.M. 

10 A.M., 1 P.M., 2 P.M., and 3 P.M.? order mater 

In how many ways can 4 persons be selected to be presi- 

dent, vice president, secretary, and treasurer from a 

group of 20 people? C5...) 
7 order 

Use the following information for Exercises 13-16: A die is 

tossed five times in succession/and the resulting sequence of out- 

comes is noted. (A toss of a die results ina 1, 2, 3, 4, 5, or 6.) 

(13. ) How many different sequences of outcomes can occur? 

many different committees can be selected? Cy ,9-Cg, 2° Cg,4 

If John Smith, a member of the group, must be on this, | »S 

committee, in how many ways can a committee consisting ©: 

no¢atou 
. Order doe 

Once the 5 applicants of Exercise 10 are chosen for Mon-ma¢¢e 

bes 
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© 14. How many different sequences containing exactly three 6s 

can occur? 
c 

Y 15. How many different ay of outcomes containing at 

least three 6s can occur? 9 6301859565. c 
( 2 b6sC5,2°>° SE On,\y5 4) 
, 16. How many different Sequences of outcomes with three 6 

and two 4s can occur? 

Use the following information for Exercises 17-20: Of 100 stu- ae 

dents who went sightseeing, 

40 visited the art museum 

30 visited the planetarium 

25 visited the Liberty Bell 

15 visited the art museum and the planetarium 

10 visited the planetarium and the Liberty Bell 

15 visited the art museum and the Liberty Bell 

5 visited all three of these sights 

Xt) 
18. 

How many students visited none of these sights? 

How many students visited only the art museum? 

tarium? 

20. 

EA Aly 

different ways could the visits be made? 

which has 5 possible answers. In how many ways can this 

10-question test be answered? 

4 CHAPTER TEST 

1. Find n(A X B) if 

A = {M, F} B = {21, 22, 23} 

2. A survey of 1000 shoppers at the SHOPMUCH mall indi- 

cated that 700 shopped at Highway Department Store, 

600 shopped at Midway Department Store, and 550 

shopped at both stores. How many of the shoppers did 

not go to either store? 

and 

3. Four girls and three boys are to be seated in a row. 

(a) _ In how many different ways can they be seated? 

(b) In how many different ways can they be seated if all 
the girls sit together and all the boys sit together? 

(c) In how many different ways can they be seated if all 
the girls sit together? 

.. How many students visited the art museum or the a 

If a student visited all three of these sights, in how many — 

30 
A multiple choice test consists of 10 questions, each ae 

Use the following information for Exercises 22-24: A farmer 

wants to plant 10 fruit trees in a row j j . He has 6 apple trees and 

4 pear trees. (Assume that all trees «re en one 

another.) 

22. In how many ee arrangements can these trees be 

planted? Cyo> (0244 

3.) How many different arrangements are paakes re the first 

three trees are to be apple trees? P44 = te Soto 

aS 
~ 

24. How many different arrangements are there if ‘the apple. 

~, trees are to be planted next to one another? 

yes 25. DaWitite the binomial expansion for (1 + x). 

xX 26. Write the binomial expansion for (1 + 2x)*. 

27. In the Super 6 lottery, a person must select six different 

numbers from 1, 2, 3, 4, , 40. If the order of the 

numbers selected is not ea how many different sets 

of six such numbers are possible? C 40 »6 = 

28. How many 13-card hands with all red cards_can be dealt 

(7 from a deck of 52 cards? Cogs\¢ (S650 

29. How many 13-card hands with all cards of one suit can 

” be dealt from a deck of 52 cards? 

- ‘How many 13-card hands with 7 spades and 6 hearts can 

be dealt from a deck of 52 cards? paren picasion 

er 354° -Ci3,6 

(d) 

(e) 

In how many different ways can they be seated if 

Mary and Joan have seats at the ends of the row? 

In how many different ways can they be seated if 

girls and boys alternate? 

4. Evaluate (a) Cio,6 and (b) Pio,6. 

5. How many different arrangements are there of the letters 
of the word EXCEEDED? 

6. (a) How many different four-card hands can be dealt 
from a deck of 52 cards? 

(b) How many different four-card hands consisting of 4 

hearts can be dealt from a deck of 52 cards? 

é 
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7. A survey of 200 children indicated that 8. A 5-question multiple choice test is given. There are 3 

100 liked gum possible answers—(i), (ii), and (iii)—to each question. 

90 liked mints Only 1 answer is correct. i 
80 liked gumdrops (a) How many different sets of 5 answers are possible? 

60 liked gum and mints (b) How many different sets of answers will contain 3 

50 liked mints and gumdrops (i) answers? 

40 liked gum and gumdrops (c) How many different sets of answers will contain at 

30 liked all three types of candy least 3 (i) answers? 

(a) How many of these children did not like any of the 9 

three types of candy? , 
(b) How many of these children only liked gumdrops? 10. Jane has 7 different books. She wants to give 3 to Tom 

and 4 to Mary. In how many different ways can she give 

away the books? 

Write the binomial expansion of (1 — x)”. 
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4 There is an element of unpredictability in many physical phenomena. Even under 

7.1 INTRODUCTION; 
SAMPLE SPACE 
AND EVENTS 

apparently identical conditions, many observable quantities vary in an uncertain 

way. For example, the total number of phone calls arriving at a switchboard varies 

unpredictably from day to day, the total annual rainfall in Chicago varies unpre- 

dictably from year to year, the Dow Jones industrial average varies unpredictably 

_ from hour to hour, and the number of heads obtained in five tosses of a coin varies 
unpredictably with each group of tosses. In this chapter we study probability the- 

ory, which is the branch of mathematics concerned with making rational state- 

ments about phenomena that are subject to an element of uncertainty. 

The meaning that we give to the term probability can best be described by consid- 

ering what happens when we toss a coin. If we toss a coin once, it is impossible to 

predict in advance (with certainty) whether the outcome will be a head or a tail. 

However, if we toss the coin again and again, the proportions of heads and tails 

tend toward certain fixed values. To illustrate, consider Table 1, where we have 

recorded resuits relating to 20,000 tosses of an ordinary coin. In the early stages 

of tossing, the proportion of heads varied considerably. As the coin tossing con- 

tinued, however, the proportion of heads began to settle down so that during the 

last 5000 tosses the proportion of heads changed by only .008. These data suggest 

that if we continued the coin tossing beyond 20,000 tosses, the proportion of 

heads would approach some fixed constant value close to +. We think of this value 

as the probability of heads. Intuition suggests that if the coin were perfectly bal- 

anced, then the probability of heads would be exactly 3, or .5. However, since no 

physical coin is perfectly balanced, the probability of heads for the coin used to 

obtain Table 1 would presumably be close to but not exactly equal to }. 
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TABLE 1 Summary of 20,000 coin tosses 

Number Number Proportion of tosses 
of tosses of heads that were heads, 

() (n) (h) n 

10 8 .8000 

100 62 .6200 

1,000 473 4730 
5,000 M2550 .5100 

10,000 5,098 5098 

15,000 7,649 .5099 

20,000 10,038 .5019 

To generalize the above idea, assume we have an experiment that can be re- 

peated indefinitely under fixed conditions, and suppose that during n repetitions of 

this experiment, a certain event occurs f times. We call the ratio 
; AC Ord 7 O%ed conde 
n tH AS re FMLOMS 

ative freque the event after n re If this relative frequency 

sopeoscics a number p asn hesanies lager a and lees; es p is called the oa 

“bility of the event. 

the phrase “this relative ; ; ; 

explained. Nevertheless, your iTS feeling for the meaning of this statement 

should be perfectly adequate for most purposes. 

Pas 
= . aie la d perfectly ymur s the 

any Se obtain this conclusion a arguing that 

; each of the six possible outcomes has an equal chance of occurring, so that over 

the long term, the number 2 will appear one-sixth of the time. Some probabilities 

cannot be obtained using intuition; they can only be estimated from experimental 

data. For example, suppose we have a certain production process for manufactur- 

ing photographic flashbulbs, and we are interested in the probability that the pro- 

cess will produce a defective bulb. Intuition will not tell us what this probability 
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is. However, if we test 10,000 bulbs and find that 3 bulbs are defective, we can 

approximate the probability of a defective bulb by the relative frequency 

3 —_— 

10,000 

The long-term relative frequency interpretation of probability is HAYS 

for Zi naabias that can be se Dealer over ue over r under fixed aneet 

0003 

an event is iewed as a measure Bian a scale of 0 to 1) of one’s Gnenr of belief 

that the event will occur when the experiment is performed: 

Strength 

- y of belief 
0 =) 1 

Event is certain 50% chance Event is certain 

not to occur of occurrence to occur 

For example, before the first soft landing on Mars, experts estimated a 40% 

chance (probability .4) of finding life on Mars. This was a subjective assignment 

of probability based on expert opinion. 

Throughout this chapter we are concerned with 

coms are not pedal wth ein in vance a Q) 
selves. The is used in a broad sense to mean the observation of 

any physical occurrence. Since we are interested in probabilities of events associ- 

ated with these experiments, it is necessary that the term event be given a precise 

mathematical meaning. This is our objective for the remainder of this section. 

We begin by discussing experiments and their outcomes since most probability 

investigations start from this point. 

The sample points and sample space of an experiment depend on what the ex- 

perimenter chooses to observe. For example, if the experiment consists of tossing 

a coin twice, the experimenter can record the sequence of heads (h) and tails (t) 

that result, in which case the sample space is 

8 -= {hh, ht, th, tt} 
(A tree diagram illustrates this in Figure 1.) On the other hand, the experimenter 

could record the total number of tails observed, in which case the sample space S$ 

= S10 eo} 

or whether the two tosses match (m) or do not (d), in which case the sample space 
iS hg Gch 
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Second Recorded 
First toss sample point 

¥ hh 

FIGURE 1 ht 

th 

tt 

EXAMPLE 1 Consider the experiment o d HSER the number on the top 

s experiment. Thus, 
the sample space § is the set 

_ EXAMPLE2 A light bulb manufacturer tests a bulb by letting it burn until it burns out. The 

manufacturer records t hat the bulb stays lit. Since any 

nonnegative real number may be recorded for t, the sample space S consists of all 

nonnegative real numbers; that is, 

PEO y 4 

poke _ EXAMPLE3 A traffic engineer records the number of cars entering a tunnel between 9:00 A.M. 

and 10:00 A.M. The sample space S consists of the nonnegative integers; that is, 

5 =H0, 1; 2.5, see 

EXAMPLE 4 A stock market analyst observes General Electric common stock for one market 

day and records whether the stock increases in value, decreases in value, or under- 

goes no change in value. The sample space S is 

S = {i, d, n} 

where i, d, and n denote increase, decrease, and no change, respectively. & 

_SEXAMPLES A geneticist records the sex of successive nn 
notes a male and f a female, then pal aa 

(See the tree diagram in Figure 2.) 

Second Third Recorded 
i child 1 i First child 1 sample point 

om mmm 
child 

cari Mee a oh y if mmf i f at aes ad ily : ey oe es ae) OE 
6 tills iter TG mim 

FIGURE 2 
START f f ey 

ae ale 
if jf 

Sfm 

Sf 
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- Horses a, b, and c are running in a race and the winning horse is recorded. As- 

suming there are no ties, the sample space of possible winners is 

5 = {a,b,c} & 

e are interested in making probability statements about events. Intuitively, 
we all know examples of events: the event that an odd number is tossed with a 

die, the event that more than 10 cars enter a certain tunnel between 9:00 A.M. and 

10:00 A.M., the event that a bulb burns out in fewer than 10 hours, and so on. We 

now extend this intuitive notion of an event to a precise definition. 

For motivation, consider the die-tossing experiment in Example 1, and let E 

denote the event that an odd number comes up when the die is tossed. If, when 

the experiment is performed, one of tue sample points 1, 3, or 5 results, then the 

event E occurs. Thus, to say that the event E occurs is equivalent to saying that 

the experiment results in an outcome in the set {1, 3, 5}. This suggests the follow- 
ing definition. 

efted 

Since events are defined as subsets of the sample space, we can use the concepts 
developed in Chapter 5 throughout this chapter. 

Consider the experiment of tossing a die and recording the number on the top 
face. 

E = {2, 4, 6} 

_ If Fis the event that a number larger than 4 occurs, then 

F={5,6} # 

In a germination experiment, 10 corn seeds are planted and the number of seeds 
that germinate within 30 days is recorded. Let E be the event that more than half 
the seeds germinate. 

The sample space is 

S = {0, 1, 2, 3,4, 5,6, 7, 8, 9, 10} 

d th i and the event E is E = {6,7, 8,9, 10} # 

~ Consider the al bulb testing experiment in Example 2. If E is the event that the — 

E={t|10<t=203) # 

a If S is the sample space of an experiment, then S and @ are events since they 
are subsets of S. In any performance of the experiment, the event S must occur 
and the event @ cannot occur. (Why?) For this reason, S is called ae 

= and © ani 
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EXAMPLE 10 Consider the experiment of tossing a coin twice and recording the ordered pair 

(Mn, Nn) 

where n, is the total number of heads tossed and n, is the total number of tails 

tossed. Then the sample space S is the set of ordered pairs 

S = 1(2, 0), (1, 1), (0; 2)} 

If E is the event that n, + n; is even and F is the event that n, + n, is less 

than 1, then 

E = {(2, 0), (1, 1), 0, 2} = 8 and Te) 

so E is a certain event and F is an impossible event. 4 

id c emen 0 them , given events E and F in a sample space S, 

we can form the new events 

The meanings of these events follow from the definitions given in Chapter 5 of in- 

tersection, union, and si aes of sets cue 3); fermen 

SHEEN FE. 

E F E. F 

FIGURE 3 

Ss 

mere aes 
Therefore, we have the following: 

An experimenter tosses a die and records the number on the top face. Let E be the 

event that the number is divisible by 3 and F the event that the number is odd. 

Thus, E = {3,6} and F = {1, 3, 5} 

ENF = {3} 
ween» 
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The event that the number is divisible by 3 or odd is 

E UF = {1, 3, 5, 6} 

The event that the number is not divisible by 3 is 

al ae ae Op 

Table 2 summarizes these results: 

TABLE 2 

Verbal expression Set interpretation. 

‘Mepiew@es- . ... EUR 

If two events E and F have no common sample points, then the two events 

cannot both occur on any single performance of the experiment; such events are 

said to be mut : t. 

~ An experimenter tosses a die and records the number on the top face. Let E be the 

event that an even number is tossed and let F be the event that an odd number is 

eae E = {2, 4,6} and F = {I, 3, 5} 
Since E M F = ©, these events are mutually exclusive. & 

The notion of mutually exclusive can be extended to more than two events. 

We call n events E;, Er, . . . , E, mutually exclusive if no two of them have any 

sample points in common (Figure 4). That is, to say n events are mutually exclu- 

sive means no two of them can occur on any single performance of the experi- 
ment. 

FIGURE 4 
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a 
4 EXERCISE SET 7.1 

1. For each of the following experiments, describe the sam- 

ple space S in set notation: 

(a) Ten people are asked if they smoke regularly, and 

the number of people answering affirmatively is 

recorded. 

(b) A traffic engineer records the number of cars cross- 

ing the George Washington Bridge in a 24-hour pe- 

riod. 7 

(c) A chemist measures and records the percentage of 

ethylene glycol in a solution. (Assume the percent- 

age can be measured with perfect accuracy.) 

(d) A transistor is operated until it fails and its life in 

hours is recorded. (Assume the length of life can be 

measured with perfect accuracy.) 

(e) A coin is tossed three times and the sequence of h’s 

(heads) and t’s (tails) is recorded. 

A person’s weight is measured and recorded. Write the 

sample space S in set notation assuming: 

(a) The weight is recorded with perfect accuracy. 

(b) The weight is recorded to the nearest half pound 

(€-2.,, (61, 161757 162). 

The sample space of a certain experiment is S = 

{a, b, c}. List all possible events. 

A die is tossed and the number on the top face is 

recorded. Write the following events in set notation: 

(a) : a number greater than 3 is tossed. 

(b) F: a number other than 2 is tossed. 

(c) G: the number tossed is either odd or less than 3. 

A die is tossed twice and the resulting ordered pair of 

numbers is recorded. Describe the following events in 

words. 

eh), 2. 2), G23), 424), G; 5), ©, 6} 
(6) 1G, 1L-G, 2) PG, 2G; 4) PBF S370); 
() {(4, 4} 

Items coming off a production line are checked to see 

whether they are defective (d) or nondefective (n). The 

checker continues to check until two consecutive defec- 

tives are found or four items have been checked, 

whichever occurs first; the checker then records the result- 

ing sequence of d’s and n’s. 

(a) Write the sample S in set notation. 

(b) Let E be the event that the checker stops at the third 

item. Write E in set notation. 

(c) Let F be the event that the checker stops at the 

fourth item. Write F in set notation. 

7. A firm that conducts political polls classifies people ac- 

10. 

11. 

12. 

cording to three characteristics: 

Sex: male (m), female (f) 

Income: high (h), average (a), low (1) 

Political registration: Democrat (d), Republican (r), 

Independent (7) 

Thus a person classified (f, h, r) would be a female with 

high income who is a registered Republican. 

(a) A person is randomly selected and classified accord- 

ing to the above system. Express the sample space 

for this experiment in set notation. 

(b) Let E be the event that the person selected is a Re- 

publican; write E in set notation. 

(c) Let F be the event that the person selected is a fe- 

male registered as an Independent; write F in set no- 

tation. 

(d) Let G be the event that the person selected is either 

a male or a Democrat. Write G in set notation. 

A geneticist successively selects 3 newly hatched fruit flies 

and observes whether each is long-winged (/) or short- 

winged (s). The resulting sequence of /’s and s’s is then 

recorded. Write the following events in set notation: 

(a) Exactly one long-winged fly is observed. 

(b) At least one long-winged fly is observed. 

(c) No more than two short-winged flies are observed. 

A die is tossed and the number on the top face is 

recorded. Let E, F, and G be the events: 

E: the number tossed is even = OC} \. , 
F: the number tossed is divisible by 3 = () 
G: the number tossed is less thanS | qi @~ \ 

Describe the following events in words: 

@aZ UG (6) FNG 

Gi, F NG (©) E OF MG’ 

(©) ING" 

List the sample points for each event in Exercise 9. 

Consider the experiment described in Example 2 of the 

text, and let E and F be the events 

E = the bulb lasts 10 or more hours 

F = the bulb lasts fewer than 15 hours 

Express the following events using set-builder notation: — 

(a) E (B)) oF () 13" 
(d) F'’ (eye bone CG) yee Or 

Are the events E and F in Exercise 11 mutually exclusive? 

Explain your answer. 

Sf 
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13. 

14. 

A medical file is selected from the records of a hospital 

and information about the person’s weight, age, and mar- 

ital status is noted. Let E, F, G, and H be the events: 

E: the person is overweight 15. 
F: the person is underweight 

G: the person is more than 50 years of age 

H: the person is married 

(a) Are E and F mutually exclusive? Explain. 

(b) Are E and H mutually exclusive? Explain. 

(c) Is E U F acertain event? Explain. 

(d) Is E U E’ acertain event? Explain. 

Let E, F, and G be three events associated with an exper- 

iment. Express the following events in terms of E, F, and 16. 

G using the operations U, , and ’: 

(a) £ occurs or F occurs. 

(b) £E occurs or G does not occur. 

(c) F occurs and G occurs. 

(d) £ occurs and G does not occur. 

7.2 PROBABILITY 
MODELS FOR FINITE 

SAMPLE SPACES 

If S = {$i) 53, .- 

(e) At least one of the three events occurs. 

(f) Exactly one of the three events occurs. 

(g) None of the events occurs. 

A communications transmission line can be open (0) or 

busy (b). Suppose the line is monitored three times and 

the resulting sequence of o’s and b’s is recorded. Deter- 

mine whether the events E, F, and G are mutually exclu- 

sive: 
E = {o00, oob, boo} 

F = {bob, obo} 

G = {bbb, obb} 

Explain your answer. 

A geneticist records the sex of successive children in a 

four-child family. If m denotes a male and f a female, list 

the points in the sample space using the method of Exam- 

ple 5. 

In this section we discuss procedures for assigning probabilities to the events in a 

sample space. We limit the discussion to experiments with finitely many outcomes; 

such experiments are said to have a finite sample space. 

, Sx} is the sample space of an experiment, then the events 

{si} tsa} ees ae 

that consist of exactly one sample point are called elementary or simple events. 

~ Tf we toss a coin, then the sample space S is 

S = {h, t} 

where h = heads and ¢ = tails. The elementary events are 

{h} and {t} #& 

~ If we toss a die and observe the number on the top face, then the sample space S is 

SSH pops, Sib) 

and the elementary events are 

{1} {2} 13h > 14 {Sp cand 7 SG) a ee 
If we pick a name at random from a list of 8000 different names, the sample space 
has 8000 sample points; consequently, there are 8000 different elementary events. 

y 
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Probability is used to measure the likelihood that an event will occur. To mo- 

tivate our development of the concept of probability, consider the experiment of 

tossing one die and noting the number on its face. The sample space is 

S = {1, 2, 3, 4, 5, 6} 

The die is tossed 100 times and the number of times, f;, that each elementary 

event occurred is noted in Table 1. The relative frequency f;/100 is denoted by ); 

(read “‘p tilde sub 7”). 

TABLE 1 

mber of times the elementary 
Elementary event occurred in 100 tosses of 

event the die 

The relative frequencies p; of the elementary events {1}, {2}, {3}, {4}, {5}, {6} are 
noted in the third column of Table 1. Observe also that each of the relative fre- 

quencies satisfies the inequality 

ESN 
Ox — 1 

Pee Ton 

Now consider the relative frequency ps of the event S = {1, 2, 3, 4, 5, 6}. Since S 

occurs 100 times out of 100 tosses, 

Be 100 
4 100 

20 + 15 + 16 + 19 + 18 + 12 
100 

CURLER OMe EE ae Uae 
100 100 100 100 100 100 

pit pa + ps + pat pst De 
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Note that the relative frequencies of the elementary events are nonnegative frac- 

tions that add up to 1. 

Now consider the events 

E=4{1,'3; 5} F = {10 2)" “GG = 13, 6) a 7} 

The number of times that each of these events occurs in 100 tosses of the die is 

recorded in the second column of Table 2. 

TABLE 2 

epee ee 
Pa = 799 = the 

, fa = number of times the event relative frequency of the 
Event A occurred in 100 tosses ofthe die occurrence of the event 

- = 34 E = {1, 3, 5} 54 = 20 + 16 + 18 100 

ak = 2 35 F = {1, 2} 35 = 20 + 15 100 

2 Ee 28 G = {3, 6} 28 = 16 + 12 100 

= ON Bie) ee 

Si= {boo a4e nO} 100 = 20 + 15 + 16+ 19+ 18 + 12 LLU Es 

The relative frequencies of the above events are noted in the third column of Table 

2. Observe that each of the relative frequencies of these events satisfies the in- 
equalities 

0= pi, = 1 

and py = 0 (where H is the empty set for this experiment) and ps = 1. 
Now consider the events 

EUG =1,-3,5,6, and F UG= {1 23.6) 

Table 3 indicates the number of times E U G and F U G occur, respectively, and 
their relative frequencies. Observe that the relative frequency of F U G (ruc) 
equals the sum of the relative frequencies py and pc of F and G, respectively. 

s 63 35 28 
PFruGc >= = 

Sees — + — =p os 

100. 100. 100 PF Pe 

fa = number of times the event 

occurred in 100 tosses of the die 

66 = 20 + 16+ 18 + 12 

(from Table 2) 

TABLE 3 

Pa = the relative frequency 
Event A of the event 

E UG = {i, 3, 5, 6 

63 F UG = {1,2, 3, 6 ss 63° = 20 +15 + 1654-712 
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However, the relative frequency pzuc of E U G is not equal to the sum of the rel- 
ative frequencies pz and p, of E and G: 

66 54 28 82 
+ 00 7 100 Too. 100 Pe * Pe (from Table 2) Pruc a 

Since F and G are mutually exclusive events, the number of times that F U G oc- 

curs is the sum of the number of times (35) that F occurs and the number of times 

(28) that G occurs (F and G cannot occur simultaneously), so 

Pruc = pr + pe 

However, in the case of E U G, 

‘ Peuc # pe + pe 

because the outcome 3 occurs in both E and G. In other words, E and G are not 

mutually exclusive events, and the number of times that 3 occurs is counted in 

both fe and fe. 

If we look again at the relative frequencies of the elementary events, we again 

observe that they are nonnegative fractions that add up to 1. If the experiment is 

repeated indefinitely, then we would expect these relative frequencies to come 

closer and closer to the exact probabilities of the elementary events. This suggests 

that the probabilities of the elementary events are also nonnegative fractions that 

add up to 1. Similarly, we would expect the probability of an event E to be a non- 

negative number less than or equal to 1. 

In general, since probability is used to measure the likelihood of the c occur- 

rence of events, probabilities should behave like relative frequencies. To ensure 

that they do, probabilities assigned to events must satisfy the following fundamen- 

tal properties [P(E), read “P of E,” represents the probability of an event E]: 

In most probability problems, we need to determine P(E) for an event E. The 

first step in this process is to assign a probability to each elementary event; these 

probabilities are obtained in one of two ways: 

(a) by using experimental data 

(b) by logical reasoning and intuition 
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In either case we need to make some assumptions about the problem; it is these 

assumptions that are based on intuition or past experience. The validity of these 

assumptions, and hence the usefulness of the value assigned P(E), depends on 

how well this work fits with future experimental data. Regardless of the method 

that is used, the probabilities assigned to the elementary events must satisfy the 

two conditions that follow from the fundamental properties of probability for 

finite sample spaces. 

Thus, if the sample space is 

SS =S48i5 Sasi ois SEF 

and if we denote the probability assigned to the elementary event {s,} by P ({sit), 

then we must have 

1.0 = P(ls}). = 11 

20, ePMsiiohe Pd seis ot oh tase, ol 
That is, the probabilities of the elementary events are nonnegative numbers that 

add up to 1. 

When probabilities are assigned to the elementary events of an experiment so 

that these two fundamental properties of probabilities are satisfied, we call that 

assignment a probability model for the experiment. To assign probabilities to the 

elementary events, we must assess the relative frequencies of these events. 

- A six-sided die is tossed and the number on the top face is recorded. Thus, the 
sample space is S = {1, 2, 3, 4, 5, 6}. 

If the die is symmetric and perfectly balanced, then the probability model for 

the experiment would be based on 

EC =P 2) = 2 Coa) = BUS} = Pao) =x 

Since the probabilities of the elementary events must add up to 1, 

je ar 8 AP Ok Gee a Se ee Se SI 

1 
x=- 

6 

and 

P({1}) = P(2}) = P(3}) = P({4}) = P({S}) = P({6}) = : 

If the die is “loaded” so that the 1, 3, and 5 have the same chance of occur- 

ring, whereas each of 2, 4, and 6 is twice as likely to occur as the 1, then the 

probability model can be obtained by assuming 

P({1}) = P({3)) = PS!) =x and —- P({2}) = P({4}) = P({6}) = 2x 
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Again, since the probabilities of the elementary events must add up to 1, 

yea 3 AP SPP Le se Dee ap Wis, SA 

9x = 1 

isl 

ar 5 
and 

P({1}) = PCB) = PAS) = 5 while P((2}) = PU(4}) = PKA) = = 
Note that in both models the probabilities assigned to the elementary events are 

nonnegative numbers adding up to 1, as required, and both are valid probability 

models. But.each is based on a different assessment of the relative frequencies of 

the occurrences of the outcomes. 4 

~ Horses a, b, c, and d are in a race. Assuming no ties, the set of possible winners 

is 
S = {a, b, c, da} 

John Jones studies the past performance records of these horses and decides that a 

is twice as likely to win as b, b is three times as likely to win as c, and c has ex- 

actly the same chance to win as d. Based on John’s assessment (handicapping), 

PQd})i= x°cV Re} =x PGbyji="3x ~ P(la}) = 28x) = 6x 

Since the sum of the probabilities of the elementary events must add up to 1, 

Se ar o6 Se She ae (ye = I 

lix =1 

al 
te A 

Therefore, P ({a}) = 4, P({b}) = 7%, P({c}) = 77, and P({d}) = 7. 
Janet Jones studies the past performance records of the same horses and de- 

cides that a and b have equal chances of winning, b is twice as likely to win as c, 

and c is twice as likely to win as d. Based on Janet’s handicapping, 

P({d}}=x  P({c})=2x  P({b}) = 2(2x) = 4x P ({a}) = 4x 

Since the probabilities of the elementary events must add up to 1, 

KF 2x + AK + 4x= | 

llx =1 

Moa ore 

Therefore, P ({a}) = 4, P({b}) = 4, P({c}) = %, and P({d}) = 7. 
Both Janet and John have constructed valid probability models. These models 

are not the same because in the case of horse racing, assessments are subjective, 

and so the probabilities assigned to/the elementary events depend on the handi- 

capper. &# 
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Once the probabilities of the elementary events are determined, the probabili- 

ties of all other events can be obtained using the following addition principle, 

which follows from fundamental property 3. 

The probability of an elementary event {s,} is also called the probability of 
_the sample point s;. With this terminology the addition principle states: 

Since the empty set has no sample points, the addition principle cannot be 

used to obtain its probability. We agree to assign the impossible event @ a proba- 

bility of zero. This is reasonable since this event never occurs. Actually, the result 

that P(@) = 0 follows from the three fundamental properties of probability of 
finite sample spaces (see Theorem 1, Section 7.3). 

6 A six-sided die is loaded so that the numbers from 1 to 6 occur with the following 

probabilities when the die is tossed, 

P= PD=5 Pe)=< 

Pia) = PU)== PU) =— 

Find the probability of 

(a) the event E that an even number is tossed 

(b) the event G that a number divisible by 3 is tossed 

(c) the event H that a number greater than 7 is tossed 

Solution The events E, G, and H are 
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Thus 
; ; 

P(E) = P(Q)) + PU) + Po) = +h 2 a} 

P(G) = P(3}) + PU) = 5 + 5 = : 

P(H)=0 &# 

We noted earlier that probabilities may be assigned to the elementary events 

either by logical reasoning or by using experimental data. Probability models ob- 

tained by logical reasoning are called assumed or a priori models, and those ob- 

tained from experimental data are called empirical or a posteriori models. The 

simplest a priori models occur when the experiment has finitely many outcomes, 

all of which have equal chances of occurring. We now study such models in detail. 

Experiments with Equally 
Likely Outcomes 

In BEY eens there 1 

Such eataete aati are Pealted 

 EXAMPLE7 A fair coin is one that is perfectly balanced, with a head on one side and a tail on 

the other. If we toss a fair coin, it is reasonable to assume that heads and tails are 

equally likely. & 

A fair die is a perfectly symmetric and perfectly balanced cube with faces labeled 

1, 2, 3, 4, 5, and 6. If we toss a fair die, it is reasonable to assume that the six 

possible outcomes are equally likely. & 

~ If we pick a name at random from a list of 8000 different names, we mean each of 

the names has the same chance of being selected as any other name. By definition, 

the randomness of the 8000 outcomes indicates that they are equally likely. & 

If an experiment has k equally likely sample points, then we assign each sam- 

ple point the same probability. Moreover, since the probabilities of the sample 

points must add up to 1, the probability of each sample point must be 1/k. Thus, 

we have the following ee 

If we toss a fair coin, then heads h and tails t are equally likely, so 

1 PQ) => and P(t) = 5 
Thus, we expect each outcome to occur half the time over the long run. & 
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If we toss a fair die, then the six possible numbers on the top face are equally 

likely, so 

P({U) = P(Q) = PB) = PUA) = PAS) = PUB) =< 
Thus, each number occurs one-sixth of the time over the long run. & 

~The probability model for the die-tossing experiment in Example 6 is not a uni- 

form probability model since the elementary events are not equally likely. & 

If a card is picked at random from a standard deck of 52 cards, what is the proba- 

bility that the card selected is the ace of spades? 

Solution Since the card is picked at random, all possible selections are consid- 

ered to be equally likely. Since there are 52 different outomes for this experiment, 

each has probability 4. Thus, the probability of picking the ace of spades is 3. 

7 

If an experiment has a uniform probability model, then the probability of any - 

event can be obtained by counting sample points. To be specific, suppose the sam- 

ple space has k sample points and E is an event with m sample points, for exam- 
aN 

ple, Pie iAsiasit ease \, 

Since the sample space contains k equally likely outcomes, each outcome has 

probability 1/k; thus, by the addition principle, 

P(E) = P({si}) + P({so}) + ++ + + P(lsm}) 
Lippe Lr 

=—-+-+4+---+4+-= — 

KS ky ke 
e——_——"x 

m terms 

Therefore, we have the following result: 

Consider the experiment of tossing a fair die and observing the number on the top 
face. Find the probability of 

(a) the event E that an even number is tossed * 

(b) the event G that a number divisible by 3 is tossed 
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Solution The die is fair, so we assign the uniform probability model. The events 

oe E= and = G = (3, 6} 

Since E has three sample points, G has two sample points, and the entire sample 

space has six sample points, it follows from Theorem 1 that 

Sel pay 
P(E =>- => -— =>- => -— (E) Fae and P(G) Era 

A batch of 7 resistors contains 2 defectives. If a resistor is selected at random from 

the batch, what is the probability that it is defective? 

/. Solution Since the resistor is selected at random, the 7 possible choices are 

5 equally lik ely. Since 2 of the 7 choices are defective, it follows from Theorem 1 

— 7 that th that the probability of choosing a defecti 

where D = the subset of defective resistors. 4” 

If a pair of fair dice is tosed, what is the probability that the sum of the numbers 

tossed is 7? 

Solution Assume that one die is red and the other green. Label the dice r and 

g.* Each die can show one of the integers from 1 to 6, so the two dice can yield 

any one of the 36 pairs in Table 4. Since the dice are fair, we assume that each of 

these 36 possible outcomes is equally likely. The event F that the sum of the num- 

bers is 7 contains the six shaded sample points in Table 4. Therefore, the probabil- 

ity that the sum of the numbers is 7 is & = 3. 

TABLE 4 

(say 
© 4) 5) 

(1) 2 A, 3 

2, 20s 
ay (3, 3) 

(4, 3) (4, 4) 
on UN 

65,3) 6,4) i, 
6.3) 64 a 

*Considering one die to be red and the other green does not affect the result that we record, so it does 
not change the experiment. It does make it easier to determine the proper equally likely sample space. 
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exack yy 

Empirical Probability 
Models 

FIGURE 1 START ao
e 

_ In an experiment 2 fair coins are tossed. Find the probability of obtaining exactly 

e C : - 1 head on the 2 tosses. 

heacd OV? Se GOose2 
Solution Figure ‘1 suggests there are four equally likely outcomes, hh, ht, th, 

and tt. If E is the event that exactly one head occurs, then 

ial 
Second coin 

First coin 

tt 

If we assume that the four possible outcomes are equally likely, then 

Bane 2 Soe, 
) AN THD 

Sometimes it is difficult to tell whether the outcomes of an experiment are 

equally likely. As an illustration, suppose in the last example we had argued as fol- 

lows: Since the number of heads on the two tosses is zero, one, or two, the sample 

space is S = {0, 1, 2}, and the event E that exactly one head is tossed is E = {1}. 
If we assume that the three sample points are equally likely, then P(E) = 3 

Obviously, this result disagrees with that of Example 17. But which is cor- 

rect? Actually, both are correct in the sense that each of them arises from a valid 

probability model for the experiment, one based on three equally likely outcomes 

and the other on four equally likely outcomes. It is more meaningful to ask which 

theory (model) will most accurately describe a physical coin-tossing experiment. 

You may find it interesting to solve Exercise 15 and show experimentally that the 

solution of Exercise 15 most accurately describes the physical situation. (If you 

further consider the problem, you may be able to convince yourself that the three 

sample points in the second model are not really equally likely.) 

waite for fee probabilities by performing the experiment repetitively the more 

times the Tee e Cé en use the 1 ve frequencies of the sample 9 

A thumbtack, tossed 2000 times, lands point up 910 times and point down 1090 

times (Figure 2). Find the empirical probability of each outcome. 
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Point up Point down 

FIGURE 2 

Solution 910 0 

P t = é ({point up}) = MD ele 

1090 _ 
P td = : ({point down)} = an 545 & 

b) Find the empirical probability of tossing dd number with this die. (b) d D probab of tossing an odd mber wi 1 
ae hs 

(c) ia of tossing a number greater than 4 with this 

TABLE 5 

Outcome Number of occurrences 

1 102 

M 156 

3 28 
4 214 

5 113 

6 387 

Solution (a)_ 
102 156 

P ({1}) = 7000 = .102 P aa {000 * .156 

214 
, RG) = — "214 

EMSs: Ti ae ({4}) 1000 

aAt3, 387° 
PS) = 7h = 113 P ({6}) = rail 

Solution (b) From the addition principle, the probability of tossing an odd 

number is 

P(odd number) = P ({1}) + P({3}) + P({5}) = .102 + .028 + .113 = .243 

Solution (c) From the addition principle, the probability of tossing a number 

greater than 4 is 

P (number greater than 4) = P({5}) + P({6}) = .113 + .387 = 500 a& 
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4 EXERCISE SET 7.2 

Mis the elementary events for each of the following ex- 

periments: 

(a) A coin is tossed two times and the resulting se- 

quence of heads and tails is observed. 

A stock on the New York Stock Exchange is ob- 

served for one market day, and it is recorded 

whether the stock increases in value (i), decreases in 

value (d), or undergoes no change in value (n). 

(b) 

(c) The stock in part (b) is observed for 2 market days. 

(d) A letter is picked at random from the set {a, b, c, d, e}. 

(e) A die is tossed and it is observed whether the out- 

come is even (e) or odd (0). 

A card is picked at random from an ordinary deck of 

52 cards and the suit—clubs (c), diamonds (d), 

hearts (h), or spades (s)—is observed. 

A lot of 10 items is tested and the number of defec- 

tives recorded. 

(f) 

(g) 

2. State the number of elementary events for each of the fol- 

lowing experiments: 

(a) A botanist successively observes 4 corn plants to de- 

cide whether the plants have rust (r) or are free from 

rust (f). The botanist then records the resulting se- 

quence of observations. 

A card is picked at random from a standard deck of 

52 cards and the card picked is recorded. 

A set of 2 different letters is picked from the set 

{a;, bye, d, 2}. 

In the investigation of human births, the month of 

birth and the sex of a child are recorded as an or- 

dered pair, for example, (February, male). 

(b) 

(c) 

(d) 

-) Use the probability model in Example 6 and the addition 

Bich to Conic yee probabilities of the following 

events: 

(a) The event A that a number less than 5 is tossed. 

(b) The event B that an odd number is tossed. 

(c) The event C that a number less than 1 is tossed. 

ae 

Compute the probabilities of the events A, B, and C in 

Exercise 3 assuming that the die is fair. 

Let S = {51, 52, 53, 54, 5s} be the sample space for an ex- 

periment, and assume the experiment is assigned the 

probability model 

4 
P =— ({si}) 11 Ps) == Ps) = 

Ps) == Ps) = = 

(a) Find the probability of the event A = {s1, 53}. 
(b) Find the probability of the event 

B= {so, 53, Ss} 

(c) Find the probability of the event S. — | 

Using the probability model and the events A and B of 

Exercise 5, comnts 64? x 

(@) P(ANB) 2%) P(AUB) 44141,3- oe 
(c) P(A n By (d) P(A’ NB’) 

() P(ANA)=B=0 Yo," 

Which of the following are valid probability models for 

an experiment with sample space 

6 

Hie 
I 

S = {51, 52, 83, Sa} 

(a) P({si}) = .3, P ({s}) = .6, P ({s3}) = 
oF P ({sa}) = .2 ——— - a ee + 

4 VBA) = — P ({s2}) = .8, P({ss}) = =e Ne 
se ({sa}) = 

CA©) P(si}) = 0, P ({so}) = .7, P ({s3}) = .2, 
: az P ({sa}) sca 

Ad) Psi}) = .75 P({so}) = .05, P({ss}) = 
P ({sa}) = 

8. Let S = {s1, 52, 53} be the sample space of an experiment, 
and suppose P ({s,}) = .3 and P ({s2}) = .2. Find P ({s3}). 

In each of the following experiments, list the elementary 

events and decide whether the outcomes are equally 

likely: 

yea) A die is tossed and it is recorded whether the top 

face is even or odd. 

(b) A die is tossed and it is recorded whether the top 

WO face is a 3 or not. ; 

(c) Acard is picked at random from a standard deck of 

y)© 52 cards and it is teres whether the card is an 
ace or not, Clementry e1enr ace or Mot 

@ A card is picked at random from a deck of 52 cards 

He and it is recorded whether the card is black or red. 

on A set of 2 letters is chosen at random from the set 

~ cy, {a, b, c,d}. BES 
\10) Assume a uniform probability model is assigned to each 

\S of the following experiments. In each case state the prob- 

ability assigned to each outcome. 

(a) A card is drawn from a standard deck of 52 cards 

and the card picked is recorded. 

(b) A coin is tossed 5 times and the resulting sequence 

of outcomes is recorded. aie 
noe 

a ) Jreok 



(c) Ina three-child family, suppose the sexes of the chil- 

dren are listed from oldest to youngest as an ordered 

triple. For example, (m, m, f) means the oldest and 

middle children are males and the youngest is a fe- 
male. 

11. Assume an experiment with sample space 
V4 

S = {s1, S2, s3} 

is assigned the uniform probability model. List all possi- 

ble events and their probabilities. 

12. A survey shows that 20% of all cars entering a certain in- 
tersection turn left, 25% of all cars turn right, and 55% of 

all cars proceed straight ahead. A car entering the inter- 

section is observed and it is recorded whether the car 

turns left (/), turns right (r), or goes straight (s). Assign a 

probability model to this experiment and use the model to 

O*& compute the probability that the car makes a turn. 

Assume that in a three-child family, the 8 possible sex 

distributions of the children, namely, mmm, mmf, .. . , 

iff, are equally likely. Compute the probabilities of the 
following events: 

(a) Exactly one child is female. 

(b) At least one child is female. 

(c) There are more female children than male children. 

pe) The family has at most one male child. 

14. Compute the probabilities of the following events for the 

\—“ experiment in Example 16: 
(a) Atleast one of the dice shows a 3. BE 

(b) The sum of the numbers on the dice is 6. 

(c) Neither a 2 nor a 5 appears. be 

15. Toss a pair of coins 300 times and record the number of | 

times that the pair shows zero heads, exactly one head, | 

and exactly two heads. On the basis of your data, do you 

think that the three outcomes are equally likely? 

16. A six-sided die is loaded so that 1, 2, and 3 occur equally 

often, and 4, 5, and 6 occur equally often, but 4, 5, and 6 

occur three times as often as 1, 2, and 3. Find a probabil- 

ity model for the experiment of tossing the die and 

_trecording the number on the top face. 

-popular game of Dungeons and Dragons uses a sym- 

>< metric 12-sided die (a dodecahedron), with sides num- 

 bered from 1 to 12, and a symmetric 20-sided die (an 

co icosahedron), whose sides are numbered from 0 to 9 with 

a each number appearing on two faces. Solve the following 

; problems assuming that the dice are fair (perfectly bal- 

anced): 

(a, 
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ae ~ 
| / D 

(a) Find a probability model for the experiment of toss- 

by ing the 12-sided die and recording the number on 

) the top face. 

\(b) Repeat (a) for the 20-sided die. 1 
° (©) If both dice are tossed, what is the probability that 

the numbers on the top face add WD to 7? [Hint: See 

Example 16. | eels vo 

A fair die is tossed and the number on the top face is 

recorded. Find the probabilities of the events 

Example 16 to construct a list of probabilities for all the 

¢ sums from 2 to 12. 

In a certain experiment with finite sample space S, two 

events E and F have the properties 

EUF=S-yand ENF=2 
Given that P(E) = 4, find P(F). pieup)= PL ue 

An urn contains 8 black balls and 4 eA balls. “Fa a 

probability model for the experiment of drawing a ball at 

random and recording its color. 

21. 

AY 
a) 

2. Each of 15 cards is labeled with a digit from 1 to 5 as fol- 
\ lows: 

three cards are labeled with a 1 

two cards are labeled with a 2_ 
one card is labeled with a 3_ 

seven cards are labeled with a 4 

two cards are labeled with a 5 

€ 

on 

\ 
=f = 

Find a probability model for the experiment of draw- 

ing a card at random and observing its digit. 
‘Find the probability of the event E that the digit is 

even. 
Find the probability of the event F that the digit is 

greater than 2. 

| In his lifetime, Babe Ruth batted 129 times in World Se- 

~ ries play and got 42 hits, 15 of which were home runs. 

(a) Find the empirical probability of the Babe getting a 

hit in any single time at bat during a World Series. 

(b) Find the empirical probability of the Babe hitting a 

home run in any single time at bat during a World 

Series. 

(b) 

2/ SS, 
B= 3.5, 64 Fe it, 64 GiGe="{1)) 2,13) 4, 5} 

} A pair of fair dice is tossed and the sum of the numbers 

on the faces is recorded. Use Table 4 and the method of 

(F) 

ae > 
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24. 

25. 

A sampling of 20,000 flowering plants results in the 

findings that 

8250 have yellow flowers 

3172 have blue flowers 

8578 have green flowers 

If a plant is chosen at random, find the empirical proba- 

bility that 

(a) it has blue flowers. 

(b) it has blue or green flowers. 

c) it does not have green flowers. 

a market survey, the data in Table 6 relating family in- 

come and telephone service are recorded. Find the empir- 

ical probability that 

(a) a household has two telephones. 

7.3 BASIC THEOREMS 
OF PROBABILITY 

(b) a household with income in the $13,000—18,000 

bracket has more than one telephone. 

(c) a household with income of $8000 or more has no 

telephone. 

TABLE 6 

Number of telephones 
in the household 

Annual household 4 
income 0 1 2 3 (or more) 

< $8,000 19 48 3 0 0 

$8000-—13,000 15 40 10 3} 2 

$13,000—18,000 ide Sonal (agaist 2 
$18 ,000—23,000 2 35 21 9 3 

> $23,000 0 77) 32 11 5 

In this section we investigate how the probabilities of various events are related. 

For example, how is the probability that an event occurs related to the probability 

that it does not occur, and how are the probabilities of E U F and E 1 F related 

to the probabilities of E and F? The results obtained here are useful in solving 

complicated probability problems. In this section we only consider experiments in- 

volving finite sample spaces. 

We must use the three fundamental properties of probability for a finite sam- 

ple space to obtain these results. The properties are repeated here: 

In Section 7.1 we interpret some expressions about events in terms of sets. 
Using that information, you can obtain the results in Table 1. 

ABLE 1 

Verbal expression Set interpretation 
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Note that fundamental property 3 states: 

See Figure 1. 

FIGURE 1 

In the previous section, we state that P(@) = 0; we now prove this state- 

ment. 

Proof For any event EF, E U @ = EandE © = @. (E and © are mutually 

exclusive events.) Therefore, by fundamental property 3, 

P(E) = P(E U @) = P(E) + P(@) 

So P(@) = 0. 

even or a 5? What is the probability that the number on the top face is a7? 

Solution We assign the uniform probability model to this experiment. The event 

G that the number tossed is either even or a 5 is 

The event H that the number showing is a 7 is the empty set: H = @. Thus, 

Note that we can obtain P(G) in another way. We have 

G=EUF 

where E is the event that an even number is tossed and F is the event that a 5 is 

tossed. The events E and F are 

E={2,4,6} and  F = {5} 
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(f : FIGURE 2 

\ 

Since E Q F = @, the events E and F are mutually exclusive. Thus, Equation (1) 

tells us that ' 
+ P(E UF) = P(E) + P(F) => = 
Ale 6 

Therefore, > 

P(G) = P(E U F) a 

which agrees with the result obtained above. &” 

Warning Equation (1) does not apply if E and F are not mutually exclusive. The 

next theorem applies to any two events, whether or not they are mutually exclu- 

sive. 

Proof As shown in Figure 2b, 

EO Fo= (Eo POE AF) (Bem 
ee 
SS 

E F 

where the three events on the right side of the equal signs are mutually exclusive. 
Therefore, » 

(a) . (b) s 

Since P(E 1 F) is included twice in P(E) + P(r, 

P(E UF) = P(E) + P(F) — P(EN F). 

A card is picked at random from an ordinary deck of 52 cards. Find: 

(a) the probability that the card is a club. 

(b) the probability that the card is an ace. 

(c) the probability that the card is either an ace or a club. 
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in the deck, 4 

P(A) == (A) 3 

Solution (c) The probability that the card is either an ace or a club is 

, P(C UA) 

From Theorem pe 

P(C UA) = P(C) + P(A) — P(C NA) (3) 

To dvelong to C M A, a sample point must be both a club and an ace. There is one 

_ such sample point, the ace of clubs. Thus, 

2 
P(CNA ( ae 

! 

; Substituting this value and the values obtained in (a) and (b) into Equation (3) 

gives 
I 24 1 16 4 

P + — — _— SS SS SS 

eels 5). 53,5301 5) 13 

~ Assume that a reel of magnetic tape for a digital computer is classified defective if 

it has either of the following imperfections: (1) the magnetic coating is improperly 

applied or (2) the tape has a fold or tear; otherwise, it is classified as nondefective. 

A survey Ce defective reels returned to the manufacturer shows 

te 0.59 eels produced have improperly applied coatings 
r jf? 0.3% of all reels produced have tape folds or tears 
iw 0.1% of all reels produced KGRiMipettations! 

ts ms Find the probability that a purchaser will receive a defective reel of tape. 

Solution Let E be the event that the purchased reel has an improperly applied 

coating and let F be the event that the tape has a fold or tear. Thus, 

P(E) = 005 P(F) = 003 “P(E INF)=001" 
The event that the purchased reel is defective is E U F, and the probability of this 

events. PE UF) = P(E) + PF) - PE NF) 
005 + .003 — .001 
.007 

In other words, 0.7% of all reels produced are defective. & 
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We conclude this section with a theorem relating the probability that an event 

occurs to the probability that it does not occur. 
x 

Proof Since E U E’ = S and E E' = © (Figure 3), we can apply funda- 
mental properties 2 and 3 to obtain 

1 = P(S) = P(E U E’) = P(E) + P(E’) 

Thus, P(E) =1- P®) 

FIGURE 3 

*TIn betting circles, the odds in favor of E = bet:net win. For example, odds of 1:2 in favor of E means 
that if you bet $1 that E will occur, you will win $2 (and get your bet back) if E does occur and you 
will lose $1 if E does not occur. 
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then we say the odds in favor of E are b to w (also denoted by b: w), and we say 

the odds against E are w to b, where 

Pe Vee 

P(E) b 

Therefore, if E is the event that a 2 is rolled with a fair die, then P(E) = + and 

P(E') = 2. Thus, 

P(E) 1/6 _ 
| AU DEG oa SY Ko aan ae) 

he. odds in fa of rolling a 2 re 1 to 5. and d Ss against rollin; 12 are 

These statements can be interpreted to mean that a number other than 2 will be 

rolled five times more frequently than a 2 over the long run. 

Note that the odds in favor of an event and the odds against that event are re- 
ciprocals of each other. 

Since the odds in favor of E are b to w, 

DY Mee) OP SUP (BE) 
—= = ——_—_ 4 
w P(E’) 1-— P(E) (4) 

Equation (4) can be solved for P(E) to obtain 

b 
P(E) = s) (E) = (5) 

(The proof is left for Exercise 20.) 

‘ A card is drawn at random from a standard deck of 52 cards. y 
ns Vue 2. 

(a) Find the odds in favor of drawing an ace. WS 
: s : P f_' \ 2 se ee 

(b) Find the odds against drawing an ace. Behe went ne 

A Ses 
(& y, } t 

cy Solution (a) Let E be the event that an ace is drawn. Since there are 4 aces in 

the deck, it follows that \ 

fa he a3 Zags 12 N90 
se ee. == d) P(E’) = = PtE) = — me a eee P= = sq and) PE) ®=5 

2 ed Thus, 

tae esas BUD) ha tha ed, 
Vee | P(E’) 12/137 \ 12 

so the odds are 1 to 12 in favor of drawing an ace. 

P(E) 1/13 1 

the odds are 12 to 1 against drawing an ace. 47” 

Solution (b) Since PAE) idan gle 
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“Ina championship boxing match the oddsmakers state that the champion is a 3 to 

2 favorite over the challenger (i.e., the odds are 3 to 2 in favor of the champion 

winning the match). According to the oddsmakers, what is the probability that the 

champion will win? 

Solution If we let E be the event that the champion will win, then by Equation 

(5) 

4 EXERCISE SET 7.3 

1. 

2. 

4. 

€ 
\ 

D {EVP 
ee sieerk 

(EAR 2= el 

Suppose E and F are mutually exclusive events such that 

P(E) = .2 and P(F) = 

(a) Find the probability that EZ or F occurs. 

(b) Find the probability that E and F occur. 

(c) Find the probability that E does not occur. 

Suppose £), E2, and E3 are mutually exclusive events such 

that P(E) = .2, P(E2) = .3, and P(E3) = .4. 

(a) Find the probability that at least one of the events 

occurs. 

(b) Find the probability that E2 or E3 occurs. 

(c) Find the probability that all three events occur. 

Let E and F be events such that P(E) = .3, P(F) = .1, 

and P(E M F) = .05. Find 

(a) P(E’) (b) P(F’) (c) P(E U F) 

Let E and F be events such that P(E) = .3, P(F) = 7; 

and P(E U F) = .8. Find P(E £ F). . 

Let E and F be events such that P(E’) = .3, P(F) = oi 

and P(E UF) = 8. Find P(E F). | ~P(€’) => Z 
HEV + PLE)-P(ENE) >. Bs : 

De Morgan’s laws to find P(E’ U F’). 
P(ENF)=C 

Let E and F be mutually exclusive events such re 2 

oes Gr peed EAE) S pO OF ee 

6 P(E UF) =(b)* P(E An) i ©) P(E) 

@ PO )32°* © Pe NP isc + Po \e, 2 
[Hint : Use mg cee s jaye | in aa le = a 

NG 4 ug alphacidin can Coe two hi side ef- 

fects, drowsiness and headache. Drowsiness occurs in 2% 

of all users, headaches in 3%, and both occur in 1%. 

What is the probability that 

(a) a user will experience drowsiness or headache? 

(b) a user will not experience a headache? 

H2.2 P(E 
et E and F be the events deccbed in Exercise 3. Use <\\ 

P(E) = 

10. 

13. 

b | 3 

b-hw ‘Bre 5 

In Exercise 8 what is the probability that the user will ex- 

perience neither side effect? [Hint: Use De Morgan’s 

laws. | 

An item produced by a manufacturing process is either 

nondefective, has defect a, has defect b, or both defect a 

and defect b. In each part, verbally describe the comple- 

mentary event E’. 

(a) £: the item has at least one defect. 

(b) £: the item has at most one defect. 

“(c) E: the item has defect a. 

(d) £: the item has two defects. 

Let S = {s1, 52, 53, 54, Ss} be the sample space of an ex- 

periment and let 

Pus) =".2) “Psi= P(tss))= "30, 
P({sa}) = .1 P ({ss}) = .3 

HS apt Ae amt bees) ee a 
E = {s, 53} F = {1, 54, ss} G = {s2, 54, Ss} 

find 

(a) P(E’) (b) P(E UF) (c) PG NF) 

(d) P(E NG) (e) P(E and F) (f) P(F or G) 

Using the probability model and events given in Exercise 

11, verify that the following equations are true by com- 
puting both sides. 

(a) P(G UF) = P(G) + P(F) — PIG ()-F} 

(b) P(G’)=1-P(G) 

(c) P(E or F) = P(E) + P(F) — P(E and F) 
(d) P(E UG) = P(E) + P(G) 

For a bill to come before the President of the United 
States for signing, it must be passed by the House of Rep- 
resentatives and the Senate. A lobbyist estimates the prob- 
ability of her bill passing the House to be .5 and the prob- 
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ability of passing the Senate to be .7. She also estimates 

that the probability the bill will be passed either by the 

House or by the Senate to be .8. What is the probability 

the bill will come before the President? 

River water entering a filtration plant is classified as pol- 

luted if it contains (1) an intolerable percentage of danger- 

ous organic materials or (2) an intolerable percentage of Se ee 
inorganic materials; otherwise, “it is classified as unpol- 

luted. A survey of the plant’s records show that 

27% of all water entering the plant is polluted because of 

organic materials. 

46% of all water entering the plant is polluted because of 

inorganic materials. 

23% of all water entering the plant is polluted because of 

both organic and inorganic materials. 

Find the probability that a quantity of water in the plant is 

unpolluted. 

A study of air traffic patterns at a major metropolitan air- 

port yields the following probabilities for the number of 

aircraft waiting to land on one of the runways: 

Number of 

aircraft waiting 
to land 

Probability 

Find the probability that 

(a) at least 3 aircraft are waiting to land. ES 

(b) at most 2 aircraft are waiting to land. ./7 

(c) more than 2 aircraft are waiting to land. Als, 

O ordoh 6 
Find the odds in favor of and against rye a A 

(a) rolling a number less than 3 with a fair die. 

(b) drawing a club from a standard deck of 52 cards. | 

(c) rolling a total of 7 with two fair dice. 

tossing a head with a fair coin. (d) 

Find the odds in favor of and against, 

(a) obtaining 2 tails Py tospine apa of ‘Aid ' coins. 

(b) face car¢ : 

ta or . DD) with i pair of fie digg: 

from the ees 

a 
| 3 a 

" | IZ + 
= & a cy 

18. 
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A roulette wheel is pictured in Figure 4. The wheel con- 

tains the numbers from 1 to 36, half on a colored back- 

ground and half on a black background; the two numbers 

0 and 00 are on a white background.* 

(a) What is the probability of the number 23 occurring? 

(b) What is the probability that a number on a colored 

background will occur? 

What are the odds against winning if you bet that the 

ball will land on number 23? 

What are the odds against winning if you bet that the 

- ball will land on a colored position? 

() 

(d) 

FIGURE 4 

(a) Suppose the odds in favor of an event E are 7 to 1. 

What is the probability of E? 

Suppose the odds against an event F are 8 to 3. 

What is the probability of F? 
(b) 

Show that if the odds in favor of an event E are b to w, 

then the probability of E is : aw 
—7\ 

P(E) = = a 
) Total 

ipa Todal 

*In an actual roulette wheel, half the numbers from 1 to 36 are on a red 

obtaining a consonant by choosing a letter at random  packground, half are on a black background, and 0 and 00 are on a 
green background. 
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21. In Exercise 31 of Section 6.2, suppose that a person from 22. In Exercise 32 of Section 6.2, suppose that a person from 

the group is chosen at random. the group is chosen at random. 

(a) What is the probability that he or she had been only (a) What is the probability that he or she did not buy 

to the opera? any of the brands X, Y, or Z? 

(b) What is the probability that he or she had not at- (b) What is the probability that he or she bought brands 

tended any of the events? X and Y but not brand Z? 

7.4 PERMUTATIONS, _ In this section we show how permutations and combinations can be used to solve 

COMBINATIONS, AND certain probability problems involving equally likely outcomes. Counting tech- 
PROBABILITY niques from Chapter 6 are used. 

‘In a psychological test for extrasensory perception (ESP), 3 colored cards are 

used: 1 red, 1 yellow, and 1 blue. The cards are placed in some order and a blind- 

folded subject is asked to guess the order of the cards. Assuming that the subject 

has no ESP, what is the probability that he or she will guess the correct order by 
chance? 

Solution , one of which is the 
correct order. In the SESS of ESP, it is reasonable to assume that the subject is 

“beset. The orobability Ee correct Le st 4 —_ : by chance is thus 
y 4 \ 

“Solution If v we denote heads by h and tails by t, then six tosses of a coin result 
in a sequence of h’s and t’s. As shown in Example 2 of Section 6.3, there are 

Since the coin is fair, it is reasonable to as- 
sume that the hus, by Theorem 1 in Section 
hes, Se 

Now a sequence t is evident that any se- 
quence with 2 h’s and 4 t’s is completely determined once we specify the two 
tosses on which the heads occur. Thus, 

ys of selecting a set of two toss numbers 

Hiee2. 35-4 Ot Op 

6! 6s ae 
OR 5 Stal 2 oer i ex ) 

for the h’s from 

This number is 
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Therefore, 

hand of 7 cards is dealt from a well-shuffled deck Find the proba- 
bliss sts a 

Solution (a) Since the deck is well-shuffled, it is reasonable to assume that all 

possible 7-card hands are equally likely. Thus, by Theorem 1 of Section 7.2 the 
probability that the hand has 7 spades is 

\% €, podes Paral Vs eee ends With spades 
total number of 7-card hands 

since there 

1716 
Riley aes seh a 

Solution (b) The number of different 7-card hands is Cs2,7. To find the number 

of 7-card hands red we can arene as follows. Since HES 

Vioreover, 

hus, by the multiplication principle, there are 

| Cina Caos. 
different ways to choose 2 spades and 5 red cards to form a hand. Therefore, 

"Pe spades an Sed a 5 (78)(65,780) _ 
133,784,560 eat 

Van ifn contains d_sed balls ai Penang balls. If 4 balls are selected at random 
without replacement, what is the probability that all 4 are red? 

Solution This is equivalent to a card-dealing problem. Imagine a deck of 10 

cards marked R,, R2, . . . , R7 (corresponding to the 7 red balls) and B,, Bo, Bs; 

(corresponding to the 3 black balls). The selection of 4 balls is equivalent to deal- 

ing a hand of 4 cards from this deck. We want to find the probability that the hand 

contains all red cards. Since there are 10 cards in the deck, tk 

nd since there are 7 red cards, 

S, 

Cr4 35. 1 
d = i Se __— == — P (all 4 balls are red) Goa 210016 
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> anufacturing process is known. to contain 10 defec- 
tives a s. If a sample of 8 items is selected at random, what is 

the probability that 

Gr ops + Coe,$ (a) the sample has 3 defectives and 5 nondefectives? 

ee ROSY (b) the sample has at least 1 defective? 
C 00°38 7S 

(c) the sample has more than 6 defectives? a ETE Soy 

> 

Solution (a) This can also be viewed as a card-dealing problem. Imagine the 
100 items to be a deck of 100 cards. In this deck, 10 cards are marked D,, 

D2, . . . , Dio (corresponding to the 10 defectives) and 90 of the cards are marked 

Ni, No, . . . , Noo (corresponding to the 90 nondefectives). The sample of 8 items 
corresponds to a hand of 8 cards dealt from this deck. Thus the probability that 

the sample has 3 defectives and 5 nondefectives is just the probability that the 

. hand of 8 cards contains 3 D’s and 5 N’s. By imitating the argument in Example 

3(b), you can show that this probability is 

P (3 defectives and 5 nondefectives) AES: =. 0283 

Solution (b) By Theorem 3 in Section 7.3, the probability that the sample has 
at least one defective is 1 minus the probability that the sample does not have at 
least one defective, or equivalently, 

ag “Plat least 1 defective) = 1 = P(no defectives) a) 
3 

—————_—. -.49 If, as in part (a), we view this as a card-dealing problem, then the probability of 
1O0,K no defectives is simply the probability of dealing a hand with 8 N’s from the deck 

with 90 N’s and 10 D’s described in part (a). Since there an geeacitereys 
| eet Oe ST K to select 8 N’s from the 90 N’s and since there are Cioo,g different 8-card hands 

possible, the probability of no defectives is 

Plo defectives) ear 
Substituting this value in Equation (1) we obtain 

Solution (c) The probability that the sample has more than 6 defectives is just 
the probability that the sample has exactly 7 defectives or exactly 8 defectives. 
Thus, if we let E and F denote the events 

E: the sample has exactly 7 defectives 
F: the sample has exactly 8 defectives 

then 
A/S [SRO Teer 
16 aerectives) = 
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(Why?) Thus, by Equation (1) of Section 7.3, 

(2) 

By viewing this as a card-dealing problem, you can now show that 

Cro9F = C40 | OP ctace P(E) = P(exactly 7 defectives) = Cree = ,0000000580 
Corse, - 

a : -LCi03. 2 
ee 10.58 eo ) = P(exactly 8 defectives) = Ee .000000000242 

C loo, 3 Substituting these values in (2) yields 

C10,7C C 
P (more than 6 defectives) = —22—"4 + —*8 = 9000000583 a” 

Ci00,8 C100,8 

4 EXERCISE SET 7.4 

@ If the letters t, c, a are typed in a random order, what is 

the probability that the word cat is typed? 3%|= ¢ + 

2. Ina 5-horse race, each horse has an equal chance of win- 

ning. Assuming there are no ties, find the probability that 

horse number | wins. \ Vira 

Cards numbered from 1 to 6 are well-shuffled and then 4. 

placed side by side in a line. 

(a) What is the probability that the cards are in numeri- 

(b) What is the propapility, that card number 6 is at t 

far left? mee 
(c) What is the probability that card number 6 is at the 

far left and card number 1 is at the far right? <'' 
61 

In Exercise 3, what is the probability that an even-num- 

bered card is on the far left? — | oe 

ww) 

et eae = 

cal order reading left to right? SL, = 
e 

[ 
F920 

\ 
2) [a 
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=> 

8. 

9. 

A fair coin is tossed 7 times. What is the probability that | 

exactly 5 of the tosses are heads? 
Sack 

A fair coin is tossed 6 times. Find the probability that 
64 Neo (a) at least 5 tosses are heads. 5 64 

(b) at most 4 tosses are heads. [Hint: Use the result in 

(a).] 

A fair coin is tossed 8 times. Find the probability that at 

least 2 of the tosses are heads. [Hint: Use Theorem 3 of 
{eQaS 256 / Qos Seto | Sa Nida 26 aes ase 

A‘hand of 7 cards is dealt from a well-shuffled deck of 52 
cards. Find the probability that C 1324-C 34-5 
(a) the hand has 4 clubs. CSe oF 

(b) the hand has 3 clubs and 4 red cards. a 

A hand of 5 cards is dealt from a well-shuffled deck of 52 

cards. <~!225 *1 

aes 

a 
Cis: 25 | — (a) Find the” probability that all 5 cards are spades. 

“C59 UW) 9 5) 

oo 390 y 

oO 

6 

a 

10. 

Gales 

11. ) 
\ \) He 

12. 
| 

« 
. ere al 

20 

14. 

= 

(b) Find the probability that all 5 cards are of the same 

suit. 

A hand of 8 cards is dealt from a standard deck of 52 

cards. What is the aaa that half are red and half 
black? G2404 eee 

(eae. 
An urn contains ae white balls and 6 red balls. tf 2 balls 

‘ are selected at random, what is the probability that 

S622 (a) both are red? 
Ca 9h (b) both are white? 

(c) one is red and one is white? Cao 
5 

An urn contains 3 green balls and 3 yellow anes 3 

balls are selected at random, what is the probability that 

(a) at least 2 are yellow? Cop 2 «C35 1. |. 

(b) at most 1 is yellow? C693 “4, 

A lot of 50 items from a manufacturing process is known 

to contain 20 defectives and 30 nondefectives. If a sample 

of 10 items is selected at random, what is the probability 

that 

(a) the sample has 6 defectives and 4 nondefectives? 

(b) the sample has no defectives? C3010 

(c) the sample has at least 1 defective? $0310 
-(rodefechive ) ) 

A box containing 5 light bulbs is checked by picking 2 

bulbs at random and testing them. If both bulbs light, the 

box passes inspection, otherwise it fails. 

(a) What is the probability that a box with exactly 1 bad 

bulb will pass inspection? 

(b) What is the probability that a box with exactly 3 bad 

bulbs will pass inspection? 

15. 

16. 

17. 

C1338 Cage 

18. 

C31 CGst_ 

Suppose 2 cards are dealt from a standard deck of 52 

cards. 

(a) What are the odds against both cards being black? 

(b) What are the odds against both being aces? 

In Exercise 15, what are the odds in favor of obtaining at 

least one red card? 

(Harder) In draw poker each player is dealt a hand of 

five cards from a standard deck of 52 cards. According to 

Hoyles’ Rules of Games (Albert H. Morehead and Geof- 
frey Mott-Smith [New York: Signet, 1963]), the probabil- 

ities of certain hands are as shown in Table 1. Verify 

these results: 

TABLE 1 

Hand Probability 

. 1,098,240 _ 
Exactly one pair 2.598.960 =ea? 

: 54,912 
Three of a kind 7,598,960 598.960 .021 

624 
F i AoEAGTAGR our of a kind 7,598, 960 = .00024 

Full house (3 of one kind, 331445) 0014 
2 of another kind) 2,598,960 

(Birthday problem) A group of n people is gathered to- 

gether. What is the probability that at least two of them 

have the same birthday (i.e., the same day and month of 

birth, although not necessarily the same year)? [Hint: Let 
E be the event that at least two of the people have the 

same birthday. Instead of finding P(E) directly, it is eas- 

ier to use the formula P(E) = 1 — P(E’), where E’ is 
the event that no two people in the group have the same 

birthday.] To simplify the problem, we ignore leap years 

and assume that each year has 365 days. To finish the 

problem, you should show that 

P365,n 

B654 

_ 365 + 364 + 363 

P(E') = 

365” 

Remark It is tedious to evaluate P(E’) for a specific 
value of n. However, with the aid of a calculator, we ob- 

tain the following rather surprising table of probabilities, 
where n = the number of people and P(E) = the proba- 
bility that at least two have the same birthday. 

(365 —n + 1) 
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n 5 10 20 Pps 23 30 50 60 

P(E) 027.117 411 «=.476 «=.507: =.706=—.970 S994 

This table shows that when 23 people are gathered to- 

gether, the probability is greater than 3 that at least two 

will have the same birthday. Further, when 60 people are 
gathered together, it is almost certain that at least two 

will have the same birthday! 

7.5 CONDITIONAL From our Previous work, we know that the peers of tossing a 1 with a fair 
;. Suppose, h 1 e are fold that the num- PROBABILITY; 

INDEPENDENCE 

tion we develop Sathaaie risthods igs Mpa probabilities ipsii additional 

information is known about the outcome of an experiment. 

In the die-tossing experiment above, let E and F be the events 

NE 0 sized 
We can summarize our above discussion by stating that P(E) = 2, while 

; 1 
P(E occurs given that F occurs) = 3 (1) 

In probability problems, it is usual to abbreviate the phrase 

E occurs given that F occurs 

by writing 
E|F 

With this notation, Equation (1) can be written as 

MBS 
Suppose now that A and B are two events associated with an experiment hav- 

ing a finite sample space. Our next objective is to formulate a relationship between 

the conditional probability P (A |B) and the probabilities P a and P - To moti- 

vate the ideas, we consider the simplest situation, an experime th n equally 
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FIGURE 1 

S 
m sample points in I Sere eee in 

Co} 

We are interested in finding P(A|B), that is, the probability that A occurs given 
that B occurs. 

Since we are given that the event B occurs, the outcome of the experiment 

must be one of the / sample points in B. In other words, B is the new sample 

space. Of these / sample points, there are m sample points for which A occurs; 

these are the m sample points in A  B. Thus, since all outcomes are equally 

likely, (Asp) im 

LAE) Scie neh (3) 

wees If we divide the numerator and denominator of Equation (3) by n, we obtain 

m/n 

l/n 

which can be rewritten, using Equation (2), as 

P(A 1B) 
P(B) 

P(A|B) = 

P(A|B) = (4) 

Although Formula (4) was derived under the assumption that the outcomes in 
S are equally likely, it serves to motivate the following definition that applies to 
any sample space. 
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Solution Let A and B be the events 

A sum_is_7 

/ B> at least one face shows a 4 

Method 1: We want to compute P(A|B). From Table 4 in Section 7.2 we obtain 

A = {(,.1), 6, 2,43) 972, 5), 1,0} | 
B = {(4, 1), (4, 2),(4, 3)? (4, 4), (4, 5), (4, 6), (1, 4), (2, 4), G,.4), (5; 4), 6, 4} 

so that 

* ae 

Thus, bi Lo 

peers LO 
oS) 

so that, from Formula (5), 

DY ioe ee P(A|B) = ——= = 
418) 11 /36"" 14 

Method 2: From Formula (3) 

AMB 2 
P(A|B) = cae a (since B is the reduced or new sample space) 

n 

y 

“Table 1 shows the results of a survey of 1100 traffic accidents. The data is tabu- 

lated according to the cause of the accident and the sex of the driver at fault. 

(a) Given that an accident was caused by mechanical failure, what is the proba- 
bility the driver was a male? 

(b) Given that the driver was a male, what is the probability that the accident 
was caused by mechanical failure? 

TABLE 1 

Mechanical Poor 
failure Intoxication judgment Total 

Male 310 102 208 620 

Female 280 45 155 480 

Total 590 147 363 1100 

Solution (a) Method 1: Let A and B be the events 2|. a 
Wit = == ae = 

A: the driver was a male S do ») 
B: the accident was caused by mechanical failure sq) 

jon fe 
\ “8 \o a. As 

{ = 4 y ; o— 

| 0 f 1 | 
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We want to find P(A|B). Of the 1100 traffic accidents, it follows from Table 1 

that 310 + 280 accidents were caused by mechanical failure and 310 were caused 

by mechanical failure with a male driver. Thus, 

Thus, from Formula (5), 

and 

_ 310/1100 _ 31 
590/1100 59 

Method 2: From Formula (3) 

ANB 
P(A|B) = Ce (since B is the reduced sample space) 

310 31 a 
= SS = from Table 1 Eri SoC aes ue 

Solution (b) Method 1: In this part we want to find P(B|A). From Formula 

(5) with the roles of A and B:interchanged, we have 

P(B 1M A) 
P(B|A) = P(A) 

From Table 1, 

310 + 102 + 208 620 
P(A) = ep Sh 

1100 1100 

and 

310 
P(B NM A) = — 
( ) 1100 

so that 

P(B P(B\A) £ (B A) 5 310/1100 vowel 

P(A) 620/1100 2 

Method 2: From Formula (3) 

n(B OM A) 

n(A) 

eae 
Saree: (from Table 1) 4” 

P(B|A) = (since A is the reduced sample space) 
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Remark When information is given in tabular form, as in Example 2, it is gener- 

’ ally simpler to use the reduced sample space to compute P(A|B) and P(B| A) as 
in Method 2 of Example 2. In this case, A is represented by the first row of the 

table and B is represented by the first column of the table. Thus, n(A | B) is the 
number in the intersection of the first row and first column. 

The equation 

P(A B) 
P(A|B) = P(B) 

gives a way to obtain P(A M B). Multiply both sides by P(B) to obtain the fol- 
lowing. 

In problems where the value of P(A|B) is known, this formula can be used to 
compute P(A M B). The next example illustrates this idea. 

all manned lunar flights, a midcourse trajectory correctio 

This is done by sending a fire signal from ground control to ignite small correc- 

tion thrusters. For technical reasons, this fire signal is sometimes not executed by 

7 a the thrusters. Tests show that the psoas hat a fire et will not be 
executed when it is required. If inst ion is 1 ->d and not execute 

this will happen? 

Solution Let’A and B be the events é- 
" meee 

We want to find P(A M B). From the data in the problem we have 

AAT 2 meme eens weal 
Nei P (correction is not executed | correction is required) = .0001 

\ wt > ~> Thus, \ : 

Many practical problems involve a sequence of experiments in which the pos- 

sible outcomes and probabilities associated with any one experiment depend on 

ue Outconics of the ALi experiments. Such a sequence of experiments is 

alled a stochastic process. As a simple example, consider the following. 
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FIGURE 2 ee, 

What i is 1 tall om tis that ie 2 ball aw 2 

Solution The analysis can be simplified by considering the tree diagram in Fig- 

ure 2a. There are two stages to this diagram, the first representing the outcomes 

of experiment 1 (select a jar at random) and the second, the outcome of experi- 

ment 2 (select a ball at random). Since the jar selection is random, the probability 

of selecting jar I is 3, as is the probability of selecting jar II. These probabilities 

are shown at the appropriate branches of the first stage of the tree in Figure 2b 

(note branches in color). The chances of obtaining a blue ball now depend on 
which jar was selected at stage 1. If jar I was initially selected, P (blue | jar I)"= 3, 
whereas if jar II was initially selected, P (blue| jar Il) = %. These probabilities are 
noted on the sponse pean at the second stage of the tree, as are 

and P(red| jar Il) = %. (See the paths in color in Figure 2c.) 
To find the Fe abability ‘i angie a blue ball, we must take all the possibili- 

ties into account: 

we can select jar I and then a blue ball 

or we can select jar II and then a blue ball 

(The two paths on the tree are indicated in color in Figure 3.) 

Stage 1 Stage 2 

red 
jar I 

blue 

red 

een 
blue 

(a) 
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red 

FIGURE 3 START 

blue 

By the product rule for probabilities, 

P (jar I and blue) = P (jar I) - P(blue| jar I) 
oS 

SH a aA (product along upper colored path of Figure 3) 

— P (jar II and blue) = P (jar II) - P (blue| jar II) 
PI 1 
eo a (product along lower colored path of Figure 3) 

f Remark Tree diagrams are often helpful in problems of this type. Note that in 

(> Figure 4a the branch from A to B is labeled with P(B| A). 

yee 
p\ P(B\A) P(A) _ P(BIA) pv 

ee Yy..? START . * PANS nace 

FIGURE 4 (a) “ P(ANB) = P(A): P(B|A) Coe - 
OS G 

(b) © 

2. Read “or” for alternate paths as in Figure 4c. One of these paths is shown in 

color and the other in black. These paths represent the occurrence of “B or 

Ce 
? —— 

=P(ANB)+PANC) 
= P(A)P(B|A) + P(A)P(C|A) 
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> 

aan 

- Consider the setting of Example 4. But now, without replacing the ball that was 
selected, select a second ball. 

(a) What is the probability of selecting two red balls from-jar I? 

(b) What is the probability that the second ball selected is red? 

Solution Extend the tree diagram to a third stage, that of selecting a second ball 
(Figure 5). Note that the colored path in Figure 5 represents the case where the 

second ball selected is red given that jar I was selected and the first ball selected 
was red. In this case, of the six balls left in the jar, only three are red; therefore, 

1 3 
P (second ball is red| jar I and first ball is red) = Eig 

BSS, 

Stage 2 
Stage 3 

FIGURE 5 

(a) P(selecting two red balls from jar I) = P(jar I and red and red) = 

Note: P (second ball is blue| jar II and first ball is blue) = 0 since there is only 1 
blue ball in this jar. 

(b) P(second ball selected is red) = P(jar I and red and red) + P (jar I and 
blue and red) + P(jar II and red and red) + P(jar II and blue and red) — 

1 4 3 rn Det re ee 

~ Three manufacturing plants A, B, and C supply 20, 30, and 50%, respectively, of 
all shock absorbers used by a certain automobile manufacturer. Records show that 
the percentage of defective i 

», ANd 
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‘Ties ively. What is the probability that a randomly chosen shock absorber installed 
9) 

Solution The possibilities are shown in the two-stage tree diagram of Figure 6. 

At the first stage of the tree, the probabilities .2, .3, and .5 represent the chances 

of the selected item being produced by A, B, or C. The probabilities at the second 

stage represent the chances of the item being defective or not. 

defective 

nondefective 

defective 

FIGURE 6 Rey 

nondefective 

defective 

nondefective 

There are three paths through the tree that result in a defective shock ab- 

sorber. Multiplying the probabilities along each such path and adding the resulting 

products yields 

P (defective is selected) = (.2)(.( 

In other words, we can expect that 1.7% of all shock absorbers installed will be 

defective. &# 

Independent Events At times, P(A|B) = P(A). For example: 

_ EXAMPLE7 A fair coin is tossed twice. Find the probability that 

(a) the second toss is a head. 

(b) the second toss is a head given that the first toss is a head. 

Solution If A and B are the events 

A: the second toss is a head 

B: the first toss is a head 

then the sample space S for this experiment is 

S = {hh, ht, th, tt} 
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The events A and B are 

and the event A M B is A 1B = {hh} 

Since the coin is fair, we assume that the four sample points in S are equally 

likely, so 1 2 

P(A) = 2 =35 P(B) === P(A N B)=- 

Thus, the probability that the second toss is a head is 

P(A) = 2 ; 6) 
and the probability that the second toss is a head given that the first toss is a head 

ve RAG Bier das! 
‘ PUNE) Spas Wa 2 (7) 

Comparing Equations (6) and (7), we see that 

P(A|B) = P(A) 

In other words, the Se - Pash is s unaffected ee the additional some that 

onic: that ie coin hast no momen When the second toss is made, the coin aes 

not “remember” what happened on the first toss. Thus, the chances of a head on 

the second toss will be 5 regardless of the outcome of the first toss. 4” 

Let us pursue these ideas in more detail. Suppose A and B are two events such 

at P(A|B) = P(A) 
or equivalently 

PLASOUBY: 

If we multiply both sides of this equation by P(B), we obtain 

P(A M B) = P(A)P(B) 

This suggests the following definition: 

We leave it for the exercises at the end of this section to show the following result. 
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Thus, when A and B are independent events, knowledge that B occurs does not af- 

fect the probability that A occurs and knowledge that A occurs does not affect the 

probability that B occurs. 

_/ EXAMPLE 8 The events A and B in Example 7 are independent because 

P(A)=5  P(B)=5 PIAN B) => 
so that 

P(A M B) = P(A)P(B) &# 

aS d de 52 ca and then a second card is drawn 

ithout replacing the | Soa. Leimaas fe event that the second card is a spade 

and 1ePBbe fhe event that the first card is a spade. Determine whether A and B 
are independent. 

Solution Intuitively we should suspect that the events are not independent since 

the chances of getting a spade on the second draw are better if a spade is not re- 

moved from the deck on the first draw than if one is removed. Let us confirm our 

suspicions mathematically. To show that A and B are not independent, we can pro- 

ceed in one of three ways. We can show that 

P(A | B) # P(A)P(B) 

or that 

P(B|A) # P(B) 

or that 

P(A|B) # P(A) 

We use the last approach in this example. . 

The conditional probability P(A|B) is the probability of getting a spade on 

the second draw given that a spade was obtained on the first draw. In this case, a 

spade is removed from the deck on the first draw, so 12 of the 51 cards available 

for the second draw are spades. Thus, 

12a 4 
AON es 



278 4 CHAPTER7 Probability 

nonspade 

FIGURE 7 START 

nonspade 

P(A) can be determined from the tree diagram shown in Figure 7. Thus, 

pape 12 5 ,397-A18 wal 
a sale Sarr Sy 

and therefore 

P(A|B) # P(A) 

so A and B are not independent events. & 

In many practical problems, it is difficult or even impossible to determine 

with certainty whether two events are independent. In such situations, the experi- 

menter often relies on intuition to decide whether to assume the events are inde- 

pendent or not. For example, suppose we know from past records that the proba- 

bility is .9 that a certain sharpshooter will hit the bull’s-eye on a target. Suppose 

also we want to find the probability that this sharpshooter will fire two bull’s-eyes 

on two successive shots. We might begin by introducing the events 

A: the sharpshooter gets a bull’s-eye on the first shot 

B: the sharpshooter gets a bull’s-eye on the second shot 

Thus, A M B corresponds to getting bull’s-eyes on both shots. If we assume that 

A and B are independent events, then 

P(A O B) = P(A)P(B) = (.9)(.9) = .81 

Remark Be careful! Many times in practice, events are considered to be inde- 

pendent and really are not. Since this computation is erroneous if A and B are not 

independent, we should carefully examine this independence assumption. For A 

and B to be independent, the chances of getting a bull’s-eye on the second shot 

should not be affected by the result of the first shot. It is possible, however, that a 

miss on the first shot might disturb the sharpshooter’s concentration and reduce 

the chances of a bull’s-eye on the second shot, or it might increase the desire for a 

bull’s-eye and thus improve the shooter’s concentration, thereby bettering ‘the 

chances. In this situation the independence assumption would not be warranted. 

On the other hand, if the experimenter does not believe this psychological factor is 

significant, he or she may choose to accept the independence assumption. Al- 

though there are statistical tests that can sometimes be applied to test for indepen- 

dence experimentally, they are beyond the scope of this text. In any event, these 
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tests cannot always be applied, so the applicability of the independence assumption 
often depends on the judgment of the experimenter. 

1% of the time. What is 

e defective? Assume 

~ A certain manufacturing process producestialig ui 
the probability that two items selé 
the selections are independent. 

rs #) Solution Let A and B be the events 

A: the first item is defective 

B: the second item is defective 

We want to find P(A M B). Assuming A and B are independent, we obtain 

- P(A M B) = P(A)P(B) = (.01)(.01) = .0001 & 

The notion of independence can be extended to more than two events, as fol- 
lows. 

For a set of three events {A, B, C} to be independent, we must have 

P(A 1 B) = P(A)P(B) 
P(A NC) = P(A)P(C) 

P(B NC) = P(B)P(C) 
and 

P(ANBNC) =, PC) # 

~ In the manufacture of light bulbs, filaments, glass casings, and bases are manufac- 

tured separately and then assembled into the final product. Assume that past 

>, records show the following: 

2% of all filaments are defective 

3% of all glass casings are defective 

1% of all bases are defective 

A: the bulb has no defect in the filament 

B: the bulb has no defect in the glass casing 

C: the bulb has no defect in the base 
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Pp (A \Q) = P(A 

(BIA) =F 
@ EXERCISE SET 7.5 

( 
= and P(A NB) = .2. 

2. 

4. 

F the given dat. p (Bia) pie =P&) rom the given data, 

P(A) = .98 P(B) = .97 P(C) = 99) 

We are interested in finding P(AANBNC) 

Since filaments, glass casings, and bases are manufactured separately, it seems 

reasonable to assume A, B, and C are independent. Thus, 

ang) -2 _ | oe : 
ea, e(ANB)= P(B)-e(A) 

% 22 64 y.4 

C (ANB) 40 
Let A and B be events such that P(A) = .7, P(B) ‘= .4 

NA) 

to malfunction during a lunar flight. 
(a) If a malfunction occurs in a transistor, what is the 

(a) Determine P(A|B). (b) Determine P(B| A). probability that it was made in the United States? 
(c) Are A and B independent? Explain your answer. N (b) If a.malfunction occurs in a component made in 

(d) Are A and B mutually exclusive? Explain your an-~ Japan, what is the probability that it is a resistor? 

swer. ~\ 
« SABLE RT Soe Fee 

Let A and B be the events in Exercise 1. Find . Kota NY: ate r t Pr 

(a) P(A|B’)  (b) P(B|A’) Sah Coleen 20.42 5 Balen so 
Let A and B be events such that P(A|B) = .5 and Core u 18 30 62 

P(B) = .2. Find P(A € B). = “s BY 62. IX 

A certain missile guidance device contains 100 compo- (s.)a lot contains 25 defective ems and 1S nondefective 

nents. Some of the components are resistors (7) and some =" items. If we choose aye esse sHeerssion without re- 

of the components are transistors (t). Some of the compo- Place ment, what is the peeee ys ea os aes ary dos 6oc 

nents are made in the United States (u), whereas others fective? oe : 25h 

are made in Japan (j). The number of components ineach 6. A telephone repairperson knows that two circuits _ are 
category is listed in Table 2. Assume each component is working properly and two circuits are working improp- Go 

~ ANG 

Ye y a4 S14 
fall VN\A perm 
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(3) 

erly. The circuits are tested, one by one, until OU defec- 

tive circuits are located. (AQ By=P (Alp (B) _ 

(a) What is the probability that the two aes cir- 

cuits will be located on the first two tests? 

(b) 

® In a certain state, 45% of all major manufacturers violate 

some federal pollution standard and 30% violate both a 

state and federal pollution standard. Given that a major 

manufacturer violates a federai standard, what is the prob- 

P (sq F bbility the manufacturer violates a state pollution stan- 

er) dard? ee 
a aS a ae 

8. A card is drawn from a standard deck of 52 cards. What is 

the etait) oe, that it is an ace syyen th tit is ngt a a vag 

Je aun i A Cae must an a multiple? “chore question 2 ith 

one of five possible answers. 

(a) What is the probability the student will get the cor- 

rect answer by guessing? 

What is the probability the student will get the cor- 

rect answer if the first two possibilities can be ruled 

out? 

(b) 

10. Identical twins come from a single egg and must therefore 

be of the same sex. Fraternal twins, on the other hand, 

come from different eggs and can be of opposite sex. As- 

suming the probability that twins are fraternal is $ and the 

probability that a fraternal twin is a female is 5, find the 

probability that twins have the same sex. [Hint: Let S: 

twins have the same sex, /: twins are identical, and F: 

twins are fraternal. Then, S = (S NJ) U (SN F).] 

AL, In a medical study of the common cold, 100 cold suffer- 

> ers exhibited the following symptoms: Le 

Gg a 2 S 

eae = \ 

N\ 

18 people had fevers 

32 people had coughs 

1 50 people had stuffy noses ; 

4 people had coughs and stuffy noses 

5 people had fevers and stuffy noses 

7 people had fevers and coughs 

2 people had fevers, coughs, and stuffy noses « 

23) 

aie 
ss 2 = 

ie RS 

If a person selected at random from the group has a stuffy 

nose, what is the probability that the person also has a 

cough? 

Let A and B be independent events such that P(A) = 5 

and P(B) = ¢. Find P(A O B). 

Let S = {51, 52, 53, 54, Ss} be the sample space for an ex- 

periment and assume that oe = P ({s2}) = P ({ss}) = 

i and P ({sa}) = P({ss}) = 

12. 

What is the probability that the last defective circuit 

is located on the urd test? : 

15. 

16. 

17. 

18. 

19. 
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(a) Show that A = 

dent events. 

(b) Show that C = {s3, s4} and D = {s4, ss} are not in- 

dependent events. / )+¢ 

suhew F) =PLE}+f Let P(E) = $and P(E U F) = 

(a) If E and F are eset e ah cvente compute P(F)._ 
(b) If E£ and F are heb: exclusive events, compute 

P(F). cm’ + PC F) = Sear NE a 

In a federal study of u er PON 1000 people were 

- classified as employed (£), unemployed (£’), having a 

high school diploma (H), or not having a high school 

diploma (H’); the data obtained are shown in Table 3. 

(a) Find P(E|#H) and P(E). 
(b) Are E and H independent events? 

{s, 52} and B = {s, 53} are indepen- 

TABLE 3 oe EE 

Fe Cotas, 34 
E’ 9 40 

A submarine detection system consists of three units, a 

sonar device, a magnetic detector, and a visual spotter. 

To enter a certain area without being detected, a sub- 

marine must escape detection by all three units. The 

probability of escaping the sonar is .5, the probability of 

escaping the magnetic detector is .4, and the probability 

of escaping the visual spotter is .8. If we assume that the 

units act independently, what is the probability that a sub- 

marine can enter the area undetected? 

Prove statement (9). 

In each part, decide if E and F can reasonably be assumed 

to be independent events. 

(a) A person is picked at random; 

» E: the person is more than 6 feet tall 

F: the person weighs more than 150 pounds 

} ‘(b) The weather is observed for two consecutive days; 

E: rain occurs on the first day 

F: rain occurs on the second day ‘~~ 

(c) A person is picked at random; 

E: the person has blue eyes Wate Ne] , 

F: the person is wearing a ring ™ 

Let A and B be two events associated with an experiment, 

and suppose P(A) =.5 and P(A U B)=.8. Let 

P(B) = p. For which values of p are 

(a) A and B mutually exclusive? 

(b) A and B independent? 

wo 

gis 
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20. 

23. 

25. 

26. 

47 CHAPTER7 Probability , A 

Assume we have two identical urns. Urn A contains 3. — 

black balls and 1 white ball, while urn B contains 2 black 

balls and 4 white balls. An urn is chosen at random and 

then a ball is selected at random from this urn. What is 

the probability that the ball is white? HE x2; = 2, a 

Choose a card at random from a standard deck of 52 

cards. Let E and F be the following opens ye 

E: the chosen card is a heart % ree ( 27. 

; F: the chosen card is a picture card 2 > ee 

) ls Show that E and F are independent events, 

- (b) ON that E tea F'’ are indepradent ier ot 
e. oH s { = «x \O_ =12, _, 

Choose : card at 'random bet ‘8 Gandia abee of 52 3 

cards. Let ne, 

E be the event that the card is a heart La 

F be the event that the card is an ace aie 

(a) Are E and F independent events? Sf i ‘1 48 

(b) Are E and F’ independent events? =a é 

Roll a fair die. 

E is the event that an odd number shows on the top 

face. 29. 
F is the event that a 3, 4, 5, or 6 shows on the top 

face. 

(a) Show that E and F are independent events. 

(b) Show that £’ and F are independent events. 

Toss two fair dice. 

E is the event that the sum of the numbers showing 

on the top faces is 6. 

F is the event that the number showing on the top 

face of the first die is a 2. 

(a) Are E and F independent events? 30. 

(b) Are E and F’ independent events? 

Toss two fair dice. 

E is the event that the sum of the numbers showing 

on the top faces is 7 

F is the event that the number showing on the top 

face of the second die is a 3. 

(a) Show that E and F are independent events. 

(b) Show that E’ and F’' are independent events. 

Suppose that you are given two dice that are not fair. 31. 

A red die has two faces showing a 1, one face 

showing a 2, one face showing a 3, one face 

showing a 4, and one face showing a 5. 

Ne 

A green die has one face showing a 2, one face 

showing a 3, one face showing a 4, one face 

showing a 5, and two faces showing a 6. 

Show that the events E and F defined in Exercise 24 

are not independent. 

Show that the events E and F defined in a? 25 

are not independent. 

(a) 

(b) 

’ A box contains 10 light bulbs, 2 of which are defective. 

Suppose 3 bulbs are selected in succession without replac- 

ing those already selected. 

(a) What is the ee that all 3 bulbs selected are 

good? 

. (b) What is the robeniline that the third bulb selected is 

.. good? 

cy What is the probability that 2 are good and 1 is de- 

fective? 

(d) What is the probability that at least 2 are good? =i 

A fair coin is tossed four times in succession. Use a tree 

diagram to find 

(a) the probability of tossing 4 heads 

(b) the probability of tossing 3 heads and 1 tail 

In a manufacturing plant, a certain part is made by both 

the day shift and the night shift. Of the parts made by the 

day shift, 80% are good and 20% defective. The night 

shift produces good parts only 75% of the time. Suppose 

one of the shifts is chosen at random and two pieces of its 

output are selected independently for inspection. 

(a) What is the probability that both pieces are good? 

(b) What is the probability that the pieces are good, 

given that they came from the day shift? 

What is the probability that the pieces came from 

the night shift, given that both are defective? 

(c) 

A mouse is trapped in the wall of a house. There are 2 
holes by which the mouse can escape. The family cat is 
always guarding one of the two holes but spends the same 
amount of time at each hole. However, 3 out of the 5 
times when the cat guards a hole he is asleep. The other 
times there is only a 50—50 chance that the cat will catch 
the mouse should the mouse leave by the hole the cat is 
guarding. The mouse chooses a hole at random and runs 
out. What is the probability that it is not caught by the 
cat? 

A certain computer has a probability of 10~!° of transmit- 
ting a character incorrectly. If the sentence Don’t give up 
the ship is to be transmitted, what is the probability that 
there will be no errors? (Spaces and apostrophes count as 
characters. ) 

: 
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In many practical problems an experimenter observes the outcome of an experi- 

ment and then asks for the probability that the outcome was caused by one of sev- 

eral possible factors. 

_ Jar I contains 4 red balls and jar II contains 3 red and 2 blue balls. The experi- 
ment is to choose a jar at random and from this jar select a ball and note the color 

of the ball. The tree diagram with branch probabilities for this experiment is 

shown in Figure 1. 

FIGURE 1 START 

jar II 

5 e blue 

In Section 7.5 we address the question: What is the probability that a blue 

ball is drawn given that it is drawn from jar II? This is a conditional probability 

that equals = since jar II contains 2 blue balls out of 5. 

Now suppose the experiment is completed and we note that the selected ball is 

-f’ blue. We now ask: What is the probability that the selected ball came from jar II 

given that the ball is blue? The answer must be 1 since there are no blue balls in 

jar I. 

Starting over again, suppose the selected ball is red and consider the probabil- 

ity that the selected ball is from jar I, given that the ball is red. The answer is not 

obvious, but we can determine it from the definition of conditional probability 

P (jar I and red) 

P (red) 

2 1/2 5 
(ie The -375 slo. 8 

P (jar I|red) = 

ie aes 

where these probabilities are obtained by the tree diagram methods of Section 7.5 

applied to Figure 1. In fact, to answer the given question, we do not need the 

whole tree, only the paths that give the outcome red (Figure 2). 

jar I 1 
janet es ee red 1 ——__ ea 

2 

START START 

3 

P (red|jar 1) 2 ee ee red 
ered jar ‘ 

(b) 

FIGURE 2 
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- Acard is drawn from a standard deck of 52 cards and then a second card is drawn 

without replacing the first card. If we know that the second card is a spade, what 

is the probability that the first card is a spade? 

Solution Let A and B be the events 

A: the second card is a spade 

B: the first card is a spade 

pa We want to find P(B| A). From the tree diagram of Figure 3, 
ue A 
2 P(B|a) =< Pe OA) 

START = F = ~~ BAN. (A) 

a ¥ 
ME é 13/52 + 12/51 ee 
URE? 13/52 WAQ/S0 + 30/52 - 13/51 2 17 

- From the tree diagram of Figure 4, we see that P(A) = P(B)P(A|B) + 
p(s) 8 4/5) ., P(B')P(A|B'). This leads to the following result known as Bayes’ theorem or 

START Bayes’ formula for the case when events B and B’ are each followed by event A. 
P(A|B’) 

P(B’) a P(B 1 A)~ P(B)P(A|B) 

FIGURE 4 el) P(A) -P(B)P(A|B) + P(B')P(A|B') (1) 

Verify that Equation (1) gives the same result as the tree method used in Examples 

1 and 2. 

~ A certain item is manufactured by three factories, I, II, and III. Suppose we have 
a stockpile of these items in which 

30% of the items were made in factory I 

20% of the items were made in factory II 

50% of the items were made in factory III 

Moreover, suppose 

2% of all items produced by I are defective 

3% of all items produced by II are defective 

4% of all items produced by III are defective 

Assume that an item selected at random from the stockpile is observed to be de- 
fective. 

(a) What is the probability that the item came from factory I? 

(b) From factory II? (c) From factory III? 

Solution Let us introduce the events 

A : the item is defective 

B,: the item came from factory I 

B2: the item came from factory II 

B;: the item came from factory III 
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In parts (a), (b), and (c) we want to find 

P(B,|A) —P(B,|A) —P(Bs| A) 
respectively. Before attempting to find these values, let us see what information is 
immediately available from the data. Since 30% of all items in the stockpile comes 
from factory I, we have oe 

P(B,) = .3 
Similarly, 

P(B2))=*2. sand. *P(B;)\=..5 

Since 2% of all items from factory I are defective, we have 

P(A|B,) = .02 
Similarly, 

P(A|B2) = .03 and P(A|B3) = .04 

The tree diagram for this experiment is shown symbolically in Figure 5a and nu- 
merically in Figure Sb. 

By P(AIBY) 

START 
FIGURE 5 

Solution (a) We now have 

P(B, A) _ P(B,)P(A|Bi) _ .3(.02) tad 
P(B,|A) = ———— = 8 a 

P(A) P(A) 3(.02) + .2(.03) + .5(.04) 16 

Solution (b) We obtain the following from the tree diagram of Figure 5b: 

P(BE NIA). .2(.03) fas, 
AIAG P(A) __.3(.02) + :2(,03) + .5(.04) 16 

©, Mh zie 
Solution (c) 

Cae P(B3 9 A) _ 5(.04) ad 
M2. 

P(A) Bs 02) + (2(. oo ae Ral (: sed 8 omy 

In general, when we are given events Bi. , Bo, ‘Boe me are each followed by 

the event A with probabilities 

P(B,), P(B2), P(B3), annie uy P (Bx) and 

P(A|B:), P(A|B2), P(A|Bs), ..., P(A| Bx) 
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Step 1 

FIGURE 6 

Step 2 

Step 3 

and want to find P(B,|A), P(B2|A),..., P(Bk|A), we have the following 

statement of Bayes’ theorem or Bayes’ formalie 

Bayes’ theorem is named after the Reverend Thomas Bayes* who published this 

result in a paper in 1763 entitled “An Essay toward Solving a Problem in the Doc- 

trine of Chances.” 
It is not necessary to memorize Bayes’ formula since these hae: can be 

solved by using tree diagrams. To find P(Bi |A), P(B2|A),..., P(Bx| A) we 

take the following steps: 

. From a common initial point draw a separate branch to represent each of the 

events B,, B2, B3, . . . , By; and label these branches with the probabilities P(B1), 

P(B2), P(B3), . . . , P (Bx). (See Figure 6 for the case when k = 3.) 

P(A|B,) 
P(A|B)P(B,) = P(B,NA) 

P(A|By)P(B,) = P(B,NA) 

P(A|B3) P(B3) = P(B3A) B; A 

From the end of each of these branches, draw a single branch to represent the 

event A and label these new branches with the conditional probabilities P(A |B), 
P(A|B2), P(A|Bs), . . =; P(A| Be). 

Each possible path through the tree ends at a different point. Label each endpoint 

with the product of the probabilities on the path leading to it. We call these the 

path probabilities. 

A tree diagram constructed in this way is called a Bayes tree. 

Observe that the sum of all the path probabilities is. precisely P(A), the de- 
nominator in Bayes’ formula, 

P(A) = P(B, N A) + P(B2 NM A) + P(B3 1M A) 

where 

*Thomas Bayes (1702-1763) was the son of a Presbyterian minister. He began his own ministry by as- 
sisting his father, and he continued in the ministry until his death. Bayes published several theological 
papers, but he is most famous for his paper on probability, which was published after his death by a 
friend who found it in his effects. The work is noteworthy because it is the first discussion of inductive 
inference in precise quantitative form. 
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in Bayes’ formula is precisely the path probability for the path through events A 

and B;. Thus, the probability 

P(A /M Bi) 
P(B;| A) = P(A) 

can be obtained from the tree diagram as follows: 

_ EXAMPLE 4 ~ A box contains 4 coins. One of the coins has 2 heads; the other 3 coins are fair. 

One of the coins is picked at random and tossed. If we know the outcome is 

heads, what is the probability that the coin is fair? 

Solution Let F represent the event that the coin is fair; then F'’ is the event that 

the coin is not fair. Let H = the event that the coin turns up heads. The tree dia- 

gram is shown in Figure 7. 

1 
3 Ee ee oe SPUR VEN ene 3 Z A = 3 

FIGURE 7 START 

1H P(FNH) = 1-1 =1 ale 

Since there are only 3 fair coins out of 4 in the box, 

P(F) = : P(F’) =+ 
and 

P(H|F) = 5 (since heads and tails are equally likely when a fair coin is tossed) 

P(H|F’') = 1 (since this coin has two heads) 

Therefore, 

PU Oa Save A/D) as 93/ SUM 3 

P(H) Shafer ails 35/8. Med 

_ EXAMPLE5 OIL EXPLORATION Records show that when drilling for oil, the probability of a 

successful strike is .1. However, it has been observed that if there is oil, then the 

probability is .6 that there is permeable, porous, sedimentary rock present. 

Records also show that when there is no oil, the probability is .3 that such rock 

formations are present. What is the probability of oil beneath permeable, porous, 

sedimentary rock? 

P(F|H) = 
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Applications of Bayes’ 
Theorem 

Solution We can solve this problem using a Bayes tree (Figure 8), where 

O: oil 

O': no oil 
R: permeable, porous, sedimentary rock 

Then, P(0|R) = P(ONR) _ (.1)(.6) a ORS Pe 

P(R) CCE C9) C3) 3st 

7 2S Se. PIAA) = (i)CH =.06 
FIGURE 8 sn 

eo 3 ° = =< = —*R_— P(OR) = (.9)(.3) =.27 Zz 

Bayes’ theorem has many varied and interesting applications. One of the most fas- 

cinating is given by F. Mosteller and D. L. Wallace in a book called Inference and 

Disputed Authorship: The Federalist (Reading, Mass.: Addison-Wesley, 1964). In 

that book Mosteller and Wallace use Bayes’ theorem to resolve a long-standing 

historical question: Between 1787 and 1788 a series of 77 essays, called the Feder- 

alist Papers, appeared in New York newspapers under the pen name Publius. It is 

known that James Madison wrote 14 of the essays, John Jay wrote 5, Alexander 

Hamilton wrote 43, and 3 were jointly authored. The authorship of the remaining 

12 essays has been in dispute for years. By analyzing the writing styles and apply- 

ing Bayes’ theorem, Mosteller and Wallace provide a convincing argument to 

show that Madison was the most probable author of the disputed papers. You will 

find a more extensive discussion of the Mosteller—Wallace method in an excellent 

elementary textbook called Sets, Functions and Probability by Johnston, Price, 

and Van Vleck (Reading, Mass.: Addison-Wesley, 1968). 

1. In a tire factory, assembly lines A, B, and C account for 

/ 60, 30, and 10% of the total production. If .3% of the 

@ EXERCISE SET 7.6 

.9 of completing the first year of driving without an acci- 

tires from line A are defective, .6% of the tires from B 

are defective, and .8% of the tires from line C are defec- 

tive, what is the probability that: 

(a) a defective tire comes from line A? 

(b) a defective tire comes from line B? 

(c) a defective tire comes from line C? 

Company insurance records show that a new driver who 

has finished a driver training program has a probability of 

dent, whereas a new driver who has not finished a driver 

training program has a probability of only .7. If 60% of 

all new drivers have completed a driver training program, 

what is the probability that a person who is involved in an 

accident during his or her first year of driving finished a 

driver training program? 

Records show that 20% of all students taking calculus at 

Rigor University fail the course. To reduce the failure 

rate, the university designs a screening test to determine 



beforehand which students are likely to fail. These stu- 
dents are to be given remedial coursework. An experi- 
ment shows that the probability is .9 that a student who 
passes calculus can pass the screening test, and the proba- 

bility is .3 that a student who fails calculus can pass the 

screening test. A student passes the screening test. What 

is the probability that he or she will pass calculus? 

A pediatrician knows from past experience that when a 

parent calls and states that a child has a low-grade fever, 

the probabilities for various causes are shown in Table 1. 

The pediatrician also knows that when the parent is ad- 

vised to administer aspirin and give lots of liquid, the 

probability that the fever will be gone (G) within 24 hours 

“ P(G|A)=.6 P(G\B)=.5 
P(G|C)=0 P(G|D)=.7 

(a) Given that a parent has called and has been advised 

to administer aspirin and lots of liquid, what is the 

probability that the child’s fever will be gone within 

24 hours? 

(b) Given that the child’s fever is not gone within 24 

hours after the advice to administer aspirin and lots 

of liquid, what is the probability that the child has 

the flu? 

TABLE 1 

Cause Probability 

(A) Flu 33) 

(B) Strep infection oy 

(C) Inaccurate thermometer al 

(D) Other causes 4 

Teleview and Radion Corporations are competing for a 

contract to build television equipment for a Mars probe; 

they both have equal chances of getting the contract. If 

Teleview gets the contract, then the probability of a total 

success is .6, the probability of a partial success is .1, and 

the probability of failure is .3. If Radion gets the con- 

tract, then the probability of a total success is .3, the 

probability of a partial success is .5, and the probability 

of failure is .2. If the contract is awarded and the result is 

a total success, what is the probability that Teleview got 

the contract? 

A shipper must send fresh produce to a distribution cen- 

ter. The produce can be sent by one of four different 

routes, and the probabilities of the produce reaching the 

center within 24 hours on the four routes are .3, .2, .5, 

10. 

11. 
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and .1, respectively. The shipper picks a route at random. 

(a) If the produce arrives within 24 hours, what is the 

probability that the first route was picked? 

(b) If the produce does not arrive within 24 hours, what 

is the probability that the third route was picked? 

Theoretical genetic considerations suggest that three- 

fourths of all marigold seeds produced by a certain crop 

of marigolds should yield pure yellow offspring; the rest 

should yield multicolored offspring. A seed packager has 

a test to separate the seeds that produce pure yellow 

marigolds from the seeds that produce multicolored 

marigolds. However, the test is not perfect, and 5% of 

the pure yellow will be classified as multicolored and 10% 

of the multicolored will be classified as pure yellow. Of 

1000 seeds packaged as pure yellow, how many will actu- 

ally be pure yellow? 

A test is designed to detect cancer. If a person has cancer, 

then the probability that the test will detect it is .95; if the 

person does not have cancer, then the probability that the 

test will erroneously indicate that he or she does have can- 

cer is .1. If 3% of the population who take the test have 

cancer, what is the probability that a person described by 

the test as having cancer does not really have it? 

A patient has one of two diseases, D; or D2. Each disease 

can produce one of the following sets of symptoms: 

S; = {fever, aching} or  S2 = {vomiting, fatigue} 

It is known that 

P(S;| D1) = 74 

P(S;| D2) = 8 

Moreover, D; and D2 occur equally often and never occur 

together. If a patient has fever and aching, what is the 

probability that the disease is D,? 

A box contains two coins, an ordinary fair dime and a 

dime with two heads. One of the coins is picked at ran- 

dom and tossed twice. If both tosses are heads, what is 

the probability the coin has two heads? 

In the sheik’s palace are three vaults; each vault contains 

2 chests and each chest contains 1 gem. In one vault each 

chest contains a ruby; in the second vault each chest con- 

tains a diamond; and in the last vault one chest contains a 

ruby and the other contains a diamond. A thief randomly 

chooses a vault and steals one chest. When the chest is 

opened, the thief finds a ruby. What is the probability that 

the other chest of the same vault contains a ruby? 
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4 KEY IDEAS FOR REVIEW 

# Relative frequency of an event The ratio m/n, where mis the number of oc- 

currences of the event in n repetitions of the experiment. 

4 Probability of an event See pages 232-234. 

4 Sample space The set of all possible outcomes of an experiment. 

a Sample point An element of the sample space. 

4 Event A subset of the sample space. 

# Certain event An event that occurs every time the experiment is performed. 

# Impossible event An event that never occurs when the experiment is per- 

formed. 

# Mutually exclusive events (two) Events that have no outcomes in common. 

4 Elementary event An event consisting of one sample point. 

4 Probability model An assignment of probabilities to the outcomes of an ex- 

periment. 

Probability of an event E P(E) denotes the probability of the event E. 

a Addition principle See page 246. 

# Assumed (a priori) probability model A probability model obtained by log- 
ical reasoning. 

# Empirical (a posteriori) probability model A probability model obtained 
from experimental relative frequencies. 

4 Equally likely sample points Sample points with equal chances of occurring. 

# Uniform probability model A model in which each sample point is assigned 
the same probability. 

# Odds in favor of E EAE) 
| P(E’) 

# Odds against E Ey) 
P(E) 

Conditional probability of A, given B_ P(A|B) =~ 4 2 - 
~ Product principle for probabilities P(A M B) = P(A|B)P(B) 

# Independent events A and B_ Events with the property P(A QM B) = 
P(A)P(B). 

# Bayes’ theorem See page 286. 
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Sh OVS TO 
4 SUPPLEMENTARY EXERCISES 

Use the following information for Exercises 1-4. Let S = 
{StaS2eiSa See a be the sample space of an experiment and let 

A ae 

P({s:}) = =e ({s2}) = P ({s3}) = 
P ({s4}) ee = {s,, 52, * ia {s2, 535 sa} 

Sapa Te She copa ie 
Find P(E U F). Su Ki 

Find P(E € F). 

Find P(E’ £ F). 

Use the following information for Exercise 5—7: 

10. 

11. 

12. 

13. 

P(AUB)=2 P(A)=4 P(A NB) Se 
Find P(B). Paik 

Find P(A|B). Ne) 

(a) Are A and B independent events? Why? 

(b) Are A and B mutually exclusive events? Why? 

Let P(A) = 3 and P(A OM B) =. If A and B are inde- 
pendent events, what is P(B)? 

If P(A) = 3 and P(B) = 3, is it possible for A and B to 
be mutually exclusive events? Why? 

A six-sided die is symmetrical and balanced so that each 

face is as likely to occur as any of the others when the die 

is tossed. However, the numbers on the faces are 

Wit bs 152; 3, 4,,and 5 ei (note there is no 6) 

If we toss the die, what is y 

(a) P(A) (ob) Pda) “© Pde) 
Consider two dice, each as in Exercise 10. If two such & 

dice are tossed, what is the probability of obtaining 
(a) asum of 7? (b) asum of 5? 

(c) What are the odds in favor of obtaining a sum of 7? 

A box of 10 batteries contains 2 detecines Ck 

(a) 
bility that it is defective? 

What are the odds against it being defective? 

If 2 batteries are selected at random, what is the 

probability that they are both defective? 

If 2 batteries are selected at random, what is the 

probability that at least 1 is defective? 

(b) 
(c) 

(d) 

Toss 2 fair dice. 

(a) What are the odds in favor of rolling a sum of 7? 

14. 

16. 

17. 

EME 
SRepelidon 

18. 

If a battery is selected at random, what is the proba- 

19. 

(b) If you bet $1, what would you expect your net win 

to be? 

(c) At a casino in Atlantic City, if you bet $1 on 7 on 

the roll of two dice, you will win $4 (net) if a 7 oc- 

curs and lose $1 if a 7 does not occur. Do you like 

this bet? Why? 

Consider the game of roulette (see Exercise 18 of Section 
K3). 

(a) 
(b) 

What is the probability that black will occur? 

What is the probability that black will occur on 4 

consecutive spins of the wheel? 

What is the probability of obtaining red, black, 

black, red on the next 4 spins of the wheel? 

What are the odds against obtaining red, black, 

black, red on the next 4 spins of the wheel? 

() 

(d) 

indis 
Five girls and three boys are to be seated in a row. If 

“seats are taken “tandomly, what is the probability that the 

girls will be seated together? 

Five girls and three boys are to be seated in a row. If 

seats are taken randomly, what is the probability that 

Mary and John will sit next to one another? 

In the Big A Daily Lottery, the object is to pick a 3-digit 

number that matches the 3-digit number drawn by the lot- 

tery commission. 

(a) What is the probability that the number 000 will be 

drawn? 

What is the probability that the number 126 will be 

drawn? 

(c) What is the probability that the fimouie 126 ill be 

drawn on 2 consecutive days? ==. \oao” 
What is the probability that the same number will be 
drawn on 2 consecutive days? | « ——~ + 

auowed Welele) O 
(e) Why are the answers to (c) and (d) different? 

(b) 

An urn contains 10 red balls and 5 blue balls. 

(a) Select 3 balls at random. What is the probability that 

2 of the balls selected will be blue and 1 will be red? 

(b) What is the probability that all 3 of the balls selected 

will be red? 

Assume that a nationwide survey of hospital records pro- 

duced the data in Table 1 on 6000 people who had exactly 

one of the diseases d;: heart condition or d): pneumonia. 

Suppose each of the diseases can produce at least one of 

the following observable symptoms: loss of appetite, chest 

pain, shortness of breath 

os 00/000 
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TABLE 1 

Number of people with 

Number of disease d; who also 
people with had at least one of the 
disease d; symptoms 

Disease d 3750 3000 

Disease d> 2250 2050 

Total 6000 5050 

If 

D,: event that a person has disease d; plOr \ p) =f 

D>: event that a person has disease dz rf ( A\ 0, ) 

A: event that a person has at least one of the above 

symptoms 

compute: 

(a) P(D1) (b) P(D2) (c) P(A) 
(d) P(Di|A) (©) P(A|Di) 

Use the following information for Exercises 20-22: One LONE 

dred students went sightseeing. Of these, 

40 visited the art museum 

30 visited the planetarium 

25 visited the Liberty Bell 

15 visited the art museum and the planetarium 

10 visited the planetarium and the Liberty Bell 

15 visited the art museum and the Liberty Bell 

5 visited all three of these sights 

20. If a student is selected at random from thé group, what is 

the probability that he or she visited none of these sights? 

21. If we know that a student has visited the art museum, 

what is the probability that he or she visited all three 

sights? 

p(n’ 

hades COIN eh 

two nk ead 

22. What is the probability that a student selected at random 

visited only the art museum? 

Use the following information for Exercises 23 and 24: A box 

contains 5 coins: 3 are fair and 2 wl two- headed. A coin is se- 

lected at random and tossed twice. BH, 3 2 ze 
gun 

23. What is the probability that boil” tases ‘result i in heads? © 

24. (Optional) If the coin is tossed and both tosses result in 

ae what is the probability that a fair coin was se- 

ected? 

ry the following information for Exercises 25-28: Because of 

inexperienced personnel, 36 men’s shirts were not sorted cor- 

rectly by size. Box I contains 8 shirts sized small and 4 shirts 

sized medium. Box II contains 3 shirts sized small, 4 shirts sized 

medium, and 5 shirts sized large. Box III contains 2 shirts sized 

small, 9 shirts sized medium, and I shirt sized large. A box is 

chosen at random and 3 shirts are selected randomly from the 

box. 

. 25. What is the probability that exactly 1 of the shirts se- 

lected is sized large? 

26. What is the probability that at least 1 of the shirts is sized 

large? 

2TH (Optional) If exactly one of the selected shirts is sized 

large, what is the probability that box I was selected? 

28. (Optional) If exactly one of the selected shirts is sized 

large, what is the probability that box II was selected? 

Use the following information for Exercises 29 and 30: Two dice 

are rolled repeatedly until a 6 or a7 occurs: 

29. What is the probability that a 6 will occur before a 7? 

30. What are the odds in favor of a 6 occurring before a 7? 

4 CHAPTER TEST 

1. Which of the following represent probability models for 

S = {s1, 52, 53, 54}? If not, why not? 

(a) P({s:}) = 4, Ps}) =4, PUss) =H, 
P ({s4}) =0 

(b) P(fsi}) = 4, PAs} =4, Ps) =F, 
P ({sa}) Sar tng 

(©) P(fsi}) = 4, P({so}) = 4, P({ss}) = §, 
P({sa}) = @ 

2. Let A and B be events with P(A) = 3, P(B) =}, 
P(A N B)= Ane 

(2) “P(A UB) <(b) P(A\B) | 
(©) P(B| A) 4 L\d) P(A’) V2 0 

( (©) Are A and B independent events? Why? \ 
“~(f)— Are A and B mutually exclusive events? Why? WO 

(g) What are the odds in favor of A? 

(h) What are the odds against A? 

Tamer 

a 



Let A and B be events with P(A) = } and P(B) =}. 

(a) Find P(A U B) if A and B are independent events. 

(b) Find P(A U B) if A and B are mutually exclusive 
events. 

Two people are to be chosen from a group of 10 to be 

president and vice president of the group. If the selection 

is random, what is the probability that Alice will be cho- 

sen as president and Bob as vice president? 

Suppose each of the diseases d;, d2, and d; can produce 

one or more of the observable symptoms: fainting spells 

or high blood pressure. Assume also that a nationwide 

survey of hospital records produced the following data on 

50,000 people who had exactly one of the diseases d;, do, 
or d3: 

Number of people with 
Number of disease d; who also 
people with had one or more of 
disease d; the symptoms 

Disease d, 15,000 9,000 

Disease d, 25,000 20,000 

Disease d3 10,000 4,000 

Total 50,000 33,000 

6. 

Chapter Test 4” 293 

a A: event that a person has at least 

one of the above symptoms 

D,: event that a person has disease d; 

D>: event that a person has disease d, 

D3: event that a person has disease d3 

Compute 

(a) P(Di) = (b) P(D2) (c) P(Ds) 
(d) P(A) (ec) P(D2|A)  (f) P(A|Dz) 
(g) If a patient has at least one of the symptoms, for 

which disease should he or she be treated? 

Jack has 3 dimes and 5 pennies in his left pocket and 2 

dimes and 6 pennies in his right pocket. He chooses a 

pocket at random and randomly selects 2 coins from that 
pocket. 

(a) Construct a tree diagram labeling all branch proba- 

bilities. 

(b) What is the probability that Jack has chosen at least 

11 cents? 

(c) Jack looks in his hand and notes that he actually se- 

lected 2 pennies. What is the probability that these 

coins were from his left pocket? 
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ics an d Probabil ity 

Statistics, the science of collecting and analyzing data, had its origins in early his- 

tory when numerical data such as population and death counts were recorded and 

organized for use by heads of state for various purposes, such as taxation. Today, 

the majority of statisticians are concerned with the problem of statistical infer- 

ence, that is, using numerical data to make logical decisions and inferences. It is 

assumed that the data generated satisfies some unknown probability distribution— 

the statistician is concerned with inferring the characteristics of this distribution. 

So we see that the fields of probability and statistics are related and yet differ- 

ent. To illustrate the difference, consider two groups of eligible voters: group A 

contains 2 Republicans and 3 Democrats; the political preference of the five mem- 
bers of group B is not known. 

Group A Group B 

From a probability point of view, since the distribution of Republicans and 

Democrats is known, the answer to the question If a person is selected at random 

from group A, what is the probability that he or she is Republican? is easily deter- 
mined as 2 = 0.4. 

From a statistical point of view, the composition of group B (population) is 
not known. A subset, or sample, of persons is chosen randomly from group B, 
and the distribution of Republicans and Democrats in this sample is noted. Statisti- 
cians then try to make inferences about the distribution of the total population of 
group B based on the information obtained from the sample. 
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In this chapter, we first take another look at probability distributions and see 

the kinds of characteristics that are important to consider. Chapter 8 describes 

how some probability models can be determined by mathematical principles, 

whereas others can be obtained only from experimental data. This chapter de- 

scribes how statisticians organize this data and determine estimations of the de- 

sired characteristics. Finally, we touch on one of the main areas of statistical infer- 

ence called hypothesis testing. This area is concerned with procedures for 

determining whether the results predicted by a probability model are in reasonable 

agreement with physical observations. 

Many times the outcomes of an experiment can be described numerically. As an 

example, consider the experiment of tossing a fair coin three times and recording 

the resulting sequence of heads and tails. The sample space is 

S = {hhh, hht, hth, thh, htt, tht, tth, ttt} 

For this experiment we have outcomes that are sequences of three letters. Sup- 

pose, however, we are interested in making probability statements about the num- 

ber of heads that occur in the three tosses. For example, what is the probability of 

obtaining two heads in the three tosses? In this case we are not primarily con- 

cerned with the particular sequence of h’s and t’s in the outcome, but rather we 

are interested in the number of h’s that occur. Thus, associated with each outcome 

of this experiment, we have a number that is of importance to us, the number of 

h’s in the sequence. This idea of associating a number with an outcome of an ex- 

periment occurs so frequently that statisticians have found it convenient to intro- 

duce the following terminology. 

We denote random variables by uppercase letters such as X, Y, and Z. 

~ Suppose we toss a coin three times and introduce the random variable X to denote 

the number of heads that occur in the three tosses. In Table 1 we have listed the 

sample points for the experiment, and next to each sample point we have given the 

associated value of the random variable X. 

TABLE 1 

Sample point Value of X 

hhh 3 

hht 

hth 

thh 

htt 

tht 

tth 

ttt ~ 
Eee 

— i LJ 
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We see that the random variable X takes on the values 0, 1, 2, and 3, and we can 

consider the sample space S;, = {0, 1, 2, 3}, where the outcomes of the tosses are 

represented by the number of heads that occur. (Note that these outcomes are not 

equally likely.) & 

~ Suppose we toss a coin repeatedly until a head occurs and then we stop. Let the 

random variable Y denote the number of tosses performed in the experiment. In 

Table 2 we have listed some of the sample points and the associated values of the 

random variable. 
TABLE 2 

Sample point Value of Y 

h 

th 

tth 

ttth 

tttth 

ttttth 
_ OW MA LP Ww w= 

y A 

A traffic engineer records the times at which two consecutive buses arrive at a 

checkpoint. Let the random variable Z denote the time elapsed (in minutes) be- 

tween the arrivals of the buses. Thus, if the arrival times are 

9:07 A.M. and 9:36 A.M. 

then the value of Z associated with this experimental outcome is 

Z=29 minutes # 

Oo A geneticist records the length of life (in hours) of a fruit fly. Let the random vari- 

able W denote the number recorded. If we assume for simplicity that the time can 

be recorded with perfect accuracy, then the value of W can be any nonnegative 

real number. & 

A random variable is often described according to the number of values it can 

take on. A random variable is finite discrete if it can take on only finitely many 

possible values. For example, the random variable X in Example | is finite discrete 
since it can take on only the values 

X = 0,1, 2, or 3 

A random variable is infinite discrete if it can take on infinitely many values 

that can be arranged in a sequence. For example, the random variable Y in Exam- 

ple 2 is infinite discrete since its possible values can be arranged in the sequence 

b Miran Oo eS 

Finally, a random variable is continuous if its possible values form an entire 
interval of numbers. For example, the random variable W in Example 4 can take 

on any nonnegative value. The random variable W is thus continuous since its pos- 
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sible values form the interval shown in color in Figure 1. For the remainder of this 

section we restrict our discussion to finite discrete random variables. 

Since the value that a random variable takes on is determined by the outcome 

of an experiment, and since the outcomes of an experiment occur with various 

probabilities, it follows that the values of the random variable also occur with var- 

ious probabilities. To illustrate, consider the following. 

5 We return to the coin-tossing experiment in Example 1. In the left column of 
Table 1 we listed the eight possible outcomes for this experiment. If we assume the 

coin is fair, then each of these eight outcomes will be equally likely so that each 

outcome will have probability ; of occurring. From the right column of Table 1, 

we see that X takes on the value 2 for three of these sample points; thus the prob- 

ability that X = 2 will be 3. We denote this by 

3 
e P(X=2)=% 

S 

X< (read “the probability that X equals 2 is ;”). Similarly, Table 1 shows that 

P(K=0) == ea Vier P(X =3)== 

We can also determine the probability that X is less than or equal to 2: 

PAXCS 2) P.OCe 0)oteP(X alice P(X = Dees + 
Co | W 

cna 
+i=- 

$ & cole 

Note that 7 
PX 2 2) le POMS 2) Ue, 

Also, 1 
PAX: 2a) SPA 8 = y 4 

Let X denote the sum of the, numbers tossed with two fair dice. Find the probabil- 

ities of the various possible X values, and determine P(X <5) and 
Piles X =%3); 

Solution This experiment is discussed in Example 16 of Section 7.2 and the pos- 
sible outcomes are shown in Table 1 of that section. That example shows that 

P(X = 7) = &. Similarly, 

1 2 3 =?2)=— = 3) = — P(X =4)=— 
Seiya 36 fie 36 ( ) 36 

4 5 6 
P(X=S5)= 7 UXO) BX = ia 

5 4 3 
P(X = 8) 36 P(X = 9) 36 PK ) 36 

2 1 
0 STU cm Ae Sat 
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Also, 

P(X, =) 

~ 36 

PiliaaX = 3) 

= P(X = 2) + P(X = 3) + P(X = 4) + P(X =5) 

ss, 

18 
Cal 
36 aon 36 6=— 36 

= P(X = 2) + P(X = 3) 

hed pieocllonts 
12 36 

+ 

36 

"Company records show that 5% of all resistors produced at a certain electronics 
plant are defective. Suppose two resistors are picked independently from the 
plant’s production line and assume the random variable X denotes the number of 

defectives in the sample. 

(a) Find P(X = 0), P(X = 1), P(X = 2), P(X < 2), assuming that resistors 
are picked independently. 

(b) Find the probability that at least one of the resistors is defective. 

(c) 

Solution If we let n denote a nondefective resistor and d a defective one, then 

the tree diagram of Figure 2 indicates the possible selections and the branch prob- 

FIGURE 2 

Find the probability that at most one of the resistors is defective. 

£5) n 

abilities. The outcomes may be viewed as 

where, for example, (n, d) means that the first resistor picked was nondefective 

and the second was defective. Since 5% of all resistors produced are defective, the 

probability of picking a defective resistor is .05 and the probability of picking a 

nondefective resistor is .95. Moreover, since we assume that une resistors are se- 

eed ai ge me feos f selecting a nondefectiv 

The probabilities of all the outcomes and the associated values of X are listed in 
Table 3. 

(n, n) (n, d) (d, n) (d, d) 

(.95)(.05) = .0475 

9); that is, the ges ea TEE of ‘Hele outcome 
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TABLE 3 

Value of X associated 
Outcome Probability with the outcome 

(n, d) (.95)(.05) = .0475 xX =1 

(d, n) (.05)(.95) = .0475 xX =1 

(n, n) (.95)(.95) = .9025 xX =0 

(d, d) (.05)(.05) = .0025 X=2 

Solution (a) From Table 3 we obtain 

P(X) ) = .9025 

P(X ) = .0475 + .0475 = .0950 (1) 

P(X =“) = .0025 
POX < Cae .9025 + .0950 = .9975 

Solution (b) 7 

Solution (c) 

Given a random variable X, we are\interested in the probability that X takes on a 

particular real value x. In Example 5, we see that X takes on the values 0, 1, 2, 

and 3. We now represent the prone aNty that X takes on a real value x by . 

p(x) = \P(K = x) 

where p(x) (read “P of x) is called the 

Thus, the first 
may also be written as p(0) = .9025 - 

p(1) = .0950 
p(2) = .0025 

We can now describe the various probabulities « . X geometrically. To illus- 

trate, consider again the experiment of hree fair coins*(Example 5), where 

the random variable X denotes the total number of heads tossed. Table 4 summa- 

rizes the results already obtained in terms of the values x of the random variable 

x. TABLE 4 
x 0 1 2} 3 

p(x) 5 5 z g 

Using this table, we can pair up each value of x with p(x) to obtain the four 

ordered pairs , 1 3 ; i (: 1 

8 "8 8 8 
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FIGURE 3 

These ordered pairs can now be plotted in a Cartesian coordinate system, as 

shown in Figure 3a. Since the first coordinate of each point is a value of x and the 

second is the probability p(x), we have labeled the coordinate axes x and p. The 

configuration of points obtained by plotting these ordered pairs is called the graph 

of the probability function (Figure 3a). 

(a) Graph (b) Line graph 

3 3 

() Bar graph (d) Histogram 

0 1 7 

For visual emphasis, other types of graphs can be used: 

A line graph is obtained by connecting the points on the graph by straight- 
line segments (Figure 3b). 

yar graph is obtained by constructing rectangles with base on the x-axis, 

ésitered about each value of x, and heights equal to p(x) (Figure 3c). 

istogram is a bar graph with touching bars having equal bases (Figure 

3d). In particular, when a histogram is used to represent probability data 

where the random variable X takes on integer values, each bar has its base 

centered at x = k with width equal to 1 and height equal to p(k) = 

P(X =k). Note that in this case P(X = k) equals the area of this rectangle 
(Figure 3d). This property is extremely useful in Section 8.6. 

~ Graph the probability function of the random variable X in Example 7 using the 
four types of graphs mentioned above. 
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Solution From the calculations in Example 7, the values of x and their probabili- 

ties are summarized by Table 5. The graph thus consists of the ordered pairs 

(0, .9025) (1, .0950) — (2, .0025) 

TABLE 5 
x 0 1 2 

p(x) .9025 .0950 .0025 

The four types of graphs are shown in Figure 4. 

Pp Pp Pp 

1.0 ; 1.0 1.0 
) 

5 ; ( 

OM Seat om a (arene Sty, x Om He ae x 

(a) Graph (b) Line graph (c) Bar graph (d) Histogram 

FIGURE 4 yA 

& EXERCISE SET 8.1 

In Exercises 1-5 list the values of X and 11. Classify the following random variables as finite discrete, 

(a) 
(b) 
(c) 

1. 

their probabilities of occurrence 

the probability that X is at least 1 

the probability that X is at most 1 

A fair die is tossed once. The random variable X is the 

number showing on the top face. 

A fair coin is tossed four times. The random variable X is 

the number of heads obtained on the four tosses. 

Let X be the number of male children in a family with 

two children. (Assume the probability of a male birth is 

2-) 
A coin is weighted so that on each toss the probability of 

a head is 3 and the probability of a tail is 4. The coin is 

tossed three times and X is the total number of tails ob- 

tained. 

A student takes a three-question true—false examination 

and guesses at every answer. Let X be the number right 

minus the number wrong. 

6-10. Graph the probability functions for the random vari- 

ables in Exercises 1-5 as 

(a) line graphs 

(b) histograms 

12.. 

infinite discrete, or continuous: 

(a) X is the number of calls entering a switchboard in a 

24-hour period. ‘ 

(b) X is the number of defectives in a lot of 1000 items. 

(c) X is the length of time a person must wait in line to 

check out at a supermarket. 

Let X be a random variable whose probability function is 

graphed in Figure 5. Find: 

(a)’ P(X = 3) 
OSE CeS 3) 

© PX =) 
(d) the probability that X is at least 3 

(e) the probability that X is at most 3 

A p(x) 

file e 

Bye 

2- e e 

ist e e 

pp ae: 
1 3 4 5 

FIGURE 5 

SSrrmrrirsrasrnrrnrT saree nnn EE 
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8.2 EXPECTED VALUE OF 
A RANDOM VARIABLE 

We are all familiar with the idea of using an average value to summarize a collec- 

tion of numerical data. The use of averages has been so ingrained in most of us by 

our technological environment that we are constantly comparing aspects of 

ourselves against the average. Are we overweight or underweight compared to the 

average? Is our temperature too high or too low compared to the average? Is our 

IQ high or low compared to the average? 
In the process of melting down data into an average, we lose certain informa- 

tion, and thus averages can be misleading. For example, knowing that the average 

weight of men inducted into the Army since 1950 is 161.5 pounds does not enable 

us to determine the highest and lowest weights recorded. Since these numbers 

could have been obtained from the original data, we have lost this information in 

the averaging process. However, since the original data would take volumes to list 

individually, the conciseness of the average as a description of the data may more 

than compensate for this loss of information. 

In this section we develop a notion called the expected value of a random 

variable. The expected value is akin to the idea of an average in the sense that it is 

a single number that is meant to summarize certain data, namely, the values of a 

random variable and their probabilities of occurrence. We also establish an impor- 

tant mathematical relationship between expected values and averages 

For example, consider the set of test scores for 10 students in a finite mathe- 
matics class: 

65, 90, 70, 65, 70, 90, 80, 65, 90, 90 

The average grade (x) of the class is 

_ 65, 90-+: 70 + 65 + 70 + .90' +. 80 + 65+ 90+ 90 wis $= 77S (2) 
10 

(Note that the average value does not have to equal any of the given values.) Since 
there are repetitions in this set of scores (65 appears three times, 70 appears 
twice, 80 appears once, and 90 appears four times), Equation (2) can be written as 

3-65+2-70+1-80+4:-90 i= ae ee (3) 

We can also write (3) in the alternative form 

3 2, 1 e 4 
=—e + —. —ee ——— ie = x 10 65 10 10+ 0 80 + 10 90 = 77.5 (4) 
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Note that 

3/10 is the relative frequency of the occurrence of 65 

2/10 is the relative frequency of the occurrence of 70 

1/10 is the relative frequency of the occurrence of 80 
4/10 is the relative frequency of the occurrence of 90 

To formalize this idea, suppose we want to compute the arithmetic average of 
n pieces of data with repetitions. Specifically, suppose that the distinct numbers 
occurring in the data are x1, x2, ... , x, and 

x1 occurs f; times 

x2 occurs f2 times 

x3 occurs f3 times 

x; occurs f; times 

The following result is suggested by Equations (3) and (4). 

Note that fi + f2 + - + f, = n, where f 

ive fre ( umbers x it is often conve- 

nient to use a table Gaile a frenueney table, which indicates the frequencies of 

the values x, x2, ... , X;. Table 1 is a frequency table for the test scores in the 

above example. 

TABLE 1 

Test scores Frequency 

65 3 

70 2 

80 1 

90 2 

Total = 
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~ Suppose the Bureau of the Census surveys a group of married couples and records 

the data shown in Table 2 concerning the number of children born to them. Find 

the average number of children born to the couples surveyed. 

TABLE 2 

Number of Number of children born 

couples to the couples 

50 ar 0 

107 “a ie Igoe 
201 *< IEA ING Ye 

102 3 Ile 
25 7 4 JOO 

9 ms oy is 

3 Tn Go pe 

2 x 7 

me! ’ so 
Total = 500 ae aN 

Solution The numbers denoted by x1, x2, . . . in Formula (4) are the numbers in 

the right column of Table 2; their frequencies fi, f2, . . . are the numbers in the 

left column of the table. As indicated in Formula (6), the total number 7 of values 

being averaged is the total number of couples and is obtained by adding the fre- 

quencies; thus, n= 500 

On substituting the data into Formula (6), we obtain 

50 107 201 102 25 9 
Yr = —. + —.- + —-2+4—.- + —. + —.- 

x= 500° * 500. 13500 SOs | 5001s as00 we 

3 2 1 1001 
+ —.- + —. + —. = —_ = 

300°) 500. 500° S00 

Thus, the average number of children born to each couple is 2.002. & 

Suppose now that X is a discrete random variable associated with a certain ex- 

periment. If we perform the experiment repeatedly n times, we will observe n val- 

ues of X. We might ask if it is possible to estimate the arithmetic mean of these n 

values. Obviously, it is impossible to determine the mean exactly since the values 
of X obtained in one group of n repetitions need not be the same as the values ob- 
tained in another group of n repetitions. For example, if we toss a die three times 
and obtain the numbers 6, 6, and 3 whose arithmetic mean is 

ER 
3 

it is conceivable that on the next three tosses we might obtain the numbers 2, 1, 
and 3 whose arithmetic mean is 
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erved val ¢ when tt n is large. To see why, consider a finite dis- 

crete random variable whose only possible values are x;, x2, and x3. Assume also 

that these values occur with known probabilities p;, p2, and p3. Suppose that after 

n repetitions of the experiment, 

x; occurs f; times 

X2 occurs f2 times 

x3 occurs f3 times 

Applying Formula (6), 

x= fy, ar ty ats By, (7) 
n n n 

Since 

i ale 
n n n 

represent the proportion of x;’s, x2’s, and x3’s in the n repetitions, it follows that 

as n becomes larger, these proportions usually approach the probabilities p;, p2, 
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and ps. That is, when n is large, the approximations — 

n n 

should be good? Thus, from (7) we obtain the following approximation to X which » 

_ An experiment consists of to 

on the top face. Use the Apron ination in 8) to estimate es SHiheen mean of 
the observed values if the experiment is repeated many times. 

Solution The possible values of X are 

x,=1 Xx. =2 x3 = 3 x= 4 xX5=5 Xo = 6 

and since the die is fair, each of these values has a probability 4 of occurring; that 
is, 

Soe alee Netter Ve enn UE 
Pi z P2 6 P3 6 ps 6 PaG ean 

Substituting these values in (7) gives 

1 1 1 well 1 1 
Xe=--1+--2+--34+-.- =. —e* eae 6 2, 6 3 6 eal aa 6 

or . soGiegg 91 
ae =35 # 

The quantity on the right side of the equal sign in (8) is of such importance that it 
has its own notation and name: 
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Remark In other words, th 

jw when the andor wana volved is evident (uw is the ¢ 

nounced “mew’’). 

- If X is the number showing on the top face 

shown i in Example 2, E(X) uy = 3.5. | 

~ In Example 7 of Section 8.1 we consider a random variable X denoting the number 

of defective resistors in a sample of two resistors from a production process in 

which 5% of all resistors produced are defective. Find the expected value of X. 

Solution Since the expected value of a finite discrete random variable is the sum 

of the values of the random variable times their probabilities of occurrence, we 

obtain E(X) = (.9025)(0) + (.0950)(1) + (.0025)(2) 
= .1 

[see Equation (1) in Example 7 of Section 8.1]. This result can also be written as 

bx=.1 or p=.1 & 

To summarize, the expected value E(X) of a finite discrete random variable is 

the long-term average value of X when the experiment is repeated many times. 

However, even when an experiment is performed once, the expected value can be 

of importance, especially if a decision has to be made involving two or more 

choices of action. For example, consider the following situation: 

~ A businesswoman has two investment possibilities: project A and project B. If she 

invests in project A, there is a 20% chance that she will lose $10,000, a 70% 

chance that she will break even, and a 10% chance that she will make $200,000. 

If she invests in project B, then there is a 15% chance that she will lose $10,000, 

a 25% chance that she will break even, and a 60% chance that she will make 

$50,000. In which project should she invest? 

Solution One method of comparison involves comparing the expected values for 

the two projects (tree diagrams are shown in Figure 1): 

| 2 — 10,000 — 10,000 

START START 

FIGURE 1 

200,000 50,000 

Project A Project B 
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even though the possible profit of $50,000 from this investment is significantly 

lower than the possible profit of $200,000 if she invests in project A. & . 

Gamblers use expected value to determine the expected win or loss if a game 

is played repeatedly. In this type of problem, the random variable X takes on the 

possible dollar outcomes. We can then compare me BEETS values Pee roles bet, 

E Se ee bet, to choose which ee to wie US e 

Consider the game of roulette with the numbers 0 and 00 (green) and 1, 2, 3, 

4,..., 36 (half are red, half are black) on the wheel (see Exercise 18, Section 

7.3). You bet $1 on the number 4. If 4 occurs, your net win is $35 (the payoff is 
35 to aoe If 4 es not occur, then your loss is $1. Whe fo 

Solution The random variable X takes on the values +35 and —1 with probabil- 
ities 
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(This bet favors the house.) 4 

MPLE7 Consider the game of roulette of Example 6. You bet $2 on red. If red occurs, 
then the net win is $2; if black occurs, then your loss is $2; if green occurs, then 

your loss is $1. What is your expected value? What is the expected value per dollar 

bet? What is the house percentage? 

Solution The random variable X = +2, —2, —1 with 

‘SAs 18 2 
P(X=2=3 P(X = —2) = 5 and P(X = -I) = 

Therefore, your expected win is 

18 18 2 2 
= — + —(—- + —(- =-—= -, E(X) 38 (2) a8 | 2) 38 | 1) 38 0526 

The expected value per dollar bet is 

CACO eaten 
= —.0263 

bet 2 

The house percentage is 

-1005% 4 = —100(—.0263)% = 2.63% & 

MPLE 8 }§=Which of the two bets would you rather make, the one in Example 6 or the one in 

Example 7? 

Solution Since the expected loss per dollar bet is less when you play $2 on red 

than it is when you play $1 on 4, betting on red is a better bet. (Note, however, 

that it is possible to lose heavily no matter which game you play and that in the 

long run you should expect to lose in either case.) 47 
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4 EXERCISE SET 8.2 

(4. Find the arithmetic mean of 3.2, 1.7, 6.3, .2, and 5.6. 
2. 

S: 

4. 

=p 

6. 

Find the mean of the following numbers in two ways, us- 

ing the methods of (1) and (5). 

tS) 145 14,16,. 13, 15915, 147 17516 

Table 3 is a record of visits for dental care made by 250 

clinic patients during a l-year period. Find the mean 

number of visits per patient. 

TABLE 3 

Number 

of visits 

Number 

of visits Frequency Frequency 

Table 4 is a record of the yearly income for a group of 

people eligible for Medicare benefits. Find the mean 

yearly income for the group. 

TABLE 4 

Yearly 

income ($) 
Yearly 

income ($) Frequency Frequency 

1000 225 

2000 342 

3000 516 

4000 822 

5000 491 

Find the expected value of the random variable X in Exer- 

cise 2 of Section 8.1. 

cise 3 of Section 8.1. 

Find the expected value of the random variable X in Exer- 
cise 4 of Section 8.1. 

A random variable Y has the probability distribution 

shown in Table 5. Find the expectation of Y. 

TABLE 5 

Find the expected value of the random variable X in Exer- ~ 

9. 

10. 

12. 

(a) Find the expectation of the random variable X whose 

probability function is graphed in Figure 2. 

mNw A 

je e 

e 

74 

_ FIGURE 2 

(b) Find the expectation of the random variable X whose 

probability function is graphed in Figure 3. 

Pp 
A 

algi. afl. 
hE 28 St ean ec) 

FIGURE 3 

The number of accidents on the New Jersey Turnpike dur- 

ing the Friday rush hour is 0, 1, 2, or 3 with probabilities 

.93, .02, .03, and .02, respectively. 

(a) Find the expected number of accidents during the 

Friday rush hour. 

How many accidents can be expected to occur dur- 

ing Friday rush hours over a 1-year period (52 
weeks)? 

(b) 

A retailer purchases men’s shirts for $3 each and sells 
them for $5 each. Based on past sales records, he esti- 
mates the following probabilities for his weekly sales: 

Number of shirts sold 

Probability 

If X is the random variable representing the retailer’s 
profit, compute E(X). 

For each part of Figure 4, determine E(X) by inspection 
(i.e., no calculations) from the given graph. 



14. 

15. 

—HNwp 

FIGURE 4 

A U.S. lumber firm is allowed to bid for rights to Soviet 

forest reserves in one of two regions of Siberia, region A 

or region B. If the firm gets rights to region A, its esti- 

mated profit is $3,000,000; if the firm gets rights to re- 

gion B, its estimated profit is $5,000,000. The cost of 

submitting bids for the two regions is $100,000 for A and 

$300,000 for B. Due to a difference in the number of 

competitors, the firm estimates its probability of getting 

rights to A as .7 and its probability of getting rights to B 

as .5. Should the firm bid for region A or region B? 

[Hint: Compare the expected profits for the bids. ] 

A certain insurance company charges a 45-year-old man 

$150 for a 1-year term life insurance policy that will pay 

the beneficiary $10,000 if the man dies within the year. 

Assuming that the probability is .005 that a 45-year-old 

man will die during the next year, and that the $150 pre- 

mium will be worth $165 to the company at the end of 

the year (because of investment), determine the expected 

profit at the end of the year, per policy, if the insurance 

company sells many such policies. 

Pilferage is a serious problem in business. Suppose the 

manager of a store finds from the analysis of the records 

that the store loses, on the average, $500 worth of mate- 

rial each week from pilfering. Further, suppose that for 

$300 a week, a security program can be implemented. 

Table 6 shows the results found by other managers of 

comparable stores where such a program has been used. 

TABLE 6 

Pilferage total 
per week in dollars Probability 

500 057 
400 10 

300 nS 

200 .60 

100 10 

16. 

ze 
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(a) If the program is implemented, how much of a loss 

per week from pilferage should be expected over the 

long term? 

(b) Should the security program be undertaken? 

The Hollingsworth Candy Store had the following gross 

receipts for 6 business days: 

Monday $1215 

Tuesday $1329 

Wednesday $1290 

Thursday $1510 

Friday $1025 

Saturday $1483 

The manager computed the average daily receipts to be 

$1336 for the first 4 days and $1254 for the last 2 days. 
The manager concluded that the daily average for the 6 

days was 

1336 + 1254 

Z 

The manager was fired. Explain why. 

= 1295 

(a) Suppose you are at a casino in Atlantic City. On the 

roll of two dice you bet $1 on the number 7 (see Ex- 

ample 16 of Section 7.2). If a 7 occurs, then you 

win $4 and get your bet back. If a 7 does not occur, 

then you lose $1. What is the expected value of this 

game and what is the house percentage? 

(b) On the roll of two dice you bet $2 on the number 2. 

If a 2 occurs on this roll of the dice, then you win 

$60 and get your bet back. If a 2 does not occur, 
then you lose $2. What is the expected value of this 

game per dollar bet and what is the house percent- 

age? 

(c) Would you rather play the game of (a) or the game of 
(b)? Why? 

nn << ———_ oe 
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8.3 VARIANCE OF A 
RANDOM VARIABLE 

FIGURE 1 

The expected value of a finite discrete random variable X gives us information 

about the long-term average value of X when the experiment is repeated over and 

over. For many purposes, however, as in the case of Mr. Smith (the lucky winner 

of the state lottery discussed in Section 8.2), an average does not supply sufficient 

information. As another example, suppose a pharmaceutical manufacturer wants to 

buy automatic machinery designed for counting and then packaging 10,000 aspirin 

tablets in bulk containers. Since no production process is perfectly accurate, 

sometimes the device may package too many aspirin and sometimes not enough. 

What criteria might the pharmaceutical firm use to judge the quality of the auto- 

matic machinery it intends to buy? One criterion is immediately obvious. Since 

the machine is designed to package 10,000 aspirin, it seems reasonable to require 

that over a long period of time the average number of aspirin packaged should be 

10,000. More formally, if X denotes the number of aspirin packaged in a con- 

tainer, then we would want the expected value of X to be 10,000. This criterion 

alone, however, does not adequately describe the quality of the machinery. To see 

why, suppose machine A packages aspirin according to the pattern 

10,001, 99993-10500 19999 ne = 

and machine B packages aspirin according to the pattern 

0720, 00005, 20-000> =. 

In both cases, the long-term average number of aspirin packaged is 10,000. How- 

ever, machine A is obviously preferable to B since it is less variable in its perfor- 

mance. Thus, not only should the pharmaceutical firm look for a machine that 

packages a long-term average of 10,000 aspirin, but it should also seek a machine 
for which most of the output is close to the average. In terms of X, the machine 
should have a high probability of producing values of X close to the expected 
value. In this section we introduce a way to measure the variability of a finite dis- 
crete random variable. 

Let X and Y be the random variables whose probability functions are graphed 
in Figure 1. Since the origin is a center of symmetry for both probability func- 
tions, the two random variables have 0 as their expected values (why?); that is, 

bx = 0 and by = 0 
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Observe, however, that it is more likely for the random variable Y to take on val- 

ues close to the mean than it is for the random variable X. For example, the ran- 

dom variable Y takes on one of the values —1, 0, or 1 with probability 

PU Sie aS Iea ee a Ae) 

whereas the random variable X takes on one of the values —1, 0, or 1 with proba- 

ie O54 2 .05= 43 

Thus, 

t objective is to give an al way of coe the 

variability of a omits niserer: ortcas cee Ebon its mean. 

Let X be a finite discrete random variable with expected value w. If X takes 

on the value x when the experiment is performed, then the difference 

called the 

f ne un 0 the left of w noe most purposes, it is unnecessary and 

Athenee to worry ist an = of yw on which x falls. For this reason as well 

as others, statisticians prefer to work with the square of the deviation: 

exes)» 
For example, a squared deviation of 4 tells us that x is 2 units from ps but does not 

tell whether x is 2 units to the left of wu or 2 units to the right of p. 

Suppose now that X is a finite discrete random variable and assume that we 
perform the associated experiment repeatedly n times. We observe n values of X, 

and for each of these n values of X we can compute the squared deviation from the 

mean pw. If we now average these squared deviations, we can produce a single 

number that gives us some indication, although exaggerated, of how the data were 

spread out. The following example illustrates this idea. 

An experiment consists of tossing a fair die ar X showil 

on the top face. Suppose, after fut répetitions: we corail the mee 

Ay Bae ees (1) 

Since px = 3.5 (see Example 3 of Section 8.2), the squared deviations from the 

mean are 

(4 13.5); (CVS (23-315), (62-3.5)5 

and the average of these squared deviations is 

(4 = 3.5? + G — 3:5)? + 2 = 3.57 + G = 3.5)’ 

4 

OZ TNO; Zon akc) ts OLS 

4 
ag) 
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é 

On the other hand, if we had obtained the values 

NET Be (2) 

then the average of the squared deviations would be 

(1 — 3.5)? + (2 — 3.5)? + (6 — 3.5)? + (5 — 3.5)? 
4 

6:25. F225 6125 2:25 
4 

= 4.25 

Suppose now that X is a finite discrete random variable associated with a cer- 

tain experiment. We might ask if it is possible to determine what the average of 

the squared deviations is after n repetitions of the experiment. Obviously, we can- 

not determine this value exactly since the values of X obtained in one group of n 

repetitions need not be the same as the values obtained in another group of n rep- 

etitions. Nevertheless, when n is large, it is possible to make a reasonable guess 

about the average of the squared deviations. To see why, consider a finite discrete 

random variable whose only possible values are 

x X2 x3 

Assume also that these values occur with known probabilities 

Pi P2 P3 

Suppose that in n repetitions of the experiment, 

x; occurs fi times 

X2 occurs f2 times 

x3 occurs f3 times 

On computing the squared deviations of these values, we see that 

(x1 — 2)” occurs f; times 
(x2 — w)* occurs fy times 
(x3 — mw) occurs fs times 

Thus, the average of the squared deviations is 

fir — mw)? + foo — pw)? + fas — p)? 

n 
average squared deviation = 

which can be rewritten as 

h 
n 

average squared deviation = fa, — pp)? +=(x -— p)? + Bi, = iby (3) . n n 
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Since 

represent the pro 

that is, when n is large 

should be good. Thus, from (3) we obtain the following approximation to the av- 

erage squared deviation, good when n is large: 

average squared deviation = pi(x1 — m)* + po(x2 — w)* + ps(xs — p)* 

More generally, if X takes on values 

NLD eo hs) Kk 

with probabilities 

Pi; P2, aor oT as > Dk 

then for large n, 

average squared deviation = p,(x; — w)* + po(x2 — p)? 

Seem cra) A a(C)) 

An experiment consists of tossing a fair die and observing the number X showing 

on the top face. Use the approximation in (4) to estimate the average squared devi- 

ation of the observed values if the experiment is repeated many times. 

Solution The possible values of X are 

x = 1 pM x= 3 Xe = 4 Xs=5 Gaia 

and since the die is fair, each of these values has probability 4 of occurring; that is, 

1 1 1 
Pee Pata Psi D6 eas LYS. ade ie a 6 6 

z u 
6 6 6 

Moreover, from Example 3 of Section 8.2, we have w = 3.5. Substituting these 

values in (4) we obtain the approximation 

1 1 1 
average squared deviation = gl — 3.5? + 6 — 3.5) + AG — 3.5)? 

1 1 1 
hie (453.5) phe (Saar iSO) acl ware So) (4 — 3.5) + 2(5 — 3.5)? + (6 ~ 3.5) 

-P22n «7 
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The quantity on the right side of (4) is of such importance that it has its own 

~ notation and name: 

If X is the random variable in the die-tossing experiment of Example 2, then the 
computations in that example show 

Since the variance formula involves the squares of the deviations, the units of 

Var(X) are the squares of the units of X. For example, if the values of X represent 

feet, then the units of Var(X) would be square feet. Many people prefer to have 

the variability of X about its mean described by a number having the same units as 

X. This can be accomplished by taking the positive square root of Var(X). The re- 

sulting number, called the standard deviation of X, is denoted either by ox or 

just o when the random variable is evident (o is the lowercase Greek letter sigma, 

pronounced “sigma’”). 

The standard deviation of the random variable xX in Example 2 is 

ila fets) 
Ox = V Var(X) = ba = 1.71 &# 

The computation of Var(X) can be simplified by rewriting Equation (5) in an 
alternative form. To see how, consider a random variable X that takes on values 

x1 X2 X3 

with probabilities — 

Pi P2 p3 
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Equation (5) states 

Var(X) = pilxi — gw)? + palx2 — pw)? + ps(x3 — pw)? (6) 
If we expand the squares, the terms on the right side of this equation become 

pia — pb)? = pix? — 2pixi + pip? 
P2(x2 — ph)? = pox? — 2prxye + po? 
pslxs — w) = paxs” — 2psxsm + psp? 

Summing up both aides of these equations and using (6), we obtain 

Var(X) = (pix? + pox. + psxs”) — 2w(pixr + poxe + p3x3) 
topt7*(pi pops) (7) 

But 

PiXi Ft Poxs + p3x3 = 
and 

Pinte Dot paca (why?) 

Substituting these relations in (7) yields 

Var(X) = (pix? + prx2* + p3Xx3") — 2p? + ee 

or 
Var(X) = (pix? + pox2? + p3xs*) — pr? 

More generally, if X takes on values 

eile Gary, clic some yids 

with probabilities 
Pi, P2>- > « > Pk 

then the formula for variance can be written in the following form. 

Note that this formula involves only one subtraction, whereas Formula (5) involves 

k subtractions. This is one reason why Formula (8) is preferable for numerical 

computations. 

Use Formula (8) to compute the variance of the random variable X in the die- 

tossing experiment of Example 2. 

Solution In solving this problem, we arrange our computations in a format you 

may wish to follow whenever a variance must be computed. See Table 1. To con- 

struct this table, we have listed the values of X in the first column and the proba- 

bilities of these values in the second column. We have multiplied each x; in column 

1 by the corresponding p; in column 2 to obtain the third column. Finally, we 
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multiplied each p;x; in column 3 by the corresponding x; from column 1 to obtain 

pix? in column 4. Observe that the sum of the entries in column 3 is 

21 
pe = pix + pox. + p3x3 + pax4 + PsXs + Pox = 6 

TABLE Li 4 al 
Xj Di Pixi pix? 

2 3 3 3 
3 7 3 g 
4 i 

; 
: : 

Sum = # Sum = 2 

[See Formula (9) in Section 8.2.] The sum of the entries in column 4 is the first 

term on the right side of Formula (8) of this section. Thus, we obtain 

91 Dies 105 
Var(X) = vas (2) = 36. = 2.92 

which agrees with the result obtained in Example 3. & 

Let X be the random variable in the resistor sampling problem of Example 7 of 

Section 8.1. Find the variance and standard deviation of X. 

Solution As shown in Example 7 of Section 8.1, X takes on values 

0 1 2 

with probabilities 9025 0950 0025 

so its variance can be computed using Table 2 and Formula (8). The variance is 

ox = Var(X) = (0.1050) — (0.1000)? 
= 0.1050 — 0.0100 
= 0.0950 

and the standard deviation is 

ox = V0.0950 = 0.3082 

TABLE 2 

Xj Pi DiXi pix? 

0 .9025 0.0000 0.0000 

.0950 0.0950 0.0950 

2 .0025 0.0050 0.0100 - 

Sum = 0.1000 Sum = 0.1050 



@ EXERCISE SET 8.3 

Let X be the random variable whose probability function 

is described in the table. Compute the mean and variance 

of X. 

Value of X 

Probability 

In Exercises 2—4 compute the mean, variance, and standard 

deviation of the random variable whose probability function is 

described in the given table. (A table of square roots appears as 

Appendix Table C.4.) ; 

@> Value of X 

4. 
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> 

WIE 
4 

9 iii 
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Value of X 

Probability 

0.25 

Probability 

Value of X 

Probability 

Find the mean and variance of the random variable X in 

Exercise 2 of Section 8.1. 

Find the mean and variance of the random variable X. in 

Exercise 3 of Section 8.1. 

Find the mean and variance of the random variable X in 

Exercise 4 of Section 8.1. 

Compute the mean and varian m__variable 

whose probability function is graphed in Figure 2. 
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. / In Figure 3 we have graphed probability functions for ran- 

10. 

dom variables X and Y. By inspection (no computations), 

determine which variable has the larger variance. 

{P 

FIGURE 3 

In Figure 4 we have graphed probability functions for ran- 

dom variables X and Y. By inspection (no computations), 

determine which variable has the larger variance. 

Pp Pp 
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11. Company A is accused by the Department of Labor of not ployees of company B, which the Department of Labor 

paying its employees a fair wage. The president of the said is paying a fair wage to its employees. Should the 

company notes that the average salary paid to its em- Department of Labor accept the argument as proof that 

ployees is greater than the average salary paid to the em- company A is treating its employees fairly? 

8.4 CHEBYSHEV’S 
INEQUALITY: 

APPLICATIONS OF MEAN 
AND VARIANCE 

(OPTIONAL) 

In the previous section we discuss criteria that a pharmaceutical firm might con- 

sider when planning to purchase automatic machinery for counting and packaging 

10,000 aspirin tablets in bulk containers. If X denotes the number of tablets pack- 

aged in a container, we observe that the firm would want 

1. the mean of X to be 10,000 

2. the probability of obtaining values of X close to the mean to be high 

In this section we develop some mathematical techniques for investigating the sec- 

ond of these criteria. 

Every time the automatic machinery produces a value of X greater than the 

mean of 10,000, the pharmaceutical firm loses money since it is giving the cus- 

tomer more aspirin than the customer paid for. By the same token, every time the 

machinery produces a value of X less than 10,000, the firm risks losing the cus- 

tomer since it has not given the customer all the aspirin expected. Thus a value of 

X too far from the mean, on either side, is undesirable. Recognizing that no ma- 

chinery is perfect, the pharmaceutical firm may settle on a certain error that it 

feels is tolerable. For example, the firm’s marketing staff might decide that an 

error of 10 aspirins in either direction would not be too detrimental; that is, over- 

packaging by 10 aspirin would not be too costly and underpackaging by 10 aspirin 

would still be good enough to satisfy the customer. Thus, the pharmaceutical firm 

will be content if the machinery it buys always produces values of X that lie within 

10 units of the mean, that is, values of X satisfying 

9990 = X < 10,010 (1) 

Unfortunately, even this relaxed requirement may be too stringent. Occasionally, 
for example, aspirin may chip and disturb the counting mechanism or still other 
unforeseen problems may occur. Recognizing this fact, the firm may relax its re- 
quirements still further and require only that the conditions of (1) hold most of the 
time, for example, at least 95% of the time. This requirement can be formulated 
mathematically as follows. If X denotes the number of aspirin packed in a con- 
tainer and if 

P(9990 = X <S 10,010) 

denotes the probability that X is between 9990 and 10,010, inclusive, then this 
probability should be at least .95; that is, 

P (9990 = X S 10,010) = .95 (2) 
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We next show that once the mean wu and variance o of the random variable X 
are known,* it is possible to devise a mathematical procedure for determining if a 
criterion like (2) is satisfied. But first we must develop some preliminary ideas. 

Let X be a random variable with mean pw and standard deviation a. Statisti- 
cians often find it convenient to measure distance from the mean in terms of stan- 
dard deviation units or o-units. For example, the point A in Figure 1a can be de- 

scribed as 2 o-units to the right of the mean pw and the point B as 3.5 o-units to 

the left of the mean. In general, to say that a point is h o-units from p (Figure 1b) 
means that its distance from p is ha. 

Oak Otay Oc Onis On 20h, nO 
ONAN, IN EAN (ESTER REN AEN 
eel a units 

B if a 

FIGURE 1 (a) 
B ku A 

Let X be a random variable with mean = 3 and variance 0” = 25. In terms of 

o-units, how far to the right of wz is the point x = 9? 

Solution The distance between x and yp is 

y= 9 —3) = 6 

Since a0 = 5, this distance in terms of o-units is 

ees 2 =1.20-units #& 
o =) 

The following result, named in honor of P. L. Chebyshev,’ shows that once 

the mean and variance of a random variable X are known, it is possible to estimate 

the chances that a value of X will fall within a specified distance of the mean. 

* Methods of estimating pw and o statistically are discussed in Section 8.7. 

+ Pafnuti Lvovich Chebyshev (1821-1894) was one of the most distinguished Russian mathematicians. 

He served most of his life as a professor of mathematics at the University of St. Petersburg. In addition 
to his work in probability and statistics, he made important contributions to the field of number theory, 
solved basic problems in the construction of geographical maps, and devised a way for mechanically 
linking bars to obtain rectilinear motion. 
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Note that this result depends only on the mean and standard deviation of X, not on 

the specific distribution of X. 

Symbolically, Chebyshev’s theorem states that for any random variable X, we 

have 1 

P(w — ho =X =spt+ho)=1—-7,5 

This is called Chebyshev’s inequality. 

We omit the proof of this important result and concentrate, instead, on some 

of its applications. 

LE 2 From Chebyshev’s theorem, the probability that a random variable takes on a 
value within 2 o-units of the mean (i.e., # = 2) is at least 

1 1 -—=1--= 75 # 
Sa ah 4 

This result has the following geometric interpretation. Let X be any random 

variable with mean w and standard deviation 0. Suppose, as shown in Figure 2, 

we construct an interval extending a distance 20 on each side of w. If we observe 

many values of X, then we expect at least 75% of these values to fall in the con- 

structed interval and consequently no more than 25% of the values to fall outside 

the interval. For example, if X is a random variable with mean 10 and standard 

deviation .1, then the probability is at least .75 that X takes on a value between 

9.8 and 10.2. Thus, if we observe a large number of X values, 75% of these values 

can be expected to fall between 9.8 and 10.2. 

75% of all values are expected 
to fall in this interval 

FIGURE 2 -— 

pL — 26 SiG be 0; Lo; 

_ Let X be a random variable with mean # = 100 and variance o* = 4. If we are 
going to observe many X values and if we want to state that at least 96% of the 
observed values are likely to fall between 100 — k and 100 + k, what value 
should we take for k? Use Chebyshev’s theorem to obtain the answer. 

Solution To ask that at least 96% of the observed values fall between 100 — k 
and 100 + k is equivalent to asking that each observed value fall between 100 — k 
and 100 + k with probability at least .96. 

If we choose h in Chebyshev’s theorem so that 

1 —_— it a .96 (3) 

then, since ~ = 100, X will fall between 100 — ho and 100 + ho with probabil- 
ity of at least .96. To solve (3) for h? we multiply both sides by h? to obtain 
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h? — 1 = .96h? 
or 

04h? = 1 
or 

h? = 25 

Taking positive square roots gives h = 5. Thus, the probability is at least .96 that 

X falls between 

100 — 5a and 100+ So 

Since a0 = 2, we obtain 

k = So = 10 

Therefore, 96% of the values fall between 90 and 110. & 

Again, observe that Chebyshev’s theorem applies to all random variables for 

which the mean and variance are known. Since the theorem has such broad appli- 

cability, it is natural to expect that for some random variables the estimate 

1 — (1/h’) may be rather poor. It is in fact the case that for many random vari- 

ables, the probability is much greater than 1 — (1/h”) of obtaining a value within 

h o-units of the mean. For this reason, statisticians usually regard the estimate 

1 — (1/h’) as very conservative. 

~ LIGHT BULB LIFE A certain high-quality commercial light bulb has an expected 

lifetime of 4 = 750 hours with a variance ao” = 100. 

(a) Estimate the probability that one of these light bulbs will live between 735 

and 765 hours. 

(b) If 20,000 of these bulbs are installed in city streetlights, how many bulbs do 

you estimate would need replacement between 735 and 765 hours of use? 

Solution (a) As shown in Figure 3, the time interval from 735 to 765 hours ex- 

tends 15 units to the left of the mean « = 750 and 15 units to the right of the 

mean. Thus, we are interested in finding the probability that the lifetime is within 

15 units of the mean. To apply Chebyshev’s theorem, we must express 15 in terms 

of a-units. Since uw? = 100, we have a = V 100 = 10, so 15 units is 

15 iS Bb 

FIGURE 3 t 
735 750 765 

pony Me goo ba ea 
Oe LOZ 

By Chebyshev’s theorem the probability that the lifetime is within h = 3 g-units 

of the mean is at least 

is Line 1 : 
PLR MEY ICL 
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Solution (b) From (a) the probability is at least 3 that one of the bulbs will burn 

out between 735 and 765 hours; therefore, we would expect at least 

(3) 20.000 = 11,111 bulbs 

to need replacement during the given time interval. # 

a ————$—$—$—_——— 

@ EXERCISE SET 8.4 

. Let X be a random variable with mean x = 0 and vari- 

ance oy = 16. In each part express the distance between 
a and py in terms of o-units. 

(a) a=4 (b) a=8 

(dq) a=-tIl 

(c) a=6 

Let X be a random variable with mean xy = 5 and vari- 

ance o% = 4. In each part express the distance between @ 
and mu in terms of o-units. 

(a) a=7 (ob) a=11 

(dq) a=0 

(c) a=2 

Let X be a random variable with mean xx = 10 and vari- 

ance ox = 9. In each part the distance between a point a 
and the mean py is expressed in terms of o-units. Find 

the value of a, where: 

(a) a is 2 c-units to the right of px 
(b) a is 3.5 o-units to the left of ux 
(c) a is 4.7 o-units to the right of py 

(d) ais 0.3 o-units to the left of ux 

Let X be a random variable with mean zy = 0 and vari- 
ance oy = 4. Use Chebyshev’s theorem to estimate the 
probability that X takes on a value within: 

(a) 1 unit of the mean 

(b) 2 units of the mean 

(c) 3 units of the mean 

Let X be a random variable with mean py = 12 and vari- 

ance oy = 9. Use Chebyshev’s theorem to estimate the 
probability that: 

(a) X takes on a value between 9 and 15 

(b) X takes on a value between 11 and 13 

(c) X takes on a value between 0 and 24 

Let X be a random variable with mean wy = 10 and vari- 

ance ox = 4. If we are going to observe many X values 
and if we want to state that at least 90% of the observed 

values are likely to fall between 10 — & and 10 + &, what 

10. 

11. 

value should we take for &? Use Chebyshev's theorem to 

obtain the answer. 

A camera used in a Weather satellite has an expected hit- 
time of z = 900 days with a variance of a7 = 81. Use 
Chebyshev’s theorem to estimate the probability that this 

camera will live between 870 and 930 days. 

Heavy-duty resistors have an expected lifetime of 3 years 

with a variance of 0.16. 
(a) If 3000 such resistors are installed, how many do 

you-estimate will last between 3 and 7 years? 

(b) If 3000 such resistors are installed, how many do 
you estimate will last between 2 and § years? 

« When a raw, 10-carat diamond is cut and polished, the 

finished diamond has an expected weight of 6.3 carats 

with a variance of .04. Estimate the probability that 2 

raw, 10-carat diamond will yield a finished diamond with 

a weight between 5.5 and 7.1 carats. 

A manufacturer of an automatic device for filling botties 

with 16 ounces of soda claims that its machine will all 

bottles to a mean of 16 ounces of soda with a variance of 

0.04. If a bottling plant wants a device that will fill bet 

tles to between 15.5 and 16.5 ounces at east 70% of the 

time, will this device meet its needs? Assume the mane- 

facturer’s claims are correct and base your conclusion an 
Chebyshev’s inequality. 

Consider the automatic device described in Exercise 10. 

For what value of & can the manuf&cturer claim that his 

machine will fill bottles to between 16 — £ and 16+ 2% 

ounces at least 90% of the time? 

Let X be a random variable whose probability function is 
described by 

3 

Rg 
S 
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(a) Find px. 13. A manufacturer of printed circuits produces an average of 

(b) Find ox. 1 defective circuit out of 300. It promises a customer to 
(c) Use Chebyshev’s inequality to estimate the probabil- take back a shipment of 3000 boards and to pay a penalty 

ityPQ=xX =4). of $700 if there are more than x defective boards in the 
(d) Find the exact value of P(2 = X < 4). lot. What should x be so that the manufacturer can be 

(e) Are the results obtained in (c) and (d) contradictory? 90% sure that it will not have to take back the shipment 

8.5 BINOMIAL RANDOM 

and pay the penalty? Assume wu = 10 and o” = 10. 

In the previous section we saw how Chebyshev’s theorem could be used to esti- 

VARIABLES mate certain probabilities when the mean and variance of a random variable were 
known. In cases where it is possible to find the probability function for the random 

variable, probabilities can, in theory, be computed exactly so that approximations 

often become unnecessary. In this section we discuss an important class of prob- 

lems where probability functions are readily obtainable. 

In many experiments we are primarily interested in whether a certain result 

does or does not occur. For example, does a tossed coin show a head or not, does 

an individual innoculated with a flu vaccine contract flu or not, is an item selected 

from the output of a production process defective or not, is a newborn child a girl 

or not. 
Experiments for which there are only two possible outcomes are called 

Bernoulli* experiments or sometimes Bernoulli trials. It is traditional in statisti- 

cal work to arbitrarily label one of the outcomes success and the other failure. For 

example, if we toss a coin we might call a head a success and a tail a failure. The 

selection of the outcome to be labeled success is completely arbitrary and need not 

connote a successful outcome in everyday life. For example, an investigator study- 

ing the effect of a new drug for the prevention of malignant tumors in rats may 

possibly choose to call the appearance of a tumor a “success” even though one 

would not ordinarily think of this outcome as successful. 

Experiments with more than two outcomes can, if desired, be viewed as 

Bernoulli experiments by grouping the outcomes into two categories. For exam- 

ple, if we toss a die, there are six possible outcomes: 

1 24 3 4 5 6 

However, if we call the outcome 3 a success and call the outcomes 1, 2, 4, 5, and 

6 failures, then we can view this as a Bernoulli experiment with only two out- 

comes, success and failure. 

In a Bernoulli experiment, we use p = P(s) for the probability of a success 

and q = P(f) for-the probability of a failure. Since success and failure are the 

* Jakob Bernoulli (1654-1705) was one of a family of distinguished Swiss mathematicians. He was 

born in Basel, Switzerland, and studied theology at the insistence of his father. Later, he refused a 

church appointment and began lecturing on experimental physics at the University of Basel. His work 

included studies in astronomy, the motion of comets, and applications of (the newly invented) calculus. 
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only two outcomes, we must have 

| ess oes | 
or equivalently 

diz kip 

4 Toss a fair die and let success = 3 and failure = 1, 2, 4, 5, or 6. Then, 

= M and = 3 y 4 
Pv a 

Many experiments consist of a sequence of Bernoulli trials. For example, a 

single toss of a coin is a Bernoulli trial and an experiment consisting of five tosses 

of a coin is a sequence of five Bernoulli trials. Examine the following problem: 

Problem If a Bernoulli experiment is repeated n times, what is the probability of 

obtaining exactly x successes in the n repetitions? 

This problem is most easily solved when we assume that the trials are inde- 

pendent. Physically, this means we are assuming that the occurrence of a success s 

or failure f in one trial has no effect on the chances of success or failure in any 

other trial. Mathematically, independence allows us to multiply probabilities. For 

example, if we have three independent repetitions of a Bernoulli experiment, 

where the probability of success on each trial is p, then the probability of the out- 

come ey 

denoted P (ssf), would be 

P(ssf) = P(s)P(s)P(f) = ppg = pq 
and the probability of the outcome fff would be 

P( fff) = P(f)P(f)P(f) = aqq = @° 
Suppose now, we want the probability of obtaining exactly two successes in the 
three trials (see the tree diagram in Figure 1; the paths indicating these cases are 
in color). Let the random variable X equal the number of successes in three trials. 

Trial 1 Trial 2 Trial 3 

°s P(sss) =p*p*p=p? 

f — -P(ssf) = p* pq = p’q 

os P(ss) =p°q°p=pq 

of P(sff)=p°q*q =p 

5 P(fss)=q°p*p = pq 
ef PS) =4a*p*q = pq 

“3% PUs) = 9" q"p = pq? 

sditye Co 9 Ads eee 

START 

P 

q 

P 
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EXAMPLE 3 
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From Figure 1, 
sania P(X = 0) = q3 P(X = 2) = 3p’q 

P(X = 1) =3pq?_s P(X = 3) = p? 

Therefore, the probability of exactly two successes in three trials is 

P(X = 2) = 3p’q 

The following examples further illustrate this idea. 

(1) 

A fair die is tossed three times. What is the probability of obtaining exactly two 4s 
in the three tosses? 

Solution On each toss of the die, let success indicate that a 4 is tossed and fail- 

ure that a 4 is not tossed. Thus, 

p = probability of success = 

- q = probability of failure = 
HDAIn Qle 

Since the tosses are independent, we may use the results of (1) where the random 

variable X is the number of successes in three trials. Thus, 

1 3 15. ee) 
P(exactly two 4s) = P(X = 2) = 3p’q = a(2 -=——=- 

G BG Fe 

In the die-tossing experiment of the previous example, find the probability of ob- 

taining no 4s, obtaining exactly one 4, and obtaining three 4s. 

Solution Assuming independent tosses and again letting the random variable 

X = the number of successes in three trials, 

Se 5 
= = =i | = Pi(nor4s)s= P= O)arg (2) 216 

PENS it IS p25 
== = = ais = ee, aS a a P(exactly one 4) = P(X = 1) = 3pq* = 3 (: (2) 2165 are 

Pithice’4s)"= P(x ="3) = = (2) = ee 4s P 6 216 

The problem described in Example 3 is easily solved with the aid of the tree dia- 

gram of Figure 1, and (1) can be used to determine the probability of X successes 

in three independent trials for any problem with three independent Bernoulli 

trials. If there are more than three trials, then the tree diagram can be extended. 

However, the tree becomes unwieldy, so we must explore another method of ob- 

taining the above results. 
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Note that to obtain exactly two successes in three trials we have the cases SSy, 

sfs, and fss. In other words, there are three cases with exactly two successes out of 

the three trials, or three different ways of choosing two places out of three for the 

successes to occur. For each arrangement, the probability of its occurrence is Pq. 

By the counting methods of Chapter 6, there are C3,. ways of making such a 

choice. Consequently, 

3! 
P(X = 2) = Cs2p’q = —— p’q = 3p"q 2"! 

Similarly, 

3 a 3 3 3 P(X = 0) = Csoq =r lq" =4q 

22 a} 2 2 

PX = 1) = Gapq° = TP? = 3 pq 

3 3! 3 3 3) 
POC 3)c="C35p Soi ip tp 

This method generalizes to cases when the number of trials is larger. 

4 Assuming the probability of success in a single trial of a Bernoulli experiment is 

p, find the probability of exactly four successes in 10 independent repetitions of 

this experiment. 

Solution One way of obtaining exactly four successes is 

ssssffffff 
Another way is 

. ssffstsfff 
and still another way is 

Sffssfffss 

Observe that each of these results is an arrangement of 45’s and 6 f’s. Obviously, 

the number of different ways to obtain four successes is just the number of differ- 

ent ways to arrange 45’s and 6 f’s. It is evident that any such arrangement is com- 

pletely determined once we specify the four positions where the s’s occur. Thus 

the number of arrangements with 4’s and 6 f’s is just the number of ways of se- 

lecting four positions for the s’s from 10 possibilities. Therefore, the number of 

such arrangements is 
! 

Ci0,4 = a = 210 

Consequently, 

P (exactly 4 successes) = P (ssssffffff) + P (ssffsfsfff) + --- 
ee 

210 terms 
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Since each probability on the right side has value p*g° (why'?), we obtain 

P (exactly 4 successes) = 210p*q® & 

We are now in a position to solve the following general problem. 

Problem If the probability of success in a certain Bernoulli experiment is p, 

what is the probability of obtaining exactly x successes in n independent repeti- 

tions of the experiment? : 

One way of obtaining exactly x successes in the n repetitions is to have the x 

successes immediately followed by (n — x) failures, that is, 

sss: ++ Sfff---f (2) 

x successes (n— x) failures 

The other ways of obtaining x successes can be obtained by rearranging these x s’s 

and (n — x)f’s. As illustrated in Example 4 there are C,,x different arrangements 

of these letters. Since each of these arrangements has x s’s and (n — x) f’s, the 

probability of each arrangement is 

pq” 

for example, 

Pgs gs Sips J) = P(s)P(P(s)e Ps) POPES) -caam a) 
ee, as se ee lh 

x successes (n — x) failures x factors (n — x) factors. 

Tepe ee Gd ie”. 

x factors (n — x) factors 

= pq" 

Thus: 

Find the probability of obtaining exactly four successes in 10 independent repeti- 

tions of a Bernoulli experiment if the probability of success on each trial is .6. 

Solution Applying Formula (3) with 

n= 10 p= 6 q= 4 x=4 

we obtain 
P (exactly 4 successes) = C10,4(.6)*(.4)° 

= 10! 4 6 eG (.6)*(.4) 

ie 
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Step 1 

Step 2 

Step 3 

_ EXAMPLE 7 

An experiment that consists of n independent repetitions of a Bernoulli exper- 

iment is called a binomial experiment. If the random variable X denotes the 

number of successes in a binomial experiment, then X is called a binomial ran- 

dom variable. 

As evidenced by Example 5, it can be a tedious job to compute the probabili- 

ties of a binomial random variable. In applications where many binomial probabil- 

ities must be computed, computers are usually used. However, in problems where 

only a few binomial probabilities are needed, the cost of using a computer is usu- 

ally unwarranted, so statisticians often resort to ready-made tables. 

In Table C.2 in Appendix C we list the binomial probabilities, accurate to 

three decimal places, for certain values of n and p. These tables are somewhat in- 

complete, so in practical problems you may have to consult more extensive 

tables.* To illustrate how these tables are used, we use them to solve the problem 

in Example 6. 

Use Appendix Table C.2 to find the probability of obtaining four successes in 10 

independent repetitions of a Bernoulli experiment if the probability of success on 

each trial is .6. 

Solution The answer can be found as follows: 

Find the section of the table for which n = 10 (see Table 1). 

TABLE 1 

246 201.10 

Locate the column labeled p = .60. 

Look down the column to the block in the row labeled x = 4. We obtain the num- 

ber .111, which is the probability we want. 4 

Toss a fair coin 12 times. Find the probability of obtaining at least 9 heads in the 
12 tosses. 

Solution If X denotes the number of heads in the 12 tosses, then we are inter- 
ested in the probability that X = 9 or equivalently the probability that X has one 

“ National Bureau of Standards, Tables of the Binomial Probability Distribution, Applied Mathematics 
Series, 6 (1950) (n = 1 to n = 49). Harry G. Romig. Binomial Tables (New York: Wiley, 1953) 
(n = 50 ton = 100). 
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of the values 9, 10, 11, or 12. The probability of a head on each toss is .5. From 
Appendix Table C.2 we obtain 

P(X = 9) = P(X = 9) + P(X = 10) + P(X = 11) + P(X = 12) 

Bee ONG. ce SOLO est .003 uy .000 
= ..073. 

The following are a number of examples that illustrate how binomial random 

variables may arise in practical problems. In each of these examples, we assume 
that the trials are independent. 

_ RADIOACTIVE DECAY Physical evidence shows that the probability a given type 
of atom will split in a 24-hour period is 1/10%. In a sample containing 10° of 
these atoms, the number X of atoms that will split in a 24-hour period is a bino- 
mial random variable. 

To see this, imagine that each atom in turn is observed for a 24-hour period 

and let success indicate that the atom splits. Thus, X represents the number of 

successes in 10°° repetitions of a Bernoulli experiment, where the probability of 

success on each trial is 1/107. 4 

) GENETIC MUTATIONS A generation of 2500 fruit fly larvae is subjected to radia- 
tion to induce mutations. Genetic evidence suggests that the probability of a muta- 

tion under the given conditions is .001. The number X of mutations is a binomial 
random variable. 

To see this, imagine that each larva in turn is observed for evidence of muta- 

tion and let success denote that a mutation occurs. Thus, X is the number of suc- 

cesses in 2500 repetitions of a Bernoulli experiment, where the probability of suc- 

cess on each trial is 001. & 

) DIVORCE PROCEEDINGS In a certain state, “mental cruelty” is the legal reason 
given in 4 of 5 divorce proceedings. If 25 divorce cases are selected at random, 

then the number X of cases based on mental cruelty is a binomial random variable. 

To see this, imagine that each case in turn is observed and let success indicate 

that the legal reason for the divorce is mental cruelty. Thus, X is the number of 

successes in 25 repetitions of a Bernoulli experiment, where the probability of 

success on each trial is 4/5 = .8. & 

These examples, diverse as they are, all follow the same basic pattern. In 

each situation we can interpret the problem as a repetition of a simple Bernoulli 

experiment. It is important to keep in mind, however, that in order to have a bi- 

nomial experiment the trials must be independent. In each of the examples above, 

we assumed the trials were independent. In many physical problems, however, the 

assumption of independence is unwarranted. For example, suppose medical 

records show that 40% of all U.S. citizens will contract German measles by age 

25. What is the probability that in a group of 6 people more than 25 years old, 

exactly 2 have contracted German measles at some time before their twenty-fifth 
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birthday? If we let success indicate that an individual has contracted German 

measles and let X be the number of successes in the group of 6, then we might 

argue that we have six repetitions of a Bernoulli experiment, where the probability 

of success on each trial is .4. If we assume that the trials are independent, then X 

is a binomial random variable, and from Appendix Table C.2, the probability of 

exactly 2 people of the 6 having contracted German measles is 

P(X = 2) = 311 

However, let us examine the independence assumption. Suppose the 6 people 

selected are brothers who live in the same house. Since German measles is conta- 

gious, it is evident that if one brother contracts the disease, then the chances that 

some of the other brothers will also contract it are greatly increased over the na- 

tional probability of .4. Thus success or failure on one trial affects the chances for 

success on the other trials, so the assumption of independence is unwarranted. If, 

on the other hand, the 6 people selected are not from the same family, then the 

independence assumption would be warranted if we knew that the 6 people had no 

_ direct contact with one another and had no direct contact through mutual acquain- 

tances who might have carried the disease from one individual to the other. 

If X is a binomial random variable, then X can be interpreted as the number 

of successes in n independent repetitions of a Bernoulli experiment with success 

probability p. Since X is a random variable, we can ask for its expected value uw 

and its variance a”. Although we omit the mathematical details, the following re- 
sult can be proved. 

_ If X is a binomial random variable with n = 48 and p = }, then 

pw = E(X) = np = +8(1) = 12 

a” = Var(X) = npg = +8(1) (2) =9 & 
4/]\4 

EXAMPLE 4 OF SECTION 8.2 AND EXAMPLE 6 OF SECTION 8.3 REVISITED Let 
the random variable X denote the number of defective resistors in a sample of two 
resistors selected independently from a production process in which 5% of all re- 
sistors produced are defective. Since the resistors are selected independently, we 
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can interpret X as the number of successes (defectives) in 2 independent repeti- 

tions of a Bernoulli experiment with success probability p = .05. By Equation 

(4), we = E(X) = np = 20.05) = 0.10 

which agrees with the solution to Example 4 in Section 8.2. The variance of X, by 

Equation (5), is 

Var(X) npq 
2(0.05)(0.95) 

= 0.095 

which agrees with the result obtained in the solution of Example 6 in Section 8.3. 

4 EXERCISE SET 8.5 
7X 

1. 

2. 

3. 

com 

53 

6. 

Assume there are four independent repetitions of a 

Bernoulli experiment with success probability p = 4. Use 

Formula (3) to find the probability of 

(a) no successes in the four repetitions 

(b) exactly one success 

(c) exactly two successes 

(d) exactly three successes 

(e) exactly four successes 

(f) at most three successes 

(g) at least two successes 

Use Appendix Table C.2 to check your work in Exer- 

cise 1. 

Let X be the number of successes in 12 independent repe- 

titions of a Bernoulli experiment with success probability 

p = .6. Find 
(a) P(X=4) () P(®=1)) 
(c) P(X=0) (d) P(X = 10) 
(cl, P= 5) (8) PPX S11) 

In each part, assume X is a binomial random variable with 

the given values of n and p. Use Appendix Table C.2 to 

find the requested probability. 

(a) n= 3, p = .5; find P(X = 2) 

(b) n= 8, p = .8; find P(X = 6) 
(c) n= 11, p = .2;-find P(X =5) 

(d) n=9, p = .4; find P(X > 6) 

Let X be a binomial random variable with n = 7 and 

p = .4. Graph the probability function for X. 

A certain system for betting on horses produces winners 

40% of the time. What is the probability the system pro- 

duces exactly 3 winners out of 8 on a race day? 

(~ 
\ / 
\ 

\2. 

yA 

7. On a large boulevard, 10 traffic lights operate indepen- 

10. . 

11. 

13. 

~ 

dently. Each light is red for 1 minute and green for 4 min- 

utes. 

(a) What is the probability a car traveling on the boule- 

vard will not meet any red lights? 

What is the probability that the car will meet at least 

1 red light? 

What is the probability the car will meet exactly 3 

red lights? 

(b) 

(c) 

Assuming the probability of a male birth is 5, find the 

probability that among 12 births at Columbia Presbyte- 

rian Hospital, more than half will be females. 

For the Bernoulli experiment in Exercise 1, what is the 

mean and variance? 

Find the mean and variance for a Bernoulli experiment 

with n = 3 and p = .8. 

A package of crimson giant radish seeds states that the 

probability of germination for each seed is .9. Suppose 10 

such seeds are planted. ; 

(a) What is the probability that all 10 seeds germinate? 

(b) What is the probability that 8 or more seeds germi- 

nate? 

What is the probability that 5 or fewer germinate? 

Find the mean and variance. 
() 
(d) 

A fair die is tossed four times. 

(a) What is the probability of obtaining exactly two 5s 

in the four tosses? 

(b) What is the mean and variance? 

Suppose that in a lunar rocket flight, each midcourse- 

correction thruster has a probability of .7 of working and 
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14. 

that the rocket has 4 thrusters that work independently. If 

the rocket can carry out its correction when at least 2 of 

the thrusters are working, what is the probability that the 

correction can be made? What is the probability if the 

rocket has 6 thrusters? 

Assume 70% of the voting population supports the Presi- 

dent’s foreign policy. If 10 people are selected at random 

and asked for an opinion, what is the probability that the 

majority will indicate that they oppose the President’s 

~_\foreign policy? 

15. Which has a better chance of occurring: tossing 5 heads in 

\__/a row with a fair coin or obtaining 8 heads out of 10 

16. 

tosses with a fair coin? 

Suppose that 5% of all items coming off a production line 

are defective. Assume the manufacturer packages the 

items in boxes of 6 and guarantees “double your money 

back” if more than 2 items in a box are defective. On 

8.6 THE NORMAL 
APPROXIMATION TO 

THE BINOMIAL 

17. 

18. 

P(X = 9) 

what percentage of the boxes will the manufacturer have 

to pay double money back? 

A manufacturer of polygraphs (lie detectors) claims that 

the machine can correctly distinguish between the truth 

and a lie 90% of the time. The machine is to be tested on 

a series of 10 questions. If it correctly identifies at least 8 

of the 10 questions as a truth or a lie, the machine will be 

purchased by the Rambler City Police Department, other- 

wise it will be rejected. 

(a) What is the probability that the machine will be pur- 

chased if it is absolutely worthless (i.e., its probabil- 

ity of producing a correct result is 3)? 

(b) What is the probability that the machine will be re- 

jected even if,it can perform as the manufacturer 

claims? 

Let X be a binomial random variable with n = 2 and suc- 

cess probability p. Determine the mean and variance of 
X. 

In Example 7 of Section 8.5 we consider the binomial experiment of tossing a fair 

coin 12 times. We find that if the random variable X equals the number of heads in 
the 12 tosses of the coin, then 

-eofi() 
= .054 (by Appendix Table C.2) 

If, however, we consider tossing the coin 1000 times and are interested in the 

probability of getting exactly 499 heads in the 1000 tosses, then 

1 499 1 501 

POG = 400) Cun 0( 3] (3) 
2 4 

In this case, the table would not help since n is too large. To handle such prob- 
lems, statisticians have found methods for approximating binomial probabilities. 
In this section, we discuss one such method. 

To motivate our discussion, we first consider some examples. 

“Consider an experiment that consists of three independent repetitions of a 
Bernoulli experiment with success probability p = + = .2. Substituting n = 3 and 
p = into Formula (3) of Section 8.5, we see that the probability of getting x 
successes in the thrée repetitions is given by 

a xf 1 x 4 35x rane cn(th( 
From this formula or from Appendix Table C.2, we obtain 



8.6 The Normal Approximation to the Binomial 4” 335 

64 48 P(X =0)=—=. =])=——= ( Peete. ahhic Tg. 

POG = 2) =x 006 PO 2 3) = E4008 5-0, Silk’ a 225ue a fe 
As discussed in Section 8.1, these results can be described geometrically by 

considering the histogram of the random variable X (see Figure 1). 

FIGURE 1 

Note that P(X = 0) is the area of the rectangular shaded region centered 
about x = 0. Thus, 

64 64 
P(X =0) =1(|—] = = 
( ) (S) 125 

Similarly, P(X = 1), P(X = 2), and P(X = 3) are equal, respectively, to the 

areas of the rectangular shaded regions centered about x = 1, x = 2, and x = 3. 

Also, the total area of the histogram rectangles is 

P(X = 0) + P(X = 1) + P(X = 2) + P(X = 3) 

(is) * is) * Cis) * Gs) - = 1{——) + 1(—=) + 1(—=} + 1{—} = 1 
125 125 125 125 

and P(X <2) is the sum of the areas of the rectangles centered about x = 0, 

x = 1,’and x = 2. Histograms are extremely important because they can be used 

to describe probabilities geometrically as areas. 

= .512 

~ Let us now see what happens to the histogram of a binomial random variable as n, 

the number of repetitions, becomes larger and larger. To illustrate, we have con- 

structed in Figure 2 three histograms for binomial random variables. In these his- 

tograms the number of repetitions increases from n = 5 ton = 25 with the proba- 
bility of success in each case fixed at p = § = .2. 

FIGURE 2 

012345678910 

© 
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Normal Curves and the 
Normal Distribution 

FIGURE 3 

(a) (b) 

The histograms in Figure 2 suggest that as n increases, the area occupied by 

the rectangles in the histogram (Figure 3a) begins to look more and more like the 

area under a bell-shaped curve (Figure 3b). 47 

Curves of this shape are called normal or Gaussian curves. We now discuss 

these curves and their properties and see how we can use them to approximate bi- 

nomial probabilities. 

The normal curve represents a probability distribution called the normal, Gaus- 

sian, or, more familiarly, the bell-shaped distribution. This distribution is impor- 

tant not only because it represents many important applications, but also because 

it can be used to approximate many important discrete distributions, such as the 

binomial distribution (for large values of n). Individual weight variations, for ex- 

ample, tend to be approximately normally distributed, as are SAT scores for high 

school students. College students often want to know whether or not grades in a 

class are “curved.” In other words, does the professor assume that the grades are 
normally distributed? 

Some important properties of the normal curve include: 

1. The equation of the bell-shaped curve is 
lf x—p r ee 

ee 
V2T7 

where p is the mean, a” is the variance, and o is the standard deviation of 

this distribution. Here aw and e are constants with w = 3.14159 and 

€ = 2.71828. (See Appendix A.5 for a practical way to compute y for given 
values of x.) 

2. A normal curve never touches the x-axis, although it comes very close to it; 
the curve is symmetrical about a vertical line through its highest point. This 
vertical line has equation x = 1, where pw is the mean of the normal distribu- 
tion (Figure 4). 

Inflection Inflection 

point point 

FIGURE 4 
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3. If we travel along a normal curve away from the center, we pass through 
points where the curvature changes from the downward direction to the up- 
ward direction; these are called inflection points for the curve (Figure 4a). 
Note that between the inflection points, the curve looks like an upside-down 
bowl; to the left or right of the inflection points, the curve looks like part of a 
right-side-up bowl. The inflection points occur at the points x = w — o and 
x = w+, where a is the standard deviation of the normal distribution 
(Figure 4b). 

4. The area between the normal curve and the x-axis equals 1. 

5. If X is a normal random variable, then 

(a) P(X S a) is the area under the normal curve to the left of x = a (Figure 
5a). Also, 

P(X <a) = P(X <a) 

since for continuous distributions P(X = a) = 0. 

(b) Pi SX S x) = P(x < X S x) is the area under the normal curve 

between x = x, and x = x2 (Figure 5b). 

FIGURE 5 

(a) (b) 

We now consider a normal random variable X with mean mw and standard devi- 

ation 0. We want to determine P(x; = X < x), which is the area under the nor- 

mal curve between x = x; and x = x2 (Figure 5b). 

To determine this area, table values, obtained by methods of calculus, must 

be used (see Appendix Table C.1). Notice that the shape of a normal curve is de- 

termined by the values of wz and o. The value of uz determines the center, and the 

value of o determines how flat the curve is. To illustrate, we superimposed three 

normal curves in Figure 6, each with w = 0. As shown in this figure, the larger 

the value of o, the flatter the curve. The normal curve with w = 0 and o = 1 is 

of particular importance; it is called the standard normal curve. 

FIGURE 6 
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FIGURE 7 

Notice, too, that the areas under these curves between x; and x2 are not equal 

(Figure 6). Therefore, it seems that we need different tables of areas for different 

w and a. Fortunately, this is not the case. By using a technique that we now de- 

scribe, you can always work with tables of areas under the standard normal curve. 

This technique is based on the following result, which we state without proof. 

(b) © 

In other words, Z is the standard normal random variable that corresponds to 
the normal random variable X, and 

If z = (x — w)/o, then P(X = x) = P(Z Sz). Therefore, if we are given a 

normal curve with mw = 3200 and o = 40 and if we want to determine 
P(X S 3240), we let x = 3240: 

x — mw _ 3240 — 3200 | 

o 40 

so P(X < 3240) = P(Z <1). 
We illustrate our method of determining P(X = x) by considering the follow- 

ing example. 

Z= 1 



8.6 The Normal Approximation to the Binomial 4” 339 

EXAMPLE 3 For a normal curve with w = 3200 and o = 40, find P(X S 3286), which is the 

area under the normal curve to the left of X = 3286. 

Solution 

Method to Determine P(X <= x) 

1. Transform x to z: 1. x = 3286 

3286. — 3200 86 
19 iter i Se cen ene a | | oe Mw Z 40 40 2415 

o 

In Appendix Table C.1, the z values (to one decimal place) are listed in the left- 

most column. The numbers in the second decimal position of the z values are 
listed in the top row. P(Z = z) is in the corresponding row and column inter- 
section. 

2. Find the z value in Appendix 2. 

Table C.1. 

3. Pix =x) = PZ = 2) 3. P(X = 3286) = P(Z = 2:15) 

= value in this table = 9842 

EXAMPLE 4 s‘ For a normal curve with w = 2500 and o = 25, find 

(a) P(X Ss 2560) (b) P(X > 2560) 

Solution (a) The z value corresponding to x = 2560 is 

pet OU a pe ag OU ay 

Co 25 25 

From Appendix Table C.1, 

P(Z s 2.40) = .9918 

Therefore, P(X =< 2560) = .9918. 

Solution (b) Since P(X > 2560) = 1 — P(X S 2560), 

P(X > 2560) = 1 — .9918 = .0082 & 

EXAMPLES (a) For the normal curve with w = 3200 and o = 40, find the area between the 

points 3260 and 3270. 

(b) For this normal distribution determine P (3260 = X = 3270). 
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FIGURE 8 

Solution (a) The area between x; = 3260 and x2. = 3270 can be obtained by 

subtracting the area to the left of x; from the area to the left of x2 (Figure 8). The 

area to the left of x; is the area under the standard normal curve to the left of 

x1 — @ _ 3260 — 3200 _ 

o 40 
1:5 74s) 

which from Appendix Table C.1 is approximately .9332. Similarly, the area to the 

left of x. is the area under the standard normal curve to the left of 

x27 3270 — 3200 

C 40 
= 1.75 4p SI 

which from Appendix Table C.1 is approximately .9599. 

| | Pee 

[oe 
Bb x} x2 

3200 3260 3270 

(a) (b) ©) 

Thus, the area between x, and x2 is approximately .9599 — .9332 = .0267. 

Solution (b) P(3260 S$ X S 3270) = .0267 from part (a). & 

- (a) For the normal curve with 1 = 3200 and a = 40, find the area to the left of 
the point 3120 (Figure 9). 

FIGURE 9 

| 
| 
| 
| 

in 

3120 3200 

(b) For this normal distribution determine P(X < 3120). 

Solution (a) The area to the left of x = 3120 is the area to the left of 

4 2 aw) 31202008 
o 40 a 

under the standard normal curve. From Appendix Table C.1, the area to the left of 
z = —2 is approximately .0028. 

Solution (b) P(X < 3120) = P(Z < —2) = .0028 from part (a). 4” 
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Remark For the standard normal curve note that the z values of Appendix Table 
C.1 are between —3.49 and 3.49. For z values greater than 3.49, the area to the 
left of these values is so close to 1 that it is assumed equal to 1. Therefore, 
P(Z = 3.5) = 1, P(Z S 4.3) = 1; and for z values less than —3.49, the area to 
the left of these values is so close to 0 that it is assumed equal to 0. Thus, 

P(Z<-3.5)=0 and P(Z <-5.5)=0 

Given the normal distribution with 4 = 3200 and a = 40, determine 

(a) P(X S 3300) (b) P(3000 = X S 3300) 

Solution (a) Since P(X < 3300) = area to the left of x = 3300, 

(i) convert x to z by 

x—p _ 3300-3200 100 __ 
a 40 A gee 

P(Z = 2.50) = area to the left of z = 2.50 

.9938 (Appendix Table C.1 value at z = 2.5) 

N 

(ii) P(X S 3300) 
Rol 

Solution (b) Since P(3250 = X S 3300) = area between x; = 3250 and 
Ke 3300, 

(i) convert x; to z: by 

x — p _ 3250 — 3200 50 __ 
o 40 40 

Zi 

(ii) convert x2 to z2 by 

t= f. 3300 — 3200" 100 _ 

o 40 ~ 40 Zo) 

(iii) P(3250 = X < 3300) = P(1.25 S Z S 2.50) 
Appendix Table C.1 value at z = 2.50 

— Appendix Table C.1 value at z = 1.25 

= .9938 — .8944 = 0994 a& 

Lo 

In the above examples the values of w and o are given. In general, these val- 

ues must be determined. How they are determined depends on the use of the nor- 

mal distribution curve. If it is used to approximate another distribution, as, for ex- 

ample, the binomial distribution (see Example 8 below), then mw and a are the 
values of the mean and standard deviation of the particular binomial distribution. * 

In other cases o and yu might be estimated statistically. We explore these cases fur- 

ther in Section 8.7. 

*There are many common distributions other than the binomial and normal that also have a mean and 
variance. A reference is Applied Statistics by Neber, Wasserman, and Whitmore (Boston: Allyn and 

Bacon, 1978). 
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Approximating Binomial The next two examples illustrate the basic computational techniques for approxi- 
Probabilities mating binomial probabilities by areas under normal curves, The method we use is 

as follows: 

Method of Approximating Binomial Probabilities by Normal Probabilities 

We refer to the binomial random variable as Y, where Y denotes the number of 

successes in n independent Bernoulli trials. Our objective is to determine 

P(y, = Y S yz). Note that Y is nonnegative. 

We refer to the normal random variable, which we use to approximate the 

binomial random variable, as X. The random variable X has mean wp and stan- 

dard deviation o equal to the mean and standard deviation of the binomial ran- 

dom variable it is approximating. From Equations (4) and (5) of Section 8.5, 

jw =np and o = Vnpq 

The probability P(yi = Y S yz) is the area of the histogram of Y between 

y1 — 3 and y2 + 3, since the histogram rectangles are centered about integer 

values (Figure 10). Therefore, we approximate the area of the histogram be- 

tween x; = y; — 3 and x. = y, + § by the area under the normal curve be- 
tween x; = y; — 3 and x = y> +4. Thus, 

POS Y = yp] PO =X = a) 

Step 1 Convert the normal random variable X to the standard normal random 
variable Z: 

xX pp X= 1p 

e V Npq 

Proceed, as in the previous examples, to determine 

Piz, =Z =m) = Poy = Xx =) = PY =Y = 73) 

h “6 yo 
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B. —- Use a normal curve to estimate the probability that in 324 tosses of a fair coin, the 
number of heads is between 171 and 180, inclusive. 

Solution If Y denotes the number of heads in 324 tosses, then Y is a binomial 
random variable with n = 324 and p = 5. We want to estimate 

P(171 < Y S 180) 

This probability is the area between 170.5 and 180.5 in the histogram of Y (Figure 
11). 

FIGURE 11 

ma 17241744176 178)180"S 
ALS) Sy WIS) 

170.5 180.5 

This is approximately the area between 

4, = 170.5 and x = 180.5 

under the normal curve with yz and o determined by Equations (4) and (5) of Sec- 

tion 8.5. We are using the normal distribution to approximate a binomial distribu- 

tion with 

w= np= a24)(3) = 162 

o = Vanpq = ye29(5)(4) =16 

Proceeding as in Example 7, P(170.5 = X S 180.5) is the area between 

x, = 170.5 and x2 = 180.5 under the normal curve with w = 162 and o = 9. 

Converting to standard normal z values, 

2 tO Se 162 _ 

o 9 ne 

and 

94 7h > 

and 

Kot fe 180-5.> 162 

o 9 

From Appendix Table C.1, the area between z, and 22 is 

P(.94 = Z S 2.06) = .9803 — .8264 = .1539 

12.00 1hg) a 
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Thus, 

P(171 SY S 180) = P(.94 Ss Z S 2.06) = .1539 

(where Y is the binomial random variable defined above). 4” 

Use a normal curve to estimate the probability that in 150 independent Bernoulli 

trials with success probability..4, we observe 70 or fewer successes. 

Solution If Y is the random variable representing the number of successes, then 

Y is a binomial random variable with n = 150 and p = .4. We want to estimate 

P(Y <70)=P0<Y <70) 

This probability is the area between —0.5 and 70.5 in the histogram of Y, which 

is approximately the area between x; = —0.5 and x2 = 70.5 under the normal 

curve with w and o determined from Equations (4) and (5) of Section 8.5. Be- 

cause the normal curve is being used to approximate a binomial distribution with 

n = 150 and p = .4, 

b = np = 150(.4) = 60 

and 

o = Ving = V'150(.4)(.6) = 6 
In terms of the standard normal curve, the desired area is the area between 

Sie ND OOS 
npg 

and 

2 ee Oe 
24 pq A 5 

As in Example 4 the area between z; and z, is the area to the left of z> minus the 
area to the left of z:. But the area to the left of — 10.08 is approximately zero (see 
the remark following Example 6). Therefore, 

PY 70) 05 = X= 7015) 

PCA0 08 =iZ = 1275) 

.9599 — 0 

.9599 

The idea of using a normal curve to estimate probabilities of binomial random 
variables is based on the assumption that n is large enough so that the areas under 
the histogram are approximately the same as the corresponding areas under the 
normal curve. But how large should n be to use this method of approximation? 
The answer to this question depends to some degree on the nature of the problem. 
However, as a rule of thumb, most statisticians only use normal curve approxima- 
tions when npq = 3. Thus, if p = 5, then n can be as small as 12. However, if p 

om 
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is near 0 or 1, larger values of n are required; for example, if p = 7, we would 

need 

1 
\(s) = 3 “or <1 (09) 23 

Thus n would have to be at least as large as 34. 

4 EXERCISE SET 8.6 

1. In each part, draw the histogram for the binomial random - 

variable with the given values of n and p. 

(a)° n= 3,-p =35 (b)~n = 5,p = .2 
() n=5,p=.8 @ n=10,p = 6 

Let X be the random variable whose histogram is shown 

in Figure 12. Determine the following: 

(a) P(X = 2) (b) PU =X <4) 

(cy) “P(X 2.3) (d) “P(e <1) 

p \ 

i 

.300-- 

FIGURE 12 

In each part, find the mean and variance of the binomial 

random variable with the given values of n and p. 

(a) n=3,p=3% (b+) n=5,p=.2 
(c) n= 1000, p =; (d) n= 2500, p = .9 

In each part, let X be the binomial random variable with 

the given values of n and p. Find the center of symmetry 

and the inflection points of the normal curve that approxi- 

mates the histogram for X. 

(a) n= 6400, p = 3 (b) n= 2500, p =3 

(c) n = 1000, p = ; (d) n= 500, p = 6 

ll 

Find the following areas under the standard normal curve 

by using Appendix Table C.1: 

(a) the area to the left of 1.25 

(b) the area to the right of 0.84 

(c) the area between 0.37 and 1.84 

Find the following areas under the standard normal curve: 

(a) the area to the left of —0.72 

(b) the area to the right of —1.80 

(c) the area between —1.31 and —0.38 

(d) the area between —2.81 and 1.47 

In each part, find the value of c that satisfies the. given 

conditions: 

(a) The area to the left of c under the standard normal 

curve is .8749. 

(b) The area to the right of c under the standard normal 

curve is .1423. 

(c) The area to the right of c under the standard normal 

curve is .9726. 

(d) The area to the left of c under the standard normal 

curve is .0078. 

Find the following areas under the normal curve with 

pw = 10 and o = 2: 

(a) the area to the left of 13 

(b) the area to the right of 8 

(c) the area between 11.6 and 13:8 

(d) the area between 5.2 and 15.4 

Use a normal curve to estimate the following binomial 

probabilities: 
(a) P(Y < 10) when Y is a binomial random variable 

with n = 25 and p = 3. 
(b) P(25 = Y S 35) when ¥ is a binomial random vari- 

able with n = 80 and p = .4. 

(c) P(¥ = 155) when Y is binomial random variable 

with n = 200 and p = .75. 
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10. 

11. 

12. 

13. 

14. 

Statistics and Probability 

Use a normal curve to estimate the following binomial Solve Exercises 15-19 using a normal approximation. 

probabilities: 
(a) P(Y <6) when ¥ is a binomial random variable 

with n = 36 and p = 
1 

6 

(b) P(10 = Y S 20) when ¥ is a binomial random vari- 

15. Assuming that a penicillin injection causes an allergic re- 

action in 1 of 10 people, estimate the probability that 

fewer than 470 reactions will occur among 5000 people 

injected with penicillin. 
able with n = 60 and p = .2 

(c) P(Y = 90) when Y is a binomial random variable 16. A bag of 400 dimes is dumped onto a table. Estimate the 

with n = 121 and p = .8 

Find the following areas under the normal curve with 

pw. = 1500 and o” = 3600: 

(a) the area to the right of 1400 

(b) the area to the left of 1375 

(c) the area between 1420 and 1580 (a) n= 100 () n= 500 (c) n= 1000 

Find the following areas under the normal curve with 18. The death rate for yellow fever is five deaths per 1000 

2 = 2000 and ao” = 6400: 

probability that the number of heads is between 175 and 

225, inclusive. 

17.\ Assume 10% of the items coming off a production line 

are defective; estimate the probability that more than 14% 

of the items in a sample of size n will be defective if: 

cases. If 700 individuals contract yellow fever, what is the 

(a) the area to the right of 1600 probability of: 

(b) the area to the left of 1800 (a) exactly 3 deaths (b) more than 3 deaths 

a ee ee 19. Genetic theory predicts that when the right two varieties 

Given a normal distribution with uw = 10 and o = 2, of peas are crossed, the probability of obtaining a smooth 

evaluate: seed is .5. How many seeds must be produced to assure 

(a) P(X S11) (b) , P005,s:X% = 1)) with probability .9 that at least 100 smooth seeds are ob- 

(c) P(X <9) (d) P(9SX S 11.5) | tained? 

Given a normal distribution with mp = 1500 and 

oa” = 3600, evaluate 

(a) P(X S 1600) 

(b) P(1400 < X < 1600) 

8.7 DESCRIPTIVE 
STATISTICS 

ee ‘EXAMPLE : 

So far in this chapter the examples we have considered fall into two categories. 

The first involves an experiment, such as tossing two dice, for which the probabil- 

ities of the outcomes are determined using mathematical principles. In this type of 

problem, the mean and variance of the distribution are determined by Equation (9) 
of Section 8.2 and Equation (5) of Section 8.3. The second type involves an ex- 

periment for which the probabilities of the outcomes must in some way be deter- 

mined empirically, and the mean and variance must somehow be estimated. Con- 
sider the following examples: 

A certain high-quality commercial light bulb has an expected lifetime of 4 = 750 
hours with a variance of 0? = 100. & | 

~ In the city of Metropolis (with 100,000 eligible voters) the probability that an eli- 
gible voter will vote for a Republican for mayor is .65. 4” 

The number of accidents on the New Jersey Turnpike during the Friday rush hour 
is 0, 1, 2, or 3 with corresponding probabilities .85, .10, .03, and .02. 4” 
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The mean and variance in Example 1 and the probabilities given in Examples 
2 and 3 are estimated empirically by the methods of descriptive statistics, a branch 
of mathematics that includes the collection, organization, and description of nu- 

merical information called data. In this section, we formally consider some meth- 
ods of descriptive statistics. 

First we must define some terms used in statistics. A population is the set of 

objects or individuals whose properties are to be considered. The second column 

of Table 1 shows the population sets of Examples 1, 2, and 3. An n-element subset 

of the population is called a sample of size n (see column 3 of Table 1).* 

TABLE 1 

An example of a 
Example Population sample of size 4 Data set for this sample 

1 Set of all light bulbs Sample of 4 light bulbs: 751, 725, 735, 752 hours 
in a batch: {B3, Bs, Bo, Bao} 
{B, Bo, Ce Ts tr of N Bn} 

2 Set of all eligible Sample of 4 eligible voters: (R represents a vote for a 
voters: {Vi0, Vis, Vis, Viooo} Republican, D represents 
{Varese a vote for a Democrat) 

Vi.00,000} R,R,D,R 

3 Set of all Fridays in Sample of four Fridays: Number of accidents: 
a 100-week period: {F,, Fss, Feo, Foo} Say ORS a 1h 

{F,, Fo, Od 5 , Fico} 

In general, statisticians are interested in certain properties of a population, as, 

for example, the average lifetime of the light bulbs in Example 1, the preference of 

voters in pre le 2, ane we BLS neg of accidents in Example 3. A data 

a The dats ipleritvia are siche vailwes In ene 1 re a Pass set is fe set of Tite nines 

in hours for the bulbs in a sample. In Example 2, the data set could be a set of R’s 

and D’s corresponding to members of the sample, where R represents a vote for a 

Republican and D represents a vote against. In Example 3, the data set could be 

the set of the numbers of accidents observed on the Friday mornings of the sample 

(Table 1). 

Remark Since a data set consists of observations, there can be repeated values in 

it. Since set notation implies no repetition of elements, we will not use set nota- 

tion when data are presented. 

At times we are interested in a particular numerical characteristic (an aver- 

age, for example) of a whole eres at other times we are a alert | in 1 the 

erage lifetime of the onnrh seri enn the Uyernsia: is a constant, it usually is 

*Methods of general sampling are not discussed here. For further information, see Elementary Survey 
Sampling by R. Schaeffer, W. Mendenhall, and L. Ott (Boston: Duxbury Press, 1986). 
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not known. The corresponding value representing the characteristic of a sample is 

called a statistic. 

The statistic representing the average lifetime of the bulbs in the sample of 

sxe 751 + 725 + 735 + 752 
4 

where the average is the arithmetic average defined in Equation (1) of Section 8.2. 

Many times the’ statistic of a random sample is used to estimate the parameter of 

the population. 

= 740.75 

4 _ Lee walks to school five days a week. Each day last week, she recorded the dura- 

tion of her walk: 

Data 
Day (time in minutes) 

Monday 4.9 

Tuesday 4.5 

Wednesday 5.0 

Thursday Sul 

Friday 4.5 

What is the sample and what are the data? 

Solution The sample is 
{M, T, W, Th, F} 

The corresponding data are 

4.9,4.5,5.0,5.1,45 & 

Frequency Tables and Once the data are collected for a sample, the next step usually is to organize these 

Histograms values into a frequency table. In this table, the distinct values of the data are listed 

with corresponding frequencies of occurrence. Numerical data are listed in in- 

creasing order of size with corresponding frequencies of occurrence. 

85 75 90 64 38 100 

70 68 85 80 w2 70 

10 70 TS 80 69 2 

85 85 85 70 75 90 

85 45 68 af. 70 90 

lhe frequency of a value [ 7 Nf times Cy ree I} Ol alue ule Gdld Is ~Y TLUIMDOCT ¢ “ames 7 that 1t ears in the 

_ set of data. A frequency table for this set of data appears in Table 2; x is the test 
grade and f is the number of times this grade appears in the data. 4” 
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TABLE 2 There are times when we may want to group the data in ranges of scores as 

x f 1-10, 11-20, 21-30, . . . , 91-100. This is done in Table 3. 

10 1 TABLE 3 
38 es 
45 1 ae a nn 
a ; 1-10 1 
68 ) 11-20 0 

69 1 21-30 0 

70 5 31-40 1 

- 5 41-50 1 
15 3 51-60 0 

om > 61-70 9 
Bs “3 71-80 8 
90 3 81-90 9 

ie ; 91-100 a1 

Total = 30 ee 

Histograms (similar to those discussed in Section 8.1) can also be used to rep- 

resent a frequency distribution. In this type of histogram, the height of each bar 

indicates the frequency. A histogram corresponding to the data of Example 5 and 

Table 2 is shown in Figure 1a (zero values are indicated by a heavy line along the 

x-axis). Figure 1b shows a frequency histogram for the grouped data in Table 3. 

i 

BNW UND 

5 10 15 2025 303540 45 50 55 60 65 7075 80 85 90 95100 

FIGURE 1 (a) 

mem NW AND ~ COO 

50), 60: 70 

(b) 

10 20 30 40 
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A relative frequency histogram is formed by changing the vertical scale to a 

relative frequency f/n, where f is the frequency of the outcome and n is the total 

number of data values. The relative frequency is used to represent the empirical 

probability p (read “p hat”) of the corresponding outcome: 

Pits | Oe 

n 

EXAMPLE 6 Records are kept over a 100-week period of the number of accidents occurring 
during the Friday rush hour on the New Jersey Turnpike (see Example 3). The fol- 

lowing data were recorded. 

(a) 

(b) 

(c) 

(d) 

(e) 

o 

Suite OVvor© S255 (O20 0s — oroqoco0o90oc cw 

Sw Ojo) oo Oo — Oo oO © oro ooo oro © Slee (ORO OrO Our SOoHrcCCCCCSCO SOO So ] Oo SS Si SS) (eS) ea) IS ea YX ee oo &) '> S bo S 

Construct a frequency table. 

Construct a frequency histogram. 

Construct a relative frequency histogram. 

What are the empirical probabilities of having O accidents, 1 accident, 2 ac- 

cidents, and 3 accidents during Friday rush hours? 

What is the empirical probability of having at least one accident on the New 

Jersey Turnpike on a Friday? 

Solution (a) Table 4 gives the frequency and relative frequency for 0, 1, 2, and 
3 accidents. The number of accidents is represented by x, the total number of ob- 

servations by n. 

TABLE 4 

x f f=) 
0 85 = .85 

1 10 1% = .10 

2 3 im = -03 

3 2 io = .02 

Solution (b) See Figure 2a. 

Solution (c) See Figure 2b (note the shapes are identical). 
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FIGURE 2 

(a) Frequency histogram (b) Relative frequency histogram 

Solution (d) The relative frequencies give the empirical probabilities of 0, 1, 
2, and 3 accidents occurring over this 100-week period. If the random variable X 

denotes the number of accidents, then the empirical probabilities are 

P(X = 0) = .85 P(X = 1) = .10 P(X = 2) = .03 P(X = 3) = .02 

Solution (ec) P(X =1)=1-P(XK=0)=1- 85=.15 a 

In Example 2 the population of eligible voters is 100,000. In this case it is im- 

practical to poll every voter. To determine the probability that a person will vote 

Republican, a random sample of the population is chosen and polled. The true 

probability p can be estimated by 

number of R’s in the sample 

P ~~ ~~number in the sample 

and we say that p is a point. estimate of the parameter p. For the particular sample 

in Table 1, 

There are methods of determining minimum values of n (the sample size) so | 

that p (i.e., the estimated value of p) is likely to be close to the true value. These 

methods, which are beyond the level of this book, involve techniques of statistical 
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inference. For further information, see Elementary Statistics, 4th edition, by 

Robert Johnson (Boston: Duxbury Press, 1984). 

Measures of Central We now look at some other characteristic properties of samples that can be ob- 

Tendency: Mean, Median, _ tained from the set of data. For example, in a testing situation, students are usu- 

and Mode _ ally interested in where they stand relative to the rest of the class and what the av- 

erage test score is. We now examine three averages, or measures of central 

tendency—the sample mean, median, and mode. Each has its own use. 

The sample mean (x), or mean, is the arithmetic Sees given in Equation 

(1) of Section 8.2. To restate this definition: 

As we see in Equation (5) of Section 8.2, 

- What is the mean test score for the data of Example 5? 

Solution Using the frequencies in Table 2 and Equation (2), 

Ls lO We 380ch 14S, tel 64k 2- 68 ch As 69.s- 15-70 Gr BZ ele eat 2 80st 628) cp a3-90l seal <1 OU 

30 
i 

_ 2193 
ie Ween 

Thus, the mean test score is 73.1. 4” 

In many cases it is not practical to find the mean pw of a population, so the 

sample mean x of a random sample is used to estimate the population mean; xX is 
then a point estimate for w. 

The second measure of central tendency is the median, which is the middle 
value of the sample data when the data are ranked according to size (including 
repetitions). If there are an even number of data values, then the median is the av- 
erage of the two middle values. 
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Determine the median grade of the data set of Example 5. 

Solution Method 1: List all the grades in increasing order: 

10, 38, 45, 64, 68, 68, 69, 70, 70, 70, 70, 70, 72, 72, 72, 75, 75, 75, 80, 80, 85, 
85, 85, 85, 85, 85, 90, 90, 90, 100 

Since there are 30 grades, the median is obtained by averaging the middle two 

(circled in color): 

PR aed is) 
median = = 73.5 

Method 2: Using the frequencies listed in Table 2, we note that since there are 

30 data points, the median is the average of the 15th and 16th data points. The 

frequency table indicates that the 15th value is 72 and the 16th is 75; therefore, 

the median is 73.5. &# 

Remark Half the data points are greater than or equal to the median and half are 

less than or equal to it. We sometimes refer to the median as the 50th percentile 

point. 

The third measure of central tendency is the mode, which is the data value 

that occurs most frequently. Constructing a frequency table or histogram is gener- 

ally the easiest way to determine the mode of a data set. Sometimes there is more 

than one mode. If there are two, then the distribution is said to be bimodal; there 

is not a unique mode in this case. 

EXAMPLE 9 What is the mode of the set of grades of Example 5? 

Solution We note that in Table 2 the grade of 85 occurs with frequency 6—the 

highest frequency shown in the table. Therefore, the mode is 85. & 

eae 

Find the (a) sample mean, (b) median, and (c) mode of the data of Example 6. 

Solution (a) Using Equation (2) and Table 4, the sample mean is 

$50). 10) 4°32) +726) _ 22 
= .22 

100 100 
a 

Solution (b) To determine the median, we could list the data values in increas- 

ing order and average the two middle values (since there are an even number of 

data values). However, we can obtain the information we want from Table 4. 

Since the median in this case is the average of the 50th and 51st data values and 

since these values must be 0 because the frequency of 0 is 85, the median is 

0O+:.0 
ei 0 

2 

Solution (c) Again referring to Table 4, we see that the mode is 0 since 0 oc- 

curs most often (with a frequency of 85) among the values 0,1,2,3. & 
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TABLE 5 

Height Frequency f 

Sell 1 

6'0" 2 

6'1” 3 

6'3" 2 
6’ 4” . 1 

Total = 9 

“ Talltree College has 9 students eligible to play basketball. The heights of these 

players are 

65" 56'3" 6A 516.3) O16 1 Od. 

(a) What is the mean height of these players? 

(b) What is the median height of these players? 

(c) What is the mode of the heights of these players? 

Solution (a) Table 5 is the frequency table for the data. Then 

1(5'11”) + 2(6'0") + 3(6’1") + 2(6'3") + 1(6'4") 

9 
55’ 1 , 4" 

=—_— = _- = 6’— me 
Solution (b) ~The median is the middle or fifth value, which is 6'1”. 

oe 

Solution (c) The mode is 6'1” because this height occurs most often (three 

times) in the frequency table. 4 

There are some instances when we are interested in one of these measures of 

central tendency and at other times in all of them. 

~ Consider the annual salaries of the employees of Union Inc.: 

President: $60,000 

Salespersons: $10,000 
$10,000 

$10,000 

$ 7,000 

The mean salary is 

1(60,000) + 3(10,000) + 1(7000) _ 97,000 
5 Ae ers 

The median salary is $10,000. The mode salary is $10,000. In this example the 
mean salary is in no way representative of the salary of the average worker. The 

extreme value of $60,000 (president) is out of line with the other salaries, so the 

median or mode might be considered to be the “average” salary. & 

= $19,400 

~ A shoe manufacturer is coming out with a new line of shoes. Which category of 
shoe size would be most useful to the manufacturer: the mean, median, or mode? 

Solution The mode would be most helpful because it is the size worn most of- 

ten. The mean size would be of no value, neither would the median. 4 
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_. EXAMPLE 14 — SAT examinations are given. Excel College wants to accept students with at least 

50th-percentile scores. All students with scores above the median grade will be 
accepted into the college. 4” 

Variance and Standard Other measures of variability correspond to the variance a? and standard devia- 

Deviation tion o defined for probability distributions in Section 8.3. Usually it is impossible 

or impractical to determine jz and o”; therefore, a sample mean x [see Equation 

(1)] and a sample variance s” are determined from a sample of size n and are used 

as point estimates for 4 and co”, respectively. 

The sample variance s* is usually used to estimate the variance of the population 

(denoted by a”). Intuitively it seems that the sum of the squares should be divided 

by n rather than n — 1. However, it can be shown that the above definition of s” 

gives a better approximation to o”, the population variance. We omit the proof. 

_ (EXAMPLE 15 Consider Example 1. Since it would be impossible to measure the lifetime of all 
bulbs in a manufacturing lot, w and o are estimated by taking a random sample 

and computing X and s. 

Solution If we use the sample of size 4 in Table 1, the data (in hours) are 

751 725 735 752 

Then 

+ + 735 + 752 —_ (ie eee : spYea wh) = 740.75 

(751 — 740.75)? + (725 — 740.75)? + (735 — 740:75)? + (752 — 740.75)? 
a) TE SEES SEE SE SIT Ta EE aa La 

3 : 

170.92 & 
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Consider the data from the sample of Example 4. Find the sample mean x and the 

sample variance s’. 

Solution 

S404 5455.0 + 5 ae 
xX —— ERE Tn = 4.8 

wee (4.9 — 4.8)? + (4.5 — 4.8)? + (5.0 — 4:8)?-4+ (6.1 — 4.8)? + (4.5 — 4.8)? 

mad 4 
32 

= — = .08 
4 

Now consider the data from ee Taestays Wednesday, and Thursday as a 

sample of size 4. We find X and s* 

AO ra 5.0 =F Sit 19.5 lik unis en ke a 

, _ (4.9 — 4.875)? + (4.5 — 4.875)? + (5.0 — 4.875)? + (5.1 — 4.875) 
SoS i ls ue ko eo giles f. 

= 069 & 

In summary, descriptive statistics gives us methods for estimating probabili- 

ties and for estimating the mean pw and variance a” for a large population. For fur- 

ther information see Elementary Statistics, 4th edition, by Robert Johnson 

(Boston: Duxbury Press, 1984). 

be. 

4 EXERCISE SET 8.7 

yee the sample data 3, 4, 8, 4, 3, 3, 7. TABLE 6 

- (a) Construct a frequency table and histogram. Inches of Taches of 

(b) Find the mean. i rainfall i rainfall 

(c) Find the median. 

(d) Find the mode. 

(e) Find the sample‘variance and standard deviation. 

2. Consider the sample data 2, 5, 5, 3, 5, 4, 5, 2. 

(a) Construct a frequency table and histogram. 

(b) Find the mean. 

(c) Find the median. 

(d) Find the mode. 

(d) Find the mode. 

(e) Find the sample variance and standard deviation. 

(e) Find the sample variance and standard deviation. 4. The heights of 12 of the players on Tall Gals basketball 
team were recorded as follows: 

( 3.) The rainfall per day over the first 10 days of April in 5'10", 6'0", 6'1”, 5'10”, 511”, 5’10", 60", 61", 5’11" 
= Oshkosh was recorded as shown in Table 6. 6'0". 6'0". 6'0" F . ; 

(a) Construct a frequency table and histogram. . 
(b) Find the mean. (a) What are the sample mean, median, mode, sample 
(c) Find the median. variance, and sample standard deviation? 



(b) Consider a sample of size 4: 5'10’, 6’0", 61", 5’11”. 

What are the sample mean x, sample variance s’, 

and sample standard deviations? 

Toss a coin 50 times and record the sequence of heads 

and tails. Construct a frequency table. 

(a) From your data determine the empirical probability 

p of heads. 
(b) Determine the mean number of heads of this sample. 

(c) Compute the sample variance of your data. 

Toss a die 50 times and record the sequence of face val- 

ues. Construct a frequency table. 

(a) From your data determine the empirical probability 

Pp of tossing a 4. 
(b) Determine the mean face value for this sample. 

(c) Compute the sample variance of your data. 

The traffic light at Broad and Market Streets is adjusted 

so that the red light is on for 60 seconds and the green is 

on for 60 seconds. A survey is taken to determine the av- 

erage number of cars stopped at a red light on Broad 

Street and the average number of cars stopped at a red 

light on Market Street during the rush hour on a randomly 

selected weekday (there are 30 observations per street). 

The results are shown in Table 7. 

TABLE 7 

Market Street 

20 18 16 12 20 

19 20 18 17 16 

20 25 19 20 18 

19 15 20 18 20 

16 18 18 19 21 

20 19 20 17 16 

Broad Street 

10 7 8 12 9 

5 10 6 9 10 

8 7 9 10 5 

7 9 10 12 8 

10 i 8 5 

6 10 7 5 9 

(a) Construct a frequency table for each of the sets of 

data. 
What is the mean number of cars stopped at a red 

light on Market Street during rush hour? 
(b) 
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(c) What is the mean number of cars stopped at a red 

light on Broad Street during rush hour? 

Based on the information obtained from this survey, 

do you think the timing of the traffic lights should be 

changed? 

(d) 

Rapid Foods stocks Brand A canned corn and Brand B 

canned corn. Tests indicate that the mean weight of 1000 

cans of Brand A is 10 ounces with a standard deviation of 

1 ounce. The mean weight of Brand B is 10 ounces with a 

standard deviation of 0.5 ounces. What brand should you 

choose and why? 

Maxtime Corporation has two locations in mind for relo- 

cation of the main plant. A survey was made to determine 

traveling time for each employee to each location. The 

data collected (time in minutes) are shown in Table 8. 

TABLE 8 

A Location A 

Bo At A so 30 
45 80a ics AO tee unk 40 
5 «4S 30 Gis ¢5ou eee 
5 563 40 35 
ye) ws 50 40 40° 
15° 260 4535" 40° 
70 6 8 40 20 
70 Oe OG 30 28 

Location B 

O58 aS 40 65 45 
80 25 15 30 15 
Ww oO + 20° 10 

~ 80 jo) SE Ses0, Be 
20 10 60 10 AO 
20 ee? 60 55 
JS 30 50 30 80 
Negri ath ge on gates on” 

(a) What is the mean traveling time for each location? 

(b) What is the sample standard deviation s for each lo- 

cation? 

(c) What is the median time for each location? 

(d) What is the mode for each location? 

(e) If the location is to be chosen based on traveling 

time, which location would you choose? Explain 

your answer. 

a Eee ee ee SS eee 
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8.8 HYPOTHESIS 
TESTING; THE 

CHI-SQUARE TEST 
(OPTIONAL) 

Suppose we observe a finite number of values of a random variable X and we hy- 

pothesize that this set satisfies a particular probability model. We want to decide if 

our hypothesis regarding this model is correct. In this section we discuss a statisti- 

cal procedure, called the chi-square test of goodness of fit, which can be used to 

test the validity of our hypothesis. 

To motivate some basic ideas, consider the following situation. A good friend, 

Mr. X, produces a coin that he insists is fair. We watch him flip this coin three 

times, and each-time the coin turns up heads. If the coin really is fair, as Mr. X 

claims, the probability of tossing three heads in a row is 

1 sal 

2Gaus 

Although this probability is small, Mr. X insists that the coin is fair, so we have 

no strong reason to doubt his claim. Mr. X continues to flip the coin and still after 

10 tosses every single flip has turned up heads. If the coin is fair, as Mr. X claims, 

the probability of tossing 10 heads in a row is 

Since this probability is so small, we are beginning to have doubts that the coin is 

fair. But Mr. X insists so vigorously that the coin is fair that we are willing to give 
him the benefit of the doubt. We view his feat of tossing 10 heads in a row as a 

freak occurrence. Mr. X continues to flip the coin and still after 30 tosses every 

flip has turned up heads. If the coin is fair, as Mr. X claims, the probability of 
tossing 30 heads in a row is 

3 = .000000001 

Thus, the chances of flipping 30 heads in a row with a fair coin are less than 1 in 

a billion. The odds against tossing 30 heads in a row with a fair coin are now so 

great that we are forced to reject Mr. X’s claim and conclude that the coin is un- 
fair. 

This simple example illustrates an important principle about probability mod- 

els. In any probabilistic experiment we expect some discrepancy between observed 

frequencies and frequencies suggested by the model. If the discrepancy is reason- 

ably small, we are inclined to accept the validity of the model and attribute the 

discrepancy to chance. If, as in the case of tossing 30 heads in a row, there is a 

big difference between observed frequencies and the frequencies suggested by the 
model, we are inclined to reject the validity of the model. 

Before we try to make these ideas mathematically more precise, let us con- 

sider some examples that illustrate the types of problems we want to consider. 
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A die is tossed 60 times. If the die is fair, we expect each sample point in the sam- 

ple space 

S = {1, 2, 3, 4, 5, 6} 

to occur 10 times in the 60 tosses. These theoretical frequencies together with the 

frequencies actually observed are shown in Table 1. We must decide whether the 

observed data in the problem are consistent with the assumption that the die is 

fair. In other words, is the difference between the observed and theoretical fre- 

quencies due to chance or is the die loaded? 

TABLE 1 

1 2 3 4 5 6 

Observed frequencies q/ 12 8 11 9 13 

Theoretical frequencies 10 10 10 10 10 10 ya 

- A coin is tossed 1000 times. If the coin is fair we expect each point in the sample 

space het 

to occur 500 times in the 1000 tosses. These theoretical frequencies together with 

the frequencies actually observed are shown in Table 2. We must decide whether 

the difference between the observed and theoretical frequencies is due to chance or 

whether the coin is unfair. In other words, should we accept or reject the uniform 

probability model for this experiment? 

TABLE 2 

h t 

Observed frequencies 450 550 

Theoretical frequencies 500 500 
y 

~ GENETICS The Mendelian* inheritance theory in genetics states that in crossing 

two kinds of peas, four types of seeds will result: 

A B GC D 

According to the theory, the different types occur with probabilities 

P(A) = = P(B) = = PC) == P(D) = = 

* Gregor Johann Mendel (1822-1884) was an Austrian Augustinian monk. Working in a small 
monastery garden, he discovered the first laws of heredity and thereby laid the foundation for the sci- 
ence of genetics. For many years Mendel taught science in the technical high school at Brinn, Austria 

(later called Brno, Czechoslovakia) without a teacher’s license. The reason—he failed the biology por- 

tion of the license examination! 
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If 320 seeds are obtained from crossing the two kinds of peas, then Mendelian 

theory predicts that the number of type A seeds will be 

9 
— (320) = 180 16 329) 

Similarly, the number of seeds of the remaining types should theoretically be 

3 
76 (320) = 60 type B seeds 

3} 
ie (320) = 60 type C seeds 

1 
16 (320) = 20 type D seeds 

These theoretical frequencies together with the number of seeds of each type actu- 

ally observed are shown in Table 3. We must decide whether the difference be- 

tween the observed and theoretical values is due to chance or whether the data in 

this experiment conflict with the Mendelian theory. 

TABLE 3 

A B Cc D 

Observed frequencies 168 65 68 19 

Theoretical frequencies 180 60 60 20 y 4 

Each of the above examples is a special case of the general problem we now 
describe. Suppose an experiment with a finite sample space 

S= {8156825 0 Sey 

has been assigned a probability model. Specifically, suppose the elementary events 
have probabilities 

P({si}) = pr —- P({s2}) = po aoe P ({sih) = pr 

If the experiment is repeated n times, then the sample points should theoretically 
occur with frequencies 

Si SRD fa Re ta | fp ane (1) 

in the n repetitions. For example, if p: = P({si}) = .3, then in n = 50 repetitions 
of the experiment we would expect sample point s; to occur np; = 50(.3) = 15 
times. We call the frequencies fi, fo, ... , f in (1) the expected frequencies or 
theoretical frequencies. When the experiment is performed physically n times, 
we observe certain frequencies 

OP Ors we on OF (2) 

for the sample points s,, 52, .. . , sx. We call the numbers in (2) the observed 
frequencies. 
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Usually the observed frequencies and the theoretical frequencies are different, 

and the problem is to decide whether the difference can be attributed to chance or 

whether the difference results from an incorrect probability model. To make this 

decision, we need a way of measuring how much the observed frequencies 

Cin O5 pe OR 

differ from the theoretical frequencies 

Tigtlanes tease dk 

Although there are many possible ways of measuring this difference, statisticians 

have settled on the following quantity called chi-square (written 7): 

[Chi (x) is a letter in the Greek alphabet; it is pronounced “kai.”] 

Find the value of y* for the data in Example 3. 

Solution From Table 3, the observed frequencies are 

01 = 168 02 = 65 03 = 68 04 = 19 

and the theoretical frequencies are 

fi = 180 fr = 60 fa = 60 fa = 20 

Substituting these values in Formula (3) yields 

= 2 ee 2 ee 2 = o ye = (188 180) | (65 — 60)" | (68 — 60)? | (19 ~ 20) 
180 60 60 20 

420 
a 5S 

180 

If the observed frequencies are the same as the theoretical frequencies, then 

a1-fi=o0 02 — fr =0 ms O.- fr = 90 

so that from Formula (3), x? = 0. As the differences 

One Te 02 — fr eee On Te 

become larger, the value of x’ increases. Thus, x” is a measure of how closely the 

observed frequencies agree with the theoretical frequencies predicted by the prob- 

ability model; a small value of y? means good agreement and a large value of x” 

means poor agreement. 
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This suggests the following procedure for using experimental data to decide 

whether to accept or reject the correctness of a probability model: 

eed the model Reject the model 
if x* falls here if x” falls here 

FIGURE 1 0 Small values of x? Large values of x” 

Cutoff 
point 

Before we can show how to select the cutoff point, we need some preliminary 

ideas. If a probability model is assigned to an experiment with a finite sample 

space, then the quantity y* becomes a random variable whose value is determined 

by the frequencies observed in n repetitions of the experiment. Moreover, since 

the original experiment has a finite sample space, y* will be a finite discrete ran- 

dom variable. (We omit the details.) Thus the values of y* have various probabili- 

ties of occurring, and these probabilities can be represented as areas in a his- 

togram. Just as we were able to approximate areas in a binomial histogram by 

areas under a normal curve, so can we, in certain cases, approximate the areas in 

a chi-square histogram by areas under a curve called a chi-square curve. The ex- 

act shape of the chi-square curve depends on the value of k in Formula (3). Some 

typical chi-square curves are shown in Figure 2. As was the case for normal 

curves, the area under every chi-square curve is 1. 

FIGURE 2 
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In selecting the cutoff point c that divides “large” values of y” from “small” 

values, we must recognize that no matter how the value of c is chosen, we will 

make an error a certain percentage of the time. Even if the probability model is 

correct, there is an outside chance that the value of x? will be greater than c, in 

which case we would incorrectly reject the model. This is called a type I error. It 

is common in statistical work to select the cutoff point c so that this kind of error 

occurs only 5% of the time. In this case, c is called the 5% critical level. To illus- 

trate how the 5% critical level can be obtained, let us assume that the areas of the 

rectangles in the chi-square histogram can be approximated by the corresponding 

areas under a chi-square curve. Since the total area under a chi-square curve is 1, 

there is a point c on the x-axis that divides the area under the curve into two parts: 

an area of .95 to the left of c and an area of .05 to the right of c (Figure 3). Since 

areas under the chi-square curve correspond to probabilities for the y* random 

variable, the probability of obtaining a value of x? less than c is .95 and the prob- 

ability of obtaining a value of y” greater than c is .05 when the probability model 

being tested is correct. Thus, if we use c as the cutoff point between large and 

small values of x”, the probability of rejecting a correct model will be .05. 

FIGURE 3 

Area = .05 

» 

Appendix Table C.3 lists the 5% critical levels for various chi-square curves. 

Observe that the first row in Table C.3 is labeled v (Greek letter nu). The quantity 

v is called the number of degrees of freedom for the chi-square curve, and its 

value is ere ate (4) 

where k is the number of terms in the formula for y” [Formula (3)]. To use the 

table, determine the value of v for the problem and read off the critical level c 

next to the value of v just determined. To illustrate, consider the die-tossing prob- 

lem in Example 1. Since the formula for y* contains k = 6 terms, the approxi- 

mating chi-square curve has vy = k — 1 = 5 degrees of freedom, so from Table 

C.3 the 5% critical level is c = 11.1. 
To summarize, we have the following procedure for using experimental data 
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to decide whether to accept or reject the validity of a hypothesis of a probability 

model for a finite-sample-space experiment: 

This four-step procedure is called the chi-square test of goodness of fit at the 

5% significance level. The phrase “5% significance level” reminds us that this test 

is designed with the understanding that there is a probability of .05, or 5%, that a 

correct model will be rejected. 

‘Use the chi-square test at the 5% significance level to determine whether the data 

in Table 1 support the assumption that the die is fair. 

Solution From the data in Table 1 and from Formula (3), we obtain 

. 10/2 — 10/2 — 10/2 — 109)2 an? — 10/2 yun 710) af (P2710) ES (8 — 10) eS (i510) tg (9 — 10) a (13 — 10) 

10 10 10 10 10 10 
= 2.8 

Since the above formula for y* contains k = 6 terms, the number of degrees 

of freedom is vy = k — 1 = 5, so from Appendix Table C.3 the cutoff point is 

c = 11.1. Since the value of x7 is less than 11.1, we accept the probability model 

and conclude that the observed data are consistent with the assumption that the die 
is fair, & 

~ Use the chi-square test at the 5% significance level to determine whether the data 

in Table 2 support the assumption that the coin is fair. 

Solution From the data in Table 2 and from Formula (3), we obtain 

ot 2 a 2 vee (450 — 500) fe (550 — 500) a 

500 500 sy 

Since this formula for x? contains k = 2 terms, the number of degrees of freedom 
is vy =k —1=1, so from Appendix Table C.3 the 5% critical level is 
c = 3.84. The value of y? is greater than c, so we conclude that the coin is not 
far. & 

In this section we restrict our discussion to chi-square tests at the 5% 
significance level, which means that a correct probability model will be erro- 
neously rejected 5% of the time (a type I error). In problems where severe conse- 
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quences result from rejecting a correct model, it may be desirable to reduce this 

error to less than 5%. In still other kinds of problems an error of more than 5% 

may be tolerable. For such problems, there are chi-square tests at other 

significance levels. These tests are performed exactly as those at the 5% level with 

the exception that different tables are used to obtain the cutoff points. 

4 EXERCISE SET 8.8 

1. Find the value of x? for the data in the following tables. 

(a) Observed frequencies 41 59 

Theoretical frequencies 50 50 

(b) Observed frequencies 147 316 Si/ 

Theoretical frequencies 200 300 500 

(c) 
Observed frequencies 

Theoretical frequencies 20 30 40 50 

Find the 5% critical level for the chi-square curve with 
(a) v = 4 degrees of freedom 

(b) v = 10 degrees of freedom 

In New York City, 210 automobile accidents involving an 

intoxicated driver were classified according to the day of 

the week on which the accident occurred; the following 

data were obtained: 

Mon. Wed. Thurs. Fri. Sat. Sun. Tues. 

Number of 

accidents 27 18 28 20 31 46 40 

Use a chi-square test at the 5% significance level to deter- 

mine if these data support the assumption that an accident 

involving an intoxicated driver is equally likely to occur 

on any day of the week. 

In an experiment designed to control the sex of baby rab- 

bits by chemical injections to the mother, a sample of 50 

baby rabbits yielded 30 males and 20 females. Use a chi- 

square test at the 5% significance level to determine if 

these data support the hypothesis that male births and fe- 

male births are equally likely. 

In a survey of consumer opinion, 500 people were asked 

to use toothpastes A, B, and C, each for 1 week. At the 

end of 3 weeks, the individuals were asked to name the 

product that they felt was most effective. The results. were 

Toothpaste A B C 

Number of people 

naming it most effective 176 159 165 

Use a chi-square test at the 5% significance level to deter- 

mine whether these data support the conclusion that the 

consumers regard the three products to be equally effec- 

tive. 

According to genetic theory, the offspring of a certain 

cross of bearded iris plants should be colored pink, blue, 

or red with probabilities 2, 4, and 7%, respectively. If an 

experiment yields 68, 34, and 42 in each category, does 

the experiment support the theory? Use a chi-square test 

at the 5% significance level. 

In a certain manufacturing plant, 800 of the employees 

are men and 200 are women. Company records show that 

during the previous year 33 job-related accidents involved 

men and 7 job-related accidents involved women. Use a 

chi-square test at the 5% significance level to decide 

whether these data support the contention that men and 

women are equally likely to be involved in job-related ac- 

cidents. 

Workers on an assembly line install a particular part on an 

engine block. Fifty engines are assembled per hour, and 

the probability that the part will be improperly installed 

varies with the time of day. A consulting firm constructs 

the following model to describe the probability of an im- 

proper installation: 

1 to 3 

P.M. 
10 A.M. 

to 12 P.M. 

8 to 10 

A.M. Time interval 

Probability of 
improper 
installation .O1 .05 .02 .06 
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Suppose a count of actual improper installations yields the 9. Suppose the following revision of the model in Exercise 8 

following results: is made: 

8 to 10 10 A.M. 1 to3 3to5 

A.M. to 12 P.M. P.M. P.M. 
8tol0 10A.M. lto3 3to5 

A.M. to.12 P.M. P.M. P.M. Time interval 

Probability of 
improper 
installation 

Time interval 

Number of improper 
installations 

Is the model valid at the 5% significance level? ew 
Is the new model valid at the 5% significance level? 

4 KEY IDEAS FOR REVIEW 

4 Random variable A rule that assigns a numerical value to each outcome of 

an experiment. 

a Finite discrete random variable A random variable that can take on only 

finitely many values. 

# Infinite discrete random variable A random variable that can take on 

infinitely many values that can be arranged in a sequence. 

Continuous random variable A random variable whose values form an inter- 

val. 

Probability function The set of ordered pairs relating the values of a discrete 

random variable with their probabilies. 

# Mean (or arithmetic average) of numbers x1, x2, ... , Xn 

4 Expected value (mean, expectation) of X 

b= E(X) = pin + pox2 +--+ +> + pre 

# Deviation of x from px — pw 

a Variance of X 

o? = Var(X) = pila: — w)? + pov — wy? +--+ + pele — pw)? 
o* = Var(X) = (pixt + pox3 + +++ + pexk) — p? 

# Standard deviation of X ox = V Var(X) 

4 Chebyshev’s inequality (theorem) See pages 321-322. 

# Bernoulli experiment (trial) An experiment with two possible outcomes. 

Binomial experiment _n independent repetitions of a Bernoulli experiment. 

Binomial random variable The number of successes in a binomial experi- 
ment. 
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4 Mean and variance of a binomial random variable 

B=np Go =npq 
4 Normal (or Gaussian) curve See page 336. 

Standard normal curve The normal curve with w = 0 and o = 1. 

4 Population The set of objects whose properties are to be considered. 

4 Sample of size n An n-element subset of the population. 

# Parameter A numerical characteristic of the population. 

# Statistic A numerical characteristic of the sample. 

# Data The values that are observed for each element of the population or 
sample. 

a2 Sample mean xX = 

where n is the number of elements in the sample. 

4 Sample variance s? = 

Sh) AP Bg) ap 00 OS sp Se 

n 

Gi 5) Coa) eG EG)? 
= Al 

where n is the number of elements in the sample. 

# Point estimate The sample statistic. 

a Chi-square (x7) 

2 
xX 

= Olea fi re (02 im fr)’ ay oee (0x oe ie 

fi fh tk 

a Critical level (in chi-square test) See page 363. 

a Degrees of freedom (in chi-square test) See page 363. 

4 SUPPLEMENTARY EXERCISES 

Use the following information for Exercises 1-4. A fair die is 

tossed three times. The random variable X represents the num- 

ber of 6s appearing in the three tosses. 

1. Graph the probability function for this random variable as 

a line graph and as a histogram. 

2. Determine P(X = 3), P(X < 3), and the Lae that 
at least one 6 will occur on the three tosses. 

3. Determine E(X). 

4. Determine Var(X). 

Use the following information for Exercises 5-8. You have a die 

that has the numbers 2, 3, 4, 5, 6, 6 on its faces. (Note there is 

no number 1.) Toss this die four times. The random variable X 

represents the number of 6s appearing in the four tosses. 

5; Graph the probability function for this random variable as 

a line graph and as a histogram. 

Determine P(X = 3), P(X < 3), and the probability that 

at most one 6 will occur on the four tosses. 

Determine E (X). 

Determine Var(X). 

You are at a casino in Atlantic City playing roulette and 

are placing a $5 bet on the two numbers 35 and 36. If 

neither number comes up, you lose your bet. If one of 
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10. 

11. 

12. 

13. 

these numbers comes up, you win $85 (and get your bet 

back). What is the expected value per dollar bet, and what 

isthe house percentage? 

You are playing roulette and you place a $10 bet on the 

numbers 1-12. If one of these numbers comes up, you win 

$20 (and get your bet back). If any other number comes 

up, you lose your bet. What is the expected value of this 

game per dollar bet, and what is the house percentage? 

You are playing roulette and place a $5 bet on the num- 

bers 0, 00, 1, 2, and 3. If one of these numbers comes 

up, you win $30 (and get your bet back). If any other 

number comes up, you lose your bet. What is the ex- 

pected value of this game per dollar bet, and what is the 

house percentage? 

You are at the roulette table and want to place a $20 bet. 

If your decision is to be based on expected values per dol- 

lar bet, which of the plays of Exercises 10 or 11 would 

you choose? 

A businessman has two investment opportunities: project 

A and project B. If he invests in project A, there is a 25% 

chance that he will lose $50,000, a 60% chance that he 

will lose $10,000, and a 15% chance that he will make 

$300,000. If he invests in project B, there is a 15% 

chance that he will lose $70,000, a 25% chance that he 

will lose $10,000, and a 60% chance that he will make 

$80,000. If his decision is to be based on expected value 

comparisons, which project will he choose? 

Use the following information for Exercises 14-16. There are 

six independent repetitions of a Bernoulli experiment with suc- 

cess probability = }. 

14, 

15. 

16. 

17. 

18. 

Determine: 

(a) the probability of no successes 

(b) the probability of one success 

(c) the probability.of at least one success 

Determine the mean. 

Determine the variance. 

A fair die is tossed 5 times. 

(a) What is the probability of obtaining exactly two 3s 

in the 5 tosses? 

(b) What are the mean and variance? 

Given the normal curve with w = 1500 and o = 30, for 

this normal distribution find: 

(a) P(X s 1540) 

(b) P(1500 = X S 1540) 

(c) P(X > 1540) 

19. 

20. 

21. 

22. 

23. 

24. 

Given a normal curve with « = 80 and o = 4, for this 

normal distribution find: 

(a) P(X S70) 
(b) P(70=X = 84) 

(c) P(X > 84) 

Let Y be the binomial random variable with n = 1800 

and p = 4. If the binomial distribution is approximated 

by the normal distribution, determine: 

(a) p (b) o (c) P(Y S 600) 

(d) P(590=Y = 650) 

Let Y be a binomial random variable with n = 1200 and 

p = }. If the binomial distribution is approximated by the 

normal distribution, determine: 

Qik (b) o (c) P(Y = 350) 

(d) P(250 SY S&S 320) 

A survey is given to determine consumer preference of 

brand B to brand X. Of 300 people selected at random, 

200 preferred brand B, 50 preferred brand X, and 50 had 

no opinion. 

(a) On the basis of this survey, what is the estimated 

probability that a consumer will prefer brand B? 

(b) What is the probability that of two consumers se- 

lected at random, both will prefer brand B? Assume 

independence. 

Mr. White wants to determine the number of words he 

can type in 1 minute. He records the outcomes from 20 
different trials: 

45 48° 43 40 38 
48 42 39 39 487 
42° 43 40 43 48 
AX 45 42 46 40° 

(a) Construct a frequency table. 

(b) What is the mean? 

(c) What is the sample variance? 

(d) What is the median? 

(e) What is the mode? 

A survey is made of a random sample of 20 women buy- 

ing a new book that has just been published. The question 

of interest is the mean age of purchasers of this book. 

The ages of the 20 women are 

25 00 40 35 25 
28° 18 25 4 wz 
a5 ww ww 
\25 350 25 Ig 23 

(a) What is the mean age? 

(b) What is the median age? | 

| 
} 
/ 

/ 
{ / 

/ 



25. 

26. 

(c) What is the mode for the data? 

(d) What is the sample variance? 

To determine the proportion of television viewers watch- 

ing channels 1, 2, and 3 at 9 P.M. Sunday, 50 viewers 

were randomly selected and polled. The results were 

Pe a oe ko eek I 

PRD 9 a PGE Ve Va is am 

RP oe ay mae me LS eek iS 

| TA AN! Se a ec (Baars Sg 

or tas eee oe el Ste 2 

(a) What is the point estimate for the proportion of 

viewers watching channel 1? 

(b) According to this survey, which channel had the 

most viewers at 9 P.M. Sunday? : 

Toss two dice 50 times and record the sum of each toss. 

Construct a frequeucy table. 

47 CHAPTER TEST 

1. In a batch of light bulbs, there is a 1% chance that a light 

bulb is defective. Select three bulbs at random and let the 

random variable X represent the number of defective 

bulbs in this sample. 

(a) Assuming independence, determine 

P(X = 0) P(X = 1) P(X = 2) P(X = 3) 

(b) Determine the probability that at most one bulb is 

defective. 

(c) Construct a histogram for this distribution. 

(d) Determine E(X) and Var(X). 

Let X be the random variable whose probability function 

is described in the table. Compute the mean and variance 

of X. 

x 1 2 3 4 5 

pr) af “I 5S) 4 ri | 

There are five independent repetitions of a Bernoulli ex- 

periment with success probability of ;. Determine: 

(a) the probability of no successes 

(b) the probability of one success 

(c) the probability of at least one success 

(d) the mean (e) the variance 

We are given the normal curve with w = 1800 and 

o = 30. For this normal distribution, find: 

27. 

(a) 

(b) 
(c) 
(d) 
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What is the empirical probability of tossing a sum of 

7? 

What is the mean sum? 
Compute the sample variance of the data. 

Compute the sample standard deviation of the data. 

(Optional) In a survey of viewer opinion, 500 persons 

were asked which of channels 1, 2, or 3 each watched the 

most during primetime Sunday night. The results were 

Channel 

Number of viewers 
naming it the 
preferred channel 

Use a chi-square 5% significance level to determine if 

these data support the conclusion that the viewers regard 

the three channels to be equally good. 

(a) P(X < 1700) 
(c) P(X > 1700) 

Let Y be the binomial random variable with n = 1500 

and p = 4. Using the normal approximation for the bino- 

mial distribution, determine 

(a) P(Y = 300) (b) P(300 =Y S 350) 

Of a sample of 500 eligible voters, a survey indicates that 

150 prefer the Republican candidate, 250 prefer the Dem- 

ocratic candidate, and 100 are undecided. 

(a) On the basis of this survey, what is the estimated 

probability that a voter selected at random will vote 

for the Democratic candidate? 

(b) If 3 voters are selected at random, what is the esti- 

mated probability that at least 2 will vote for the 

Democratic candidate? (Assume independence.) 

(b) P(1810 = X S 1850) 

A survey is made of a random sample of 24 people enter- 

ing a supermarket to determine the average salary of 

shoppers at this market. The data collected (in thousands 

of dollars) are 

21 15 30 40 45 30 90 28 

28 25 28 35 35 40 50 32 

30 40 40 38 18 20 25 35 

(a) What is the mean salary? 

(b) What is the sample variance? 

(c) What is the median salary? 
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& in this chapter we discuss mathematical methods and formulas that are useful in 
business and personal finance. Tables are included in Appendix C to simplify the 

computations; however, many of the computations can also be performed on mi- 

crocomputers, standard hand-held calculators, or special-purpose business calcula- 

tors that are in current use. Regardless of whether tables or calculators are used, it 

is essential to understand the basic principles developed here. 

One of the fundamental concepts in the mathematics of finance is the “time 

value of money”—the value of a particular amount of money at various points in 

time. For example, suppose you have $100 today, what will it be worth at the end 

of 1 year?* You might lend the $100 to a friend who promises to pay back $110 at 
the end of the year, in which case your $100 will have a value of $110 at the end 

of the year, or you might buy shares of a stock that decreases in value to $90 at 

the end of the year. In this case, if you sell the stock, then your $100 of today will 
have a value of only $90 at the end of the year. 

Every financial transaction can be considered as one between two parties: the 
lender and the borrower. For example, if you buy a U.S. Series EE savings bond, 

you are lending the government an amount of money, and the government will re- 

turn the money with interest at the time you cash in the bond. When you deposit 

money in a savings account, you are lending the bank this money, and in return 

the bank pays you interest. 

The initial investment is called the principal or present value of a transac- 

tion and is denoted by P. The amount that we will have after t years is called the 

future value or amount of P and is denoted by S. The interest J is the increase in 

the value of P after ¢ years: Teneo ee 

*TIn this chapter the effect of inflation is ignored. 
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You can think of interest as the rent a borrower pays for the use of money lent to 

him or her. In this chapter we consider three types of interest: simple interest, 

compound interest, and simple bank discount, as well as related applications. 

If there is a decrease in the value of P after t years, this decrease is referred to 

as depreciation. For example, if a new car costs $10,000 and its resale value at 

the end of 3 years is $6000, then we say that the value of the car has depreciated 

by $4000. See also Section 1.5. 

In Section 1.4 we discuss simple interest as an application of linear equations. Let 

us review the basic ideas. Simple interest involves three considerations. 

P 
: 

principal (amount borrowed) 

interest rate (a percentage per year that must be 

converted to decimal form for computation) 

t = time (in years that the principal is held) 

By definition, simple interest J is given by 

I = Prt (r is the decimal form of the interest rate)* 

and the amount S after ¢ years is 

S=P+I1 

= P+ Prt 

= P(1 + rt) (1) 

From (1), solving for P, 5 

Pi (2) 
these as 

Therefore, at simple interest the principal P today will have the value S in ¢ years; 

and S in ¢ years has the value P today. 

A time diagram helps visualize a transaction (Figure 1). Note that we repre- 

sent “now” by t = 0. 

Pp ———— § P <—— § 
fp ae Bees et 
0 t 0 t 

FIGURE 1 5 
S = P(1+ rt) ae 

(a) (b) 

If P is given, then S is the future value or amount of P and S = P(1 + rt) 

(Figure 1a). | 
If S is given, then P is the present or past value of S and P = S/(1 + rt) 

(Figure 1b). 

*See Appendix Section A.1. 
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Note that the head of the arrow in the time diagram points toward the time at 

which we want to determine the value of the given sum of money. The value of 

money can be thought of as moving either forward or backward in time. If it is 

moved forward, use the formula for amount: 

S = P(1i + rt) 

If it is moved backward, use the formula for present value: 

~ John borrows $1000 on January 1, 1990; the simple interest rate is 6%. 

(a) What amount must be paid back on January 1, 1992? 

(b) What is the interest on the loan? 

(c) What is the value of the loan on January 1, 1992? 

Solution (a) Note that 6% must be converted to 785 = .06 for computation pur- 

poses. Let P = 1000, r = .06, and ¢ = 2. Since we want the future value of the 

$1000, we use 

S = P(1 + rt) = 1000[1 + (.06)2] = $1120 

The time diagram is shown in Figure 2. (The arrow indicates that P = $1000 is 

given and S§ is determined 2 years later.) 

1000 —____________—_> § 
FIGURE 2 

1/1/1990 1/1/1992 

Solution (b) I =S — P = 1120 — 1000 = $120 

Solution (c) The value of the loan on January 1, 1992, is § = $1120. & 

~ (a) How much should an investor deposit in the bank now in order to have $1000 
in the bank 3 year from now? The simple interest rate is 8%. 

(b) What is the interest received? 

(c) What is the present value of $1000 due in 3 year at the simple interest rate of 
8%? 

Solution (a) The time line is shown in Figure 3. Let S = 1000, r = .08, and 
t = 3. (Note the arrow in Figure 3 goes from S = $1000 to P because S is given 
and P is to be determined.) Then, 

S 1000 1000 
EH LGN 

de o3( 
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Pp <—————————_ 1000 
FIGURE 3 

0 5 (years) 

Thus, the investor should deposit $961.54 now. 

Solution (b) I = S — P = 1000 — 961.54 = $38.46 

Solution (c) P is the present value (at t = 0). Therefore, the answer is the 

same as in (a). & 

A widow deposits’$100 on February 1, 1990, into an account paying 7% simple 

interest. One-half year later, she deposits $300 into this account. What will her 

bank balance S be on February 1, 1992? Assume no other deposits and no with- 

drawals during this time period. 

Solution The time line is shown in Figure 4. Let 

S = sum of the (future) values of the two deposits on February 1, 1992 

= Si qF So 

Rate S: = P\(1 + rt) = 100[1 + .07(2)] = 114.00 
5 

So = P2(1 + rt2) = 300[1 + (3) = 331.50 

Therefore, 
S = 114.00 + 331.50 = $445.50 

Thus, the widow’s bank balance will be $445.50 on February 1, 1992. 

Value of payments at 2/1/92 
-———————. " S; = 100[1 + (.07)(2)] 

FIGURE 4 100 300 ——— S, S2 = 300[1 + (.07)(3)] 

(ee SES 
2/1/1990 8/1/1990 2/1/1992 Total = § y 

For many transactions, the time may be given in months, weeks, or days. 

However, in the simple interest formula, t must be in years, and so a conversion 

must be made: 

k il 
k months = ris years 3 months = ea years 

eee 32 i eer n weeks = me weeks = 5 BY 

If the time is given in days, historically more than one method has been used to 

determine the time in years (mainly to facilitate computations before the time of 

calculators). The exact number of days between two dates is referred to as exact 
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time. (An approximate method, based on the assumption that each month has 30 

days, is occasionally used. We will use this method only when we assume that k 

months = k/12 years.) 

. EXAMPLE 4 ~The exact time from March 3, 1993, to June 6, 1993, is obtained by determining 

the number of days between the two dates: 
fe ee ee 

Number of remaining days in March 31 —3 = 28 

Number of days in April 30 

Number of days in May Sil 

Number of days in June 6 

Total = 95 days 

Therefore, the exact time is 95 days. & 

KAMPLE5 ~The exact time from February 1, 1988, to March 10, 1992, is found by determin- 
ing the number of days between the two dates. Note that 1992 is a leap year. 

Number of remaining days in February 29 — 1 = 28 

Number of days in March 10 

Total = 38 days 

Therefore, the exact time is 38 days. 4” 

Given an annual simple interest rate with the time d in days, there are two 

methods used to convert days into years: 

EXAMPLE 6 Jackson borrows $1000 on June 1, 1991, for 60 days. The simple interest rate is 
730. 
(a) Compute the exact simple interest. 

(b) Compute the ordinary simple interest. 

Solution (a) We have P = 1000 and r = .075. For exact interest, t = 60/365 
and 

60 
I = Prt = 1000(.075)| —-) = r ( (2) $12.33 

Solution (b) For ordinary interest, t = 60/360 = 3 and 

I = Prt = 1000(.075)(2) = $12.50 # 
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Consider now the case where Jack borrows $100 from Jill at 6% simple interest 

and agrees to pay $50 on the loan in 6 months. What payment 1 year from now 

will settle the debt? 

Set up the information on a time diagram (Figure 5) and let x represent the 

payment in 12 months. In this case, since there is more than one transaction, 

write the money borrowed above the line and the payments made below the line. 

100 va Sp FIGURE 5 0 6 12 (months) 

50 XG 

To handle this type of problem in which payments are made at different dates, 

we need another fundamental principle of the mathematics of finance: 

The focal date is decided on by the lender and the borrower. Once the date is 

selected, the value of each amount of money in the transaction is determined at the 

focal date and an equation of value is set up: 

In this problem if the focal date is selected to be 1 year from now, then the 

value of each sum of money must be determined at the focal date (Figure 6). The 

value of the $100 loan at the focal date is 100[1 + .06(1)] = $106; we use S = 

P(1 + rt) because we want the future value of $100. The value of the $50 pay- 

ment at the focal date is 50[1 + .06(3)] = $51.50; we use S = P(1 + rt) be- 

cause we want the future value of $50. The value of the payment x at the focal 

date is x. (There is no shift in time.) Therefore, the equation of value is 

value of loan at focal date = value of payments at focal date 

value of $100 at focal date = value of $50 at focal date + value of x at focal date 
(ee ye hee ey ee ey ee 

Solve for x, x = 106 — 51.50 
$54.50 

Focal date 

= 10600 

ote : 0 6 12 (months) 

Sh x 
[eee tes 5150) 
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If, in this problem, the focal date is taken to be 6 months from now, then the 

time diagram is as shown in Figure 7. The value of the $100 loan at the focal date 

is 100[1 + .06(4)] = $103; we use S = P(1 + rt) since we want the future value 

of $100. The value of the $50 payment at the focal date is $50 (there is no shift in 

time). The value of the payment x at the focal date is 

x Md x 

i) 1.03 
Pctr206 ( 

We use P = S/(1 + rt) since we want the past value of x. 

Focal date 

100 OS 

FIGURE 7 0 6 12 (months) 

50 

= x 
I OES Se ae ge ear 

Therefore the equation of value is 

value of loan at focal date = value of payments at focal date 

value of 100 at focal date = value of 50 at focal date + value of x at focal date 
SSS Se a 

103 - 50 a z 
1.03 

Solving for x, ; 

; 1.03 = 103 — 50 = 53 

x = 53(1.03) 

= $54.59 

Note that different focal dates give different values of x. This difference will 

occur in simple interest transactions and so it is important for the parties involved 
to agree on the focal date. 

PLE7 Johanna borrows $2000 now and agrees to pay $500 in 2 months and $700 in 6 
months. What final payment should she make 18 months from now to settle this 

debt if the simple interest rate is 12% and the focal date is now? 

Solution Construct a time diagram (Figure 8) and let x represent the final pay- 

ment. The values of the loan and payments at the focal date are given in Table 1. 



Value of money at 

focal date 

2000 

FIGURE 8 

490.20 

660.38 

pESN, 
1.18 

TABLE 1 

Money ($) 

2000 

500 

700 
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Focal date 

2000 
ee 
One 6 12 18 (months) 

<— 500 700 iG 

“e.aePR Ener Sir are 

Formula to Use Value at Focal Date 

No shift in time 2000 

S 500 500 
P => —_— CO > 

l++rt EID (D/ii2) = 1802 420.20 

os 700 OO ae 
Taba To nore Boome 
p= S x eee 

iepire 1+0. 1218/12) * 148 

Therefore the equation of value at the focal date is 

Solving for x, 

2000 = 490.20 + 660.38 + —— 
1.18 

er = 2000 — 490.20 — 660.38 

= 849.42 
x = (849.42)(1.18) 

= $1002.32 a 

4 EXERCISE SET 9.1 

1. A principal of $3000 is borrowed at 12% simple interest. 

Find the future value after: 

(a) 1 year (c) 3 years 

(b) 3 months (d) 13 weeks 

2. An investor lends $10,000 at 15% simple interest. Deter- 

mine how much the investor will be owed after: 

(a) 2 years (b) 5 years 

(c) 18 months (d) 8 weeks 

3. A certain principal is to be invested at 10% simple inter- 

est so that the future value of the investment after 1 year 

will be $5000. How much should be invested? 

4. How much should you deposit in a Christmas Club ac- 

count paying 53% simple interest if you want to use the 

money to buy a $700 television set 6 months later? 

5. A depositor buys a certificate of deposit for $1000. In 90 

days she will cash it in. How much will she collect if the 

simple interest rate is 95% at: 

(a) exact interest (b) ordinary interest 

6. An investment club buys a certificate of deposit for $1500 

and will cash it in 180 days. How much will the club col- 

lect if the simple interest rate is 83% at: 
(a) exact interest (b) ordinary interest 
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10. 

11. 

How much should an investor deposit in the bank now if 

he needs $2000 in 3 months? The simple interest rate is 

9%. 

How much should a depositor invest now at 8% simple in- 

terest so that she will have $3000 in 6 months? 

Robert Silver deposits $100 into an account paying 8% 

simple interest. He makes two more deposits of $200 

each: the first in 3 months and the second in 6 months. 

How much will be in the account at the end of the year if 

he makes no other deposits and no withdrawals during 

this time? 

Barbara Gold deposits $500 into an account paying 7% 

simple interest. She makes three more deposits of $200 

each at 2-month intervals. How much is in the account at 

the end of 1 year? Assume no other deposits and no with- 

drawals during this time. 

A student borrows $1500 and agrees to pay $500 in 8 
months, $500 in 1 year, and to settle the debt in 18 

months. If the simple interest rate is 8% and the focal 

date is in 18 months, what must his final payment be? 

9.2 COMPOUND 
INTEREST 

12. 

13. 

An ice cream vendor borrows $1000 and agrees to make 

two equal payments, one in 6 months and one in 12 

months to settle the debt. If the simple interest rate is 

9%, what should each payment be? The focal date is in 12 

months. [Hint: Let x be the value of each payment. ] 

Show that the simple interest formula can be rewritten as: 

Genk Saee (6) f= S =P 

a Pt Pr 

In Exercises 14-16 use the formulas obtained in Exercise 13. 

14. 

15. 

16. 

An individual deposits $5000 in an account that pays sim- 

ple interest. If 2 years later the account contains $5500, 

what is the interest rate? 

An individual wants to deposit $1000 in an account that 

pays 12% simple interest. How long must the money be 

left on deposit if he wants to withdraw $1300? 

How long will it take for an investment at 10% simple in- 

terest to double in value? [Hint: The value will have dou- 

bled when S = 2P.] 

For many transactions, interest is added to the principal at regular time intervals 

so that the interest itself earns interest. This is called compounding of interest. 

The time interval between successive additions of interest is called the conversion 

period. Typical conversion periods are given in Table 1. 

TABLE 1 

Conversion 
Period Compounded 

1 year Annually 

6 months Semiannually 

3 months Quarterly 

1 month Monthly 

1 week Weekly 

1 day Daily 

An interest rate per period i is needed. Usually an annual rate, called the 
nominal rate j, is quoted together with the frequency of conversion. The interest 
rate per period 7 is determined from 

sina Sul: : ‘ 
iene where m = number of conversion periods per year 
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In all formulas given in this chapter, i and j are decimal forms of the correspond- 

ing interest rates. Thus, 10% converted semiannually implies that i = 7% = 5% 

is the interest rate for a 6-month period since there are two 6-month periods per 

year, so m = 2, and for computational purposes i = .05. 

The rate per period equivalent to a nominal rate of 12% compounded (or con- 
verted) for various periods is given in Table 2. 

TABLE 2 

12% Interest aed (%) Decimal 
Compounded m Senn Value of i 

- Annually 1 (7) 312 

Semiannually Ps 6 .06 

Quarterly 4 3 .03 

Monthly 12 1 01 

Weekly 52 B= .23 .0023 

Daily 365 + = .033 .00033 y 4 

To illustrate the mechanics of compound interest, consider the following ex- 

ample. 

~ Find the interest on $1000 for 1 year at: 

(a) 8% simple interest 

(b) 8% compounded semiannually 

(c) 8% compounded quarterly 

Solution (a) The simple interest is 

I = Prt 

= (1000)(.08)(1) 

= $80 

Solution (b) Since the nominal interest rate is 8%, the semiannual interest rate 

is (8%) = 4%. Thus, at the end of the first 6 months the interest earned is 

($1000)(.04) = $40 

which, when added to the principal, yields $1040. For the second 6 months this 

new principal earns interest of 

($1040)(.04) = $41.60 

Combining the interest for the two 6-month periods we obtain a total interest of 

$40.00 + $41.60 = $81.60 
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Solution (c) Since the annual interest rate is 8%, the quarterly interest rate is 

4(8%) = 2%. Thus, 

first-quarter interest =  ($1000)(.02) =.$20.00 
second-quarter interest =  ($1020)(.02) = $20.40 

third-quarter interest = ($1040.40)(.02) = $20.81 
fourth-quarter interest = ($1061.21)(.02) = $21.22 

~ Total = $82.43 @& 

This example illustrates an important point: the more frequent the compound- 

ing, the greater the total interest. : 

Our next objective is to obtain the following result. 

To demonstrate this result let Veg denote the value of the investment at the be- 

ginning of any conversion period. This period will have a duration of t = 1/m 

years (since there are m conversion periods per year). Since the nominal interest 

rate is j, we let 

rt = j:— =i (interest rate per period) 
m 

Therefore, the amount Vena at the end of this period is obtained from Equation (1) 

of Section 9.1: 
Veod = Veeg(1 a rt) = Voeg(1 ny i) (3) 

If the initial investment is P, Table 3 shows the amount at the end of n periods 
obtained by the repeated use of Equation (3). | 

TABLE 3 

Number of Period 

n Value at Beginning of Period Value at End of Period 

1 P J@ <8.) 
2 (eae) [P(l1 +a] + i) = P(1 + i)? 

3 P(1 + i)? [P(1 + #7] + i) = P(A + 33 
4 A i) [P(1 + i?](1 + i) = P(1 + i)* 



9.2 Compound Interest 4” 381 

Thus, we see that if P dollars is invested for n periods at j% compounded m 

times a year, then the amount at the end of the n periods is 

S=P(1+i)" 
Solving for P, s 

SS rinaai i: 
=S(l+ia™" 

Appendix Table C.7 lists values of (1 + i)” in column 1 and values of 

(1 + i)” in column 2. Of course, you can also use your calculator to evaluate 

Ciera) eand (loa 

~ Evaluate (1 + .04)° and (1 + .04)~°. 

Solution Method 1: In Appendix Table C.7 find the page for i = 4%, partially 

reproduced in Table 4. According to these values, 

TABLE 4 

(i+ 

1.16985856 0.85480419 

1.21665290 0.82192711 

(1 + .04)° = 1.21665290 and (1 + .04)-° = 0.82192711 

Method 2: Using the “y*” key on your calculator, enter the following series 

of keystrokes*: 

E 
The result on a calculator displaying eight digits is 1.2166529. 

Similarly, to obtain (1.04)~°, enter the following series of keystrokes: 

=] Fl El & 
The result is 0.8219271. & 

*Some calculators may require a different sequence of keystrokes. Check the instructions provided 

with your calculator. 
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The terms principal, amount, future value, present value, and past value 

have the same meaning in compound interest problems that they have in simple in- 

terest problems with compound interest formulas used in place of simple interest 

formulas. Time-line diagrams are drawn as in simple interest problems. 

The compound interest CI over n periods is 

cl=S—P 

AMPLE 4 ~= What is the compound amount of $1000 invested for 1 year at: 

(a) 8% compounded annually 

(b) 8% compounded semiannually 

(c) 8% compounded quarterly 

Solution (a) Since P = 1000, and 

.08 
it (een geo n = | (year) 

S = P(i + i)’ = 1000(1 + .08) = $1080 

: eo 0S 
Solution (b) i= Eh = .04 n = 2 (half years) 

S = P(1 + i)* = 1000(1 + .04)? = $1081.60 

: _ 08 
Solution (c) i= a = .02 n = 4 (quarters) 

S = P(1 + i)* = 1000(1 + .02)* = $1082.43 

(Compare these results with those of Example 2.) & 

5 (a) What is the compound amount of $1000 invested for 3 years at 12% com- 
pounded quarterly? 

(b) What is the compound interest over this time? 

Solution (a) Construct a time line (Figure 1). S is now determined from Equa- 

tion (1): 
12 

P = 1000 Mere n= 3-4 = 12 quarters 

Therefore, 

S = 1000(1 + .03)!” = $1425.76 

P=1000 
FIGURE 1 

0 3 (years) 

Solution (b) CI = S — P = 1425.76 — 1000 = $425.76 a& 
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What is the present value of $1000 due in 3 years if the interest rate is 12% com- 
pounded monthly? 

Solution Construct a time line (Figure 2). Here 

S = 1000 n = 3+ 12 = 36 months i= = 01 

From Equation (2), 

P= S(1 + i)” = 1000(1 + .01)-** = $698.92 

a PS le 
FIGURE 2 

0 3 (years) & 

Remark In compound interest problems, to compute the future value of money, 

use the formula for amount: § = P(1 + i)"; to compute the past value of money, 

use the formula for present value: P = S(1 + i)”. 

~ One thousand dollars is deposited into an account paying 8% compounded quar- 

terly on September, 1991; $500 is deposited 3 months later and $400 is deposited 

6 months after that. What amount is in the bank on September 1, 1993? Assume 
no other deposits and no withdrawals during this time interval. 

Solution The time line is shown in Figure 3. 

——_—_————» §,  $, = 1000(1.02) 
| Fs 8, = 500/102)’ 

1000 500 See RO S3 = 400(1.02)° 

—_f—_H +f f+ 
9/1/91 12/1/91 6/1/92 9/1/92 9/1/93 Total Si 

Here 
.08 

i = — = .02 
4 

Let S = the amount in the account on September 1, 1993. Then, 

S, = the value of the $1000 deposit on September 1, 1993 

1000(1 + .02)® = 1000(1.17165938) = $1171.66 

52 = the value of the $500 deposit on September 1, 1993 

= 500(1 + .02)’ = 500(1.14868567) = $574.34 

S3 = the value of the $400 deposit on September 1, 1993 
II 400(1 + .02)° = 400(1.10408080) = $441.63 
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Therefore, ig Se es 

1171.66 + 574.34 + 441.63 

$2187.63 & 

* What is the present value of $1000 due in 6 months and $2000 due in 18 months 

if the interest rate is 8% compounded quarterly? 

Solution Draw a time line (Figure 4) with i = .08/4 = .02. The present value 

of these two amounts will equal the sum of the present values of the two amounts. 

Thus; P, = present value of $1000 = 1000(1 + .02)~? 
= 1000(0.96116878) = $961.17 

P, = present value of $2000 ='2000(1 + .02)~° 
= 2000(0.88797138) = $1775.94 

P = P, + P2 = $961.17 + $1775.94 

= $2737.11 

DOO ate 
—2 foes s 

FIGURE 4 1000(1.02)~* = P, i i M2 

Total =P 0 6 18 (months) y 4 

Equations of Value and We again consider transactions in which one or more debts are repaid with one or 
Compound Interest more payments due at different points in time, as illustrated in Example 7 of Sec- 

tion 9.1. 

~~ Johanna borrows $2000 and agrees to pay $500 in 2 months and $700 in 6 
months. What final payment should she make 18 months from now to settle her 

debt if interest is 12% compounded monthly? 

The only difference between Example 7 of Section 9.1 and this example is the 
type of interest involved. In Section 9.1 simple interest is used; in this example, 

compound interest is used. Otherwise the method of solution is essentially the 

same. Again, a focal date is selected and an equation of value is set up. 

When compound interest is involved, however, the focal date may be any 

date at which interest is compounded, and the resulting equations of value will 

give the same result for the quantity to be determined. 
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Solution to Example 9 We solve the problem first by selecting the focal date to 

be 18 months from now. Let x be the amount of the final payment; set up a time 
diagram (Figure 5). 

Focal date Value of money at focal date 
2000 ——————_—_———_—_——_> 2000(1.01)'8 
SjS pS Seye S ES 

FIGURE 5 OMe 6 18 (months) 
500 700 x a 

| eS eee 700(1.01)!2 
500(1.01)!¢ 

Table 5 indicates the values of each amount of money at the focal date. The 

interest is 12% compounded monthly, so i = 1%. 

TABLE 5 

Amount ($) Formula used n Value at focal date 

2000 S = P(i +i)" 18 2000(1 + .01)'8 

500 S = P(i + i)” 16 500(1 + .01)1° 

700 S = P(i + i)” 12 700(1 + .01)!? 

x No shift in time — 33 

Therefore the equation of value at the focal date is 

value of loan at focal date = value of payments at focal date 

2000Cl: + =.01)* = S001 + 01) + 7000.01)? “+x (4) 

2000(1.19614748) = 500(1.17257864) + 700(1.12682503) + x 

2392.29 =1586.29 4788378 + x 

% =) 2392.29 1586.29 — 788.78 

= $1017.22 (5) 

We now solve the same problem by selecting the focal date to be now. The 

time line is shown in Figure 6. Table 6 indicates the values of each amount of 

money at time ¢ = 0. 

Value of money at focal date Focal date 

2000 
2000 SS 

O02 6 18 (months) 
FIGURE 6 

500(1.01)~? <= 500 #700 x 

700(1.01)~° eee | 

x(1.01)-* 
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TABLE 6 

Amount ($) Formula Used n Value at Focal Date 

2000 No shift in time — 2000 

500 jc QL ae a)? 2 500(1 + .01)~? 

700 P= <S\ (teen) ae 6 700(1 + .01)~° 

x PS (ea) ee 18 x(1 + .01)7-8 

Therefore the equation of value is 

value of loan at focal date = value of payments at focal date 

2000 = 500(1 + .01)-?_ +-700(1. + .01)°® +x(1 + .01)°" (6) 
2000 = 500(0.98029605) + 700(0.94204524) + x(0.83601731) 

= 490.15 + 659.43 + 0.83601731x 

0.83601731x = 2000 — 490.15 — 659.43 = 850.42 

uae 1017.23 
*) 0 83600731 

[The 0.01 difference between this value of x and the one in (5) is due to rounding 

error.] Note that if we multiply both sides of Equation (6) by (1 + .01)'* we ob- 
tain Equation (4). This indicates that the two equations (for the two different focal 

dates) are algebraically equivalent and therefore will give the same value for x 

(except possibly for rounding error). 4 

0 Janet deposits $1000 into an account paying interest at a rate of 8% compounded 
semiannually. Six months later she deposits $500 into the account. She withdraws 

$400 six months after her second deposit. She wishes to withdraw all the money 
in the account the year after the $400 withdrawal. How much will she withdraw at 

that time? 

Solution Let the final amount in the account be x. Set up the time diagram 

(Figure 7). Let the focal date be 2 years from now. Here 

.08 
i= — = .04 

2 

Focal date Value of money at focal date 

a ae ae aes heres aaa 1000(1.04)* 
3 FIGURE 7 1000 SOO SR sus oe i eer hee > Te peace 500(1.04) 

0 6 months 1 year 2 years 

400 x x 
[eS ee ey 

400(1.04)? 

Table 7 indicates the values of the deposits and withdrawals at the focal date. 
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TABLE 7 

Amount ($) Formula Used n Value at Focal Date 

1000 S = P(1 +i)" 4 1000(1 + .04)* 

500 S=P(1 + i)" a) 500(1 + .04)? 

400 _S=P(1 +i)" 2 400(1 + .04)? 

x No shift in time — x 

The equation of value is 

value of deposits at focal date = value of withdrawals at focal date 

1000(1 + .04)* + 500(1 + .04)? 400(1 + .04)* + x 
1000(1. 16985856) + 500(1.12486400) = 400(1.08160000) + x 

1169.86 + 562.43 432.64 + x 

1169.86 + 562.43 — 432.64 

= $1299.65 & 

Xx 

A woman needs $4000 at the end of 4 years to help pay for her son’s college tu- 

ition. She will make 4 equal deposits into an account paying 8% compounded an- 

nually: one deposit at the end of each year for the 4 years. How much should each 

deposit be? 

Solution Let x be the amount of each deposit, and let the focal date be the date 

of the last deposit. Construct a time line (Figure 8), and set up the equation of 

value. Here 

Focal date Value of money at focal date 

4000 4000 
a 
0 1 7 3 4 

x xX x xX x 

FIGURE 8 | L_, x (1.08) 
x (1.08)? 
x (1.08)? 

.08 
i = — = .08 

1 

The equation of value is 

value of final amount at focal date = value of deposits at focal date 

4000 = x(1 + .08)? + x(1 + .08)? + x(1 + .08) + x 
= ¥[(1,08)°, + (1.08)? + (1.08) al] 

= x(1.259712 + 1.166400 + 1.08 +1) 

= 4.506112x 

a = $887.68 & 
~~ 4.506112 
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Continuous Compounding 
of Interest 

(Suppose there were 20 equal yearly payments instead of 4. The method would be 

the same but the computation horrendous. We examine a shorter method of solv- 

ing this type of problem in Section 9.4.) 

For a fixed principal, time period, and annual interest rate, the more frequent the 

compounding, the greater is the return on the investment. You might ask if the re- 

turn can be increased without bound by increasing the frequency of compounding. 

The answer is no; there is a theoretical upper limit on the return that can be 

achieved in this way. If we imagine the number of annual conversions to increase 

indefinitely, we approach a situation in which interest is compounded 

“continuously.” That is, at each instant of time the investment grows in proportion 

to its current value. This is called continuous compounding. In Exercise 13 we 

help you develop the following formula for continuous compound interest. 

Remark A table of values for e* and e~* can be found in Appendix Table C.5. 
For example, to determine e”’ and e~ °°, we use Appendix Table C.5 (see also 
Table 8). 

TABLE 8 

x e* e* 

0.00 1.0000 1.0000 

0.01 1.0101 0.9900 

0.02 1.0202 0.9802 

0.04 1.0408 0.9608 

0.05 1.0513 0.9512 

0.06 1.0618 0.9418 

Therefore e°? = 1.0305 and e~ °? = 0.9704. The result for e? on a calcula- 
tor displaying eight digits is 1.0304545. 
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~ Suppose $10,000 is invested at 8% compounded continuously. What is the value 
of the investment after 2 years? 

Solution Substituting the principal P = $10,000 and the annual interest rate j = 

.08 in Formula (7) yields S = 10.0000: 

After t = 2 years have elapsed, the value S of the investment will be 

S = 10,000e°% 
= 10,000e:!° 

= 10,000(1.1735) (from Appendix Table C.5) 

10,000 ———————————> § = 10,,000e-*8) 
FIGURE 9 

0 2 (years) 

Thus, the value will be $11,735. The time line for this example is shown in Fig- 

ue9. # 

_ John needs $5000 in 25 years. How much should he invest now at 10% com- 
pounded continuously so that he will have $5000 in 25 years? (Figure 10 shows 

the time diagram.) 

5002 >) =  — 5000 
FIGURE 10 

0 23 (years) 

Solution Here S = $5000, t = 2.5 years, and j = .10: 

P=Se“ [by Formula (8)] 
= 5000e7 1°?) = 5000e°°* 
= 5000(0.7788) (from Appendix Table C.5) 

= $3894.00 & 

Remark When interest is compounded continuously, the value of money is 

moved forward in time by S = Pe” and backward in time by P = Se™. 

Suppose $1000 is deposited into an account. Determine the amount at the end of 

1 year if the interest rate is 

(a) 12% compounded annually (b) 12% compounded semiannually 

(c) 12% compounded monthly (d) 12% compounded weekly 

(e) 12% compounded daily (f) 12% compounded continuously 

Solution See Table9. & 



390 «” CHAPTERY Mathematics of Finance 

TABLE 9 

12% Interest Compounded Formula Amount ($) 

Annually S = 1000(1 + .12)! 1120.00 

Semiannually S = 1000(1 + .06)? 1123.60 

Monthly S = 1000(1 + .01)!2 1126.83 

Weekly S = 1000(1 + .12/52)? 1127.34 

Daily . S = 1000(1 + .12/365)36 1127.47 
Continuously S = 1000e:!2 1127.50 

PLE15 Johanna borrows $2000 and agrees to pay $500 in 2 months and $700 in 
6 months. What final payment should she make 18 months from now to settle her 

debt if interest is 12% compounded continuously? 

Solution This problem is solved, as is Example 7 of Section 9.1, by constructing 

a time line, specifying a focal date, and setting up the equation of value. The only 

difference is that interest is now compounded continuously. As in compound in- 

terest, it can be shown that any choice of the focal date will yield the same result. 

Let x be the final payment. 

The time line is shown in Figure 11. Set the focal date at 18 months. The 

equation of value is 

value of loan at focal date = value of payments at focal date 
2000e:128/2) = 500e:12016/12) ae 700e:1212/12) oP 

2000e''? = 500e:'° + 700e? +x 
2000(1.1972) = 500(1.1735) + 700(1.1275) + x 

2394.40 = 586.75 + 189-25 make 

x = 2394.40 — 586.75 — 789.25 

= 1018.40 

Focal date Value of money at focal date 
2000 + 2394.40 2000e:126/2) 

FIGURE 11 Om 6 12 18 (months) 

500 700 x x 

Gbiiahaiiearics Toe" 
586.75 500e: 1216/12) 

Thus, the final payment should be $1018.40. 4” 
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a a a ee es 

4 EXERCISE SET 9.2 

1. Find the compound amount of $5000 deposited for 2 
years at: 
(a) 6% compounded annually 
(b) 6% compounded monthly 
(c) 6% compounded quarterly 
(d) 6% compounded semiannually 
(e) 6% compounded continuously 

What is the compound amount of $2000 deposited for 2 

years at: 

(a) _12% compounded annually 
(b) 12% compounded semiannually 
(c) 12% compounded monthly 
(d) 12% compounded continuously 

Find the present value of $2000 due in 3 years at: 

(a) 12% compounded monthly 

(b) 12% compounded quarterly 
(c) 12% compounded continuously 

Find the present value of $3000 due in 18 months at: 

(a) 8% compounded monthly 

(b) 8% compounded quarterly 

(c) 8% compounded continuously 

If $10,000 is invested at an annual interest rate of 9% 

compounded quarterly, find the value of the investment 

after: 

(a) 1 year (b) 6 months 

If $1500 is invested at an annual interest rate of 15% 

compounded monthly, what is the value of the investment 

after 30 months? 

(c) 2 years 

A principal P is to be invested to yield $5000 in 6 years. 

Find the principal if the interest is 

(a) 8% compounded annually 

(b) 8% compounded quarterly 
(c) 8% compounded semiannually 

(d) 8% compounded continuously 

A principal P is to be invested at 6% per year com- 

pounded semiannually to yield $20,000 for a child’s col- 

lege education 18 years later. How much should the prin- 

cipal be? 

Bob borrows $3000 and agrees to make a payment of 

$1000 in 6 months and $1000 18 months from now. De- 

termine how much he must pay 2 years from now to settle 

the debt if interest is 

10. 

11. 

12. 

13. 

(a) 12% compounded semiannually 

(b) 12% compounded monthly 
(c) 12% compounded continuously 

Dick deposits $500 on January 1, 1990, $1000 on January 
1, 1991, and $2000 on January 1, 1992. If interest is 10% 

compounded semiannually, how much is in the account 
PD ae on January 1, 1995? ss 

Carol borrows $5000 and agrees to make three equal pay- 

ments, the first in 6 months, the second in 12 months, 

and the third in 18 months to settle the debt. If the inter- 

est is 9% compounded semiannually, how much is each 

payment? 

Alice makes three equal annual deposits into a savings 

account. The first deposit is made now, the second 1 year 

from now, and the third 2 years from now. If interest is 

10% compounded annually and she wants to have $4000 

in her account 3 years from now, how much should each 

deposit be? 

Using calculus, it can be shown that the value of the 

quantity in 

| (+) n 

approaches the number e as n becomes larger. In this ex- 

ercise we help you derive the continuous compound inter- 

est formula from this result. 

(a) Suppose a principal P is invested at an annual inter- 

est rate of j compounded m times a year. Show that 

the amount of the investment after t years is 

»\tm 

s=p(1 +) 
_m 

(b) Let n = m/j and show that the result in (a) can be 

written , 
ee S= Plt + *) 
n 

(c) Explain why the result in (b) can be written 

cfs 
(d) Since n = m/j, it follows that n increases as m (the 

number of annual conversion periods) increases. Use 

this observation to deduce the continuous compound 

interest formula from the result in part (c). 
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9.3 EFFECTIVE RATE OF 
INTEREST; BANK 

DISCOUNT 

Because compound interest is affected by both the nominal interest rate and the 

frequency of compounding, it is sometimes hard to tell offhand which of two 

compound interest procedures is more advantageous. For example, is it better to 

invest at 4% compounded monthly or 44% compounded semiannually? To make 

such comparisons, it is common to use the notion of effective rate of interest or 

annual yield. By definition this is the annual interest rate that produces the same 

yearly return as the compound interest procedure. 

A formula for effective rate of interest can be derived as follows. Suppose a 

principal P is invested at a nominal interest rate of 7% compounded m times a 

year, and let ies be the effective rate of interest. It follows from Formula (1) of 
Section 9.2 that in one year the compound interest procedure yields an amount 

S = ali + i) = P(1 +i)” : m 

(m = number of conversion periods in 1 year), whereas the amount resulting in 
1 year from the annual interest rate ies is 

Since the two amounts are the same, 

P( + ig) = PU +4)” 

dividing both sides by P yields 

1 + ice = (1 + i)” 

tego (lle i) 

The Truth in Lending Law enacted in 1969 requires the effective interest rate 
or annual yield to appear on all contracts. 

~ Find the effective rate of interest equivalent to 8% compounded quarterly. 

Solution We have j = .08, m = 4 (conversion periods per year), and i = .02. 
Substituting in Equation (1), 
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left = (1 = .02)4 al 

1.08243216 — 1 (from Appendix Table C.7, i = 2%, n = 4) 

.08243216 

which is an effective interest rate of 8.243216%. @& 

Remark To compare investments with different compound interest rates, we 
need only compare the effective rates. The larger effective rate benefits the lender, 
the smaller benefits the borrower. 

—2 Which is a better investment, 12% compounded monthly or 12.5% compounded 

Effective Rate for 
Continuous Compounding 

annually? 

Solution We must compute the effective rate of interest for each investment. The 

effective rate of interest for the second investment is the annual rate of 12.5%. 

(Why?) For the first investment we have 

? j= .12 m = 12 conversion periods per year ‘g 

ng rte Be nage Os 
=>+=—=.01 

i ee 

Thus, 

ig = (1 + .01)'% — 1 

1.12682503 — 1 (from Appendix Table C.7, i = 1%, n = 12) 

= 12682503 

which is an effective interest rate of 12.68%. Therefore, 12% compounded 

monthly is more favorable to the investor than the annual rate of 12.5%. & 

A formula for the effective interest rate equivalent to 7% compounded continu- 

ously is found in a manner similar to the derivation of Equation (1). 
Suppose a principal P is invested at 7% compounded continuously for 1 year. 

Then in 1 year, Equation (7) of Section 9.2 gives an amount S, where 

S=—ohe ) s=bPe ets 1) 

Let ies be the effective rate of interest. Therefore, 

S = P[1 + ice] 

since the two amounts are the same, 

P(1 +. 4g) = Pe’ 

dividing both sides by P gives 

1 + ies = ef 

lee = Cal 
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Find the effective rate of interest if money is invested at 8% compounded continu- 

ously. 

Solution Substituting the interest rate 7 = .08 in Equation (2) yields 

: 08 
lef me Cy at 1 : 

1eOSS3e—at (from Appendix Table C.5) 
.0833 

Thus the effective rate is 8.33%. a 

Simple Bank Discount and Another common business procedure is for a lender to deduct the interest due in 
the Effective Simple Rate advance. For example, if you make a bank loan of $300, the bank will compute 

the interest due and.deduct it in advance, giving you $300 minus the interest. At 

the end of the lending period you then pay the bank $300. The money deducted in 

advance is called the simple bank discount, and the money received by the bor- 
rower is called the proceeds. 

Simple bank discount or simple discount or bank discount is computed in 

much the same way as simple interest. However it is based on the amount rather 
than the principal. More precisely, let 

P = proceeds (amount received by borrower) 
d = discount rate —_ (a percentage per year) 
t = time (in years that the proceeds will be held) 
S = amount (to be paid back by borrower) 

By definition, simple discount is computed as 

D = Sat 

so that the proceeds received by the borrower is the amount S minus the discount. 
Thus, peg Pak 5 

=_S = od! 
= S(1 — dt) 
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PLE4 ~—_ Jones borrows $600 from his bank for 2 years at an 8% simple bank discount rate. 
Thus, the proceeds are 

P = S(1 — dt) = 600[1 — (.08)(2)] = 600(.84) = $504 

Therefore, Jones will receive $504 now and pay $600 at the end of 2 years. 4 

If Jones needs $500 now, how much should he borrow from his bank for 2 years at 
8% bank discount? 

Solution Let P = 500, t = 2, and d = .08. From Equation (4), 

P 
= 

1 = dt 
dS ae OT ESN) S00 

1 — (.08)2 1-.16 .84 
= $595.24 

Therefore, Jones should borrow $595.24. @ 

Remark Compound discount can be defined in a manner analogous to compound 

interest. However, we will not discuss it in this text. (See Stephen Kellerson, The 

Theory of Interest, (Illinois: Irwin, 1970.) Just as simple interest is used for short- 

term transactions, so is simple discount. 

Just as we computed the effective annual interest rate equivalent to a given 

compound rate, we can compute an effective simple interest rate equivalent to a 

simple discount rate d. We are looking for an annual simple interest rate so that 
I = D. Let peta . 

reff = simple interest rate 

t = time of the loan in years 

d = simple discount rate 

P = principal or proceeds 

S = amount 

Then 

I=D 

so 

Preset =*Sdt 

= dt [by Equation (4)] 

ie Sara (S) 

(Note that rer depends on t.) 
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From Jones’ point of view in Example 4, Jones paid interest of 

$600 — $504 = $96 

for the use of $504 for 2 years. His simple interest rate can be obtained from For- 

mula (5) when d = .08 and t = 2: 

ee 08 08 | 
Meer lave) are 4 

9.524% 

ee 

4 EXERCISE SET 9.3 

1. Find the effective annual rate of interest ieg on each of 2. Find the effective annual rate of interest ieg on each of 
these investments: these investments: 

(a) 6% compounded monthly (a) 12% compounded monthly 

(b) 6% compounded quarterly (b) 9% compounded quarterly 

(c) 6% compounded semiannually (c) 7% compounded semiannually 

(d) 6% compounded continuously (d) 7% compounded continuously 



Which is better for the investor, an investment paying 9% 

compounded quarterly or 9.1% compounded annually? 

Find the effective annual rate of interest ieg on each of 

these investments: 

(a) 6% compounded continuously 

(b) 10% compounded continuously 

Find the effective annual rate of interest ies on each of 

these investments: 

(a) 12% compounded continuously 

(b) 15% compounded continuously 

Which is better for the investor, an investment paying 8% 

compounded semiannually or 7.9% compounded continu- 

ously? 

With semiannual compounding, what nominal interest 

rate is equivalent to 35% compounded annually? 

From a practical viewpoint there is not much difference 

between daily compounding (use a 365-day year) and 

continuous compounding. For example, with an annual 

interest rate of 10%, the effective rate of interest with 

daily compounding is 

1 \36 
= (1 + =) — 1 = .10516 = 10.516% 

365 

Calculate the effective annual interest rate with continu- 

ous compounding. 

10. 

11. 

12. 

13. 

14. 
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If you borrow $400 for 6 months from a bank that 

charges 8% simple discount: 

(a) How much will you receive from the bank? 

(b) What is the discount? 

(c) How much will you repay at the end of 6 months? 

(d) What is the effective simple interest rate reg? 

(e) From your point of view, what is the simple interest 

rate you are paying for the loan? 

(a) Find the bank discount on $5000 for 2 years at 9%. 
(b) Find the proceeds. 

How much should be borrowed at 12% bank discount for 

5 months to obtain proceeds of $1000? 

The proceeds of a $2000 loan for 1 year at simple dis- 

count were $1800. What was the simple discount rate? 

(a) Ifa woman wants to borrow money for 6 months at 

8% simple discount rate, how much should she bor- 

row if she needs $500 now? 
(b) What is the effective simple interest rate rege? 

(a). If John Smith needs $1000, how much should he 

borrow at a simple discount rate of 10% if he will 

pay back the loan in 8 months? 

(b) What is the effective simple interest rate rer? 

9.4 ANNUITIES An annuity is a sequence of payments paid or received at equal time intervals. 
Some examples are: 

1. A sequence of equal monthly investments (the annuity) is made with the ob- 
jective of accumulating a certain lump sum at a specified future time (e.g., 

monthly deposits in a savings account). 

2. A sequence of equal monthly payments (the annuity) to pay off an interest- 

bearing debt (e.g., a home mortgage). 

3. A lump sum to be invested is placed with an investment company and paid 

back with interest in 10 equal annual installments (the annuity) on retire- 

ment. 

The time period between successive annuity payments is called the payment 

period or payment interval for the annuity. When the payments are due at the 

end of the payment periods, the annuity is called an ordinary annuity.* The 

*There are other types of annuities which we do not consider here. For example, if payments are made 
at the beginning of each period, the annuity is referred to as an annuity due. A reference for these 
other types is Mathematics of Finance, by Robert Cissell, Helen Cissell, David C. Flaspohler, 7th edi- 
tion (Boston: Houghton Mifflin, 1986). 
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Amount of an Annuity; 
Sinking Funds 

FIGURE 2 

time from the beginning of the first payment period to the end of the last period is 

called the term of the annuity (Figure 1 shows an ordinary annuity with a term of 

5 periods). In the following we only consider annuities with equal payments. 

Term of annuity 
ext —- 

ee 
ja ene ato hc Se SE) 
<> =~ > «> =< > << 

FIGURE 1 Period \ Period Period Period Period 
1 2 3 4 5 

First Third Fifth 
payment Second payment Fourth payment 

payment payment 

Annuity problems involve the determination of the value of the annuity at 

various points in time. For example, in the first example we might want to know 

the amount in the savings account at the date of the last deposit. In the second ex- 

ample we might ask the amount of the monthly payment required to pay off a 

$50,000 mortgage on a house. These problems are compound interest problems 

and can be handled by the methods of Section 9.2. However, in annuity problems 

with equal payments made at equal intervals of time, the equations can be sim- 

plified algebraically so that simple formulas can be derived to facilitate the compu- 

tation. 

The first type of problem that we consider is the determination of the amount of 

an ordinary annuity at the date of the last payment. 

At the end of each month $100 is invested in a savings account paying 6% com- 

pounded monthly. What is the value Ss of this ordinary annuity just after the fifth 
payment? 

Solution This problem is a compound interest problem of a type that we con- 

sider in Section 9.2. It is identified as an annuity problem because there are equal 

payments made at equal intervals of time. Our method of solution follows that of 
Example 7 in Section 9.2. 

Let Ss be the value of these payments at the date of the last payment. The 
time line shown in Figure 2 indicates the payments. We now determine the value 
of these payments immediately after the fifth payment is made. We have 
i = .06/12 = .005. Figure 3 indicates the values of each of the five payments at 
the end of the fifth month (t = 5). 

Initial payment Fifth payment 

| 
$$$ tp}—t>— ++ 

0 1 pe 3 4 5 

Prabal sts tie ted uened 
$100 $100 $100 $100 $100 
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5 month term 
Cae nt crt le a 

5s Value of payments just after 5 periods 
eee eee eee 
0 1 2 3 4 5) 

FIGURE 
: 100 100 100 100 100 100 

ieee ated 100(1.005)! 
| eee ees 100(1.005)? 

100(1.005)? 
100(1.005)¢ 

Then Total Ss 

Ss 100 + 100(1.005)’ + 100(1.005)* + 100(1.005)? + 100(1.005)4 

100 Fr 1005000 ~" 4) 10100259" 1OUS075. +-102:0151 
= $505.03 a4” 

If in Example 1 there were 50 monthly payments rather than 5, the method 

used would involve many more computations. We now see how this kind of calcu- 

lation can be simplified. Consider a more general problem. Suppose we are inter- 

ested in the value S, of an ordinary. annuity at the end of n payment periods, 

where 
each payment = R dollars 

i = the interest rate per period 

and payments are made at the end of each period. Then, as suggested by ne 4, 
the value S, of the annuity will be 

S.=R+R1+)+R14+ 09? +---+RO4+9"74+ R11 +0" 
=R[I1+d+)+04+)? +---+04+)°7+049)" 3] (1) 

Equation (1) can be simplified algebraically to obtain 

‘Ti A ela 
Sauce aE es (2) 

i 

(For a derivation, see Exercise 10 at the end of this section.) 

n payment periods Value of payments just after n periods 

Sn 
0 1 2 pa) all n 

—|— t 

R Ree ae ca R R R 
FIGURE 4 | : RO 1) 

R(1 + i)* 

IRC ar iy 2 

RQ +i)" 

Total Sn 

In Formulas (1) and (2) the quantity S, is called the amount of the ordinary 

annuity of n payments and the quantity R is called the payment or rent. The ex- 

pression [(1 + i)” — 1]/i is commonly denoted by s7; (read “s sub n angle i”). 
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With this notation Formulas (1) and (2) become the following: 

We can compute S, with a calculator. However, for convenience, values of 

sz; and 1/s77; are given in Appendix Table C.7. 

Solve the problem of Example 1 using Formula (3). 

‘Solution 

Ss = Rszi 

= 10053 00s 

= 100(5.05025063) (from Appendix Table C.7, i = $%, n = 5) 

= $505.03 

which agrees with the result in Example 1. 4&7 

Note that by using Appendix Table C.7 it would take the same number of 

computations to find the amount of the annuity with 50 monthly payments of $100 

each. In this case, 

Sso — Rs: 

100(56.64516) (from Appendix Table C.7, i = 5%, n = 50) 
$5664.52 

~ To save for a child’s education, a family decides to invest $300 at the end of each 

6-month period in a fund paying 8% compounded semiannually. Find the amount 

of the investment at the end of 18 years. 

Solution From the given information 

.08 
j = — = .04 Vey 
n= 18-2 = 36 (18 years, 2 payments per year) 

R = 300 

Thus, at the end of 36 payment periods, the amount 536 of the investment will be 

S36 = Rs7i 

= 3005361 04 

= 300(77.59831385) (from Appendix Table C.7, i = 4%, n = 36) 
= $23,279.49 a 
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In some annuity problems, we are given the amount S, of the annuity at the 

nth payment date and want to determine the periodic payment R that will give this 

amount. 

EXAMPLE 4 ~ Debbie needs to have $4000 in 18 months to pay part of her college tuition. How 

much should she deposit into her savings account at the end of each month if in- 

terest is 9% compounded monthly? 

Solution Since Debbie is making equal monthly deposits at the end of each 

month, her payments form an ordinary annuity where Siz = $4000. We have 

i = .09/12 = .0075. Therefore, 

S, = Rsq, with n= 18 

and 

Sr R= 

STi 

Sis 4000 
mAs 

Pe mLTG OT T3700 Tn en Re Cl Sa ele) 

= $208.39 @& 

A sinking fund is a fund that is accumulated from a series of equal payments 

made at equal intervals of time (the annuity) for the purpose of paying off a 

financial obligation at some future date. We are given the amount S, and want to 

find the periodic payment R. 

_ EXAMPLE5 — A firm anticipates a capital expenditure of $10,000 for new equipment needed in 5 

years. How much should be deposited quarterly in a sinking fund earning 10% 

compounded quarterly to provide for the purchase? 

Solution The future value of the investment after 5 years must be 

Soo = $10,000. We must determine the value R of each payment. 

From Formula (3) for the amount of an ordinary annuity at the date of the last 

payment, we obtain 

Sn 1 
Sn = Rswi; or R= = §,-— (4) 

Shi Shi 

Substituting the given information 

pean Ofer, 
rag 025 n= 5-4 = 20 periods 

into Formula (4) yields 

= He 10,000 
501.025 S701.025 

= 10,000(.03914713) (from Appendix Table C.7, i = 25%, n = 20) 

= $391.47 

Thus, $391.47 should be invested quarterly in the sinking fund. #& 
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Present Value of an 
Annuity; Mortgages 

FIGURE 6 

The following formula summarizes the discussion in these examples. 

So far we have considered annuity problems in which payments are made with the 

objective of accumulating a certain lump sum at a future date. We now consider 

the reverse problem. A lump sum is invested at compound interest with the objec- 

tive of obtaining a series of payments (an annuity) over some future period of 

time. The lump-sum investment is called the present value of the ordinary an- 

nuity (Figure 5). 

Lump-sum 

deposit 

FIGURE 5 Lea Aa Ur Mes ih Te ea 

paced edt ea 
10,000 10,000 10,000 10,000 10,000 

~ On retirement, a couple wants to make a lump-sum investment paying 8% com- 
pounded annually so that they can receive annuity payments of $10,000 at the end 
of each year for the following 5 years. How much must they invest? 

Solution In this problem we must determine the value of this annuity at the 

beginning of the first payment period (t = 0). This value As is just the sum of 
present values of the five payments at t = 0 (Figure 6). We have 

i= .08/1 = .08 

As 

+—+— +++ 
Value of payment at t = 0 0 1 2 3 4 5 

10,000(1.08)~? <— 10,000 10,000 10,000 10,000 10,000 
10,000(1.08)-2 Ase ee 
10,000(1.08)~3 NS ee | | 
10,000(1.08)~4 
10,000(1.08)~> 

Total As 
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Then 

As 10,000(1.08)~! + 10,000(1.08)~2 + 10,000(1.08)-3 + 10,000(1.08)~4 
+ 10,000(1.08)~5 

= 9259.2593 + 8573.3882 + 7938.3224 + 7350.2985 + 6805.8320 
= $39,927.10 

Thus, the couple should invest $39,927.10. av 

To consider a more general problem, suppose we are interested in finding the 

sum A, that must be invested at an interest rate of i per conversion period. Our 

goal is to obtain an ordinary annuity of n payments of R dollars each with pay- 

ments beginning one conversion period after the initial investment A,. 

The quantity A, is called the present value of the ordinary annuity of n pay- 

ments of R dollars each; A, is the sum of the present values of the n payments 

(Figure 7): 

An 
a 

Value of'payinent ate Oonq 2m of 2 Fe 

R(i + i"! < R R R 8) sh ce R 

R(1 + i)~? | 

Ri+i° | | 

Ritoee | 

Total An 

Anz eRe te setRAde te eect lar Pee cee Rel Wectheg) a 
swig Were yma © (borety oes ron (leg) toe (te Fe) 

Equation (6) can be simplified algebraically as 

A, = (Qe) (7) 
l 

(See Exercise 19 at the end of this section.) The quantity A, is the present value 

of the annuity. The expression in the square brackets of Formula (7) is commonly 

denoted by the symbol 
ali 

(read “a sub n angle i”). With this notation, Formulas (6) and (7) become the fol- 

lowing: 
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You can use a calculator to compute A,. For convenience, however, values of az; 

and 1/a; are given in Appendix Table C.7. 

~ What is the present value of an ordinary annuity with 20 quarterly payments of 

$100 each if the interest is 8% compounded quarterly? 

Solution We have R = 100, n = 20, andi = .08/4 = 02. By Equation (8), 

A20 = Rax).02 
= 100(16.35143334) (from Appendix Table C.7, i = 2%, n = 20) 

= $1635.14 

Thus, the present vaue is $1635.14. 47 

An important example involving the present value of an ordinary annuity in- 

volves home mortgages. In this type of problem the value of the mortgage (or 

loan) A, is given, and we are interested in determining the periodic payment R so 

that the set of payments have A, as their present value. 

An interest-bearing debt is said to be amortized if the principal and interest 

are paid by a sequence of equal payments made over equal time periods. Most 

home mortgages, for example, are paid in this way. 

In other words, an amortized mortgage is a lump sum lent by the bank to the 

borrower, and in return the bank will receive fixed periodic payments consisting 

of principal and interest. 

~ A developer purchases a parcel of land for $10,000 to be amortized over 2 years at 

9% compounded monthly. How much will each monthly payment be? 

Solution Let R be the unknown amount of each monthly payment and consider 

the problem from the lender’s viewpoint. The lender is investing a sum of 

$10,000 (present value) at 9% compounded monthly to receive an annuity of R 

dollars per month for 2 years. Thus, from the formula for the present value of an 
annuity, Formula (8), we obtain 

An — Raw 

or on solving for R, 
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5 ; In . rn 

1,250,000 1,250,000 
1,250,000 1,250,000 

Using Formula (7) we have 

A20 = 1,250,000 35}08 
1,250,000(9.81814741) 

= 12,272,684 

Thus, the lottery commission only has to invest $12,272,684 now. 

Substituting A = 10,000, n = 24, and i = .09/12 = .0075 in that formula yields 

10,000 

474) .0075 

(10,000) 
~ « \@%).0075 

(10,000)(0.04568474) (from Appendix Table C.7, i = =%, n = 24) 

= 456.8474 

Thus, each monthly payment will be $456.85. 4” 

= 

The following formula summarizes the discussion in this example. 

Periodic Payment on an Amortized Loan 

An 

ani 
R= (9) 

where | R = periodic payment A, = amount of the loan 
i = interest rate per period n = number of periods 
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i a A a a a 

4 EXERCISE SET 9.4 

1. At the end of each month $200 is invested in bonds pay- 

ing 6% compounded monthly. What is the value of this 

ordinary annuity after: 

(a) the third payment (b) the tenth payment 

Find the future value of the following ordinary annuities: 

(a) $1000 a year for 5 years at 7% compounded annu- 

ally 

(b) $500 per quarter for 10 years at 8% compounded 

quarterly ' 

(c) $4000 every 6 months for 15 years at 5% com- 

pounded semiannually 

(d) $40 every month for 5 years at 6% compounded 

monthly 

A newly married couple plans to save for a house by de- 

positing $300 a month in a money market fund paying 

12% compounded monthly. How much will the couple 

have available for their house after 5 years in this savings 

program? 

A self-employed photographer deposits $7500 a year in a 

Keogh retirement account paying 8% compounded annu- 

ally. How much will the photographer have in this ac- 

count after 20 years? 

An employer deposits $9000 quarterly into a worker’s 

pension fund invested at 12% compounded quarterly. 

How much will be in the fund after 25 years? 

A firm anticipates a capital expenditure of $50,000 for 

new equipment needed in 10 years. How much should be 

deposited annually in a sinking fund earning 8% com- 

pounded annually to provide for the purchase? 

A municipality issues $25,000,000 worth of revenue 

bonds that are due in 30 years. To pay off the debt, a 

sinking fund earning 4% compounded semiannually will 

be established. What semiannual deposit is needed? 

The XYZ Corporation must retire (buy back) $200,000 

worth of bonds in 20 years. If they will receive 6% com- 

pounded semiannually, how much must they deposit ev- 

ery 6 months to retire the bonds? 

(a) To save for a child’s education a family invests $250 

at the end of each 3-month period in a fund paying 

12% compounded quarterly. How much money will 

be in the fund after 10 years? 

(b) Suppose the family wants $60,000 in the fund after 

10 years. How much will they have to invest every 3 

months to achieve this goal? 

10. 

11. 

12. 

13. 

14. 

15. 

In the study of geometric progressions in algebra, it is 

shown that if b is any number other than 1, then 

Sai tb +b? ++ -= 0" 
= pe pmti_ 4 

ite ee 
(a) Establish this result as follows: 

11> Let S = L+b +b? +> 
2. Compute DS. 
3. Compute S — bS = S(1 — b). 

4. Solve for S. 

(b) Use this result with b = 1 +i and m=n— 1 to 

+b", 

show that 

Say = le P(e) ea) a ee 
Je Cisse ol 

i 

In each part, use a calculator and the formula in Exercise 

10(b) to evaluate s7;. Check your results against those in 

Appendix Table C.7. 

(a) n=5,i= .01 
(b) n= 10,i = .02 

(c) n= 20,1 = .045 

Use a calculator and Formula (2) of this section to find 

the future value of an ordinary annuity after 15 semian- 

nual payments of $100 at 20% compounded semiannu- 

ally. 

Find the present value of the following ordinary annu- 

ities: 

(a) $1000 per year for 5 years at 7% compounded annu- 

ally 

(b) $500 per quarter for 10 years at 8% compounded 
quarterly 

(c) $4000 every 6 months for 15 years at 5% com- 

pounded semiannually 

(d) $40 per month for 5 years at 6% compounded 
monthly 

Find the present value of the following ordinary annu- 
ities: 
(a) $1000 per month for 2 years at 12% compounded 

monthly 
(b) $15,000 per year for 10 years at 7% compounded 

annually 

How much should you deposit now in an account paying 
14% compounded semiannually to receive semiannual 
payments of $2000 for the next 8 years? 



16. 

17. 

18. 

19. 

The stipulations of a will call for establishing a trust that 
will yield the beneficiary $500 a month for 5 years. How 
much should be deposited in the trust account if the inter- 
est rate is 8% compounded monthly? 

A television set is financed at $75 per month for 12 
months at an interest rate of 12% compounded monthly 
on the unpaid balance. How much of the total amount 
paid goes for interest and how much for the television it- 

self? [Hint: nR — A, = interest paid.] 

A boat is financed for $200 per month for 24 months at 

an interest rate of 15% compounded monthly on the un- 

paid balance. How much of the total amount paid goes for 

interest and how much for the boat itself? [Hint: 
nR — A, = interest paid. | 

In Exercise 10 we state the progression formula 

il ‘se m+1 

in beh tae 
I Vey 

Multiplying this formula through by c yields 

c— cb™t} 

SL? GEN Ra A haar 

Use this result with c = (1+ 1, b= (1 +d", and 
m = n — | to show that 

aq,=(1+i)'+(+)7?4+---+04+9" 
Pre ao Ae a) ae 

1 

@ KEY IDEAS FOR REVIEW 

20. 

21. 

22. 

23. 
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In each part use a calculator and the third formula in Ex- 

ercise 19 to evaluate a7,;. Check your results against 
those in Appendix Table C.7. 

(a) n=5,i=.01 

(b) n= 10,i = .02 

(c) n= 20,i = .045 

Find the monthly payment if: 

(a) $5000 is amortized for 5 years at 12% compounded 

monthly 

(b) $10,000 is amortized for 2 years at 12% com- 

pounded monthly 

Find the periodic payment if: 

(a) $8000 is amortized for 10 years at 14% compounded 

semiannually 

(b) $1000 is amortized for 3 years at 10% compounded 

quarterly 

A real estate speculator purchases a lot for $25,000 to be 

amortized over 3 years at 8% compounded semiannually. 

How much will each semiannual payment be? 

An automobile costs $6000 and can be financed at 9% 

compounded monthly. If a down payment of 10% is 

made, what is the amount of the monthly payment if: 

(a) the automobile is financed for 3 years 

(b) the automobile is financed for 4 years 

a Simple interest formula S = P(1 + rt) 

a Compound interest formula § = P(1 + =)" = P(1 + i)” 

a Present value formula for compound interest P = S(1 + i)” 

a Continuous compound interest formula S = Pe” 

a Present value for continuous compound interest P = Se” 

a Effective rate of interest formula ies = (1 + Lym — 1=(1+i)"-1 
‘# Effective rate of interest formula for continuous compounding 

lege =e — | 

# Bank discount formula P = S(1 — dt) 

# Effective simple interest rate formula for bank discount setae nae 
4 Annuity A sequence of payments paid or received at equal time intervals. 

# Ordinary annuity An annuity in which the payments are due at the end of 

the conversion period. 



408 # CHAPTER9 Mathematics of Finance 

a Amount formula for an ordinary annuity 5S, = Rs7; 

Periodic payment for an ordinary annuity R = 
Sane 

Shi 

a Sinking fund An ordinary annuity in which R dollars is deposited at the end 

of each period to accumulate a given amount S, at the time of the nth payment. 

a Present value formula for an ordinary annuity A, = Raz; 

a Periodic payment for an ordinary annuity with present value A, 

An 

ani 

Re= 

4 Mortgage An ordinary annuity in which R dollars is paid at the end of each 

period to pay off a loan of a given amount Ap. 

a Periodic payment on an amortized loan pe An 

47 SUPPLEMENTARY EXERCISES 

(a) A bank certificate of deposit can be bought for 

$10,000. At 8% simple interest, what will be the 

value of this certificate in 3 months? 

(b) What is the interest accrued over this 3-month pe- 

riod? 

A 3-month treasury bill sells for $9832.30 and will pay 

$10,000 in 3 months. 
(a) What is the simple discount rate? 

(b) What is the effective simple interest rate rere? 

John can invest money at 9% compounded continuously 

or at 9.1% compounded semiannually. Which investment 

should he choose? 

Jill deposits $1000 into an account paying 6% interest 

compounded semiannually. Two years later the interest 

rate increases to 8% compounded quarterly. What is the 

amount in the account 5 years after the $1000 deposit? 

Assume there are no other deposits and no withdrawals 

during this time. 

Mary deposits $500 into an account. She deposits $100 1 
month later and withdraws $300 5 months after this last 

deposit. If interest in 12% compounded monthly, how 

much is in the account 14.years after she opened the ac- 

count? 

If Mike needs $1000 in 6 months and $2000 in 18 

months, how much should he deposit now into a savings 

account paying 8% compounded quarterly? 

7. 

10. 

11. 

12. 

Mr. Jones needs to borrow $10,000 now. He will make a 

payment of $3000 in 6 months and $4000 in 1 year. What 

final amount should he pay in 2 years to settle this debt if 

interest is 12% compounded semiannually? 

Ms. Jones deposits $100 at the end of each month into an 

account paying 12% compounded monthly. How much 

will be in the account at the time of the twentieth deposit? 

The Cox family buys a home for $100,000. They pay 

$20,000 down and take out a 30-year mortgage on the 

balance. If payments are made at the end of each year and 

interest is 8% compounded annually, how much is each 

payment? 

Margaret takes out a loan to purchase a car. She will pay 

$200 at the end of each month for 3 years. If the interest 

rate is 9% compounded monthly, what is the amount of 

the loan? 

(Harder) What is the outstanding balance of the loan of 

Exercise 10 at the end of 1 year? [Hint: The outstanding 

balance is the present value (at the time of the last pay- 

ment) of the 24 payments which have not yet been made. | 

A sinking fund is to be established to accumulate $20,000 

at the end of 10 years. If payments are to be made at the 

end of every 3 months and interest is 8% compounded 

quarterly, how much should each payment be? 
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4 CHAPTER TEST 

1. What is $1000 invested now worth in 18 months if inter- 

est is 

(a). 10% simple interest 

(b) 10% compounded quarterly 

(c) 10% compounded continuously 

What is the present value of $2000 due in 3 years if inter- 

est is 

(a) 6% simple interest 

(b) 6% compounded semiannually 

(c) 6% compounded continuously 

What is the effective rate ie of 

(a) 10% compounded quarterly 

(b) 10% compounded continuously 

Mark borrows $2000 at a simple discount rate of 7% for 6 

months. 

(a) How much will he receive now for this loan? 

(b) What is the effective simple interest rate ref? 

Merle wants to borrow $4000 now. She will pay off the 

loan in two equal payments: one in 1 year and one in 18 

months. How much is each payment if interest is 9% 

compounded semiannually? 

6. 

10. 

Mr. and Mrs. Smith wish to accumulate $10,000 in 6 

years to pay part of their son’s college tuition. How much 

should they deposit at the end of every 6 months if inter- 

est is 10% compounded semiannually? 

If Mr. and Mrs. Smith deposit $900 at the end of every 6 

months into an account paying 10% interest compounded 

semiannually, how much will be in the account at the end 

of 6 years? 

If Mr. and Mrs. Smith of Exercise 7 leave the money in 

the account for another 2 years and make no more de- 

posits, how much will be in the account at the end of that 

time? 

Stephen buys a television for $500. He pays $50 down and 

pays the balance in 12 equal monthly payments (at the 

end of each month). If interest is 12% compounded 

monthly, how much is each payment? 

Rachelle can afford to make 36 monthly payments of 

$150 each (at the end of each month) to pay off a car 

loan. What price car can she afford if interest is 12% 

compounded monthly? 
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Probability and statistics play an important role in the insurance industry. Compa- 

nies that want to insure individuals against fire, death, or automobile accidents use 

probability and statistics to determine their premiums, that is, what they will 

charge for the insurance. To determine the premiums, the company must be able 

to estimate the probability that it will have to pay off on each policy it sells. In this 

section we illustrate how this is done in the field of life insurance. (The mathemat- 

ics of insurance is referred to as actuarial mathematics. An actuary is an applied 

mathematician who uses mathematics to analyze and solve business problems re- 

lated to the field of insurance.) 

Life insurance companies have compiled statistics, called mortality tables, 

that they use to determine the probability that a policyholder will die while the in- 

surance policy is in effect. Mortality tables are constructed by selecting a large 

sample of individuals and recording how many deaths occur among individuals in 

the sample at each age. Mortality tables are constantly revised to reflect changes 

in medical technology, health standards, and environmental conditions. There are 

many different mortality tables available, and each insurance company tries to 

pick a mortality table based on individuals whose characteristics closely match 

those of its policyholders. Tables 1a and 1b are typical mortality tables: Table la 

is the 1980 CSO ALB Table for males, Table 1b is the 1980 CSO ALB Table for 

females.* 

In these tables /, represents the number of individuals of the original popula- 

tion of J) = 10,000,000 individuals, who are expected to be alive at (survive to) 

age x; d, is the number of individuals who are expected to die between the ages of 
x and x + 1. Therefore, 

d= Leva (1) 

*CSO stands for Commissioners Standard Ordinary, and ALB stands for age at last birthday. These 
tables are published in the Transactions of the Society of Actuaries, 33(1981):673. 
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TABLE 1a 

1980 CSO Mortality Table ALB—Males 

Age Last Number 
Birthday Living 

x ie 

0 10,000,000 

1 9,973,700 

2 9,963,427 

3 9,953,563 

4 9,943,908 

5 9,934,660 
6 D925:917, 

ef 9,917,678 
8 9,909,942 

9 9,902,510 

10 9,895,182 

11 9,887,761 

12 95879752 
13 9,870,663 
14 9,860,101 

5 9,847,874 

16 9,833,890 

4 9,818,254 

18 9,801,367 

19 9,783,529 
20 9,765,136 

21 9,746,582 
22 9,728,063 
723) 9,709,774 

24 9,691,908 
75} 9,674,463 
26 9,657,533 

27 9,640,922 
28 9,624,436 

29 9,608,074 
30 9,591,548 

31 9,574,763 

32 9,557,528 

33, 9,539,655 

34 9,521,053 

35 9,501,535 

36 9,480,917 

37 9,458,921 

38 9,435,368 

39 9,410,081 
40 9,382,792 

41 9,353,236 
42 9,321,248 

43 9,286,666 
44 9,249,241 
45 9,208,822 
46 9,165,264 
47 9,118,338 

48 9,067,914 
9,013,779 

Number 

Dying 

26,300 
10,273 
9,864 
9,655 
9,248 
8,743 
8,239 
7,736 
7,432 
7,328 
7,421 
8,009 
9,089 

10,562 
125227 
13,984 
15,636 
16,887 
17,838 
18,393 
18,554 
18,519 
18,289 
17,866 
17,445 
16,930 
16,611 
16,486 
16,362 
16,526 
16,785 
17,235 
17,873 
18,602 
19,518 
20,618 
21,996 
23,553 
25,287 
27,289 
29,556 
31,988 
34,582 
37,425 
40,419 
43,558 
46,926 
50,424 
54,135 
58,229 

Age Last 
Birthday 

x 

Number 

Living 

L, 

8,955,550 
8,892,861 

8,825,008 

8,751,496 

8,671,595 
8,584,792 

8,490,703 

8,389,069 

8,279,676 
8,162,270 

8,036,408 
7,901,396 
7,756,326 

7,600,269 
7,432,379 
7,251,995 
7,058,947 

6,853,320 
6,635,453 
6,405,535 

6,163,342 
5,908,365 

5,639,948 
5,357,499 
5,061,015 
4,751,787 
4,432,229 

4,105,574 

3,775,609 
3,445,923 
3,119,387 

2,798,277 

2,484,618 
2,180,476 
1,888,641 

1,612,673 
1,356,290 

F122 925 

914,200 

731,790 
575,414 

443,972 

335,594 
247,860 

177,931 
122,778 

79,577 
46,076 

21,149 

5,390 
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Number 

Dying 
d, 

62,689 
67,853 
735512 
79,901 
86,803 
94,089 

101,634 
109,393 
117,406 
125,862 
135,012 
145,070 
156,057 
167,890 
180,384 
193,048 
205,627 
217,867 
229,918 
242,193 
254,977 
268,417 
282,449 
296,484 
309,228 
319,558 
326,655 
329,965 
329,686 
326,536 
321,110 
313,659 
304,142 
291,835 
275,968 
256,383 
233,567 
208,523 
182,410 
156,376 
131,442 
108,378 
87,734 
69,929 
Sy! Sis) 
43,201 
33,501 
24,927 
15,759 
5,390 

*Adapted from tables in Transactions of the Society of Actuaries, 33 (1981). Used with permission of the Society 

of Actuaries. 
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TABLE 1b 

1980 CSO Mortality Table ALB—Females 

Age Last 
Birthday 

x 

OMOAIDMNHRWNK CO 

*Adapted from tables in Transactions of the Society of Actuaries, 33 
of Actuaries. 

Number 
Living 

L, 

10,000,000 
9,981,200 
9;972,816 
9,964,838 
9,957,065 
9,949 398 
9,941,936 
9,934,678 
9,927,624 
9,920,675 
9,913,830 
95,907,089 
9,900,154 
9,892,927 
9,885,309 
9,877,203 
9,868,610 
9,859,531 
9,850,066 
9,840,216 
9,830,081 
9,819,661 
9,809,056 
9,798,266 
9,787,292 
9,776,037 
9,764,599 
9,752,881 
9,740,787 
9,728,319 
9,715,478 
9,702,168 
9,688,391 
9,674,149 
9,659,251 
9,643,700 
9,627,306 
9,609,784 
9,590,949 
9,570,520 
9,548,316 
9,524,159 
9,497,968 
9,469 664 
9,439,361 
9,406,890 
O37 2,219 
9,335,534 
9,296,418 
9,254,770 

Number 

Dying 

18,800 
8,384 
7,978 
WATE 
7,667 
7,462 
7,258 
7,054 
6,949 
6,845 
6,741 
6,935 
UeaT 
7,618 
8,106 
8,593 
9,079 
9,465 
9,850 

10,135 
10,420 
10,605 
10,790 
10,974 
11,255 
11,438 

11,718 
12,094 
12,468 
12,841 
13,310 
13,777 
14,242 
14,898 
15,551 
16,394 
175522 
18,835 
20,429 
22,204 
24,157 
26,191 
28,304 
30,303 
32,471 
34,617 
36,739 
39,116 
41,648 
44,330 

Age Last Number 
Birthday Living 

x x 

50 9,210,440 
51 9,163,190 
52 9,112,792 
53 9,058 ,844 
54 9,001,049 
55) 8,939,392 
56 8,873,866 
57 8,804,650 
58 8,732,012 
59 8,656,043 
60 8,576,407 
61 8,492,358 
62 8,402,849 
63 8,306,300 
64 8,201,391 
65 8,087,228 
66 7,963,574 
67 7,830,503 
68 7,688,536 
69 7,537,918 
70 7,377,888 
71 7,207,016 
2 7,023,021 
73 6,823,076 
74 6,604,806 
75 6,366,703 
76 6,108,470 
Vl 5,830,840 
78 559395339 
79 5,223,583 
80 4,896,743 
81 4,555,587 
82 4,201,026 
83 3,834,486 
84 3,459,090 
85 3,079,905 
86 2,703,263 
87 2,336,106 
88 1,985,270 
89 1,656,946 
90 1,356,144 
91 1,086,475 
92 849,971 
93 647,091 
94 476,641 
95 335,922 
96 221,366 
97 129,747 
98 60,042 
99 [Si 

Number 

Dying 
d, 

47,250 

50,398 
53,948 
57,795 
61,657 
65,526 
69,216 
72,638 
75,969 
79,636 
84,049 
89,509 
96,549 
104,909 
114,163 
123,654 
133,071 
141,967 
150,618 
160,030 
170,872 
183,995 
199,945 
218,270 
238,103 
258,233 
277,630 
295,507 
311,750 
326,840 
341,156 
354,561 
366,540 
375,396 
379,185 
376,642 
367,157 
350,836 
328,324 
300,802 
269,669 
236,504 
202,880 
170,450 
140,719 
114,556 

91,619 
69,705 
44,669 
15,373 

(1981). Used with permission of the Society 
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The number of individuals who are expected to die between the ages of x and y is 

ey lh 

Table la gives values for /, and d, for males, Table 1b for females. 

_ EXAMPLE 1 (a) 

(b) 

(c) 

(d) 

(e) 

The number of males who are expected to live until age 22 is obtained from 
Table la: 

lo (male) = 9,728,063 

The number of males who are expected to die between the ages of 22 and 23 
is obtained from Table 1a: 

do (male) = 18,289 

The number of males who are expected to die between the ages of 22 and 28 

is: 

loo — hg (male) = 9,728,063 — 9,624,436 = 103,627 

The number of females who are expected to live until age 22 is obtained 

from Table 1b: 

ln (female) = 9,809,056 

The number of females who are expected to die between the ages of 22 and 

23 is obtained from Table 1b: 

dx (female) = 10,790 4 

Estimated probabilities of survival and death are obtained from the mortality 

tables in the following manner: 

Note that in (2) and (3) the sample space consists of Jo = 10,000,000 individ- 

uals of age 0, the original population. 
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Equations (4) and (5) are conditional probabilities since we are given that the 

individual has survived to age x. Therefore, the denominator is J,, which is the 

number of individuals in the reduced sample space, the number of people who 

have survived to age x. 

(a) The probability that a male will survive to age 50 is 

Iso 8,955,550 
— (male) = —————— (from Table la) = . le (male) 10.0 00,000 | om Table 1a) 8956 

(b) The probability that a female will die between the ages of 50 and 51 is 

Iso — Is1 — dso 47,250 
i h (female) 10,000,000 (from Table 1b) = .004725 

(c) The probability that a 20-year-old female will survive to age 50 is 

Iso 9,210,440 
-— (temic) = = (female) 9.830.081 (from Table 1b) = .9370 

(d) The probability that a 20-year-old male will die between the ages of 50 and 
55 is 

Iso — Iss 8,955,550 — 8,584,792 
: meres: (male) 9,765,136 (from Table 1a) = .03797 

y 

The following sections are for readers who are familiar with Chapter 9. 

Premiums for Insurance A premium is the amount a person pays to purchase an insurance policy. In re- 
Policies turn, the company pays out benefits according to the terms of the policy. Since 

the premiums are invested by the company, interest rates are taken into account 
when determining their value. 

The net single premium for a policy is the present value of the future benefits 
that the company expects to pay out on that type of policy, where present value is 
as defined in Section 9.2. In general, the true premium is composed of the net sin- 
gle premium plus a loading factor. The loading factor involves the insurance com- 
pany’s expenses and profit. 



Pure Endowment Policy 

10.1 Applications of Probability to Life Insurance and Mortality 47 415 

In this section we compute the net single premium for two types of policies: 

n-year pure endowment and n-year term insurance. Our method can be used to de- 

termine net single premiums for other types of policies as well.* Keep in mind 

that the true premium will be higher, in general, than the net single premium. We 

will assume that interest is compounded annually and that benefits are paid at the 

end of the year in which they are due. In the following discussion, x represents the 

age of the person buying the policy at the time of purchase. 

An n-year pure endowment with face value F is a policy that guarantees the pur- 

chaser will receive one payment of F dollars at the end of n years, provided that 

he or she is alive at that time. We denote the net single premium for this policy by 

P. (In actuarial mathematics, the net single premium for an n-year pure endow- 

ment with face value of $1 is denoted by ,E,. In this notation, P = F,E;.) 

_ EXAMPLE3 A 27-year-old man buys a 10-year pure endowment policy with a face value of 

$1000. What is the net single premium for this policy? Assume an interest rate of 

8% compounded annually. 

Solution Let x = 27 (male), n = 10, F = 1000, and i = .08. We now show 

how probability is involved in this computation. We assume that all males of age 

27 buy this policy (there are />7 such males). If the net single premium for this pol- 

icy is denoted by P, then the company will receive P - 27 = Plz; dollars at the 

time when x = 27. In 10 years the company will have to pay $1000 to all males 

who have survived to age 37 (there are 37 such males). Therefore, the company 

expects to pay out 1000/37 in 10 years. (See the time line in Figure 1.) 

Pe sere LUO ag 
t 

P| 37 

Then 

Ply; = present value of $1000/37 
1000/37(1 + iy? 

1000/37(1 + .08)~*° 

ly 
= 1000—(1.08)-* 

ly 
v | 

9,458,921 
~~ }(1.08)~"° fi Table 1 jo00( 2458224) ) (from Table 1a) 

$454.45 

This means that the net single premium is the present value of the proportion 

of $1000 that on the average the company expects to pay out in 10 years. This 

ll 

*See Robert Cissel, Helen Cissel, and David C. Flaspohler, Mathematics of Finance, 7th ed. (Boston: 

Houghton Mifflin, 1986). 
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n-year Term Insurance 

proportion is, by (4), 

~ = probability that a 27-year-old male will survive to age 37 
27 : 

In general the net single premium for an n-year pure endowment policy with 

face value F with interest rate i per year bought by a person age x is 

The proof follows the method of Example 3 and is left for Exercise 13. 

* What is the net single premium for a 20-year pure endowment with a face value of 

$15,000 issued to a woman age 25? The interest rate is 8% compounded annually. 

Solution Here F = 15,000, x = 25 (female), n = 20, and i = .08. Therefore, 

by (6), 

lo5+20 
15,000~ (1 + .08)~° 

2S 

P 

l 
15,000— (1.08) ~2° 

los 

9,406,890 
15.0 ee Be 

e: oo 
)214s4s) = $3096.70 (by Table 1b) & 

The insurance policy known as n-year term insurance guarantees that if the poli- 

cyholder dies within n years of the purchase of this policy, his or her beneficiary 

will collect the face value of the policy at the time of the insured’s death (as men- 

tioned earlier, we assume that the payment is made at the end of the year of 

death). If the insured survives the n years, the policy is terminated. We denote the 

net single premium for this policy by Q. (In actuarial mathematics, the net single 

premium for this type of policy with a face value of $1 is denoted by Az... In this 
notation Q = FA;...) 

_ What is the net single premium for 2-year term insurance with a face value of 

$1000 issued to a 25-year-old woman? The interest rate is 6% compounded annu- 

ally. 

Solution Again, we let F = the face value of the policy: F = 1000, x = 25 (fe- 

male), n = 2, and i = .06. We assume that all females of age 25 buy this policy 

(there are /25 such females). The net single premium is Q, so the company will re- 

ceive Qlos dollars at the time when x = 25. (See the time line of Figure 2.) 
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Qs 

ee 
25 26 Dat 

ee = 1 O00G 55 1000d2¢ 

At the end of the first year, the company expects to pay $1000 to each of the 

beneficiaries of the females who are expected to die between the ages of 25 and 26 

(there are dz; such females). That is, at the end of the first year the company ex- 

pects to pay out $1000d25 (see Figure 2). 

At the end of the second year, the company expects to pay $1000 to each of 

the beneficiaries of the females who are expected to die during that year (there are 

dx6 such females). Therefore at the end of the second year, the company expects 

to pay out $1000d26 (see Figure 2). There are no further payments since the policy 

is in effect only 2 years. Therefore, the total net single premium is 

Qlzs = present value of future benefits 

= 1000d25(1 + .06)~! + 1000d26(1 + .06)~? 

and 

Oe 1000 ( +06)! + 1000. 2 (let 06). 
25 

dos O26 =a = 1000] $* (1.06)! + 5*(1.06) 
los 

11,438 Peet AG 2 . eee P06) aa from Table 1b) 
onl 06)" * 9:776,037 1°) | SES oe 

= $2.17 
Note that 

st le [from Equation (1)] 
los los 

This is the probability that a 25-year-old woman will die before age 26. Similarly, 

dye /lxs is the probability that a 25-year-old woman will die between the ages of 26 

and 27. Therefore, the net single premium is the present value of the proportions 

of $1000 that the company expects to pay out each of the 2 years that the policy is 

in force. & 

In general, the net single premium for n-year term insurance with face value F 

and interest rate i per year, bought by a person age x, is 

The proof follows the method of Example 5 and is left for Exercise 14. 
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"What is the net single premium for a 3-year term insurance policy with face value 

$5000 bought by a 65-year-old man? Interest is 7% compounded annually. 

Solution Here F = 5000, x = 65 (male), n = 3, andi = .07. By Equation (7), 

and Table la, 

d 
Q = 5000 [0 + .07)1 + des 4 Fhmigp 2 os 2 Vee on] 

les les les 

= 5000 tos EB 07)7! ab Bea 07) zie Roly) on 

ia 7,251,995 ° — 7,251,995 > 7,251,995 > 

= $370.84 & 

The methods used in this section are applicable for computing net single premiums 

for other types of life insurance. For further reading on the subject see the follow- 

ing books: 

1. Robert Cissell, Helen Cissell, and David C. Flaspohler, Mathematics of Fi- 

nance, 7th ed. (Boston: Houghton Mifflin, 1986). 

2. Lewis C. Workman, Mathematical Foundations of Life Insurance (Atlanta: 

FLMI Insurance Education Program, Life Management Institute LOMA, 

1982). 

4 EXERCISE SET 10.1 

1. Use Table 1a or 1b to determine: 

(a) the number of males alive at age 60. 

(b) the number of females who are expected to die be- 

tween the ages of 30 and 40. 

Use Table la or 1b to determine: 

(a) the number of females who are expected to survive 

to age 90. 

(b) the number of males who are expected to die be- 

tween the ages of 70 and 90. 

What is the probability that 

(a) amale age 40 will survive to age 60? 

(b) a female age 40 will survive to age 60? Why does 

this answer differ from that of (a)? 

(c) a female will survive to age 60? 

(d) a male will survive to age 60? Why does this answer 

differ from that of. (c)? 

(e) a female age 70 will die between the ages of 80 and 

85? 

(f) a male age 70 will die between the ages of 80 and 

85? 

6. 

What is the probability that 

(a) a male age 20 will survive to age 60? 

(b) a female age 20 will survive to age 60? Why does 
this answer differ from that of (a)? 

(c) a female will survive to age 90? 

(d) a male will survive to age 90? Why does this answer 

differ from that of (c)? 

(e) a female age 60 will die between the ages of 70 and 
80? 

(f) a male age 60 will die between the ages of 70 and 

80? 

When John is 20 years old, he buys a 25-year pure en- 
dowment policy with a face value of $10,000. What is the 
net single premium for this policy? Interest is 7% com- 
pounded annually. 

Jack, age 65, buys a 5-year pure endowment policy with a 
face value of $5000. What is the net single premium for 
this policy if interest is 6% compounded annually? 

Jennifer buys a 25-year pure endowment policy with a 
face value of $10,000 when she is 20 years old. What is 
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the net single premium for this policy? Interest is 7% 

compounded annually. Why does this answer differ from 

that of Exercise 5? 

Jill, age 65, buys a 5-year pure endowment policy with a 

face value of $5000. What is the net single premium for 

this policy if interest is 6% compounded annually? Why 

does this answer differ from that of Exercise 6? 

Mr. Smith, age 65, purchases 4-year term insurance with 

a face value of $10,000. What is the net single premium 

for this policy if interest is 7% compounded annually? 

Mr. Jones, age 40, purchases 5-year term insurance 

with a face value of $12,000. What is the net single pre- 

mium for this policy if interest is 6% compounded annu- 

ally? 

Mrs. Smith, age 65, purchases 4-year term insurance 

with a face value of $10,000. What is the net single pre- 

GAME THEORY AND 
APPLICATIONS 

12. 

13. 

14. 
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mium for this policy if interest is 7% compounded annu- 

ally? Why does this answer differ from that of Exercise 9? 

Mrs. Jones, age 40, purchases 5-year term insurance 

with a face value of $12,000. What is the net single pre- 

mium for this policy if interest is 6% compounded annu- 

ally? Why does this answer differ from that of Exercise 

10? 

Prove Equation (6). [Hint: Assume that the 1, individuals 

who are alive at age x buy this policy. How many will be 

alive at age x + n to collect F dollars? Set up a time dia- 

gram. | 

Prove Equation (7). [Hint: Assume that the 1, individuals 

who are alive at age x buy this policy. How many 

beneficiaries are expected to collect F dollars at time 

x +1,x + 2,...,x +n? Set up a time diagram] 

Many activities in business, economics, politics, and the sciences call for deci- 

sions in competitive situations. As a result of the pioneering efforts by John von 

Neumann,* Emile Borel,’ and Oskar Morgenstern,* beginning in the 1920s, it is 
now recognized that many of these competitive situations are analogous to games 

played according to formal rules. The players are groups or individuals pursuing 

their own objectives in direct conflict with the other players. In this section and 

the next we consider the simplest kinds of games; we show how matrices and 

probability theory can be used to determine optimal strategies for the players, and 

we discuss several applications. 

We begin with some examples that illustrate the kinds of problems to which 

game theory applies. 

*John von Neumann (1903-1957) was born in Budapest, Hungary, and was a child prodigy in mathe- 
matics and general science. In 1923 he received a doctorate in mathematics from the University of Bu- 
dapest and a degree in chemical engineering from the Federal Institute of Technology at Zurich, 
Switzerland. After lecturing in Europe he came to Princeton University, where he stayed until his 
death. Von Neumann was probably the greatest mathematical genius of his century. He contributed to 
quantum mechanics, economics, computers, many areas of pure mathematics, and he developed a 
technique that accelerated the production of the first atomic bomb. His genius was recognized with 
many awards and honors. 

*Emile Borel (1871-1956) was a French mathematician who made important contributions to several 
branches of mathematics. His pioneering work helped launch the field of measure theory on which the 
modern advanced notions of length, area, volume, and probability rest. In addition to his work in 
mathematics, he sat in the Chamber of Deputies for a period of time and was Minister of the Navy. 

*Oskar Morgenstern (1902-1977) was a German-born American economist at Princeton University. 
His book, Theory of Games and Economic Behavior, coauthored with John von Neumann, is a land- 

mark in economics and game theory. 
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~ FRANCHISE LOCATION: A BUSINESS GAME A new regional shopping center, 

Oxford Mall, plans to have only two restaurants, one to be operated by McDon- 

ald’s and the other by Gino’s. As illustrated in Figure 1, McDonald’s can locate at 

position 1 (an end) or at position 2 (near the center), and Gino’s can locate at po- 

sition 3 (near the center) or at position 4 (an end). If both franchises choose cen- 

tral locations or both choose end locations, they will each get 50% of the business. 

If McDonald’s chooses the center and Gino’s the end, then McDonald’s will cap- 

ture 75% of the business (and Gino’s 25%), while if McDonald’s chooses an end 

and Gino’s the center, then McDonald’s will get 30% of the business (and Gino’s 

70%). 

FIGURE 1 i] 

Oxford Mall , 4 

This situation is analogous to a game; each player (franchise) can control 

where it locates, but it cannot control where its opponent locates. The objective of 

each player is to develop an “optimal strategy” that will ensure the maximum pos- 

sible business. 

iv “PENNY MATCHING Consider a game involving two players, I and II, in which 

each player selects one side of a penny without knowing the opponent’s choice. If 

the choices match, then player I pays player II $1; otherwise, player II pays player 

I $1. As in the previous example, each player can control his or her own move but 

cannot control the opponent’s move. The objective of each player is to develop an 

optimal strategy that will ensure the best possible result. 4” 

:3. A MATRIX GAME Consider the 3 x 3 matrix 

1 67 1 

BW) Ame 16) 

ALO eS 3 

We can associate a game with this matrix as follows. Consider two players, 

Richard and Carol, who will be referred to as R and C. Player R picks a row with- 
out telling C his choice, and player C picks a column without telling R. After the 
players make their choices, money or some other item of value changes hands as 
specified by the entry in the chosen row and column of the matrix. Positive en- 
tries in the matrix represent amounts player C pays to player R, and negative signs 
precede amounts player R pays to player C. For example, if player R picks row 2 
and player C picks column 1, then player C pays 3 units to player R; and if player 
R picks row | and player C picks column 3, then player R pays 1 unit to player C. 

y 
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Games of the type described in Example 3 are called matrix games, and the 
matrix is called the payoff matrix. 

The games in Examples 1, 2, and 3 are two-person games, which means that 

they are played by two opposing players. These games are also examples of con- 

stant-sum games, which means that the sum of the payoffs realized by the players 

is a constant that does not depend on which moves are made. To illustrate, in Ex- 

ample 1 McDonald’s percentage of the business plus Gino’s percentage of the 

business is always 100%, regardless of their moves. In Example 2, player I’s pay- 

off plus player II’s payoff is always zero, regardless of their moves, since the 

amount lost by one player is won by the other player. Constant-sum games in 

which the constant is zero are called zero-sum games. Examples 2 and 3 are zero- 

sum games. Example 3 is of particular importance because any two-person con- 

stant-sum game in which each player has only a finite number of possible moves 

can be viewed as a matrix game. The following example illustrates this point. 

~ Consider the business game described in Example 1. The players, McDonald’s and 

Gino’s, each have two possible moves: locate in the center or locate at an end. The 

possible outcomes resulting from the moves can be tabulated in matrix form as 

Gino’s moves 

Center End 

Cc 
McDonald’s moves rs pee (1) 

End 30 50 

where the numbers in this matrix indicate the percentage of shoppers that McDon- 

ald’s will service as a result of the players’ moves. Thus, if McDonald’s locates at 

an end and Gino’s locates in the center, McDonald’s will get 30% of the business. 

Using (1) as the payoff matrix, Example 1 can be viewed as a matrix game, 

where McDonald’s picks a row and Gino’s picks a column; the entry in the chosen 

row and column then indicates what percentage of the shoppers Gino’s “pays” or 

concedes to McDonald’s. & 

Consider the penny-matching game described in Example 2. The players, I and II, 

each have two possible moves: show a head or show a tail. The possible outcomes 

resulting from the moves can be tabulated in matrix form as 

Player II 
Heads Tails 

Heads | —1 1 
Player I 

Tails i=l 

Using this as the payoff matrix, Example 2 can be viewed as a matrix game, where 

player I picks a row and player II picks a column. The entry in the chosen row and 

column then indicates the amount that player II pays player I. For example, if 

player I picks row 2 (tails) and player II picks column 1 (heads), then II pays I $1. 

Similarly, if player I picks row 2 and player II picks column 2, then I pays Il 

$1. & 
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We now describe how the players of a matrix game can determine their opti- 

mal moves. In our analysis, we make the following assumptions: 

The next example illustrates the reasoning process the players of a matrix game 

might use to determine their optimal moves. 

_ EXAMPLE6 Consider a game with payoff matrix ‘ 

egy a eal 

4 -4 0 

Sd 1 

Bre NaS 

Recall that positive entries in the matrix are amounts won by the row player R and 

negative signs precede amounts won by the column player C.. 

In this game, player R would like to win the 5 units appearing in row 1. If he 

plays row 1, however, then he must assume that his opponent will make the best 

possible move and play column 1. Thus, instead of winning 5 units he would lose 

2 units. With this in mind, it is clear that row 3, for example, would be a better 

move than row | since player R is assured of winning at least 1 unit, even against 

player C’s best countermove (column 3). By the same token, row 4 would be an 
even better move than row 3 since player R could then assure himself of winning 

at least 2 units against C’s best countermove. 4” 

The analysis in the last example suggests the following method for player R to 
determine his best move: 

We now use these two steps to determine player R’s best move in the game 
from Example 6. See Figure 2. 
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minima 

=?) Sy ail =?) 

+o 0 =! 

FIGURE 2 3 4 1 1 
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Step 1 

Compute the row minima. 
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Row 

minima 

=) Sy = =?) 

4 -4 oO] -4 

<— Largest row minimum 

Step 2 

Row 4 is player R’s best move. 

Player C will use a similar analysis to determine her best move. 

In Figure 3 we have used these steps to determine player C’s best move in the 

game from Example 6. 

pes US 

4 

3 4 

3 

4 wo NO KF CO KH FIGURE 3) Column 

maxima 

Step 1 

Compute the column maxima. 

=) 5S = 

A) vil 0 

3 4 1 

3 2, 

Column 4 5 2) 
maxima t 

Smallest column 
maximum 

Step 2 

Column 3 is player C’s best move. 

_@ EXAMPLE 7 ~ Find the best moves for Gino’s and McDonald’s in the business game of Example 
1 

Solution As shown in Example 4, the payoff matrix for this game is 

McDonald’s 

Gino’s 

Center End 

Center | 50 aS 

End 30 50 
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Computing the row minima and column maxima we obtain | 

Row 

minima 

Sy 75) 50 

30 50} 30 

Column maxima 5O 75 

Since the largest row minimum is 50, McDonald’s should play row 1, and since 

the smallest column maximum is 50, Gino’s should play column 1. Thus, both 

McDonald’s and Gino’s should choose central locations, in which case they will 

each get 50% of the business. 4 

The following notions are useful in the analysis of matrix games. 

To illustrate, the game in Example 6 is strictly determined because the entry 

2, which appears in row 4 and column 3, is a saddle point. 

As the next example shows, there are matrix games that are not strictly deter- 

mined; that is, they have no saddle points. 

Consider the game with payoff matrix 

Row 
minima 

he Mee | 3 al 

0 LZ tee 

=3 2 1 ao 

Column maxima 2) 2 3 

It is clear from the indicated row minima and column maxima that no element is 

simultaneously a minimum for its row and a maximum for its column; thus, the 

game has no saddle points. 4” 

The next example shows that a game can have several saddle points. 

~ Consider the game with payoff matrix 

2 3 -2 -1 
© 7 3.8 

OnE iy 2 a3 
6 8 9 @ 

Each of the entries marked in color is a minimum for its row and maximum for its 
column; this game has four saddle points. 
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When a game has more than one saddle point, player R or player C or both 

have more than one optimal move. Thus, player R has two best moves, row 2 and 

row 4; player C also has two best moves, column 1 and column 4. @& 

It is not accidental that the same number appears at each saddle point in Ex- 

ample 9. It can be proved, although we omit the proof, that the same number 

must occur at every saddle point. This number is called the value of the game. 

Thus, in a strictly determined game, the value of the game is the payoff that results 

when both players make their best moves. 

It is interesting to note that in strictly determined games, neither player can 

benefit from discovering which move the opponent will make. In other words, it 

does not do any good to spy on your opponent when playing a strictly determined 

game. To see why, consider the game from Example 6. Even if player C an- 

nounced in advance that she would play column 3 (Figures 2 and 3), it would still 

be best for player R to play row 4, which was the choice he made with no knowl- 

edge of player C’s intentions. 

On the other hand, consider the penny-matching game from Example 2, 

where the payoff matrix is 

Player II 
Heads_ Tails 

Heads =i 1 
Player I 

Tails 1 =i 

This game has no saddle point and consequently is not strictly determined. Since 

the minimum in each row is —1, both rows are equally good moves for player I. 

Similarly, since both column maxima are 1, both columns are equally good moves 

for player II. Suppose, however, that player I discovers in advance that player II 

will play the first column. Player I would then definitely play row 2 and win $1. 

Thus, for games that are not strictly determined, discovery of the opponent’s in- 

tended move affects the play of the game. 

We conclude this section with a game theory analysis of an important battle 

that occurred in the Pacific Theater during World War II.* 

A WAR GAME: THE BATTLE OF RABAUL-LAE IN WORLD WAR II In 1943 Gen- 

eral Kenney was commander of the Allied Air Forces in the Southwest Pacific 

Area. In the critical stages of the struggle for New Guinea, intelligence reports in- 

dicated that a Japanese troop and supply convoy was going to be moved from the 

port of Rabaul in New Britain to Lae in New Guinea (Figure 4). The Japanese 
commander had two possible courses of action: he could either travel north of 

New Britain or south of New Britain. Either trip would take 3 days. Rain and poor 

visibility were predicted for the northern route; clear weather was predicted for 

the southern route. General Kenney could concentrate most of his reconnaissance 

aircraft on either the northern or southern route. Once the convoy was sighted, it 

would be bombed until its arrival in Lae. 

*This example was presented by O. G. Haywood, Jr., in the Journal of the Operations Research Soci- 
ety of America, 2(1954): 365-385. It is also discussed in reference 2 at the end of Section 10.3. 
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General Kenney’s staff analyzed the possible alternatives as follows: 

If Kenney concentrated on the northern route and the Japanese also went the 

northern route then, due to bad weather, the convoy would be discovered on 

the second day, allowing 2 days of bombing (Figure 5a). 

If Kenney concentrated on the northern route and the Japanese went the 

southern way, the convoy would be missed on the first day (most of the air- 

craft would be on the northern route), allowing 2 days of bombing (Figure 

5b). 

If Kenney concentrated on the southern route and the Japanese went the 

northern way, then, due to poor visibility and limited aircraft on the northern 

route, the convoy would not be spotted for the first 2 days, allowing 1 day of 
bombing (Figure Sc). 

If Kenney concentrated on the southern route and the Japanese went the 

southern way, then the convoy would be spotted at once, allowing 3 days of 
bombing (Figure 5d). 

This military problem can be viewed as a two-person game; the Japanese 

commander wanted to minimize the number of days he would be bombed, while 

General Kenney wanted to maximize the number of days he could bomb the 

Japanese convoy. The number of bombing days in each of the four possible situa- 
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tions is given by the following payoff matrix: 

Japanese commander 
Northern Southern 

route route 

Northern 
Kenney route 2D, days 2 days 

Southern 1 day 2 days 

route 

Computing the row minima and column maxima for this game we obtain 

Row 

minima 

ae D2 2) 

1 3 1 

Column maxima 2 3 

Since the largest row minimum is 2, Kenney’s best move is row 1; since the 

smallest column maximum is 2, the best move for the Japanese commander is 

column 1. Thus, the best course of action for each side is to pick the northern 

route. @& 

As a historical note, these were precisely the choices made by the opposing 

sides. The convoy sailed along the northern route; it was sighted 1 day after it 

sailed and was bombed for 2 days, resulting in a disastrous defeat for the Japanese. 

As our game-theory analysis shows, however, the Japanese commander made the 

best possible decision in a hopeless situation. 

It is interesting to observe that the Rabaul—Lae game is strictly determined 

because the entry in row 1 and column 1 is a saddle point. (It is the minimum for 

its row and a maximum for its column.) Thus, neither commander would have 

benefited if an intelligence operation had uncovered his opponent’s decision in ad- 

vance. 

4 EXERCISE SET 10.2 

1. Which of the following matrix games are strictly deter- 2. Find all saddle points for the following two-person 
mined? constant-sum matrix games: 

al 2 =) =e 4 6 7 3 
b (a) 3 vba (b) | 3 | (a) E | (b) ; zi 

a ao) 1 0 2) th IE il 0 5 D) 

(c) Hl. Sy. 3) (d) 3 Dy =i (c) i) ee eae 7) (d) 3 8 if 

aie oec0 a pee ee -10 3 5 a eciaicsd| 

it 0 Ome | =~ 0 4 Il =a 4 

74 3 1 4 1 1 1 3 1 1 1 3 
€ 

et 2 | ekalebohenrstiens Su ilidhse' i linieabh bec 
3) SP 9 3 Ona (> es 0 0 0 3 
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3. Find the best moves for players R and C in the following 10. 

strictly determined games, and give the value of the 

game: 

| (a) peas 

aad 7 we 
(c) L pe | (de |e=2. 3) 

» Gs3 

Follow the directions of Exercise 3 for the following 

games: 

Nee) 
(a) ee | () |-6 0 7 -1 

1 2 1 

(c) 1 3 1 

aS 1 

In Exercises 5-8 write the payoff matrix for each game. 

Sh Each of two players has two cards, a 3 and a 4. Each 

player selects one of his cards, and then the players simul- 

taneously show their cards. If the sum of the numbers is 

even, player II pays player I an amount equal to the sum; 

if the sum is odd, player I pays player II an amount equal 

to the sum. 

Each of two players shows one or two fingers. Player R 

pays player C a number equal to the total number of 

fingers shown. 

(The children’s game “stone, scissors, paper”) Each 

of two players writes down one of the words stone, scis- 

sors, Or paper. Stone beats scissors, and scissors beats pa- 

per, and paper beats stone. The winner receives $1 from 

the loser, and the payoff is $0 in case of a tie. 

(Morra) Each of two players shows one or two fingers 

and at the same time each guesses at the total number of 

fingers that will be shown. If one player guesses the cor- 

rect number, he or she wins that amount from the oppo- 

nent. If both or neither guesses correctly, no money 

changes hands. [Hint: A move is one of the ordered pairs 

(1, 2), (1, 3), (2, 3), or (2, 4), where, for example, (2, 4) 

means 2 fingers shown and number 4 called. | 

Show that the game in Exercise 6 is strictly determined 

and find the best move for each player. 

A region is served by two shopping centers, center A and 

center B. Center A serves 60% of the region, and center 

B serves 40% of the region. Valley Bank and Colonial 

Bank are each planning to open a branch in one of the 

centers. If both open at the same center, they will split 

the business in that center, and if they open in different 

centers, each will get all the business in its center. 

(a) Show that the percentage of regional shoppers ser- 

viced by Valley Bank, in each case, can be expressed 

in matrix form as 

Colonial 

Bank 

A B 

Valley A pai a 

(b) Show that this game is not a constant-sum game. 

11. Show that the matrix game 

oh al 

is strictly determined, regardless of the value of a. 

12. (The bootlegger’s game)* A bootlegger can cross a 

border by 2 different routes: over a highway or through 

the mountains. The border patrol has 3 possible plans: 

guard only the highway heavily, guard only the mountain 

road heavily, or guard both the highway and mountain 

routes lightly. If the bootlegger can travel the highway un- 

detected, he can smuggle in a fully loaded truck and 

make a profit of $500. If he travels the highway and there 

is a light patrol on the highway, he can avoid arrest but 

will have to abandon his load, losing $200. If he travels 

the highway and there is a heavy patrol, he will be ar- 

rested, losing his load ($200), and fined $300. The moun- 

tain road is much narrower and can only allow a smaller 

truck. If the road is unguarded, he will have no problem 

in getting through and will make a profit of $200. If it is 

lightly or heavily guarded, he can still get through but will 

have to bribe the locals to get him past the border patrol. 

In either of these cases his profit will be $100. What is 

the best course of action for the border patrol and for the 
bootlegger? 

* Exercises 12 and 13 are variations of problems discussed in an article 
by Martin Shubik, “Game Theory and Management Science,” Manage- 
ment Science, 2(1955): 40—54. 



13. 

14. 

(Media selection in advertising) Firms A and B, com- 

peting for the same customers, each have one million dol- 

lars for an advertising campaign. Each firm must choose 

whether to use no advertising (NA) or to use exactly one 

of the media: radio (R), television (TV), or printed matter 

(PM). A neutral consulting firm has developed the follow- 

ing payoff matrix, where each entry is the amount of ex- 

tra revenue (in millions of dollars) that will be earned by 
firm A, in each case: 

Firm B 

R TV PM NA 

R Ope AE Osnmoks 
| TV By fluc oF iS eh5 2 
Bon ay 1 S45 Oe 6.5 

Nab Miser QSayslegrsetio 

How should each firm best spend its advertising money? 

Show that the game with the following payoff matrix is 

strictly determined regardless of the value of x: 

He 2X 

(a) What is the optimal strategy for each player? 

(b) What is the payoff? 

15. 

16. 
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Find a value of x that will make the matrix games below 

strictly determined. 

=h  =8) it =?) 

(a) ley 4 (b) E A 

A submarine wolf pack is planning to attack a convoy of 

supply ships protected by destroyers. The attack can be 

made from deep water or shallow water, each of which 

has advantages and disadvantages. The destroyers can 

search for the wolf pack in deep or shallow water. The 

following damage estimates are known to both sides: 

1. If the wolf pack attacks from deep water and the de- 

stroyers are searching in deep water, assign the de- 

stroyers a 6-point advantage. 

2. If the wolf pack attacks from shallow water and the 

destroyers are searching in shallow water, assign the 

destroyers a 1-point disadvantage. 

3. If the wolf pack attacks from deep water and the de- 

stroyers are searching in shallow water, assign the 

destroyers a 4-point disadvantage. 

4. If the wolf pack attacks from shallow water and the 

destroyers are searching in deep water, assign the de- 

stroyers a 7-point disadvantage. 

(a) Construct a payoff matrix for this war game. 

(b) What are optimal strategies for each side? 

(c) Which side does the game favor? 

10.3 GAMES WITH 
MIXED STRATEGIES 

In the preceding section we observe that the players of a strictly determined game 

cannot improve on their best moves, even if they discover their opponent’s move 

in advance. However, for games that are not strictly determined, a player can 

benefit by uncovering the opponent’s intended move. In this section we examine 

games that are not strictly determined and that the players intend to play over and 

over again. In this situation a player must avoid making the same move in every 

game; otherwise, the opponent will detect the pattern and use the information to 

his own advantage. Our objective in this section is to explain how the players 

should mix their moves from game to game to obtain the most favorable results. 

Consider a two-person matrix game with payoff matrix 

aa 
As usual, positive entries in the matrix represent the amounts that the column 

player (player C) pays to the row player (player R) after each move, and negative 
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Strategy (a) 

Strategy (b) 

signs precede amounts that player R pays to player C. Since no entry is simulta- 

neously the smallest element in its row and the largest element in its column, this 

game has no saddle point and consequently is not strictly wilabn due 

The row minima and column maxima are 

Row minima 

3-4 —4 
Onitund 0 

Column maxima 3 5 

Since row 2 contains the largest row minimum and column 1 contains the smallest 

column maximum, player R might initially play row 2 and player C might initially 

play column 1, resulting in a payoff of zero. If, however, player C continued play- 

ing the first column game after game, player R would eventually detect the pattern 

and switch to row 1, thereby winning 3 units. By the same token, if player R con- 

tinues to play row 1 game after game, then player C would detect the pattern and 

choose column 2, resulting in a loss of 4 units for player R. 

It is evident from this analysis that each player should avoid using the same 

move in every game; rather, the players should mix their moves in an unpre- 

dictable fashion. Such mixtures of moves are called mixed strategies to distin- 

guish them from pure strategies, where the player uses the same move in every 

game. Each player can mix moves by using a chance device such as cards, dice, or 

tables of random numbers to determine which move to make in each game. The 

question that remains, however, is how often each move should be used. For ex- 

ample, should player R in the game above choose each row 50% of the time, or 

should he mix his moves in some other proportion, say the first row 80% of the 

time and the second row 20% of the time? To answer this question, we need some 

way to evaluate the effectiveness of various mixtures of moves. One way of doing 

this is to compare the expected winnings that result from different mixtures of 

moves. The following example illustrates this idea. 

1 Suppose that the matrix game whose payoff matrix is 

bs Ge nie (1) 

will be played over and over, and assume that player C will play each column 50% 
of the time. Determine which is the better strategy for player R: 

To play the first row 80% of the time and the second row 20% of the time. 

To play each row 50% of the time. 

Solution We can regard each play of the game as a probability experiment in 
which the four combinations of moves 

row | and column 1 row | and column 2 

row 2 and column 1 row 2 and column 2 

are the possible outcomes. To illustrate how the probabilities of these outcomes 
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can be obtained, consider strategy (a), where player R plays the first row 80% of 

the times and the second row 20% of the time. Since neither player knows in ad- 

vance what the other’s choice will be, it is reasonable to assume that the row and 

column are chosen independently. Thus we obtain the probabilities 

P (row 1 and column 1) = p(row 1)p(column 1) 

= (.8)(.5) 
4 

P (row 2 and column 1) = p(row 2) p(column 1) 

= (.2)(.5) 
= .1 

and so forth. In Table 1 we have listed the probabilities of the outcomes for strat- 
egy (a) and strategy (b). Also, we have listed the payoff that results to player R in 
each case. 

TABLE 1 

Outcome Payoff to R Probability of Outcome 

Strategy (a): 

Row 1 and column 1 3 (.8)(.5) = .4 

Row 2 and column 1 0 (.2)(.5) = .1 

Row 1 and column 2 —4 (.8)(.5) = .4 

Row 2 and column 2 5 (.2)(.5) = .1 

Strategy (b): 

Row 1 and column 1 3 (.5)(.5) = .25 

Row 2 and column 1 0 (.5)(.5) = .25 

Row 1 and column 2 =4 (.5)(.5) = .25 

Row 2 and column 2 5 (.5)(.5) = .25 

If we denote the payoff to R by X, then X is a random variable whose ex- 

pected value represents the long-term average payoff to R when the game is played 

over and over. Thus, to compare the relative merits of strategy (a) and strategy 

(b), player R can examine the expected payoff E(X) in each case to determine 

which strategy will produce the larger expected payoff. 
Recall from Section 8.2 that the expected value of a random variable X is the 

sum of the possible values of X times their probabilities of occurrence. Thus from 

Table 1 the expected payoff to R for strategy (a) is 

E(X) = 3(.4) + 0(.1) + (-4)..4) + 5(¢.1) 

12 Ot 

=.1 

and the expected payoff to R for strategy (b) is 

E(X) = 3025) © 00.25)" (4) (25) 5225) 

Si gpsao Al, Ven ae Pee) 

= 1.00 
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Thus strategy (b) is better than strategy (a) from player R’s viewpoint if C plays 

each column 50% of the time. Of course, if C uses some’ other mixed strategy, 

then it is possible that strategy (a) might be better than strategy (b) for player R. 

: y 

Let us examine each player’s objectives in a non-strictly determined game. 

Before we discuss methods for finding optimal strategies in certain kinds of 

games, we need some preliminary ideas. Consider a two-person constant-sum 

game with payoff matrix 
aii ai2 

A= 

a2, a22 

Suppose player R chooses row | with probability p; and row 2 with probabil- 

ity p2 (where p; + p2 = 1), and suppose, independently, player C chooses column 

1 with probability g, and column 2 with probability g2 (where qi + q2 = 1). Each 
play of the game results in one of four possible outcomes: 

“ row 1 and column 1 

row 2 and column | 

row 1 and column 2 

row 2 and column 2 

The probabilities of these outcomes can be obtained using an argument like that in 

Example 1. These probabilities together with the payoffs resulting from the out- 
comes are shown in Table 2. 

TABLE 2 

Outcome Payoff Probability of Outcome 

Row 1 and column 1 ai Pn 

Row 2 and column 1 ay, P21 

Row 1 and column 2 a2 P92 

Row 2 and column 2 P2Q2 
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From Table 2, we obtain 

expected payoff to player R = pigiay, + P2qid2 + pigredi2 + prgG2A2 (2) 

The result in (2) can also be obtained using matrices as follows. Use the probabil- 

ities in player R’s mixed strategy to form a 1 X 2 matrix: 

P=([p: p] 
and use the probabilities in player C’s mixed strategy to form a 2 X 1 matrix: 

oil) q2 

If we form the product PAQ, we obtain 

: Qi ai2)|q1 
PAQ = [pi Pl] i 

a2, = a22 q2 

= piqiair + p2gida + pigr2di2 + prg2A22 

which, as shown above in Equation (2), is the expected payoff to player R.* This 

is a special case of the following general result. 

EXAMPLE 2 Consider the matrix game whose payoff matrix is 

ane 
Use matrices to find the expected payoff to player R if player R plays row 1 with 

probability > and row 2 with probability ¢, while player C plays column 1 with 

probability $ and column 2 with probability 3. 

Solution The strategies for the players can be written in matrix form as 

| 
*Strictly speaking, PAQ is the 1 x 1 matrix [pigian + prqian + Piqrai2 + 292422 |; however, we 

have followed the standard practice of omitting the brackets on 1 X 1 matrices. 

WIN Wie 

p=[i 4] and o=[ 
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Thus, from Equation (3), the expected payoff to player R is 

E=PAQ=[§ 4] Be tal H . 

fz -2]],| 
ae S38 

Therefore, the long-term average payoff will be 73 units to player C. & 

WIN Whe 

18 

Consider a two-person zero-sum matrix game with payoff matrix 

3 39 3 
eels 2 | 

If player R plays row 1 with probability ; and row 2 with probability ;, while 

player C plays column 1 with probability ¢, column 2 with probability 2, and 
column 3 with probability }, then the expected payoff to player R is 

al 

B78. TENE E = Pag = [3 a 5 aE 
5 

1 
6 

=[0 1 3]1% 
94 
3 

Let us now consider a two-person matrix game with a 2 X 2 payoff matrix 

a-|° i - (4) 

It can be shown that if the game is not strictly determined, then 

@ apd p= ¢ ss @ 

and the optimal strategies for the players are as follows: 
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Moreover, 

_” EXAMPLE 4 In the previous section we observe that the penny-matching game with payoff ma- 
trix a-| 1 

ley aH 

is not strictly determined. Let us now try to find the optimal strategies for the 

players. 

Solution Comparing A to matrix (4) above, we obtain a = —1,b=1,c = 1, 

and d = —1. Substituting these values in (5) we obtain 

= aac sy aap) Oh | rol 

lay NC lay a ee eee P=) a 

selene “ale a9 ot ete Sites Ba 
Le age Sma as sae GUE 

Similarly, from (6) we obtain 

a ab wie site sag | 

® atd=b=¢, A=i=i=1 2 
uf aie ss, sltveck es 

BO atd—-b-c -1-1-1-1 2 
Thus player I should choose each row 50% of the time and player II should choose 
each column 50% of the time. If each player uses his or her optimal strategy, then 

from (7) the expected payoff will be 

peal rsa et TN 
aE a ane pe Pe Be Bn 4 
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Consider the game discussed in Example 1; the payoff matrix is 

og 
Comparing A to matrix (4) above, we obtain a = 3, b = —4, c = 0, andd = 5. 

Substituting these values in (5), we obtain the optimal strategy for player R, which 

is 

Sal ek ee 
P= ad = pl eas ay ee 

a, ee Wa! 
Pet a Pap ote ae as, 27a) ae 

Similarly, from (6) we obtain the optimal strategy for player C, which is 

chats Seale basin Sel 
Ge d= bic bas eS ee 

a-c 210 3 

Le pe eS Cr 

If each player uses his or her optimal strategy, then from (7) the expected payoff 

will be 

pe eS OS ee Saas (SO Ss 
Ged Shae oes 4) 0 ed 

Thus, in the long run, the game is favorable to R since he will obtain an expected 

payoff of 3 units. 47” 

Although the optimal strategies given by Formulas (5) and (6) apply only to 
games with a 2 X 2 payoff matrix, it is sometimes possible, with a little ingenu- 

ity, to use these formulas in other cases. The following example illustrates this 

point. 

Consider the two-person constant-sum game with payoff matrix 

Sera 

A aS) 5 

al 1 3 

You can check that this game has no saddle point and consequently is not strictly 

determined; thus, the players should use mixed strategies. Since the payoff matrix 

is not 2 X 2, the optimal strategies cannot be determined from Formulas (5) and 

(6). If, however, we compare the second and third rows of the payoff matrix, we 

see that each element in the third row is less than the corresponding element in the 

second row. Thus, a third-row move is always worse than a second-row move for 

player R, regardless of what player C decides to do. It follows that player R will 



a to jail for . Vets 
_If this game were played ey h layer wo 

operating with the other player every time. However, in an Ol 
game each player is tempted to sacrifice the other by < 
her—seemingly—best interest. _ : 

The prisoner's dilemma has become. 
or social scientist pela and eco 

never use the third row as a move. Thus, we can cross out the third row from the 

payoff matrix to obtain Speer tdesdso 

OM SR 5 

In the remaining 2 X 3 matrix we see that each element in the third column is at 

least as large as the corresponding element in the second column. Thus, a second- 

column move for player C is always at least as good as a third-column move, re- 

gardless of what player R decides to do. It follows that player C will never use the 

437 



438 « CHAPTER 10 Applications 

third column as a move. Thus, we can cross out the third column from the payoff 

matrix to obtain ax 

The remaining 2 x 2 matrix is the one we consider in Example 5. In that example 

we use Formulas (5) and (6) to-obtain the optimal strategy 

wid Erg 
BS 5 Lee ei 

and 

bag? Beek 
Sin pers iso 

Thus, in this example, the optimal strategies are 

5 i, 
Die precy sia) 1g 8 

and 

LS eet CALPE g=0 & 

~ COMPETITIVE PRICING OF PRODUCTS* Assume that a certain region has only 

two gasoline stations, R and C, and suppose the stations are faced with the follow- 

ing pricing problem. Each station can sell its gasoline for either $1.35 or $1.40 a 
gallon, and each dealer’s total percentage of the regional business will depend on 

the prices charged. Assume also that a market survey produces the payoff matrix 

Station C 

$1.35 $1.40 

$1.35 | 60% 50% 

Station R 

$1.40 | 40% 70% 

where the entries represent the percentage of the regional business that will be 

captured by station R. How should each station price its gasoline? 

Solution No entry in the matrix is both the minimum in its row and the maxi- 

mum in its column, so this game is not strictly determined. Thus, the stations 

should use mixed strategies. Comparing the given payoff matrix to the matrix in 

(4), we obtain a = 60, b = 50, c = 40, and d = 70. Substituting these values in 

(5), we obtain the optimal strategy for station R, which is 

diz -¢ 70 — 40 3 

te art dhe es 60, Odea 

*This example is a variation of one discussed in an excellent book by Andrei Rogers, Matrix Methods 
in Urban and Regional Analysis (San Francisco: Holden-Day, 1971). 
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a-b 60 — 50 1 

ft Fees Benn BON TO — 50 — 40> 4 

Similarly, from (6) we obtain the optimal strategy for station C, which is 

ll i as Saal setpa s cl Er 2U8 EA co 
Lc Gp eepueree E470 50240 9 2 

a= ¢ 60 — 40 1 
= ES ee SS 

Aid ah COLE 50 08 

Thus, the optimal strategy for station R is to charge $1.35 a gallon three-fourths 

of the time and $1.40 a gallon the rest of the time; the optimal strategy for station 

C is to charge $1.35 half the time and $1.40 half the time. 
If both stations use their optimal strategies, then from (7), the expected payoff 

to station R is 

ad = bes is (60)(70) — (50)(40) _ 

7 eg — Oe ee epee eee TS 

Thus, over the long term, station R will have slight competitive advantage, cap- 

turing 55% of the regional business. 4 

" COLUMBUS’ DISCOVERY OF AMERICA AS A GAME-THEORY PROBLEM*  His- 

tory tells us that Christopher Columbus, faced with a mutiny by his crew, had to 

decide between two alternatives: turn back to Spain as his crew demanded or con- 

tinue his voyage until land was sighted. Columbus must have analyzed the possible 

consequences of his decision in the way we have indicated in Table 3. 

TABLE 3 
Unknown Location of Land 

Turn back Bitter disappointment Satisfaction for 
in later life saving lives 

Columbus’ Decision 
Keep going Personal glory Death for himself and 

his men 

To analyze Columbus’ plight as a game-theory problem, we must assign nu- 

merical values to each of the outcomes, indicating their relative importance. It is 

clear that personal glory and satisfaction for saving lives are favorable outcomes 

for Columbus and should be assigned positive values, whereas disappointment and 

death are unfavorable outcomes and should be assigned negative values. Beyond 

this, it is difficult to pick appropriate numerical values. For example, which is 

more favorable, satisfaction for saving lives or personal glory? And even if we 

could agree that personal glory is more favorable, we must still decide how much 

more favorable it is. Is glory fives times as favorable as satisfaction? Ten times? A 

*This problem is based on an article by Leonid Hurwicz in the book, Mathematical Thinking in Behav- 

ioral Sciences (San Francisco: Freeman, 1968). 
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hundred times? Obviously these are difficult psychological questions that everyone 

would answer differently. This difficulty is often the stumbling block in applying 

game theory to behavioral problems. Nevertheless, once the values are agreed on 

and the payoff matrix constructed, we have a matrix game that can be analyzed 

mathematically. For example, suppose Columbus had appraised the relative values 

of the outcomes in Table 3 as in Table 4. Since this game has no saddle point, 

Columbus should have used a mixed strategy. Comparing the payoff matrix in 

Table 4 to matrix (4), we obtain a = —10, b = 1, c = 5, and d = —SO. Substi- 

tuting these values in (5) gives Columbus’ optimal strategy, which is 

ee ee es, 
Po aa Sp aes {0 2o0= Ls 265 

—> —10 “1 -11 g Se 
DEE — beh OE NS Oe 

TABLE 4 
Unknown Location of Land 

Turn back 

Columbus’ Decision 

Keep going 

Thus with probability .83, Columbus should have turned around and never discov- 

ered Americal & 

It is important to keep in mind that the conclusion reached in this last example 

depends on accepting the validity of the values selected for the payoff matrix. 

There are many topics in game theory we have not discussed here. If you are 

interested in studying game theory in more detail, consult the following refer- 

ences: 

1. Ira Buchler and Hugo Nutini, Game Theory in the Behavioral Sciences 

(Pittsburgh, Pa.: Univ. of Pittsburgh Press, 1969). 

2. R. Duncan Luce and Howard Raiffa, Games and Decisions (New York: 
Wiley, 1957). 

3. Daniel P. Maki and Maynard Thompson, Mathematical Models and A pplica- 

tions (Englewood Cliffs, N.J.: Prentice-Hall, 1973). 

4. J.C. C. McKinsey, Introduction to the Theory of Games (New York: 
McGraw-Hill, 1952). 

5. G. Owen, Game Theory (Philadelphia: Saunders, 1968). 
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4 EXERCISE SET 10.3 

1. Consider a game with payoff matrix 1 ee) Shines 2 AQ 
yt 33 ee 12. Oumers 7540 
| 3 SS), i) Seen EK ey 

In each part, use Formula (3) to find the expected payoff 13. In the problem of Example 8, find Christopher Columbus’ 
that results from the given strategies. optimal strategy if the payoff matrix is 
(a) pi = 3, p2=fand gi =7,q = 4 -100 70 
(b) Pi = §, po = Zand gq = 3, q@ = 2 1 oe 
() pi =0, po = land gq =, qm =2 

; ‘ : 14. (Marketing problem) An automobile manufacturer can 
2. Consider a game with payoff matrix stress either physical appearance or sound engineering in 

=o) 2 Hl its magazine advertising. Market studies show that ads 
2D nando based on physical appearance are effective on 70% of the 

male readers and effective on 20% of the female readers, 

while ads based on sound engineering are effective on 

40% of the male readers and 80% of the female readers. 

If the ratio of male to female readers is unknown, in what 

proportions should the two kinds of ads be mixed to be 

most effective? This problem can be viewed as a game be- 

In each part, use Formula (3) to find the expected payoff 
that results from the given strategies. 

(a) Pi = 0.77 = 1 and qi = 3,2 =3,9=3 

(0) pi=3,p2=7andn =%,M=75,q = 
©. pr= 4. Pr = 4 and'g: = 0, g. = 0,3, = 1 

NI- 

In Exercises 3—8 find the optimal strategies and the expected tween the manufacturer and the marketplace with payoff 
payoff. matrix. 

Dae —1 3 Marketplace — 
3. Sg 4, 5 0 Female Male 

Appearance 2 all 

5. 7 6. ‘ | Manufacturer 

a Engineering 8 4 

ae | es | 8. ij a 15. In Exercise 14, what proportion of male and female read- 

~1 2 I : ers would be least favorable to the advertiser? 

In Exercises 9-12 use the method of Example 6 to find the opti- 

mal strategies and the expected payoff. 

0 De it A EY 

9. fet 3 10. {8 3 9 

731) ade =O OFZ 

10.4 AN APPLICATION OF Probability theory plays a major part in the study of heredity. In this section we 
PROBABILITY TO briefly discuss some of the genetic principles formulated by Gregor Mendel (see 
GENETICS; THE Chapter 9), and then we use probability theory to derive one of the fundamental 

HARDY-WEINBERG results in genetics. 
STABILITY PRINCIPLE One aspect of genetics is concerned with heredity; that is, how traits such as 

eye color and hair texture in humans or petal color and disease resistance in plants 

are passed on from parents to offspring. In the following discussion we describe 

the theory of heredity as originally formulated by Mendel. Mendel’s theory has 

undergone considerable refinement in the evolution of present-day genetics; how- 
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ever, our simplified discussion illustrates the role that probability plays in the study 

of heredity. 

We can illustrate Mendel’s observations by considering a certain plant that can 

have red flowers (R), pink flowers (P), or white flowers (W). Mendel observed 

that when two of the red-flowered plants are crossed, the offspring always have 

red flowers. Also, when two of the white-flowered plants are crossed, the off- 

spring always have white flowers, and when a red-flowered plant is crossed with a 

white-flowered plant, the offspring always have pink flowers; schematically, we 

describe this by writing 
RxXxR-R (1a) 

Wx WwW (1b) 

R xX W> P (1c) 

Mendel observed that the remaining crosses, R X P, W X P, and P x P, yield 

variable results: For example, R X P yields about 50% red offspring and 50% 

pink offspring. Schematically, the results of these three crosses are 

PX P—25%R 50% P 25% W (1d) 

R X P—>50%R 50% P (le) 

W X P— 50% P 50% W (1f) 

To explain these results, Mendel postulated the existence of certain structures, 

called genes, which are passed on from parents to offspring. In the simplest case, 

a single physical characteristic, such as flower color, is determined by one pair of 

genes in the offspring. One member of the pair is inherited from the male parent 

and one from the female parent. Each gene in the pair can assume one of two 

forms, called alleles; it is common to denote the two possible alleles by A and a. 

Thus, there are three possible forms for a pair of genes: 

AA Aa aa (2) 

(Biologically, there is no difference between Aa and aA.) Each of the combina- 

tions in (2) is called a genotype. In the flower example, each genotype corresponds 

to a different flower color: a plant of genotype AA will have red flowers, a plant of 

genotype Aa will have pink flowers, and a plant of genotype aa will have white 
flowers. 

According to Mendelian theory, a parent of genotype AA can only transmit an 

A gene to its offspring, a parent of genotype aa can only transmit an a gene to its 

offspring, and a parent of genotype Aa can transmit either an A gene or an a gene, 

each with probability 3. It follows that if both parents have genotype AA, then ev- 
ery offspring will also be of genotype AA since each parent must transmit an A 
gene. Schematically, KA AA CSA A (3a) 
Similarly, 

aa X aa—> aa (3b) 

In the flower example, genotype AA corresponds to red flowers (R) and genotype 
aa corresponds to white flowers (W), so (3a) and (3b) explain observations (1a) 
and (1b). The following examples help explain some of the other results. 
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~ Assume an individual of genotype Aa mates with another individual of genotype 

Aa. Find the probability that the offspring is 

(a) of genotype AA (b) of genotype aa (c) of genotype Aa 

Solution (a) To be of genotype AA, the offspring must inherit an A gene from 
each parent. The probability of getting an A gene from the first parent is 5 and the 

probability of getting an A gene from the second parent is 3. Thus, assuming that 

the genes are inherited independently from each parent, the probability of geno- 

type AA is Le 

ia) aa 

Solution (b) The same argument used in (a) will show that the probability of 

genotype aa is 4. 

Solution (c) To be of genotype Aa, the offspring can inherit an A gene from 

the male parent and an a gene from the female parent (call this event E) or it can 

inherit an a gene from the male parent and an A gene from the female parent (call 

this event F). Thus, 

P (genotype Aa) = P(E U F) = P(E) + P(F) (4) 

The probability of receiving an A gene from the father is $, and the probability of 

receiving an a gene from the mother is 3; thus, assuming independence, 

ikl 1 Ge ee 

Similarly, 

1 ot 1 BO ae 

so that from (4) 

P (genot sed Nien eye 
seed De aya 

Schematically, the results in Example 1 can be written 

Aa X Aa— 25% AA 50% Aa 25% aa (5) 

In the flower example, genotype AA corresponds to red flowers (R), aa to white 

flowers (W), and Aa to pink flowers (P), so (5) explains the result (1d) where two 

pink-flowered plants were crossed. 

~ Assume an individual of genotype AA mates with an individual of genotype Aa 

(AA X Aa). Find the probability that the offspring is 

(a) of genotype AA (b) of genotype aa (c) of genotype Aa 

Solution (a) To be of genotype AA, the offspring must inherit an A gene from 

the first parent and an A gene from the second parent. Since the first parent has 

genotype AA, the probability of inheriting an A gene is 1. Since the second parent 
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Dominant and Recessive 
Traits 

has genotype Aa, the probability of inheriting an A gene is +. Thus, by indepen- 

dence, 1 1 

P (genotype AA) = 1: Bins 

Solution (b) To be of genotype aa, the offspring must inherit an a gene from 

each parent. Since the AA parent cannot transmit an a gene, we obtain 

P (genotype aa) = 0 

Solution (c) The only way the offspring can be of genotype Aa is to receive an 

A gene from the AA parent and an a gene from the Aa parent. The probability of 

getting an A gene from the AA parent is 1, and the probability of getting an a 

gene from the Aa parent is 3. Therefore, 

P (genotype Aa) = 1+ = = = (genotype Aa) ue 

Schematically, the results in this example can be written 

AA X Aa— 50% AA 50% Aa 

which explains observation (le). 4 

Table 1 is a complete list of genotype probabilities for the offspring that result 

from various crosses. You may wish to check your understanding of the previous 

discussion by verifying the results listed in this table. 

TABLE 1 

Genotype Probabilities for the Offspring 

Mating 

(Male x Female) 

AA X AA 

Aa X AA 

AA X Aa 

Aa X Aa 

aa X Aa 

Aa X aa 

aa X AA 

AA X aa 

aa X aa 

< Aa 

j=) 

CoOoOCO CO OC FF NMR NIK = Oo Re RR NI NIE NIE NIE KH OC Ornrnrar oo of8 

Some physical traits in humans exhibit only two possible physical forms. For ex- 

ample, a person either does or doesn’t have blue eyes. In such cases the genotypes 
AA and Aa produce one of the forms, and the genotype aa produces the second 
form. The trait produced by genotypes AA and Aa is called the dominant trait, 
and the trait produced by genotype aa is called the recessive trait. In humans, for 
example, having blue eyes is a recessive trait. 
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Table 1 suggests that overall there is a much better chance for the offspring to 

have the dominant trait than the recessive one. Based on this observation, many 

scientists in the late 1800s and early 1900s argued that for large populations, 

Mendel’s theory implied that over successive generations the number of offspring 

with the recessive trait should diminish and eventually disappear. Since this con- 

clusion was at odds with physical evidence (blue eyes in humans have not died 

out), they rejected Mendel’s theory. In 1908 G. H. Hardy* and W. Weinberg’ in- 

dependently proved that Mendel’s theory did not imply the disappearance of re- 

cessive traits. As a result, the work of Mendel eventually became the cornerstone 

of modern genetic theory. We conclude this section with a discussion of the argu- 

ments given by Hardy and Weinberg. 

Let us consider a large population of individuals (plants, people, or animals) 

and fix our attention on a characteristic determined by a single pair of genes. We 

investigate the percentage of offspring of each genotype in successive generations 

under the assumption that matings occur randomly in the population. Suppose that 

in the initial parental population, the fraction of the population of each genotype is 

fraction with genotype AA 

fraction with genotype Aa 

fraction with genotype aa 

S 

t 

Further, assume that these fractions are the same among the males and females. It 

follows that if an individual is picked at random, the probability that it gives its 

offspring an A gene is : 

: (6) pa=rt 

(Why?) Similarly, the probability that a random individual gives its offspring an a 

gene is : 

ee (7) 

(Why?) Thus, the probability that the offspring is of genotype AA is 

pp'=.p: 
and the probability that the offspring is of genotype aa is 

gq = 
Finally, there are two different ways that the offspring can be of genotype Aa; the 

male parent can provide the A gene and the female parent the a gene, or vice 

versa. Each of these possibilities occurs with probability pq; therefore, the proba- 

bility that the offspring is of genotype Aa is 

pq + pq = 2pq 

*Godfrey Harold Hardy (1877-1947) was a world-renowned English mathematician. He taught at 
Cambridge and Oxford and was a prolific researcher who produced more than 300 research papers. He 
received numerous medals and honorary degrees for his accomplishments. 

+ Wilhelm Weinberg was a German physician who did research in blood types. 
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Table 2 summarizes the results obtained so far for genotype probabilities for par- 

ents and offspring. 

TABLE 2 

Probability of Type 

Parents 

Offspring (First Generation) 

Se ail — pol where p = r + 55 and q t+5s 

Let us now investigate the genotype probabilities for the offspring of the off- 

spring, that is, the second generation. Again, we assume that mating is random 

and the genotype probabilities are the same for both males and females. First, we 

need a preliminary observation. Since r, s, and t denote the fraction of parents of 

each genotype in the original populations, we have 

ae ae oe | 
Thus, 

+q=(r+4)+ (+4) pas hit ed Gali: 
SP ge a 

=a 

Now we are in a position to compute the genotype probabilities for the second 

generation. If an individual is picked at random from the first generation of off- 

spring, then from Table 2 the probability that it gives its offspring an A gene is 

1 
p’ + = (2pq) 

(Why?) But this expression can be simplified by writing 

1 
p’ + 5 (2pq) = p* + pq 

=(q + p)p (8) 
Ip 

FP. 

Similarly, the probability that it gives its offspring an a gene is 

1 
get 5 (29) = q’ + pq 

=(q + p)q (9) 
lq 
q 
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From (8) and (9) and computations like those used for the first generation, we see 

that for the second generation of offspring the probability of genotype AA is 

POP 
the probability of genotype aa is 

2 
qq -4 

and the probability of genotype Aa is 

Pq + pq = 2pq 

Table 3 summarizes the results we have obtained so far. From this table we see 

that the genotype probabilities are the same for the first and second generations of 

offspring. Moreover, since the genotype probabilities of any generation depend 

only on the genotype probabilities of the previous generation, it follows that the 

third generation and in fact all future generations of offspring will have the same 

probabilities as the first and second generations. This result is the Hardy—Wein- 

berg stability principle. It is often stated in the following form. 

TABLE 3 

Probability of Type 

Parents 

Offspring (First Generation) Dp 2pq da 

Offspring (Second Generation) Di 2pq q 

zs 1 a 4 where p =r + 5s andq=1t+5s 

The Hardy-Weinberg principle shows that, according to Mendelian theory, 

recessive traits should not die out. Rather, the proportion of the population 

exhibiting the recessive traits should stabilize over a period of time. We note, 

however, that the Hardy-Weinberg principle involves certain assumptions, such as 

random mating, which are not always satisfied. In such situations the genetic com- 

position of the population can slowly change from generation to generation. 

Assume that in an initial population of plants, 50% of the plants have red flowers 

(R), 40% have pink flowers (P), and 10% have white flowers (W). Assuming that 

the conditions of the Hardy-Weinberg principle are satisfied, find the percentage 

of each kind of flower that will occur in the first generation of offspring. 
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Solution Since red flowers correspond to genotype AA, pink flowers to genotype 

Aa, and white flowers to genotype aa, the fraction of each genotype in the origi- 

nal population is 
r= .5 for genotype AA 

s= 4 for genotype Aa 

t=.1 for genotype aa 

From Formulas (6) and (7) we obtain 

Ss 
=r+—=.7 [Ae > 

and 

S 
=p =)3 q ) ’ 

Thus, from Table 3 the probabilities for each genotype in the first generation are 

PE 
2pq = 2(.7)(.3) = .42 
Ge = (2) = .09 

for genotype AA 

for genotype Aa 

for genotype aa 

which in turn are the new values of r, s, and t, respectively. Therefore 49% of the 

first generation will have red flowers, 42% pink flowers, and 9% white flowers. 

4 EXERCISE SET 10.4 

y 

1. Compute the genotype probabilities that result from the 7. For the problem in Exercise 6, find the percentage of each 

mating aa X Aa, and check your results against those genotype that will occur in the second generation. Explain 

given in Table 1. your answer. 

2. Use your results from Exericse 1 to explain observation 8. Suppose that in an initial population of plants, 50% have 

(1f) in the text. red flowers, 20% have pink flowers, and 30% have white 

ba flowers. Assuming that the conditions of the Hardy—Wein- 
In Exercises 3-5 assume a certain dominant trait is produced by berg principle are satisfied, find the percentage of each 

genotypes AA and Aa and the recessive trait by genotype aa. color that will occur in the first generation of offspring. 

3. For the mating Aa X Aa, what percentage of the off- 9, For the problem in Exercise 8, find the percentage of each 
spring will have the dominant trait? color that will occur in the second generation. Explain 

4. For the mating Aa X aa, what percentage of the offspring your answer. 

will have the dominant trait? 10. Consider families with two children in which the male 

5. If a female of genotype Aa is mated with a male whose parent has genotype AA and the female parent has geno- 
genotype is unknown, what is the probability that an off- type Aa. Show that 7 of the families have two AA chil- 
spring will have the dominant trait? Assume that the pos- dren, ; of the families have one AA child and one Aa 
sible male genotypes are equally likely. child, and ; of the families have two Aa children. 

6. Suppose that in an initial population, the genotypes AA, 1. Consider families with three children in which the male 
Aa, and aa occur in equal numbers. Assuming that the 

conditions of the Hardy—Weinberg principle are satisfied, 

find the percentage of each genotype that will occur in the 

first generation of offspring. 

parent has genotype AA and the female parent has geno- 
type Aa. Show that ; of the families have three AA chil- 
dren, 3 have two AA and one Aa, 3 have one AA and two 
Aa, and have three Aa children. 



12. A number of human diseases, such as amaurotic idiocy, 

are due to inherited recessive traits that are fatal to in- 

fants. Some of these diseases are apparently determined 

by a single pair of genes. Individuals of genotype AA and 

Aa are healthy, whereas individuals of genotype aa are 

affected and die in infancy. Because of the fatal nature of 

the a gene, it is commonly called a lethal gene, and a par- 

ent of genotype Aa is called a carrier of the lethal gene. 

(a) If an adult had a brother or sister affected by the dis- 

ease, then both parents of the adult must be carriers. 
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(b) Show that if an adult had a brother or sister affected 

by the disease, then his or her genotype probabilities 

are as shown in the table. 

Genotype of Adult AA Aa 

Probability ; 
WIN 

[Hint: This is a conditional probability problem. We 

are given that the individual has survived to adult- 

Explain why. 

10.5 MARKOV CHAINS 
AND APPLICATIONS 

hood, so he or she is not of genotype aa. | 

In Section 8.5 we explore binomial random variables by examining independent 

sequences of Bernoulli experiments. In this section we study other kinds of se- 

quences in which the experiments need not be independent. Broadly speaking, we 

are interested in studying physical systems and their states. To explain what this 

means, we can imagine a pond, dotted with lily pads, and a lazy frog who suns 

himself by randomly leaping about from pad to pad whenever he pleases. The 

pond, the frog, and the lily pads constitute a physical system. When the frog leaps 

from one pad to another, the physical system looks different, and we say that the 

system has changed its state. 
To pursue the frog discussion further, we assume that the pond contains only 

two lily pads, pad 1 and pad 2, and we assume that we record the state of the sys- 

tem at regular time intervals. A typical record of 11 observations might look like 

1, 1, 2, I, 2, 2, 2, 2, 1, 2, ,2 (1) 

where a | indicates that the frog was observed on pad | and a 2 indicates that the 

frog was observed on pad 2 (Figure 1). 

FIGURE 1 

Lily pad Lily pad 

In many problems we know the present state of a physical system and are in- 

terested in predicting the state of the system at the next observation or even at 

some more remote future observation. In general, it is impossible to predict a fu- 

ture state with certainty; however, it is often possible to predict the chances that 
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the system will be in a particular state at a later time if its present state is known. 

To illustrate, consider the following questions about the jumping frog problem: 

(a) If the system is presently in state 1, what is the probability that it will still be 

in state 1 at the next observation? 

(b) If the system is presently in state 1, what is the probability that it will be in 

state 2 at the next observation? 

(c) If the system is presently in state 2, what is the probability that it will be in 

state 1 at the next observation? 

(d) If the system is presently in state 2, what is the probability that it will still be 

in state 2 at the next observation? 

From the recorded data in (1), we see that the system was in state 1 four times. In 

three of these cases the system changed to state 2 at the next observation, and in 

one case the system was still in state 1 at the next observation. Thus, based on the 

data, the probabilities requested in (a) and (b) are 

P (system remains in state 1 given that it is presently in state 1) = (2a) 

P (system changes to state 2 given that it is presently in state 1) = (2b) 
AIO Ble 

Similarly, using the first ten observations in (1), the system was in state 2 six 

times. In two of these cases the system changed to state 1 at the next observation, 

and in four cases the system was still in state 2 at the next observation. Thus, 

based on the data, the probabilities requested in (c) and (d) are 

P (system changes to state 1 given that it is presently in state 2) = (2c) 

P (system remains in state 2 given that it is presently in state 2) = — = (2d) 
AIF DIN WIN Wile 

The information in (2a), (2b), (2c), and (2d) can be organized conveniently in ma- 
trix form as follows: 

Next observation 

State 1 State 2 

State 1 
Now (3) 

State 2 

Matrix (3) is called the transition matrix for the system; each entry is the proba- 
bility of moving from a given state to another state at the next observation. For ex- 
ample, in matrix (3) the probability } of moving from state 2 to state 1 appears in 
row 2 and column 1, and the probability + of moving from state 1 to state 1 ap- 
pears in row | and column 1. We note that the transition matrix (3) is based on the 
rather small data sample (1). More extensive data would yield a more accurate 
transition matrix. 

Wie Ale WIN BIW 
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Although the illustration of the frog in the pond is more descriptive than prac- 

tical, it contains all the ingredients of the following more realistic examples. 

~ STOCK MARKET FLUCTUATIONS In a stable stock market, many stocks show a 
tendency to cancel out one day’s price change with a change in the opposite direc- 
tion on the next day. Thus an increase one day tends to be followed by a decrease 
the next day, and similarly a decrease tends to be followed by an increase. 

We can view a stock as a physical system with two possible states, increase or 

decrease. Suppose the probability of a price increase, given that the previous 

change was a decrease, is .7. (Thus, the probability of a price decrease, given that 

the previous price change was a decrease, is 1 — .7 = .3.) Suppose also that the 

probability of a price decrease, given that the previous change was an increase, is 

.8. (Thus, the probability of a price increase, given that the previous change was 

an increase, is .2.) Then the transition matrix for the system is 

Tomorrow’s change 
Increase Decrease 

Today’s Increase y 8 
ws (4) change Decrease 4] 33 

ADJUSTMENT OF EQUIPMENT IN SPACE EXPLORATION Much of the instrumen- 
tation used in lunar exploration or deep-space probes is “self-adjusting” in the 

sense that the equipment is designed to correct alignment errors automatically 

when they occur. Often the adjustment takes place over a period of time so that 

when a monitoring device finds the instrument out of alignment at a certain time, 

there is a fairly good chance it will still be out of alignment a short time later. 

Likewise, if the equipment is correctly aligned, it is likely to be aligned a short 

time later. 

We can view a self-adjusting instrument as a physical system with two possi- 

ble states, aligned or unaligned. A typical transition matrix for such a system is 

State of the instrument 

1 second later 

Aligned Unaligned 

Present state of Aligned 2 él (5) 

the instrument Unaligned ) 8 

From this matrix we see that the probability that the instrument is unaligned 1 

second from now, given that it is presently unaligned, is .8, and the probability 

that the instrument is unaligned 1 second from now, given that it is presently 

aligned, is .1. & 

(AMPLE 3” A TRANSPORTATION PROBLEM The Borough of Manhattan in New York City 
can be divided into three sectors: uptown (sector 1), midtown (sector 2), and 
lower Manhattan (sector 3). Taxicabs that operate only in Manhattan can pick up a 
passenger in any sector and drop him or her off in any sector. We can view a taxi- 

cab and the Borough of Manhattan as a physical system. If we observe the system 

when the cab is picking up or discharging a passenger, the system can be in one of 
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eee 6 (AMPLE 4 

three states: the cab can be in sector 1, in sector 2, or in sector 3. A typical transi- 

tion matrix for such a system is 

Discharge 
sector 

1 28.3 

iy |p eae: pre | 
Pickup 
sector 3.6 1 

3. letavesly S77 

Thus, given that a passenger is picked up in sector 3, the probability is .2 that he 

or she will be discharged in sector 1, and given that a passenger is picked up in 

sector 1, the probability is .5 that he or she will be discharged in sector 1. & 

A GENETICS PROBLEM FOR STUDENTS FAMILIAR WITH SECTION 10.4 Suppose 

a parent of unknown genotype is crossed with an individual of genotype Aa; then 

an offspring of unknown genotype is selected from this mating and crossed with 

another individual of genotype Aa; then an offspring of unknown genotype is se- 

lected from this mating and crossed with still another individual of genotype Aa. 
If we continue this process, we obtain a succession of matings 

@) x Aa (first mating) 
@) x Aa (second mating) 

@) x Aa (third mating) 

in which one parent always has an unknown genotype and the other has genotype 

Aa. We can think of the two parents as a physical system. The system can be in 

one of three states, AA, Aa, or aa, corresponding to the genotype of parent @). 

To obtain the transition matrix for the system, suppose first that the system is 

in state AA. In other words, we suppose that parent (?) has genotype AA. In this 

case the mating 

@) x Aa 

AA X Aa 

and from Table 1 in Section 10.4, the genotype probabilities for the offspring are 

AA Aa aa 

0 
Nl Nl 

Since the new parent of unknown genotype is selected from these offspring, these 
probabilities form the first row of the transition matrix 



10.5 Markov Chains and Applications 4” 453 

Genotype of 
next parent 

AA Aa aa 

1 1 
Usknownnkt ; e : 
genorype. ales > (6) 
of parent + 0 i : 

The second and third rows in this transition matrix are obtained using lines four 

and five of Table 1 in Section 10.4. a 

If we observe a physical system for a period of time, the system will progress 

from its initial state (its state at the first observation) through a succession of pos- 

sibly different states, thereby generating a sequence or chain of observations. [See, 

for example, the chain of observations recorded in (1).] If a future state of the sys- 
tem cannot be predicted with certainty, that is, if it is only possible to give the 

probability of the occurrence of the future state, then the evolution of the system 

is an example of a stochastic process. To illustrate, consider the space instrumen- 

tation problem in Example 2. If we know that the system is currently aligned, we 

cannot tell with certainty whether it will be aligned at the next observation. At 

best, we can assert that it will be aligned with probability .9 and unaligned with 

probability .1. Thus, Example 2 illustrates a stochastic process. Similarly, the 

other examples in this section are stochastic processes. The stochastic processes in 

all of our examples have an additional important property. In each case, once the 

present state of the system is known, the state probabilities for the next observa- 

tion can be determined without any other information. The following examples il- 

lustrate this point. 

- Consider the stock fluctuation problem of Example 1. If the present state of the 

system (today’s change) is known to be an increase, then from the transition ma- 
trix (4) the state probabilities for tomorrow are 

Increase Decrease 

2 8 

No information, besides the present state, is needed to obtain these probabilities. 

In particular, it is not necessary to know the past history of the stock that led up 

to today’s state. & 

FOR STUDENTS FAMILIAR WITH SECTION 10.4 Consider the genetics problem of ° 

Example 4. If the present state of the system is Aa (i.e., the parent @) has geno- 

type Aa), then from transition matrix (6) the state probabilities for the next obser- 

vation are aA ae SA 

1 1 1 

4 2 4 

No information, besides the present state, is needed to obtain these probabili- 

ties. & 
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Stochastic processes in which the probabilities for the next state are com- 

pletely determined by the present state are called Markov* processes or some- 

times Markov chains. 

In many applications of Markov processes, we know the initial state of the 

system and are interested in finding the state probabilities not only for the next ob- 

servation but also for more remote future observations. The next example illus- 

trates one way of obtaining such probabilities. 

~ Consider the space equipment problem of Example 2. We assume that at our initial 

observation the instrument is in the aligned state, and we try to find the state prob- 

abilities 2 seconds later. The analysis is easy to picture using the tree diagram in 

Figure 2. 

aligned 
Initial state 

State after 

1 second aligned FIGURE 2 

State after 

ARSSENSS aligned unaligned aligned unaligned 

The system is assumed initially to be in the aligned state. This initial state is 

represented by the dot at the top of the tree. From the transition matrix (5), we 
see that after 1 second, the system will move into the aligned state with probabil- 

ity .9 and into the unaligned state with probability .1. This is indicated on the tree 

by the two branches emanating from the top dot. If, after 1 second, the system is 

in the unaligned state, the transition matrix tells us that during the next second the 

system will move into the aligned state with probability .2 and into the unaligned 

state with probability .8. This is represented on the tree by the two branches ema- 

nating from the right dot in the middle of the tree. Similarly, if the system is in 

the aligned state after 1 second, then (as shown on the tree) the probability is .9 
that the system will move into the aligned state during the next second and .1 that 
it will move into the unaligned state. 

We use this tree to help find the state probabilities of the system after 2 sec- 

onds. By tracing the paths from the top of the tree to the bottom, we see that there 

are two ways the system can move from its initial aligned state to an aligned state 
2 seconds later. We can have 

aligned — aligned — aligned (7) 
or 

aligned — unaligned — aligned (8) 

*Andrei Andreyevich Markov (1856-1922) was an outstanding Russian mathematician. His work was 

the starting point for the modern theory of stochastic processes. Markov studied and taught at the Uni- 
versity of St. Petersburg and was a member of the Soviet Academy of Sciences. 
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Using the probabilities marked on the branches of the tree, we see that the proba- 
bility that (7) occurs is (.9)(.9) = .81 and the probability that (8) occurs is 
(.1)(.2) = .02. Thus the probability that the system is aligned after 2 seconds is 
so or 2 = 05, 

Similarly, there are two ways the system can move from its initial aligned 
state to an unaligned state 2 seconds later. We can have 

aligned — aligned — unaligned (9) 
or 

aligned — unaligned — unaligned (10) 

Using the probabilities marked on the branches of the tree, we see that the proba- 
bility of (9) is (.9)(.1) = .09 and the probability of (10) is (.1)(.8) = .08. Thus 
the probability that the system is unaligned after 2 seconds is .09 + .08 = .17. 

y 

_ For the equipment problem of Example 2, find the state probabilities after 2 sec- 
onds, assuming that the system is initially unaligned. 

Solution Using the transition matrix (5), we obtain the tree diagram in Figure 3. 

unaligned 
Initial state 

8 

FIGURE 3 Peuined ; aligned unaligned 

9 : DB 8 

State after 

2 seconds be e ° 
aligned unaligned aligned unaligned 

The system can move from its initial unaligned state to an aligned state 2 seconds 

later in two ways: 

unaligned — aligned — aligned (11) 
unaligned — unaligned — aligned (12) 

From the tree diagram, (11) occurs with probability (.2)(.9) = .18 and (12) oc- 

curs with probability (.8)(.2) = .16. Thus, the probability that the system is 

aligned after 2 seconds is .18 + .16 = .34. Similarly, the probability that the sys- 

tem is unaligned after 2 seconds is (.2)(.1) + (.8)(.8) = .66. 4” 

If, in the last two examples, we had been interested in the state probabilities 

after 5 seconds rather than 2 seconds, the tree diagram would have contained so 

many branches that it would have been too cumbersome to use. To remedy this 

problem, we now show how matrices can be used to compute state probabilities. 
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Consider a physical system that can be in any one of k states. If, for a certain 

observation, the system is in 

state 1 with probability p; 

state 2 with probability p2 

state k with probability px 

then the 1 X k matrix of probabilities 

[ei pee) 

is called the state matrix or sometimes the state vector for the system. 

Consider the space equipment problem discussed in Example 7. At each observa- 

tion, the system is in one of two states: 

state 1 (aligned) 
state 2 (unaligned) 

In Example 7, the system is assumed to be aligned initially, so at the initial obser- 

vation, the probability is p; = 1 that the system is aligned and p2 = 0 that the sys- 

tem is unaligned. Thus, the initial state matrix for the system is 

[pr pol = 0] (13) 

As shown in Figure 2, the probability that the system is aligned after 1 second is 

Pi = .9 and the probability that it is unaligned after 1 second is p2 = .1. Thus the 

state matrix for the system after 1 second is 

PRP aie ee 4) 
In Example 7 we show that after 2 seconds the probability is p;) = .83 that the 

system is aligned and p2 = .17 that the system is unaligned; thus, the state matrix 
after 2 seconds is 

[p: po] =[.83 .17] (15) 
y 4 

The following result provides a quick way to find the state matrix for any ob- 
servation from the state matrix for the preceding observation. 

For the problem in Example 9, the initial state matrix is 

X=[1 0] 
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[see Equation (13)], and the transition matrix (5) is 

ithe a a 
ears 

Thus, from result (16) the state matrix after 1 second is 

a 2 [9s] 

which agrees with Equation (14). Similarly, the state matrix after 2 seconds is 

[.9 a? Age: a7] 

which agrees with (15). & 

xP =[I ay ° 

“APPLICATION OF MARKOV PROCESSES IN MARKETING* A shopper’s weekly 

purchases of a laundry cleaner (soap or detergent) can be assumed to constitute a 

two-state Markov process with transition matrix 

Purchases the 

next week 

Does not 

Purchases purchase 
acleaner a cleaner 

Purchases .78 <9) 
Purchases a cleaner 

for 
i weer Does not purchase 4B 57 

a cleaner 

Assuming that a shopper initially purchases a cleaner, find the probability that the 

shopper will purchase a cleaner 1 week later, 2 weeks later, and 3 weeks later. 

Solution Since we are assuming that the shopper initially purchases a cleaner, 

the initial probability is p; = 1 that a cleaner is purchased and p2 = 0 that a 

cleaner is not purchased. Thus, the initial state matrix is 

[1 0] 

From (16) the state matrix after 1 week will be 

hss PP 
Past) =|.78 .22 

ile 2 [ | 

The state matrix after 2 weeks will be 

ane 
f ‘| =[.703 .297] .78 227s 

*The data in this problem is based on a 26-week study by G. P. Styon and H. Smith, which appeared 

in the paper, “Markov Chains Applied to Marketing,” Journal of Marketing Research, 1(1964): 50-55. 
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and the state matrix after 3 weeks will be 

Sipe 
= [.6 324 

zl Laie : 

.78 
[.703 zone 

Thus, the probability the shopper purchases a cleaner 1 week later is .78, 2 weeks 

later is .703, and 3 weeks later is .676. & 

In many applications of Markov processes, one is interested in the “long-run” 

behavior of the physical system. The following example illustrates what we have in 

mind. 

_ EXAMPLE 12. ~ Consider the stock market fluctuation problem of Example 1. To illustrate how this 

system behaves over a period of time, we computed the state matrices for the sys- 

tem for a period of 10 market days, assuming that the initial state of the system 

was an increase. We obtained (to two decimal places) 

Initial Pee. 
state matrix [1 aj i. = [. 20 .80] (after 1 day) 

[.20 30] ° a: = [.60 .40] (after 2 days) 

edad 
[.60 40 = lau = .60] (after 3 days) 

Pa ae 
[.40 ol 4 Ait = 50] (after 4 days) 

28 
[.50 so 7 S| =L4 = 5) (after 5 days) 

PRE VRS 
[.45 ss] : S| = 4 = 53] (after 6 days) 

2 RS 
[.48 sal? Seta = 54] (after 7 days) 

[.46 sa? S| =t4 = [AT 53] ns (ateeri days) 

eS 
[.47 sal]? He = 53] (after 9 days) 

[.47 sal]? a Sal) “(afer doen) 

Thus, after 8 market days, the probability of an increase stabilizes at .47 and 
the probability of decrease stabilizes at .53. Similarly, if the initial state of the 
system had been a decrease, we would have obtained 



[.70 

[.35 

[.53 

[.44 

[.48 

[.46 

[.47 

[.47 

[.47 

fon we n (=) 
bememed _ er 

Ne oo [an 

n n rg w 

in oo Coe! 

n = 

Sse oes Os OOO Set GS She SN east 4S cd > By toe 

— —) 

sal]? 

00 

2 00 

cP ya a Sa ay mW em ay eae 

Il 
Laem 

is oo 

we 
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8 
| = [70 

8 
4 = [.35 

Palas [.53 

8] rag 

5 | = Ls 

‘ ai 47 

5 = [.47 

: =[47 

S| =t4 

30] 

65] 

48] 

56] 

52] 

54] 

=53) 

53] 

53] 

a5 

(after 1 day) 

(after 2 days) 

(after 3 days) 

(after 4 days) 

(after 5 days) 

(after 6 days) 

(after 7 days) 

(after 8 days) 

(after 9 days) 

(after 10 days) 

Thus, once again the probability of an increase stabilizes at .47, and the prob- 

ability of a decrease stabilizes at .53 after a period of time. &” 

The results observed in the last example are not accidental. As the following 

theorem shows, this stabilization phenomenon occurs in many Markov processes. 

We omit the proof. A transition matrix P is called regular if some power of P has 

all positive entries. Thus Equation (17) applies only when the transition matrix P 

is regular. 
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The calculations in Example 12 show that the steady- =stale matrix for the stock 

market system is (to two decimal ee 

=([.47_ .53] 

This same result can be obtained as follows by using Equation (17). Let 

Q=[" @!] 

be the unknown steady-state matrix, where qi is the steady-state probability of an 

increase and gq? is the steady-state probability of a decrease. (Note that qi + g2 = 

1.) Substituting Q and the transition matrix (4) into Equation (17), we obtain 

yas 
Lg all 5 s+ ta q2] 

or 
[.2q1 ae 7142 891 AP .3q2] = [gq gq] (18) 

For the matrices in (18) to be equal, their corresponding entries must be equal; 

that is, aig ai 

891 + .3q2 = qa 

or equivalently, 
891 == 142 = 0 

— .8q1 a= 7942 = 0 

On solving this system, you will see that there are infinitely many solutions, and 

they are given by the formulas 

Git 3! gza=t (19) 

where ¢ is arbitrary. However, Q = [qi 2] is a state matrix, so, as observed 

above, gi + q2 = 1. Thus from (19) we obtain 

15 i} 
Les GtaahG> a antackeel = oan qi q2 8 3! 

or t = &. Substituting this value into (19), we obtain the steady-state matrix 

is i 8 
Q=[m m= E < 

which agrees with the results obtained to two decimal places in Example 12. & 

The following examples illustrates how Markov processes can enter into the 

long-range planning of urban transit facilities. 

APPLICATION OF MARKOV PROCESSES TO PROBLEMS IN MASS TRANSIT 

Commuters who work in the Delaware Valley can commute to and from their jobs 

either by public transportation or by automobile. After the installation of a new 

public transit system, the Planning Commission predicts that each year 30% of 

_ those using public transportation will change to automobile, while 70% will con- 
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tinue to use public transportation. The Commission also predicts that each year 

60% of those using automobiles will change to public transportation, while 40% 

will continue to use their automobiles. This information is contained in the follow- 

ing transition matrix 

Mode of transportation 
the next year 

Public 

‘ transportation Automobile 
Mode of Paes _ 

.___ transportation sa 3 
transportation 

1 year (20) 

Automobile 6 4 

(In this matrix we have recorded the percentage changes as probabilities.) 

Initially, assume that 20% of the commuters use public transportation and 

80% use automobiles. Assuming that the population of the Delaware Valley re- 

mains constant, find: 

(a) the percentage of commuters using each mode of transportation after 2 years 

(b) the percentage of commuters using each mode of transportation after a “long 

period of time” 

Solution (a) Since 20% initially use public transportation and 80% initially use 
their automobiles, the initial state matrix is 

Public 
transportation Automobile 

[iy $22) coma! 

Thus, after 1 year the new state matrix will be 

‘TVS 
ee tene =[.62 .38 
7 aA [ 

and after 2 years the new state matrix will be 

ae: 
[.62 33] 6 | = [.662 .338] 

Thus, after 2 years, 66.2% of the commuters will be using public transportation 

and 33.8% will be using automobiles. 

Solution (b) To find the percentage of commuters using each mode after a long 

period of time, we must find the steady-state matrix for the system. Using (17) and 

(20), we see that the steady-state matrix 

O=[n a] 
must satisfy 

fale ee tana qd qn 6 A qi q2 

or 

[.7q1 UE .6q2 341 iP .4q2 | = [qi q2| 
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or 

741 + .6q2 = qq 

.3q1 + .4G2 = qr 

or 

.3q1 — .6q2 = 0 

di ar .6q2 =0 

On solving this system, you will see that there are infinitely many solutions, and 

they are given by the formulas 

qi = 2t Q=t (21) 

where ¢ is arbitrary. Since Q =[g: q2] is a state matrix, we must have 
gi + q2 = 1. Thus from (21) we obtain 

l=qat+q=2t+t =3t 

so that t = 3. Substituting this value in (21) yields the steady-state matrix 

O=[n wl=[3 4] 

Thus, after a long period of time, the proportion of riders using public transporta- 

tion will stabilize at 3 and the proportion of riders using their automobiles will sta- 

bilize at}. 4 

_ APPLICATION OF MARKOV PROCESSES TO GENETICS FOR STUDENTS FAMILIAR 

WITH SECTION 10.4 In this example we determine the long-term genotype prob- 

abilities for the offspring that result from the mating pattern described in Example 

4 of this section. Let P denote the transition matrix (6). To apply result (17), some 

power of P must have all positive entries. Although P itself does not have all pos- 

itive entries, the matrix 

Pp? = 

Cop Bl colw Nie NIE NIE CojW A] cole 

does. Thus Equation (17) can be used to compute the steady-state matrix 

Q=[1 @ 4] 

where qi, g2, and q3 are the long-term probabilities of genotypes AA, Aa, and aa, 

respectively. Substituting Q and P into Equation (17) gives 

i bape 0 
2 2 

lq q2 q3] A 3 ‘ =I gq. qs) 

DOSS 

or equivalently 

20 + 492 See 
BEB A BIN Pye st Sues uP 

aq 1133 "qs 
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or equivalently 

“341 Hom — 743 = 0 
—4@ +343 = 0 

On solving this system, you will see that there are infinitely many solutions, and 
they are given by the formulas 

Civ ae q2 = 2t gaat (22) 

Since Q = [qi q2 43] is a state matrix, we must have qi + g2 + q3 = 1. Thus 
from (22) we obtain 

so that t = ;- Substituting this value in (22) yields the steady-state matrix 

Q=[n » gwl=[4 } 4] 

Thus, if the mating pattern is carried out repeatedly, the genotype probabilities of 
the offspring will stabilize at 

1 1 1 
— for AA eral =— 4 or 5 or Aa 4 for aa 

regardless of the original unknown genotype. & 

In this section we have just touched the surface of Markov processes and their 

applications. If you are interested in studying this subject in more detail, consult 

the following references: 

1. J. Kemeny, H. Mirkil, J. Snell, and G. Thompson, Finite Mathematical 

Structures (Englewood Cliffs, N.J.: Prentice-Hall, 1959). 

2. J. Kemeny, A. Schleifer, J. Snell, and G. Thompson, Finite Mathematics 

with Business Applications (Englewood Cliffs, N.J.: Prentice-Hall, 1962). 

3. D. P. Maki and M. Thompson, Mathematical Models and Applications 

(Englewood Cliffs, N.J.: Prentice-Hall, 1973). 

For the frog jumping problem described in this section, 3. Consider a Markov process with transition matrix 

replace the data in (1) by 

Ly 2; it Ai 2; jig tS by i; 2, 1 State 1 : 

Based on these data, find the transition matrix for the sys- State 2 

tem. 

Explain why 

SO Nie 

AI- BIR Re vie 

So Nie 

cole 

State 1 State 2 

Iw BIW 

a 
2 
5 

(a) What does the entry 2 in this matrix represent? 

(b) Assuming that the system is initially in state 1, find 

the state matrix one observation later. 

(c) Assuming that the system is initially in state 2, find 

the state matrix one observation later. 

cannot be a transition matrix for any physical system. 
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4. Consider a Markov process with transition matrix 12. 

State. 1 State 2 

State 1 6 4 

State 2 2 all 

If the state matrix at a certain observation is [.75  .25], 

what is the state matrix at the next observation? 

5. Consider the Markov process in Exercise 3. 

(a) Assume the system is initially in state 1 and use a 

tree diagram to find the state matrix two observa- 13. 

tions later. 

(b) Solve the problem in part (a) using result (16) in the 

text. 

6. Consider a Markov process with transition matrix 

State 1 State 2 State 3 

State 1 4 1 eS) 

State 2 8} 3 4 

State 3 6 a of 

(a) Assume the system is initially in state 2 and use a 

tree diagram to find the state matrix three observa- 

tions later. 14 

(b) Solve the problem in part (a) using result (16) in the 

text. 

In Exercises 7-10 find the steady-state matrix for the Markov 

process whose transition matrix is given. 

ee = 2S Sots) 

65 .35 See 

Se goed, ee a 

9. 5a) ale Xe) 10. Ula ied bisa 37 

a ee sO? hot eee 15. 

11. (a) Consider a Markov process with transition matrix 

ss) 

f EDN Wrasse ei) .() 

166 eden) 

Explain why result (17) does not apply. 

(b) Does result (17) apply to a Markov process with 

transition matrix 

Hoe BND 

P= 7 3°70 

Se OS 

Explain your answer. 

Recently, some resorts have been offering insurance to 

pay vacationers’ hotel bills when it rains. Suppose that an 

insurer of a Florida resort has found that, after a clear 

day, there is a probability of .2.for rain the next day, 

while after a rainy day, there is a probability of .4 for rain 

the next day. 

(a) Write down an appropriate transition matrix. 

(b) Over the long term, what fraction of the time will 

the company have to pay off? 

Suppose that children whose parents are in a middle-to- 

high-income bracket will, as adults, be in the middle-to- 

high-income bracket with probability .9 and in a low- 

income bracket with probability .1. Suppose also that 

children whose parents are in a low-income bracket will, 

as adults, be in a middle-to-high-income bracket with 

probability .5 and in a low-income bracket with probabil- 

ityeeos 

(a) What is the probability that a grandchild of a low- 

income family will be in the low-income bracket as 

an adult? 

(b) Over the long-term, what fraction of the adult popu- 

lation will be in the low-income bracket? 

A regional planning commission estimates that each year 

10% of the people in the eastern part of the region will 

move to the western part and 3% of the people in the 

western part will move to the eastern part. Assuming that 

the population in the region remains constant and, ini- 

tially, 40% of the population lives in the eastern region 

and 60% in the western region, find the percentage of 

population in each region: 

(a) after 1 year 

(b) after 3 years 

(c) over the long term 

The New York metropolitan area is serviced by three ma- 

jor airports: J. F. Kennedy, LaGuardia, and Newark. Sup- 

pose that a car rental agency with a fleet of 500 cars has 

rental and storage facilities at each of the three airports. 

Customers rent and then return their cars to the various 

airports with the probabilities given in the transition ma- 
trix 

Returned to 

Kennedy LaGuardia Newark 

Kennedy 8 ail oll 
Rented . 
ee LaGuardia 33 ee 55) 

Newark 2 6 oo) 

How many parking spaces should the company allocate at 
each airport? [Hint: Use the steady-state matrix.] 



16. A college professor has three sets of questions, A, B, and 

C, from which to make up exams. If she uses set A for 

one exam, then for the next exam she tosses a die and 

uses questions from set A again if 1 occurs, from set B if 

a 2, 3, or 4 occurs, and from set C if a 5 or 6 occurs. If 

she uses set B, she tosses a coin and uses set A for the 

next exam if it comes up heads and set C if it comes up 

tails. If she uses set C, then she uses set A the next time. 

(a) Find the transition matrix for this process. 

(b) If the chances of using sets A, B, and C are equally 

likely for the first exam, find the probabilities that 

the second exam will come from the sets A, B, and 

C, respectively. 

(c) In the long run, which set of questions is most often 

used? 

Exercises 17-19 refer to the following discussion: Often, the 

transition probabilities of a Markov process are not known and 

must be estimated by observation. The following is an illustra- 

tion of how such transition probabilities can be estimated. Con- 

sider a system that can exist in one of three states 1, 2, and 3. 

Let pi; denote the probability that the system will not move into 

state j from state i in one step. For example, if i = 2 andj = 3, 

then p23 is the probability that the system will go into state 3 

from state 2 in one step. We want to estimate the values of pi1, 

P12, P13, P21, P22, P23, P31, P32; and p33. To do this, we observe 

the system for a number of steps (the more the better) and at 

each step record the state of the system. Suppose our system is 

in state 3 initially and we record the following list of its next 24 

consecutive states: 

6 tee 2 aso Aalto 2 bt SAL 2s 

From this data we obtain Table 1. 

Now note that of the 11 times the system left state 1, it 

entered state 1 4 times 

entered state 2 4 times 

entered state 3 3 times 

6 pee pe: 
Hence we estimate pi1, Pir, and pi3 to be pu = 77, Piz = Tr> 

and pi3 = x. Of the 7 times the system left state 2, it 

entered state 1 4 times 

entered state 2 2 times 

entered state 3 1 time 

6 Se) re 
Hence we estimate pr, Px, and pr3 to be pa = 7, pr=7; 

and px; = +. Of the 6 times the system left state 3, it 

entered state 1 3 times 

entered state 2 2 times 

entered state 3 1 time 
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TABLE 1 

Transition Number 

From of Times 

State 1 

1 to 1 4 

1 to 2 4 

1lto3 3 

Total = 11 

State 2 

2 to 1 4 

2 to 2 D 

2 to 3 i 

Total = 7 

State 3 

3 to 1 3 

3'to 2 2) 

3 to 3 i 

Total = 6 

Hence we estimate p3,, p32, and px; to be p31 = 2, px = 2, 
and p33; = &. Thus, the transition matrix for this system is given 

by et 
Pur Pi2 P13 whe abr) SBT 

P= = || Ge ee Ib 
meet, 225238) eel |e a ee 

3 2 1 

P31 P32 P33 ou euaeG 

17. Assume the following sequence of states is recorded for a 

three-state system: 

Leal 332 205 2 Wel, Sa303 Zee? 3 2S aes 

(a) Find the 3 xX 3 transition matrix. 

(b) Is the matrix a regular transition matrix? Explain. 

18. Assume the following sequence of states is recorded for a 

two-state system: 

IE 2a SD A ee DOD AA Te 

(a) Find the 2 X 2 transition matrix. 

(b) Is the matrix a regular transition matrix? Explain. 

19. A manufacturer has one full-time mechanic who repairs 

machines as they break down. The manager of the plant 

is considering hiring an additional mechanic and orders a 

cost analysis to determine the need. It is found that hiring 

an additional mechanic would be worthwhile if at least 

35% of the time that a machine is being repaired there is 

another one waiting to be serviced. Observations of re- 

pairs are made over several days. If, during the repair of 
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a machine, there is another machine waiting to be re- (b) Find the 2 X 2 transition matrix 

paired, then a 1 is recorded, otherwise 0 is recorded. The Pitxpe 

following sequence was generated: r= Sst 

1:0001100011101000010,10110001 1 

Consider this situation as a two-state Markov chain. 

(a) Fill in Table 2. 

TABLE 2 

Transition 

from Number 

State 0 of Times 

& KEY IDEAS FOR REVIEW 

where 

Pi: is the probability of going from 0 to 0 

P12 is the probability of going from 0 to 1 

p21 is the probability of going from 1 to 0 

Teieon P22 is the probability of going from 1 to 1 

from Number (c) Find the long-term probabilities of being in state 0 
State 1 of Times and state 1. 

(d) Should an additional mechanic be hired? Why? 

Life Insurance and Mortality 
4 Mortality table Statistics compiled by insurance companies, which are used 

to determine the probabilities that a person will be dead or alive at a given age. 

4 Premium The amount a person pays to purchase insurance. 

Net single premium The present value of the future benefits that a company 
expects to pay out on a type of policy. 

# n-year pure endowment A policy that guarantees the purchaser will collect 

the value of the policy at the end of n years provided that the insured survives 
the n years. 

4 n-year term insurance A policy that guarantees the beneficiary of the in- 
sured will collect the value of the policy at the time of the insured’s death if the 
insured dies within n years. 

Game Theory and Applications 
4 Payoff matrix A matrix whose entries are the amounts won by the row 

player R from the column player C. 

# Constant-sum game A game in which the sum of the payoffs is a constant 
that does not depend on which moves are made. 

a Zero-sum game _ A constant-sum game in which the constant is zero. 

4# Row minimum The smallest element in the row of a payoff matrix. 

42 Column maximum The largest element in the column of a payoff matrix. 
4 Saddle point An entry in a payoff matrix that is both a column maximum and 

a row minimum. 

# Strictly determined game A game whose payoff matrix contains a saddle 
point. 



Supplementary Exercises 4” 467 

@ Value of a game The numerical value of any saddle point in a strictly deter- 
mined game. 

fe 

# Pure strategy A strategy in which the player uses the same move in every 

game. 

a Mixed strategy A strategy in which the player mixes the moves from game to 

game according to certain probabilities. 

# Expected winnings 

4 Optimal strategies 

The average winnings resulting from a strategy. 

See pages 432-438. 

Markov Chains and Applications 
Transition matrix The matrix whose entries are the probabilities of moving 

from a given state to another state at the next observation. 

# Initial state The state of a system at the first observation. 

a Markov process or Markov chain A process in which the probabilities for 

the next state are completely determined by the present state. 

# State matrix or state vector A 1 X k matrix whose entries are the probabili- 

ties of the various states for a given observation. 

# Steady-state matrix See page 459. 

# Regular matrix A transition matrix, some power of which has all positive en- 

tries. 

4 SUPPLEMENTARY EXERCISES 

1. What is the probability that: 

(a) John Smith, age 50, will survive to age 80 

(b) Janet Smith, age 50, will survive to age 80 

John Smith, age 50, wants to buy a 10-year pure endow- 

ment policy with a face value of $10,000. If interest is 

7% compounded annually, what is the net single premium 

for this policy? 

Janet Smith, age 50, wants to buy a 3-year term insurance 

policy. If interest is 7% compounded annually, what is 

the net single premium for such a policy with a face value 

of $10,000? 

John Smith, now age 60, has survived to cash in his 

$10,000 pure endowment policy (see Exercise 2). He 
wants to use this money to buy a 3-year term insurance 

policy. What is the face value of this policy if interest is 

7% compounded annually? 

Which of the following games are strictly determined? 

3 6 4 3 
(a) ie | (b) [I | 

ies NGS 
(eo) -1 On (d) |6 5° 2 

(ee ato) a Siar 

Find all saddle points in the following two-person con- 

stant-sum matrix game: 

ne ON NNNANDN NI WwW ~ 

John Earnest and Jane Smart are running for mayor. Each 

will advertise in newspapers (N), radio (R), or television 

(TV). The payoff matrix below shows the number of ad- 
ditional votes to be received by John Earnest when each 
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candidate chooses a particular medium for his or her ad- 

vertising. What is each candidate’s best advertising strat- 

egy? 

Jane Smart 

N R TV 

N 50,000 —10,000 80,000 
John 
Bama R —30,000 40,000 60,000 

TV 40,000 60,000 70,000 

8. Consider the following game: player I has three cards: 4, 

5, and 6. Player II has three cards: 2, 3, and 4. Each 

player shows one card. If the sum of the cards shown is 

even, then player I receives that amount from player II. If 

the sum of the cards shown is odd, then player II receives 

that amount from player I. 

(a) Write the payoff matrix for this game. 

(b) Is this game strictly determined? 

(c) If it is, determine the optimal moves for each player. 

9. Assume that a certain dominant trait is produced by geno- 

types AA and Aa and the recessive trait by genotype aa. 

For the mating AA Xx Aa, what percentage of the off- 

spring will have the recessive trait? 

10. Suppose that in an initial population of plants, 45% have 

red flowers, 35% have pink flowers, and 20% have white 

flowers. Assuming that the conditions of the Hardy— 

Weinberg principle are satisfied: 

(a) Find the percentage of each color that will occur in 

the first generation. 

(b) Find the percentage of each color that will occur in 

the second generation. 

11. Ifa female of unknown genotype is mated with a male of 

genotype AA, what is the probability that an offspring 

will have the dominant trait? 

4 CHAPTER TEST 

1. (a) What is the probability that Ruth Smart, age 40, 

will die before attaining the age of 60? 

(b) What is the probability that Bob Smart, age 40, will 

die before attaining the age of 60? 

(c) Why are the results of (a) and (b) different? 

2. Ruth and Bob Smart are both age 40. Each buys a 4-year 

term insurance policy with a face value of $10,000. If in- 

terest is 6% compounded annually, what is the net single 

12. 

13. 

14. 

Consider a Markov process with transition matrix 

State 1 State 2 

State 1 Pi ieee a) 

State 2 8 a 

(a) If the state matrix at a certain observation is 

[.6 .4], what is the state matrix at the next observa- 

tion? 

(b) If the system is initially in state 1, use a tree diagram 

to find the state matrix three observations later. 

Find the steady-state matrix for the Markov process 

whose transition matrix is 

55.45 

165, 35 

A certain town has three supermarkets: A, B, and C. A 

survey of shoppers has determined the probabilities that a 

person shopping in one market this week will either shop 

at the same market or will switch to another next week. 

This information is given by the transition matrix 

Next week 

At BEPEC 

A Sie de 33 
This 
efoans B i we all 

Cc ALES eS 

Assume that at the present time, 50% of the residents 

shop at A, 30% at B, and 20% at C. 

(a) Find the percentage of the residents shopping at each 

market after 2 weeks. 

(b) Over the long term, what is the percentage of shop- 

pers at each market? 

premium each must pay? Why are the two premiums dif- 

ferent in value? 

Find the best moves for players R and C in the following 

strictly determined game and give the value of the game: 

5 2 5 

0 ie 

ail 0 1 



4. Find the optimal strategies and the expected payoff of the 

matrix game whose payoff matrix is 

onre Mm CO DN 

Consider the following game. Player I has three cards: 5 

of hearts, 10 of clubs, and 6 of spades. Player II has three 

cards: 4 of diamonds, 3 of hearts, and 7 of spades. Each 

player shows one card. If the cards are of the same color, 

player I pays player II an amount equal to the sum of the 

cards. If the cards are of different colors, player II pays 

player I an amount equal to the sum of the cards. 

(a) Write the payoff matrix for this game. 

(b) Is this game strictly determined? 

Chapter Test 2” 469 

Suppose that in an initial population of plants, 60% have 

red flowers, 30% have pink flowers, and 10% have white 

flowers. Assuming that the conditions of the Hardy— 

Weinberg principle are satisfied, find the percentage of 

each color that will occur in the first-generation offspring. 

Consider a Markov process with transition matrix 

State 1 State 2 

State 1 DS AS 

State 2 .40 .60 

If the system is initially in state 2, use a tree diagram to 

find the state matrix 4 observations later. 
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A.1 BASIC PROPERTIES 
OF THE REAL NUMBERS 

You should recall the following rule for multiplying positive and negative real 
numbers. 

Thus, (2)(3) = 6 

(-2)(-4) = 8 
(3p. al 

0) a1) 4) 

Moreover, the negative, —a, of a number a is the product (—1)a. Thus, 

pon ale) 

This leads to important properties of signs, shown in Table 1. 

TABLE 1 

Property Example 

hee) = a == 5) = 5 

(—a)b = a(—b) = —(ab) (3)(4) = 3) 4) = SG 4) 12 
(—a)(—b) = ab (—4)(-5) = 4-5 = 20 

—(a + b) = (-a) + (-b) = -a-b ~(2 + 5) = (-2) + (-5) = -2-5=-7 
—(ai=b) = (—a) +b —(4- 1) =(-4)+1=-3 

=O GR eos 28. 

[Be = bes ib “4 -=4" 4 

Table 2 summarizes the rules for adding, subtracting, multiplying, dividing, 

and simplifying fractions. 

471 
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TABLE 2 

Explanation 

Gea To simplify a fraction, cancel com- 6 _ 3:2 _ 3. SATE 2 ehh age 
cB mon factors from the numerator 8 4-2° 4’ 51 3-17 3 

and denominator. 

a,b_atb To add or subtract fractions wih 3,4 _3+4_7 
Gee c ' the same denominator, add or sub- 5 5 5 5 

tract their numerators, and keep the 
@_b_a@—=b ~~ denominator th ee ts ie ee 
ge re Tete pe ot eal) Wn 1S 2S) 1S, tS, Be 

a,c_ad+cb To add or subtract fractions with 3,2 _3-3+2-4_17 
baad bd different denominators, change 4 3 12 12 

= them to fractions with the same Saver nae e 
: Sa > = ade denominator and then add or sub - = : = esse = = = -5 

tract. 

QO > (ale To multiply fractions, multiply 1 2_2_1 
«bd © bd their numerators and multiply ther 2 3 6 3 

denominators. Be ee ee ey) 
4 5 20 5 

eR Ul uk Ue) 2 Pe 
Depan os es 

a@.c¢_a_d_ad_ To divide one fraction by another, 1.2 _1 3_ 3 
i Gb @~ Te invert the divisor and multiply. D> BED Glee 4 

a —4 28 

vay? 3/2 
y Evaluate =—-. 

3/3 

Solution 
a Dere3. FSi eae se ue a0 
5/38 PS 8 2 1 ge 

Percentages Percentages are merely an alternate way of expressing decimals. The expression n 
percent means n/100. Thus, 

ee in ee 
3% = 100 ~ .03 and 74% = 100 ~ .0725 

The following are some rules of conversion: 



EXAMPLE 3 ~ 

EXAMPLE 4 

EXAMPLE 5 

4 EXERCISE SET A.1 

In Exercises 1-28 perform the operations and simplify your an- 19. 

Swer. 

1. 

3. 

5. 

7m 

9. 

11. 

13. 

15. 

17. 

2-24 5) 

6 =8i+6) 

(22—'8)/G3'='5) 

a (4(— te 3) 

Ne uly AI BI UIE + 

2 
3 

+ 

BIW GW Ul wit 

2. 

4. 

6. 

8. 

10. 

12. 

14. 

16. 

18. 

A.1 Basic Properties of the Real Numbers 4” 473 

85% = 8.5% = .085 

12.5% = = 22 1 
100 1000 8 

48% = > = = 
100 25 

2.1 = 210% 

003 = .3% 

3 
8 = o1S = 3) 5%. me 

Find 16% of 200. 

Solution 16% of 200 is (.16) times 200, and (.16)(200) = 32. 4” 

If your mortgage payment is $300 per month, what percentage of your $800 per 

month take-home pay is spent on the mortgage? 

Solution The percentage is 

3002.03 
—~ =_—= 375 = 37.5% & 300 8 375 = 37.5% 

If you purchase a $1000 savings certificate whose annual yield is 8.17%, how 

much will the certificate be worth after 1 year? 

Solution Interest would be 8.17% of $1000 = (.0817)(1000) = $81.70, so the 
certificate would be worth $1000 + $81.70 = $1081.70. 4 

2) [ Re OLB: 

a5 20. 345 
A. 343 Dee eyes 

5 — 3(—4) 2 2 

23h 24 = 
(8 — 5)(4 — 7) ; 70 

2 Brel 

ae org! 25. 3 +5 26. 4 
—[3 — (11 ~ 20)(=2)] ee tat 
1 2 Dy tame: 8 See a0. ah ahs ry 28. el 

ae 29. Write the following percentages as fractions, and reduce: 

ke (a) 12%  (b) 2% (c) .02% 
5h 4 (d) 90% (ec) 225% (f) 38% 

eee) 
35 6 
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30. 

31. 

32. 

33. 

Write the following percentages as decimals: 35. Three people decide to rent a house together and con- 

(a) 18% (b) 7% (c) 100% tribute to the rent according to their income. It is decided 

(d) 80% (e) .03% (f) 300% that David will pay ; and Jim will.pay > of the rent. What 

Write the following decimals as percentages: Pracuiom will the AiiGs sisoe ay 

(a)203 (b) .56 (c) ts 36. At the beginning of the first day of September, the price 
(d) .015 (e) 2.8 (f) .0003 of common stock in the ABC Power Company was $21 
Write the folloine ten : per share. Over the next 30 days the price changed as fol- 
eo e fo Oe eae aa lows: it went up } (dollars) each day for the first 11 days, 

(a) 2 es : A stayed the same for 15 days, dropped 5} each day for the 

(d) 3 (©) 200 (f) next 3 days, and went up 23 on the last day. What was the 

(a) Find 18% of 297. price of the stock at the close of September? 

(b) Find .03% of 7015. 37. A merchant bought calculators for $12.00 each and she 
(c) What percent of 18 is 9? wants to sell them for 12.5% more than she paid. What 

s tien percent 2 : 5 7 a will be the selling price of each calculator? 
e at percent of 9 1s 18! 

: If you earn $13,500 per year and get a 7% raise, what 
If you earn $40.00 per year interest on an $800.00 bank will your new annual salary be? 
deposit, what is the interest rate? 

A.2 ALGEBRAIC 
NOTATION AND THE 

BASIC RULES OF 
ALGEBRA 

Algebra derives much of its power from the precision and brevity of its notation. 

How often have we heard that a picture is worth a thousand words! For example, 

the compact formula 

A = LW (1) 

represents the area of a rectangle of length L and width W. An important feature 

of algebraic notation is its generality. Formula (1) is equally applicable for any 
length L and any width W. 

In algebra we distinguish between two kinds of quantities, constants and vari- 

ables. A constant is a quantity whose value does not change, and a variable is a 

quantity that can assume various real values. Frequently, but not always, variables 

are denoted by letters near the end of the alphabet, such as 

u 0) w Bs y Z 

and constants by letters near the beginning of the alphabet, such as 

a b 6 d 

To make more symbols available, constants and variables are sometimes denoted. 
by capital letters or letters with subscripts. Thus, 

ai a2 a3 b, bs P3 Po 

are all regarded as different symbols. 
Two constants that occur often in mathematical applications are a, which is 

approximately equal to 3.14159, and e, which is approximately equal to 2.71828. 

_ The formula C = 2zr relates the circumference C and radius r of a circle. The 
quantities C and r are variables since their values vary with the size of the circle, 
and 27 is a constant. 4” 
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Table 1 shows the special symbols used to compare the relative sizes of quan- 
tities. 

TABLE 1 

Symbol Meaning Examples 

= is equal to 8+2=4+6x+1=1+x 
# is not equal to S#T,x+1F%x 
= is approximately equal to T= 31456 = 2S 

, = is greater than 07435 

= is greater than or equal to x7 =0;x = -3 

< is less than Veep i SIR Ses =7/ 

— is less than or equal to re Se Roe an Ay SS oi0,0.0) 

EXAMPLE 2 ‘To vote in a U.S. election, a citizen must be of agex = 18. & 

From previous work, you should be familiar with the following basic proper- 

ties of real numbers: 

(a) The commutative laws: 

ety = y ex 5) = Wh 

(b) The associative laws: 

Hit (CHiz) = Gk 'y) zie, x (yz) = yz 

(c) The distributive laws: 
x(y + z) = xy + xz 
(e+ y)z = xz yz 
x (yesoz) = xy) = xz 
(x — y)z = xz — yz 

(d) Properties of 0: 

x+0=x Ox = 0 x + (-x) =0 

(e) Properties of 1: 

Ix =x (2) = 1 where x # 0 

(f) Cancellation properties: 

Ifx + y= x +z, then y = z. 

If xy = xz and x # 0, then y = z. 

(g) Nonnegative squares: 

If x is any real number, then x? = 0. 

To evaluate an algebraic expression such as 

y) 
Ua Dy Ae et) y 

for particular values of x and y, such as x = 2 and y = 3, proceed as follows: 
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tation, using variables for the unknown numbers: 

2. three fourths of a number 3 dx 

five less than six times a number , 

one half of the sum of three numbers 

one number subtracted from three times another. 

6% of a number 

8% of the amount by which a number exceeds 50 

Area equals length times width. 

Ce 2P rans w The area of a circle is 7 times the square of its radius. 

In Exercises 10-18 insert the proper symbol (>, <) between 

the numbers to make a true statement. 

10. 547 11. -27%-3 3912. «O85 

13. 3)} 14, -},-1 15. 7,2 

Step Example 

To evaluate an algebraic expression for particular values 2a =— 3) +x) = Gep + y when x = 2 

of x and y: and y = 3 

3 
1. Substitute the given values. 1. 22 —3)2 +3) w+) +3 

ae Perform all operations within parentheses. 2. 2 —- 1)(5) - Se + 3 

1 
3. Perform multiplication and division. 3.10 = 5 ae. 

ne ; 15 
4. Perform addition and subtraction. 4. > 

VA = 

4 EXERCISE SET A.2 [< 

“FT. \Given that x = 2, y = -3, and z = 4, find cch ‘of the 16. 4,3 17. 3,3 18. 3,3 
_/ following: VP, 

= 3 In Exercises 19-32 determine whether the equation is true or 

(a) x(3y — z) (box = . false. 

@it4y @ 5-5 19. 22+ y)= 2x +y 
20. 3+ (xy) = (x) - Gy) 

In Exercises 2—9 express each of the following in algebraic no- 210 1a/s b/3.= Gt2)/6 

22. 

23. 

1/x + 1/y = 1/(x + y) 

(4a + b)/12 = (a + b)/3 

24. 1+ 1/x =(x + 1)/x 

25. x7 +2x=x(x+1) +x 

26. (x/2)? = x?2/2 

an. (—x)2 = xe 

28. (a+b) +c=a+(b +0) 

29. a-(b+c)=(a-—b)+c 

30. x(y +z) = xy + xz NY/ 

ah x(y — z) = yx — 2x 

‘2. JG — y)z = zx — zy e a4 
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A.3 SOLVING If the value 2 is substituted for x in the equation 
EQUATIONS; LINEAR 

EQUATIONS ey 
the two sides become equal. We say that x = 2 is a solution of the equation. 

The following operations are helpful for finding the solutions of an equation: 

(a) The same quantity may be added to or subtracted from both sides of an equa- 
tion. 

(b) Both sides of an equation may be multiplied (or divided) by the same nonzero 
quantity. 

E1 Solve for x: eee 

4x = 12 (adding 7 to both sides) 

x= 3 (dividing both sides by 4) 

We have solved for x. & 

~ Solve for x: 

2h 3) = 65-93 

2x — 4 = 6x (adding 3 to both sides) 
—-4=4, (subtracting 2x from both sides) 

—-l=x (dividing both sides by 4) 

We have solved for x. & 

After we have obtained what we believe to be a solution of an equation, we 

can check to see whether it really is a solution by substituting it directly into the 

original equation. 

' EXAMPLE 1 REVISITED To check that x = 3 is a solution of 4x — 7 = 5, we sub- 

stitute this valte: 

43) -7=5 
122-7=5 

c= 5 

It checks. & 

For certain equations we are interested in solving for one variable in terms of 

another. For example, the equation 

C = 2nr 

gives the circumference C of a circle of radius r. If we want to express the radius 

of the circle in terms of the circumference, we divide C = 2zr by 27 to obtain 

ene. 

27 
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MPLE 4 = Solve for x in terms of y: 

x=4+ = 
y 

3 3 
Mii == 4 (subtracting s from both sides 

y 

3 SA Se 
(1 = >) =4 (by the distributive law) 

y 

Vis - 
x ; =4 (combining terms) 

ty 

Linear Equations 

Some examples are 

BG 

5x 

EXAMPLE 5 = Solve 5x.+ 7 = 0. 

Solution te 

Xx — 

(muttipyin both sides by a y y~ 

A linear equation in x is an equation that can be written in the form 

ax +b=0 (where a # 0) 

+4=0 (a=3,b=4) 
—-2=0 (a=5,b= -— 2) 
2x =3 (rewrite as 2x — 3 = 0) 

=f (subtracting 7 from both sides) 

(dividing both sides by 5) 

Solution 

3x — 4x + 10 =2x+6-8 

—x + 10 = 2x — 2 

(distributive law) 

(simplified) 
10 = 3x — 2 (added x to both sides) 

12 = 3x (added 2 to both sides) 

4=x (divided both sides by 3) # 

EXAMPLE] 
= ey MPLE 7 Solve 2x + 5 x- 4 

+ = 2 
2 3 

Solution To clear the equation of fractions, we multiply both sides by 6: 

DX ato iG 
6 + 
( 2 ( 3 

— 4 
= (6)(2) 



~ Solve 

Solution 

3(2x — 3) = (x + 2)5 

A.3 Solving Equations; Linear Equations 4” 479 

3024 5) (x= 4) = 12 

Or let 2 ve at 

8x + 7 = 12 

8x =5 

5 
x= 

8S 

PEE Ne) 

53 ar 2 3 

[multiplied both sides by 3(x + 2)] 

6%2-9"— 5x1: 10 

je 
x = 

4 EXERCISE SET A.3 

In Exercises 1—12 find all solutions and check your answers. 

Ll. 5x =1—30 

2. 9x t+1=5 

3. 4x —-S=8x+7 

4.” 32x — 7) = 2x +7 

5. 3-41 — 2x) =7 

6. 2x — 3(2 + x) = 4(2x — 3) + 1 ; 

7. 4x -3(x+2)=64+x ar aks | 
8. (5x + 4) -— 3x -7)=1 pet - 

9. 1/x? = 9/x, [x2 = x-x] 

1 
s =5 10 RE 

5 5 

ae xti x+2 

1 
12, 3—==6 

x 

In Exercises 13-22 solve for x. 

13. xy=1 

14. xy =2 + xy’ 

15. Ax + By=C 

lI 

gf 22. s= 

10 (subtracted 5x from both sides) 
19 y A 

16. PV = xRT 

17. y=mx+b 

18. y=1lx+4 

19 ys ee Ves 

20. x/y = a/b 

21. y?+ 3xy —4=0 

1.23. Which of the following equations are linear? 

(a) 3x +4=2 

(Oj) as ae eb SS eS 

(¢) © Qa le x2) 

iN 
(d) amg eae 

(ce) #x+1=5x-2 
(f) x7 =9 

@) S+x=2 
(h) x =0 

In Exercises 24-38 solve for the variable that appears. 

24.3320 + le 6ax=.a'— 3 

25. 10m +4-— 2m = 3m+7 + 6m 

26.45 0x5) = 123% 
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29. 

30. 

31. 

32. 

33. 

34. 

SBb 

36. 

37. 

38. 

39. 

Lace lve. * 

2 2 

Deals took 

3 ay 2 

kf +3 
ir 4a -3 
watt aa, 40. 

eg aE oe 

3 3 

pars al 
10° 2) (hen 2 

DSA SIG 1x 

Dk 13S Sle el OX 

3-4 9 2x3 

3 5} 5 

1 ih a 

Bs ea 41. 
Cae Care) 

Ge a a 

The formula for temperature conversion is 

F=2C +32 

where F is degrees Fahrenheit and C is degrees Celsius. 

A.4 SOLVING LINEAR 
INEQUALITIES 

(a) 
(b) 

(c) 

(d) 

Solve this equation for C. 
What is the Fahrenheit temperature when the Celsius 

temperature is 10°? 
What is the Celsius temperature when the Fahrenheit 

temperature is 86°? 
Is there any temperature at which the Fahrenheit 

degrees equal the Celsius degrees? Use an equation 

to find out. 

The formula for simple interest is ] = Prt, where J is the 

interest earned by an investment of P dollars at an inter- 

est rate r per year for ¢ years. 

(a) Solve this equation for r. 

(b) Solve this equation for ft. 
(c) If $800 is invested at 7% per year for 6 years, find 

the interest earned. 

(d) If an initial investment of $2000 has grown in value 

to $3020 while being invested at simple interest for 6 

years, what is the interest rate per year? 

If you borrow $4000 and agree to pay it back in one 

lump sum, together with 9% per year interest, how 

much do you have to pay back after 3 years and 6 

months? 

(e) 

The formula for the total sum of money S that you will 

have after ¢ years of investing P dollars at simple interest 

rate r per year is S = P + Prt. 

(a) Solve this formula for P. 

(b) Solve this formula for tf. 

(c) How much money must you invest today at 7% sim- 
ple interest per year to have a total amount of $1000 

in 10 years? 

If the value 2 is substituted for x in the inequality 

3x -2<8 (1) 

we obtain 3(2) — 2 = 4 < 8, which is a true statement. We say that x = 2 

satisfies inequality (1). However, if 5 is substituted for x in (1), we obtain 
3(5) — 2 = 13 £ 8. We say that x = 5 does not satisfy inequality (1). 

In general, we can solve linear inequalities by proceeding as follows: 

XAMPLE 1 = Solve for x: 4x — 7 <5. 
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Solution ee ek 

4x = 12 (added 7 to both sides) 

ves (divided both sides by 4) 

The solution is the set of all real numbers x <= 3. & 

Solve for x: —4x — 75. 

Solution Sipe a Je 

—4x = 12 (added 7 to both sides) 
x 2-3 (divided both sides by —3) 

. The solution set consists of all real numbers x = —-3. & 

Peover ee 1 = 6x 3. 

schon 24+ 7 > Ox: 3 

2x + 4> 6x (added —3 to both sides) 

4> 4x (added —2x to both sides) 

(eae: (divided both sides by 4) 

The solution set consists of allx > 1. & 

if 

& EXERCISE SET A.4 

In Exercises 1-20 solve the given inequality. 

Meet 48 Is 9G 8) ED il, sear 3<< = 12, 2<a+3 

3. 2y<-l 4. 2r+5<9 13. 200 14. 3x-122 

Sy 22 Gx at) <4 1520.3: 2x1 16. x-2<5 

7 x+52-1 $.42u<.6 ~* 17. -5>b-3 18. -ly =4 

9.553% = 2 4 10. 3x+124 19.-4x+3<=11 20: 43h - 2 

A.5 EXPONENTS AND Positive integral exponents indicate repeated multiplications: 
RADICALS Oa ie ee ee 

IIS 7 

Here the numbers 5 and 4 are called exponents or powers; the 3 and 7 are called 

bases. Thus for every natural number n: 
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For example, 1 
x Ee 
PET te hes 
Pie ae ge 

XK HX 2X eX 1X oe XK eve x 

Observe that when we increase the exponent on x by 1, we are multiplying 
by x: 

Conversely, when we decrease the exponent on x by 1, we are dividing by x: 

xia x 2 y 

This pattern suggests that we define a zero exponent by 

A= x Sil 

and negative integer exponents by 

= 1 
xisxy ety elex=- 

x 

IB Ssoc 1 i oe 
x x x x 

et = 1 Na ia | 
eee type apex eS eS 

x x x x 

To summarize 

5° + 54= (5-5-5)5-°5-5-5) = 57 

wem=(n-al(ar+a+ a: 7) = 1 

_4:454+464_ 
4 + 43 = 42. 

4-4-4 

Py ee eB neh A 

@:eé 
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(43)? = 43-43 = (4-4-4)(4-4-4) = 4° 
Qe S28 10s 87) =O 2 <2). 67-7 > 7) = 29 = 7 

(2) =? pha Dy 
qi Rh ialy Sh Ste. 

Table 1 summarizes the results of integer exponents. 

TABLE 1 

Rule Example 

my yn = ymin ei as a LA | x x xmt be ails itis ty Sete 

Fee ede SO oe (9) De eed) 2) 1 Ok A 

m)n — ymn ~ —3)2 — ae ale (x™)" = x ; Qe2)F=2 2 A 

(xy)" = xmy™ 6 = (2+ 3) = 23-33 = 8- 27 = 216 

() ites Sacty GO4 
| 

See 7 7 EES me Ay ea dle pak ge Haase a La 
ca ba 2 Say 3) 43 
-3,-4 -7 YX x sae 2 1 

OS ie a 
AS 

(c) oe Sea heb: 

@ (2x7)3(3 56 “i 2353-2 -8 be (8/9)x°y 8 Y ae ae 8x3 

(Give Vi(aya)s oon yay: Doxey. 25 225y2 
2) 2\4 4,8 8 ©) (44) x (*) = Se Bly st 

3y? xm) 4 

A number r is called a square root of the number a if 

and r is called a cube root of a if 

r=a 

In general, if n is a positive integer, then r is called an nth root of a if 

n r"=a 
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It can be shown that every positive number has two square roots, one root be- 

ing the negative of the other. For example, 5 and —5 are square roots of 25 since 

. (5)? = 25 and (=5)? = 25 

Newie numbers do not have real square roots. (Why?) 

Every real number has exactly one real cube root. For example, 

2 is a cube root of 8 since 2? = 8 

—3 is a cube root of —27 since (—3)? = —27 

The positive square root of a is denoted by the symbol Va, and the real cube root 

of a number a is denoted by Va. Thus 

V25=5 and W=27=-3 

In general, a positive number a has exactly one positive nth root when n is even 

and exactly one real nth root when n is odd. In each case the root described is de- 

noted by the symbol /a, which is called a radical. 

~ W625 = 5 (not —5 or +5) 

\/—625 is not a real number 

Vo 
V-8 = -2 
V8 is not an integer, but since 2* = 4 and 3” = 9, V8 is some real number 

between 2 and 3 

V=8 is not a real number 

V32=2 & 

Note W/O =0 for every n. 
If m and n are natural numbers and x = 0, then we define rational expo- 

nents by 

and 

It can be shown that the last two definitions are equivalent. If x is negative, x!/” is 
defined as above only if n is an odd integer. We define negative rational exponents 
by 
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It can be proved that the rules of exponents given in Table 1 remain valid 
when the exponents are allowed to be arbitrary rational numbers. 

16? = V16 = 4 
Pe = (Wer =2=4 or B= Ve = Ves =4 

gmt alee 1 glee 

. Ore an(\/9)) ukoo 27 

V5 W5 = 512513 = 50/2+0/9) = 55/6 = 53 = 0/3105 
=4\ = 1/2 2 (: eee 4'/2x2y3 we! 2x?y3 

4y® 7 4-12y-3 

(125x*)?? (52)77G@4 22 52x 8/3)-1 25x5/3 

xy? xy? = y? = y? 

~ Simplify each expression, expressing the answer in terms of positive exponents 
only. 

9q 1/3 1/2 : 

(a) (%r) (Oa yet shee Ue )P 6S (2Sa24) 

Solution 

(a) (2) es ao 
= 3g /9-0/) = 34-1/12 = a 

Solution 

(b) “Gx'4y 4?) = 2Ixty 4 = 2 

Solution 

12 (e) (68°28) 128M = 125° = ans Me 

So far, we have defined expressions of the form x*, where k is a rational num- 

ber:-For expressions like 

x” Be oe 

where k is irrational, the precise definition requires calculus. However, for practi- 
cal purposes an irrational exponent can always be approximated to any degree of 

accuracy by a rational exponent. For example, in an expression like 

1024? 
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we might approximate V2 as 
14 

V2=14=— 
10 

to obtain 

1024? = (1024)!4/" = (V/1024)!* = 2! = 16,384 
The accuracy of this approximation can be improved by using more decimal places 

in the approximation of V2. 
It can be shown that the rules of rational exponents listed in Table 1 are also. 

valid for irrational exponents. 
In expressions such as 2“~!)”’? the exponent of the base 2 is (x — 1)?/3. Such 

an expression is evaluated by first evaluating the exponent (x — 1)?/3 and then 
raising 2 to that power. 

EXAMPLE 7 ~ Evaluate 2°~'”? when x = 4. 

Solution We first evaluate (x — 1)?/3 when x = 4: 

(4-1/3 es 93/3 = 93 = 8 4 

EXAMPLE 8 ~~ Evaluate e* when x = 2. 

Solution 

e% =e” = e* = (2.71828) = 54.598 

& EXERCISE SET A.5 

In Exercises 1-15 evaluate the expressions. In Exercises 22-25 find two consecutive integers so that the 

1. () 2 3°73 value of the expression is between them. 

3. (2) 4. (~2)8 22, NT 230) 21 
(ese neh ae 

5. —(2*) 6. ip 24. 50 25. —5 

To (3) S22 (42 26. Use the rules of exponents to prove the following proper- 
3342 ties of radicals: 

9, Bomaae en Sea n n n ee 10. Be Way = Vx. Wy 

ts 277 12. 1673/4 nlx Wx 

2B. @)2 14. (-1/125)7 y Wy 

15. (0.01)-9 Vx = Vi 
27. Use the properties in Exercise 26 to simplify the expres- 

In Exercises 16-21 evaluate the expression, if possible. sions. Express your answers with radicals and positive in- 
teger exponents only. 

16. W64 17. W-32 
4 } (a) V32 (bo) V6/V3 

18. : —16 19. —V16 (c) V x89 (d) V9x5y7 

20. V8i 21. V—1000 (e:) W8ix7y? (tf) Va% 
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In Exercises 28-54 simplify and express the answers using pos- 
itive exponents only. 

28. (3a*b~+)(Sa*b®) 29. 

30. (4x7y73)# 31. 

2)3(244)2 
32, 2)°By*Y 33. 

(Sxy)?(x7y?)° 

34. (2a°b"')(ab?)~? 

( 
a (Or Gxy7) 1.” 

38. a°?ag*/2 

Freya 2 

46. [aS] 47. (8x Vx)?/3 

36x*y 3, 2 64a*b 7\ —4/3 

Sie 48. [a Se =) 49, (@rb Ue 1?)\e 10 

(2a*b)~*(8a/b)? 50 V 7x 51 10V x°y? 

(2-?)5(p2)-! V49x Vix? y 

Ai Bap ey 
/ (abce4d* xyz) (a/b) ; 24b'° : y 

Fe » ) 54. Va/e5 55. (3m2/e)3/2 

(4xy")?*} + 7 
56. Evaluate e*-2”/4* when x = 6 (let e = 2.71828). 

BP NES 
ae : ~<a, 57. Evaluate 7 °~9”/? when x = 6 (let 7 = 3.14159). 

a 
40. (=) 41. (x-3/2v/y)? 58. By substituting nonzero values for x and y, show that: 

<s ry (a) (x + y)? does not equal x? + y? 

Az tyes)" 43. ViVIVx (b) Vx + y does not equal Vx + Vy 

44. VaVa 45. 

A.6 POLYNOMIALS AND 
FACTORING 

(4a2b*)'/2(8a35?)3 (c) Vx? + y? does not equal x + y 

A polynomial in x is an algebraic expression of the form 

TR) =e at yeas aan tat (1) 

where do, a1, . . ., d, are constants and n is a nonnegative integer. The constants 

do, G1, a2, . . ., A, are called the coefficients of the polynomial, and the expres- 

sions Ss 
Gh, ik, | ee Gee ag” 

are called the terms. Note that a polynomial does not involve divisions by vari- 

ables, fractional or negative exponents on variables, or variables inside radicals. 

The following expressions are not polynomials in x: 

Vx? + 2x — 3 2 x34 1 5x?+3x4+2 
x 

Note also, that constants are polynomials; this is the special case where the 

coefficients d,, Gn—1, . . -, 4 are all zero in (1). 

Polynomials are classified according to their degree. By definition the degree 

of a polynomial in x is the highest power of x with a nonzero coefficient. The con- 

stant zero is not assigned any degree. 
In a similar manner a polynomial in x and y is an algebraic expression ob- 

tained by adding terms of the form ax’y*, where a is a constant and r and s are 
nonnegative integers. The degree of the term ax’y’, a # 0, is r + s; therefore, 

the degree of —3x*y° is 9. The degree of a polynomial in x and y is the degree of 
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the highest degree term that has a nonzero coefficient. For example, the polyno- 

mial 

2x?y? — 3x3y4 + xy* — x? + 2y 

has degree 7. The terms cx’y* and dx’y” are said to be like terms if r = ¢ and 

= u. Thus, 2x”y? and —3x7y? are like terms. 
When adding or subtracting polynomials, we are merely combining like 

terms. Two things should be remembered: 

1. Only like terms can be combined. 

2. To remove a pair of parentheses, each term inside the parentheses must be 

multiplied by the number outside the parentheses. 

. EXAMPLE1 (a) (4x + 2) + (6x — 3) = 4x + 6x +2-—3 = 10x -1 
(b) (2x? +x — 1) — (x3 + 4x? — 5) = 2x7 +x%-—1-— x3 -— 4x74 5 

=e Nt x 

(c)e"(Gxy?="42) Bx — xy + z) = Bey — az 43x — xy +z 
= 2¥yer 3k 32 

(d) (x? — 2x? + x — 5) — 3(x* — 2x + 1) = x? — 2x? +x —5 — 3x? + Ox — 3 
= yer a 8 

(ec) 2x — 3y — [4x — 2(x — y)] =e Sir are ey 

— 2h — oye [2x 7 ey 

S20 OY = 12h — oy 

= y, & 

To multiply polynomials, we multiply each term of the first factor by each 
term of the second factor, and then simplify by combining like terms. 

- EXAMPLE2 (a) 2x(3x? + 7) = 2x(3x?) + 2x(7) = 6x? + 14x 
(b) (x? + 2x?)(4x? — 2) = (x*)(4x?) + x3(—2) + (2x7)(4x7) + (2x?)(—2) 

= 4x° + 8x4 — 2x? — 4x? 

(c) @ + y)\@ — y) = x? — xy + yx — y? = x? — y? 
(d) (3a — 5b)(a + 2b) = (3a)(a) + (—5b)(a) + (3a)(2b) + (—5b)(2b) 

= 3a” — 5ab + 6ab — 10b? 

= 3a*+ab-—10b27 @& 

Sometimes multiplication is best done by placing one polynomial under the 
other, then multiplying each term of the bottom polynomial by each term of the 
top, aligning like terms, and adding. For example, 
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5x3 + 4x7 -—x4+7 

x?>-3x+4 

5x° + 4x4 - x3 + 7x? 
— 15x* — 12x37 + 3x? — 21x 

20x? + 16x? — 4x + 28 
5x° — lix* + 7x? + 26x? — 25x + 28 

This shows that 

(Sx? + 4x? — x + 7) + (x? — 3x + 4) = 5x° — 11x*4 + 7x3 + 26x? — 25x + 28 

Factoring a polynomial is the process of expressing it as a product of polynomials 

of lower degree. When we write 

x? +3x+2=(@ + 2)(x + 1) 

we have factored x” + 3x + 2 into the factors x + 2 and x + 1. Factoring is an 

extremely helpful tool used often in simplifying complicated algebraic expressions. 

It is natural to consider factoring in conjunction with multiplication since each 

is the reverse of the other. Table 1 shows some common products and their factor- 

izations. 

TABLE 1 

Multiplying Factoring 

(a) Removing parentheses (a) Removing a common factor 
3x2(2x — 5) = 6x? — 15x? 6x? — 15x? = 3x?(2x — 5) 

(b) Sum times difference (b) Difference of two squares 

Gat yy) = ae y* xe y? = it yG= y) 
x? -—4= (x + 2)(x — 2) 

(c) Square of a binomial (c) Perfect square 
wet y)? = x? + Ixy + y? Xt oxy thy? =" y)e 

(x= "y)? =x?) — Dey y? x2 + 10x + 25 = (x + 5)? 
x? — Ixy + y? =(% - y)? 
x? — 6x + 9 = (x — 3)? 

(a) b 3x4 + ldxy ery (3x 4.17) (removing a common factor) 

(b) 3a? — 12a = 3a(a? — 4) (removing a common factor) 
= 3a(a + 2)(a — 2) (difference of two squares) 

(c) x7 + 6x +9= (x + 3) (perfect square) 4” 

The next example shows how to factor a second-degree polynomial 

Re terete 

that is not a perfect square or a difference of two squares. 
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Factor x7 + 2x — 15. 

Solution The objective is to find values of d and e such that 

x? + 2x — 15 = (x + d(x + e) 

Multiplying out the right side and collecting like terms yields 

x? + 2x —15=x?+ (d+ e)x + de 

Thus, d and e must be chosen so that de = —15 and d + e = 2. By trial and 

error, d = —3 and e = 5, so 

V+2x-15=(+aK+AQY=-3)x+5) w# 

4 EXERCISE SET A.6 

In Exercises 1-12 determine which expressions are polynomials 23. (3x — 4y)(2x + 3y) 

rarer 24... (x? + 3x95 2y”) +.2y(, — 3x + 4y) 
2 eS Nay ak 2. V3x 25. (x3 — y)(x? + y?) 

jaar 2 2 

3. xty?/2e A leriog 26. (2x? + 3x2 — 7)(x? — 5x + 2) 
V7x2 —y 5,,8)3/2 Se 7x*y “or 6. (14x°y*) ee oo) 

Ts XC = 3) x 8. 8 + 9x — 7x4 
9. 1597 10 SPay* — Le In Exercises 28-50 factor the given algebraic expression. 

28. 9x? — 9x 29. 4ab + 4b? 
1. Vx? + x*+4+1 1 ape ee sate 

30. P2541) + 3G -— 1) «363. lax eae 
ca 13-27 perform the indicated operations and sim- 32. x24 14x 449 An ere 

a Gh 

13. (7x? = 11x + 5) Ge ee 8) 34. xo Sal 35. 6? 5 
5 ee =) 2 4 

14. (2x + 5)(x — 4) 36. x" — 8x — 33 ST aks tee 2 
2 92 Ds 3 

15. (x? +x + 1) + 3x(2x + 1) 38. x llxy + 24y 39. x*y-—y 

Dinixsy 2 2 pe 
16. (xy + 4y2)(x — 3y) 40. 16a 9b 41. 4a? + 4q¢ -—3 

2 > — _ 17. x(4x3 — 7x? + 3) — (x + 1)(3x2 + 7) 42. x*° — 13x — 30 43. 2x4 — 8x? 

18. (a+ b)? 44, x* — 13x? + 36 45. xy "xy ( 
: 

19. (a + b)3 46. 6x* — 7x —3 47. 9x2 + 30x +25 _ ~ 
s 4h s. \V 

20; (a+b ticle Oa =) 48. x*— 81 49. x2 -2 Q 
= Ab? 3 

21. (a+ b+ c)(2a — b) 50. 4b — 4b° + b \) Q 

22. (x? — 3x? + 7) — 2x[x2. + 4x. — 3(x? —1)] PR 
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EXPRESSIONS 

EXAMPLE 1 

EXAMPLE 2 

_ EXAMPLE 3° 
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A rational expression is a quotient of two polynomials. Some examples are 

Sx 1 549 x>+2 XY it oz, bees See en es ny pe 
x7 +2x-—5 ay 1 goers 

Since the variables in a rational expression assume real values, the rules for 
real numbers in Table 2 of Section A.1 can be used to combine and simplify 
rational expressions. 

Rules fcr Rational Expressions 

a To simplify a rational expression, , cancel all common n factors by dividing 
the numerator and denominator by the common factors. 

(a) yee 2a Ts Mery Sy 

8xy 2°4+x-y 4 

oye ae eles Orr tse dt 
(b) zap oor Geman 
(c) Ode Oks Wo (2) eer 2)e at 2 
. x4 G+ 2G@=-o) x +2 

(d) we cannot be reduced. Although x is a factor of the denominator, it is 

not a factor of the entire numerator, so we cannot cancel x’s. 4” 

2. to multiply Sonal expressions, ‘multiply th numerstrs, multiply their 
denominators, and then cancel common factors. 

xr+x cl gw ee ise 
(a) FEC eee x(x + 1) Let 1) 

») 10x, 4yz _ (10x)(4yz) _ 82 
(b) 9y 25x (9y)(25x) 45 

(c) De ROX SPY oy SHAK PS Oia) Say — 1) rs 
F 4y x+2 4y(x + 2) 

Sa | 

3. To divide two rational expressions, invert the divisor and then multiply. 

Cae i ge 12d Gye OG ee kya he 
Ocy—= » 2ky, 6cy are. act 

(b) Dee Sania Sones. a 2 ee eeu Ot LOM x eso 14 
net D a x14 ny 2 KS 
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_ (& + Sx + 3) (& = 7) + 2) 
x+2 (S)(x — 5) 

~GtIG= 7), 
tS 

Salil es) Scat Si a a ea me leet, 

x + 3. x+3 =x7-+3 

Ant Hie 5 
x+3 & 

(b) Sty te 3 os _ (xy + a - a = Dex 4xy + 3 

xy aE: x?y 

EXAMPLES (, x pe Biome eke Cah pe So ae) 
xt+1 ox (x + 1)°x x7 +x 

ee Me 8 See A?) ee 
(b) x42 x-2 £42 +2 —-2) ro4 © 

When the denominators B and D in (1) have common factors, the common 
denominator BD is more complicated than necessary. The following example illus- 

trates some alternative procedures for obtaining a common denominator in such 
cases. 

MEME 219,39 Bayt 
Xi, OY. EX oy eae ony ery xy 

4a be da: ce = ee Sp 
(b) C= B bede CED Ge eae 

() cia Wa guna SS ee? Be Pe ah cma Es NS Rep ees 
x1 xt ie SET eet ea ee ee ey eee 

(@ 2 [C.. har ty O° wera 
be ab abe abe abe 
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a eos 3 3 Sep? 
ee el SEG Gy 

ne 3(¢ all) 2 td) 
-1%a+1) @-1?e4+)D 

_ 3(x — 1) — 2(x + 1) 
~ (x — 1? + 1) 
Le 
~ (x — 17+ 1) 

35 

Cocca 

We conclude this section with some warnings about common errors. 

@ EXERCISE SET A.7 

1. Which of the following are rational expressions? 4. 2 fs Ba y) 5. PEs = 
@) 3x/5 (), (4x — 1)/(x? + 3x) xy 3x + 3y 

(3x? — 1)/Vx — (d)) 489 « fy ty? , jatta 
© 1/(x aa 2) (f) V(1 + x) ae: x) < 8x2 = xy ° 12a + 4 

In Exercises 2-17 simplify each rational expression by cancel- 8. K+ Dey + y? 9. x -9 

ing common factors. Ry 2x? + 6x 

12ab Sa bge x7+4x4+4 9 — x? 
te “Ab= cf xPyez 10. x7+x-2 ee x? — 6x +9 
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12. 

14. 

16. 

18. 

x7+x-20 

5x? — 20x B 2x? + 9x — 5 
* x? + 7x + 10 

4x + 3 15 2x? ~ x — 28 

4x* —x -—3 * Ax? + 28x + 49 

16a* — a*b? 7 a*-9 
a*b + 4a7b * a*—- 81 

True or false (for all values of a, b, and x)? 

(a) 12 3 

(b) 

(CG) Sa =0 

(d) oe 

(e) 

jo ees 
(g) ie a lie 

eon aed he 1 Ly ee 
ara 3 

Nila ly act ey Me ) ——,= (x—1 x? =-1 | 
htt ao sae 

1 

In Exercises 19-57 perform the indicated operations and sim- 

plify. In your answers, you may leave the numerator and de- 

nominator in factored form. 

19. 

20. 

21. 

22. 

23. 

| 
wl es 

25. 

26. 

27. 

28. 

29. 

30. 

31. 

32. 

33. 

340° 

O35: 

37. 

38. 

39. 

40. 

41. 

42. 

43. 

Riko EX Ee 

Ax?) 8x 

4a a?—b? 

a+b 2 

ah ED Kd 

x+7  x?- 49 

Mg — 3) 
20 A) (x ) =o) 

ax + 8y ~ oy Ay 

3x — 3y — ay 

Ga? Hig aeta * 

a? a? 

x+8 x*?-2x-8 

x*>-—16 x*+7x-8 

x7 +2x-8 x?-1 

x7 —3x+2 x7+5x+4 

4x7 + 4x +1 | 2x + 1 

x-3 x2 + 6x — 27 

x? +: 3xy'+ 2y? x? + xy = 6y? 

Xo = xy x? + 4xy + 3y? 

Be ee 7 
-+-— 

ye x, 

ae 
5g.) ee 

lx _ Sx 
3y sy 

2_1 
Kaa 

aes 
y 

ox Seid 
5a? *15a 

pay 

39 BaP 4 

1 a 1 

sear By = Se Se A 

5) 2 



47. 

49. 

50. 

Se Oe 9 

yoy ys 
1 1 1 

ab” ac be 
3 ip 2 

2h 3M Oye 2x 

a el 

a’-4 a+2 

3x 2x 

x?-1 x? -2x4+1 

coal Ae Aen cere 

Gear 9x 16x 

1 wie 

se cai 38 G2 Jl 

A.8 QUADRATIC 
EQUATIONS 

EXAMPLE 2 

A.8 Quadratic Equations 2” 495 

2X 3 

x? — 8x + 15 

je Ih 

2x? — 5x — 3 

Xia38 i act ll 

x7 -3x+2 x7 +2x-3 

51. 

52. 

x? ie 1 
htt 

x7+2x+1 6 3x+3 

st. (2 +3) +(t-3) 
eee xo 2 

55. + (?-2) 
cia ny, x 

(:-3) bees! cet © teal D) 
x 

53. 

56. 

Se 

A quadratic equation in x is an equation that is expressible in the form 

ax? + bx +c =0 (1) 

where a, b, and c are real numbers, and a # 0. Some examples are 

x7 -3x+2=0 
x*-—1=0 

4x? = 4x - 1 (rewrite as 4x? — 4x + 1 = 0) 

If b = 0 in (1), there is no x term, and the equation can be solved by the 

methods illustrated in the next two examples. 

~ Solve 3x? — 18 = 0. 

Solution We isolate x, obtaining 

3x? = 18 
x= 6 

Thus, we have the two solutions x = V6 and x = ~V6. 

Solve x7 + 9 = 0. 

Solution The equation can be rewritten as 

x? = -9 

7 

which has no solutions in the real number system, since x? = 0 for all real values 

ofx, & 
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_ EXAMPLE 4 ~ 

If b # O but the left side of the equation 

ax* ++bx +c =0 

can be factored easily, then this equation can be solved by the method of factor- 

ing. This technique is based on the property of real numbers, which states: 

If AB = 0, then A = 0 or B = 0 (or both). 

The converse is also true. That is, the product of two numbers is zero if and only 

if at least one of the numbers is zero. 

To see how this result is used to solve quadratic equations, consider the equa- 

Hon x2 -2x-3=0 
By factoring the left side, this equation can be rewritten as 

(x — 3)(x + 1) =0 

Thus, the solutions are those values of x for which x — 3 = Oorx + 1 = 0. This 
yields the two solutions x = 3 and x = —1. 

Solve by factoring: 

(a) x7 +7x=0 (b) x? -—5x +6=0 (c) x* —2x +1=0 

Solution 

(a) Factoring the left side of x? + 7x = 0 yields 

x(x + 7) =0 

Thus, x = 0 or x + 7 = 0, so the solutions are x = 0 and x = —7. 

Solution 

(b) Factoring the left side of x? — 5x + 6 = 0 yields 

= 2a 3) = 0 

Thus, x — 2 = 0 or x — 3 = 0, so the solutions are x = 2 and x = 3. 

Solution 

(c) Factoring the left side of x? — 2x + 1 = 0 yields 

(x -— 1I@-1)=0 

Thus, x — 1 = 0, so the only solution isx = 1. 

Solve 2y* = 30 — 4y. 

Solution We begin by bringing all terms to the left side: 

2y? + 4y — 30 =0 

Dividing by 2 and factoring we have 
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y+ 2y 15. =0 
Cea oa 0 

Thus, y + 5 = 0 ory — 3 = 0, which yields the solutions y = —5 and y = 3. 

7 A 

The Quadratic Formula The solutions of a quadratic equation 

ax? + bx + c= 0 

can always be obtained by the quadratic formula 

—b + Vb? — 4ac 
ta nity ee (2) 

This formula is not “magic” but has a logical derivation from still another method 

of solving a quadratic equation called completing the square. Consult any stan- 

dard algebra textbook for a discussion of this method and a subsequent derivation 

of the quadratic formula. 

5 Solve by the quadratic formula: 

(a) x? -—7x+12=0 (bt) x? -—2x-—1=0 

(c) x? —6x ='5 (d) x7 +x+1=0 

Solution 

(a) Substituting a = 1, b = —7, c = 12 in the quadratic formula 

Nes be NV b= 4a 

- 2a 

we obtain 

pe TD VET = 4002) _ 7+ V1 _ 721 
2(1) 2 2 

Using the + yields the solution x = 4, and using the — yields the solution x = 3. 

Solution 

(b) Substituting a = 1, b = —2, c = —1 in the quadratic formula yields 

McGee Vs ae) GUS a Oh Re a ee 
2(1) 

ee ID 
ree 

=1+Vv2 

Thus, the solutions are x = 1 + V2 andx = 1— V2. 
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Solution 

(c) We first rewrite the equation as 

x? — 6x —-5=0 

Substituting a = 1, b = —6, c = —5 in the quadratic formula yields 

wo al=5) Av OF = AD) fopaiy es Oates aD = SINE 
2(1) 

76 56 6 ct DNAS 
2 2 2 

=3+V14 [ Kx b 

Solution at / 5 a Be 

(d) Substituting a = 1, b = 1, c = 1 in the quadratic formula yields 

—-1+ V1? — 4(4)(1) be Oa 
GR TSDA Dig Ee L 

= =3 

is 2 

x= 

But V —3 is not a real number. Thus in the real number system the equation has 
no solution. 4” 

4 EXERCISE SET A.8 

In Exercises 1-6 solve by the method of Example 1. 17. 2x7 -7x-4=0 18. 6x2 =7x+5. 

1. x7 -4=0 2. 2x7=—18 =0 19. 6y?-y-2=0 20. y? — 4y = 21 

3. x27 =0 4. x27+4=0 21. 10y?-3y=1 22. 6y? — 6y = Ty —6 

52 14 0 6, 3x5 — 5 =.0 In Exercises 23-32 solve by the quadratic formula. 

In Exercises 7-22 solve by factoring. 23. ox? — 25 — = 0 24.. 2x7 + 2x =1=0 

Ts 2x7 100: <0 8. x? = 25. a 0 26. 2x? -— 4x —-3 =0 

Ox? —4y 3: = 0 10. x? + 3x — 18 =0 27. 3x? + 4x=4 28... 2x7 = 20x = 6 =10 

il: 6y? + y—-— 12=0 De 6r =" 29. x* + 2x 3 =10 30. x*-2x-4=0 

13. 2y? =3-5y 14, x? = 8 - 2x 31. —by =3-y? 32. 2y? =3y-2 
15. 6x? + 5x =4 16.\\ 4x? — 49 = 0 



4 Suppose your friend tells you that if she studies for the final exam, then she will 

Statements 

pass the finite math course. Two weeks later you meet her in the bookstore and 

find out that she did indeed pass the course. Can you safely conclude that she did 

study for the exam? 

The field of logic helps us to answer such questions. More specifically, logic is 

the science that provides rules for determining the truth or falsity of statements 

and deals with methods of reasoning. Logical reasoning is used in mathematics 

and science as well as in everyday life to solve a wide variety of problems. In this 

appendix we review thé basic ideas of logic. 

A statement or proposition is a declarative sentence that is either true or false, 

but not both. 

The following are statements: 

(a), Suc. |, =a 

(b) London is the capital of England. 

(c) It will rain in London tomorrow. 

(d) Mars has no plant life. 

(e) 5+7= 13. 

Statements (a) and (b) are true, while statement (e) is false. The truth or fal- 

sity of statement (c) will be determined tomorrow. Statement (d) is either true or 
false, but not both, although at the time of this writing we are unable to ascertain 

its truth value. When an appropriate spacecraft is able to visit Mars, we will find 

out if the statement is true or false. 4& 

499 
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Logical Connectives and 
Compound Statements 

TABLE 1 

The following are not statements: 

(a) Don’t smoke here. 

(b) Do you speak French? 

(c) 44+ 2x =5. 

Sentence (a) is a command, not a declarative sentence. Sentence (b) is a ques- 

tion, not a declarative sentence. While (c) is true for some values of x, such as 

x =, it is false for all other values of x. #& 

Just as the letters x, y, z, w, . . . are used in mathematics to denote variables that 

can be replaced by real numbers, in logic we use the letters p, g, r, . . . to denote 

propositional variables, that is, variables that can be replaced by statements. For 

example, we can write 

p: It is cool outside. 

q: I will wear a sweater. 

Statements or propositional variables can be combined by logical connectives 

to form new statements called compound statements. For example, we could 

combine the above statements into the following compound statement by using the 

connective and: 

p_and q: It is cool outside and I will wear a sweater. 

The truth or falsity of a compound statement is determined by the truth or falsity 

of the statements being combined and by the type of connective used. We now 

define the following connectives: not, and, or, if . . . then, if and only if. 

The negation of the statement p is the statement not p, denoted by ~p. 

Strictly speaking, not is not a connective, since it does not join two statements to 

produce a compound statement. The statement not p is true when p is false, and it 

is false when p is true. This information is summarized in Table 1, called a truth 

table. More specifically, a truth table gives the truth values of a compound state- 

ment in terms of the possible truth values of the statements being combined. 

Observe that Table 1 defines the connective not. 

Give the negation of the following statements: 

(a) p: It is raining. 

(b) q: 3 is a positive number. 

Cari Ss — 3 

Solution 

(a) ~p: It is not raining. 

(b) ~gq: 3 is not a positive number. 

(oc) Pat 2 PS ee 
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TABLE 2 The conjunction of the statements of p and q is the compound statement p 

Pp q p/\q_ and q, written as p /\ q, where the connective and is denoted by /\. The con- 

junction of p and q is defined to be true when both p and q are true and false oth- 

erwise. The truth table in Table 2 gives the truth values of p /\ q in terms of the 

truth values of p and q. 

Form the conjunction of p and q and use Table 2 to determine its truth or falsity. 

(a) p53 +2 = 5: 
q: (7)(8) = 56. 

(b) p: Paris is the capital of England. 
Ppl igs. 

Solution 

(a) p Aq: 3 + 2 = 5 and (7)(8) = 56. From Table 2, since both p and q are 
true, p /\ q is true. 

(b) p /\q: Paris is the capital of England and 2 < 3. From Table 2, since p is 

i qi a 4 
TABLE 3 false and gq is true, p /\ q is false 

Observe, as shown in Example 4(b), that in logic we can form the conjunction of 

any two statements, whether or not they are related. 

The disjunction of the statements p and q is the compound statement p or q, 

written as p \/ q, where the connective or is denoted by \/. The truth table in 

Table 3 defines the truth values of p \/ q in terms of the truth values of p and q. 

Observe that p \/ q is false only when both p and q are false. 

P q 

Form the disjunction of p and q and use Table 3 to determine its truth or falsity. 

(a) apr Bete= 5: 
q: (7)(8) = 56. 

(b) p: Paris is the capital of England. 
gi 23 

(c) p:5+3> 10. 
q: Boston is in Pennsylvania. 

Solution 

(a) p \/ gq: 3 + 2 =S or (7)(8) = 56. From Table 3, since both p and g are 
true, p \/ q is true. 

(b) p \/ q: Paris is the capital of England or 2 < 3. From Table 3, since p is 
false and q is true, p \/ q is true. 

(c) p \Vq:5 + 3 > 10 or Boston is in Pennsylvania. From Table 3, since both Pp 

and q are false, p \/ q is false. & 

In everyday language we would not be likely to form the disjunction of two 
unrelated statements. However, as shown in Examples 5(b) and (c), this can be 



TABLE 4 

Pp q 
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done in logic. The connective or is used in two different ways in everyday En- 

glish. When we make the true statement “I left my keys at work or I left them 

home,” we have statements p: “I left my keys at work” and q: “I left them (the 

keys) home.” In this case either p is true or g is true, both cannot be true. Thus, 

or is being used in an exclusive sense. On the other hand, when we say, “He will 

become rich or he will become famous,” we again have a disjunction of two state- 

ments p: “He will become rich” and q: “He will become famous.” In this case, one 

possibility could occur or both possibilities could occur. Thus, or is being used in 

an inclusive sense. In mathematics and science and in this book, or is always used 

in an inclusive sense unless stated otherwise. 

If p and q are statements, the compound statement if p then q, written as 

P — q, where the connective if. . . then is denoted by —, is called a conditional 

statement. Statement p is called the antecedent, while statement gq is called the 

consequent. 

Write the conditional p = gq in words. 

(a) p: It is raining. 

q: I will get wet. 

(b) p:2+3= 6. 
q: It is. raining. 

Solution 

(a) If it is raining, then I will get wet. 

(b) If 2 + 3 = 6, then it is raining. & 

Observe that in logic the conditional statement p — gq can be formed when 

there is no cause-and-effect relationship between p and q, as in Example 6(b). 
However, in ordinary English a conditional statement is used only when there is a 

causal relationship between p and q. The truth table in Table 4 defines the truth 

values of p — q in terms of the truth values of p and q. 

Observe that when the antecedent p is false, the conditional statement p > q 

is defined to be true no matter what the truth value of the consequent g. Thus, the 

conditional statement in Example 6(b), “If 2 + 3 = 6, then it is raining,” is true 

whether or not it is raining because the antecedent “2 + 3 = 6” is false. 

- Write the conditional statement p — q in words and determine its-truth or falsity. 

Gy) p23 +22 = 5, 
q: (7)(8) = 56. 

(b) p: Paris is the capital of England. 
Gis. 

Pp 

q 

2S 03) S180. 
: Boston is in Pennsylvania. 

(c) 
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_ EXAMPLE 8 

TABLE 5 

EXAMPLE 9 

Solution 

(a) p—q: If 3 + 2 =S, then (7)(8) = 56. From Table 4, since both p and q 

are true, p — q is true. 

(b) p— q: If Paris is the capital of England, then 2 < 3. From Table 4, since p 

is false and gq is true, p — q is true. 

(c) p—q: If 5 +3 > 10, then Boston is in Pennsylvania. From Table 4, since 

both p and q are false, p> q istrue. # 

In English the following are represented by p > q: 

q, if p 
p only if q 

p is a sufficient condition for g 

q is a necessary condition for p 

q, provided that p 

With each conditional statement p — q we define three other conditional 

statements: the converse, g — p; the contrapositive, ~q —> ~p; and the in- 

verse, ~p > ~q. 

Give the converse, contrapositive, and inverse of the conditional statement 

If I have money, then I will go to the movies. 

Solution 

Converse: If I will go to the movies, then I have money. 

Contrapositive: If I will not go to the movies, then I do not have money. 

Inverse: If I do not have money, then I will not go to the movies. 

If p and q are statements, then the compound statement p if and only if q, 

written as p <> q, where the connective if and only if is denoted by , is called a 

biconditional. The truth table in Table 5 gives the truth values of p < q 

Give the biconditional p <> q in words and determine its truth or falsity. 

(a) 7p: 3a 2515 

q: (7)(8) = 56. 

(b) p: Paris is the capital of England. 
Giz 3: 

(c) Sp253 10; 
q: Boston is in Pennsylvania. 

Solution 

(a) p<q:3 +2 =5 if and only if (7)(8) = 56. From Table 5, since both Pp 
and q are true, p = q is true. 
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(b) p <q: Paris is the capital of England if and only if 2 < 3. From Table 5, 

since p is false and q is true, p = q is false. 

(C)) peg: 5: + 3 > 10 if and only if Boston is in Pennsylvania. From Table 5, 

since both p and q are false, p <> q is true. #& 

In English the biconditional statement p < q is also stated as 

p if and only if q 

p is necessary and sufficient for g 

In general a compound statement may consist of component statements, each of 

which in turn is a compound statement. For example, the statement 

(Vg) Ape! ea) (1) 

is a compound statement whose component statements are (~p \/ q) and 

(p /\ ~q). Its truth or falsity depends upon the truth values of its propositional 

variables p and q. We use a truth table to determine the truth values of compound 

statements as follows. 

For a compound statement with two propositional variables p and q, form a 

table whose first two columns are labeled p and q. In these two columns list the 

four possible truth values for p and g. The succeeding columns are labeled with 

the components of the given statements. The final column is labeled with the 

given statement. The truth values of these components are determined from Tables 

tito 3: 

Determine the truth values of the compound statement. 

(a) ~(p \q) 

(Be pwy a) 

Solution 

(a) We construct Table 6. 

TABLE 6 

t 
Using columns Using column 
land2and 3 and Table 1 

Table 2 

The truth values of ~(p /\ q) are shown in column 4. 
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_ EXAMPLE 11 

EXAMPLE 12 

Solution 

(b) We construct Table 7. 

TABLE 7 

t es t 
Using Using Using 
column | columns 3 column 4 

and Table 1 and 2 and and Table 1 

Table 3 

The truth values of ~(~p \/ q) are shown incolumn 5. # 

Determine the truth values of the compound statement 

Py Disp y—ay Pl 

Solution We construct Table 8. 

TABLE 8 

(7) 
(p\~q) VP 

(8) 
(~p V9) > [ep A ~@) V Pl 

F T F F it T 

F F ic T ik T 

T a F F F F 

T T T F F F 

t t t t if T 
Using Using Using Using Using Using 

column 1 columns column columns columns columns 

and 3and2 2and 1 andS5 6 and 1 4 and7 

Table 1 and Table 1 and and and 

Table 3 Table 2 Table 3 Table 4 

The truth values of the given statement are shown in column 8. 4 

A compound statement is a tautology if it is true regardless of the truth values 

of the propositional variables. A compound statement is a contradiction if it is 

false regardless of the truth values of the propositional variables. 

Use truth tables to determine whether or not the following statements are tautolo- 
gies, contradictions, or neither. 

(a) p/\~p 

(b) pV ~p 
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() (p> ge@-p) 

(d) ~(p \ gq)? (~p V ~@) 

Solution 

(a) We construct Table 9. 

TABLE 9 

Therefore, p /\ ~p is a contradiction. 

Solution 

(b) We construct Table 10. 

TABLE 10 

Therefore, p \/ ~p is a tautology. 

Solution 

(c) We construct Table 11. 

TABLE 11 

Pp q pP>4q q—>p p>g-q>p) 

Gr rr 7 ‘t T 
i F F T F 
F 1 T F F 
F F T T a 

Therefore, (p — q) < (q — p) is neither a tautology nor a contradiction. 

Solution 

(d) We construct Table 12. 

TABLE 12 

/\ SP \ia ~p\qg<- (pV ~9) 

Ap F F F F rT 
F [ F a T T 

F “e iT F T T 
F T ge Ht T 7 

Therefore, ~(p /\ q) ~ (~p \/ ~@) is a tautology. 

Table 13 gives a list of common tautologies. 
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TABLE 13 

Some common tautologies 

IN oe 

~(—p) <p 

(p \ p) = p- 

(pV pop 

(pAge@qNp) 

(PV9)e@V P) 

GME SEU a ra =4) |eMorgan’s laws 

~(p V9) 2 (~p A ~@) 

~(p > q) = (p  ~q) 

~pegelpA~gav q~p)l 

Relations between If R and S are compound statements, then R logically implies S when R — S is a 

Statements tautology. It follows from the truth table for the conditional (see Table 4) that 

R= S fails to be a tautology only when R is true and S is false. Thus, we need 

only check that when R is true, S must be true also. Therefore, R logically implies 

S means that when R is true, S must be true. 

Show that [p /\ (p — q)] logically implies q. 

Solution To prove that [p /\ (p > q)]— q is a tautology, we construct the 

truth table in Table 14. 

TABLE 14 

R-S 

bP\e>-gl-4q 

Since the conditional is a tautology, we conclude that [p /\ (p — q)] logi- 
cally implies g. & 

Observe in Example 13 that the only case that actually needed to be checked 

was the case where [p /\ (p — q)] is true (the shaded portion of the truth table.) 
Thus, Table 14 could have been written as shown in Table 15. 

TABLE 15 

R R-S 

p/\(p>@Q) IP\(p>Qgl->q 

i T We only need 
to check the 

cases for which 

R is true. 
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~ Show that [q /\ (p — q)] does not logically imply p. 

Solution To prove that [q¢ /\ (p > q)] > p is not a tautology, we construct the 
truth table in Table 16. 

TABLE 16 

R-S 

lq\(p>Ql>pP 

A mMHanH|d ToanyA|s 

Since we have found a case where [q /\ (p — q)] is true but p is false, we 

conclude that [g /\ (p — q)] does not logically imply p. & 

If R and S are compound statements, then R and S are logically equivalent if 

R <= S is a tautology. This means that in any compound statement containing R, 

we may replace R by S without changing the logical meaning of the original state- 

ment. For example, since ~(~p) = p is a tautology (see Table 13), ~(~p) is 
logically equivalent to p, and therefore we may replace ~(~p) by p wherever it 

occurs. 

Show that the conditional p — q and its contrapositive ~q — ~p are logically 

equivalent. 

Solution We prove that (p > q) = [(~q) — (~p)] is a tautology. See Ta- 

ble,A 

TABLE 17 

R ° S 

(p> q — [(-q) > (~p)] 

This truth table establishes the desired result. 4 

~ Show that the inverse and converse of p > q are logically equivalent. 

Solution The inverse of p— q is ~p— ~q. By Example 15 it is logically 

equivalent to its contrapositive, ~(~qg) > ~(~p), which in turn is logically 
equivalent to q— p, the converse of p—> q. #& 

Show that [(p — q) /\ (¢ => p)] and (p © @q) are logically equivalent. 

Solution We construct the truth table of [(p > gq) /\ (q—> p)] = (p = q) in 
Table 18. 
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Argument 

TABLE 18 

R R<oS 

(p> 9g \q> pl (p> ga\qa>pIe@we®” 

NTmrHHy|s Ton als 

This truth table establishes the desired result. & 

Some of the tautologies in Table 13 lead to the logically equivalent statements 

in Table 19. 

TABLE 19 

Some common logically equivalent statements 

~(~p) is logically equivalent to p 

p/\p is logically equivalent to p 

P\ Pp is logically equivalent to p 

p/\q is logically equivalent to gq /\ p 

P\V4q is logically equivalent to g \/ p 

~(p /\q) is logically equivalent to ~p \/ ~q 

~(p VQ) is logically equivalent to ~ p /\ ~q 

~(p—> q) is logically equivalent to p /\ ~q 

~(peq) is logically equivalent to (p /\ ~q) \/ (q /\ ~p) 

An argument is a set of compound statements P;, P2, . . ., P, called premises 
and a compound statement C called the conclusion. If [P; /\ P2 /\- - - /\ P,] 
logically implies C, we say that the argument is valid. Otherwise, it is said to be 
invalid. From the definition of logical implication, we see that an argument is 
valid if when the conjunction of all the premises is true, then the conclusion is 
true; or an argument is valid if when all the premises are true, then the conclusion 
is true. Arguments are frequently written as 

P; 

P, 

P, 
a. 

where the symbol .". means therefore. 
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LE18 Determine whether the following arguments are valid. 

Millet a7 (b) q 

P pq 

aa | Sot?) 

Solution 

(a) We need to determine whether [p /\ (p — q)] logically implies g. In fact we 

only need to determine whether the conclusion is true when the premises are 

true. From Table 20 we see that the argument is valid. 

TABLE 20 

P, P2 C 

p q p~>4q p q 

i T T ik In 

T Je 19 T We only need consider the cases 
le i T F where all the premises are true 
F F T F 

Solution 

(b) We need to determine whether [q /\ (p — q)] logically implies p. We only 
need to determine whether the conclusion is true when the premises are true. 

From Table 21 we see that the argument is invalid. 

TABLE 21 

when the premises are true. 
Therefore, the argument is invalid. 17 MTHreHi|s 

In this case the conclusion is false 
F 

) Determine whether the following argument is valid. 

If taxes go up, then I will not be able to buy a house. 

Taxes go up. 

.. I will not be able to buy a house. 

Solution Let p and q denote the following statements. 

p: Taxes go up. 

q: I will not be able to buy a house. 
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Then the given argument takes the form 

Derg 

which was seen to be valid in Example 18(a). & 

0 Determine whether the following argument is valid. 

I will be happy or I will be rich. 

I will be happy. 

. I will be rich. 

Solution Let p and q denote the following statements. 

p: I will be happy. 

q: I will be rich. 

Then the given argument takes the form 

P\V 4 

Ue 
aad 

To determine whether the given argument is valid we need to determine whether 
[((p \V q) / p] logically implies g, or more simply to determine whether the 

conclusion is true when the premises are true. See Table 22. 

TABLE 22 

The argument is not valid 
because in this-case, the 

conclusion is false when the 

premises are true. 

Hence, the given argument is not valid. & 

Some examples of valid and invalid arguments are given in Table 23. 



TABLE 23 

Valid arguments 

Boag 

Bint 
3G) 

pq 

ed 

RD 

P\/4G 

goP. 

CDV IG 

at 

ay 

Die 7 

dime 

SoD TE 

This argument is 
referred to as 
modus ponens 

This argument is 
referred to as 

modus tollens 
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Invalid arguments 

Pew 

q 

$5 JD 

P\V 4 

ea, 

Pre 

=P 

~(p /\q) 

~(p > q) 

Gers te 
ae 

Finally, observe that we have not considered statements of the following forms: 

(a) Every dog is an animal. 

(b) All apples are of the Macintosh variety. 

(c) There exists an integer whose square is zero. 

(d) There is an integer whose square is negative. 

Each of these statements contains one of the quantifiers every, all, there exists, 

and there is. Statement (a) is, of course, true. Statement (b) is false since there is 

at least one other variety of apples, such as Stayman apples. Statement (c) is true 

since 0? = 0. Statement (d) is false since the square of every integer is nonnega- 

tive. For further discussion on this topic refer to Hugues Leblanc and William A. 

Wisdom, Deductive Logic, 2d ed. (Boston: Allyn and Bacon, 1976). 

@& €Exercise Set 

1. Which of the following are statements? 

(a) Will you go to New York? 

(b) I will go to New York today. 
(ce) x2 =x + 1 = 5; 

(d) Go to the bank. 

(e) I will not study next Monday. 

2. Give the negations of the following statements. 

Gonads 2. 

(b) 8 is an odd integer. 

(c) You will buy some stock next week. 

(d) It is not going to rain tomorrow. 
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In each of the following, form the conjunction and the 

disjunction of p and q. 

(a) p: 7 = (5)(2). g:3 =2 +1. 
(b) p: I will study tonight. q: I will pass the exam to- 

morrow. 

(c) p: I will eat dinner. gq: I will watch TV. 

Determine the truth or falsity of each of the following 

compound statements. 

(a) 3 + 4 = 2 and 8 is an odd integer. 

(b) 3 is an odd integer and 3 + 4 = 2. 

(c) The world is round and dogs are animals. 
(d) The world is flat and dogs are animals. 

Determine the truth or falsity of each of the following 

compound statements. 

(a) 3 +422 or 8 is an odd integer. 

(b) 3 is an odd integer or 3 + 4 = 2. 

(c) The world is round or dogs are animals. 
(d) The world is flat or dogs are animals. 

Suppose that 

p: IBM stock goes up. 

q: John will sell his IBM stock. 

are both true statements. Determine the truth values of 

the following statements. 

(a) If IBM stock goes up, then John will not sell his 
IBM stock. 

(b) If IBM stock goes down, then John will sell his IBM 

stock. 

(c) If IBM stock goes down, then John will not sell his 

IBM stock. 

(d) If IBM stock goes up, then John will sell his IBM 
stock. 

Write the conditional statement p — q in words and de- 

termine its truth or falsity. 

(a) p: 2 is a positive number; gq: 2? = 4. 
(b) p: England is in Asia; q: France is in Europe. 
(C) ny Dee I gues a 9. 

Write the biconditional statement p < q in words and de- 

termine its truth or falsity. 

(a)epse = 4) Gg: =O. 

(b) p: Texas is west of Mississippi; gq: Philadelphia is in 

Pennsylvania. 

(c) p: 6? = 25; q: The earth has no moons. 

Suppose that 

p: Michael takes finite math. 

q: Susan takes English. 

10. 

11. 

12. 

13. 

are both true statements. Determine the truth values of 

the following statements. 

(a) If Michael takes finite math, then Susan takes En- 

glish. 

(b) If Michael does not take finite math, then Susan 

does not take English. 

(c) If Michael does not take finite math, then Susan 
takes English. 

(d) If Michael takes finite math, then Susan does not 

take English. 

(e) Michael does not-take finite math if and only if Su- 

san does not take English. 

(f) Michael takes finite math if and only if Susan takes 
English. 

State the converse of the following conditional state- 

ments. . 

(a) If 1 + 3 = 5, then Boston is in Pennsylvania. 
(b) If it is sunny, then it is hot. 

(c) If Iam rich, then I am not happy. 
(d) If you discover a cure for cancer, then you will win 

the Nobel prize. 

State the contrapositive of the following conditional state- 
ments. 

(a) If2 < 3, then Paris is the capital of England. 
(b) If it snows, then you cannot drive to work. 

(c) If I have money, then I will go dancing. 

(d) If I don’t study, then I won’t pass the exam. 

Suppose that “I will eat” is a true statement and “I will go 

to the theater” is a false statement. Determine the truth 

value of the following statements. 

(a) I will eat if and only if I will go to the theater. 
(b) If I go to the theater, then I will not eat. 
(c) If I will eat, then I will not go to the theater. 
(d) I will eat or I will go to the theater. 
(e) I will eat and I will not go to the theater. 

Suppose that “I will write the paper” and “I will watch 
TV” are both false statements. Determine the truth value 
of the following statements. 
(a) I will write the paper and I will not watch TV. 
(b) I will write the paper or I will watch TV. 
(c) If I will write the paper, then I will watch TV. 
(d) If I will watch TV, then I will write the paper. 
(e) If I will not watch TV, then I will not write the -pa- 

per. 



In Exercises 14-19 construct a truth table for each statement 
and determine whether the statement is a tautology, contradic- 
tion, or neither. 

14. (a) (p \~q)V (p Aq) 
() (pV q) A (~p A~g) 

15. (a) (~pVq—>p 
Ore =p) ¢ 

16. (a) (pV ~p) > @/A~@) 
(/) (p>g eq p) 

17. (a) (p>q) @ (~q—> ~p) 
(b) (p> gV@->p) 

18. (a) ~(p V ~9) = (~p /q) 
(bye (=p: /\'q) > (p 7 ~q) 

19. (a) [(p>gq)A(q—>7)] > (p— Pr) [Hint: There are 

eight cases for the possible combinations of truth val- 

ues for p, qg, and r.] 

In Exercises 20-23 determine whether R logically implies S. 

205 Re =p Veg. Sp 

2 Rep \/ Gg; oS: ¢ 

DosR Nc p,  Sag us \.—p 

23. Ri (p>gA\q-n; Sipor 

In Exercises 24-27 determine whether R and S are logically 

equivalent. 

Bae Rs op VEG, Scapa) \ ag) 

Zoe Rap Nf @);. Si ~padi'q 

26. Rip/\~p; S:q/\~q 

21s) Be (pg) ig — 1) sop 7 

In Exercises 28-33 determine whether the given arguments are 

valid. 

28. (a) p (b) p 

TPN A 29 VP 
AG 4G 

29. (a) —(p V9) (by) pg 

Poa S: elie 
“p/~q “~?p 
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30. p->q 

Ue 
2, AD Wir [Hint: The truth table will have eight 

cases giving the truth values of p, g, and r.] 

31. (a) pq (b) ~(p /\q) 
~P P 

Pata] ee 

32. (a) pA\@->p) () @>p)-(pNq 
SAN ee 

ap ING oq 

33. ~PV 4 
Gimme 

nea N/a 

[Hint: The truth table will have eight cases giving 

the truth values of p, g, and r.] 

In Exercises 34-37 determine whether the following arguments 
are valid. 

34. I will study or I will go to the movies. 

I did not study. 

.. I went to the movies. 

35. If the tax rate is lowered, I will buy a car. 

I did not buy a car. 

.. The tax rate was not lowered. 

36. If it is a sunny day, I will take a walk. 

I took a walk. 

. It was a sunny day. 

37. I will take a walk or I will watch TV. 

I did not watch TV. 

. I did not take a walk. 
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TABLE C-1 Areas under the Standard Normal Curve 

The table below gives the shaded area shown in this figure. 

-3.1 
3.0 

-2.9 
2.8 
Le 
= 2-0) 
=2.5 
—2.4 
2.3 
Lee 
el 
=p) 

19 
1-8 
— 7: 3 

TAG 
=1,5 

.0003 

.0005 

.0007 
0010 
.0013 

0019. 
/ 0026) 
8035 
.0047 
.0062 

.0082 

.0107 
0139 
.0179 
.0228 

.0287 

.0359 
20446 
.0548 
.0668 

.0003 

.0005 

.0007 

.0009 

.0013 

.0018 
0025 
.0034 
.0045 
.0060 

.0080 

.0104 

.0136 

.0174 

.0222 

0281 
0351 
€.0436) 
“0537 
0655 

(Table continued on next page) 

517 



518 5 APPENDIX C Tables 

=k .0808 
is 0968 
2) 1151 
ay 1357 
-1.0 1587 

(O19 1841 
—0.8 2119 
= Olr, :2420 — 
=0.6.1 .2743 
=O 3085 

—0.4 3446 
OS 3821 
Ore 4207 
Onl \ .4602 
—0.0 .5000 

0.0 5000 © 
0.1 5398 
0.2 .5793 
0.3 .6179 
0.47 .6554 

0.5 6915 
0.6 7257 

.7580 
7881 
8159 

8413 
8643 
8849 
.9032 
9192 

.9332 
9452 
9554 
OE 

Lae: 
-9821 
9861 
-9893 
9918 

.9938 
39953 

_.9965 
9974 
9981 

9987 
-9990 
69993 
9995 

.0764 
0918 
1093 
1292 
al BILS) 

.1762 

2033 
&232}> 
2643 

2981 

.3336 
3707 
4090 
4483 
4880 

.5120 
S517 
5910 
-6293 
.6664 

7019 
.7357 
7673 
7967 
8238 

8485 
8708 
.8907 
9082 
9236 

9370 
9484 
-9582 
9664 / 

.0749 

.0901 

.1075 
1271 
1492 

.1736 

.2005 

.2296 
2611 
.2946 

.3300 
3669 
4052 
4443 
4840 

.5160 
SP bY/ 
5948 
-6331 
.6700 

7054 
7389 
.7704 
.7995 ” 
.8264 

8508 
.8729 
8925 
-9099 
09251 

9382 
9495 
9591 
9671) 

.9732\_.9738 

9788 
9834 
9871 
9901 
69925 

9943 
9957 
9968 
9977 
9983 

9988 
9991 
9994 
9996 
.9997 

.9793 
9838 
9875 
9904 
59927 

9945 
9959 
9969 
9977 
9984 

9988 
9992 
.9994 
9996 
9997 

‘ 

.0735 
0885 
.1056 
1251 
1469 

1711 
elLSR7 
.2266 
.2578 
.2912 

3264 
.3632 
4013 
4404 
4801 

.5199 
5596 
5987 
-6368 
.6736 

-7088 
-7422 
-7734 
8023 
8289 

8531 
‘8749 
\ 8942) 
OHS 
9265 

-9394 
9505 
-9599 
-9678 - 
-9744 

9798 
9842 
9878 
9906 
9929 

9946 
9960 
-9970 
9978 
9984 

9989 
9992 
-9994 
-9996 
299971 

.0721 

.0869 
1038 
1230 
1446 

1685 
.1949 
.2236 
2546 
2877 

.3228 
3594 
.3974 
4364 
4761 

5239 
5636 
.6026 
-6406 _ 

.0708 
0853 
.1020 
1210 
1423 

.1660 
1922 
.2206 
2514 
.2843 

3192 
3557 
-3936 
4325 
4721 

5279 
5675 
.6064 

“6443 
6772 .6808 

7123 
-7454 
.7764 
-8051 
8315 

8554 
.8770 
8962 
9131 
.9279 

9406 
9515 
-9608 
-9686 
-9750 

-9803 
9846 
9881 
9909 
-9931 

9948 
9961 
-9971 
.9979 
9985 

9989 
9992 
-9994 
-9996 
9997 

ESE 
7486 
1794 
8078 
8340 

.8577 
8790 
8980 
-9147 
-9292 

9418. 
(9525 
.9616 
.9693 
.9756 

-9808 
-9850 
-9884 
9911 
9932 

9949 
-9962 
9972 
.9979 
-9985 

9989 
-9992 
-9995 
-9996 
-9997 
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TABLE C.2 Table of Binomial Probabilities 

.810 .640 .490 

.180 .320 .420 
010 .040 .090 ——, 

.729 \.512/ .343 
243 384 441 

Hie 7 Oso" ar ad 
.001 008.027 

.656 .410 .240 
292 .410 _ .412 
049 .154 .265 
004 .026 .076 

.008 

590 ( .328/ .168 
328 “410 .360 
073.205 .309 
008.051 .132 
000 .006 .028 

000 .000 .002 

303 
324 
.185 
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€ 

COIDN ABWNKOLOMIDUN COIDN PBWHKO OMIDAUY 
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COIDN BWNHRKO COIDN PBWNKO 

TABLE C.3 Table of 5% Critical Levels for x?-Curves 

v 
Degrees of freedom 1 2 3 4 5 6 7 8 9 10 

c 
5% critical level 3.84. .-$.99. ~7.8l- 9:49. 11.1 12,6 9 14:4— 315.5 == 16.9) 18:3 
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TABLE C.4_ Table of Square Roots and Cube Roots 

Vn V10n Vn 

— et et — 

NHO CMIDANH BWNHHEO NNN 

N we 
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TABLE C.5 Table of Exponentials and Their Reciprocals 

3.6693 
4.0552 
4.4817 
4.9530 
5.4739 
6.0496 
6.6859 
7.3891 
8.1662 
9.0250 
9.9742 

11.023 
12.182 
13.464 
14.880 
16.445 
18.174 
20.086 
22.198 
24.533 
QAI 
29.964 
S315 
36.598 
40.447 
44.701 
49.402 
54.598 
60.340 
66.686 
73.700 
81.451 
90.017 
99.484 

109.95 
Pa leoyl 
134.29 
148.41 
403.43 
1096.6 
2981.0 
8103.1 

22026 
59874 

162,754 
442,413 

1,202,604 
3,269,017 

NNR eee Ree KB COOMNAMNHW 

ary 

a 
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TABLE C.6 Table of Natural Logarithms 

= ee 

= © WOON AAN kwWNK © NW 

SZ 
33 
3.4 

30 
3.6 
8)57/ 
3.8 
Se) 

4.0 
4.1 
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TABLE C.7 n= number of periods i= 34% 

conor, = [|= [se 
i = rate of interest per period 

OAmAND NHLWNK 

1.0025 0000 
1.0050 0625 
1.0075 1877 
1.0100 3756 
1.0125 6266 

1.0150 9406 
1.0176 3180 
1.0201 7588 
1.0227 2632 
1.0252 8313 

1.0278 4634 
1.0304 1596 
1.0329 9200 
1.0355 7448 
1.0381 6341 

1.0407 5882 
1.0433 6072 
1.0459 6912 
1.0485 8404 
1.0512 0550 

1.0538 3352 
1.0564 6810 
1.0591 0927 
1.0617 5704 
1.0644 1144 

1.0670 7247 
1.0697 4015 
1.0724 1450 
1.0750 9553 
1.0777 8327 

1.0804 7773 
1.0831 7892 
1.0858 8687 
1.0886 0159 
1.0913 2309 

1.0940 5140 
1.0967 8653 
1.0995 2850 
.1022 7732 
.1050 3301 

.1077 9559 

.1105 6508 
1133 4149 
1161 2485 
1189 1516 

1217 1245 
1245 1673 
1273 2802 
.1301 4634 
NSA) TAMA 

0.9975 0623 
0.9950 1869 
0.9925 3734 
0.9900 6219 
0.9875 9321 

0.9851 3038 
0.9826 7370 
0.9802 2314 
0.9777 7869 
0.9753 4034 

0.9729 0807 
0.9704 8187 
0.9680 6171 
0.9656 4759 
0.9632 3949 

0.9608 3740 
0.9584 4130 
0.9560 5117 
0.9536 6700 
0.9512 8878 

0.9489 1649 
0.9465 5011 
0.9441 8964 
0.9418 3505 
0.9394 8634 

0.9371 4348 
0.9348 0646 
0.9324 7527 
0.9301 4990 
0.9278 3032 

0.9255 1653 
0.9232 0851 
0.9209 0624 
0.9186 0972 
0.9163 1892 

0.9140 3384 
0.9117 5445 
0.9094 8075 
0.9072 1272 
0.9049 5034 

0.9026 9361 
0.9004 4250 
0.8981 9701 
0.8959 5712 
0.8937 2281 

0.8914 9407 
0.8892 7090 
0.8870 5326 
0.8848 4116 
0.8826 3457 

1.0000 0000 
2.0025 0000 
3.0075 0625 
4.0150 2502 
5.0250 6258 

6.0376 2523 
7.0527 1930 
8.0703 5110 
9.0905 2697 
10.1132 5329 

11.1385 3642 
12.1663 8277 
13.1967 9872 
14.2297 9072 
15.2653 6520 

16.3035 2861 
17.3442 8743 
18.3876 4815 
19.4336 1727 
20.4822 0131 

21.5334 0682 
22.5872 4033 
23.6437 0843 
24.7028 1770 
25.7645 7475 

26.8289 8619 
27.8960 5865 
28.9657 9880 
30.0382 1330 
31.1133 0883 

32.1910 9210 
33.2715 6983 
34.3547 4876 
35.4406 3563 
36.5292 3722 

37.6205 6031 
38.7146 1171 
39.8113 9824 
40.9109 2673 
42.0132 0405 

43.1182 3706 
44.2260 3265 
45.3365 9774 
46.4499 3923 
47.5660 6408 

48.6849 7924 
49.8066 9169 
50.9312 0842. 
52.0585 3644 
53.1886 8278 

0.9975 0623 
1.9925 2492 
2.9850 6227 
3.9751 2446 
4.9627 1766 

5.9478 4804 
6.9305 2174 
7.9107 4487 
8.8885 2357 
9.8638 6391 

10.8367 7198 
11.8072 5384 
ASTT\s). Sep) 
13.7409 6314 
14.7042 0264 

15.6650 4004 
16.6234 8133 
17.5795. 3250 
18.5331 9950 
19.4844 8828 

20.4334 0477 
21.3799 5488 
22.3241 4452 
23.2659 7957 
24.2054 6591 

25.1426 0939 
26.0774 1585 
27.0098 9112 
27.9400 4102 
28.8678 7134 

29.7933 8787 
30.7165 9638 
31.6375 0262 
32.5561 1234 
33.4724 3126 

34.3864 6510 
35.2982 1955 
36.2077 0030 
37.1149 1302 
38.0198 6336 

38.9225 5697 
39.8229 9947 
40.7211 9648 
41.6171 5359 
42.5108 7640 

43.4023 7047 
44.2916 4137 
45.1786 9463 
46.0635 3580 
46.9461 7037 

1.0000 0000 
0.4993 7578 
0.3325 0139 
0.2490 6445 
0.1990 0250 

0.1656 2803 
0.1417 8928 
0.1239 1035 
0.1100 0462 
0.0988 8015 

0.0897 7840 
0.0821 9370 
0.0757 7595 
0.0702 7510 
0.0655 0777 

0.0613 3642 
0.0576 5587 
0.0543 8433 
0.0514 5722 
0.0488 2288 

0.0464 3947 
0.0442 7278 
0.0422 9455 
0.0404 8121 
0.0388 1298 

0.0372 7312 
0.0358 4736 
0.0345 2347 
0.0332 9093 
0.0321 4059 

0.0310 6449 
0.0300 5569 
0.0291 0806 
0.0282 1620 
0.0273 7533 

0.0265 8121 
0.0258 3004 
0.0251 1843 
0.0244 4335 
0.0238 0204 

0.0231 9204 
0.0226 1112 
0.0220 5724 
0.0215 2855 
0.0210 2339 

0.0205 4022 
0.0200 7762 
0.0196 3433 
0.0192 0915 
0.0188 0099 

1.0025 0000 
0.5018 7578 
0.3350 0139 
0.2515 6445 
0.2015 0250 

0.1681 2803 
0.1442 8928 
0.1264 1035 
0.1125 0462 
0.1013 8015 

0.0922 7840 
0.0846 9370 
0.0782 7595 
0.0727 7510 
0.0680 0777 

0.0638 3642 
0.0601 5587 
0.0568 8433 
0.0539 5722 
0.0513 2288 

0.0489 3947 
0.0467 7278 
0.0447 9455 
0.0429 8121 
0.0413 1298 

0.0397 7312 
0.0383 4736 
0.0370 2347 
0.0357 9093 
0.0346 4059 

0.0335 6449 
0.0325 5569 
0.0316 0806 
0.0307 1620 
0.0298 7533 

0.0290 8121 
0.0283 3004 
0.0276 1843 
0.0269 4335 
0.0263 0204 

0.0256 9204 
0.0251 1112 
0.0245 5724 
0.0240 2855 
0.0235 2339 

0.0230 4022 
0.0225 7762 
0.0221 3433 
0.0217 0915 
0.0213 0099 



.1358 0414 

.1386 4365 
1414 9026 
.1443 4398 
1472 0484 

1500 7285 
1529 4804 
1558 3041 
1587 1998 
1616 1678 

1645 2082 
1674 3213 
1703 5071 
1732 7658 
1762 0977 

1791 5030 
1820 9817 
1850 5342 
1880 1605 
1909 8609 

1939 6356 
1969 4847 
.1999 4084 

1.2029 4069 

ee ee pe ee 

a 

— — 

1.2059 4804 

1.2089 6191 
1.2119 8532 
1.2150 1528 
1.2180 5282 
1.2210 9795 

1.2241 5070 
1.2272 1108 
1.2302 7910 
1.2333 5480 
1.2364 3819 

1.2395 2928 
1.2426 2811 
1.2457 3468 
1.2488 4901 
1.2519 7114 

1.2551 0106 
1.2582 3882 
1.2613 8441 
1.2645 3787 
1.2676 9922 

1.2708 6847 
1.2740 4564 
2712, 3073 
1.2804 2383 
1.2836 2489 

0.8804 3349 
0.8782 3790 
0.8760 4778 
0.8738 6312 
0.8716 8391 

0.8695 1013 
0.8673 4178 
0.8651 7883 
0.8630 2128 
0.8608 6911 

0.8587 2230 
0.8565 8085 
0.8544 4474 
0.8523 1395 
0.8501 8848 

0.8480 6831 
0.8459 5343 
0.8438 4382 
0.8417 3947 
0.8396 4037 

0.8375 4650 
0.8354 5786 
0.8333 7442 
0.8312 9618 
0.8292 2312 

0.8271 5523 
0.8250 9250 
0.8230 3491 
0.8209 8246 
0.8189 3512 

0.8168 9289 
0.8148 5575 
0.8128 2369 
0.8107 9670 
0.8087 7476 

0.8067 5787 
0.8047 4600 
0.8027 3915 
0.8007 3731 
0.7987 4046 

0.7967 4859 
0.7947 6168 
0.7927 7973 
0.7908 0273 
0.7888 3065 

0.7868 6349 
0.7849 0124 
0.7829 4388 
0.7809 9140 
0.7790 4379 

i=1% 

54.3216 5449 
55.4574 5862 
56.5961 0227 
57.7375 9252 
58.8819 3650 

60.0291 4135 
61.1792 1420 
62.3321 6223 
63.4879 9264 
64.6467 1262 

65.8083 2940 
66.9728 5023 
68.1402 8235 
69.3106 3306 
70.4839 0964 

71.6601 1942 
72.8392 6971 
74.0213 6789 
75.2064 2131 
76.3944 3736 

77.5854 2345 
78.7793 8701 
79.9763 3548 
81.1762 7632 
82.3792 1701 

83.5851 6505 
84.7941 2797 
86.0061 1329 
87.2211 2857 
88.4391 8139 

89.6602 7934 
90.8844 3004 
92.1116 4112 
93.3419 2022 
94.5752 7502 

95.8117 1321 
97.0512 4249 
98.2938 7060 
99.5396 0527 
100.7884 5429 

102.0404 2542 
103.2955 2649 
104.5537 6530 
105.8151 4972 
107.0796 8759 

108.3473 8681 
109.6182 5528 
110.8923 0091 
112.1695 3167 
113.4499 5550 

47.8266 0386 
48.7048 4176 
49.5808 8953 
50.4547 5265 
51.3264 3656 

52.1959 4669 
53.0632 8847 
53.9284 6730 
54.7914 8858 
55.6523 5769 

56.5110 7999 
57.3676 6083 
58.2221 0557 
59.0744 1952 
59.9246 0800 

60.7726 7631 
61.6186 2974 
62.4624 7355 
63.3042 1302 
64.1438 5339 

64.9813 9989 
65.8168 5774 
66.6502 3216 
67.4815 2834 
68.3107 5146 

69.1379 0670 
69.9629 9920 
70.7860 3411 
71.6070 1657 
72.4259 5169 

73.2428 4458 
74.0577 0033 
74.8705 2402 
75.6813 2072 
76.4900 9548 

77.2968 5335 
78.1015 9935 
78.9043 3850 
79.7050 7581 
80.5038 1627 

81.3005 6486 
82.0953 2654 
82.8881 0628 
83.6789 0900 
84.4677 3966 

85.2546 0315 
86.0395 0439 
86.8224 4827 
87.6034 3967 
88.3824 8346 

0.0184 0886 
0.0180 3184 
0.0176 6906 
0.0173 1974 
0.0169 8314 

0.0166 5858 
0.0163 4542 
0.0160 4308 
0.0157 5101 
0.0154 6869 

0.0151 9564 
0.0149 3142 
0.0146 7561 
0.0144 2780 
0.0141 8764 

0.0139 5476 
0.0137 2886 
0.0135 0961 
0.0132 9674 
0.0130 8996 

0.0128 8902 
0.0126 9368 
0.0125 0370 
0.0123 1887 
0.0121 3898 

0.0119 6385 
0.0117 9327 
0.0116 2708 
0.0114 6511 
0.0113 0721 

0.0111 5321 
0.0110 0298 
0.0108 5639 
0.0107 1330 
0.0105 7359 

0.0104 3714 
0.0103 0384 
0.0101 7357 
0.0100 4625 
0.0099 2177 

0.0098 0004 
0.0096 8096 
0.0095 6446 
0.0094 5044 
0.0093 3884 

0.0092 2957 
0.0091 2257 
0.0090 1776 
0.0089 1508 
0.0088 1446 
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0.0209 0886 
0.0205 3184 
0.0201 6906 
0.0198 1974 
0.0194 8314 

0.0191 5858 
0.0188 4542 
0.0185 4308 
0.0182 5101 
0.0179 6869 

0.0176 9564 
0.0174 3142 
0.0171 7561 
0.0169 2780 
0.0166 8764 

0.0164 5476 
0.0162 2886 
0.0160 0961 
0.0157 9674 
0.0155 8996 

0.0153 8902 
0.0151 9368 
0.0150 0370 
0.0148 1887 
0.0146 3898 

0.0144 6385 
0.0142 9327 
0.0141 2708 
0.0139 6511 
0.0138 0721 

0.0136 5321 
0.0135 0298 
0.0133 5639 
0.0132 1330 
0.0130 7359 

0.0129 3714 
0.0128 0384 
0.0126 7357 
0.0125 4625 - 
0.0124 2177 

0.0123 0004 
0.0121 8096 
0.0120 6446 
0.0119 5044 
0.0118 3884 

0.0117 2957 
0.0116 2257 
0.0115 1776 
0.0114 1508 
0.0113 1446 



526 » APPENDIX C Tables 

i=1% 

ae aie 1 1 
(1 + i) (1 + i) Sil Qali san ani 

1 1.0050 0000 | 0.9950 2488 1.0000 0000 0.9950 2488 1.0000 0000 1.0050 0000 
2 1.0100 2500 | 0.9900 7450 2.0050 0000 1.9850 9938 | 0.4987 5312 | 0.5037 5312 
3 1.0150 7513 | 0.9851 4876 3.0150 2500 2.9702 4814 | 0.3316 7221 0.3366 7221 
4 1.0201 5050 | 0.9802 4752 4.0301 0013 3.9504 9566 | 0.2481 3279 | 0.2531 3279 
5 1.0252 5125 | 0.9753 7067 5.0502 5063 4.9258 6633 | 0.1980 0997 | 0.2030 0997 

6 1.0303 7751 0.9705 1808 6.0755 0188 5.8963 8441 0.1645 9546 | 0.1695 9546 
4) 1.0355 2940 | 0.9656 8963 7.1058 7939 6.8620 7404 | 0.1407 2854 | 0.1457 2854 
8 1.0407 0704 | 0.9608 8520 8.1414 0879 7.8229 5924 |—0.1228 2886 | 0.1278 2886 
9 1.0459 1058 | 0.9561 0468 9.1821 1583 8.7790 6392 | 0.1089 0736 | 0.1139 0736 

1.0511 4013 | 0.9513 4794 | 10.2280 2641 9.7304 1186 | 0.0977 7057 | 0.1027 7057 

1.0563 9583 | 0.9466 1487 | 11.2791 6654 | 10.6770 2673 | 0.0886 5903 | 0.0936 5903 
1.0616 7781 | 0.9419 0534 | 12.3355 6237 | 11.6189 3207 | 0.0810 6643 | 0.0860 6643 
1.0669 8620 | 0.9372 1924 | 13.3972 4018 12.5561 5131 | 0.0746 4224 | 0.0796 4224 
1.0723 2113 | 0.9325 5646 | 14.4642 2639 | 13.4887 0777 | 0.0691 3609 | 0.0741 3609 

14.4166 2465 

15.3399 2502 

0.0643 6436 

0.0601 8937 

0.0693 6436 

0.0651 8937 

1.0776 8274 

1.0830 7115 

0.9279 1688 

0.9233 0037 

15.5365 4752 

16.6142 3026 
1.0884 8651 | 0.9187 0684 | 17.6973 0141 16.2586 3186 | 0.0565 0579 | 0.0615 0579 
1.0939 2894 | 0.9141 3616 | 18.7857 8791 17.1727 6802 | 0.0532 3173 | 0.0582 3173 
1.0993 9858 | 0.9095 8822 | 19.8797 1685 | 18.0823 5624 | 0.0503 0253 | 0.0553 0253 
1.1048 9558 | 0.9050 6290 | 20.9791 1544 | 18.9874 1915 | 0.0476 6645 | 0.0526 6645 

1.1104 2006 | 0.9005 6010 | 22.0840 1101 19.8879 7925 | 0.0452 8163 | 0.0502 8163 
1.1159 7216 | 0.8960 7971 | 23.1944 3107 | 20.7840 5896 | 0.0431 1380 | 0.0481 1380 
1.1215 5202 | 0.8916 2160 | 24.3104 0322 | 21.6756 8055 | 0.0411 3465 | 0.0461 3465 
1.1271 5978 | 0.8871 8567 | 25.4319 5524 | 22.5628 6622 | 0.0393 2061 | 0.0443 2061 
1.1327 9558 | 0.8827 7181 | 26.5591 1502 | 23.4456 3803 | 0.0376 5186 | 0.0426 5186 

1.1384 5955 | 0.8783 7991 | 27.6919 1059 | 24.3240 1794 | 0.0361 1163 | 0.0411 1163 
1.1441 5185 | 0.8740 0986 | 28.8303 7015 | 25.1980 2780 | 0.0346 8565 | 0.0396 8565 
1.1498 7261 | 0.8696 6155 | 29.9745 2200 | 26.0676 8936 | 0.0333 6167 | 0.0383 6167 
1.1556 2197 | 0.8653 3488 | 31.1243 9461 | 26.9330 2423 | 0.0321 2914 | 0.0371 2914 
1.1614 0008 | 0.8610 2973 | 32.2800 1658 | 27.7940 5397 | 0.0309 7892 | 0.0359 7892 

1.1672 0708 | 0.8567 4600 | 33.4414 1666 | 28.6507 9997 | 0.0299 0304 | 0.0349 0304 
1.1730 4312 | 0.8524 8358 | 34.6086 2375 | 29.5032 8355 | 0.0288 9453 | 0.0338 9453 
1.1789 0833. | 0.8482 4237 | 35.7816 6686 | 30.3515 2592 | 0.0279 4727 | 0.0329 4727 
1.1848 0288 | 0.8440 2226 | 36.9605 7520 | 31.1955 4818 | 0.0270 5586 | 0.0320 5586 
1.1907 2689 | 0.8398 2314 | 38.1453 7807 | 32.0353 7132 | 0.0262 1550 | 0.0312 1550 

1.1966 8052 | 0.8356 4492 | 39.3361 0496 | 32.8710 1624 | 0.0254 2194 | 0.0304 2194 
1.2026 6393 | 0.8314 8748 | 40.5327 8549 | 33.7025 0372 | 0.0246 7139 | 0.0296 7139 
1.2086 7725 | 0.8273 5073 | 41.7354 4942 | 34.5298 5445 | 0.0239 6045 | 0.0289 6045 
1.2147 2063 | 0.8232 3455 | 42.9441 2666 | 35.3530 8900 | 0.0232 8607 | 0.0282 8607 
1.2207 9424 | 0.8191 3886 | 44.1588 4730 | 36.1722 2786 | 0.0226 4552 | 0.0276 4552 

1.2268 9821 | 0.8150 6354 | 45.3796 4153 | 36.9872 9141 | 0.0220 3631 | 0.0270 3631 
1.2330 3270 | 0.8110 0850 | 46.6065 3974 | 37.7982 9991 | 0.0214 5622 | 0.0264 5622 
1.2391 9786 | 0.8069 7363 | 47.8395 7244 | 38.6052 7354 | 0.0209 0320 | 0.0259 0320 
1.2453 9385 | 0.8029 5884 | 49.0787 7030 | 39.4082 3238 | 0.0203 7541 | 0.0253 7541 
1.2516 2082 | 0.7989 6402 | 50.3241 6415 | 40.2071 9640.| 0.0198 7117 | 0.0248 7117 

1.2578 7892 | 0.7949 8907 51.5757 8497 41.0021 8547 | 0.0193 8894 | 0.0243 8894 
1.2641 6832 | 0.7910 3390 | 52.8336 6390 | 41.7932 1937 | 0.0189 2733 | 0.0239 2733 
1.2704 8916 | 0.7870 9841 | 54.0978 3222 | 42.5803 1778 | 0.0184 8503 | 0.0234 8503 
1.2768 4161 | 0.7831 8250 | 55.3683 2138 | 43.3635 0028 | 0.0180 6087 | 0.0230 6087 
1.2832 2581 | 0.7792 8607 | 56.6451 6299 | 44.1427 8635 | 0.0176 5376 | 0.0226 5376 



=I 1.2896 4194 
1.2960 9015 
1.3025 7060 
1.3090 8346 
1.3156 2887 

1.3222 0702 
1.3288 1805 
1.3354 6214 
1.3421 3946 
1.3488 5015 

1.3555 9440 
1.3623 7238 
1.3691 8424 
1.3760 3016 
1.3829 1031 

1.3898 2486 
1.3967 7399 
1.4037 5785 
1.4107 7664 
1.4178 3053 

1.4249 1968 
1.4320 4428 
1.4392 0450 
1.4464 0052 
1.4536 3252 

1.4609 0069 
1.4682 0519 
1.4755 4622 
1.4829 2395 
1.4903 3857 

1.4977 9026 
1.5052 7921 
1.5128 0561 
1.5203 6964 
1.5279 7148 

1.5356 1134 
1.5432 8940 
1.5510 0585 
1.5587 6087 
1.5665 5468 

1.5743 8745 
1.5822 5939 
1.5901 7069 
1.5981 2154 
1.6061 1215 

1.6141 4271 
1.6222 1342 
1.6303 2449 
1.6384 7611 
1.6466 6849 

0.7754 0902 
0.7715 5127 
0.7677 1270 
0.7638 9324 
0.7600 9277 

0.7563 1122 
0.7525 4847 
0.7488 0445 
0.7450 7906 
0.7413 7220 

0.7376 8378 
0.7340 1371 
0.7303 6190 
0.7267 2826 
0.7231 1269 

0.7195 1512 
0.7159 3544 
0.7123 7357 
0.7088 2943 
0.7053 0291 

0.7017 9394 
0.6983 0243 
0.6948 2829 
0.6913 7143 
0.6879 3177 

0.6845 0923 
0.6811 0371 
0.6777 1513 
0.6743 4342 
0.6709 8847 

0.6676 5022 
0.6643 2858 
0.6610 2346 
0.6577 3479 
0.6544 6248 

0.6512 0644 
0.6479 6661 
0.6447 4290 
0.6415 3522 
0.6383 4350 

0.6351 6766 
0.6320 0763 
0.6288 6331 
0.6257 3464 
0.6226 2153 

0.6195 2391 
0.6164 4170 
0.6133 7483 
0.6103 2321 
0.6072 8678 

~ iH] 
NIE & 0 

Deve [om [oe 
57.9283 8880 
59.2180 3075 
60.5141 2090 
61.8166 9150 
63.1257 7496 

64.4414 0384 
65.7636 1086 
67.0924 2891 
68.4278 9105 
69.7700 3051 

71.1188 8066 
72.4744 7507 
73.8368 4744 
75.2060 3168 
76.5820 6184 

77.9649 7215 
79.3547 9701 
80.7515 7099 
82.1553 2885 
83.5661 0549 

84.9839 3602 
86.4088 5570 
87.8408 9998 
89.2801 0448 
90.7265 0500 

92.1801 3752 
93.6410 3821 
95.1092 4340 
96.5847 8962 
98.0677 1357 

99.5580 5214 
101.0558 4240 
102.5611 2161 
104.0739 2722 
105.5942 9685 

107.1222 6834 
108.6578 7968 
110.2011 6908 
111.7521 7492 
113.3109 3580 

114.8774 9048 
116.4518 7793 
118.0341 3732 
119.6243 0800 
121.2224 2954 

122.8285 4169 
124.4426 8440 
126.0648 9782 
127.6952 2231 
129.3336 9842 

44.9181 9537 
45.6897 4664 
46.4574 5934 
47.2213 5258 
47.9814 4535 

48.7377 5657 
49.4903 0505 
50.2391 0950 
50.9841 8855 
51.7255 6075 

52.4632 4453 
53.1972 5824 
53.9276 2014 
54.6543 4839 
55.3774 6109 

56.0969 7621 
56.8129 1165 
57.5252 8522 
58.2341 1465 
58.9394 1756 

59.6412 1151 
60.3395 1394 
61.0343 4222 
61.7257 1366 
62.4136 4543 

63.0981 5466 
63.7792 5836 
64.4569 7350 
65.1313 1691 
65.8023 0538 

66.4699 5561 
67.1342 8419 
67.7953 0765 
68.4530 4244 
69.1075 0491 

69.7587 1135 
70.4066 7796 
71.0514 2086 
71.6929 5608 
72.3312. 9958 

72.9664 6725 
73.5984 7487 
74.2273 3818 
74.8530 7282 
75.4756 9434 

76.0952 1825 
76.7116 5995 
77.3250 3478 
F1k9353) 5199 
78.5426 4477 

0.0172 6269 
0.0168 8675 
0.0165 2507 
0.0161 7686 
0.0158 4139 

0.0155 1797 
0.0152 0598 
0.0149 0481 
0.0146 1392 
0.0143 3280 

0.0140 6096 
0.0137 9796 
0.0135 4337 
0.0132 9681 
0.0130 5789 

0.0128 2627 
0.0126 0163 
0.0123 8366 
0.0121 7206 
0.0119 6657 

0.0117 6693 
0.0115 7289 
0.0113 8422 
0.0112 0070 
0.0110 2214 

0.0108 4832 
0.0106 7908 
0.0105 1423 
0.0103 5360 
0.0101 9704 

0.0100 4439 
0.0098 9552 
0.0097 5028 
0.0096 0855 
0.0094 7021 

0.0093 3513 
0.0092 0320 
0.0090 7431 
0.0089 4837 
0.0088 2527 

0.0087 0493 
0.0085 8724 
0.0084 7213 
0.0083 5950 
0.0082 4930 

0.0081 4143 
0.0080 3583 
0.0079 3242 
0.0078 3115 
0.0077 3194 
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0.0222 6269 
0.0218 8675 
0.0215 2507 
0.0211 7686 
0.0208 4139 

0.0205 1797 
0.0202 0598 
0.0199 0481 
0.0196 1392 
0.0193 3280 

0.0190 6096 
0.0187 9796 
0.0185 4337 
0.0182 9681 
0.0180 5789 

0.0178 2627 
0.0176 0163 
0.0173 8366 
0.0171 7206 
0.0169 6657 

0.0167 6693 
0.0165 7289 
0.0163 8422 
0.0162 0070 
0.0160 2214 

0.0158 4832 
0.0156 7908 
0.0155 1423 
0.0153 5360 
0.0151 9704 

0.0150 4439 
0.0148 9552 
0.0147 5028 
0.0146 0855 
0.0144 7021 

0.0143 3513 
0.0142 0320 
0.0140 7431 
0.0139 4837 - 
0.0138 2527 

0.0137 0493 
0.0135 8724 
0.0134 7213 
0.0133 5950 
0.0132 4930 

0.0131 4143 
0.0130 3583 
0.0129 3242 
0.0128 3115 
0.0127 3194 



528 « APPENDIX C Tables 

% WW 
aIw 

i 

Clear for [= [a is 4 1 
Srili anili 

1 1.0075 0000 | 0.9925 5583 1.0000 0000 0.9925 5583 1.0000 0000 | 1.0075 0000 
2 1.0150 5625 | 0.9851 6708 2.0075 0000 1.9777 2291 | 0.4981 3200 |} 0.5056 3200 
3 1.0226 6917 | 0.9778 3333 3.0225 5625 2.9555 5624 | 0.3308 4579 | 0.3383 4579 
4 | 1.0303 3919 | 0.9705 5417 4.0452 2542 3.9261 1041 | 0.2472 0501 | 0.2547 0501 
5 1.0380 6673 | 0.9633 2920 5.0755. 6461 4.8894 3961 | 0.1970 2242 | 0.2045 2242 

6 | 1.0458 5224 | 0.9561 5802 6.1136 3135 5.8455 9763 | 0.1635 6891 | 0.1710 6891 
7 1.0536 9613 | 0.9490 4022 7.1594 8358 6.7946 3785. | 0.1396 7488 | 0:1471 7488 
8 1.0615 9885 | 0.9419 7540 8.2131 7971 7.1366 13250) 50512175552 8| 801292 5552 
9 0.1153 1929 

0.1041 7123 

0.0950 5094 
0.0874 5148 

0.1078 1929 
0.0966 7123 

0.0875 5094 
0.0799 5148 

9.2747 7856 
10.3443 3940 

11.4219 2194 
12.5075 8636 

8.6715 7642 
9.5995 7958 

10.5206 7452 
11.4349 1267 

1.0695 6084 
1.0775 8255 

1.0856 6441 
1.0938 0690 

0.9349 6318 
0.9270 0315 

0.9210 9494 
0.9142 3815 

1.1020 1045 | 0.9074 3241 13.6013 9325 12.3423 4508 | 0.0735 2188 | 0.0810 2188 
1.1102 7553 | -0.9006 7733 | 14.7034 0370 | 13.2430 2242 | 0.0680 1146 | 0.0755 1146 
1.1186 0259 | 0.8939 7254 | 15.8136 7923 | 14.1369 9495 | 0.0632 3639 | 0.0707 3639 

1269 9211 
1354 4455 
1439 6039 
1525 4009 
1611 8414 

0.8873 1766 
0.8807 1231 
0.8741 5614 
0.8676 4878 
0.8611 8985 

16.9322 8183 
18.0592 7394 
19.1947 1849 
20.3386 7888 
21.4912 1897 

15.0243 1261 
15.9050 2492 
16.7791 8107 
17.6468 2984 
18.5080 1969 

0.0590 5879 
0.0553 7321 
0.0520 9766 
0.0491 6740 
0.0465 3063 

0.0665 5879 
0.0628 7321 
0.0595 9766 
0.0566 6740 
0.0540 3063 —_— — — 

1.1698 9302 | 0.8547 7901 | 22.6524 0312 | 19.3627 9870 | 0.0441 4543 | 0.0516 4543 
1.1786 6722 | 0.8484 1589 | 23.8222 9614 | 20.2112 1459 | 0.0419 7748 | 0.0494 7748 
1.1875 0723 | 0.8421 0014 | 25.0009 6336 | ©21.0533 1473 | 0.0399 9846 | 0.0474 9846 
1.1964 1353 | 0.8358 3140 | 26.1884 7059 | 21.8891 4614 | 0.0381 8474 | 0.0456 8474 
1.2053 8663 

1.2144 2703 
1.2235 3523 
1.2327 Y175 
1.2419 5709 
1.2512 7176 

1.2606 5630 
1.2701 1122 
1.2796 3706 
1.2892 3434 
1.2989 0359 

1.3086 4537 
1.3184 6021 
1.3283 4866 
1.3383 1128 
1.3483 4861 

1.3584 6123 
1.3686 4969 

0.8296 0933 

0.8234 3358 
0.8173 0380 
0.8112 1966 
0.8051 8080 
0.7991 8690 

0.7932 3762 
0.7873 3262 
0.7814 7158 
0.7756 5418 
0.7698 8008 

0.7641 4896 
0.7584 6051 
0.7528 1440 
0.7472 1032 
0.7416 4796 

0.7361 2701 
0.7306 4716 

27.3848 8412 

28.5902 7075 
29.8046 9778 
31.0282 3301 
32.2609 4476 
35.5029 0184 

34.7541 7361 
36.0148 2991 
37.2849 4113 
38.5645 7819 
39.8538 1253 

41.1527 1612 
42.4613 6149 
43.7798 2170 
45.1081 7037 
46.4464 8164 

47.7948 3026 
49.1532 9148 

22.7187 5547 

23.5421 8905 
24.3594 9286 
25.1707 1251 
25.9758 9331 
26.7750 8021 

27.5683 1783 
28.3556 5045 
29.1371 2203 
29.9127 7621 
30.6826 5629 

31.4468 0525 
32.2052 6576 
32.9580 8016 
33.7052 9048 
34.4469 3844 

35.1830 6545 
35.9137 1260 

0.0365 1650 

0.0349 7693 
0.0335 5176 
0.0322 2871 
0.0309 9723 
0.0298 4816 

0.0287 7352 
0.0277 6634 
0.0268 2048 
0.0259 3053 
0.0250 9170 

0.0242 9973 
0.0235 5082 
0.0228 4157 
0.0221 6893 
0.0215 3016 

0.0209 2276 
0.0203 4452 

0.0440 1650 

0.0424 7693 
0.0410 5176 
0.0397 2871 
0.0384 9723 
0.0373 4816 

0.0362 7352 
0.0352 6634 
0.0343 2048 
0.0334 3053 
0.0325 9170 

0.0317 9973 
0.0310 5082 
0.0303 4157 
0.0296 6893 
0.0290 3016 

0.0284 2276 
0.0278 4452 

1.3789 1456 | 0.7252 0809 | 50.5219 4117 | 36.6389 2070 | 0.0197 9338 | 0.0272 9338 
1.3892 5642 | 0.7198 0952 | 51.9008 5573 | 37.3587 3022 | 0.0192 6751 | 0.0267 6751 
1.3996 7584 | 0.7144 5114 | 53.2901 1215 | 38.0731 8136 | 0.0187 6521 | 0.0262 6521 

1.4101 7341 
1.4207 4971 

0.7091 3264 
0.7038 5374 

54.6897 8799 
56.0999 6140 

38.7823 1401 
39.4861 6775 

0.0182 8495 
0.0178 2532 

0.0257 8495 
0.0253 2532 

1.4314 0533 | 0.6986 1414 | 57.5207 1111 | 40.1847 8189 | 0.0173 8504 | 0.0248 8504 
1.4421 4087 | 0.6934 1353 | 58.9521 1644 | 40.8781 9542 | 0.0169 6292 | 0.0244 6292 
1.4529 5693 | 0.6882 5165 | 60.3942 5732 | 41.5664 4707 | 0.0165 5787 | 0.0240 5787 



1.4638 5411 
1.4748 3301 
1.4858 9426 
1.4970 3847 
1.5082 6626 

1.5195 7825 
1.5309 7509 
1.5424 5740 
1.5540 2583 
1.5656 8103 

1.5774 2363 
1.5892 5431 
1.6011 7372 
1.6131 8252 
1.6252 8139 

1.6374 7100 
1.6497 5203 
1.6621 2517 
1.6745 9111 
1.6871 5055 

1.6998 0418 
17125 5271 
1.7253 9685 
1.7383 3733 
1.7513 7486 

1.7645 1017 
1.7777 4400 
1.7910 7708 
1.8045 1015 
1.8180 4398 

1.8316 7931 
1.8454 1691 
1.8592 5753 
1.8732 0196 
1.8872 5098 

1.9014 0536 
1.9156 6590 
1.9300 3339 
1.9445 0865 
1.9590 9246 

1.9737 8565 
1.9885 8905 
2.0035 0346 
2.0185 2974 
2.0336 6871 

2.0489 2123 
2.0642 8814 
2.0797 7030 
2.0953 6858 
2.1110 8384 

0.6831 2819 
0.6780 4286 
0.6729 9540 
0.6679 8551 
0.6630 1291 

0.6580 7733 
0.6531 7849 
0.6483 1612 
0.6434 8995 
0.6386 9970 | 

0.6339 4511 
0.6292 2592 
0.6245 4185 
0.6198 9266 
0.6152 7807 

0.6106 9784 
0.6061 5170 
0.6016 3940 
0.5971 6070 
0.5927 1533 

0.5883 0306 
0.5839 2363 
0.5795 7681 
0.5752 6234 
0.5709 7999 

0.5667 2952 
0.5625 1069 
0.5583 2326 
0.5541 6701 
0.5500 4170 

0.5459 4710 
0.5418 8297 
0.5378 4911 
0.5338 4527 
0.5298 7123 

0.5259 2678 
0.5220 1169 
0.5181 2575 
0.5142 6873 
0.5104 4043 

0.5066 4063 
0.5028 6911 
0.4991 2567 
0.4954 1009 
0.4917 2217 

0.4880 6171 
0.4844 2850 
0.4808 2233 
0.4772 4301 
0.4736 9033 

61.8472 1424 
63.3110 6835 
64.7859 0136 
66.2717 9562 
67.7688 3409 

69.2771 0035 
70.7966 7860 
72.3276 5369 
73.8701 1109 
75.4241 3693 

76.9898 1795 
78.5672 4159 
80.1564 9590 
81.7576 6962 
83.3708 5214 

84.9961 3353 
86.6336 0453 
88.2833 5657 
89.9454 8174 
91.6200 7285 

93.3072 2340 
95.0070 2758 
96.7195 8028 
98.4449 7714 
100.1833 1446 

101.9346 8932 
103.6991 9949 
105.4769 4349 
107.2680 2056 
109.0725 3072 

110.8905 7470 
112.7222 5401 
114.5676 7091 
116.4269 2845 
118.3001 3041 

120.1873 8139 
122.0887 8675 
124.0044 5265 
125.9344 8604 
127.8789 9469 

129.8380 8715 
131.8118 7280 
133.8004 6185 
135.8039 6531 
137.8224 9505 

139.8561 6377 
141.9050 8499 
143.9693 7313 
146.0491 4343 
148.1445 1201 

42.2495 7525 
42.9276 1812 
43.6006 1351 
44.2685 9902 
44.9316 1193 

45.5896 8926 
46.2428 6776 
46.8911 8388 
47.5346 7382 
48.1733 7352 

48.8073 1863 
49.4365 4455 
50.0610 8640 
50.6809 7906 
51.2962 5713 

51.9069 5497 
52.5131 0667 
53.1147 4607 
53.7119 0677 
54.3046 2210 

54.8929 2516 
55.4768 4880 
56.0564 2561 
56.6316 8795 
57.2026 6794 

57.7693 9746 
58.3319 0815 
58.8902 3141 
59.4443 9842 
59.9944 4012 

60.5403 8722 
61.0822 7019 
61.6201 1930 
62.1539 6456 
62.6838 3579 

63.2097 6257 
63.7317 7427 
64.2499 0002 
64.7641 6875 
65.2746 0918 

65.7812 4981 
66.2841 1892 
66.7832 4458 
67.2786 5467 
67.7703 7685 

68.2584 3856 
68.7428 6705 
69.2236 8938 
69.7009 3239 
70.1746 2272 

0.0161 6888 
0.0157 9503 
0.0154 3546 
0.0150 8938 
0.0147 5605 

0.0144 3478 
0.0141 2496 
0.0138 2597 
0.0135 3727 
0.0132 5836 

0.0129 8873 
0.0127 2795 
0.0124 7560 
0.0122 3127 
0.0119 9460 

0.0117 6524 
0.0115 4286 
0.0113 2716 
0.0111 1785 
0.0109 1464 

0.0107 1728 
0.0105 2554 
0.0103 3917 
0.0101 5796 
0.0099 8170 

0.0098 1020 
0.0096 4328 
0.0094 8074 
0.0093 2244 
0.0091 6821 

0.0090 1790 
0.0088 7136 
0.0087 2847 
0.0085 8908 
0.0084 5308 

0.0083 2034 
0.0081 9076 
0.0080 6423 
0.0079 4064 
0.0078 1989 

0.0077 0190 
0.0075 8657 
0.0074 7382 
0.0073 6356 
0.0072 5571 

0.0071 5020 
0.0070 4696 
0.0069 4592 
0.0068 4701 
0.0067 5017 
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0.0236 6888 
0.0232 9503 
0.0229 3546 
0.0225 8938 
0.0222 5605 

0.0219 3478 
0.0216 2496 
0.0213 2597 
0.0210 3727 
0.0207 5836 

0.0204 8873 
0.0202 2795 
0.0199 7560 
0.0197 3127 
0.0194 9460 

0.0192 6524 
0.0190 4286 
0.0188 2716 
0.0186 1785 
0.0184 1464 

0.0182 1728 
0.0180 2554 
0.0178 3917 
0.0176 5796 
0.0174 8170 

0.0173 1020 
0.0171 4328 
0.0169 8074 
0.0168 2244 
0.0166 6821 

0.0165 1790 
0.0163 7136 
0.0162 2847 
0.0160 8908 
0.0159 5308 

0.0158 2034 
0.0156 9076 
0.0155 6423 
0.0154 4064 - 
0.0153 1989 

0.0152 0190 
0.0150 8657 
0.0149 7382 
0.0148 6356 
0.0147 5571 

0.0146 5020 
0.0145 4696 
0.0144 4592 
0.0143 4701 
0.0142 5017 
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OONDWD NAHBRWNE 

1.0100 0000 
1.0201 0000 
1.0303 0100 
1.0406 0401 
1.0510 1005 

1.0615 2015 
1.0721 3535 
1.0828 5671 
1.0936 8527 
.1046 2213 

.1156 6835 
1268 2503 
.1380 9328 
1494 7421 
.1609 6896 

.1725 7864 
1843 0443 
.1961 4748 

1.2081 0895 
1.2201 9004 

1.2323 9194 
1.2447 1586 
1.2571 6302 
1.2697 3465 
1.2824 3200 

1.2952 5631 
1.3082 0888 
1.3212 9097 
1.3345 0388 
1.3478 4892 

1.3613 2740 
1.3749 4068 
1.3886 9009 
1.4025 7699 
1.4166 0276 

1.4307 6878 
1.4450 7647 
1.4595 2724 
1.4741 2251 
1.4888 6373 

1.5037 5237 
1.5187 8989 
LSB) WTS) 
1.5493 1757 
1.5648 1075 

1.5804 5885 
1.5962 6344 
1.6122 2608 
1.6283 4834 
1.6446 3182 

0.9900 9901 
0.9802 9605 
0.9705 9015 
0.9609 8034 
0.9514 6569 

0.9420 4524 
0.9327 1805 
0.9234 8322 
0.9143 3982 
0.9052 8695 

0.8963 2372 
0.8874 4923 
0.8786 6260 
0.8699 6297 
0.8613 4947 

0.8528 2126 
0.8443 7749 
0.8360 1731 
0.8277 3992 
0.8195 4447 

0.8114 3017 
0.8033 9621 
0.7954 4179 
0.7875 6613 
0.7797 6844 

0.7720 4796 
0.7644 0392 
0.7568 3557 
0.7493 4215 
0.7419 2292 

0.7345 7715 
0.7273 0411 
0.7201 0307 
0.7129 7334 
0.7059 1420 

0.6989 2495 
0.6920 0490 
0.6851 5337 
0.6783 6967 
0.6716 5314 

0.6650 0311 
0.6584 1892 
0.6518 9992 
0.6454 4546 
0.6390 5492 

0.6327 2764 
0.6264 6301 
0.6202 6041 
0.6141 1921 
0.6080 3882 

i=1% 

1 Cw per[> = [= [a 
1.0000 0000 
2.0100 0000 
3.0301 0000 
4.0604 0100 
5.1010 0501 

6.1520 1506 
(213513921 
8.2856 7056 
9.3685 2727 
10.4622 1254 

11.5668 3467 
12.6825 0301 
13.8093 2804 
14.9474 2132 
16.0968 9554 

17.2578 6449 
18.4304 4314 
19.6147 4757 
20.8108 9504 
22.0190 0399 

23.2391 9403 
24.4715 8598 
25.7163 0183 
26.9734 6485 
28.2431 9950 

29.5256 3150 
30.8208 8781 
32.1290 9669 
33.4503 8766 
34.7848 9153 

36.1327 4045 
37.4940 6785 
38.8690 0853 
40.2576 9862 
41.6602 7560 

43.0768 7836 
44.5076 4714 
45.9527 2361 
47.4122 5085 
48.8863 7336 

50.3752 3709 
51.8789 8946 
53.3977 7936 
54.9317 5715 
56.4810 7472 

58.0458 8547 
59.6263 4432 
61.2226 0777 
62.8348 3385 
64.4631 8218 

0.9900 9901 
1.9703 9506 
2.9409 8521 
3.9019 6555 
4.8534 3124 

5.7954 7647 
6.7281 9453 
7.6516 7775 
8.5660 1758 
9.4713 0453 

10.3676 2825 
11.2550 7747 
12.1337 4007 
13.0037 0304 
13.8650 5252 

14.7178 7378 
15.5622 5127 
16.3982 6858 
17.2260 0850 
18.0455 5297 

18.8569 8313 
19.6603 7934 
20.4558 2113 
21.2433 8726 
22.0231 5570 

22.7952 0366 
23.5596 0759 
24.3164 4316 
25.0657 8530 
25.8077 0822 

26.5422 8537 
27.2695 8947 
27.9896 9255 
28.7026 6589 
29.4085 8009 

30.1075 0504 
30.7995 0994 
31.4846 6330 
32.1630 3298 
32.8346 8611 

33.4996 8922 
34.1581 0814 
34.8100 0806 
35.4554 5352 
36.0945 0844 

36.7272 3608 
37.3536 9909 
37.9739 5949 
38.5880 7871 
39.1961 1753 

1.0000 0000 
0.4975 1244 
0.3300 2211 
0.2462 8109 
0.1960 3980 

0.1625 4837 
0.1386 2828 
0.1206 9029 
0.1067 4036 
0.0955 8208 

0.0864 5408 
0.0788 4879 
0.0724 1482 
0.0669 0117 
0.0621 2378 

0.0579 4460 
0.0542 5806 
0.0509 8205 
0.0480 5175 
0.0454 1531 

0.0430 3075 
0.0408 6372 
0.0388 8584 
0.0370 7347 
0.0354 0675 

0.0338 6888 
0.0324 4553 
0.0311 2444 
0.0298 9502 
0.0287 4811 

0.0276 7573 
0.0266 7089 
0.0257 2744 
0.0248 3997 
0.0240 0368 

0.0232 1431 
0.0224 6805 
0.0217 6150 
0.0210 9160 
0.0204 5560 

0.0198 5102 
0.0192 7563 
0.0187 2737 
0.0182 0441 
0.0177 0505 

0.0172 2775 
0.0167 7111 
0.0163 3384 
0.0159 1474 
0.0155 1273 

1 
anili 

1.0100 0000 
0.5075 1244 
0.3400 2211 
0.2562 8109 
0.2060 3980 

0.1725 4837 
0.1486 2828 
0.1306 9029 
0.1167 4036 
0.1055 8208 

0.0964 5408 
0.0888 4879 
0.0824 1482 
0.0769 0117 
0.0721 2378 

0.0679 4460 
0.0642 5806 
0.0609 8205 
0.0580 5175 
0.0554 1531 

0.0530 3075 
0.0508 6372 
0.0488 8584 
0.0470 7347 
0.0454 0675 

0.0438 6888 
0.0424 4553 
0.0411 2444 
0.0398 9502 
0.0387 4811 

0.0376 7573 
0.0366 7089 
0.0357 2744 
0.0348 3997 
0.0340 0368 

0.0332 1431 
0.0324 6805 
0.0317 6150 
0.0310 9160 
0.0304 5560 

0.0298 5102 
0.0292 7563 
0.0287 2737 
0.0282 0441 
0.0277 0505 

0.0272 2775 
0.0267 7111 
0.0263 3384 
0.0259 1474 
0.0255 1273 



Di 1.6610 7814 
1.6776 8892 
1.6944 6581 
1.7114 1047 
1.7285 2457 

1.7458 0982 
1.7632 6792 
1.7809 0060 
1.7987 0960 
1.8166 9670 

1.8348 6367 
1.8532 1230 
1.8717 4443 
1.8904 6187 
1.9093 6649 

1.9284 6015 
1.9477 4475 
1.9672 2220 
1.9868 9442 
2.0067 6337 

2.0268 3100 
2.0470 9931 
2.0675 7031 
2.0882 4601 
2.1091 2847 

2.1302 1975 
DASIDI2195 
2.730377: 
2.1947 6754 
2.2167 1522 

2.2388 8237 
2.2612 7119 
2.2838 8390 
2.3067 2274 
2.3297 8997 

2.3530 8787 
2.3766 1875 
2.4003 8494 
2.4243 8879 
2.4486 3267 

2.4731 1900 
2.4978 5019 
2.5228 2869 
2.5480 5698 
2.5735 3755 

2.9992, 7293 
2.6252 6565 
2.6515 1831 
2.6780 3349 
2.7048 1383 

0.4043 4771 
0.4003 4427 
0.3963 8046 
0.3924 5590 
0.3885 7020 

0.3847 2297 
0.3809 1383 
0.3771 4241 
0.3734 0832 
0.3697 1121 

0.6020 1864 
0.5960 5806 
0.5901 5649 
0.5843 1336 
0.5785 2808 

0.5728 0008 
0.5671 2879 
0.5615 1365 
0.5559 5411 
0.5504 4962 

0.5449 9962 
0.5396 0358 
0.5342 6097 
0.5289 7126 
0.5237 3392 

0.5185 4844 
0.5134 1429 
0.5083 3099 
0.5032 9801 
0.4983 1486 

0.4933 8105 
0.4884 9609 
0.4836 5949 
0.4788 7078 
0.4741 2949 

0.4694 3514 
0.4647 8726 
0.4601 8541 
0.4556 2912 
0.4511 1794 

0.4466 5142 
0.4422 2913 
0.4378 5063 
0.4335 1547 
0.4292 2324 

0.4249 7350 
0.4207 6585 
0.4165 9985 
0.4124 7510 
0.4083 9119 

i=1% 

66.1078 1401 
67.7688 9215 
69.4465 8107 
71.1410 4688 
72.8524 5735 

74.5809 8192 
76.3267 9174 
78.0900 5966 
79.8709 6025 
81.6696 6986 

83.4863 6655 
85.3212 3022 
87.1744 4252 
89.0461 8695 
90.9366 4882 

92.8460 1531 
94.7744 7546 
96.7222 2021 
98.6894 4242 
100.6763 3684 

102.6831 0021 
104.7099 3121 
106.7570 3052 
108.8246 0083 
110.9128 4684 

113.0219 7530 
115.1521 9506 
117.3037 1701 
119.4767 5418 
121.6715 2172 

123.8882 3694 
126.1271 1931 
128.3883 9050 
130.6722 7440 
132.9789 9715 

135.3087 8712 
137.6618 7499 
140.0384 9374 
142.4388 7868 
144.8632 6746 

147.3119 0014 
149.7850 1914 
152.2828 6933 
154.8056 9803 
157.3537 5501 

159.9272 9256 
162.5265 6548 
165.1518 3114 
167.8033 4945 
170.4813 8294 

39.7981 3617 
40.3941 9423 
40.9843 5072 
41.5686 6408 
42.1471 9216 

42.7199 9224 
43.2871 2102 
43.8486 3468 
44.4045 8879 
44.9550 3841 

45.5000 3803 
46.0396 4161 
46.5739 0258 
47.1028 7385 
47.6266 0777 

48.1451 5621 
48.6585 7050 
49.1669 0149 
49.6701 9949 
50.1685 1435 

50.6618 9539 
51.1503 9148 
51.6340 5097 
S229) 2175 
52.5870 5124 

53.0564 8638 
53.5212 7364 
53.9814 5905 
54.4370 8817 
54.8882 0611 

55.3348 5753 
55.7770 8666 
56.2149 3729 
56.6484 5276 
57.0776 7600 

57.5026 4951 
57.9234 1535 
58.3400 1520 
58.7524 9030 
59.1608 8148 

59.5652 2919 
59.9655 7346 
60.3619 5392 
60.7544 0982 
61.1429 8002 

61.5277 0299 
61.9086 1682 
62.2857 5923 
62.6591 6755 
63.0288 7877 

0.0151 2680 
0.0147 5603 
0.0143 9956 
0.0140 5658 
0.0137 2637 

0.0134 0824 
0.0131 0156 
0.0128 0573 
0.0125 2020 
0.0122 4445 

0.0119 7800 
0.0117 2041 
0.0114 7125 
0.0112 3013 
0.0109 9667 

0.0107 7052 
0.0105 5136 
0.0103 3889 
0.0101 3280 
0.0099 3282 

0.0097 3870 
0.0095 5019 
0.0093 6706 
0.0091 8910 
0.0090 1609 

0.0088 4784 
0.0086 8416 
0.0085 2488 
0.0083 6983 
0.0082 1885 

0.0080 7179 
0.0079 2851 
0.0077 8887 
0.0076 5273 
0.0075 1998 

0.0073 9050 
0.0072 6418 
0.0071 4089 
0.0070 2056 
0.0069 0306 

0.0067 8832 
0.0066 7624 
0.0065 6673 
0.0064 5971 
0.0063 5511 

0.0062 5284 
0.0061 5284 
0.0060 5503 
0.0059 5936 
0.0058 6574 
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1 
ani 

0.0251 2680 
0.0247 5603 
0.0243 9956 
0.0240 5658 
0.0237 2637 

0.0234 0824 
0.0231 0156 
0.0228 0573 
0.0225 2020 
0.0222 4445 

0.0219 7800 
0.0217 2041 
0.0214 7125 
0.0212 3013 
0.0209 9667 

0.0207 7052 
0.0205 5136 
0.0203 3889 
0.0201 3280 
0.0199 3282 

0.0197 3870 
0.0195 5019 
0.0193 6706 
0.0191 8910 
0.0190 1609 

0.0188 4784 
0.0186 8416 
0.0185 2488 
0.0183 6983 
0.0182 1885 

0.0180 7179 
0.0179 2851 
0.0177 8887 
0.0176 5273 
0.0175 1998 

0.0173 9050 
0.0172 6418 
0.0171 4089 
0.0170 2056 
0.0169 0306 

0.0167 8832 
0.0166 7624 
0.0165 6673 
0.0164 5971 
0.0163 5511 

0.0162 5284 
0.0161 5284 
0.0160 5503 
0.0159 5936 
0.0158 6574 
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OMONIDWD NRWNKE 

1.0125 0000 
1.0251 5625 
1.0379 7070 
1.0509 4534 
1.0640 8215 

1.0773 8318 
1.0908 5047 
1.1044 8610 
1.1182 9218 
1.1322 7083 

1.1464 2422 
1.1607 5452 
1.1752 6395 
1.1899 5475 
1.2048 2918 

1.2198 8955 
1.2351 3817 
1.2505 7739 
1.2662 0961 
1.2820 3723 

1.2980 6270 
1.3142 8848 
1.3307 1709 
1.3473 5105 
1.3641 9294 

1.3812 4535 
1.3985 1092 
1.4159 9230 
1.4336 9221 
1.4516 1336 

1.4697 5853 
1.4881 3051 
1.5067 3214 
1.5255 6629 
1.5446 3587 

1.5639 4382 
1.5834 9312 
1.6032 8678 
1.6233 2787 
1.6436 1946 

1.6641 6471 
1.6849 6677 
1.7060 2885 
1.7273 5421 
1.7489 4614 

1.7708 0797 
1.7929 4306 
1.8153 5485 
1.8380 4679 
1.8610 2237 

0.9876 5432 
0.9754 6106 
0.9634 1833 
0.9515 2428 
0.9397 7706 

0.9281 7488 
0.9167 1593 
0.9053 9845 
0.8942 2069 
0.8831 8093 

0.8722 7746 
0.8615 0860 
0.8508 7269 
0.8403 6809 
0.8299 9318 

0.8197 4635 
0.8096 2602 
0.7996 3064 
0.7897 5866 
0.7800 0855 

0.7703 7881 
0.7608 6796 
0.7514 7453 
0.7421 9707 
0.7330 3414 

0.7239 8434 
0.7150 4626 
0.7062 1853 
0.6974 9978 
0.6888 8867 

0.6803 8387 
0.6719 8407 
0.6636 8797 
0.6554 9429 
0.6474 0177 

0.6394 0916 
0.6315 1522 
0.6237 1873 
0.6160 1850 
0.6084 1334 

0.6009 0206 
0.5934 8352 
0.5861 5656 
0.5789 2006 
0.5717 7290 

0.5647 1397 
0.5577 4219 
0.5508 5649 
0.5440 5579 
0.5373 3905 

i= 11% 

1 

aibastor fyate dee'aeh ieee Saas 

1.0000 0000 
2.0125 0000 
3.0376 5625 
4.0756 2695 
5.1265 7229 

6.1906 5444 
7.2680 3762 
8.3588 8809 
9.4633 7420 

10.5816 6637 

11.7139 3720 
12.8603 6142 
14.0211 1594 
15.1963 7988 
16.3863 3463 

17.5911 6382 
18.8110 5336 
20.0461 9153 
21.2967 6893 
22.5629 7854 

23.8450 1577 
25.1430 7847 
26.4573 6695 
27.7880 8403 
29.1354 3508 

30.4996 2802 
31.8808 7337 
33.2793 8429 
34.6953 7659 
36.1290 6880 

37.5806 8216 
39.0504 4069 
40.5385 7120 
42.0453 0334 
43.5708 6963 

45.1155 0550 
46.6794 4932 
48.2629 4243 
49.8662 2921 
51.4895 5708 

53.1331 7654 
54.7973 4125 
56.4823 0801 
58.1883 3687 
59.9156 9108 

61.6646 3721 
63.4354 4518 
65.2283 8824 
67.0437 4310 
68.8817 8989 

0.9876 5432 
1.9631 1538 
2.9265 3371 
3.8780 5798 
4.8178 3504 

5.7460 0992 
6.6627 2585 
7.5681 2429 
8.4623 4498 
9.3455 2591 

10.2178 0337 
11.0793 1197 
11.9301 8466 
12.7705 5275 
13.6005 4592 

14.4202 9227 
15.2299 1829 
16.0295 4893 
16.8193 0759 
17.5993 1613 

18.3696 9495 
19.1305 6291 
19.8820 3744 
20.6242 3451 
21.3572 6865 

22.0812 5299 
22.7962 9925 
23.5025 1778 
24.2000 1756 
24.8889 0623 

25.5692 9010 
26.2412 7418 
26.9049 6215 
27.5604 5644 
28.2078 5822 

28.8472 6737 
29.4787 8259 
30.1025 0133 
30.7185 1983 
31.3269 3316 

31.9278 3522 
32.5213 1874 
33.1074 7530 
33.6863 9536 
34.2581 6825 

34.8228 8222 
35.3806 2442 
35.9314 8091 
36.4755 3670 
37.0128 7575 

1.0000 0000 
0.4968 9441 
0.3292 0117 
0.2453 6102 
0.1950 6211 

0.1615 3381 
0.1375 8872 
0.1196 3314 
0.1056 7055 
0.0945 0307 

0.0853 6839 
0.0777 5831 
0.0713 2100 
0.0658 0515 
0.0610 2646 

0.0568 4672 
0.0531 6023 
0.0498 8479 
0.0469 5548 
0.0443 2039 

0.0419 3749 
0.0397 7238 
0.0377 9666 
0.0359 8665 
0.0343 2247 

0.0327 8729 
0.0313 6677 
0.0300 4863 
0.0288 2228 
0.0276 7854 

0.0266 0942 
0.0256 0791 
0.0246 6786 
0.0237 8387 
0.0229 5111 

0.0221 6533 
0.0214 2270 
0.0207 1983 
0.0200 5365 
0.0194 2141 

0.0188 2063 
0.0182 4906 
0.0177 0466 
0.0171 8557 
0.0166 9012 

0.0162 1675 
0.0157 6406 
0.0153 3075 
0.0149 1563 
0.0145 1763 

1 
ani 

1.0125 0000 
0.5093 9441 
0.3417 0117 
0.2578 6102 
0.2075 6211 

0.1740 3381 
0.1500 8872 
0.1321 3314 
0.1181 7055 
0.1070 0307 

0.0978 6839 
0.0902 5831 
0.0838 2100 
0.0783 0515 
0.0735 2646 

0.0693 4672 
0.0656 6023 
0.0623 8479 
0.0594 5548 
0.0568 2039 

0.0544 3749 
0.0522 7238 
0.0502 9666 
0.0484 8665 
0.0468 2247 

0.0452 8729 
0.0438 6677 
0.0425 4863 
0.0413 2228 
0.0401 7854 

0.0391 0942 
0.0381 0791 
0.0371 6786 
0.0362 8387 
0.0354 5111 

0.0346 6533 
0.0339 2270 
0.0332 1983 
0.0325 5365 
0.0319 2141 

0.0313 2063 
0.0307 4906 
0.0302 0466 
0.0296 8557 
0.0291 9012 

0.0287 1675 
0.0282 6406 
0.0278 3075 
0.0274 1563 
0.0270 1763 
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i= 14% 

51 1.8842 8515 | 0.5307 0524 70.7428 1226 | 37.5435 8099 | 0.0141 3571 | 0.0266 3571 
1.9078 3872 | 0.5241 5332 72.6270 9741 | 38.0677 3431 | 0.0137 6897 | 0.0262 6897 
1.9316 8670 | 0.5176 8229 74.5349 3613 | 38.5854 1660 | 0.0134 1653 | 0.0259 1653 
1.9558) 327901129115 76.4666 2283 | 39.0967 0776 | 0.0130 7760 | 0.0255 7760 
1.9802 8070 | 0.5049 7892 78.4224 5562 | 39.6016 8667 | 0.0127 5145 | 0.0252 5145 

2.0050 3420 | 0.4987 4461 80.4027 3631 | 40.1004 3128 | 0.0124 3739 | 0.0249 3739 
2.0300 9713 | 0.4925 8727 82.4077 7052 | 40.5930 1855 | 0.0121 3478 | 0.0246 3478 
2.0554 7335 | 0.4865 0594 84.4378 6765 | 41.0795 2449 | 0.0118 4303 | 0.0243 4303 
2.0811 6676 | 0.4804 9970 86.4933 4099 | 41.5600 2419 | 0.0115 6158 | 0.0240 6158 
2.1071 8135 | 0.4745 6760 88.5745 0776 | 42.0345 9179 | 0.0112 8993 | 0.0237 8993 

2.1335 2111 | 0.4687 0874 90.6816 8910 | 42.5033 0054 | 0.0110 2758 | 0.0235 2758 
2.1601 9013 | 0.4629 2222 92.8152 1022 | 42.9662 2275 | 0.0107 7410 | 0.0232 7410 
2.1871 9250 | 0.4572 0713 94.9754 0034 | 43.4234 2988 | 0.0105 2904 | 0.0230 2904 
2.2145 3241 | 0.4515 6259 97.1625 9285 | 43.8749 9247 | 0.0102 9203 | 0.0227 9203 
2.2422 1407 

2.2702 4174 

0.4459 8775 

0.4404 8173 

99.3771 2526 

101.6193 3933 

44.3209 8022 

44.7614 6195 

0.0100 6268 

0.0098 4065 

0.0225 6268 

0.0223 4065 
2.2986 1976 | 0.4350 4368 | 103.8895 8107 | 45.1965 0563 | 0.0096 2560 | 0.0221 2560 
2.3273 5251 | 0.4296 7277 | 106.1882 0083 | 45.6261 7840 | 0.0094 1724 | 0.0219 1724 
2.3564 4442 | 0.4243 6817 | 108.5155 5334 | 46.0505 4656 | 0.0092 1527 | 0.0217 1527 
2.3858 9997 

2.4157 2372 

0.4191 2905 

0.4139 5462 

110.8719 9776 

113.2578 9773 

46.4696 7562 

46.8836 3024 

0.0090 1941 

0.0088 2941 

0.0215 1941 

0.0213 2941 
2.4459 2027 | 0.4088 4407 | 115.6736 2145 | 47.2924 7431 | 0.0086 4501 | 0.0211 4501 
2.4764 9427 | 0.4037 9661 | 118.1195 4172 | 47.6962 7093 | 0.0084 6600 | 0.0209 6600 
2.5074 5045 | 0.3988 1147 | 120.5960 3599 | 48.0950 8240 | 0.0082 9215 | 0.0207 9215 

0.0081 2325 

0.0079 5910 

0.0206 2325 

0.0204 5910 

2.5387 9358 

2.5705 2850 

0.3938 8787 

0.3890 2506 

123.1034 8644 

125.6422 8002 

48.4889 7027 

48.8779 9533 
2.6026 6011 | 0.3842 2228 | 128.2128 0852 | 49.2622 1761 | 0.0077 9953 | 0.0202 9953 
2.6351 9336 | 0.3794 7879 | 130.8154 6863 | 49.6416 9640 | 0.0076 4436 | 0.0201 4436 
2.6681 3327 | 0.3747 9387 | 133.4506 6199 | 50.0164 9027 | 0.0074 9341 | 0.0199 9341 

0.0073 4652 

0.0072 0356 

0.0198 4652 

0.0197 0356 

136.1187 9526 

138.8202 8020 

50.3866 5706 

50.7522 5389 

2.7014 8494 

2.7352 5350 

0.3701 6679 

0.3655 9683 
2.7694 4417 | 0.3610 8329 | 141.5555 3370 | 51.1133 3717 | 0.0070 6437 | 0.0195 6347 
2.8040 6222 | 0.3566 2547 | 144.3249 7787 | 51.4699 6264 | 0.0069 2881 | 0.0194 2881 
2:8391 1300 | 0.3522 2268 | 147.1290 4010 | 51.8221 8532 | 0.0067 9675 | 0.0192 9675 

0.0066 6808 

0.0065 4267 

0.0191 6808 

0.0190 4267 

0.3478 7426 

0.3435 7951 

149.9681 5310 

152.8427 5501 

52.1700 5958 

52.5136 3909 

2.8746 0191 

2.9105 3444 
2.9469 1612 | 0.3393 3779 | 155.7532 8945 | 52.8529 7688 | 0.0064 2041 | 0.0189 2041 
2.9837 5257 | 0.3351 4843 | 158.7002 0557 | 53.1881 2531 | 0.0063 0119 | 0.0188 0119 
3.0210 4948 | 0.3310 1080 | 161.6839 5814 | 53.5191 3611 | 0.0061 8491 | 0.0186 8491 
3.0588 1260 | 0.3269 2425 | 164.7050 0762 | 53.8460 6036 | 0.0060 7146 | 0.0185 7146 

3.0970 4775 | 0.3228 8814 | 167.7638 2021 | 54.1689 4850 | 0.0059 6076 | 0.0184 6076 
3.1357 6085 | 0.3189 0187 | 170.8608 6796 | 54.4878 5037 | 0.0058 5272 | 0.0183 5272 
3.1749 5786 | 0.3149 6481 | 173.9966 2881 | 54.8028 1518 | 0.0057 4724 | 0.0182 4724 
3.2146 4483 | 0.3110 7636 | 177.1715 8667 | 55.1138 9154 | 0.0056 4425 | 0.0181 4425 
3.2548 2789 | 0.3072 3591 | 180.3862 3151 | 55.4211 2744 | 0.0055 4366 | 0.0180 4366 

3.2955 1324 | 0.3034 4287 | 183.6410 5940 | 55.7245 7031 | 0.0054 4541 | 0.0179 4541 
3.3367 0716 | 0.2996 9666 | 186.9365 7264 | 56.0242 6698 | 0.0053 4941 | 0.0178 4941 
3.3784 1600 | 0.2959 9670 | 190.2732 7980 | 56.3202 6368 | 0.0052 5560 | 0.0177 5560 
3.4206 4620 | 0.2923 4242 | 193.6516 9580 | 56.6126 0610 | 0.0051 6391 | 0.0176 6391 
3.4634 0427 | 0.2887 3326 | 197.0723 4200 | 56.9013 3936 | 0.0050 7428 | 0.0175 7428 



534 # APPENDIX C Tables 

WOAmeNDA NHRWNKE 

1.0150 0000 
1.0302 2500 
1.0456 7838 
1.0613 6355 
1.0772 8400 

1.0934 4326 
1.1098 4491 
1.1264 9259 
1.1433 8998 
1.1605 4083 

1.1779 4894 
1.1956 1817 
1.2135 5244 
1.2317 5573 
1.2502 3207 

1.2689 8555 
1.2880 2033 
1.3073 4064 
1.3269 5075 
1.3468 5501 

1.3670 5783 
1.3875 6370 
1.4083 7715 
1.4295 0281 
1.4509 4535 

1.4727 0953 
1.4948 0018 
1.5172 2218 
1.5399 8051 
1.5630 8022 

1.5865 2642 
1.6103 2432 
1.6344 7918 
1.6589 9637 
1.6838 8132 

1.7091 3954 
1.7347 7663 
1.7607 9828 
1.7872 1025 
1.8140 1841 

1.8412 2868 
1.8688 4712 
1.8968 7982 
1.9253 3302 
1.9542 1301 

1.9835 2621 
2.0132 7910 
2.0434 7829 
2.0741 3046 
2.1052 4242 

0.9852 2167 
0.9706 6175 
0.9563 1699 
0.9421 8423 
0.9282 6033 

0.9145 4219 
0.9010 2679 
0.8877 1112 
0.8745 9224 
0.8616 6723 

0.8489 3323 
0.8363 8742 
0.8240 2702 
0.8118 4928 
0.7998 5150 

0.7880 3104 
0.7763 8526 
0.7649 1159 
0.7536 0747 
0.7424 7042 

0.7314 9795 
0.7206 8763 
0.7100 3708 
0.6995 4392 
0.6892 0583 

0.6790 2052 
0.6689 8574 
0.6590 9925 
0.6493 5887 
0.6397 6243 

0.6303 0781 
0.6209 9292 
0.6118 1568 
0.6027 7407 
0.5938 6608 

0.5850 8974 
0.5764 4309 
0.5679 2423 
0.5595 3126 
0.5512 6232 

0.5431 1559 
0.5350 8925 
0.5271 8153 
0.5193 9067 
0.5117 1494 

0.5041 5265 
0.4967 0212 
0.4893 6170 
0.4821 2975 
0.4750 0468 

i= 13% 

1 Lm [ar 
1.0000 0000 
2.0150 0000 
3.0452 2500 
4.0909 0338 
5.1522 6693 

6.2295 5093 
7.3229 9419 
8.4328 3911 
9.5593 3169 

10.7027 2167 

11.8632 6249 
13.0412 1143 
14.2368 2960 
15.4503 8205 
16.6821 3778 

17.9323 6984 
19.2013 5539 
20.4893 7572 
21.7967 1636 
23.1236 6710 

24.4705 2211 
25.8375 7994 
27.2251 4364 
28.6335 2080 
30.0630 2361 

31.5139 6896 
32.9866 7850 
34.4814 7867 
35.9987 0085 
37.5386 8137 

39.1017 6159 
40.6882 8801 
42.2986 1233 
43.9330 9152 
45.5920 8789 

47.2759 6921 
48.9851 0874 
50.7198 8538 
52.4806 8366 
54.2678 9391 

56.0819 1232 
57.9231 4100 
59.7919 8812 
61.6888 6794 
63.6142 0096 

65.5684 1398 
67.5519 4018 
69.5652 1929 
71.6086 9758 
73.6828 2804 

0.9852 2167 
1.9558 8342 
2.9122 0042 
3.8543 8465 
4.7826 4497 

5.6971 8717 
6.5982 1396 
7.4859 2508 
8.3605 1732 
9.2221 8455 

10.0711 1779 
10.9075 0521 
10.7315 3222 
12.5433 8150 
13.3432 3301 

14.1312 6405 
14.9076 4931 
15.6725 6089 
16.4261 6837 
17.1686 3879 

17.9001 3673 
18.6208 2437 
19.3308 6145 
20.0304 0537 
20.7196 1120 

21.3986 3172 
22.0676 1746 
22.7267 1671 
23.3760 7558 
24.0158 3801 

24.6461 4582 
25.2671 3874 
25.8789 5442 
26.4817 2849 
27.0755 9458 

27.6606 8431 
28.2371 2740 
28.8050 5163 
29.3645 8288 
29.9158 4520 

30.4589 6079 
30.9940 5004 
SIS212 3 157 
32.0406 2223 
32.5523 3718 

33.0564 8983 
33553119195 
34.0425 5365 
34.5246 8339 
34.9996 8807 

1.0000 0000 
0.4962 7792 
0.3283 8296 
0.2444 4479 
0.1940 8932 

0.1605 2521 
0.1356 5616 
0.1185 8402 
0.1046 0982 
0.0934 3418 

0.0842 9384 
0.0766 7999 
0.0702 4036 
0.0647 2332 
0.0599 4436 

0.0557 6508 
0.0520 7966 
0.0488 0578 
0.0458 7847 
0.0432 4574 

0.0408 6550 
0.0387 0332 
0.0367 3075 
0.0349 2410 
0.0332 6345 

0.0317 3196 
0.0303 1527 
0.0290 0108 
0.0277 7878 
0.0266 3919 

0.0255 7430 
0.0245 7710 
0.0236 4144 
0.0227 6189 
0.0219 3363 

0.0211 5240 
0.0204 1437 
0.0197 1613 
0.0190 5463 
0.0184 2710 

0.0178 3106 
0.0172 6426 
0.0167 2465 
0.0162 1038 
0.0157 1976 

0.0152 5125 
0.0148 0342 
0.0143 7500 
0.0139 6478 
0.0135 7168 

1 
anli 

1.0150 0000 
0.5112 7792 
0.3433 8296 
0.2594 4479 
0.2090 8932 

0.1755 2521 
0.1515 5616 
0.1335 8402 
0.1196 0982 
0.1084 3418 

0.0992 9384 
0.0916 7999 
0.0852 4036 
0.0797 2332 
0.0749 4436 

0.0707 6508 
0.0670 7966 
0.0638 0578 
0.0608 7847 
0.0582 4574 

0.0558 6550 
0.0537 0332 
0.0517 3075 
0.0499 2410 
0.0482 6345 

0.0467 3196 
0.0453 1527 
0.0440 0108 
0.0427 7878 
0.0416 3919 

0.0405 7430 
0.0395 7710 
0.0386 4144 
0.0377 6189 
0.0369 3363 

0.0361 5240 
0.0354 1437 
0.0347 1613 
0.0340 5463 
0.0334 2710 

0.0328 3106 
0.0322 6426 
0.0317 2465 
0.0312 1038 
0.0307 1976 

0.0302 5125 
0.0298 0342 
0.0293 7500 
0.0289 6478 
0.0285 7168 



2.1368 2106 
2.1688 7337 
2.2014 0647 
2.2344 2757 
2.2679 4398 

2.3019 6314 
2.3364 9259 
2.3715 3998 
2.4071 1308 
2.4432 1978 

2.4798 6807 
2.5170 6609 
2.5548 2208 
2.5931 4442 
2.6320 4158 

Poel ST Mey PPLE! 
2.7115 9504 
2.7522 6896 
2.7935 5300 
2.8354 5629 

2.8779 8814 
2.9211 5796 
2.9649 7533 
3.0094 4996 
3.0545 9171 

3.1004 1059 
3.1469 1674 
3.1941 2050 
3.2420 3230 
3.2906 6279 

3.3400 2273 
3.3901 2307 
3.4409 7492 
3.4925 8954 
3.5449 7838 

3.5981 5306 
3.6521 2535 
3.7069 0723 
3.7625 1084 
3.8189 4851 

3.8762 3273 
3.9343 7622 
3.9933 9187 
4.0532 9275 
4.1140 9214 

4.1758 0352 
4.2384 4057 
4.3020 1718 
4.3665 4744 
4.4320 4565 

0.4679 8491 
0.4610 6887 
0.4542 5505 
0.4475 4192 
0.4409 2800 

0.4344 1182 
0.4279 9194 
0.4216 6694 
0.4154 3541 
0.4092 9597 

0.4032 4726 
0.3972 8794 
0.3914 1669 
0.3856 3221 
0.3799 3321 

0.3743 1843 
0.3687 8663 
0.3633 3658 
0.3579 6708 
0.3526 7692 

0.3474 6495 
0.3423 3000 
0.3372 7093 
0.3322 8663 
0.3273 7599 

0.3225 3793 
0.3177 7136 
0.3130 7523 
0.3084 4850 
0.3038 9015 

0.2993 9916 
0.2949 7454 
0.2906 1531 
0.2863 2050 
0.2820 8917 

0.2779 2036 
0.2738 1316 
0.2697 6666 
0.2657 7996 
0.2618 5218 

0.2579 8245 
0.2541 6990 
0.2504 1369 
0.2467 1300 
0.2430 6699 

0.2394 7487 
0.2359 3583 
0.2324 4909 
0.2290 1389 
0.2256 2944 

75.7880 7046 
77.9248 9152 
80.0937 6489 
82.2951 7136 
84.5295 9893 

86.7975 4292 
89.0995 0606 
91.4359 9865 
93.8075 3863 
96.2146 5171 

986578 7149 
101.1377 3956 
103.6548 0565 
106.2096 2774 
108.8027 7215 

111.4348 1374 
114.1063 3594 
116.8179 3098 
119.5701 9995 
122.3637 5295 

125.1992 0924 
128.0771 9738 
130.9983 5534 
133.9633 3067 
136.9727 8063 

140.0273 7234 
143.1277 8292 
146.2746 9967 
149.4688 2016 
152.7108 5247 

156.0015 1525 
159.3415 3798 
162.7316 6105 
166.1726 3597 
169.6652 2551 

173.2102 0389 
176.8083 5695 
180.4604 8230 
184.1673 8954 
187.9299 0038 

191.7488 4889 
195.6250 8162 
199.5594 5784 
203.5528 4971 
207.6061 4246 

211.7202 3459 
215.8960 3811 
220.1344 7868 
224.4364 9586 
228.8030 4330 

35.4676 7298 
35.9287 4185 
36.3829 9690 
36.8305 3882 
37.2714 6681 

37.7058 7863 
38.1338 7058 
38.5555 3751 
38.9709 7292 
39.3802 6889 

39.7835 1614 
40.1808 0408 
40.5722 2077 
40.9578 5298 
41.3377 8618 

41.7121 0461 
42.0808 9125 
42.4442 2783 
42.8021 9490 
43.1548 7183 

43.5023 3678 
43.8446 6677 
44.1819 3771 
44.5142 2434 
44.8416 0034 

45.1641 3826 
45.4819 0962 
45.7949 8485 
46.1034 3335 
46.4073 2349 

46.7067 2265 
47.0016 9720 
47.2923 1251 
47.5786 3301 
47.8607 2218 

48.1386 4254 
48.4124 5571 
48.6822 2237 
48.9480 0234 
49.2098 5452 

49.4678 3696 
49.7220 0686 
49.9724 2055 
50.2191 3355 
50.4622 0054 

50.7016 7541 
50.9376 1124 
51.1700 6034 
51.3990 7422 
51.6247 0367 

0.0131 9469 
0.0128 3287 
0.0124 8537 
0.0121 5138 
0.0118 3018 

0.0115 2106 
0.0112 2341 
0.0109 3661 
0.0106 6012 
0.0103 9343 

0.0101 3604 
0.0098 8751 
0.0096 4741 
0.0094 1534 
0.0091 9094 

0.0089 7386 
0.0087 6376 
0.0085 6033 
0.0083 6329 
0.0081 7235 

0.0079 8727 
0.0078 0779 
0.0076 3368 
0.0074 6473 
0.0073 0072 

0.0071 4146 
0.0069 8676 
0.0068 3645 
0.0066 9036 
0.0065 4832 

0.0064 1019 
0.0062 7583 
0.0061 4509 
0.0060 1784 
0.0058 9396 

0.0057 7333 
0.0056 5584 
0.0055 4138 
0.0054 2984 
0.0053 2113 

0.0052 1516 
0.0051 1182 
0.0050 1104 
0.0049 1273 
0.0048 1681 

0.0047 2321 
0.0046 3186 
0.0045 4268 
0.0044 5560 
0.0043 7057 
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0.0281 9469 
0.0278 3287 
0.0274 8537 
0.0271 5138 
0.0268 3018 

0.0265 2106 
0.0262 2341 
0.0259 3661 
0.0256 6012 
0.0253 9343 

0.0251 3604 
0.0248 8751 
0.0246 4741 
0.0244 1534 
0.0241 9094 

0.0239 7386 
0.0237 6376 
0.0235 6033 
0.0233 6329 
0.0231 7235 

0.0229 8727 
0.0228 0779 
0.0226 3368 
0.0224 6473 
0.0223 0072 

0.0221 4146 
0.0219 8676 
0.0218 3645 
0.0216 9036 
0.0215 4832 

0.0214 1019 
0.0212 7583 
0.0211 4509 
0.0210 1784 
0.0208 9396 

0.0207 7333 
0.0206 5584 
0.0205 4138 
0.0204 2984 
0.0203 2113 

0.0202 1516 
0.0201 1182 
0.0200 1104 
0.0199 1273 
0.0198 1681 

0.0197 2321 
0.0196 3186 
0.0195 4268 
0.0194 5560 
0.0193 7057 
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OAMAAND NARPWN 

1.0175 0000 
1.0353 0625 
1.0534 2411 
1.0718 5903 
1.0906 1656 

1.1097 0235 
1.1291 2215 
1.1488 8178 
1.1689 8721 
1.1894 4449 

1.2102 5977 
1.2314 3931 
1.2529 8950 
1.2749 1682 
1.2972 2786 

12319992935 
1.3430 2811 
1.3665 3111 
1.3904 4540 
1.4147 7820 

1.4395 3681 
1.4647 2871 
1.4903 6146 
1.5164 4279 
1.5429 8054 

1.5699 8269 
1.5974 5739 
1.6254 1290 
1.6538 5762 
1.6828 0013 

1.7122 4913 
1.7422 1349 
P7727) 0223 
1.8037 2452 
1.8352 8970 

1.8674 0727 
1.9000 8689 
1.9333 3841 
1.9671 7184 
2.0015 9734 

2.0366 2530 
2.0722 6624 
2.1085 3090 
2.1454 3019 
DAS29IG S22 

222M 728 
2.2600 4789 
2.2995 9872 
2.3398 4170 
2.3807 8893 

0.9828 0098 
0.9658 9777 
0.9492 8528 
0.9329 5851 
0.9169 1254 

0.9011 4254 
0.8856 4378 
0.8704 1157 
0.8554 4135 
0.8407 2860 

0.8262 6889 
0.8120 5788 
0.7980 9128 
0.7843 6490 
0.7708 7459 

0.7576 1631 
0.7445 8605 
0.7317 7990 
0.7191 9401 
0.7068 2458 

0.6946 6789 
0.6827 2028 
0.6709 7817 
0.6594 3800 
0.6480 9632 

0.6369 4970 
0.6259 9479 
0.6152 2829 
0.6046 4697 
0.5942 4764 

0.5840 2716 
0.5739 8247 
0.5641 1053 
0.5544 0839 
0.5448 7311 

0.5355 0183 
0.5262 9172 
0.5172 4002 
0.5083 4400 
0.4996 0098 

0.4910 0834 
0.4825 6348 
0.4742 6386 
0.4661 0699 
0.4580 9040 

0.4502 1170 
0.4424 6850 
0.4348 5848 
0.4273 7934 
0.4200 2883 

i= 3% 

1 Cle ler> = [= [a 
1.0000 0000 
2.0175 0000 
3.0528 0625 
4.1062 3036 
5.1780 8939 

6.2687 0596 
7.3784 0831 
8.5075 3045 
9.6564 1224 
10.8253 9945 

12.0148 4394 
13.2251 0371 
14.4565 4303 
15.7095 3253 
16.9844 4935 

18.2816 7721 
19.6016 0656 
20.9446 3468 
22.3111 6578 
23.7016 1119 

25.1163 8938 
26.5559 2620 
28.0206 5490 
29.5110 1637 
31.0274 5915 

32.5704 3969 
34.1404 2238 
35.1378 79 
37.3632 9267 
39.0171 5029 

40.6999 5042 
42.4121 9955 
44.1544 1305 
45.9271 1527 
47.7308 3979 

49.5661 2949 
51.4335 3675 
53.3336 2365 
55.2669 6206 
57.2341 3390 

59.2357 3124 
61.2723 5654 
63.3446 2278 
65.4531 5367 
67.5985 8386 

69.7815 5908 
72.0027 3637 
74.2627 8425 
76.5623 8298 
78.9022 2468 

0.9828 0098 
1.9486 9875 
2.8979 8403 
3.8309 4254 
4.7478 5508 

5.6489 9762 
6.5346 4139 
7.4050 5297 
8.2604 9432 
9.1012 2291 

9.9274 9181 
10.7395 4969 
11.5376 4097 
12.3220 0587 
13.0928 8046 

13.8504 9677 
14.5950 8282 
15.3268 6272 
16.0460 5673 
16.7528 8130 

17.4475 4919 
18.1302 6948 
18.8012 4764 
19.4606 8565 
20.1087 8196 

20.7457 3166 
21.3717 2644 
21.9869 5474 
22.5916 0171 
23.1858 4934 

23.7698 7650 
24.3438 5897 
24.9079 6951 
25.4623 7789 
26.0072 5100 

26.5427 5283 
27.0690 4455 
27.5862 8457 
28.0946 2857 
28.5942 2955 

29.0852 3789 
29.5678 0136 
30.0420 6522 
30.5081 7221 
30.9662 6261 

31.4164 7431 
31.8589 4281 
32.2938 0129 
32.7211 8063 
33.1412 0946 

1.0000 0000 
0.4956 6295 
0.3275 6746 
0.2435 3237 
0.1931 2142 

0.1595 2256 
0.1355. 3059 
0.1175 4292 
0.1035 5813 
0.0923 7534 

0.0832 3038 
0.0756 1377 
0.0691 7283 
0.0636 5562 
0.0588 7739 

0.0546 9958 
0.0510 1623 
0.0477 4492 
0.0448 2061 
0.0421 9122 

0.0398 1464 
0.0376 5638 
0.0356 8796 
0.0338 8565 
0.0322 2952 

0.0307 0269 
0.0292 9079 
0.0279 8151 
0.0267 6424 
0.0256 2975 

0.0245 7005 
0.0235 7812 
0.0226 4779 
0.0217 7363 
0.0209 5082 

0.0201 7507 
0.0194 4257 
0.0187 4990 
0.0180 9399 
0.0174 7209 

0.0168 8170 
0.0163 2057 
0.0157 8666 
0.0152 7810 
0.0147 9321 

0.0143 3043 
0.0138 8836 
0.0134 6569 
0.0130 6124 
0.0126 7391 

1 

a nii 

1.0175 0000 
0.5131 6295 
0.3450 6746 
0.2610 3237 
0.2106 2142 

0.1770 2256 
0.1530 3059 
0.1350 4292 
0.1210 5813 
0.1098 7534 

0.1007 3038 
0.0931 1377 
0.0866 7283 
0.0811 5562 
0.0763 7739 

0.0721 9958 
0.0685 1623 
0.0652 4492 
0.0623 2061 
0.0596 9122 

0.0573 1464 
0.0551 5638 
0.0531 8796 
0.0513 8565 
0.0497 2952 

0.0482 0269 
0.0467 9079 
0.0454 8151 
0.0442 6424 
0.0431 2975 

0.0420 7005 
0.0410 7812 
0.0401 4779 
0.0392 7363 
0.0384 5082 

0.0376 7507 
0.0369 4257 
0.0362 4990 
0.0355 9399 
0.0349 7209 

0.0343 8170 
0.0338 2057 
0.0332 8666 
0.0327 7810 
0.0322 9321 

0.0318 3043 
0.0313 8836 
0.0309 6569 
0.0305 6124 
0.0301 7391 



2.4224 5274 
2.4648 4566 
2.5079 8046 
2.5518 7012 
2.5965 2785 

2.6419 6708 
2.6882 0151 
2.7352 4503 
2.7831 1182 
2.8318 1628 

2.8813 7306 
2.9317 9709 
2.9831 0354 
3.0353 0785 
3.0884 2574 

3.1424 7319 
3.1974 6647 
3.2534 2213 
3.3103 5702 
3.3682 8827 

3.4272 3331 
3.4872 0990 
3.5482 3607 
3.6103 3020 
3.6735 1098 

3.7377 9742 
3.8032 0888 
3.8697 6503 
3.9374 8592 
4.0063 9192 

4.0765 0378 
4.1478 4260 
4.2204 2984 
4.2942 8737 
4.3694 3740 

4.4459 0255 
4.5237 0584 
4.6028 7070 
4.6834 2093 
4.7653 8080 

4.8487 7496 
4.9336 2853 
5.0199 6703 
5.1078 1645 
5.1972 0324 

5.2881 5429 
5.3806 9699 
5.4748 5919 
5.5706 6923 
5.6681 5594 

0.4128 0475 
0.4057 0492 
0.3987 2719 
0.3918 6947 
0.3851 2970 

0.3785 0585 
0.3719 9592 
0.3655 9796 
0.3593 1003 
0.3531 3025 

0.3470 5676 
0.3410 8772 
0.3352 2135 
0.3294 5587 
0.3237 8956 

0.3182 2069 
0.3127 4761 
0.3073 6866 
0.3020 8222 
0.2968 8670 

0.2917 8054 
0.2867 6221 
0.2818 3018 
0.2769 8298 
0.2722 1914 

0.2675 3724 
0.2629 3586 
0.2584 1362 
0.2539 6916 
0.2496 0114 

0.2453 0825 
0.2410 8919 
0.2369 4269 
0.2328 6751 
0.2288 6242 

0.2249 2621 
0.2210 5770 
0.2172 5572 
0.2135 1914 
0.2098 4682 

0.2062 3766 
0.2026 9057 
0.1992 0450 
0.1957 7837 
0.1924 1118 

0.1891 0190 
0.1858 4953 
0.1826 5310 
0.1795 1165 
0.1764 2422 

81.2380 1361 
83.7054 6635 
86.1703 1201 
88.6782 9247 
91.2301 6259 

93.8266 9043 
96.4686 5752 
99.1568 5902 . 

101.8921 0405 
104.6752 1588 

107.5070 3215 
110.3884 0522 
113.3202 0231 
116.3033 0585 
119.3386 1370 

122.4270 3944 
125.5695 1263 
128.7669 7910 
132.0204 0124 
135.3307 5826 

138.6990 4653 
142.1262 7984 
145.6134 8974 
149.1617 2581 
152.7720 5601 

156.4455 6699 
160.1833 6441 
163.9865 7329 
167.8563 3832 
171.7938 2424 

175.8002 1617 
179.8767 1995 
184.0245 6255 
188.2449 9239 
192.5392 7976 

196.9087 1716 
201.3546 1971 
205.8783 2555 
210.4811 9625 
215.1646 1718 

219.9299 9798 
224.7787 7295 
229.7124 0148 
234.7323 6850 
239.8401 8495 

245.0373 8819 
250.3255 4248 
255.7062 3947 
261.1810 9866 
266.7517 6789 

fe for = [a 
33.5540 1421 
33.9597 1913 
34.3584 4632 
34.7503 1579 
35.1354 4550 

35.5139 5135 
35.8859 4727 
36.2515 4523 
36.6108 5526 
36.9639 8552 

37.3110 4228 
37.6521 3000 
37.9873 5135 
33.3168 0723 
38.6405 9678 

38.9588 1748 
39.2715 6509 
8919189 3375 
39.8810 1597 
40.1779 0267 

40.4696 8321 
40.7564 4542 
41.0382 7560 
41.3152 5857 
41.5874 7771 

41.8550 1495 
42.1179 5081 
42.3763 6443 
42.6303 3359 
42.8799 3474 

43.1252 4298 
43.3663 3217 
43.6032 7486 
43.8361 4237 
44.0650 0479 

44.2899 3099 
44.5109 8869 
44.7282 4441 
44.9417 6355 
45.1516 1037 

45.3578 4803 
45.5605 3860 
45.7597 4310 
45.9555 2147 
46.1479 3265 

46.3370 3455 
46.5228 8408 
46.7055 3718 
56.8850 4882 
47.0614 7304 

a 

0.0123 0269 
0.0119 4665 
0.0116 0492 
0.0112 7672 
0.0109 6129 

0.0106 5795 
0.0103 6606 
0.0100 8503 
0.0098 1430 
0.0095 5336 

0.0093 0172 
0.0090 5892 
0.0088 2455 
0.0085 9821 
0.0083 7952 

0.0081 6813 
0.0079 6372 
0.0077 6597 
0.0075 7459 
0.0073 8930 

0.0072 0985 
0.0070 3600 
0.0068 6750 
0.0067 0413 
0.0065 4570 

0.0063 9200 
0.0062 4285 
0.0060 9806 
0.0059 5748 
0.0058 2093 

0.0056 8828 
0.0055 5936 
0.0054 3406 
0.0053 1223 
0.0051 9375 

0.0050 7850 
0.0049 6636 
0.0048 5724 
0.0047 5102 
0.0046 4760 

0.0045 4690 
0.0044 4882 
0.0043 5327 
0.0042 6017 
0.0041 6944 

0.0040 8101 
0.0039 9480 
0.0039 1074 
0.0038 2876 
0.0037 4880 
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a 

0.0298 0269 
0.0294 4665 
0.0291 0492 
0.0287 7672 
0.0284 6129 

0.0281 5795 
0.0278 6606 
0.0275 8503 
0.0273 1430 
0.0270 5336 

0.0268 0172 
0.0265 5892 
0.0263 2455 
0.0260 9821 
0.0258 7952 

0.0256 6813 
0.0254 6372 
0.0252 6597 
0.0250 7459 
0.0248 8930 

0.0247 0985 
0.0245 3600 
0.0243 6750 
0.0242 0413 
0.0240 4570 

0.0238 9200 
0.0237 4285 
0.0235 9806 
0.0234 5748 
0.0233 2093 

0.0231 8828 
0.0230 5936 
0.0229 3406 
0.0228 1223 
0.0226 9375 

0.0225 7850 
0.0224 6636 
0.0223 5724 
0.0222 5102 
0.0221 4760 

0.0220 4690 
0.0219 4882 
0.0218 5327 
0.0217 6017 
0.0216 6944 

0.0215 8101 
0.0214 9480 
0.0214 1074 
0.0213 2876 
0.0212 4880 
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Coe [ae 
i=2% 

Oo ona AWN rE 

1.0200 0000 
1.0404 0000 
1.0612 0800 
1.0824 3216 
1.1040 8080 

1.1261 6242 
1.1486 8567 
1.1716 5938 
1.1950 9257 
1.2189 9442 

1.2433 7431 
1.2682 4179 
1.2936 0663 
1.3194 7876 
1.3458 6834 

1.3727 8571 
1.4002 4142 
1.4282 4625 
1.4568 1117 
1.4859 4740 

1.5156 6634 
1.5459 7967 
1.5768 9926 
1.6084 3725 
1.6406 0599 

1.6734 1811 
1.7068, 8648 
1.7410 2421 
1.7758 4469 
1.8113 6158 

1.8475 8882 
1.8845 4059 
1.9222 3140 
1.9606 7603 
1.9998 8955 

2.0398 8734 
2.0806 8509 
2.1222 9879 
2.1647 4477 
2.2080 3966 

2.2522 0046 
2.2972 4447 
2.3431 8936 
2.3900 5314 
2.4378 5421 

2.4866 1129 
2.5363 4352 
2.5870 7039 
2.6388 1179 
2.6915 8803 

0.9803 9216 
0.9611 6878 
0.9423 2233 
0.9238 4543 
0.9057 3081 

0.8879 7138 
0.8705 6018 
0.8534 9037 
0.8367 5527 
0.8203 4830 

0.8042 6304 
0.7884 9318 
0.7730 3253 
0.7578 7502 
0.7430 1473 

0.7284 4581 
0.7141 6256 
0.7001 5937 
0.6864 3076 
0.6729 7133 

0.6597 7582 
0.6468 3904 
0.6341 5592 
0.6217 2149 
0.6095 3087 

0.5975 7928 
0.5858 6204 
0.5743 7455 
0.5631 1231 
0.5520. 7089 

0.5412 4597 
0.5306 3330 
0.5202 2873 
0.5100 2817 
0.5000 2761 

0.4902 2315 
0.4806 1093 
0.4711 8719 
0.4619 4822 
0.4528 9042 

0.4440 1021 
0.4353 0413 
0.4267 6875 
0.4184 0074 
0.4101 9680 

0.4021 5373 
0.3942 6836 
0.3865 3761 
0.3789 5844 
0.3715 2788 

1.0000 0000 
2.0200 0000 
3.0604 0000 
4.1216 0800 
5.2040 4016 

6.3081 2096 
7.4342 8338 
8.5829 6905 
9.7546 2843 
10.9497 2100 

12.1687 1542 
13.4120 8973 
14.6803 3152 
15.9739 3815 
17.2934 1692 

18.6392 8525 
20.0120 7096 
21.4123 1238 
22.8405 5863 
24.2973 6980 

25.7833 1719 
27.2989 8354 
28.8449 6321 
30.4218 6247 
32.0302 9972 

33.6709 0572 
35.3443 2383 
37.0512 1031 
38.7922 3451 
40.5680 7921 

42.3794 4079 
44.2270 2961 
46.1115 7020 
48.0338 0160 
49.9944 7763 

51.9943 6719 
54.0342 5453 
56.1149 3962 
58.2372 3841 
60.4019 8318 

62.6100 2284 
64.8622 2330 
67.1594 6777 
69.5026 5712 
71.8927 1027 

74.3305 6447 
76.8171 7576 
79.3535 1927 
81.9405 8966 
84.5794 0145 

0.9803 9216 
1.9415 6094 
2.8838 8327 
3.8077 2870 
4.7134 5951 

5.6014 3089 
6.4719 9107 
7.3254 8144 
8.1622 3671 
8.9825 8501 

9.7868 4805 
10.5753 4122 
11.3483 7375 
12.1062 4877 
12.8492 6350 

13.5777 0931 
14.2918 7188 
14.9920 3125 
15.6784 6201 
16.3514 3334 

17.0112 0916 
17.6580 4820 
18.2922 0412 
18.9139 2560 
19.5234 5647 

20.1210 3576 
20.7068 9780 
21.2812 7236 
21.8443 8466 
22.3964 5555 

22.9377 0152 
23.4683 3482 
23.9885 6355 
24.4985 9172 
24.9986 1933 

25.4888 4248 
25.9694 5341 
26.4406 4060 
26.9025 8883 
27.3554 7924 

27.7994 8945 
28.2347 9358 
28.6615 6233 
29.0799 6307 
29.4901 5987 

29.8923 1360 
30.2865 8196 
30.6731 1957 
31.0520 7801 
31.4236 0589 

1.0000.0000 
0.4950 4950 
0.3267 5467 
0.2426 2375 
0.1921 5839 

0.1585 2581 
0.1345 1196 
0.1165 0980 
0.1025 1544 
0.0913 2653 

0.0821 7794 
0.0745 5960 
0.0681 1835 
0.0626 0197 
0.0578 2547 

0.0536 5013 
0.0499 6984 
0.0467 0210 
0.0437 8177 
0.0411 5672 

0.0387 8477 
0.0366 3140 
0.0346 6810 
0.0328 7110 
0.0312 2044 

0.0296 9923 
0.0282 9309 
0.0269 8967 
0.0257 7836 
0.0246 4992 

0.0235 9635 
0.0226 1061 
0.0216 8653 
0.0208 1867 
0.0200 0221 

0.0192 3285 
0.0185 0678 
0.0178 2057 
0.0171 7114 
0.0165 5575 

0.0159 7188 
0.0154 1729 
0.0148 8993 
0.0143 8794 
0.0139 0962 

0.0134 5342 
0.0130 1792 
0.0126 0184 
0.0122 0396 
0.0118 2321 

1.0200 0000 
0.5150 4950 
0.3467 5467 
0.2626 2375 
0.2121 5839 

0.1785 2581 
0.1545 1196 
0.1365 0980 
0.1225 1544 
0.1113 2653 

0.1021 7794 
0.0945 5960 
0.0881 1835 
0.0826 0197 
0.0778 2547 

0.0736 5013 
0.0699 6984 
0.0667 0210 
0.0637 8177 
0.0611 5672 

0.0587 8477 
0.0566 3140 
0.0546 6810 
0.0528 7110 
0.0512 2044 

0.0496 9923 
0.0482 9309 
0.0469 8967 
0.0457 7836 
0.0446 4992 

0.0435 9635 
0.0426 1061 
0.0416 8653 
0.0408 1867 
0.0400 0221 

0.0392 3285 
0.0385 0678 
0.0378 2057 
0.0371 7114 
0.0365 5575 

0.0359 7188 
0.0354 1729 
0.0348 8993 
0.0343 8794 
0.0339 0962 

0.0334 5342 
0.0330 1792 
0.0326 0184 
0.0322 0396 
0.0318 2321 
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i= 2% 

2.7454 1979 | 0.3642 4302 87.2709 8948 | 31.7878 4892 
2.8003 2819 | 0.3571 0100 90.0164 0927 | 32.1449 4992 
2.8563 3475 | 0.3500 9902 92.8167 3746 | 32.4950 4894 
2.9134 6144 | 0.3432 3433 95.6730 7221 | 32.8382 8327 
2.9717 3067 | 0.3365 0425 98.5865 3365 | 33.1747 8752 

3.0311 6529 | 0.3299 0613 | 101.5582 6432 | 33.5046 9365 
3.0917 8859 | 0.3234 3738 | 104.5894 2961 | 33.8281 3103 
3.1536 2436 | 0.3170 9547 | 107.6812 1820 | 34.1452 2650 
3.2166 9685 | 0.3108 7791 | 110.8348 4257 | 34.4561 0441 
3.2810 3079 | 0.3047 8227 | 114.0515 3942 | 34.7608 8668 

3.3466 5140 | 0.2988 0614 | 117.3325 7021 | 35.0596 9282 
3.4135 8443 | 0.2929 4720 | 120.6792 2161 | 35.3526 4002 
3.4818 5612 | 0.2872 0314 | 124.0928 0604 | 35.6398 4316 
3.5514 9324 | 0.2815 7170 | 127.5746 6216 | 35.9214 1486 
3.6225 2311 | 0.2760 5069 | 131.1261 5541 | 36.1974 6555 

3.6949 7357 | 0.2706 3793 | 134.7486 7852 | 36.4681 0348 
3.7688 7304 | 0.2653 3130 | 138.4436 5209 | 36.7334 3478 
3.8442 5050 | 0.2601 2873 | 142.2125 2513 | 36.9935 6351 
3.9211 3551 | 0.2550 2817 | 146.0567 7563 | 37.2485 9168 
3.9995 5822 | 0.2500 2761 | 149.9779 1114 | 37.4986 1929 

51 0.0114 5856 
0.0111 0909 
0.0107 7392 
0.0104 5226 
0.0101 4337 

0.0098 4656 
0.0095 6120 
0.0092 8667 
0.0090 2243 
0.0087 6797 

0.0085 2278 
0.0082 8643 
0.0080 5848 
0.0078 3855 
0.0076 2624 

0.0074 2122 
0.0072 2316 
0.0070 3173 
0.0068 4665 
0.0066 6765 

0.0314 5856 
0.0311 0909 
0.0307 7392 
0.0304 5226 
0.0301 4337 

0.0298 4656 
0.0295 6120 
0.0292 8667 
0.0290 2243 
0.0287 6797 

0.0285 2278 
0.0282 8643 
0.0280 5848 
0.0278 3855 
0.0276 2624 

0.0274 2122 
0.0272 2316 
0.0270 3173 
0.0268 4665 
0.0266 6765 

4.0795 4939 | 0.2451 2511 | 153.9774 6937 | 37.7437 4441 | 0.0064 9446 | 0.0264 9446 
4.1611 4038 | 0.2403 1874 | 158.0570 1875 | 37.9840 6314 | 0.0063 2683 | 0.0263 2683 
4.2443 6318 | 0.2356 0661 | 162.2181 5913 | 38.2196 6975 | 0.0061 6454 | 0.0261 6454 
4.3292 5045 | 0.2309 8687 | 166.4625 2231 | 38.4506 5662 | 0.0060 0736 | 0.0260 0736 

170.7917 7276 

175.2076 0821 
179.7117 6038 
184.3059 9558 
188.9921 1549 
193.7719 5780 

198.6473 9696 
203.6203 4490 
208.6927 5180 
213.8666 0683 
219.1439 3897 

224.5268 1775 

38.6771 1433 

38.8991 3170 
39.1167 9578 
39.3301 9194 
39.5394 0386 
39.7445 1359 

39.9456 0156 
40.1427 4663 
40.3360 2611 
40.5255 1579 
40.7112 8999 

40.8934 2156 

0.0058 5508 

0.0057 0751 
0.0055 6447 
0.0054 2576 
0.0052 9123 
0.0051 6071 

0.0050 3405 
0.0049 1110 
0.0047 9173 
0.0046 7581 
0.0045 6321 

0.0044 5381 

0.0258 5508 

0.0257 0751 
0.0255 6447 
0.0254 2576 
0.0252 9123 
0.0251 6071 

0.0250 3405 
0.0249 1110 
0.0247 9173 
0.0246 7581 
0.0245 6321 

0.0244 5381 

4.4158 3546 

4.5041 5216 
4.5942 3521 
4.6861 1991 
4.7798 4231 
4.8754 3916 

4.9729 4794 
5.0724 0690 
5.1738 5504 
5.2773 3214 
5.3828 7878 

5.4905 3636 

0.2264 5771 

0.2220 1737 
0.2176 6408 
0.2133 9616 
0.2092 1192 
0.2051 0973 

0.2010 8797 
0.1971 4507 
0.1932 7948 
0.1894 8968 
0.1857 7420 

0.1821 3157 

5.6003 4708 | 0.1785 6036 | 230.0173 5411 | 41.0719 8192 | 0.0043 4750 | 0.0243 4750 

5.7123 5402 | 0.1750 5918 | 235.6177 0119 | 41.2470 4110 | 0.0042 4416 | 0.0242 4416 

5.8266 0110 | 0.1716 2665 | 241.3300 5521 | 41.4186 6774 | 0.0041 4370 | 0.0241 4370 

5.9431 3313 | 0.1682 6142 | 247.1566 5632 | 41.5869 2916 | 0.0040 4602 | 0.0240 4602 

6.0619 9579 | 0.1649 6217 | 253.0997 8944 | 41.7518 9133 | 0.0039 5101 | 0.0239 5101 

6.1832 3570 | 0.1617 2762 | 259.1617 8523 | 41.9136 1895 | 0.0038 5859 | 0.0238 5859 

6.3069 0042 | 0.1585 5649 | 265.3450 2093 | 42.0721 7545 | 0.0037 6868 | 0.0237 6868 

6.4330 3843 | 0.1554 4754 | 271.6519 2135 | 42.2276 2299 | 0.0036 8118 | 0.0236 8118 
0.0235 9602 

0.0235 1313 
0.0234 3242 
0.0233 5383 
0.0232 7729 
0.0232 0274 

0.0035 9602 

0.0035 1313 
0.0034 3242 
0.0033 5383 
0.0032 7729 
0.0032 0274 

42.3800 2254 

42.5294 3386 
42.6759 1555 
42.8195 2505 
42.9603 1867 
43.0983 5164 

278.0849 5978 

284.6466 5898 
291.3395 9216 
298.1663 8400 
305.1297 1168 
312.2323 0591 

0.1523 9955 

0.1494 1132 
0.1464 8169 
0.1436 0950 
0.1407 9363 
0.1380 3297 

6.5616 9920 

6.6929 3318 
6.8267 9184 
6.9633 2768 
7.1025 9423 
7.2446 4612 
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tS 
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20 
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31 
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xs 

35 
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37 
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40 

41 
42 
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at 

45 

45 
47 
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3 

1.0225 Q000 
1.0455 0625 
1.0690 3014 
1.0990 $332 
1.1176 7769 

1.1428 244 
L.IGSS 3901 
L198 3114 
1.2217 484 
1.2492 043 

1.2773 1050 
1.3060 4999 
133M 31E 
1364 SO° 
1.3962 0690 

1.4276 2146 
1.4597 4204 
1.4925.8716 
1.5261 7087 
1.5805 20 

1.3956 2066 
1.6315 2212 
1.6682 3137 
1.7057 6658 
1.7441 4032 

1.7833 SEI 
SDSS ISNT 
L845 4499 
1.9064 9725 
1.9493 O34 

1.9932 479 
2.0881 0808 
2.0839 6034 
21308 4945 
2.1787 9356 

2.2278 1642 
2.2779 4229 
2.3291 9599 
2.3816 Q290 
2.4351 83897 

2.4899 $072 
2.460 GIB 
2.6082 9040 
2.808 BH 
2.7217 3639 

2.7829 9590 
2.8496 1331 
2.9096 3961 
2.9731 0650 
3.0420 2640 

Q.9779 9511 
O96 Het > 
0.938M 2732 
QS8I48 4355 
QS947 1252 

Q.S87R 2427 
Q.8597 G46 
0.8369 3835 
QSIS 2161 
Q.8005 1013 

Q.7RIS HVS 
Q.7ES6 SHS 
Q TASS 1905 
“O.7323 4137 
Q71E2 22S 

QTR SSO 
0.6890 22 
Q.6699 763 
0.082 MS 
O.408 1ST 

QSIST 1SSS 
Q.6129 24857 
0.5994 37M 
Q.S8S2 4688 
Q.ST3S 4639 

Q.5607 2997 
OMSS 9117 
0.53963 23S 
Q524 2218 
QS512d SVS 

Q.3016 9201 
0.4906 3233 
QATIB SHS 
Q4692 9&1 
Q4589 SQ 

Q4488 7002 
Q4389 QS 
0.4298 327 
Q4LBS BIS 
Q4106 4575 

Q4016 BM 
Q.3927 7216 
Q3S41 2925 
Q3756 783 
OSS WEI 

Q.399S 200 
Q3314 189 
0.3496 SIS 
0.3361 222 
0.3287 2608 

LQ ALE 
2.0225 NEO 
S.QG80 QELS 
4.1370 38 
$2301 1972 

6377 SHO 
TAM TS 
S.Q591 61S 
B.S WW 
11.Q737 QISt 

12.3349 1127 
E22 2177 
14. 9S? 7176 
16.2487 O78S 
‘T7OS1 VR 

19.0088 S811 
20.4830 1957 

| 21.8927 251 
23.3 4966 
MILLS WOS 

26.4720 2923 
2S.0S7S VE, 
29.6991 T2QL 
UM Ss 
33.0731 6296 

HSI IS 
3.007 HW 
SS.422 BTS 
4Q.INT 6977 
42.192 SQ 

S145 SHS 
46.1379 1226 
48.1780 INS 
JQ.2398 73S 
SINS ANS 

M5886 ISS 
ATS NWS 
WF TIS 
6L44S TSS 
QR. 7881 Tet 

2218 G2 
GX TLES 4392 
71.2533 21 
T3.WHS 4161 
76.2225 0605 

Te. 635 
&2.@72 334 
S4.8728 7165 
87.7825 1126 
8Q.7376 1776 

Q.9779 9511 
1.9344 5S 
2.3888 BSQNT 
STMT RQ 
467 33S 

3.364 TROD 
641@ IS 
7.2471 SS 
8.0657 Qe22 
SR 1D 

2.681 US 
O47 TQ 
11635 S7IS7 
11. WB 
12.6221 GE 

123126 BI 
13.9976 SNS 
LASTS OS 
1532 SHV | 
1S.8687 LST 

1G S904 2D 
J7.2083 RR 
17.2? SS 
IW Ss 
IS 96 WS 

19.5331 2 
| WMS Wwe 

233 4877 
21.6858 2385 

214M 2S 
2B RP 
BUBB 37 
ZAMS WIS 

| 2.0887 9577 
WASMHS GTP 
MSs WH 
ZIV DLS 
ZTE Ss 
26.1985 2221 

27.3728 3316 
27.7? BS 
ZS ISO 

IS 47H SO 
73s Ge 
29.165 4777 
29.3056 TIP 
2.338 927 

Lead une 
A484 TTS 
Qs3Ss 488 
Q217 1888 
Q9i2 MQ 

QI S36 
QS NS 
QS Be 
QOH 81 
QE STs 

- QOS SS 
QOTSS THQ 
QOS TBS 
QS GW 
Qe? SV 

QARVs 168 
QOS HS 
QOS TTD 
QeN7 ae 
QOL OUT 

Q@77 BHR 
QOS Ml 
2.0835 RA? 
QS Ws 
Qe Ss 

QQO87 2 
QQ Ds 
QQ TVS 
QOS WRI 
Qos SS 

QWw RIM 
QWs BH 
QV? S722 
QQISS SSS 
Q.Q180 8732 

QQ TV 
QOITS OHS 
Q.01I® 25S 
Qdie2 SSS 
QQ156 TIS 

Q.OQIS? ST 
QOS Set 
QOHe SS 
@.0185 Qi 
QQ 65 

QOS 1921 
QOI21 2107 
QI? IY 
@.0113 9279 
QOI 1836 
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i= 24% 

P| nator fare [re [on | 

51] 3.1104 9244 | 0.3214 9250 | 93.7996 6416 | 30.1558 8877 | 0.0106 6102 | 0.0331 6102 
3.1804 7852 | 0.3144 1810 | 96.9101 5661 | 30.4703 0687 | 0.0103 1884 | 0.0328 1884 
3.2520 3929 | 0.3074 9936 | 100.0906 3513 | 30.7778 0623 | 0.0099 9094 | 0.0324 9094 
3.3252 1017 | 0.3007 3287 | 103.3426 7442 | 31.0785 3910 | 0.0096 7654 | 0.0321 7654 
3.4000 2740 | 0.2941 1528 | 106.6678 8460 | 31.3726 5438 | 0.0093 7489 | 0.0318 7489 

3.4765 2802 | 0.2876 4330 | 110.0679 1200 | 31.6602 9768 | 0.0090 8530 | 0.0315 8530 
3.5547 4990 | 0.2813 1374 | 113.5444 4002 | 31.9416 1142 | 0.0088 0712 | 0.0313 0712 
3.6347 3177 | 0.2751 2347 | 117.0991 8992 | 32.2167 3489 | 0.0085 3977 | 0.0310 3977 
3.7165 1324 | 0.2690 6940 | 120.7339 2169 | 32.4858 0429 | 0.0082 8268 | 0.0307 8268 
3.8001 3479 

3.8856 3782 

0.2631 4856 

0.2573 5801 

32.7489 5285 

33.0063 1086 

0.0080 3533 

0.0077 9724 

0.0305 3533 

0.0302 9724 

124.4504 3493 

128.2505 6972 
3.9730 6467 | 0.2516 9487 | 132.1362 0754 | 33.2580 0573 | 0.0075 6795 | 0.0300 6795 
4.0624 5862 | 0.2461 5635 | 136.1092 7221 | 33.5041 6208 | 0.0073 4704 | 0.0298 4704 
4.1538 6394 | 0.2407 3971 | 140.1717 3083 | 33.7449 0179 | 0.0071 3411 | 0.0296 3411 
4.2473 2588 

4.3428 9071 

0.2354 4226 

0.2302 6138 

144.3255 9477 

148.5729 2066 

33.9803 4405 

34.2106 0543 

0.0069 2878 

0.0067 3070 

0.0294 2878 

0.0292 3070 
4.4406 0576 | 0.2251 9450 | 152.9158 1137 | 34.4357 9993 | 0.0065 3955 | 0.0290 3955 
4.5405 1939 | 0.2202 3912 | 157.3564 1713 | 34.6560 3905 | 0.0063 5500 | 0.0288 5500 
4.6426 8107 | 0.2153 9278 | 161.8969 3651 | 34.8714 3183 | 0.0061 7677 | 0.0286 7677 

35.0820 8492 

35.2881 0261 

0.0060 0458 

0.0058 3816 

4.7471 4140 

4.8539 5208 

0.2106 5309 

0.2060 1769 

166.5396 1758 

171.2867 5898 

0.0285 0458 

0.0283 3816 
4.9631 6600 | 0.2014 8429 | 176.1407 1106 | 35.4895 8691 | 0.0056 7728 | 0.0281 7728 
5.0748 3723 | 0.1970 5065 | 181.1038 7705 | 35.6866 3756 | 0.0055 2169 | 0.0280 2169 
5.1890 2107 | 0.1927 1458 | 186.1787 1429 | 35.8793 5214 | 0.0053 7118 | 0.0278 7118 
5.3057 7405 | 0.1884 7391 | 191.3677 3536 | 36.0678 2605 | 0.0052 2554 | 0.0277 2554 

5.4251 5396 |; 0.1843 2657 | 196.6735 0941 | 36.2521 5262 | 0.0050 8457 | 0.0275 8457 
5.5472 1993 | 0.1802 7048 | 202.0986 6337 | 36.4324 2310 | 0.0049 4808 | 0.0274 4808 
5.6720 3237 | 0.1763 0365 | 207.6458 8329 | 36.6087 2675 | 0.0048 1589 | 0.0273 1589 
5.7996 5310 | 0.1724 2411 | 213.3179 1567 | 36.7811 5085 | 0.0046 8784 | 0.0271 8784 

0.0045 6376 

0.0044 4350 

0.0270 6376 

0.0269 4350 

36.9497 8079 

37.1147 0004 

0.1686 2993 

0.1649 1925 

219.1175 6877 

225.0477 1407 

5.9301 4530 

6.0635 7357 
6.2000 0397 | 0.1612 9022 | 231.1112 8763 | 37.2759 9026 | 0.0043 2692 | 0.0268 2692 
6.3395 0406 | 0.1577 4105 | 237.3112 9160 | 37.4337 3130 | 0.0042 1387 | 0.0267 1387 
6.4821 4290 | 0.1542 6997 | 243.6507 9567 | 37.5880 0127 | 0.0041 0423 | 0.0266 0423 
6.6279 9112 | 0.1508 7528 | 250.1329 3857 | 37.7388 7655 | 0.0039 9787 | 0.0264 9787 

6.7771 2092 | 0.1475 5528 | 256.7609 2969 | 37.8864 3183 | 0.0038 9467 | 0.0263 9467 
6.9296 0614 | 0.1443 0835 | 263.5380 5060 | 38.0307 4018 | 0.0037 9452 | 0.0262 9452 
7.0855 2228 | 0.1411 3286 | 270.4676 5674 | 38.1718 7304 | 0.0036 9730 | 0.0261 9730 
7.2449 4653 | 0.1380 2724 | 277.5531 7902 | 38.3099 0028 | 0.0036 0291 | 0.0261 0291 
7.4079 5782 | 0.1349 8997 | 284.7981 2555 | 38.4448 9025 | 0.0035 1126 | 0.0260 1126 

7.5746 3688 | 0.1320 1953 | 292.2060 8337 | 38.5769 0978 | 0.0034 2224 | 0.0259 2224 
7.7450 6621 | 0.1291 1445 | 299.7807 2025 | 38.7060 2423 | 0.0033 3577 | 0.0258 3577 
7.9193 3020 | 0.1262 7331 | 307.5257 8645 | 38.8322 9754 | 0.0032 5176 | 0.0257 5176 
8.0975 1512 | 0.1234 9468 | 315.4451 1665 | 38.9557 9221 | 0.0031 7012 | 0.0256 7012 
8.2797 0921 | 0.1207 7719 | 323.5426 3177 | 39.0765 6940 | 0.0030 9078 | 0.0255 9078 

8.4660 0267 | 0.1181 1950 | 331.8223 4099 | 39.1946 8890 | 0.0030 1366 | 0.0255 1366 
8.6564 8773 | 0.1155 2029 | 340.2883 4366 | 39.3102 0920 | 0.0029 3868 | 0.0254 3868 
8.8512 5871 | 0.1129 7828 | 348.9448 3139 | 39.4231 8748 | 0.0028 6578 | 0.0253 6578 
9.0504 1203 | 0.1104 9221 | 357.7960 9010 | 39.5336 7968 | 0.0027 9489 | 0.0252 9489 
9.2540 4630 | 0.1080 6084 | 366.8465 0213 | 39.6417 4052 | 0.0027 2594 | 0.0252 2594 



542 .@ APPENDIX C Tables 

OMPNHD NHWNE 

1.0250 0000 
1.0506 2500 
1.0768 9063 
1.1038 1289 
1.1314 0821 

1.1596 9342 
1.1886 8575 
1.2184 0290 
1.2488 6297 
1.2800 8454 

1.3120 8666 
1.3448 8882 
1.3785 1104 
1.4129 7382 
1.4482 9817 

1.4845 0562 
1.5216 1826 
1.5596 5872 
1.5986 5019 
1.6386 1644 

1.6795 8185 
1.7215 7140 
1.7646 1068 
1.8087 2595 
1.8539 4410 

1.9002 9270 
1.9478 0002 
1.9964 9502 
2.0464 0739 
2.0975 6758 

2.1500 0677 
2.2037 5694 
2.2588 5086 
2.3153 2213 
2.3732 0519 

2.4325 3532 
2.4933 4870 
2.5556 8242 
2.6195 7448 
2.6850 6384 

2.7521 9043 
2.8209 9520 
2.8915 2008 
2.9638 0808 
3.0379 0328 

3.1138 5086 
3.1916 9713 
3.2714 8956 
3.3532 7680 
3.4371 0872 

0.9756 0976 
0.9518 1440 
0.9285 9941 
0.9059 5064 
0.8838 5429 

0.8622 9687 
0.8412 6524 
0.8207 4657 
0.8007 2836 
0.7811 9840 

0.7621 4478 
0.7435 5589 
0.7254 2038 
0.7077 2720 

r 0.6904 6556 

0.6736 2493 
0.6571 9506 
0.6411 6591 
0.6255 2772 
0.6102 7094 

0.5953 8629 
0.5808 6467 
0.5666 9724 
0.5528 7535 
0.5393 9059 

0.5262 3472 
0.5133 9973 
0.5008 7778 
0.4886 6125 
0.4767 4269 

0.4651 1481 
0.4537 7055 
0.4427 0298 
0.4319 0534 
0.4213 7107 

0.4110 9372 
0.4010 6705 
0.3912 8492 
0.3817 4139 
0.3724 3062 

0.3633 4695 
0.3544 8483 
0.3458 3886 
0.3374 0376 
0.3291 7440 

0.3211 4576 
0.3133 1294 
0.3056 7116 
0.2982 1576 
0.2909 4221 

i = 23% 

1 CLer[or> = [= | a 
1.0000 0000 
2.0250 0000 
3.0756 2500 
4.1525 1563 
5.2563 2852 

6.3877 3673 
7.5474 3015 
8.7361 1590 
9.9545 1880 
11.2033 8177 

12.4834 6631 
US 959)5 297 
15.1404 4179 
16.5189 5284 
17.9319 2666 

19.3802 2483 
20.8647 3045 
22.3863 4871 
23.9460 0743 
25.5446 5761 

27.1832 7405 
28.8628 5590 
30.5844 2730 
32.3490 3798 
34.1577 6393 

36.0117 0803 
37.9120 0073 
39.8598 0075 
41.8562 9577 
43.9027 0316 

46.0002 7074 
48.1502 7751 
50.3540 3445 
52.6128 8531 
54.9282 0744 

57.3014 1263 
59.7339 4794 
62.2272 9664 
64.7829 7906 
67.4025 5354 

70.0876 1737 
72.8398 0781 
75.6608 0300 
78.5523 2308 
81.5161 3116 

84.5540 3443 
87.6678 8530 
90.8595 8243 
94.1310 7199 
97.4843 4879 

0.9756 0976 
1.9274 2415 
2.8560 2356 
3.7619 7421 
4.6458 2850 

5.5081 2536 
6.3493 9060 
7.1701 3717 
7.9708 6553 
8.7520 6393 

9.5142 0871 
10.2577 6460 
10.9831 8497 
11.6909 1217 
12.3813 7773 

13.0550 0266 
1357121 9772 
14.3533 6363 
14.9788 9134 
15.5891 6229 

16.1845 4857 
16.7654 1324 
17.3321 1048 
17.8849 8583 
18.4243 7642 

18.9506 1114 
19.4640 1087 
19.9648 8866 
20.4535 4991 
20.9302 9259 

21.3954 0741 
21.8491 7796 
22.2918 8094 
22.7237 8628 
23.1451 5734 

23.5562 5107 
23.9573 1812 
24.3486 0304 
24.7303 4443 
25.1027 7505 

25.4661 2200 
25.8206 0683 
26.1664 4569 
26.5038 4945 
26.8330 2386 

27.1541 6962 
27.4674 8255 
PAT ENC a E)1/\! 
28.0713 6947 
28.3623 1168 

1.0000 0000 
0.4938 2716 
0.3251 3717 
0.2408 1788 
0.1902 4686 

0.1565 4997 
0.1324 9543 
0.1144 6735 
0.1004 5689 
0.0892 5876 

0.0801 0596 
0.0724 8713 
0.0660 4827 
0.0605 3652 
0.0557 6646 

0.0515 9899 
0.0479 2777 
0.0446 7008 
0.0417 6062 
0.0391 4713 

0.0367 8733 
0.0346 4661 
0.0326 9638 
0.0309 1282 
0.0292 7592 

0.0277 6875 
0.0263 7687 
0.0250 8793 
0.0238 9127 
0.0227 7764 

0.0217 3900 
0.0207 6831 
0.0198 5938 
0.0190 0675 
0.0182 0558 

0.0174 5158 
0.0167 4090 
0.0160 7012 
0.0154 3615 
0.0148 3623 

0.0142 6786 
0.0137 2876 
0.0132 1688 
0.0127 3037 
0.0122 6751 

0.0118 2676 
0.0114 0669 
0.0110 0599 
0.0106 2348 
0.0102 5806 

1 
anil 

1.0250 0000 
0.5188 2716 
0.3501 3717 
0.2658 1788 
0.2152 4686 

0.1815 4997 
0.1574 9543 
0.1394 6735 
0.1254 5689 
0.1142 5876 

0.1051 0596 
0.0974 8713 
0.0910 4827 
0.0855 3652 
0.0807 6646 

0.0765 9899 
0.0729 2777 
0.0696 7008 
0.0667 6062 
0.0641 4713 

0.0617 8733 
0.0596 4661 
0.0576 9638 
0.0559 1282 
0.0542 7592 

0.0527 6875 
0.0513 7687 
0.0500 8793 
0.0488 9127 
0.0477 7764 

0.0467 3900 
0.0457 6831 
0.0448 5938 
0.0440 0675 
0.0432 0558 

0.0424 5158 
0.0417 4090 
0.0410 7012 
0.0404 3615 
0.0398 3623 

0.0392 6786 
0.0387 2876 
0.0382 1688 
0.0377 3037 
0.0372 6751 

0.0368 2676 
0.0364 0669 
0.0360 0599 
0.0356 2348 
0.0352 5806 



3.5230 3664 
3.6111 1235 
3.7013 9016 
3.7939 2491 
3.8887 7303 

3.9859 9236 
4.0856 4217 
4.1877 8322 
4.2924 7780 
4.3997 8975 

4.5097 8449 
4.6225 2910 
4.7380 9233 
4.8565 4464 
4.9779 5826 

5.1024 0721 
5.2299 6739 
5.3607 1658 
5.4947 3449 
5.6321 0286 

5.7729 0543 
5.9172 2806 
6.0651 5876 
6.2167 8773 
6.3722 0743 

6.5315 1261 
6.6948 0043 
6.8621 7044 
7.0337 2470 
7.2095 6782 

7.3898 0701 
7.5745 5219 
7.7639 1599 
7.9580 1389 
8.1569 6424 

8.3608 8834 
8.5699 1055 
8.7841 5832 
9.0037 6228 
9.2288 5633 

9.4595 7774 
9.6960 6718 
9.9384 6886 
10.1869 3058 
10.4416 0385 

10.7026 4395 
10.9702 1004 
11.2444 6530 
11.5255 7693 
11.8137 1635 

0.2838 4606 
0.2769 2298 
0.2701 6876 
0.2635 7928 
0.2571 5052 

0.2508 7855 
0.2447 5956 
0.2387 8982 
0.2329 6568 
0.2272 8359 

0.2217 4009 
0.2163 3179 
0.2110 5541 
0.2059 0771 
0.2008 8557 

0.1959 8593 
0.1912 0578 
0.1865 4223 
0.1819 9241 
0.1775 5358 

0.1732 2300 
0.1689 9805 
0.1648 7615 
0.1608 5478 
0.1569 3149 

0.1531 0389 
0.1493 6965 
0.1457 2649 
0.1421 7218 
0.1387 0457 

0.1353 2153 
0.1320 2101 
0.1288 0098 
0.1256 5949 
0.1225 9463 

0.1196 0452 
0.1166 8733 
0.1138 4130 
0.1110 6468 
0.1083 5579 

0.1057 1296 
0.1031 3460 
0.1006 1912 
0.0981 6500 
0.0957 7073 

0.0934 3486 
0.0911 5596 
0.0889 3264 
0.0867 6355 
0.0846 4737 

100.9214 5751 
104.4444 9395 
108.0556 0629 
111.7569 9645 
115.5509 2136 

119.4396 9440 
123.4256 8676 
127.5113 2893 
131.6991 1215 
135.9915 8995 

140.3913 7970 
144.9011 6419 
149.5236 9330 
154.2617 8563 
159.1183 3027 

164.0962 8853 
169.1986 9574 
174.4286 6314 
179.7893 7971 
185.2841 1421 

190.9162 1706 
196.6891 2249 
202.6063 5055 
208.6715 0931 
214.8882 9705 

221.2605 0447 
227.7920 1709 
234.4868 1751 
241.3489 8795 
248.3827 1265 

255.5922 8047 
262.9820 8748 
270.5566 3966 
278.3205 5566 
286.2785 6955 

294.4355 3379 
302.7964 2213 
311.3663 3268 
320.1504 9100 
329.1542 5328 

338.3831 0961 
347.8426 8735 
357.5387 5453 
367.4772 2339 
377.6641 5398 

388.1057 5783 
398.8084 0177 
409.7786 1182 
421.0230 7711 
432.5486 5404 

28.6461 5774 
28.9230 8072 
29.1932 4948 
29.4568 2876 
29.7139 7928 

29.9648 5784 
30.2096 1740 
30.4484 0722 
30.6813 7290 
30.9086 5649 

31.1303 9657 
31.3467 2836 
31.5577 8377 
31.7636 9148 
31.9645 7705 

33.1605 6298 
32.3517 6876 
32.5383 1099 
32.7203 0340 
32.8978 5698 

33.0710 7998 
33.2400 7803 
33.4049 5417 
33.5658 0895 
33.7227 4044 

33.8758 4433 
34.0252 1398 
34.1709 4047 
34.3131 1265 
34.4518 1722 

34.5871 3875 
34.7191 5976 
34.8479 6074 
34.9736 2023 
35.0962 1486 

35.2158 1938 
35.3325 0671 
35.4463 4801 
35.5574 1269 
35.6657 6848 

35.7714 8144 
35.8746 1604 
35.9752 3516 
36.0734 0016 
36.1691 7089 

36.2626 0574 
36.3537 6170 
36.4426 9434 
36.5294 5790 
36.6141 0526 

0.0099 0870 
0.0095 7446 
0.0092 5449 
0.0089 4799 
0.0086 5419 

0.0083 7243 
0.0081 0204 
0.0078 4244 
0.0075 9307 
0.0073 5340 

0.0071 2294 
0.0069 0126 
0.0066 8790 
0.0064 8249 
0.0062 8463 

0.0060 9398 
0.0059 1021 
0.0057 3300 
0.0055 6206 
0.0053 9712 

0.0052 3790 
0.0050 8417 
0.0049 3568 
0.0047 9222 
0.0046 5358 

0.0045 1956 
0.0043 8997 
0.0042 6463 
0.0041 4338 
0.0040 2605 

0.0039 1248 
0.0038 0254 
0.0036 9608 
0.0035 9298 
0.0034 9310 

0.0033 9633 
0.0033 0255 
0.0032 1165 
0.0031 2353 
0.0030 3809 

0.0029 5523 
0.0028 7486 
0.0027 9690 
0.0027 2126 
0.0026 4786 

0.0025 7662 
0.0025 0747 
0.0024 4034 
0.0023 7517 
0.0023 1188 

APPENDIX C Tables a” 543 

0.0349 0870 
0.0345 7446 
0.0342 5449 
0.0339 4799 
0.0336 5419 

0.0333 7243 
0.0331 0204 
0.0328 4244 
0.0325 9307 
0.0323 5340 

0.0321 2294 
0.0319 0126 
0.0316 8790 
0.0314 8249 
0.0312 8463 

0.0310 9398 
0.0309 1021 
0.0307 3300 
0.0305 6206 
0.0303 9712 

0.0302 3790 
0.0300 8417 
0.0299 3568 
0.0297 9222 
0.0296 5358 

0.0295 1956 
0.0293 8997 
0.0292 6463 
0.0291 4338 
0.0290 2605 

0.0289 1248 
0.0288 0254 
0.0286 9608 
0.0285 9298 
0.0284 9310 

0.0283 9633 
0.0283 0255 
0.0282 1165 
0.0281 2353. 
0.0280 3809 

0.0279 5523 
0.0278 7486 
0.0277 9690 
0.0277 2126 
0.0276 4786 

0.0275 7662 
0.0275 0747 
0.0274 4034 
0.0273 7517 
0.0273 1188 



544 @ APPENDIX C Tables 

i= 3% 

. oes 1 1 
(1 + i)” (1 + i) Sinlt az oa an 

1 1.0300 0000 | 0.9708 7379 1.0000 0000 0.9708 7379 1.0000 0000 1.0300 0000 

2 1.0609 0000 | 0.9425 9591 2.0300 0000 1.9134 6970 | 0.4926 1084 | 0.5226 1084 

3 1.0927 2700 | 0.9151 4166 3.0909 0000 2.8286 1135 0.3235 3036 | 0.3535 3036 

4 1.1255 0881 0.8884 8705 4.1836 2700 3.7170 9840 | 0.2390 2705 | 0.2690 2705 
5 1.1592 7407 | 0.8626 0878 5.3091 3581 4.5797 0719 | 0.1883 5457 | 0.2183 5457 

6 1.1940 5230 | 0.8374 8426 6.4684 0988 5.4171 9144 | 0.1545 9750 | 0.1845 9750 
i 1.2298 7837 | 0.8130 9151 7.6624 6218 6.2302 8296 | 0.1305 0635 | 0.1605 0635 
8 1.2667 7008 | 0.7894 0923 8.8923 3605 7.0196 9219 }.0.1124 5639 | 0.1424 5639 
9 1.3047 7318 | 0.7664 1673 10.1591 0613 7.7861 0892 | 0.0984 3386 | 0.1284 3386 

1.3439 1638 | 0.7440 9391 11.4638 7931 8.5302 0284 | 0.0872 3051 | 0.1172 3051 

1.3842 3387 | 0.7224 2128 12.8077 9569 9.2526 2411 | 0.0780 7745 | 0.1080 7745 
1.4257 6089 | 0.7013 7988 14.1920 2956 9.9540 0399 | 0.0704 6209 | 0.1004 6209 
1.4685 3371 | 0.6809 5134 15-6177 9045 | 10.6349 5533 | 0.0640 2954 | 0.0940 2954 
1.5125 8972 | 0.6611 1781 17.0863 2416 | 11.2960 7314 | 0.0585 2634 | 0.0885 2634 
1.5579 6742 |* 0.6418 6195 18.5989 1389 | 11.9379 3509 | 0.0537 6658 | 0.0837 6658 

1.6047 0644 | 0.6231 6694 20.1568 8130 | 12.5611 0203 | 0.0496 1085 | 0.0796 1085 
1.6528 4763 | 0.6050 1645 21.7615 8774 | 13.1661 1847 | 0.0459 5253 | 0.0759 5253 
1.7024 3306 | 0.5873 9461 23.4144 3537 | 13.7535 1308 | 0.0427 0870 | 0.0727 0870 
1.7535 0605 | 0.5702 8603 25.1168 6844 | 14.3237 9911 | 0.0398 1388 | 0.0698 1388 
1.8061 1123 

1.8602 9456 

0.5536 7575 

0.5375 4928 

26.8703 7449 

28.6764 8572 

14.8774 7486 

15.4150 2414 

0.0372 1571 

0.0348 7178 

0.0672 1571 

0.0648 7178 
1.9161 0341 | 0.5218 9250 30.5367 8030 | 15.9369 1664 | 0.0327 4739 | 0.0627 4739 
1.9735 8651 | 0.5066 9175 32.4528 8370 | 16.4436 0839 | 0.0308 1390 | 0.0608 1390 
2.0327 9411 | 0.4919 3374 34.4264 7022 | 16.9355 4212 | 0.0290 4742 | 0.0590 4742 
2.0937 7793 

2.1565 9127 

0.4776 0557 

0.4636 9473 

36.4592 6432 

38.5530 4225 

17.4131 4769 

17.8678 4242 

0.0274 2787 

0.0259 3829 

0.0574 2787 

0.0559 3829 
2.2212 8901 | 0.4501 8906 40.7096 3352 | 18.3270 3147 | 0.0245 6421 | 0.0545 6421 
2.2879 2768 | 0.4370 7675 42.9309 2252 | 18.7641 0823 | 0.0232 9323 | 0.0532 9323 
2.3565 6551 | 0.4243 4636 45.2188 5020 | 19.1884 5459 | 0.0221 1467 | 0.0521 1467 
2.4272 6247 

2.5000 8035 

0.4119 8676 

0.3999 8715 

47.5754 1571 

50.0026 7818 

19.6004 4135 

20.0004 2849 

0.0210 1926 

0.0199 9893 

0.0510 1926 

0.0499 9893 
2.5750 8276 | 0.3883 3703 52.5027 5852 | 20.3887 6553 | 0.0190 4662 | 0.0490 4662 
2.6523 3524 | 0.3770 2625 55.0778 4128 | 20.7657 9178 | 0.0181 5612 | 0.0481 5612 
2.7319 0530 | 0.3660 4490 57.7301 7652 | 21.1318 3668 | 0.0173 2196 | 0.0473 2196 
2.8138 6245 | 0.3553 8340 60.4620 8181 | 21.4872 2007 | 0.0165 3929 | 0.0465 3929 

2.8982 7833 | 0.3450 3243 63.2759 4427 | 21.8322 5250 | 0.0158 0379 | 0.0458 0379 
2.9852 2668 | 0.3349 8294 66.1742 2259 | 22.1672 3544 | 0.0151 1162 | 0.0451 1162 
3.0747 8348 | 0.3252 2615 69.1594 4927 | 22.4924 6159 | 0.0144 5934 | 0.0444 5934 
3.1670 2698 | 0.3157 5355 72.2342 3275 | 22.8082 1513 | 0.0138 4385 | 0.0438 4385 
3.2620 3779 

3.3598 9893 

0.3065 5684 

0.2976 2800 

75.4012 5973 

78.6632 9753 

23.1147 7197 

23.4123 9997 

0.0132 6238 

0.0127 1241 

0.0432 6238 

0.0427 1241 
3.4606 9589 | 0.2889 5922 82.0231 9645 | 23.7013 5920 | 0.0121 9167 | 0.0421 9167 
3.5645 1677 | 0.2805 4294 85.4838 9234 | 23.9819 0213 | 0.0116 9811 | 0.0416 9811 
3.6714 5227 | 0.2723 7178 89.0484 0911 | 24.2542 7392 | 0.0112 2985 | 0.0412 2985 
3.7815 9584 | 0.2644 3862 92.7198 6139 | 24.5187 1254 | 0.0107 8518 | 0.0407 8518 

3.8950 4372 | 0.2567 3653 96.5014 5723 | 24.7754 4907 | 0.0103 6254 | 0.0403 6254 
4.0118 9503 | 0.2492 5876 | 100.3965 0095 | 25.0247 0783 | 0.0099 6051 | 0.0399 6051 
4.1322 5188 | 0.2419 9880 | 104.4083 9598 | 25.2667 0664 | 0.0095 7777 | 0.0395 7777 
4.2562 1944 | 0.2349 5029 | 108.5406 4785 | 25.5016 5693 | 0.0092 1314 | 0.0392 1314 
4.3839 0602. | 0.2281 0708 | 112.7968 6729 | 25.7297 6401 | 0.0088 6549 | 0.0388 6549 



APPENDIX C Tables 4” 545 

i= 3% 

4.5154 2320 | 0.2214 6318 | 117.1807 7331 | 25.9512 2719 51 0.0085 3382 | 0.0385 3382 
52] 4.6508 8590 | 0.2150 1280 | 121.6961 9651 | 26.1662 3999 | 0.0082 1718 | 0.0382 1718 
53| 4.7904 1247 | 0.2087 5029 | 126.3470 8240 | 26.3749 9028 | 0.0079 1471 | 0.0379 1471 

4.9341 2485 | 0.2026 7019 | 131.1374 9488 | 26.5776 6047 | 0.0076 2558 | 0.0376 2558 
5.0821 4859 | 0.1967 6717 | 136.0716 1972 | 26.7744 2764 | 0.0073 4907 | 0.0373 4907 

5.2346 1305 | 0.1910 3609 | 141.1537 6831 | 26.9654 6373 | 0.0070 8447 | 0.0370 8447 
5.3916 5144 | 0.1854 7193 | 146.3883 8136 | 27.1509 3566 | 0.0068 3114 | 0.0368 3114 
5.5534 0098 | 0.1800 6984 | 151.7800 3280 | 27.3310 0549 | 0.0065 8848 | 0.0365 8848 
5.7200 0301 | 0.1748 2508 | 157.3334 3379 | 27.5058 3058 | 0.0063 5593 | 0.0363 5593 
5.8916 0310 | 0.1697 3309 | 163.0534 3680 | 27.6755 6367 | 0.0061 3296 | 0.0361 3296 

6.0683 5120 | 0.1647 8941 © 27.8403 5307 | 0.0059 1908 |} 0.0359 1908 168.9450 3991 
6.2504 0173 | 0.1599 8972 | 175.0133 9110 | 28.0003 4279 | 0.0057 1385 | 0.0357 1385 
6.4379 1379 | 0.1553 2982 | 181.2637 9284 | 28.1556 7261 | 0.0055 1682 | 0.0355 1682 
6.6310 5120 | 0.1508 0565 | 187.7017 0662 | 28.3064 7826 | 0.0053 2760 | 0.0353 2760 
6.8299 8273 

7.0348 8222 

0.1464 1325 

0.1421 4879 

194.3327 5782 

201.1627 4055 

28.4528 9152 

28.5950 4031 

0.0051 4581 

0.0049 7110 

0.0351 4581 

0.0349 7110 
7.2459 2868 | 0.1380 0853 | 208.1976 2277 | 28.7330 4884 | 0.0048 0313 | 0.0348 0313 
7.4633 0654 | 0.1339 8887 | 215.4435 5145 | 28.8670 3771 | 0.0046 4159 | 0.0346 4159 
7.6872 0574 | 0.1300 8628 | 222.9068 5800 | 28.9971 2399 | 0.0044 8618 | 0.0344 8618 

0.1262 9736 

0.1226 1880 

230.5940 6374 

238.5118 8565 

29.1234 2135 | 0.0043 3663 

0.0041 9266 

0.0343 3663 

0.0341 9266 

7.9178 2191 

8.1553 5657 29.2460 4015 
8.4000 1727 | 0.1190 4737 | 246.6672 4222 | 29.3650 8752 | 0.0040 5404 | 0.0340 5404 
8.6520 1778 | 0.1155 7998 | 255.0672 5949 | 29.4806 6750 | 0.0039 2053 | 0.0339 2053 
8.9115 7832 | 0.1122 1357 | 263.7192 7727 | 29.5928 8107 | 0.0037 9191 | 0.0337 9191 

0.0036 6796 

0.0035 4849 

0.0336 6796 

0.0335 4849 

272.6308 5559 

281.8097 8126 

29.7018 2628 

29.8075 9833 

9.1789 2567 

9.4542 9344 

0.1089 4521 

0.1057 7205 
9.7379 2224 | 0.1026 9131 | 291.2640 7469 | 29.9102 8964 | 0.0034 3331 | 0.0334 3331 
10.0300 5991 | 0.0997 0030 | 301.0019 9693 | 30.0099 8994 | 0.0033 2224 | 0.0333 2224 
10.3309 6171 | 0.0967 9641 | 311.0320 5684 | 30.1067 8635 | 0.0032 1510 | 0.0332 1510 

0.0031 1175 

0.0030 1201 

0.0331 1175 

0.0330 1201 

321.3630 1855 

332.0039 0910 

30.2007 6345 

30.2920 0335 

10.6408 9056 

10.9601 1727 

0.0939 7710 

0.0912 3990 
11.2889 2079 | 0.0885 8243 | 342.9640 2638 | 30.3805 8577 | 0.0029 1576 | 0.0329 1576 
11.6275 8842 | 0.0860 0236 | 354.2529 4717 | 30.4665 8813 | 0.0028 2284 | 0.0328 2284 
11.9764 1607 | 0.0834 9743 | 365.8805 3558 | 30.5500 8556 | 0.0027 3313 |} 0.0327 3313 

0.0026 4650 

0.0025 6284 

0.0326 4650 

0.0325 6284 

377.8569 5165 

390.1926 6020 

30.6311 5103 

30.7098 5537 

0.0810 6547 

0.0787 0434 

12.3357 0855 

12.7057 7981 
13.0869 5320 | 0.0764 1198 | 402.8984 4001 | 30.7862 6735 | 0.0024 8202 | 0.0324 8202 
13.4795 6180 | 0.0741 8639 | 415.9853 9321 | 30.8604 5374 | 0.0024 0393 | 0.0324 0393 
13.8839 4865 | 0.0720 2562 | 429.4649 5500 | 30.9324 7936 | 0.0023 2848 | 0.0323 2848 
14.3004 6711 | 0.0699 2779 | 443.3489 0365 | 31.0024 0714 | 0.0022 5556 | 0.0322 5556— 

14.7294 8112 | 0.0678 9105 | 457.6493 7076 | 31.0702 9820 | 0.0021 8508 | 0.0321 8508 
15.1713 6556 | 0.0659 1364 | 472.3788 5189 | 31.1362 1184 | 0.0021 1694 | 0.0321 1694 
15.6265 0652 | 0.0639 9383 | 487.5502 1744 | 31.2002 0567 | 0.0020 5107 | 0.0320 5107 
16.0953 0172 | 0.0621 2993 | 503.1767 2397 | 31.2623 3560 | 0.0019 8737 | 0.0319 8737 
16.5781 6077 | 0.0603 2032 | 519.2720 2568 | 31.3226 5592 | 0.0019 2577 | 0.0319 2577 

17.0755 0559 | 0.0585 6342 | 535.8501 8645 | 31.3812 1934 | 0.0018 6619 | 0.0318 6619 
17.5877 7076 | 0.0568 5769 | 552.9256 9205 | 31.4380 7703 | 0.0018 0856 | 0.0318 0856 
18.1154 0388 | 0.0552 0164 | 570.5134 6281 | 31.4932 7867 | 0.0017 5281 | 0.0317 5281 
18.6588 6600 | 0.0535 9383 | 588.6288 6669 | 31.5468 7250 | 0.0016 9886 | 0.0316 9886 
19.2186 3198 | 0.0520 3284 | 607.2877 3269 | 31.5989 0534 | 0.0016 4667 | 0.0316 4667 
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1.0350 0000 
1.0712 2500 
1.1087 1788 
1.1475 2300 
1.1876 8631 

1.2292 5533 
1.2722 7926 
1.3168 0904 
1.3628 9735 
1.4105 9876 

1.4599 6972 
1.5110 6866 
1.5639 5606 
1.6186 9452 
1.6753 4883 

1.7339 8604 
1.7946 7555 
1.8574 8920 
1.9225 0132 
1.9897 8886 

2.0594 3147 
2.1315 1158 
2.2061 1448 
2.2833 2849 
2.3632 4498 

2.4459 5856 
2.5315 6711 
2.6201 7196 
2.7118 7798 
2.8067 9370 

2.9050 3148 
3.0067 0759 
3.1119 4235 
3.2208 6033 
3.3335 9045 

3.4502 6611 
3.5710 2543 
3.6960 1132 
3.8253 7171 
3.9592 5972 

4.0978 3381 
4.2412 5799 
4.3897 0202 
4.5433 4160 
4.7023: 5855 

4.8669 4110 
5.0372 8404 
5.2135 8898 
5.3960 6459 
5.5849 2686 

0.9661 8357 
0.9335 1070 
0.9019 4271 
0.8714 4223 
0.8419 7317 

0.8135 0064 
0.7859 9096 
0.7594 1156 
0.7337 3097 
0.7089 1881 

0.6849 4571 
0.6617 8330 
0.6394 0415 
0.6177 8179 
0.5968 9062 

0.5767 0591 
0.5572 0378 
0.5383 6114 
0.5201 5569 
0.5025 6588 

0.4855 7090 
0.4691 5063 
0.4532 8563 
0.4379 5713 
0.4231 4699 

0.4088 3767 
0.3950 1224 
0.3816 5434 
0.3687 4815 
0.3562 7841 

0.3442 3035 
0.3325 8971 
0.3213 4271 
0.3104 7605 
0.2999 7686 

0.2898 3272 
0.2800 3161 
0.2705 6194 
0.2614 1250 
0.2525 7247 

0.2440 3137 
0.2357 7910 
0.2278 0590 
0.2201 0231 
0.2126 5924 

0.2054 6787 
0.1985 1968 
0.1918 0645 
0.1853 2024 
0.1790 5337 

1.0000 0000 
2.0350 0000 
3.1062 2500 
4.2149 4288 
533624 6588 

6.5501 5218 
7.7794 0751 
9.0516 8677 
10.3684 9581 
11.7313 9316 

13.1419 9192 
14.6019 6164 
16-4130 3030 
17.6769 8636 
19.2956 8088 

20.9710 2971 
22.7050 1575 
24.4996 9130 
26.3571 8050 
28.2796 8181 

30.2694 7068 
32.3289 0215 
34.4604 1373 
36.6665 2821 
38.9498 5669 

41.3131 0168 
43.7590 6024 
46.2906 2734 
48.9107 9930 
51.6226 7728 

54.4294 7098 
57.3345 0247 
60.3412 1005 
63.4531 5240 
66.6740 1274 

70.0076 0318 
73.4578 6930 
77.0288 9472 
80.7249 0604 
84.5502 7775 

88.5095 3747 
92.6073 7128 
96.8486 2928 
101.2383 3130 
105.7816 7290 

110.4840 3145 
115.3509 7255 
120.3882 5659 
125.6018 4557 
130.9979 1016 

0.9661 8357 
1.8996 9428 
2.8016 3698 
3.6730 7921 
4.5150 5238 

5.3285 5302 
6.1145 4398 
6.8739 5554 
7.6076 8651 
8.3166 0532 

9.0015 5104 
9.6633 3433 
10.3027 3849 
10.9205 2028 
11.5174 1090 

12.0941 1681 
12.6513 2059 
13.1896 8173 
13.7098 3742 
14.2124 0330 

14.6979 7420 
15.1671 2484 
15.6204 1047 
16.0583 6760 
16.4815 1459 

16.8903 5226 
17.2853 6451 
17.6670 1885 
18.0357 6700 
18.3920 4541 

18.7362 7576 
19.0688 6547 
19.3902 0818 
19.7006 8423 
20.0006 6110 

20.2904 9381 
20.5705 2542 
20.8410 8736 
21.1024 9987 
21.3550 7234 

21.5991 0371 
21.8348 8281 
22.0626 8870 
22.2827 9102 
22.4954 5026 

22.7009 1813 
22.8994 3780 
23.0912 4425 
23.2765 6450 
23.4556 1787 

1.0000 0000 
0.4914 0049 
0.3219 3418 
0.2372 5114 
0.1864 8137 

0.1526 6821 
0.1285 4449 
0.1104 7665 
0.0964 4601 
0.0852 4137 

0.0760 9197 
0.0684 8395 
0.0620 6157 
0.0565 7073 
0.0518 2507 

0.0476 8483 
0.0440 4313 
0.0408 1684 
0.0379 4033 
0.0353 6108 

0.0330 3659 
0.0309 3207 
0.0290 1880 
0.0272 7283 
0.0256 7404 

0.0242 0540 
0.0228 5241 

. 0.0216 0265 
0.0204 4538 
0.0193 7133 

0.0183 7240 
0.0174 4150 
0.0165 7242 
0.0157 5966 
0.0149 9835 

0.0142 8416 
0.0136 1325 
0.0129 8214 
0.0123 8775 
0.0118 2728 

0.0112 9822 
0.0107 9828 
0.0103 2539 
0.0098 7768 
0.0094 5343 

0.0090 5108 
0.0086 6919 
0.0083 0646 
0.0079 6167 
0.0076 3371 

1.0350 0000 
0.5264 0049 
0.3569 3418 
0.2722 5114 
0.2214 8137 

0.1876 6821 
0.1635 4449 
0.1454 7665 
0.1314 4601 
0.1202 4137 

0.1110 9197 
0.1034 8395 
0.0970 6157 
0.0915 7073 
0.0868 2507 

0.0826 8483 
0.0790 4313 
0.0758 1684 
0.0729 4033 
0.0703 6108 

0.0680 3659 
0.0659 3207 
0.0640 1880 
0.0622 7283 
0.0606 7404 

0.0592 0540 
0.0578 5241 
0.0566 0265 
0.0554 4538 
0.0543 7133 

0.0533 7240 
0.0524 4150 
0.0515 7242 
0.0507 5966 
0.0499 9835 

0.0492 8416 
0.0486 1325 
0.0479 8214 
0.0473 8775 
0.0468 2728 

0.0462 9822 
0.0457 9828 
0.0453 2539 
0.0448 7768 
0.0444 5343 

0.0440 5108 
0.0436 6919 
0.0433 0646 
0.0429 6167 
0.0426 3371 
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5.7803 9930 | 0.1729 9843 | 136.5828 3702 | 23.6286 1630 
5.9827 1327 | 0.1671 4824 | 142.3632 3631 | 23.7957 6454 
6.1921 0824 | 0.1614 9589 | 148.3459 4958 | 23.9572 6043 
6.4088 3202 | 0.1560 3467 | 154.5380 5782 | 24.1132 9510 
6.6331 4114 | 0.1507 5814 | 160.9468 8984 | 24.2640 5323 

6.8653 0108 | 0.1456 6004 | 167.5800 3099 | 24.4097 1327 
7.1055 8662 | 0.1407 3433 | 174.4453 3207 | 24.5504 4760 
7.3542 8215 | 0.1359 7520 | 181.5509 1869 | 24.6864 2281 
7.6116 8203 | 0.1313 7701 | 188.9052 0085 | 24.8177 9981 
7.8780 9090 | 0.1269 3431 | 196.5168 8288 | 29.9447 3412 

8.1538 2408 | 0.1226 4184 | 204.3949 7378 | 25.0673 7596 

51 0.0073 2156 
0.0070 2429 
0.0067 4100 
0.0064 7090 
0.0062 1323 

0.0059 6730 
0.0057 3245 
0.0055 0810 
0.0052 9366 
0.0050 8862 

0.0048 9249 

0.0423 2156 
0.0420 2429 
0.0417 4100 
0.0414 7090 
0.0412 1323 

0.0409 6730 
0.0407 3245 
0.0405 0810 
0.0402 9366 
0.0400 8862 

0.0398 9249 
8.4392 0793 | 0.1184 9453 | 212.5487 9786 | 25.1858 7049. | 0.0047 0480 | 0.0397 0480 
8.7345 8020 | 0.1144 8747 | 220.9880 0579 | 25.3003 5796 | 0.0045 2513 | 0.0395 2513 
9.0402 9051 | 0.1106 1591 | 229.7225 8599 | 25.4109 7388 | 0.0043 5308 | 0.0393 5308 
9.3567 0068 

9.6841 8520 
10.0231 3168 
10.3739 4129 
10.7370 2924 
11.1128 2526 

11.5017 7414 
11.9043 3624 
12.3209 8801 
12.7522 2259 
13.1985 5038 

13.6604 9964 

0.1068 7528 

0.1032 6114 
0.0997 6922 
0.0963 9538 
0.0931 3563 
0.0899 8612 

0.0869 4311 
0.0840 0300 
0.0811 6232 
0.0784 1770 
0.0757 6590 

0.0732 0376 

238.7628 7650 

248.1195 7718 
257.8037 6238 
267.8268 9406 
278.2008 3535 
288.9378 6459 

300.0506 8985 
311.5524 6400 
323.4568 0024 
335.7777 8824 
348.5300 1083 

361.7285 6121 

25.5178 4916 

25.6211 1030 
25.7208 7951 
25.8172 7489 
25.9104 1052 
26.0003 9664 

26.0873 3975 
26.1713 4275 
26.2525 0508 
26.3309 2278 
26.4066 8868 

26.4798 9244 

0.0041 8826 

0.0040 3031 
0.0038 7892 
0.0037 3375 
0.0035 9453 
0.0034 6095 

0.0033 3277 
0.0032 0973 
0.0030 9160 
0.0029 7816 
0.0028 6919 

0.0027 6450 

0.0391 8826 

0.0390 3031 
0.0388 7892 
0.0387 3375 
0.0385 9453 
0.0384 6095 

0.0383 3277 
0.0382 0973 
0.0380 9160 
0.0379 7816 
0.0378 6919 

0.0377 6450 
14.1386 1713 | 0.0707 2827 | 375.3890 6085 | 26.5506 2072 | 0.0026 6390 | 0.0376 6390 
14.6334 6873 | 0.0683 3650 | 389.5276 7798 | 26.6189 5721 | 0.0025 6721 | 0.0375 6721 
15.1456 4013 | 0.0660 2560 | 404.1611 4671 | 26.6849 8281 | 0.0024 7426 | 0.0374 7426 

26.7487 7567 

26.8104 1127 
26.8699 6258 
26.9275 0008 
26.9830 9186 
27.0368 0373 

27.0886 9926 

0.0373 8489 

0.0372 9894 
0.0372 1628 
0.0371 3676 
0.0370 6025 
0.0369 8662 

0.0369 1576 

0.0637 9285 

0.0616 3561 
0.0595 5131 
0.0575 3750 
0.0555 9178 
0.0537 1187 

0.0518 9553 

419.3067 8685 

434.9825 2439 
451.2069 1274 
467.9991 5469 
485.3791 2510 
503.3673 9448 

521.9852 5329 

0.0023 8489 

0.0022 9894 
0.0022 1628 
0.0021 3676 
0.0020 6025 
0.0019 8662 

0.0019 1576 

15.6757 3754 

16.2243 8835 
16.7922 4195 
17.3799 7041 
17.9882 6938 
18.6178 5881 

19.2694 8387 
19.9439 1580 | 0.0501 4060 | 541.2547 3715 | 27.1388 3986 | 0.0018 4756 | 0.0368 4756 
20.6419 5285 | 0.0484 4503 | 561.1986 5295 | 27.1872 8489 | 0.0017 8190 | 0.0367 8190 
21.3644 2120 | 0.0468 0679 | 581.8406 0581 | 27.2340 9168 | 0.0017 1868 | 0.0367 1868. 

0.0366 5781 

0.0365 9919 
0.0365 4273 
0.0364 8834 
0.0364 3594 
0.0363 8546 

27.2793 1564 

27.3230 1028 
27.3652 2732 
27.4060 1673 
27.4454 2680 
27.4835 0415 

0.0016 5781 

0.0015 9919 
0.0015 4273 
0.0014 8834 
0.0014 3594 
0.0013 8546 

603.2050 2701 

625.3172 0295 
648.2033 0506 
671.8904 2073 
696.4065 8546 
721.7808 1595 

0.0452 2395 

0.0436 9464 
0.0422 1704 
0.0407 8941 
0.0394 1006 
0.0380 7735 

22 121 7595 

22.8861 0210 
23.6871 1568 
24.5161 6473 
25.3742 3049 
26.2623 2856 

27.1815 1006 | 0.0367 8971 | 748.0431 4451 | 27.5202 9387 | 0.0013 3682 | 0.0363 3682 
28.1328 6291 | 0.0355 4562 | 775.2246 5457 | 27.5558 3948 | 0.0012 8995 | 0.0362 8995 
29.1175 1311 | 0.0343 4359 | 803.3575 1748 | 27.5901 8308 | 0.0012 4478 | 0.0362 4478 

0.0362 0124 
0.0361 5927 

27.6233 6529 
27.6554 2540 

0.0012 0124 
0.0011 5927 

832.4750 3059 
862.6116 5666 

0.0331 8221 
0.0320 6011 

30.1366 2607 
31.1914 0798 
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1.0400 0000 
1.0816 0000 
1.1248 6400 
1.1698 5856 
1.2166 5290 

1.2653 1902 
1.3159 3178 
1.3685 6905 
1.4233 1181 
1.4802 4428 

1.5394 5406 
1.6010 3222 
1.6650 7351 
1.7316 7645 
1.8009 4351 

1.8729 8125 
1.9479 0050 
2.0258 1652 
2.1068 4918 
2.1911 2314 

2.2787 6807 
2.3699 1879 
2.4647 1554 
2.5633 0416 
2.6658 3633 

2.7724 6978 
2.8833 6858 
2.9987 0332 
3.1186 5145 
3.2433 9751 

3.3731 3341 
3.5080 5875 
3.6483 8110 
3.7943 1634 
3.9460 8899 

4.1039 3255 
4.2680 8986 
4.4388 1345 
4.6163 6599 
4.8010 2063 

4.9930 6145 
5.1927 8391 
5.4004 9527 
5.6165 1508 
5.8411 7568 

6.0748 2271 
6.3178 1562 
6.5705 2824 
6.8333 4937 
7.1066 8335 

0.9615 3846 
0.9245 5621 
0.8889 9636 
0.8548 0419 
0.8219 2711 

0.7903 1453 
0.7599 1781 
0.7306 9021 
0.7025 8674 
0.6755 6417 

0.6495 8093 
0.6245 9705 
0.6005 7409 
0.5774 7508 
0.5552 6450 

0.5339 0818 
0.5133 7325 
0.4936 2812 
0.4746 4242 
0.4563 8695 

0.4388 3360 
0.4219 5539 
0.4057 2633 
0.3901 2147 
0.3751 1680 

0.3606 8923 
0.3468 1657 
0.3334 7747 
0.3206 5141 
0.3083 1867 

0.2964 6026 
0.2850 5794 
0.2740 9417 
0.2635 5209 
0.2534 1547 

0.2436 6872 
0.2342 9685 
0.2252 8543 
0.2166 2061 
0.2082 8904 

0.2002 7793 
0.1925 7493 
0.1851 6820 
0.1780 4635 
0.1711 9841 

0.1646 1386 
0.1582 8256 
0.1521 9476 
0.1463 4112 
0.1407 1262 

5.4163 2256 

6.6329 7546 
7.8982 9448 
9.2142 2626 
10.5827 9531 
12.0061 0712 

13.4863 5141 
15.0258 0546 
16.6268 3768 
18.2919 1119 
20.0235 8764 

21.8245 3114 
DBLOOI S239. 
25.6454 1288 
27.6712 2940 
29.7780 7858 

31.9692 0172 
34.2479 6979 
36.6178 8858 
39.0826 0412 
41.6459 0829 

44.3117 4462 
47.0842 1440 
49.9675 8298 
52.9662 8630 
56.0849 3775 

59.3283 3526 
62.7014 6867 
66.2095 2742 
69.8579 0851 
73.6522 2486 

77.5983 1385 
81.7022 4640 
85.9703 3626 
90.4091 4971 
95.0255 1570 

99.8265 3633 
104.8195 9778 
110.0123 8169 
115.4128 7696 
121.0293 9204 

126.8705 6772 
132.9453 9043 
139.2632 0604 
145.8337 3429 
152.6670 8366 

0.9615 3846 
1.8860 9467 
2.7750 9103 
3.6298 9522 
4.4518 2233 

5.2421 3686 
6.0020 5467 
6.7327 4487 
7.4353 3161 
8.1108 9578 

8.7604 7671 
9.3850 7376 
9.9856 4785 

10.5631 2293 
11.1183 8743 

11.6522 9561 
12.1656 6885 
12.6592 9697 
13.1339 3940 
13.5903 2634 

14.0291 5995 
14.4511 1533 
14.8568 4167 
15.2469 6314 
15.6220 7994 

15.9827 6918 
16.3295 8575 
16.6630 6322 
16.9837 1463 
17.2920 3330 

17.5884 9356 
17.8735 5150 
18.1476 4567 
18.4111 9776 
18.6646 1323 

18.9082 8195 
19.1425 7880 
19.3678 6423 
19.5844 8484 
19.7927 7388 

19.9930 5181 
20.1856 2674 
20.3707 9494 
20.5488 4129 
20.7200 3970 

20.8846 5356 
21.0429 3612 
21.1951 3088 
21.3414 7200 
21.4821 8462 

0.4901 9608 
0.3203 4854 
0.2354 9005 
0.1846 2711 

0.1507 6190 
0.1266 0961 
0.1085 2783 
0.0944 9299 
0.0832 9094 

0.0741 4904 
0.0665 5217 
0.0601 4373 
0.0546 6897 
0.0499 4110 

0.0458 2000 
0.0421 9852 
0.0389 9333 
0.0361 3862 
0.0335 8175 

0.0312 8011 
0.0291 9881 
0.0273 0906 
0.0255 8683 
0.0240 1196 

0.0225 6738 
0.0212 3854 
0.0200 1298 
0.0188 7993 
0.0178 3010 

0.0168 5535 
0.0159 4859 
0.0151 0357 
0.0143 1477 
0.0135 7732 

0.0128 8688 
0.0122 3957 
0.0116 3192 
0.0110 6083 
0.0105 2349 

0.0100 1738 
0.0095 4020 
0.0090 8989 
0.0086 6454 
0.0082 6246 

0.0078 8205 
0.0075 2189 
0.0071 8065 
0.0068 5712 
0.0065 5020 

0.5301 9608 
0.3603 4854 
0.2754 9005 
0.2246 2711 

0.1907 6190 
0.1666 0961 
0.1485 2783 
0.1344 9299 
0.1232 9094 

0.1141 4904 
0.1065 5217 
0.1001 4373 
0.0946 6897 
0.0899 4110 

0.0858 2000 
0.0821 9852 
0.0789 9333 
0.0761 3862 
0.0735 8175 

0.0712 8011 
0.0691 9881 
0.0673 0906 
0.0655 8683 
0.0640 1196 

0.0625 6738 
0.0612 3854 
0.0600 1298 
0.0588 7993 
0.0578 3010 

0.0568 5535 
0.0559 4859 
0.0551 0357 
0.0543 1477 
0.0535 7732 

0.0528 8688 
0.0522 3957 
0.0516 3192 
0.0510 6083 
0.0505 2349 

0.0500 1738 
0.0495 4020 
0.0490 8989 
0.0486 6454 
0.0482 6246 

0.0478 8205 
0.0475 2189 
0.0471 8065 
0.0468 5712 
0.0465 5020 



APPENDIX C Tables 4g” 549 

i= 44% 

Eee ee ee 

1 | 1.0450 0000 | 0.9569 3780 1.0000 0000 | 0.9569 3780 | 1.0000 0000 | 1.0450 0000 
2 | 1.0920 2500 | 0.9157 2995 2.0450 0000 | 1.8726 6775 | 0.4889 9756 | 0.5339 9756 
3 | 1.1411 6613 | 0.8762 9660 3.1370 2500 | 2.7489 6435 | 0.3187 7336 | 0.3637 7336 
4 | 1.1925 1860 | 0.8385 6134 4.2781 9113 | 3.5875 2570 | 0.2337 4365 | 0.2787 4365 
5 | 1.2461 8194 | 0.8024 5105 5.4707 0973 | 4.3899 7674 | 0.1827 9164 | 0.2277 9164 

6 | 1.3022 6012 | 0.7678 9574 6.7168 9166 | 5.1578 7248 | 0.1488 7839 | 0.1938 7839 
7 | 1.3608 6183 | 0.7348 2846 8.0191 5179 | 5.8927 0094 | 0.1247 0147 | 0.1697 0147 
8 | 1.4221 0061 | 0.7031 8513 9.3800 1362 | 6.5958 8607 | 0.1066 0965 | 0.1516 0965 
9 | 1.4860 9514 | 0.6729 0443 | 10.8021 1423 | 7.2687 9050 | 0.0925 7447 | 0.1375 7447 

1.5529 6942 

1.6228 5305 

0.6439 2768 | 

0.6161 9874 

12.2882 0937 

13.8411 7879 

7.9127 1818 

8.5289 1692 

0.0813 7882 

0.0722 4818 

0.1263 7882 

0.1172 4818 
1.6958 8143 | 0.5896 6386 15.4640 3184 9.1185 8078 | 0.0646 6619 | 0.1096 6619 
1.7721 9610 | 0.5642 7164 T7199) 1327 9.6828 5242 | 0.0582 7535 | 0.1032 7535 
1.8519 4492 | 0.5399 7286 18.9321 0937 | 10.2228 2528 | 0.0528 2032 | 0.0978 2032 
1.9352 8244 

2.0223 7015 

0.5167 2044 

0.4944 6932 

20.7840 5429 

22.7193 3673 

10.7395 4573 

11.2340 1505 

0.0481 1381 

0.0440 1537 

0.0931 1381 

0.0890 1537 
2.1133 7681 | 0.4731 7639 24.7417 0689 | 11.7071 9143 | 0.0404 1758 | 0.0854 1758 
2.2084 7877 | 0.4528 0037 26.8550 8370 | 12.1599 9180 | 0.0372 3690 | 0.0822 3690 
2.3078 6031 | 0.4333 0179 29.0635 6246 | 12.5932 9359 | 0.0344 0734 | 0.0794 0734 
2.4117 1402 

2.5202 4116 

0.4146 4286 

0.3967 8743 

31.3714 2277 

33.7831 3680 

13.0079 3645 

13.4047 2388 

0.0318 7614 

0.0296 0057 

0.0768 7614 

0.0746 0057 
2.6336 5201 | 0.3797 0089 36.3033 7795 | 13.7844 2476 | 0.0275 4565 | 0.0725 4565 
2.7521 6635 | 0.3633 5013 38.9370 2996 | 14.1477 7489 | 0.0256 8249 | 0.0706 8249 
2.8760 1383 | 0.3477 0347 41.6891 9631 | 14.4954 7837 | 0.0239 8703 | 0.0689 8703 

44.5652 1015 

47.5706 4460 
50.7113 2361 
9329933) 3317 
57.4230 3316 
61.0070 6966 

64.7523 8779 
68.6662 4524 
75.7562 2628 
77.0302 5646 
81.4966 1800 

86.1639 6581 
91.0413 4427 
96.1382 0476 
101.4644 2398 
107.0303 2306 

112.8466 8760 

14.8282 0896 

15.1466 1145 
15.4513 0282 
15.7428 7351 
16.0218 8853 
16.2888 8854 

16.5443 9095 
16.7888 9086 
17.0228 6207 
17.2467 5796 
17.4610 1240 

17.6660 4058 
17.8622 3979 
18.0499 9023 
18.2296 5572 
18.4015 8442 

18.5661 0949 

0.0224 3903 

0.0210 2137 
0.0197 1946 
0.0185 2081 
0.0174 1461 
0.0163 9154 

0.0154 4345 
0.0145 6320 
0.0137 4453 
0.0129 8191 
0.0122 7045 

0.0116 0578 
0.0109 8402 
0.0104 0169 
0.0098 5567 
0.0093 4315 

0.0088 6158 

0.0674 3903 

0.0660 2137 
0.0647 1946 
0.0635 2081 
0.0624 1461 
0.0613 9154 

0.0604 4345 
0.0595 6320 
0.0587 4453 
0.0579 8191 
0.0572 7045 

0.0566 0578 
0.0559 8402 
0.0554 0169 
0.0548 5567 
0.0543 4315 

0.0538 6158 

3.0054 3446 

3.1406 7901 
3.2820 0956 
3.4296 9999 
3.5840 3649 
3.7453 1813 

3.9138 5745 
4.0899 8104 
4.2740 3018 
4.4663 6154 
4.6673 4781 

4.8773 7846 
5.0968 6049 
5.3262 1921 
5.5658 9908 
5.8163 6454 

6.0781 0094 

0.3327 3060 

0.3184 0248 
0.3046 9137 
0.2915 7069 
0.2790 1502 
0.2670 0002 

0.2555 0241 
0.2444 9991 
0.2339 7121 
0.2238 9589 
0.2142 5444 

0.2050 2817 
0.1961 9921 
0.1877 5044 
0.1796 6549 
0.1719 2870 

0.1645 2507 
6.3516 1548 | 0.1574 4026 | 118.9247 8854 | 18.7235 4975 | 0.0084 0868 | 0.0534 0868 
6.6374 3818 | 0.1506 6054 | 125.2764 0402 | 18.8742 1029 | 0.0079 8235 | 0.0529 8235 
6.9361 2290 | 0.1441 7276 | 131.9138 4220 | 19.0183 8305 | 0.0075 8071 | 0.0525 8071 

0.0522 0202 

0.0518 4471 

19.1563 4742 

19.2883 7074 

0.0072 0202 

0.0068 4471 

138.8499 6510 

146.0982 1353 

0.1379 6437 

0.1320 2332 

7.2482 4843 

7.5744 1961 
7.9152 6849 | 0.1263 3810 | 153.6726 3314 | 19.4147 0884 | 0.0065 0734 | 0.0515 0734 
8.2714 5557 | 0.1208 9771 | 161.5879 0163 | 19.5356 0654 | 0.0061 8858 | 0.0511 8858 

8.6436 7107 | 0.1156 9158 | 169.8593 5720 | 19.6512 9813 | 0.0058 8722 | 0.0508 8722 

9.0326 3627 | 0.1107 0965 | 178.5030 2828 | 19.7620 0778 | 0.0056 0215 | 0.0506 0215 



550 .# APPENDIX C Tables 

i=5% : 

1+)" 1+)” : it ( i) ( i) Sali azli a aa 

1 1.0500 0000 | 0.9523 8095 1.0000 0000 0.9523 8095 1.0000 0000 1.0500 0000 

2 1.1025 0000 | 0.9070 2948 2.0500 0000 1.8594 1043 0.4878 0488 0.5378 0488 

3 1.1576 2500 | 0.8638 3760 3.1525 0000 2.7232 4803 0.3172 0856 0.3672 0856 

4 1.2155 0625 | 0.8227 0247 4.3101 2500 3.5459 5050 0.2320 1183 0.2820 1183 

5 1.2762 8156 | 0.7835 2617 5.5256 3125 4.3294 7667 0.1809 7480 0.2309 7480 

6 1.3400 9564 | 0.7462 1540 6.8019 1281 5.0756 9207 0.1470 1747 0.1970 1747 

oT 1.4071 0042 | 0.7106 8133 8.1420 0845 5.7863 7340 0.1228 1982 0.1728 1982 

8 1.4774 5544 | 0.6768 3936 9.5491 0888 6.4632 1276 0.1047 2181 0.1547 2181 

9 1.5513 2822 | 0.6446 0892 11.0265 6432 7.1078 2168 0.0906 9008 0.1406 9008 

1.6288 9463 | 0.6139 1325 12.5778 9254 7.7217 3493 0.0795 0457 0.1295 0457 

1.7103 3936 | 0.5846 7929 14.2067 8716 8.3064 1422 0.0703 8889 0.1203 8889 

1.7958 5633 | 0.5568 3742 15.9171 2652 8.8632 5164 0.0628 2541 0.1128 2541 

1.8856 4914 | 0.5303 2135 17.7129 8285 9.3935 7299 0.0564 5577 0.1064 5577 

1.9799 3160 |. 0:5050 6795 19.5986 3199 9.8986 4094 0.0510 2397 0.1010 2397 

0.0963 4229 

0.0922 6991 
0.0886 9914 
0.0855 4622 
0.0827 4501 
0.0802 4259 

0.0779 9611 

2.0789 2818 

2.1828 7459 
2.2920 1832 
2.4066 1923 
2.5269 5020 
2.6532 9771 

2.7859 6259 

0.4810 1710 

0.4581 1152 
0.4362 9669 
0.4155 2065 
0.3957 3396 
0.3768 8948 

0.3589 4236 

21.5785 6359 

23.6574 9177 
25.8403 6636 
28.1323 8467 
30.5390 0391 
33.0659 5410 

35.7192 5181 

10.3796 5804 

10.8377 6956 
11.2740 6625 
11.6895 8690 
12.0853 2086 
12.4622 1034 

12.8211 5271 

0.0463 4229 

0.0422 6991 
0.0386 9914 
0.0355 4622 
0.0327 4501 
0.0302 4259 

0.0279 9611 
2.9252 6072 | 0.3418 4987 38.5052 1440 | 13.1630 0258 | 0.0259 7051 | 0.0759 7051 
3.0715 2376) 50:3295 7131 41.4304 7512 | 13.4885 7388 | 0.0241 3682 | 0.0741 3682 
3.2250 9994 | 0.3100 6791 44.5019 9887 | 13.7986 4179 | 0.0224 7090 | 0.0724 7090 
3.3863 5494 | 0.2953 0277 47.7270 9882 | 14.0939 4457 | 0.0209 5246 | 0.0709 5246 

3.5556 7269 
3.7334 5632 
3.9201 2914 
4.1161 3560 
4.3219 4238 

4.5380 3949 

0.2812 4073 
0.2678 4832 
0.2550 9364 
0.2429 4632 
0.2313 7745 

0.2203 5947 

51.1134 5376 
54.6691 2645 
58.4025 8277 
6273227 101911 
66.4388 4750 

70.7607 8988 

14.3751 8530 
14.6430 3362 
14.8981 2726 
15.1410 7358 
15.3724 5103 

15.5928 1050 

0.0195 6432 
‘0.0182 9186 
0.0171 2253 
0.0160 4551 
0.0150 5144 

0.0141 3212 

0.0695 6432 
0.0682 9186 
0.0671 2253 
0.0660 4551 
0.0650 5144 

0.0641 3212 
4.7649 4147 | 0.2098 6617 75.2988 2937 | 15.8026 7667 | 0.0132 8042 | 0.0632 8042 
5.0031 8854 | 0.1998 7254 80.0637 7084 | 16.0025 4921 | 0.0124 9004 | 0.0624 9004 
5.2533 4797 | 0.1903 5480 85.0669 5938 | 16.1929 0401 | 0.0117 5545 | 0.0617 5545 
5.5160 1537 

5.7918 1614 

0.1812 9029 

0.1726 5741 

90.3203 0735 

95.8363 2272 

16.3741 9429 

16.5468 5171 

0.0110 7171 

0.0104 3446 

0.0610 7171 

0.0604 3446 
6.0814 0694 | 0.1644 3563 | 101.6281 3886 | 16.7112 8734 | 0.0098 3979 | 0.0598 3979 
6.3854 7729 | 0.1566 0536 | 107.7095 4580 | 16.8678 9271 | 0.0092 8423 | 0.0592 8423 
6.7047 5115 | 0.1491 4797 | 114.0950 2309 | 17.0170 4067 | 0.0087 6462 | 0.0587 6462 
7.0399 8871 

7.3919 8815 

0.1420 4568 

0.1352 8160 

120.7997 7424 

127.8397 6295 

17.1590 8635 

17.2943 6796 

0.0082 7816 

0.0078 2229 

0.0582 7816 

0.0578 2229 
7.7615 8756 | 0.1288 3962 | 135.2317 5110 | 17.4232 0758 | 0.0073 9471 | 0.0573 9471 
8.1496 6693 | 0.1227 0440 | 142.9933 3866 | 17.5459 1198 | 0.0069 9333 | 0.0569 9333 
8.5571 5028 | 0.1168 6133 | 151.1430 0559 | 17.6627 7331 | 0.0066 1625 | 0.0566 1625 
8.9850 0779 | 0.1112 9651 | 159.7001 5587 | 17.7740 6982 | 0.0062 6173 | 0.0562 6173 

9.4342 5818 | 0.1059 9668 168.6851 6366 | 17.8800 6650 | 0.0059 2820 | 0.0559 2820 
9.9059 7109 | 0.1009 4921 | 178.1194 2185 | 17.9810 1571 | 0.0056 1421 | 0.0556 1421 
10.4012 6965 | 0.0961 4211 | 188.0253 9294 | 18.0771 5782 | 0.0053 1843 | 0.0553 1843 
10.9213 3313 | 0.0915 6391 | 198.4266 6259 | 18.1687 2173 | 0.0050 3965 | 0.0550 3965 
11.4673 9979 | 0.0872 0373 | 209.3479 9572 | 18.2559 2546 | 0.0047 7674 | 0.0547 7674 



oO ona APWN Re 

1.0600 0000 
1.1236 0000 
1.1910 1600 
1.2624 7696 
1.3382 2558 

1.4185 1911 
1.5036 3026 
1.5938 4807 
1.6894 7896 
1.7908 4770 

1.8982 9856 
2.0121 9647 
2.1329 2826 
2.2609 0396 
2.3965 5819 

2.5403 5168 
2.6927 7279 
2.8543 3915 
3.0255 9950 
3.2071 3547 

3.3995 6360 
3.6035 3742 
3.8197 4966 
4.0489 3464 
4.2918 7072 

4.5493 8296 
4.8223 4594 
5.1116 8670 
5.4183 8790 
5.7434 9117 

6.0881 0064 
6.4533 8668 
6.8405 8988 
7.2510 2528 
7.6860 8679 

8.1472 5200 
8.6360 8712 
9.1542 5235 
9.7035 0749 

10.2857 1794 

10.9028 6101 
11.5570 3267 
12.2504 5463 
12.9854 8191 
13.7646 1083 

14.5904 8748 
15.4659 1673 
16.3938 7173 
17.3775 0403 
18.4201 5427 

0.9433 9623 
0.8899 9644 
0.8396 1928 
0.7920 9366 
0.7472 5817 

0.7049 6054 
0.6650 5711 
0.6274 1237 
0.5918 9846 
0.5583 9478. 

0.5267 8753 
0.4969 6936 
0.4688 3902 
0.4423 0096 
0.4172 6506 

0.3936 4628 
0.3713 6442 
0.3503 4379 
0.3305 1301 
0.3118 0473 

0.2941 5540 
0.2775 0510 
0.2617 9726 
0.2469 7855 
0.2329 9863 

0.2198 1003 
0.2073 6795 
0.1956 3014 
0.1845 5674 
0.1741 1013 

0.1642 5484 
0.1549 5740 
0.1461 8622 
0.1379 1153 
0.1301 0522 

0.1227 4077 
0.1157 9318 
0.1092 3885 
0.1030 5552 
0.0972 2219 

0.0917 1905 
0.0865 2740 
0.0816 2962 
0.0770 0908 
0.0726 5007 

0.0685 3781 
0.0646 5831 
0.0609 9840 
0.0575 4566 
0.0542 8836 

1.0000 0000 
2.0600 0000 
3.1836 0000 
4.3746 1600 
5.6370 9296 

6.9753 1854 
8.3938 3765 
9.8974 6791 
11.4913 1598 
13.1807 9494 

14.9716 4264 
16.8699 4120 
18.8821 3767 
21.0150 6593 
23.2759 6988 

25.6725 2808 
28.2128 7976 
30.9056 5255 
33.7599 9170 
36.7855 9120 

39.9927 2668 
43.3922 9028 
46.9958 2769 
50.8155 7735 
54.8645 1200 

59.1563 8272 
63.7057 6568 
68.5281 1162 
73.6397 9832 
79.0581 8622 

84.8016 7739 
90.8897 7803 
97.3431 6471 
104.1837 5460 
111.4347 7987 

119.1208 6666 
127.2681 1866 
135.9042 0578 
145.0584 5813 
154.7619 6562 

165.0476 8356 
175.9505 4457 
187.5075 7724 
199.7580 3188 
212.7435 1379 

226.5081 2462 
241.0986 1210 
256.5645 2882 
272.9584 0055 
290.3359 0458 

0.9433 9623 
1.8333 9267 
2.6730 1195 
3.4651 0561 
4.2123 6379 

4.9173 2433 
5.5823 8144 
6.2097 9381 
6.8016 9227 
7.3600 8705 

7.8868 7458 
8.3838 4394 
8.8526 8296 
9.2949 8393 
9.7122 4899 

10.1058 9527 
10.4772 5969 
10.8276 0348 
11.1581 1649 
11.4699 2122 

11.7640 7662 
12.0415 8172 
12.3033 7898 
12.5503 5753 
12.7833 5616 

13.0031 6619 
13.2105 3414 
13.4061 6428 
13.5907 2102 
13.7648 3115 

13.9290 8599 
14.0840 4339 
14.2302 2961 
14.3681 4114 
14.4982 4636 

14.6209 8713 
14.7367 8031 
14.8460 1916 
14.9490 7468 
15.0462 9687 

15.1380 1592 
15.2245 4332 
15.3061 7294 
15.3831 8202 
15.4558 3209 

15.5243 6990 
15.5890 2821 
15.6500 2661 
15.7075 7227 
15.7618 6064 

1.0000 0000 
0.4854 3689 
0.3141 0981 
0.2285 9149 
0.1773 9640 

0.1433 6263 
0.1191 3502 
0.1010 3594 
0.0870 2224 
0.0758 6796 

0.0667 9294 
0.0592 7703 
0.0529 6011 
0.0475 8491 
0.0429 6276 

0.0389 5214 
0.0354 4480 
0.0323 5654 
0.0296 2086 
0.0271 8456 

0.0250 0455 
0.0230 4557 
0.0212 7848 
0.0196 7900 
0.0182 2672 

0.0169 0435 
0.0156 9717 
0.0145 9255 
0.0135 7961 
0.0126 4891 

0.0117 9222 
0.0110 0234 
0.0102 7293 
0.0095 9843 
0.0089 7386 

0.0083 9483 
0.0078 5743 
0.0073 5812 
0.0068 9377 
0.0064 6154 

0.0060 5886 
0.0056 8342 
0.0053 3312 
0.0050 0606 
0.0047 0050 

0.0044 1485 
0.0041 4768 
0.0038 9765 
0.0036 6356 
0.0034 4429 

APPENDIX C Tables 4” 551 

1.0600 0000 
0.5454 3689 
0.3741 0981 
0.2885 9149 
0.2373 9640 

0.2033 6263 
0.1791 3502 
0.1610 3594 
0.1470 2224 
0.1358 6796 

0.1267 9294 
0.1192 7703 
0.1129 6011 
0.1075 8491 
0.1029 6276 

0.0989 5214 
0.0954 4480 
0.0923 5654 
0.0896 2086 
0.0871 8456 

0.0850 0455 
0.0830 4557 
0.0812 7848 
0.0796 7900 
0.0782 2672 

0.0769 0435 
0.0756 9717 
0.0745 9255 
0.0735 7961 
0.0726 4891 

0.0717 9222 
0.0710 0234 
0.0702 7293 
0.0695 9843 
0.0689 7386 

0.0683 9483 
0.0678 5743 
0.0673 5812 
0.0668 9377 
0.0664 6154 

0.0660 5886 
0.0656 8342 
0.0653 3312 
0.0650 0606 
0.0647 0050 

0.0644 1485 
0.0641 4768 
0.0638 9765 
0.0636 6356 
0.0634 4429 



552 4 APPENDIX C Tables 

Laer [om 

OMANIH NHRWNYKE 

1.0700 0000 
1.1449 0000 
1.2250 4300 
1.3107 9601 
1.4025 5173 

1.5007 3035 
1.6057 8148 
1.7181 8618 
1.8384 5921 
1.9671 5136 

2.1048 5195 
Py PL SMS) 
2.4098 4500 
2.5785 3415 
2.7590 3154 

2.9521 6375 
3.1588 1521 
3.3799 3228 
3.6165 2754 
3.8696 8446 

4.1405 6237 
4.4304 0174 
4.7405 2986 
5.0723 6695 
5.4274 3264 

5.8073 5292 
6.2138 6763 
6.6488 3836 
7.1142 5705 
7.6122 5504 

8.1451 1290 
8.7152 7080 
9.3258) 3975 
9.9781 1354 
10.6765 8148 

11.4239 4219 
12.2236 1814 
13.0792 7141 
13.9948 2041 
14.9744 5784 

16.0226 6989 
17.1442 5678 
18.3443 5475 
19.6284 5959 
21.0024 5176 

22.4726 2338 
24.0457 0702 
25.7289 0651 
27.5299 2997 
29.4570 2506 

0.9345 7944 
0.8734 3873 
0.8162 9788 
0.7628 9521 
0.7129 8618 

0.6663 4222 
0.6227 4974 
0.5820 0910 
0.5439 3374 
0.5083 4929 

0.4750 9280 
0.4440 1196 
0.4149 6445 
0.3878 1724 
0.3624 4602 

0.3387 3460 
0.3165 7439 
0.2958 6392 
0.2765 0833 
0.2584 1900 

0.2415 1309 
0.2257 1317 
0.2109 4688 
0.1971 4662 
0.1842 4918 

0.1721 9549 
0.1609 3037 
0.1504 0221 
0.1405 6282 
0.1313 6712 

0.1227 7301 
0.1147 4113 
0.1072 3470 
0.1002 1934 
0.0936 6294 

0.0875 3546 
0.0818 0884 
0.0764 5686 
0.0714 5501 
0.0667 8038 

0.0624 1157 
0.0583 2857 
0.0545 1268 
0.0509 4643 
0.0476 1349 

0.0444 9859 
0.0415 8747 
0.0388 6679 
0.0363 2410 
0.0339 4776 

i=7% 

1.0000 0000 
2.0700 0000 
3.2149 0000 
4.4399 4300 
5.7507 3901 

7.1532 9074 
8.6540 2109 
10.2598 0257 
11.9779 8875 
13.8164 4796 

15.7835 9932 
17:8884 5127 
20.1406 4286 
22.5504 8786 
25.1290 2201 

27.8880 5355 
30.8402 1730 
33.9990 3251 
37.3789 6479 
40.9954 9232 

44.8651 7678 
49.0057 3916 
53.4361 4090 
58.1766 7076 
63.2490 3772 

68.6764 7036 
74.4838 2328 
80.6976 9091 
87.3465 2927 
94.4607 8632 

102.0730 4137 
110.2181 5426 
118.9334 2506 
128.2587 6481 
138.2368 7835 

148.9134 5984 
160.3374 0202 
172.5610 2017 
185.6402 9158 
199.6351 1199 

214.6095 6983 
230.6322 3972 
247.7764 9650 
266.1208 5125 
285.7493 1084 

306.7517 6260 
329.2243 8598 
353.2700 9300 
378.9989 9951 
406.5289 2947 

0.9345 7944 
1.8080 1817 
2.6243 1604 
3.3872 1126 
4.1001 9744 

4.7665 3966 
5.3892 8940 
5.9712 9851 
6.5152 3225 
7.0235 8154 

7.4986 7434 
7.9426 8630 
8.3576 5074 
8.7454 6799 
9.1079 1401 

9.4466 4860 
9.7632 2299 
10.0590 8691 
10.3355 9524 
10.5940 1425 

10.8355 2733 
11.0612 4050 
11.2721 8738 
11.4693 3400 
11.6535 8318 

11.8257 7867 
11.9867 0904 
12.1374 1125 
12.2776 7407 
12.4090 4118 

12.5318 1419 
12.6465 5532 
12.7537 9002 
12.8540 0936 
12.9476 7230 

13.0352 0776 
13.1170 1660 
13.1934 7345 
13.2649 2846 
13.3317 0884 

13.3941 2041 
13.4524 4898 
13.5069 6167 
13.5579 0810 
13.6055 2159 

13.6500 2018 
13.6916 0764 
13.7304 7443 
13.7667 9853 
13.8007 4629 

1.0000 0000 
0.4830 9179 
0.3110 5167 
0.2252 2812 
0.1738 9069 

0.1397 9580 
0.1155 5322 
0.0974 6776 
0.0834 8647 
0.0723 7750 

0.0633 5690 
0.0559 0199 
0.0496 5085 
0.0443 4494 
0.0397 9462 

0.0358 5765 
0.0324 2519 
0.0294 1260 
0.0267 5301 
0.0243 9293 

0.0222 8900 
0.0204 0577 
0.0187 1393 
0.0171 8902 
0.0158 1052 

0.0145 6103 
*0.0134 2573 
0.0123 9193 
0.0114 4865 
0.0105 8640 

0.0097 9691 
0.0090 7292 
0.0084 0807 
0.0077 9674 
0.0072 3396 

0.0067 1531 
0.0062 3685 
0.0057 9505 
0.0053 8676 
0.0050 0914 

0.0046 5962 
0.0043 3591 
0.0040 3590 
0.0037 5769 
0.0034 9957 

0.0032 5996 
0.0030 3744 
0.0028 3070 
0.0026 3853 
0.0024 5985 

1.0700 0000 
0.5530 9179 
0.3810 5167 
0.2952 2812 
0.2438 9069 

0.2097 9580 
0.1855 5322 
0.1674 6776 
0.1534 8647 
0.1423 7750 

0.1333 5690 
0.1259 0199 
0.1196 5085 
0.1143 4494 
0.1097 9462 

0.1058 5765 
0.1024 2519 
0.0994 1260 
0.0967 5301 
0.0943 9293 

0.0922 8900 
0.0904 0577 
0.0887 1393 
0.0871 8902 
0.0858 1052 

0.0845 6103 
0.0834 2573 
0.0823 9193 
0.0814 4865 
0.0805 8640 

0.0797 9691 
0.0790 7292 
0.0784 0807 
0.0777 9674 
0.0772 3396 

0.0767 1531 
0.0762 3685 
0.0757 9505 
0.0753 8676 
0.0750 0914 

0.0746 5962 
0.0743 3591 
0.0740 3590 
0.0737 5769 
0.0734 9957 

0.0732 5996 
0.0730 3744 
0.0728 3070 
0.0726 3853 
0.0724 5985 
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i= 8% 

a aes 1 1 1+ 1+i)" 
pa| are [ovo [im [| ow | 2 [A | 

1.0800 0000 | 0.9259 2593 1.0000 0000 | 0.9259 2593 | 1.0000 0000 | 1.0800 0000 
1.1664 0000 | 0.8573 3882 | 2.0800 0000 |__ 1.7832 6475 | 0.4807 6923 | 0.5607 6923 
1.2597 1200 | 0.7938 3224 | 3.2464.0000 | 2.5770 9699 | 0.3080 3351 | 0.3880 3351 
1.3604 8896 | 0.7350 2985 | 4.5061 1200 | 3.3121 2684 | 0.2219 2080 | 0.3019 2080 
1.4693 2808 | 0.6805 8320 | 5.8666 0096 | 3.9927 1004 | 0.1704 5645 | 0.2504 5645 

OMPIND NARWNKE 

1.5868 7432 | 0.6301 6963 7.3359 2904 4.6228 7966 | 0.1363 1539 | 0.2163 1539 
1.7138 2427 | 0.5834 9040 8.9228 0336 5.2063 7006 | 0.1120 7240 | 0.1920 7240 
1.8509 3021 | 0.5402 6888 10.6366 2763 5.7466 3894 | 0.0940 1476 | 0.1740 1476 
1.9990 0463 | 0.5002 4897 12.4875 5784 6.2468 8791 | 0.0800 7971 | 0.1600 7971 

10 2.1589 2500 | 0.4631 9349 14.4865 6247 6.7100 8140 | 0.0690 2949 | 0.1490 2949 

11 2.3316 3900 | 0.4288 8286 16.6454 8746 7.1389 6426 | 0.0600 7634 | 0.1400 7634 
12 2.5181 7012 | 0.3971 1376 18.9771 2646 7.5360 7802 | 0.0526 9502 | 0.1326 9502 
13 2.7196 2373 | 0.3676 9792 21.4952 9658 7.9037 7594 | 0.0465 2181 | 0.1265 2181 
14 2.9371 9362 | 0.3404 6104 24.2149 2030 8.2442 3698 | 0.0412 9685 | 0.1212 9685 
15 3.1721 6911 | 0.3152 4170 27.1521 1393 8.5594 7869 | 0.0368 2954 | 0.1168 2954 

16 3.4259 4264 | 0.2918 9047 30.3242 8304 8.8513 6916 | 0.0329 7687 | 0.1129 7687 
17 3.7000 1805 | 0.2702 6895 33.7502 2569 9.1216 3811 | 0.0296 2943 | 0.1096 2943 
18 3.9960 1950 | 0.2502 4903 37.4502 4374 9.3718 8714 | 0.0267 0210 | 0.1067 0210 
19 4.3157 0106 | 0.2317 1206 41.4462 6324 9.6035 9920 | 0.0241 2763 | 0.1041 2763 

0.1018 5221 

0.0998 3225 

45.7619 6430 

50.4229 2144 

9.8181 4741 

10.0168 0316 

0.0218 5221 

0.0198 3225 

20 4.6609 5714 

21 5.0338 3372 

0.2145 4821 

0.1986 5575 
De 5.4365 4041 | 0.1839 4051 55.4567 5516 | 10.2007 4366 | 0.0180 3207 | 0.0980 3207 
23 5.8714 6365 | 0.1703 1528 60.8932 9557 | 10.3710 5895 | 0.0164 2217 | 0.0964 2217 
24 6.3411 8074 | 0.1576 9934 66.7647 5922 | 10.5287 5828 | 0.0149 7796 | 0.0949 7796 
25 6.8484 7520 | 0.1460 1790 73.1059 3995 | 10.6747 7619 | 0.0136 7878 | 0.0936 7878 

26 7.3963 5321 | 0.1352 0176 79.9544 1515 | 10.8099 7795 | 0.0125 0713 | 0.0925 0713 
27 7.9880 6147 | 0.1251 8682 87.3507 6836 | 10.9351 6477 | 0.0114 4810 | 0.0914 4810 
28 8.6271 0639 | 0.1159 1372 95.3388 2983 | 11.0510 7849 | 0.0104 8891 | 0.0904 8891 
29 9.3172 7490 | 0.1073 2752 | 103.9659 3622 | 11.1584 0601 | 0.0096 1854 | 0.0896 1854 

0.0088 2743 

0.0081 0728 

0.0888 2743 

0.0881 0728 

113.2832 1111 

123.3458 6800 

11.2577 8334 

11.3497 9939 

0.0993 7733 

0.0920 1605 

30 | 10.0626 5689 

31 | 10.8676 6944 
32 | 11.7370 8300 | 0.0852 0005 | 134.2135 3744 | 11.4349 9944 | 0.0074 5081 | 0.0874 5081 
33 | 12.6760 4964 | 0.0788 8893 | 145.9506 2044 | 11.5138 8837 | 0.0068 5163 | 0.0868 5163 
34 | 13.6901 3361 | 0.0730 4531 | 158.6266 7007 | 11.5869 3367 | 0.0063 0411 | 0.0863 0411 

0.0858 0326 

0.0853 4467 

11.6545 6822 

UTA SPT) 

172.3168 0368 

187.1021 4797 

0.0676 3454 

0.0626 2458 

35 | 14.7853 4429 

36 | 15.9681 7184 

0.0058 0326 

0.0053 4467 
37 | 17.2456 2558 | 0.0579 8572 | 203.0703 1981 | 11.7751 7851 | 0.0049 2440 | 0.0849 2440 
38 | 18.6252 7563 | 0.0536 9048 | 220.3159 4540 | 11.8288 6899 | 0.0045 3894 | 0.0845 3894 
39 | 20.1152 9768 | 0.0497 1341 | 238.9412 2103 | 11.8785 8240 | 0.0041 8513 | 0.0841 8513 

0.0838 6016 

0.0835 6149 

11.9246 1333 

11.9672 3457 

0.0038 6016 

0.0035 6149 

259.0565 1871 

280.7810 4021 

0.0460 3093 

0.0426 2123 

40 | 21.7245 2150 

41 | 23.4624 8322 
42 | 25.3394 8187 | 0.0394 6411 | 304.2435 2342 | 12.0066 9867 | 0.0032 8684 | 0.0832 8684 
43 | 27.3666 4042 | 0.0365 4084 | 329.5830 0530 | 12.0432 3951 | 0.0030 3414 | 0.0830 3414 
44 | 29.5559 7166 | 0.0338 3411 | 356.9496 4572 | 12.0770 7362 | 0.0028 0152 | 0.0828 0152 
45 | 31.9204 4939 | 0.0313 2788 | 386.5056 1738 | 12.1084 0150 | 0.0025 8728 | 0.0825 8728 

12.1374 0880 | 0.0023 8991 | 0.0823 8991 46 | 34.4740 8534 | 0.0290 0730 | 418.4260 6677 
47 | 37.2320 1217 | 0.0268 5861 | 452.9001 5211 | 12.1642 6741 | 0.0022 0799 | 0.0822 0799 
48 | 40.2105 7314 | 0.0248 6908 | 490.1321 6428 | 12.1891 3649 | 0.0020 4027 | 0.0820 4027 
49 | 43.4274 1899 | 0.0230 2693 | 530 3427 3742 | 12.2121 6341 | 0.0018 8557 | 0.0818 8557 
50 | 46.9016 1251 | 0.0213 2123 | 573.7701 5642 | 12.2334 8464 | 0.0017 4286 | 0.0817 4286 



. or? i ore 

is rg | tS 

’ 

, v ay ay: 
eR ie 

bebe 

wee ate 
apes nae’) ine 

BD? ft R. 

Dre: A, if 

ah is nti ry 

ihe yin « Paar My i : 4 ette 
: v 

GMa bet Ce Sth ee os eat 
nw? eva e wa ral t= " a OT ae if ah ieee Ces 

bes a | ie Peo 
AR » Sule hh k } ee ye Ai fe 

en } a2 qth 
/ ‘ ios 

alee eet he Sn | aa Ls 
; W : an AS Yah 5 

"| amie 0° pal 
1, mss ath mT 

- ie i Acta VTE te 

i ca A ihe 

‘ ‘ iw 

‘ a td 

f j 3 1 oak 

iM 



Exercises 

CHAPTER ONE 

Exercise Set 1.1, page 8 

f 

3. 

Se 
11. 

13. 

15. 

27. 

39. 

(a) terminating, repeating, rational (b) 

(e) terminating, repeating, rational 

() @ (ff) ©© (a) 

—-5-4-3-2-1 0123 4 5 6 

4 Uo, = 2 CY Viees) 

repeating, rational 

—6—5-4-3-2-10123456789 

— 2 een 2 Si 4 SG) 7 

(c) irrational (d) repeating, rational 

10 > 9.99 We a=) 19. x >0 PAL 1) SS =e Ph Wes 253 

ee 86 sie 3 eds 33) a <0. 35, eS $237. Oe 

Quadrant 41. 

Coordinates 

555 
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43. Wi 45. (—2, 9) 

Exercise Set 1.2, page 14 

1. (a), (b), S55 (a) ews (b) -—3 (os —3/2 (Gas 

5. 

x-intercept y-intercept 

Ic 4 —% 
9. ail 1 

11. 1 all 
13. None 1 
15. +4 None 

17. x-intercept: — 3; y-intercept: —3 19. x-intercept: 3; y-intercept: 2 f 

hy 

| 
—— 

Pad 
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21. x-intercept: —1; y-intercept: 1 23. x-intercept: + Mey y-intercept: 3 
\ 

y 

, 2 
= > 

x 

25. x-intercept: none; y-intercept: none 74s WA 29. s 
’ 

t 

x 

Exercise Set 1.3, page 23 

CoG eS Ones sol, FG) Oy (lon 
3. (a) 3 (b) = 8 SH Ts (a) parallel (b) not parallel (c) not parallel (same line) 

9. @) yam 4 yy Se - 2} y=3 
i Gee ee) Oty =2 44" © y=3— 36=3)  @ y»=3 
ne A rr) yA) 

13. @) y Ss —70-2) °° =O) Va l= — ed) 
15. (a) y=x+1 (b)  y = $(—4x + 2) 17. y=-2x +4 
19. (a) x-—iy= -7;A=1,B= -4,C= =7/ (b) y=2;A=0,B=1,C=2 

(c) 4k-y=5;A=4,B=-1,C=5 (d) x —- 3y = -6;A = 1, B= —3,C = -6 

21. (a) y (b) 
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(c) J 

23. (a) (b) 

\25; y=2x-2 29. P = 2x + 5000 
4 
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Exercise Set 1.4, page 29 

> 12) 3 (a) x= —2 y= 2 Eb) 

5. (a) (b) 

() ) 
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7. (a) (b) 

(d) 

9: a) ek ao Ry SS (BD) aay 0 Me) Ni aa aC) serene yee 
11. (b)_ the lines are parallel (c) 

_ Cd ey 2) afr ee : : 
13. (b), (c) 15. x= ark aE 17. 3 dimes and 5 nickels 

19. $4000 invested in type A bonds and $2000 invested in type B bonds 
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Exercise Set 1.5, page 40 

1. (a) S= 12,000 + 840r (b) $16,200 (c) $14,940 3. $6000 
5. (a) V = 24,000 — 1920r (6) $10,560  (c) 9.9 (approximately)  (d) 12.5 7. $60,000 
9% (229 N=$+%r  (b) N (c) 213,333 ee sake pees 100 a 

ee 

13. y= ux Te = AT. (a) y= 6177x + 5.919 (b) 127.1 (c) to simplify the arithmetic 

19. 1100 meals 21, 4000 newspapers, 

23. (a) equilibrium price = $15; 4000 compact discs sold (b) Qollars)P 

Ss aS 

D 

10 

4 Q(thousands) 

25. (a) equilibrium price = $5 (b) yes, 9 units (c) yes, 6 units 

Exercise Set 1.6, page 47 

1. (a) y -3x—2y=3 (b) i 30) 2y = 3 
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Se, (a) Us 7x — 8y =0 (b) 

\» 

3x +y =9 

no solution 15. 

7 ye 0) 19 3 yi 24 16 2S ysho =0s yi x= —3 

Supplementary Exercises, page 49 

x-intercept y-intercept 

1. 353 9 

3. 2, -2 —4 
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11. 

13. y= 4x+ 11 15. y=1 17. y=ix+2 19. x-intercept: a; y-intercept: b 23. &, 5) 

Die Dey 3 29. x=0,y=0 31. 8% per year 33. $760 million 35. y = 1.8x — 0.6 

37. equilibrium price = $.40; 68,000 pounds of bananas sold SO yee al x Dyn 116 

Chapter Test, page 51 

1. x-intercepts: 3 and —3, y-intercept: 27 

2. y 

& 

Bs 3x +12y =3 4. 3x+ 2y=6 5 x=3,y=F% 6. 6 years 7. 50,000 pounds of pollutant 

8. break-even point = 2,000 pens; cost = revenue = $1600 

9, y 
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CHAPTER TWO 

Exercise Set 2.1, page 59 

1. (a),d@ 3 (b),@ 5. (0), © 
Us, (yy AS) PAD = 7 (b) 2x; + 3x. =5 

—2Xi OX) t+ Oxst—=A—4 4x, + 2x. = 1 

3x1 aie 2x2 fame 5x3 — 3 

2x1 te X2 ate 3x3 = 4 

(Cc) 3x 2x) 4xg 2x, =D (d) x = 1 

2x1) + 3x2 + x3 + 3x4 = 1 x2 =2 

AB 3 

V1. 2x; + 2x. = 12 13. inconsistent since the three lines do not intersect at a single point 

3x1 ae 2.9) 16 

2x1 ar 4x = 14 

Exercise Set 2.2, page 69 

1. (a), (c) 
3. (a) x4 =3,% = -2,%=4 

(b) x, = 3 — 2t, x2 = 6 — 3t, x3 

(C) eee Sak Se 

(d) system is inconsistent 

— 2 — V4 Xa ots where t is arbitrary 

—2 — 4t, x4 = 3 — 2t, xs = t, where s and ¢ are arbitrary 

1 O) =3 6 0 1 0 0 0 2 1 0 0 2 

Senay 0 iL =i 3 0 (b) | 0 1 2 1 3 @palto 0 1 3 

0 0 0 0 1 0 0 0 0 0 0 0 0 0 

7. -~(a) x=6,y=7,z=2 (b) «x1 = 0, x» = 0, x3 = 0 

(c) 1m =3—-—s+t,%= —-S5 +58 — St, x3 = —2 — t, x4 = 5, x5 = t, where s and ¢ are arbitrary 

(d) x1 = 9 — 5s, x2 = 4 — 2s, x3 = 0, x4 = 5, where s is arbitrary 

9, (a) x, = —10, x» = 2, x3 = 3,x%, =0 (b) m =1,m=1 (Cx eo Xs — 

(d) x, = 4-45, x. = 5, x3 = 4, where s is arbitrary 
11. no solution if a = —2; exactly one solution if a is neither —2 nor 2; infinitely many solutions if a = 2 

17. 3 vessels of type A, 4 vessels of type B, 5 vessels of type C 

19. three 12-inch sets, eight 16-inch sets, and five 19-inch sets 

Exercise Set 2.3, page 78 

1) 2 <3 (b) 3x2 (Ci exe2 @e tal 3. u=5,v=2,w=0 

Son (a) She 4 Gy) Ses 8 

Under Over 

$10,000 $10,000 Store 1 Store 2 Store 3 

205 192 Republican Produce 2 1 2 

11. Siw 128 Democrat 13. Meats 2 1 6 

96 63 Independent Canned goods 1 » z 

Exercise Set 2.4, page 87 

ke 3 x2 2) Aa ). 3 G2“ i(e) Boe? 

3, [40 -38 -58 -144 157 
» age 939 1 al) Pe anu tas 
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x) 
S idet | 2 1 1 X2 i 

ll. A=] -2 1 4 Ih X= |x; B=)|-8 
0 3 6 3 1 x4 9 

53 s 15. PM = =| , where the first and second rows give, respectively, the daily production of 3- and 10-speed bikes 

19. (a) $1.40 

East coast West coast 

_ | $1.40 $1.70 Business calculators 

een $1.90 $2.30 | Standard calculators 

Exercise Set 2.5, page 97 

1. yes, (b) 

1 1 1 1 2 
eevee pat a eee 

3. (a) 5; 0 -3 (b) z -i 72 (c) not invertible 

= eine -$ 4-3 
\} 3 D 0 6 6 ae 1 

=20 1 Qo =3 4 3 : ; 
Soy (a) (b) 0 B 5 (c) not invertible 

=P) =3 =] SG ee 

2 2 1 4 3 g 

J. = 4 y = 2,2 = —1 9.21 = Sly = 3, %,= 2 Ax = y= One : 
13. @ un=%3,m=3,H8=8 © n=lw=l1u=2 © u=—-H#,n=#8,m4=—-# 

—10 Sp 0 2 Noel al 
19. s 21. eS 25. A'= Be 4 

(2) avi aS 

(b) «= —15,y = 41 

Supplementary Exercises, page 99 

1. k#4 

Pee Oe OMe Pe ee 0) ne 2 
3. (a) |0 1 0 -3 (b) | 0 1 0 2 aa 

0 .0  1!-2 Oar O. | Alea 

5. (a) inconsistent system Ke Pa eka 

(b) x=3,y=—-1,z=2 (c) Bi tance ds Se ae Micka ay ye, a od 

(d) x = 1—3s + Gt, x = 38 — §t, Xs = S, x4 = t, where § and ¢ are arbitrary. 
9. a= —4, no solution 

a= 4, infinitely many solutions 

a # +4, only one solution I 

11. (a) a = a (b) impossible (c) impossible (d) impossible 17. not invertible 

-3 4 § 
19. 3-4 -4 A= ely = 2,2=3 23. x, = 3, x2 = 4, x3 = —2 

1 One! 
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au ey 
25. PP a 27. 2 ounces of food A, 3 ounces of food B, and 3 ounces of food C 

ai a 

29. 2 cc of Chem 1, 1 cc of Chem 2, and 4 cc of Chem 3 

Chapter Test, page 101 

1. no solution if a = —5, one solution if a # +5, infinitely many solutions if a = 5 

2. (a) m1 =4- 25, m = 5, x%3 = —3 — t, x4 = 3 +4, x5 = t, where s and ¢ are arbitrary 
(b) inconsistent system 

3. (a) impossible (b) impossible (c) impossible (d) bee ae (e) [1] 

1 4-4 
4. x=%,x=-1 Semen) 3-3 5 

ee 1 1 
2 2 2 

CHAPTER THREE 

Exercise Set 3.1, page 108 

1. (a) 18x + 12y 

(b) 18x + 12y S 1500 

x = 60 

y = 30 

(c) z= 120x + 60y 

(d) z= 110x + 70y 

5. minimize z = 8M + 12N, where 

M+N2 7 

2M + N = 10 

M= 0 

N= 0 

9. maximize z = 0.3x + 0.4y, where 

5x + 6y S 12,000 

5x + 3y = 9,000 

x20 

y=0 
13. maximize z = 25A + 35S, where 

(Aste See. 120 

320A + 8S 160 

12A + 24S = 1200 

A=0 

S=0 

17. minimize z = 1000H + 600L, where 

Hee =) 

H= 3 

H = 10 

L= 18 

(b) x=},y=¥%,z=-3 6.) Al 2. B= 5 

3. minimize z = G + 3T, where 

11. 

15. 

19. 

4G + 10T = 100 

4G + 2T= 60 

G= 0 

T= 0 

maximize z = 5A + 3B, where 

10A + 5B = 450 

6A + 12B = 480 

9A + 9B = 450 

A=0 

B=0 

minimize z = 10,000A + 12,000B, where 

8A+ 8BS 

100A + 200B = 1000 

A=0 

B20 
minimize z = 0.5R + 0.6L, where 

Re L = 100 

0.01R + 0.01L S 

0.03R + 0.01L = 

PAR 

LS 
(a) maximize z = 3x + y, where 

SP 4P pS 6 

xt+y=4 

x=0) 

y=0 
(b) maximize z = 4x + y, where 

335 3 YY SO 

x+tys4 

x20 

y=0 

4 

6 
0 
0 
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21. maximize z = 10x; + 9x2 + 11x3 + 8x4 + Txs + 12x6 + 16x7 + 10x + 13x90 + 10x19 + 9x1) + 15x12, where 
Mibte kon ch Xaestevae = 150 My ae Xs Xo 180 x, 20, x 2=0,x%, =0 

XsicieNGue ety cts = 00 5S) SP OPS SE OAD 175 Xa ON se Olea 10 

28 P58) Ie Oabl Ip ek ESS 2 ar Bap ap oak) c= FAN) XO ig = Ono 

Nat Xe Xie == 200) x10 = 0, x1, 2 0, X12 = O 

23. maximize z = 20,000 + 13x x 10y, where 

ae Se Sy, 5 ell, 

x = 150 

y = 150 

0) 

y = 0, x = no. of acres of tomatoes, y = no. of acres of corn 

V WV W 

Exercise Set 3.2, page 121 

1. (b), (c) 3. (8, 4) 5. x=9,y=0 7. x=t,y=6 

9. (a) x =1 andy = 2, or x = 4 and y = 6, or any point on the line segment connecting (1, 2) and (2, 6) 

(bt) x=0,y=6 

11. 40 tables of type A, 10 tables of type B 

13. 0 containers from the Jones Corp., 2000 containers from the Jackson Corp. 

15. 0 planes of type A, 5 planes of type B 17. 20 acres of soybeans, 0 acres of alfalfa 

19. 100 gallons of R, 0 gallons of L 21. 3 minutes of H, 18 minutes of L 

23. (a) 1 gram of Curine I and 3 grams of Curine II, or 2 grams of Curine I and 0 grams of Curine II, or any 

point on the line segment connecting (1, 3) and (2, 0) 

(b) 2 grams of Curine I, 0 grams of Curine II 

Supplementary Exercises, page 122 

1. (a) 32,6; 1) 5. 320 pounds of yellow cake, 0 pounds of white cake 

7. $37,500 invested in U.S. Treasury bonds, $12,500 invested in corporate bonds; 

maximum annual interest = $6375 

9. 60 acres of crop A, 40 acres of crop B 

11. 0.1 gallon for large mower (rider), 0.5 gallon for small mower 

Chapter Test, page 123 

1. (b), (d) 2. (a) (6,1) (b) @,5) 
3. minimum value of z is 8 for x = 4, y = 0 4. 150 8-bit computers, 250 16-bit computers 

5. 120 large containers, 260 small containers 

CHAPTER FOUR 

Exercise Set 4.1, page 128 

1. (a) 3. no 

5. (a) maximize z = 5x + 7y (b) maximize z= —x, + xX. — x3 + X4 

subject to toy a= '9 subject to ea oe 8 

2 ys oS x, — 2x. + x4 + w = 6 

5x — 8y +w=2 i= 0 

c=10 x» =0 

yi 20 x3 20 

u=0 x4 20 

020 vo=0 

w=0 w=0 
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7. (a) maximize z= 10x + 12y (b) x = 50, y= 50,0 =0,w =0 

SUB let Oe ote 4p 30 
0.2x + 0.2y + w = 20 

x=0 

y20 
vo=0 

w=0 

1 On 1 x 

9. (a) A=]0 iL =i B=)|2 C.= [4-2 7] xX=I|y 

il = 0 3 t 

6) A=. 3) a eel 1 x-|%] 

11. maximize z = 6x + 7y + 9t 

subject to BE dye 53 

ies Sar 6 SO 

en) 

y=0 
t=710 

Exercise Set 4.2, page 138 

1 3. maximum value of z is 18 forx = 3, y = 0 

0 5. maximum value of z is 0 for x = 

9. (a) maximize z= 2x + Sy 

1. maximum value of z is 7 for x = 0, y = 

0, y > 

subject to af ae 

2x + 5y+w=8 

0) 

y=0 
020 

w2=0 

5s y DvD Ww Zz 

es 0 O 1 0 

(b) Be 2 1 0 0 2 

en Bes 0 1 0 8 

Ose <0 0 1 1 8 

(P| Pe Oe oP 8, 10, “eas 
Fle 20 5. 20m Ms 
Or-0 0 1 1 8 

(d) o-} 1 -2 .0 -10 
{- $ 0 4 O 4 

MM.) 330; 2 (b) y;:0,.2. (0) 4301, 2), ny, oz 
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Exercise Set 4.3, page 153 

1 x=0,y=0,0=12,w=6 

x5 y v Ww Zz 

—4 -—3 0 0 1 0 

2 3 1 0 0 12 

= 3) 2 0 1 0 6 

3. x=0,y=0,u=4,0=6,w=1 

G y Uu o w Zz 

—8) 6 0 0 0 1 0 

1 1 1 0 0 0 4 

1 3 0 1 0 0 6 

=1 1 0 0 1 0 1 

5. (a) 5x3 + Tu + 6w + z= 40 

eA 2x3 ae + 2w = 6 

X2+4x3+ any = 14 

3x3 + vo + 3w = 12 

(b) 4 = 6, x = 14,x%3 =0,u=0,0=12,w=0 
(c) z= 40 

(a), (c) 

y, x, 4 

0 Ome 7 4 8 1 540 

11. 1 0 3 3 1 0 50 

0 1-4 -3 0 0 30 

0 0 0 0 3 2B 0 1 360 

0 0 0 1 -% 32 -2 0 80 

13. |0 1 0 0 4 3 2 0 390 

0 0 1 0 Gil 0 0 150 

1 0 0 0 z ; 4 0 30 

15. z=#forx=9%,y =#,t=0 17. z = for x, = £, x» = 0,23 = 0 
21. 0 gallons of L and E, 125-gallons. of R 

Exercise Set 4.4, page 159 

1. = -2#forx=$,y=1 3. z= —-fforx=0,y =8,1=0 

§. z= 8 for x, = 0, x. = 0, x3 = 8 7. z=6forx, =2,x%.=0 

o> = Fform =f.2w=h 11. 7 ounces of M, 0 ounces of N 

Supplementary Exercises, page 160 

1. (a) maximize z = 3x + Sy (b) maximize z = —4x, + 3x2 — x3 

pubiect to ee = 4 subject to se ge =O 

= 29 sp Ay Se x1 — 2x <4 

y=0 x2. 20 

| x3 = 0 

© CN ee 

\ 

\ 
| xy = 0 x, 20 

{ 
| 
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3. Corner points Basic feasible solutions r=ivt 4 

(0, 0) x=0 y=0 v=3 w=7 0 

(, 0) x=1 y=0 v=0 w=5 3 

(0, 7) x=0 y=7 c= 10 w=0 28 
(2, 3) x=2 y=3 > v=0 w=0 i8 

The optimal solution is x = 0, y = 7, z = 28 

So) (a) ea eeo (b) x = 40, vu = 20,0 = 12 

7. x = 8, x3 = 4, v = 15,2 = 120 

9. x y t u v w z 

z|0 9 0 0 0 1 l 105 

ro -#* 1 -2? oO -¥% 0 + 
Aiea ON = Ge a 10 
BRO! es Ae” Pee ae 236 3 

Wl. x, = 2, x = 0, x3 = 4,2 = 20 

13. maximize z’ = 8y,; + 15) 

subject to : 2y: + 3y2 <2 
ii ayes: 

y, + 42 = 1 

yu 20 
y2 = 0 

15. make 25 tons of GARDEN. The profit is $10,000. 

Chapter Test, page 162 

(0, 0) x=0 y=0 u=8 o>=S3 0 
(0, 8) x=0 y=8 u=0 0-21 —32 
(3, 2) x=3 y=2 w=0 v=0 =e 
(3, 0) x=3 y=0 u=* v=0 = 

The optimal solution isx=3,y=0,2= 7 
2: Poa © te =, x3 = 0, z=11 

3. maximize z= 20y, + I5y2 + 12y3 

bject t 
a a 2y1 + 4y2 + y3 =3 

yu- wt wBSl 
—y, + 2y2 + 3y3 = 4 

y, 20 

yr =0 

3=0 
4. m=3,=2, x3 =0,z7=2 

5, a acres of corn, 0 acres of soybeans, 6 acres of oats. Profit = $360 

6. 2 pounds of CARPET, no GROW. Cost is $40 

CHAPTER FIVE 

Exercise Set 5.1, page 167 

1. (a) false (b) true (c) true (d) false (e) tre (HM false 

3. (a) true (b) false (c) true (d) true 

Se (a): fa, 1d. ©; ki (b) {m, i, s, p} (c) {t, a, b, l, ef 



7. 

11. 

15. 

17. 

19. 

0. ig 

APPENDIX D Answers to Odd-numbered Exercises 4” 571 

(a) {x|x is a U.S. citizen} (b) {x|x is a U.S. citizen over 40 years of age} 9. (b) 
©, {2}, 15}, {2, 5} 13. (a) O, {a}, {ap}, {as}, {a1, ay}, {ai, a3}, {a2, a3}, {a1, a2, as} (b) O 
(a) true (b) false (c) false (d) false 

6 
+6). “f.2.3,4,5,6,7,9} (b) {a,b,c} 21. no; yes 
De ae 33, Al {17 32,5) f1,2,.3, 6}, {15203845}, 
23, 4, 6h, 11, 2,3, 5, 6, {1, 2, 3, 4,.5,6} 

Exercise Set 5.2, page 175 

1. 

a 
eV Bah: (b) {1} CHa —@) 2 (e)) OD WO. 
(a) | (b) | 

(c) (d) | 

(a) | | 
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23. 

25. 

(c) (d) 

true (b) true (c) true (d) false (e) true (a) 
(a) true (b) true (c) false (d) false 

CMa din OER) 

(a) 
(d) 

all male administrative employees (b) all employees (c) all female administrative technical employees 

either female or administrative or technical employees (e) all male administtative employees working for the 

company at least 5 years 

(a) 
(b) 
(c) 

those who drive cars with engines that are more than 250 horsepower 

those who drive cars with engines that are more than 200 horsepower 

those who are male and over 25 years of age and who drive cars with engines that are more than 200 horsepower 

(d) those who are female or over 20 years of age or who drive cars with engines that are more than 200 horsepower 

(e) those who drive cars with engines that are more than 250 horsepower and are either over 20 years of age or female 

Antigen Antigen Antigen 
Blood type A B Rh 

A” yes no no 

Ais yes no yes 
Bo no yes no 

BS no yes yes 
AB” yes yes no 

ABt yes yes yes 
On no no no 

Ox no no yes 

Exercise Set 5.3, page 182 

ile 

S: 

ws 

(a) 
(a) 

(b) 
(c) 

(d) 

U= 

(Gf = 

Wrcxe, eg} (db) 1b, ¢,.€, fog, by. (CEM, Ge, ey Gr Ue). o 
the set of stocks traded on the New York Stock Exchange that have not paid a dividend for at least one of 
the past 10 years. 

the set of stocks traded on the New York Stock Exchange that have a price-to-earnings ratio of more than 12 
the set of stocks traded on the New York Stock Exchange that have not paid a dividend for at least one of 
the past 10 years and that have a price-to-earnings ratio of more than 12 
the set of stocks traded on the New York Stock Exchange that either have not paid a dividend for at least one 
of the past 10 years or have a price-to-earnings ratio of more than 12 

the set of all integers; A’ = {x|x is an integer satisfying x =< 4} 
the set of all letters in the English alphabet; C’ = {a, e, i, 0, u} 
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oo (a) (b) iG ae 

9G 
= i 

13. -@) GUS OU CUD =A Nn Bsn CAD’ (A eee ed Ti wae U D' 
(b) Ai UARO UA.) = Ay’ (As fe = A A," (AiN Asn: TOA I) 2.0.2 By 

15. (a) x (b) y (c) none (d) none 

75a) 

(c) 
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19, (a) (b) 

(c) 

(c) 

23-9 FR OAMMS UW PG’ 

Supplementary Exercises, page 184 

i. @):e (b) € © € (dd) € Ce wwe 
33) (a) true (b) false (c) false (d) true (e) true (f) false 
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5. true Ts Aa: Dr: {a, b; ch; {a, b, d}, {a, b, c, d} 

9. (a) {2, 4} (6) {1, 2,4} (cc) © (dy {192,73,4} ‘OP Att 
11. 

13. (a) false (b) true (c) true (d) false (e) false 
21. (ANB)UC 235) (a) 1,4: 7. 8) (b) .{2, 6, 9} 25. 

27. (a) {x|x is an 8-byte machine that supports FORTRAN} 
(b) {x|x is a 16-byte machine that supports FORTRAN and BASIC} 

(c) {x|x is a 16- or 32-byte machine that supports PASCAL} 

(d) {x|x is a 16-byte machine that supports FORTRAN or BASIC} 

29. (a) © (b) {I} ©) {2, 7} (dj 12, 3; 5; 6, 7} 

q Dy : 

e 
33. A’NBNC 

Chapter Test, page 187 

i (a) true (b) false (c) true (d) false 2. (a) false 

Se Had) 2 ON AD i321 05 1,525.3} SianOy.bgids 3904} 

true 
{1,°2, 3,-5.9} 

(a) 

25.3, 4} (i) {2 sat 

true (d) (b) true (c) false 

6. {3, 5} 



576 « APPENDIXD Answers to Odd-numbered Exercises 

8. 

9. ANC): 4ON.B 1) 10. (8) MN(DUS)NA (b) M’'N(DUE’')NA’ 

CHAPTER SIX 

Exercise Set 6.1, page 192 

1. @) x= 39) ©) xe 37= 3) ©) 4=1,5,=7. --*@) 2 = 244 
3. AX B= {(u, q), lu, rn), (v, 9), (v, n} 

Bx A= {(q, u), (q, 0), (r, w), (r, v)} 
AXA = {(u, u), (u, v), (v, u), (v, v)} 

BX B=, q), (¢, 7), @ 9g), 7, Y} 
5. AXB=BXA=AXA=BXB 

ra A( ee 2y =2), (2, ly, 2, 4), (1, =2); (1, iy (ok 4), (4, =2); (4, 1), (4, 4)} 

Te START 

1.2 "2 1) 2). eae Dente eee OT. aud 
el Gs 2)a¢, 2, ACs U2, 2), (Pal A) (pads 2), (ps 2, 1),.(p,. 2, 2)... Led) 3G, 2) ge), 
(9.12, 2), 4, IP anes © 2am, 2) 

9. START 
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11.. @) B= tht 

(b) START 

ie eet hee Veh Fe SM PR: pk AG at 
(h, h, h, h), (h, h, h, t), (h, h, t, h), (h, h, t,t), (h, t, h, h), (h, t, h, t), (h, t, t, h), (h, t, t, 2), (t, h, h, h), 

Ghoh, 2), Gh. th), Gh, 0d), Git, h, By, Cth, OG EAIaAE aD 

13. (a) E = {a, b, c} T = {l, r} 

(b) START 

1 tel: Tea eal Pp pt r 

GEE Gd AUG, By) haart) i031), (B, 11) (O.o7, DAD ahs Crus Ds (Cy Laur), (ey to alee. 7) 

15. r=—-l,s=2,t=3 Vieea(a)) a © (b) mn 19. (a) m? (bo) m* (c) mi” 
21. START 

NESWNESWNESWNESWNESWNESW 

(a) 24 (b) 12 (c) 8 (d) 6 

Exercise Set 6.2, page 201 

Me (a) 42h (b) 2 (ca 4 (d) 6 (e) infinite (f) O 5. B=@ 

11. 6 13. (a) 36 (b) 30 (c) 33 (d) 32 17. (a) 18 19. (a) © (b) 6” 

94 Pan CY 2D: 255 878 

Pile (ER). Su (DPeIe, (oc) 73 @ 777% (e) 82 (f) 86 29. 36,000 

$I. (a) 3 (b) 6 (c) 26 

33. (a) 10 (b) 30 
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Section 6.3, page 214 

1. (a) 720 (b) 5040 (c) 40,320 (d) 1056 (e) 67  (f) 2,162,160 (g) 3 
3. (a) _940\—-(6)=.20,058,300 (che d_15 . ©) 1 | 
5. (a) 42] (b) 11,880 (©) G28/ d\n) ~7. (@) 21 0)/)495 © 1  @) 3,838,380 
9% (a) -§ © 2 Coss) ITh-@ 2,8 © 9 W’0,5 

13. 350 15. 48 17-07 19) 7716.6" 
21. abcd bacd cabd dabc 23. (a) 20 (b) ab ac ad ae 

abdc badc cadb dacb ba be bd be 

acbd bcad cbad dbac ca cb cd ce 

acdb bcda cbda dbca' da db dc de 

adbc bdac cdab dcab ea eb ec ed 

adcb bdca cdba dcba 

25. 5,200,300 ime lace 350 29. 15,504 

31. 720 33. 1000 S520 

Si rave abd abe acb acd ace adb adc ade aeb aec aed 

bac bad bae bca bcd bce bda bdc bde bea bec bed 

cab cad cae cba cbd cbe cda cdb cde cea ceb ced 

dab dac dae dba dbc dbe dca dcb dce dea deb dec 

eab eac ead eba ebc ebd eca ecb ecd eda edb edc 

39. Cr6,7 = 657,800 41. Co3 = 84 43. Cos4 = 12,650 

45. (a) 6’ = 279,936 (b) 7-5° C)1Gos (d) 57 + C715°+C725° 49. 10° 

Exercise Set 6.4, page 221 

1. Cr.,5 . Cr. .2 = 21,378,500 

3. (a) Cs2,6 — 20,358,520 (b) C13,2° C39,4 a 6,415,578 

(c) C13,3° C133 = 81,796 (d) Ciz.3°Cr,3 = 743,600 

5. (a) Co.6 = 84 (b) Co6,4° C32 = 45 (c) 1 

7. (a) Cso6 = 15,890;700 (b) Ci0,2* C404 = 4,112,550 (c) C406 = 3,838,380 

9% Kay 12 (by 126 (C)e72 11. (a) 462 (b) 3360 (c) 10,080 

13. (a) ~Cs2,9 — C309 —(b)  Cs2,9 — C13,8° C390,1 — C13,9 

15. @) 2%— Cs0,2 — Cs0,1 — Cs0,0 (6) 27> Cs0,49 — Cs0,50 

is (@). Paty (b) 137 

19. (a) Cio,8 = 45 (b) C103 *C42° C21 “Cup = 79,200 (c) C278 = 2,220,075 

21. choose n so C,3 = 52;n = 8 

Exercise Set 6.5, page 227 

1. (a) a’ + Tab + 21a%b? + 35a*b? + 35a7b* + 21a7b* + Jab® + b’ 
(b) x? + 9x8y + 36x’y? + 84x%y3 + 126x5y* + 126x4y> + 84x3y® + 36x2y7 + Oxy® + y? 
(c) r'! + 11r!s + 55r°s? + 165r8s3 + 330r7s* + 462r°s> + 462r°s° + 330r4s7 + 165r358 + 55r259 + L1rs!9 + sl 

3. (a) (a — b)? = a? — 2ab + b? 
(a — b) = a? — 3a’b + 3ab? — b? 
(a — b)* = a* — 4a*b + 6a*b? — 4ab? + b4 

(a — b)? = a® — 5a*b + 10a*b? — 10a2b? + Sab* — b® 
5. (a) a® — 8a’b + 28a°%b? — 56a°b? + 70a*b* — 56a2b> + 28a2b*® — 8ab7 + b8 

(b) w'? — 10w°z + 45w®z? — 120w7z? + 210w*z* — 252w5z> + 210w4z® — 120w3z7 + 45w2z8 — 10wz? + 71 
(c) ce — 12c!!d + 66c'd? — 220c°d? + 495c8d* — 792c7d> + 924c%d® — 792c5d7 + 495c4d® — 220c7d? + 

66c7d! — 12cd" + d? 
7. x’ + Tx® + 21x5 + 35x4 + 35x? + 21x? + 7x + 1 9. a>? — 9a*b + 27ab? — 27b3 
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11. 512r° — 4608r8s + 18,432r7s? — 43,008r°s? + 64,512r5s4 — 64,512r4s> + 43,008r35° — 18,432r257 + 
4608rs® — 51259 

13. (a) 1+ 20p + 190p? + 1140p? + 4845p* —(b)_ 1 — 20p + 190p? — 1140p? + 4845p4 
15. —480,700x!8y’? 17. 64 19. 128 

Supplementary Exercises, page 229 

TQ) 1G. 4), a) 2) 65-1), ©, 2). (ce, 1), 2}. ) 6° «3.35. 5. 6,480,000 7. *420 
Saet05 weg 0 ae iS tG 15.276. 817. 40° 19555) 24 51 93. (1 90)71 

25. 1+ 4x + 6x2 + 4x3 +x4 27. Cue = 3,838,380 29. 4 

Chapter Test, page 230 

1. 6 2. 250 3. (a) 7! = 5040 (b) 288 (c) 576 (d) 240 (e) 144 
4. (a) 210 (b) 151,200 5. 840 6. - (a) Cs2,4 = 270,725 (b) Ci3,4 = 715 
7 (@i 50 (b) 20 8. (a) 243 (b) 40 (c) 51 Ol — Sy One = 100° 

10. 35 

CHAPTER SEVEN 

Exercise Set 7.1, page 239 

15 3@)0 {085 223,45 5:56, 7,8. 9, 10} (b) P7102. ty. et (c) {x10 <x < 100} 

(d) {xlx = 0} (e) {(h, h, h), (h, h, t), (h, t, h), (t, h, h), (A, t, 0, (th, 0), (t, t, h), (t, t, OF 
3. ©; S, {a, b}, {a, c}, {b, ch, {a}, {b}, {ch 
5. (a) the same number is obtained on both tosses 

(b) the first number tossed is 3 

(c) a4 is tossed both times 

7. (a) {(m, h, d), (m, h, r), (m, h, i), (m, a, d), (m, a, r), (m, a, i), (m, 1, d), (m, l, r), (m, l, i), (f, h, d), 

(f, ie r), (f, h, i), Ce a, d), (f, a, r), ¢, a, i), G. l, d), OF, b r); CF, l, i)} 

(OY An, Ayr), Gn, a, 7), (mb 1), h, 7), G,.a,7), (il, oh 
(c) {fF h, by Gi a, i), (f, I i)} 

(d) {(m, h, d), (m, h, r), (m, h, i), (m, a, d), (m, a, r), (m, a, i), (m, 1, d), (m, l, r), (m, I, i), (f, h, d), 

&f, a, d), (f, |, d} 
9. (a) -the-number tossed is either even or less than ’5 

(b) the number tossed is divisible by 3 and is less than 5 

(c) the number tossed is either divisible by 3 or greater than 4 

(d) the number tossed is not divisible by 3 and is less than 5 

(e) the number tossed is odd, not divisible by 3, and greater than 4 

11. (a) {tlt = 10} (b) {0 <tr < 15} (c) {0 <t < 10} (d) {elt = 15} 

©) {eS 15} — ©) tee = 110} 
13. (a) ys, ENF=6 (b) no, ENHF D (c) no, E UF#¥S (d) yes, E UE'’=S 

15. yess, ENF=ENG=FNG=6 : 

—- 

Exercise Set 7.2, page 252 

1. () {(h, A}, (A, oO}. {% DE {0} =), Lh, {in} 
—() {Gd} DOD}, LG mh MG DE LG DAG nh, {@, DI, (a, Dh, {, n)} 

(d) {a}, {b}, {c}, {d}, {fe} (© {el}, fo} {ce}, td, {hy}, {s} 
(g) {O}, {1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, bee 

Sue we (b) on Oe 1S. Ge wba © 1- 7:—© and@) 
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9. (a) {e}, {o}; equally likely (b) {3}, {not 3}; not equally likely 

(c) {ace}, {not an ace}; not equally likely (d) {black}, {red}; equally likely 

(e) {a, b}, {a, c}, {a, d}, {b, ch, {b, d}, {c, d}; equally likely 
Wi, 0 eee see 

Event Probability 

{s1, 52, 53} 1 

{s1, so} 5 

{s1, 53} 3 

{s2, S3} : 

{sy} ; 

{sy} 3 

{ss} 3 

ia) 0 

13. (a) 3 (b) Z (c) s (d) 3 15. no 

17. (a) P({1}) = P({2}) =--- = P({12)) =% 
(b) P({0}) = P({1}) = ++ +> = P{9}) = 55-0)" Ba 

19. P2)=% PG=% PM=% PO)=% P= PQV=% 
P(8) = PO) =%  P(10)=% —P(l)=%— P(12) 3 

21. se = z P ({red}) = 23. (a) a (b) Foo ene (a) =. 

(b) % () ey 

Exercise Set 7.3, page 260 | Pz 

Us (ENS dl (b) 0 (Cees Sey ey, (b). 2 (Ci 35 5. (Bt Ty v8 . 
(b) 0 (Cc). <6 @) 7 (ce) 3 9°57 96 ' F Yo (Ee) oll 

1h. (a) 5 (b) <9 (c) .4 (d) 0 ©F 2 (D7 13°. 34 i 

15 (es (b) .7 (C)Pe3 

17. (a) 1 to 3 for (b) 3 to 10 for (c) 1 to 17 for (d) 21 to 5 for 

3 to 1 against 10 to 3 against 17 to 1 against 5 to 21 against 

19: Gao Ol w 2b s@)es: 1b) 

Exercise Set 7.4, page 265 

1 fg 323 @ y& &® 2 © fH 5S R=.164 7. 336 = 965 

9. () £85 = coos 6) EOS = 002 1. @ wy 3 )\ OY 
C52,5 : C52,5 od 

13. (a) Cro.°C30.4 — 1934 (b) C3010 — QQ99 (c) 1 — Gia = 997 
Cs0,10 Cs0,10 Cs0,10 

15. (a) 77 to 25 (b) 220 tol 

Exercise Set 7.5, page 280 

1. (a) § = =©(b) 2)—)=6(@ «no; PAB) # P(A)P(B) = (d)_:s no; P(A NB) #0 
3. 0.1 5. 4 fb 9. (a) $+ = (b) 3 11. 8, win 

13. (@) P@P@Y=5-3=7=PA4NB) (&) PCP) =3-4=%#4 PIC ND) =}3 
15. (a) P(EIK) =3%,PQH=2  ) no 19. @) 33 SO) 6 
21. (a) P(E): P()=4:H=S=PENF) () PE):P') =}-8=25=PENF’) 
23. (a) P(E):P(F)=3°3=4=P(ENF) (b) P(’):P() =1:2=1=P(E'NF) 
25. (a) P(E):P(F)=%§°§=¥%=P(ENF) (bv) P(E’)-P(F') =2-2=2 = P(E' NF’) 
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27. (a) 73 6) tC SY:CSdGCsCi‘)Y:CO@SRCti«iDsa=)s«w00125ss() ssi) BS 
31. (1 — 1071)” 

Exercise Set 7.6, page 288 

lo @ @ 90) 2 “CO #3. als wm . wily 7 O66 9, ot IL; 
WIN 

Supplementary Exercises, page 291 

ber 5 5. 3 7. (a) no; P(A)P(B)# P(A NB) (b) no; P(A NB) #0 
9. no; if A and B are mutually exclusive P(A U B) > 1. This is impossible. 

11, (a) 3 (b) : (c) 1 to 8 in favor of 
13. (a) 1 tod (b) $5 (c) no; you will-lose in the long run. See answer to (b) 

5. a =m 17. (@) om) om) Tam om = TODD =A) TH 
(e) part (c) requires that a specific number be drawn on two consecutive days; part (d) only requires that the 

number selected on the second day match the preceding day’s selection. 

19. @) mm ©) a © to @ Bo ©) i 
21. ; 23) Se 25. ee) 27. 0, 29. 

os 

Chapter Test, page 292 

1. (a) yes (b) no; a probability cannot be negative (c) no; P(s) # 1 

2. (a) 1 (b) 3 (Cy Hid)44 (e) no; P(A)P(B) # P(A MB) (f) no; P(A NB) #0 
(2)5 3) toy 1 (bh) 1eto3 

3. (a) %  (b) } 4. a 
50 

25,000 
5. @) Som =i (>) oo=2 ©) woo=~5 @ smo=~ 5 (©) Som = 3 

(f) 3300 = 4% (g) do; because P(D2|A) > P(D,|A) and P(D2|A) > P(D3|A) 

te) zp 0) % © 3 
D 
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CHAPTER EIGHT 

Exercise Set 8.1, page 301 

it — 72 1. (a) x erda GS) 147) See G Bana) x : a 

3 oe P(X = x) ZG 

©) PX =1)=3 
(©) PX = = 

5. 

(b) P(X = 1) =} 
(c) P(X <1) =3 

Tena) (b) 
8 $3 
16 16 

4 Ge 
16 16 

jie Wadia Oa sin et 

9. (a) (b) 11. (a) infinite discrete 

(b) finite discrete 

5 15 (c) continuous 
27 27 

Ss 5 
27 27 

Oe J oh ee 

Exercise Set 8.2, page 310 ~~ 

1. 3.4 3 2888 Se 2 4 fa ol 9: (a) 3:6 ~ 6) =0.2 11. $4.60 
13. Region A, $2 million; Region B, $2.2 million; bid on region B 
15. (a) $240 (b) no; the program costs $300/wk and saves only $500 — $260 = $240/wk on the average 
17. (a) E(X) =~ -0.17 

HP = 17% 
EQ) Oise a 014 

HP = 14% (c) Game (b): less of an expected loss 

Exercise Set 8.3, page 319 | 

1. E(X) = 2.3 3. E(X) = 0.224 5. EQ) =2 7. E(X)=1 
o” = 0.81 a” = 0.067 = y ao? = 0.67 

oa = 0.260 
9. Fig. (b) 11. No. There might be a greater variance in the amount paid to each worker in company A. 
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Exercise Set 8.4, page 324 

He We) al (®)ee2 (Cees (Cae a5 S65 @) 1G (Dee O85 (cya (d) 9.1 
5. (a) at least 0 (b) at least 0 (c) at least 2 
7. at least 0.91 9. at least 2 ll. .632 13. 20 boards 

Exercise Set 8.5, page 333 

LG) GO) SO ef) Oe OF © & 
3. (a) 0.042 (b) 0.017 (c) 0.000 ~. (d) 0.083 ©mOsS7, (f) 0.002 

Ss 4 

7. (a) 0.107 (b) 0.893 (c) 0.201 
9. 4 =0.8,07=0.64 11. (@ 0.349 (b) 0.930 (©) 0.001 @) »=9,02=09 

13. P(X =2)=0.916,n =4 
P(X = 2) = 0.989, n = 6 

15. 8 heads out of 10. 17. (a) 0.055 (b) 0.069 

Exercise Set 8.6, page 345 

1. (a) ye (b) 

O!3i75-- 

(PAA 4 On eG un GO OuetO es 

3. (a=) p =3,07? =2 re) pw = 1, 7 =Q8 (c) p = 250, o? = 2 [ (d) p = 2250, 0? = 225 
5. (a) 0.8944 (b) @.2005 (c) 0.3228” 

x 

Tar tds (6) 1.082 ©) -1.927 yr —2.42 / 
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9 (a) P(Y = 10) = P(-.5 =X = 10.5) = .2119 (6) PQS = Y.=35) = P(24.5 =X = 35:5) = .7445 
(c) P(Y = 155) = P(X = 154.5) = .2327 

11. (a) 0.9525 (b) 0.0188 (c) 0.8164. 
13. (a) 0.6915  (b) (0.0928: » (© 0.3085 (d) 0.4649 
15. P(Y < 470) = P(-—.5 =X < 469.5)-= 0749 
17. (a) P(Y > 14) = P(X = 14.5) = .0668 (b) P(¥Y > 70) = P(X = 70.5) = .0011 

(c) P(Y > 140) = P(X = 140.5) =0 
19. 219 

Exercise Set 8.7, page 356 

1; tay Hee : 
30] 3 
4 2 1 
Daal 
Sead | SOs Paes 6 8 

(b) x =4.57  (c) median=4 (d) mode=3 (€) s? = 4.286; 5 = 2.07 

BSS 

oe 
4 

1 

1 

1 

1 

1 

1 0.1 3 ab) ail ORs ee ees aS elie OR Ds ee 3 

(b) 0.66 (c) 0.4 (d) 0 (ce) s* = 0.62, s = 0.79 

Broad St. 

sensu NAWARUBWA IS — 

--enaven=[s) 

(b) xu = 18.47 (c) Xp = 8.13 (d) yes 

9. (a) Xx, = 43.375, xp = 38.625 (b) sa = 17.74, sp = 26.46 

(c) median A = 40, median B = 30 (d) mode A = 40, mode B = 10 (e) A 

Exercise Set 8.8, page 365 

le (@). B74 (b) 17.64 (c) 4.80 3. the data do not support the assumption 

5. the data support the conclusion 7. the data support the assumption 
9. model is valid 
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Supplementary Exercises, page 367 

1. 

13. 

19. 

21. 

23. 

25. 

Zi. 

E(X) = .4998 

(a Sige aie Orne 
=4 9. -0.0526, 5.26% 11. —0.0789, 7.89% 

B 15. 15 17. (@ 0.1608 (b) p=i,07=% 
(a) 0.0062 (b) .8351 (c) .1587 
(a) » =300 (6) c=15 (c) .0005  (d) .9143 

(b) x = 43.4 

(c) s = 3.53 

(d) median = 43 

(e) mode = 48 

f 

1 

2 

3 

3 

3 

2 

1 
4 

1 

(a) 0.48 ®)r 1 

x” = .70 implies that the viewers regard the three channels to be equally good. 
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Chapter Test, page 369 

1. (a) 0.9703, 0.0294, 0.0003, 1 x 10° (b) 0.9409 

(c) 

OU ie 23 

(d) E(X) = 0.03, Var(X) = 0.0297 2. “pa = 3.3, Var(X) = 1/21 
B.j-(a) 81317) (6) :0.3292" ie). 0:86835 Bes. Ler s 
4. (a) 0.0004 (b) 0.3232 (c) 0.9996 5. (ayer5120 ~~ 2b)... 5114 
65 (a) 05 - wb) 0.5 Fe, (a) “34083 - (b)) 216.5) — Cy 38 

CHAPTER NINE 

Exercise Set 9.1, page 377 

1. (a) $3360 (b) $4080 (c) $3090 (d) $3090 3. $4545.45 

5. (a) $1023.42 (b) $1023.75 7. $1955.99 9. $528 11. $626.67 15. 2.5 years 

Exercise Set 9.2, page 391 

1. (a) $5618 (b) $5635.80 (c) $5632.46 (d) $5627.54 (e) $5637.48 

(a) $1397.85 (b) $1402.76 (c) $1395.35 

(a) $10930.83 (b) $10455.06 (c) $11948.31 

(a) $3150.85 (b) $3108.61 (c) $3122.99 (d) $3093.92 

(a) $1536.41 (b) $1551.54 (c) $1554.60 11. $1818.87 Soe Ral 

Exercise Set 9.3, page 396 

1. (a) 6.17% (b) 6.14% (c) 6.09% (d) 6.18% 

3. 9% per year compounded quarterly Ss (GN Wee (b) 16.18% 

7. 3.47% 9. (a) $384 (b) $16 (c) $400 (d) 83% (e) 84% 11. $1052.63 
13. (a) $520.83 (b) 85% 

Exercise Set 9.4, page 406 

1. (a) $603 (b) $2,045.61 3. $24,500.90 5. $5,465,589.59 7. $219,199.15 

9. (a) $18,850.31 (b) $795.74 11. (a) 5.101005 (b) 10.949721 (c) 31.371423 

13. (a) $4100.20 (b) $13,677.74 Oy MS AG) (d) $2069.02 15. $18,893.30 

17. $844.13 for television, $55.87 interest 215.(@) S122) (b) $470.73 

23. $4769.05 
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Supplementary Exercises, page 408 

1. (a) $10200 (b) $200 3. 9% compounded continuously 5. $378.46 7. $4557.32 
9. $7106.19 11. $4377.83 

Chapter Test, page 409 

1. (a) $1150 (b) $1159.69 (c) $1161.80 2. (a) $1694.92 (b) $1674.97 (c) $1670.60 
3. (a) 10.38% (b) 10.52% 4. (a) $1930 (b) 7.25% 
D. $2232.41 6. $628.25 7. $14,325.41 8. $17,412.63 
9. $39.98 10. $4516.13 

CHAPTER TEN 

Exercise Set 10.1, page 418 

1. (a) Jo(male) = 8,036,408 (b) Js — lao(female) = 167,162 

32a) 72 (male) = .8565 

(b) ~ (female) = .8982 (Remark: The male and female mortality tables are not the same. According to these tables, 
40 

women are expected to live longer than men.) 

(c) = (female) = .8576 (d) 2 (male) = .8036 [See Remark for 3(b)] 
0 0 

(e) so = Iss (female) = .2463  (f) Iso = tes (male) = .2445 
lo ho 

Bb 1e 10,000 48 (1.07) *° = $1737.53 (male) 
20 

Gea es ll 10,000 48 (1.07)-*° = $1763.17 (female) 
20 

Remark: Since women are expected to live longer than men, the company expects to pay benefits on this type of policy 

more often to a woman than to a man of the same age. Therefore, the premium for a woman is higher than the premium 

for a man of the same age. 

9. Q = 10,000 #2, 07)7! Te (h 07)? 

11. Same equation as in Exercise ae for se Q= er 

+ + + 
Test 07)? Tes on = $983.55 (male) 

Exercise Set 10.2, page 427 

1. (b), (©), (f) 
3. (a) row 1, column 2; —5 (b) row 1, column 2; 1 (c) row 1, column 2; —4 

(d) row 1, column 2; 4 

So Player II 7. Player II 

3 4 Stone Scissors Paper 

Player 1 ; ae ze Stone 0 hil 

Player 1 Scissors = 0 1 

Paper ll 0 

9. player R shows one finger, player C shows two fingers 

13. firms A and B should each use television 

AS. ta) 2 (b) 2 
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Exercise Set 10.3, page 441 

1. @ % ©) 8 © 3 
3. Pi=3,P2= 3,0 = 3,0 =4,E =} 
5. Pi = 4, Pr 3N=Dn=weE=F 

7. Pi=3,P2= 3,0 =3,0=37,E=3 
9. Pi =3,P2=3,7P3=0,9 =3,02=34,8=0,E =} 

1. pp = 0,72 = 43,73 =5,0 =0,2 = 14, % = aE = -F 
SF 13. CulNee should keep going with probability .62 

15. % male, + female 

Exercise Set 10.4, page 448 

3. 15% 5. 7. 25% of genotype AA, 50% of genotype Aa, 25% of genotype ‘aa 
9. 36% red, 48% pink, 16% white 

Exercise Set 10.5, page 463 

| 
3. (a) if the system is in state 1, the probability that at the next observation the system will be in state 2 is - 

Oar Cle] 
5. [2B 2] 7... Aloe Bears | 9, .<i[4320.- .258 %422] 

11. (a) no power of P has all positive entries (b) P* has all positive entries 

13. (a) .3 (b) .167 

15. 279 spaces at Kennedy, 115 spaces at LaGuardia, 107 spaces at Newark 

1. Next state 

4, 

Present 1 

state 2 
UIW Ul 

d 

IN lo 

17. (a) (b) yes, row sums equal 1 
OS wauwi Col Col Ol Col Al Old 

19. (a) 

Transition Number 

from of 

state 1 times 

1 to 0 

1 to 1 6 

27, 

(b) 3 z| Oe ee ORES 

Transition Number 

from of 

times 

8 
Otol a 

Supplementary Exercises, page 467 

l 
1. (a) i,, (male) = 3483 (b) 7 (female) = 5317 

3.. 0 = 10 000] $241, OF)! aq, On) +2. 07)- a (female) = $143.55 

5. (b)and(c) 7% pr=t,p= oe eee 
9. 0% 11. 1 13. [8, 3] 
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CHAPTER TEST, page 468 

LS ay, sig— ES (emale) = .1018 (by i= 160 (male) = .1435 
140 lao 

(c) the mortality tables indicate that women are expected to live longer than men. 

oO = 10,000| 421.06)" + 44 (1 06)-2 + (1.06)-3 + 21,06)" | 
lao L40 l49 lao 

Q(female) = $98.31 
Q(male) = $122.60 
Ruth’s premium is smaller because it is more likely that she will survive 4 years than it is that Bob will. 

The saddle point is 3. The value of the game is 3. 

P= 0m =2H=2n =1, 9 =3 
S22) I 

4D 3H 78 

SHE aoe 8 12 

i, ie 14 18> 17 

6S 10 9° =13 

(b) no 

~S 

6. 56.25% red; 37.5% pink; 6.25% white 

ie .25--State 1 The matrix state two observations later is [.34 .66] 

.4 / State rae 

.75 ~State 2 
State 2 

4 State | 

.6 ‘State ee 

.6 ~State 2 

APPENDIX A, ALGEBRA REVIEW 

Exercise Set A.1, page 473 

ia 4 3. -8 Sea th 19 9-02) edd? ft 132 3 15. 
Pe a en og) 27. 5 
92 @.¢. 0.45 © mam OF © 7 OF 
31. (a) 3% (b) 56% (c) 110% (d) 15% (e) 280% (f) 0.03% 
33. (a) 53.46 (b) 2.1045 (c) 50% (d) 34.29%  (e) 200% 
35. - ==—-.37, $13.50 

17. BI = \o § | | 3 86-21. ale TTS) 

3 
4 

Exercise Set A.2, page 476 

fe Ge ia lt. = 7 .@ 3 ies 
a os 35. ayy 7 08-50) 9. A= ar? I. -2>-3 13. $>4_ 15. 2 

17. 2>3 19. false 21. false 23. false 25. ‘true 27. true 29. false 31. true 

Exercise Set A.3, page 479 

1. -6 SPs Ball 7. no solutions 9. 3 1. = 

4—y? 

3y 

NIN t 13415: 

19. 0 21. 23. (a), (b), (e), (h) PA aioe PAS se 29. -¥# 31. 18 33. 15 
Wie 
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+3 PAE) 

35. 4 Bile 8) 39. (a) C =3(F — 32) (b). 50 (c) 30 (d) yes, at—40°C . 41. (a) P= any 

(b) = (c) $588.23 

Exercise Set A.4, page 481 

1 eS as Be yee ahy SSeS 8 eee OP One 2) Al Oe 

1S 173. be = 2 19) 4 = 2 

Exercise Set A.5, page 486 

Vie 33-8 S. H16 79. 9. 9: EI OS 1S AB C000 ae 19. —2 

21. \—10" 23. 745s * 25. —-2, -1 : 

27. Yas 202. twy-WV2, ©) x?) @). 3x?y? Vay. 0) 3x2y4WVxy —(f) Sa? 

32 3 = Syo2e 1 a 0/3 Bz, 13/12 
29. Sa . 7ap7 33 Gps 35+ IT SPR 39, EAE eo 

a’ yo 33/2473 a 

AS: 4a2b®? AT. 4x AV. SE. loxVy 53, 255. aT. ow? = 0.03225 

Exercise Set A.6, page 490 _ 

1, 3—.. 3. no 5. no 7. no 9. polynomial of degree zero 11. no 

13. 4x22 15x + 13 15. x2 46x? + Oe + 1 17. 4x* — 10x* — 3x2 — 4x — 7 19. a> + 3a7b + 3ab? + b? 
21. 2a? + ab —B2 + 2ac— be 23. x2? +2xy-—y? 25. x®—y® 27. x? + 2xy + y? — 2? 
29. 4b(a + b?) 31. (1+ x)(1 + x?) 33. @ — 4? 35. + (b — 5)\(b + 5) 31.0 oye 4) 

39. y(x — y)\(x + y) 41. (2a + 3)2a — 1) 43. 2x?(x ~2)(x + 2) 45. xy(y — x)(y + x) 47. (3x + 5)? 

49. (x — V2)(x + V2) 

Exercise Set A.7, page 493 

Ne ule 2x a 5 8 SieG 
1. (a), (b), (d), (e) 3. me 5. 3 7. 4 9. oe 11. a 

Tage | S14 1 1 2xy 8x° 2 
13. 7 ate 15. aT 17. gaa 19. =o 21. ee 23. 2Ty3 257 = 

+ 12)(* — 7) 2 x+2 x +°2y 7x 
Bile C2 a =e 2) DOs 31. Ga OG a1) + eo) 33... Qx + 1)@ + 9) 35. ae Sie can 

Sie = Sy 3% te Gx KY 3a — 7b alae Dar 6 2 20x7° =— 9xi- 3 
9, —— ey aeeree ae or rea ie oo >a Sone eee 

: y 4 x(x + 2) . a’ — b? = abc ci a’ —4 a 18x? 

5x? — 10x + 2 x? + 8x? -—-x-2 xt+y 
51. CG s0en 1) 53. 6 + 1) 55. 57. xi 1 

Exercise Set A.8, page 498 

hoe? 73.0 8 ET 7. 210) 9. 91,3784 Bh 352 ase see 

V7. 3.40) 19. =5,9 92. Se"? 23.13 2a + v5 27. 235 

29. no real solution 31. 3+ 2V3 
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APPENDIX B, LOGIC, page 513 
1. (b) and (e) 

3. (2) p/A@7 = ()(2) and3 =2+1 

PV q¢:7 = (5)(2) or 3 = 24+ 1 

(b) p /\q: I will study tonight and I will pass the exam tomorrow. 

P \/ q: I will study tonight or I will pass the exam tomorrow. 

(c) p /\q: 1 will eat dinner and I will watch TV. 

P \/ q: I will eat dinner or I will watch TV. 

5. (a) true (b) true (c) true (d) true 

7. (a) If 2 is a positive number, then 2? = 4. true 
(b) If England is in Asia, then France is in Europe. true 

(c) If 3 < —1, then 4 + 5 = 9. true 

9. (a) true (b) true (c) true (d) false (e) true (f) true 

11. (a) If Paris is not the capital of England, then 2 < 3. 

(b) If you can drive to work, then it will not snow. 

(c) If I don’t go dancing, then I will not have money. 

(d) IfI pass the exam, then I will study. 

13. (a) false (b) false (c) true (d) true (e) true 

15. (a) 

~p\/4q (pVQ)—>P 

neither 

(b) 
(p \~p)> 4 p/\~p 

tautology 

17. 

(p> 9 <-(~q> ~p) 

tautology 

(b) 
(p>q) \V (QP) 

tautology 
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19. 
(p>q) \@q>n (p>) \@>nIl> (p> 7) Pp q = 

4 1 T T T T 7 T 
r if F af F F F T 
T F T F T F T iF 
r F F F T F F T 
F T T gt T T T 7 
F T F T F F T T 
F F T T . T T T 
F F F T Ae 7. T F 

tautology 

R Ss 

P q r p>4q q>r (p> 9 \Q>”) p>r R>S 

i 4 T T a) T T T 7 
ie T F ia F F 
T F T F T F 
T F F F T F 
F r T a as T T T 
F To F T F F 
F F rT T T T T T 
F F F T T T T T 

R logically implies S 

25. 

R 

P (pV ~@) ~(p VV ~9) ° 

aT F 
T i 
F Tt 
F F 

R 

Dif 

AMAH TDs ]/s AA asa | | Mer Me Me Mie ° Mla Ie oar Il SAHemsAamanit 

P 

T 
al 
z 
T 
F 
1 
F 
Ie 

R and S are not logically equivalent 



29. 

31. 

33. 

APPENDIX D Answers to Odd-numbered Exercises 4” 593 

(a) 
~PVQ\p PV/~a [~@PVQOAPI- [PV ~4) 

(b) 
(p> g\~q (p> qg) \ ~q]> ~p 

(p>q\~p (p> g\~pl>4q 

(b) 
~p\ga\p [~vpAQgNPl>~4 

the argument is valid 

(~p VODA Qn (~p V9 A Genie ere vn Dp q q-r ~pVr 

T I 4p 4h aT. at T 

At it F ap F F 
ap F T F sy F a 

T iE F F T F F 

F T T T T T T 

F 4p FE T FE F a 

F F Ip T i 40 T 

F F FE T T T at 

the argument is valid 
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35. _p: The tax rate is lowered. 

q:.1 will buy a car. 

ine 
sak J 

oe 

(p> g A ~g (p>) \ ~q]>~p 

the argument is valid 

37. p: I will take a walk. 

q: I will watch TV. 

PQ 

ve IE 
aay 

@VvOaA~¢@ [ve V 9) \~gl>~p 

the argument is not valid 
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A 
A posteriori model, 247 

A priori model, 247 

Abscissa, 7 

Actuarial mathematics, 410 

Addition of matrices, 73 

Addition principle, 246 
Amortized loan, 404 

Amount, 370, 371, 382, 399 

Annual yield, 392 

Annuity, 397 

amount, 399 

ordinary, 397, 402 

payment, 399 
payment interval, 397 

payment period, 397 

periodic payment, 402 

present value, 402, 403 

rent, 399 

sinking fund, 401 

term, 398 

Antecedent, 503 

Arithmetic average, 302 

Arithmetic mean, 302 

Associative law, 74, 83 

for matrix addition, 74 

for matrix multiplication, 83 

Assumed model, 247 

Augmented matrix, 57 

Average, 302 

Axes 

_coordinate, 6 

x, 6 

y, 6 

Barber’s dilemma, 165 

and Russell’s paradox, 165 

Bar graph, 300 

Bases, 481 

Basic feasible solution, 131 

initial, 139 

Basic variables, 134 

Bayes, Thomas, 286 

Bayes’ formula, 284, 286 

Bayes’ Theorem, 284, 286 

Bayes’ tree, 286 

Bean counting and the infinite, 194 

Beginning variables, 62 
Bell-shaped curves, 336 

Benefits, 414 

Bernoulli, Jakob, 325 

Bernoulli experiments, 325 
Bernoulli trials, 325 

Best fit, 35 

line of, 35 

Biconditional, 504 

Bimodal, 353 

Binomial coefficients, 224 

Binomial experiment, 330 

Binomial formula, 224 

Binomial probabilities table, 519 

Binomial random variable, 330 

Binomial random variables, 332 

expected value and variance 

of, 332 

Borel, Emile, 419 

Boundary line, 43 

Bounded convex set, 113 

Break-even point, 38 

C 
Cantor, Georg Ferdinand Ludwig Philipp, 

194 
Cartesian coordinate system, 6 

Cartesian product, 189 

number of elements in, 200 

Certain event, 236 

Chebyshev, Pafnuti Lvovich, 321 

Chebyshev’s inequality, 322 

Chebyshev’s Theorem, 321 

Chi-square(X), 361 

curve, 362 

test, 364 

Closed half plane, 42 

Coded messages, 96 

Coefficients, 487 

binomial, 224 

Coefficient matrix, 85 

Column maximum, 423 

Combinations, 204, 211 

counting, 212 

of n objects taken r at a time, 211 

Commutative law for matrix 

addition, 74 

Complement, 181 

properties of, 181 

Complement of a set, 179 

Completing the square, 497 

Compounding, 378 

continuous, 388 

Compound interest, 380, 392 
effective rate of interest 

formula, 392 

Compound interest formula, 380 

‘Compound statements, 500 
Conclusion, 510 

Conditional probability, 267, 268 

Conditional statement, 503 

Conjunction, 502 

Consequent, 503 

Consistent, 55 

Constant, 474 

595 
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Constant-sum games, 421 

Constraints, 108 

Continuous compounding, 388 
Continuous compound interest formula, 

388 
Continuous random variable, 296 

Contradiction, 506 

Contrapositive, 504 

Converse, 504 

Conversion period, 378 
Converted rate, 379 

Convex set, 113 

bounded, 113 

corner point of, 113 

unbounded, 113 

vertex of, 113 

Cook, Thomas M., 149 

Coordinate axes, 6 

Coordinate geometry, 6 
development of, 6 

Coordinates, 6, 7 

X16 

y, 6 

Coordinate system, 6-7 

Cartesian, 6 

rectangular, 7 

Corner point, 113 
Counting numbers, 1 

Critical level, 363 

Cryptography, 94 
Cube root, 483 

Curve 

chi-square, 362 

Gaussian, 336 

normal, 336 

D 

Dantzig, George B., 107, 139 

Data, 347 

Data set, 347 

Decimal representation, 2 

Degeneracy, 152 

Degree, 487 

Degrees of freedom, 363 
number of, 363 

Demand, 39 

Demand curve, 39 

De Morgan, Augustus, 180 

De Morgan’s laws, 180 

Departing variable, 142 

selection of, 145 

Depreciation, 31, 371 

linear, 31 

straight-line, 31 

Descartes, René, 6, 189 

Deviation, 313 

standard, 316 

Deviation units, 321 

standard, 321 

Diagonal, 84 

main, 84 

Difference of matrices, 76 

Discount, 394 

simple, 394 

simple bank, 394 

Disjoint event, 238 

Disjoint sets, 170 

Disjunction, 502 

Distributive laws, 83 

and matrices, 83 

Dominant trait, 444 

Dorfman, Robert, 107 

Duality principle, 157 

Dual problem, 156 

Echelon form, 61 

reduced row, 61 

Effective rate of interest, 392 

formula, 392 

Effective rate of interest for continuous 

compounding, 394 

Elementary events, 240 

Elements of a set, 163, 193 

number of, 193 

Elimination, 26 

solution by, 27 

Empirical model, 247 

Empirical probabilities, 250 

Empty set, 166 

Entering variable, 141 

selection of, 142 

Entries 

in an ordered pair, 188 
of a matrix, 71 

Equally likely sample points, 247 
Equal matrices, 73 

Equal ordered pairs, 188 

Equal sets, 163 
Equation 

linear, 22, 52 

quadratic, 495 

solution of, 10 

system of, 53 

Equations of value, 384 

Equilibrium price, 39 

Equilibrium quantity, 39 
Equivalent, 55 

logically, 509 

Event 

certain, 236 

disjoint, 238 
elementary, 240 

impossible, 236 
independent, 276, 279 

mutually exclusive, 238 

occurrence of, 236 

probability of , 233 

and sample space, 236 

simple, 240 
Exact interest, 374 

Exact time, 373-74 

Expansions, 223 
Expectation of a random variable, 307 

Expected frequency, 360 

Expected value, 306 
of binomial random variables, 332 

Expected winnings, 430 

Experiment, 234 

Explicit variables, 134 

Exponents, 481 

rational, 484 

Expression 
rational, 491 

Extended multiplication principle, 205 

F 

Factoring, 489 

method of, 496 

Factors, 489 

Feasible region, 112 

Feasible solution, 112 

basic, 131 

initial basic, 139 

Federalist papers, 288 
Fermat, Pierre, 6 

Finite discrete random variable, 296 

Finite sample space, 240 

First distributive law for sets, 174 

First entry in an ordered pair, 188 
50th percentile point, 353 
5% critical level(s) 

table of, 520 

Focal date, 375 

Franklin, Benjamin, 501 

Freedom 

number of degrees of, 363 
Frequency, 303, 348 

expected, 360 

long-term relative, 233 

observed, 360 

relative, 233, 303 

table, 303 

theoretical, 360 



Frequency table, 303 

Future value, 370, 371, 382 

formula, 371 

G 
Gale, David, 107 

Games 

constant sum, 421 

expected winnings, 430 
matrix, 421 

saddle point for, 424 

strategies, 430, 432 
strictly determined, 424 

two-person, 421 

value, 425 

zero sum, 421 

Gauss, Carl Friedrich, 63 

Gaussian curves, 336 

Gauss-Jordan elimination, 63 

Geisler, Murray, 107 

Graham, Ronald L., 149 

Graph, 10, 300 

bar, 300 

histogram, 300 

line, 300 

of a probability function, 300 

H 
Half planes, 42 

closed, 42 

open, 42 

Hardy, Godfrey Harold, 445 

Hardy-Weinberg stability principle, 447 

Histogram, 300 

Horizontal lines, 21 

Hypothesis testing, 295 

Identity matrices, 84 

Implicit variables, 134 
Implies logically, 508 

Impossibie event, 236 

Inconsistent, 55 

Independent events, 276, 279 

Inequalities, 45 

Infinite discrete random variable, 296 

Inflection points, 337 

Initial basic feasible solution, 139 

Initial state, 453 

Initial tableau, 139 

Insurance 

n-year endowment, 415 
n-year term, 416 

Integers 

positive, 1 

Interest 

annual yield, 392 

compound, 378 

compound formula, 380 

continuous compounding, 388 
continuous compounding formula, 388 
effective rate of, 392 
exact, 374 

nominal rate, 378 
ordinary, 374 

simple, 30 

Interest rate per conversion period, 378 
Intersection of sets, 169, 170 

Invalid, 510 
Inverse, 504 
Inverse matrix, 89 

Invertible matrix, 89 

Irrational numbers, 2 

J 

Jordan, Wilhelm, 63 

K 

Karmarkar, Narendra, 149 

Koopmans, T. C., 107 

Kuhn, H. W., 107 

L 
Law of supply and demand, 39 

Least squares 
method of, 35 

Life insurance, 410 

Like terms, 488 

Linear depreciation, 31 

Linear equations, 22, 52 

system of, 53 

in x, 478 

Linear functions, 108 

Linear inequalities, 45 

system of, 45 

Linear programming, 103 

algebraic approach, 124 

development of, 107 

in the news, 149 

Linear programming problem(s), 125 

dual, 156 

nonstandard, 154 

primal, 156 

standard, 125 

Linear system, 53 

consistent, 55 
inconsistent, 55 

solution of, 10, 53 
Line graph, 300 
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Line of best fit, 35 

Loading factor, 414 

Loan 

equation of value, 384 
Logic, 499 

Logically equivalent, 509 

Logically implies, 508 

Long-term relative frequency, 233 

M 

Main diagonal, 84 

Markov, Andrei Andreyevich, 454 

Markov chains, 454 

Markov processes, 454 

Matrices 

addition of, 73 

associative law for addition, 74 

associative law for multiplication of, 83 

commutative law for addition, 74 

difference between, 80 

distributive laws, 83 

entries of, 71 

equality of, 73 
identity, 84 
inverse, 89 

product of, 80 

subtraction, 74 

sum of, 73 

Matrix, 71 

addition, 73° 

associative law for addition of, 74 

associative law for multiplication of, 83 
augmented, 57 

coefficient, 85 

commutative law for addition of, 74 

constant-sum games, 421 

equal, 73 
games, 421 

inverse of, 89 

invertible, 89 

main diagonal of, 84 

multiplication, 80 

negative of, 75 

nonsingular, 89 

payoff, 421 

product of, 80 

reduced row echelon form, 61 

regular, 459 

row operation, 58 

scalar product, 76 

size of, 72 

square, 72 

state, 456 

steady-state, 459 

strictly determined game, 424 
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Matrix (cont.) 

transition, 450 

transpose of, 86 

two-person games, 421 

zero, 75 

zero-sum games, 421 

Matrix arithmetic 

rules of, 83 

Matrix games, 421 

see also, Games 

Matrix multiplication, 80 

associative law for, 83 

Mean, 307, 352 

arithmetic, 302 
of a random variable, 307 

sample, 352 

Median, 352 

Members of a set, 163 

Mendel, Gregor Johann, 359 

Messages 

coded, 96 

Method of approximating binomial proba- 

bilities by normal probabilities, 342 
Method of factoring, 496 

Method of least squares, 35 
Mixed strategy, 430 

Mode, 353 
Model 

assumed, 247 

empirical, 247 
a posteriori, 247 

a priori, 247 

uniform probability, 247 

Models 

probability, 244 

Morgenstern, Oskar, 419 

Mortality tables, 410, 411, 412 
Commissioners Standard Ordinary, 411, 

412 

Multiplication 

scalar, 76 

Multiplication principle, 204 
extended, 205 

Mutually exclusive events, 238 

N 

n-year endowment insurance, 415 

n-year term insurance, 416 

Natural numbers, 1 

Negation, 500 

Negative, 5, 75 

Negative direction, 4 

Negative of a matrix, 75 

Net single premium, 414 
Nodes, 189 

Nominal rate, 378 

Nonbasic variables, 134 

Nonnegative, 5 

Nonsingular matrix, 89 

Nonterminating decimals, 2 
Normal curves, 336 

standard, 337 

Norton, John, 107 

n percent, 472 

n(S), 193 

Null set, 166 

Number of degrees of freedom, 363 

Number of elements in S, 193 

Numbers 

irrational, 2 

natural, 1 

rational, 2 

O 

Objective function, 108 

Observed frequencies, 360 
Odds, 258 

against, 258 

in favor, 258 

One-to-one correspondence, 4 

Open half plane, 42 

Optimal solution, 112 

Optimal strategy, 432 

Ordered pairs, 7, 188 

equality of, 188 
Ordinary annuity, 397 

formula, 400 

Ordinary interest, 374 

Ordinate, 7 

Origin, 4, 7 

P 

Pair 

ordered, 188 

Parameter, 347 

Pascal, Blaise, 223 

Pascal’s triangle, 223 

Past value, 371, 382 

Path probabilities, 273, 286 

Payment, 399 

interval, 397 

period, 397 

Payment interval, 397 

Payment period, 397 
Payoff matrix, 421 
Percent 

n, 472 

Percentile point 
50th, 353 

Permutation, 204. 
of a set, 205 

counting, 207 
of the n objects taken r at a time, 208 

Pivot, 143 

column, 143 

entry, 143 

row, 143 

Pivotal elimination, 143 

Plane, 42 

closed half plane, 42 

half plane, 42 

open half plane, 42 
Point 

50th percentile, 353 

saddle, 424 

Point estimate, 351 

Point-slope form, 19 
Polynomial, 487 

in x, 487 

Polynomial in x and y, 487 

Population, 294, 347 

Positive, 5 

Positive direction, 4 

Positive integers, 1 
Powers, 481 

Premises, 510 

Premium, 414 

net single, 414 
Premiums, 410 

Present value, 370, 371, 382, 403 

formula, 372, 403 

Present value of the ordinary annuity, 402 
Price 

equilibrium, 39 

Primal problem, 156 

Principal, 30, 370, 371, 382 

Principle of least squares, 35 
Probability, 233 

addition principle, 246 
basic theorems, 254 

conditional, 267, 268 

empirical, 250 

path, 273, 286 
product rule, 271 

subjective interpretation of , 234 
of the sample point, 246 

Probability function of random variables, 

299 

graph of, 300 

Probability model, 244 

Bernoulli trials, 325 

binomial, 330 

normal, 336 

uniform, 247 



Proceeds, 394 

Production problems, 54 

Product of matrices, 80 

Product rule for probabilities, 271 

Proposition, 499 
Pure strategy, 430 

Q 
Quadrants, 8 

Quadratic equation, 495 

Quadratic formula, 497 

Quantifiers, 513 

Quotient for a row, 145 

R 

Radical, 484 

Random, 247 

Random sample points, 247 

Random values 

expected value and variance of bino- 

mial, 332 

Random variable, 295 

binomial, 330 

continuous, 296 

expectation of, 307 

expected value of, 306, 307, 332 

finite discrete, 296 

infinite discrete, 296 

mean of, 307 

probability function of, 299 

standard deviation of, 316 

variance, 316 

Rate, 16 

converted, 379 

effective of interest, 392 

interest, 371 

nominal, 378 

Rational exponents, 484 
Rational expression, 491 

Rational number, 2 

Real number line, 4 

Real numbers, 3 

Recessive trait, 444 

Rectangular coordinate system, 7 

Reduced row echelon form, 61 

Reduced sample space, 267 

Region 
feasible, 112 

Regular transition matrix, 459 

Relative frequency, 233, 303 

Rent, 399 

Repeating decimals, 2 

Rise, 15 

Root 

cube, 483 

square, 483 

Rounding down, 4 

Rounding off, 3 

Rounding to n decimal places, 3 

Rounding up, 4 

Row minimum, 422 

Row operations, 58 
Rule of signs, 471 

Run, 15 

Russell, Bertrand, 165 

Russell’s paradox 

and the Barber’s dilemma, 165 

Ss 
Saddle point, 424 

Sample, 294, 347 

Sample mean, 352 

Sample points, 234 

at random, 247 

equally likely, 247 

probability of, 246 
Sample space, 234 

event, 236 

finite, 240 

occurrence, 236 

reduced, 267 

Sample standard deviation, 355 

Sample variance, 355 

Samuelson, Paul, 107 

Scalar multiplication, 76 

Scalar product, 76 

Second distributive law for sets, 174 

Second entry in an ordered pair, 188 

Set(s), 1, 163 

Cartesian product of, 189 

complement of, 179 

convex, 113 

data, 347 

DeMorgan’s law, 180 

disjoint, 170 

elements of, 1, 163 

empty, 166 

equality, 163 
first distributive law for, 174 

intersection of, 169, 170 

members of, 1, 163 

null, 166 

number of elements in, 193 

permutation of, 205 

second distributive law for, 174 

solution, 10 

subset of, 166 
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symmetric difference, 185 

union of, 171, 172 

universal, 178 

Venn diagrams for, 169 

Set-builder notation, 163 

o-units, 321 

Simple bank discount, 394 

Simple discount, 394 

formula, 394 

Simple events, 240 

Simple interest, 30 

Simple interest formula, 30 

Simplex method, 130, 139 

steps in, 139, 140, 142, 145, 146 

Sinking fund, 401 

Size of a matrix, 72 

Slack variables, 126 

Slope, 15 

undefined, 16 

Slope-intercept form, 20 

Solution, 53, 477 

basic feasible, 131 

of an equation, 10 

feasible, 131 

initial basic feasible, 139 

of linear inequality, 45 
optimal, 112 
set, 10 

of systems of linear equations, 25 

of systems of linear inequalities, 45 

Solution by elimination, 27 

Square 

completing the, 497 
Square matrix, 72 

Square root, 483 

Standard deviation, 316 

sample, 355 

Standard deviation units, 321 

Standard linear programming problem, 

125 

Standard normal curve, 337 

State 

initial, 453 

matrix, 456 

vector, 456 

State matrix, 456 

Statement, 499 

conditional, 503 

Statements 

compound, 500 

States, 449 

Statistic, 348 

Steady-state matrix, 459 

Stochastic process, 271, 453 

Straight-line depreciation, 31 
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Strategy 

mixed, 430 
optimal, 432 

pure, 430 

Strength of belief, 234 

Strictly determined matrix game, 424 
Subjective interpretation of probabilities, 

234 
Subsets, 166 

counting, 226 

Substitution, 26 

Sum of matrices, 73 

Supply and demand 

law of, 39 

Supply curve, 39 

System, 25 

of inequalities, 45 
linear, 53 

solutions of, 25 

System of linear equations, 53 
Systems, 449 

T 

Tableau, 135 

initial, 139 

Tables (appendix) 

areas under standard normal curve, 517- 

18 

binomial probabilites, 519-20 

exponentials, 522 

5% critical levels for X? 
curves, 520 

interest, 524, 553 

logarithms, 523 

square roots, 521 

Tautology, 506 

Term, 398 

n-year insurance, 416 

Terms, 487 

like, 488 
Theoretical frequency, 360 

Time, 371 

exact, 373-74 

Trait 

dominant, 444 

recessive, 444 

Transition matrix, 450 

regular, 459 

Transpose 

properties of, 87 

Transpose of a matrix, 86 

Tree diagram, 189 

Truth table, 500 

Tucker, A.W., 107 

Two-person games, 421 

U 

Unbounded convex set, 113 

Undefined slope, 16 
Uniform probability model, 247 

Union of sets, 171, 172 

Universal set, 178 

Unknowns, 25 

V 
Value 

of a game, 425 

expected, 306 

future, 370, 371, 382 
past, 371, 382 
present, 370, 371, 382 

Variables, 474 

basic, 134 

beginning, 62 

departing, 142 
entering, 141 

explicit, 134 

implicit, 134 
nonbasic, 134 

random, 295 

slack, 126 

Variance 

of a random variable, 316 

of binomial random variables, 332 

sample, 355 

Vector 

state, 456 

Venn, John, 169 

Venn diagrams, 169 

Vertex 

of ‘a convex set, 113 
Vertical line(s), 21 

von Neumann, John, 107, 419 

W 

Weinberg, Wilhelm, 445 

Winnings 

expected, 43 

Woods, Marshall, 107 

X 

x-axis, 6 

x-coordinate 

see abscissa, 7 

x-intercept, 13 

Y 

y-axis, 6 

y-coordinate 

see ordinate, 7 

y-intercept, 13 

Z 

Zero matrix, 75 

Zero-sum games, 421 
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FACTORIAL NOTATION 

n! = n(n — 1)(n — 2)+°°4°3°2°1 

ni= n(n — I)! - 

0! = 1 

PERMUTATIONS COMBINATIONS 

n! is n! 

ee 
(=r)! 

v7 eee ae 
GE ry 

| BINOMIAL FORMULA 

(a+b) = 6, oUt Coo Es Oe he Oar ae 

PROBABILITY 

S = sample space E = event E' = complement of E 

OG= empty set 

PO) = 0 P(S) = 1 

0.s P&)=1 

PE) = bb =P} 

P(AN B) = P(A)P(B|A) = P(B)P(A\B) 

A, B_ independent events: P(A 1 B) = P(A)P(B) 

A, B- mutually exclusive events: PAM B)=0 

NORMAL DISTRIBUTION CURVE 



Ba oa 

63 ees 2% 

INTEREST FORMULAS | Ce ee sig S| 
| Mics WO ES wh 

SIMPLE INTEREST SIMPLE DISCOUNT 
PS Pr D= sa 

‘ S P (I + rt ae Oe P=s-d) 

Effective simple interest rate equivalent to simple discount rate d 

Ae 

l= dt 
rere = 

A 
nanan er 

COMPOUND INTEREST 

S = Pi +i)" PSE a)" 

_Ifj = nominal rate compounded m times a year, 

Effective annual rate equivalent to nominal rate j/ compounded m times a year 

leg = (: 1 4 el ES 

CONTINUOUS COMPOUND INTEREST — 
S = Pei P = Se-i 

Effective annual rate equivalent to nominal rate j compounded continuously 

Lege ae e/ rl 
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